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Abstract

Bayesian Neural Networks are often sought after for their strong and trustworthy
predictive power. However, inference in these models is often computationally
expensive and can be reduced using dimensionality reduction where the key goal is
to find an appropriate subspace in which to perform the inference, while retaining
significant predictive power. In this work, we propose a theoretical comparative
study of the Principal Component Analysis versus the random projection for
Bayesian Linear Regression. We find that the PCA is not always the optimal
dimensionality reduction method and that the random projection can actually be
superior, especially in cases where the data distribution is shifted and the labels
have a small norm. We then confirm these results experimentally. Therefore, this
work suggests to consider dimension reduction by random projection for Bayesian
inference when noisy data are expected.

1 Introduction

Bayesian methods and especially Bayesian Neural Networks (BNN) [[16} [18}, [7] are often sought
after for their strong and trustworthy predictive power. However, inference in these models is often
computationally expensive, be it via Laplace inference [[16} |14} |13]], variational inference [LL1} |1} 6],
Markov chain Monte Carlo [[18 19,9, 8. [10]], or ensemble-based inference [3, 5, 4]. To reduce the
cost of this inference, different methods of dimensionality reduction have been studied where the key
goal is to find an appropriate subspace in which to perform the inference, while retaining significant
predictive power. This is similar to approaches known from Gaussian Processes [e.g.,[2]. For BNNs,
the methods based on the Principal Component Analysis (PCA) of the Stochastic Gradient Descent
(SGD) trajectory or random projections seem to provide promising computational results as discussed
in Maddox et al. [[17] and Izmailov et al. [15].

In this work, we propose a theoretical comparative analysis of these different dimensionality reduction
methods. Namely, we will focus on the comparison between the PCA of the SGD trajectory and
the random projection. Since deep learning models are theoretically hard to study, we will focus on
Bayesian Linear Regression, which offers the advantage of having a tractable posterior distribution.
Moreover, we will use predictive inference distribution as the criterion for comparison. We find,
possibly surprisingly, that the PCA is not always the optimal dimensionality reduction method and
that the random projection can actually be superior, especially in cases where the data is noisy and
the labels have a small norm.

2 Methods

In this section we will introduce the problem and notation. Let us consider training inputs X € R"*¢
with associated labels Y € R™ and test inputs X* € R™*? with labels Y* € R™. We will denote
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the singular values of X as (r;);e1,... ¢ and the ones of X* as (r});ec1,... 4. The parameters of our

model are 0 € R?, the noise variance is o2, and the prior variance is 2. The main problem we are
interested in here is to project the data into a subspace of dimension k£ < d.

2.1 Assumptions

Assumption A: We assume a classical Bayesian Linear Regression model with d < n and ho-
moscedastic Gaussian noise, suchthat Y = X0+ v, v ~ N (0, 021 ) and Gaussian prior with
parameter ) independent of X such that @ ~ N (0, \21).

Assumption Bl: 0 = A\ = 1.

2.2 Predictive Distribution in the Global Space

The predictive distribution in the global space Pr(Y*|X* X.Y) is Gaussian: Nyopar :
Y*|X*, X,Y ~ N(ug, S). Using Bayesian model averaging (the proof is detailed in Appendix ,
we obtain

S=T-X"(X"X+X*TX*4+ 1) 1x*")~! (1)

ps =SX*(XTX+X*TX*+ )XY 2)
2.3 Projected distribution

Let Pp € R?* be the matrix such that its columns are generating the subspace F. We have
PET Pp =1I,and PgPl = Ha projection matrix (2 = H). Then, we can take both formulas
for the global space [[J2|and multiply X and X* by Pg to the right to compute the distribution of
Ng =Y*|X*Pg, XPg,Y ~ N(ug,Sg) with ug € R™ and Sg € R"*™,

PCA projection Izmailov et al. [15] proposed to use a PCA on the SGD trajectory to select the
subspace. As described in Gur-Ari et al. [[12], this method is similar to keeping the eigenvectors
associated with the largest eigenvalues of the Hessian, which in our Bayesian Linear Regression
setup is similar to performing the PCA on X. If we use the Singular Value Decomposition (SVD)
of X: X = URV with U, V being two orthogonal matrices of dimensionn X nandd x d and R a
diagonal matrix of dimension n x d containing the singular values (r;);e1,... ¢ of X. Rearranging
U, R,V, we will assume that R contains the singular values in increasing order. Thus, the projection
matrix Ppc 4 for the PCA method is a submatrix of V' containing the k eigenvectors associated to
the k largest eigenvalues r;.

Random Projection Instead of using PCA, we can alternatively project into a random subspace.
To do so, we can construct a matrix P,,,q of dimension d X k containing d independent Gaussian
vectors of dimension k: €y, .., eq ~ N(0, I}.) and Prang = (€1, ..., €q) .

2.4 KL-Divergence as Comparison Tool

A good projection is a projection whose predictive distribution is as close as possible to the distribution
in the global space, that is, whose expectation and covariance matrices are as close as possible to yg
and S respectively. Different tools can be used to compare these distributions and we have chosen the
Kullback-Leibler (KL) divergence which offers the nice advantage of being tractable and simple for
Gaussian distributions. It gives for a subspace E':

Bl

1
Dpg := DxL(NEg||Ngiobal) = §(Tr(5_1SE) + (us —pp) S (us — pE) —n+ lﬂ(@)) 3)
Our problem therefore consists of comparing Dpca with D.gpq-

3 Results

3.1 PCA is not perfect: a counter-example

By the Eckart-Young theorem, PCA is the best low-rank approximation in terms of the Frobenius
norm. However, here we instead care about the KL divergence between the global space and the
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subspace, therefore the Eckart-Young theorem does not apply and PCA is not necessarily the best
low-rank approximation. Here, we will derive a simple counter-example which proves that PCA is

1 0
not optimal. To do so, we assume thatn = 3,d = 2,and X = X* = (O 1) , Ppca = <(1)) and
0 0

we compare it with the projection in the span of v = (1) . As detailed in AppendixHif we choose
the labels to be yo = 0 and y; = 0:

D, ~0.08> Dpcy =~ 0.07
However, if instead we take yo = 1 and y; = O:

D, ~0.17< Dpca =024

This shows that the PCA is not a generally optimal solution.

3.2 Study in Expectation
3.2.1 The KL Divergence for PCA

Theorem 1 Using the SVD decomposition of X = URV and noting that Q := U 'Y we can derive
the following equation under assumptions A, B1. The proof is given in Appendix|/]

1 d *2 *2 2..%2

r r rer?
D = = [ — 1—- —* 2 i1 4
PCA 2(i§1 1+’I“i2+’l“;k2 Og( 7,12+7,:<2+1)+Q1 (1+7‘Z2+7":<2)(1+7"l2)) ( )
3.2.2 The KL Divergence for Random Projection
Assumption B2: ¢ = A\ = 1 and d is large enough.
Assumption C: If P,,,q = (€1,...,¢4) ", we assume that Z?Zl r2e;e] and Z?Zl ri2¢;e] are

respectively equal to their expectations Z?Zl r?I} and Z?Zl ri2 1.

Under assumption A, B2, C, we can derive the KL divergence for the random projection in equation

*2 x4 T

d d
1 2 T - Y€ €

Dyana = 5(2 5 —log(1 ) — Zmndm + Z QiQ;Gij)

o)

1 1+7’i2+rl’f2 1+Tf+r;f2 :
with Spang = (1 + Zd r2e2 + 2 Zd r72e2)~1 and G a matrix the coefficients of which are

= i,7=1
i=1"1"1 i=1"1

detailed in the proof in Appendix[8]

3.2.3 Comparison of PCA and Random Projection

To compare the PCA with the random projection we chose to evaluate their expected behaviour.
Hence, we need to compare the values of Dpca with the expectation of D,.,,,q according to e:
Ec(Dyana). We first observe with equations 4| and [5|that both KL divergences behave quite similarly.
Yet, PCA seems to be more dependent on the data X as seen in the equation ] with the sum beginning
at k + 1. Thus, if the testing data X™* is perturbed along the other axes of the projection, PCA
should underperform compared to the random projection which does not depend on the choice of the
projection eigenvector. In the following, we will assume that the testing data X * is perturbed with
a small value ¢ and compare D pc 4 with the Ee(D,.qnq) as functions of 6. We will thus make the
following assumptions:

Assumption D: X is the identity, i.e., X = diag(1,...,1) and Ppca = I9**. We then perturb
the test data X* by adding a small perturbation ¢ to the (k + 1)-th singular value of X: X* =
diag(1,..,1,1+4,1,..,1).

Small-norm outputs: The KL divergences of the two methods seem to have different behaviours
depending on the norm of the Y outputs. We will therefore separate different cases starting by
focusing firstly on small-norm outputs.

Assumption E1: ||Y||oc < 0.1 with high probability.
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We can prove (Appendix [9) using assumptions A, B2, C, D, El that if we denote
f((S) = DPCA - Ee(Drand):

f(0) 2 0and f is an increasing function (6)

Result[6] shows that without perturbation, PCA is better than random projection, however the latter
is more responsive to perturbed data. We will now study experimentally the behaviour of both KL
divergences as a function of ¢ and for small-norm outputs Y. To do so, we will generate vectors
B ~ N(0,0.011,;) and obtain outputs such that Y = X 3. Averaging over 10,000 runs, we obtain
Figure[T] where we notice that the difference between both KL divergences increases with & as proven
in equation@ Moreover, we can indeed see that for § = 0, i.e., without perturbation, f(4) < 0 and

KLpca — Ee(KLrangom) = f(6), =20, d=10, k=5, [|Y||< 0.1 KLpca — Ee(KLrangom) = f(6), n=20, d=10, k=5, ||Y||> 10

12
-17

1.0
-18

0.8
-19

KL difference divergences
0.4 0.6 . .
KL difference divergences
-20

0.2
=21

0.0

-22

0 2 4 6 8 0 2 4 6 8
6 6

Figure 1: D,.q,q and Dpc 4 as function of ¢ for Figure 2: D,.,,,q and Dpc 4 as function of ¢ for
n = 20 with ||Y || < 0.1 n = 20 with ||Y||c > 10.

therefore PCA is better. As J increases, f () becomes quickly positive as shown on equation |§| and
random projection is then better. Hence, PCA is better without perturbation but random projection
reacts better to perturbations in ¢ for small outputs Y.

Large-norm outputs:
Assumption E2: ||Y'[|o, > 10 with high probability.
Using Assumption E2, we can reconsider the KL divergence for a subspace E to be only:

1 -
Dg = i(us —up) S s — k) (7)
The behaviour of this term is much more difficult to study than in the previous paragraph because it
involves the outputs Y whose distribution is unknown. However, we are still able to prove that for
large perturbations, the PCA performs better than the random projection as seen in the equation [§]
proven in Appendix [I0junder Assumptions A, B2, C2, D, E2.

k QQ
Jim Dpoa —E(Drana) ; 25 < ®)

We repeated the same experiment as above with large-norm outputs, that is, we generate vectors
B ~ N(10,0.0174) and obtain outputs such that Y = X 3. Again averaging over 10,000 runs, we
obtain Figure [2| where we can notice that f(J) increases and is always negative, thus the PCA is
always better than the random projection for large-norm outputs.

4 Conclusion

In this study, we compared two dimensionality reduction methods for Bayesian linear regression:
the PCA of the data (or similarly the SGD trajectory) and the random projection. We showed
experimentally and theoretically that the PCA is better for noiseless data and also for large-norm
outputs. However, for small-norm outputs and noisy data, the random projection can be superior.
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5 Appendix: Proof of equations[I|and 2]

We use the notation cste(.) for constant depending on the parameters (.).

5.1 Assumptions

Assumption 1: We take the classical Bayesian Linear Regression model:
Y=X0+v
with homeostatic Gaussian noise:
v ~ N(0,0°T) )

Finally we have:
Y ~ N(X0,0%)

And therefore our log-likelihood is:

Y — X0)T(Y — X6)

—2logPr(Y|X,0) = 5

+ cste (10)

g

Assumption 2: We only considers Gaussian prior of parameter A independent of X such that:

0 ~ N(0,\21)

5.2 Computation of the distributions in the global space
5.2.1 Posterior distribution

Now that the model is fixed, we want to find the best weights 6 given a dataset of inputs and outputs
(X,Y). With a Bayesian perspective we want to compute the posterior Pr(6|X,Y"). Then we will be
able to compute the predictive distribution, i.e the distribution of unseen data.

Using Bayes’ rule and assumption [5.1) we obtain:

Pr(0)X,Y) < Pr(Y|X, 6) Pr(0) (11)

Both right terms are Gaussian, thus our posterior is also Gaussian. Hence, 3% € R%*? and 3y € R¢
such that:

—21ogPr(0|X,Y) = (0 — ) "E71(0 — p) +cste =0T 710 — 20 TSy + cste (12)
Using assumption [5.1]and equations [I0} [I2) and [TT}

Y - X0)T(Y - X0) 079

—2logPr(0,|X,Y) = - + e + cste
I XX X'y
_aT(tp T
=0 (ﬁ + = )0 — 20 = + cste

=0'2710—20"S " + este
By equalizing the terms in @ " and § " § we obtain:

X'Xx I

—1
2=t ) (13
X'y
p=2X = (14)



204 5.2.2 Predictive distribution

205 Now we have the keys to compute the predictive distribution, i.e for new data Y*, X* compute
206 Pr(Y*|X*, X,Y) which is Gaussian. To take some notation, Y*|X* X, Y ~ N (ug, S). To do so
207 we will use the Bayesian model averaging technique:

Pr(Y*|X*, X,Y) = /Pr(y*\X*,e,X, Y) Pr(6)X,Y)do

208 We first focus on the term in the integral

C(0) :=Pr(Y*|X*,0,X,Y) Pr(0|X,Y) ~ N (41, %) (15)

209 and we need now to find i, 3.

210 i. Find 1, 3: To do so, we will separate the constant part between cste, which depends neither on
211 Y™ nor on 6, and cstey~ which is a sum of terms depending from Y. Intuitively cstej. will actually
212 represent the predictive distribution.

—2log C(0) = —21og[Pr(Y*|X*,0,X,Y) Pr(6|X,Y)]

B YV*— X*0)T(Y* — X*0

— (0TSO )+ Ll )

X*TX*
0—2

+ cste

o
X*TY* Y*TY*
)+ 5— + cste
(o g

=0" (27 + )0 — 207 (57 +

1) T8N0 — fi) + cstey- + cste
-1

(0 —
0T "10 — QGTi_lﬂ + ﬂTi_lﬂ + cstey - + cste

213 where we successively used equations [[10J12]], separate the terms in § and 6 "6, used the definition of
214 the distribution of C'(6).
215 By taking the third and last lines and by equalizing the terms in # " § and 6T, we obtain:

X*TX* B

i = (2_1 —+ 0-2 ) 1 (16)
216
. ~ B X*TY*
p=SET o2 ) (17)
217 Thus,
C(0) T (0—) T £ (0= ) ostey - )

218 ii. Integration

Pr(Y*|X*, X,Y) = /Pr(Y*|X*,9,X,Y) Pr(0|X,Y)do

:/C@w

. /6%1[(9—;2)Tf)’1(G—ﬂ)—i-cstey*]de
x ez cstev using the normalization property
219 This proves that cste} contains all the information about the distribution of Y*|X*, X, Y. Hence,
estely = (Y — pg) STHY™ — ps) (19)

220 iii. Find cste3 : By taking the previous computation of —2log C'(¢) and equalizing again the third
221 and last lines we can obtain:

Y*Ty*
2

= ﬂTi_lﬂ + cstey« + cste
o
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234

235

Thus,

Y*TY* R
csteys = 5 — AT+ este
g
Y*Ty* X*TY* A R X*Ty*
=——— (S 'u+ )TESTIN(S T+ =) + este
g ag
Y*Ty* XtY X*TY* Te& XtY X*Ty*
T2 —( o? * o? ) o? * o? ) + cste
Y*TY* Y*TX* R X*TY* Y*TX* R XtY
= T2 by o2 -2 = by 2 + cste
I Xx*ux*7 VT X*8XY
= Y*T(—2 ——— )Y = 2———— toeste
g g g

= (Y* — pug) " STHY™ — pg) + cste

Therefore by equalizing terms in Y* and Y*TY* we obtain:

5= (p - ot )
X*$XTY
ps =S(—5—)

6 Appendix: Proof of the Counter Example 3.1]

(20)

21

In this paragraph we will find a projection which can be more precise than the projection in the eigen

vectors. To do so, we assume that o = 1, A\ = 1 and

10
X:X*:<O 1)
0 0

(22)

Moreover we are projecting only in 1 dimension. Thus we first project in the span of the first eigen

vector P:

r-()

and we compare it with the projection in the span of e:

(1
‘=l
First we compute all matrices from paragraph [5.2}
using equation [T3]and[T6]
- X'X I Iy I 1

— -1 _ -1 _
E_(27+F) =2=+=) _512

using equation [T}

. 2 3
I X 5xT I xexT 3 00 ;2 00
S:(ﬁiT)ﬂ:(Ii 5 ) =(0 zopt=10 20
0 0 1 0 0 1
using equation 2]
1 (5 0 0\ /1 00 3 00
_gxTs _ 3 - 1
0 0 1 0 00 0 0 O

Now for the span of P with the exact same computation as above but with only one vector:

- 1
2}323

oo

(23)

(24)

(25)

(26)

27)

(28)



Sp
3
T L[z
MP:SPXPZPXPyzg 0
0
236 Now for €:

) (2ETX;X€ l) 1

o A2

Se = (ﬁ a ot )
4
fie = S(X*)S(Xe) Y = = %
0

237 Now we can compute the KL divergence terms:

(ns —pp) S Hps —pp) =Y
238
Tr(S~'Sp) = Tr
239
I
og( S
240 Now for e:
1
6
(s = pe) TS s —pe) =Y | 5
0

241

Tr(S~1S.) = Tr

O Owiv

242

log( |
243 Finally:

244

1
D¢ = —(5yi + 5y3 — 8y1y2) + 0.08

~ 54
245 If we take yo = O and y; = O:

D, ~0.08 > Dp =~ 0.07

246 If we take yo = 1 and y; = O:

D.~0.17T < Dp ~0.24

O Owlw

S ONl=
o OO
o OO

o

Wl
O]
= o

o

Owolbwol—
Owol—w|—
Owol—wa|—

[an}

o

a o Cwn OO O
cuv O  ONIERO
—ro o L~ e
O Ol O Owin
OO QOwno
— O O _— o O

o o
w| oo
o= O
(@)

O Owiv
Swiv O

1
= ﬁ(5yf +5y5 — 8y1y2)

Oowihn O
— o O
O wWlkwol—

|S
Sel

—
Q
0]
l\')‘ [N}
O3 Owli—wlk

Dp ~ %2 +0.07

(29)

(30)

€2y

(32)

(33)
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7 Appendix: Computation of equation 4]

First we are taking the Singular Value Decomposition of X and X *:
X =URV and X* =UR'V
with R = diag(r;)i=1,.n € R™xd R* = diag(r})i=1,.n € R"™*4 and U, V 2 orthogonal matrices
of respectively size n and d. Using equation [1| we obtain:
S=UDgU" (34)
with
Ds=(I-R(R R+RTR +I)"'RT)"

Using equationwe obtain with the notation Q = U Y

s =UDsR*(R"TR+R*"R* +I)"'R"Q (35)

For the PCA projection we can notice with the notation P = Pp¢ 4 that P is containing the first k
eigenvectors of X ' X which are the first & lines of V, even if it means rearranging the order of its
lines. Thus,

I, O
0 0

PPT and X T X are symmetric, have the same eigen vectors and thus they commute. Therefore, we
have:

PPT =VT( )%

(PTX"TXP+P X" "X* P+ D) '=P (X" X+X*TX*4+1))"'P
Hence,
Spca =UDpcaU’ (36)

with
Dpoa=(I—RVPP'VI(RTR+R"R*+1)"'VPP'VTRT)™!

with the notation ,, which is equivalent to the multiplication by ( Iég 8 ) or the selection to the first

k diagonal terms. Moreover,

pipca = UDpcaR* (RTR+R*"R*+1);,'R"Q (37)
Thus,
s — ppoa = UDsR* (R'TR+R*"R* + 1) — DpcaR*(RTR+R*"R* + 1), )R'Q
=UDyR"Q
Therefore,
(ns — ppca) S Hus — ppca) = Q" RDyD'DyRTQ
=QTAQ

If we look at a diagonal coefficients of A: if ¢ € the chosen K eigen vectors

A;=0
Otherwise:

dirr 1
A=) s
1+r 40 d;
r2rr?
- 2 #2192 r?
(L47r7 +7r72)2(1 - 1+T§+r*2)
r2ry?

(T4r7 +r2)A+77)

10



266 Then,
(s — ) TS s — px) = D @A

i€eK
267 Moreover,
Tr(S_lSpCA) = TI‘(DngpCA)
ry?
=k 1 L —d
- Z 1472 4+ ry2 T
ieK
*2
T
- Z 14 r2 4 r*2
i€EK
268
S 2
log( ‘ | Z log(1 7’17)

24241

269  Finally,
1 T>}<2 *2 7,2,],.*2
D _ = S S 1- —2 2
PCA (Z og( 7«2.2+r32+1)+Q2(1+ri—&-7“2‘2)(1‘1'722)

2 1+7r2 472
€K

)

20 8 Appendix: Computation of equation 5|

271 In this part we assume A, B2, C and still 0 = A = 1. We still have for the global space the equations

272 [B4land

273 Now we need to compute the different terms of D,.q,,4. The projection is € := Py.qpq = (€1, .., €4)
274 withVi € 1,.,d : ¢; ~ N(0, I,). First we compute:

("X " Xe+e" X*TX*¢+I,) ' =("VIRTRVe+ ¢ VIR "TR*Ve+ I},) 7}
=("VIR'TRVe+e'VIR*"R*Ve+ 1))}
=(E"RTRé+é"RTRE+I,) !

T

d
2 =T | 422 =T —1
:(E ri€i€, +1i°€€ + 1))

=1
1 + Z’L 1( + T*z)
=X

275 where we used the notation: Vi € 1,..,d, & := Ve; ~ N (0, It,) and assumption C.
276 Then:
Sra,nd — ( _ X* ( TXTXE 4 ETX*TX*G =+ Ik)—lX*T)—l
=U(I-XR&" R 'UT
=U(I+XRéI +é"RTER ) ETRHUT
d
=U(I+XR&I, +3) r&e) ) e RRTUT
i=1
) 1
d *2 d *
L+ i 7+ (1 1+Z?:11(T$+m*2) 2 i)
1
=U(I + Re"R*THUT
(+211 z+2Zzl 7.)

=UI +( R&" RRHUT

11



277 where we successively used equation[I] ¢ = Ve, Woodbury’s identity and the previous result.

278 Thus,

1
Srana = U(I + R*e"R* U (38)

(1 +Zz 1T1 +221 17 %)

279 Then using equation[2]and the projection with ¢ we have:
Mrand = Srand(X*GEETXTY)

= SranaU(R*éXETRTUTY)
1
=U(I+ R*é"R*")(R*exe'RTUTY)
(1—’_2211—’_22111)
1
=YU(I + Re&"R*RETRTQ

(1+Zz 1Tz+221 17 )

280 where we used successively € = Ve, orthogonality of Uand Q = U Y.
281 As € and € are identically distributed, we will rename in the following € as e. Therefore using [35]and
282 previous result we obtain:

HS — Hrand = UFQ
283 with the notation: F := (I — R*(RTR+ R*"R*+ )'R*")'R*(RTR+ R*TR* + 1)~ -
280 2(1 + TS r?«le ST R*EETR*T)R*EET)RT.
285 Then we have Vi, j € 1,..,p

_ 17?:; -1+ (14—21 - 1+22i *2)7]26—'—61)7“ 7‘16 e ifi=7
_E( . L+22? i ZTJGZTGJ)T i€l €; else

(N’S - :urand)—rsi (,U'S - ,ufrand) = QTFTUTUDslUTUFQ

=Q"FI-R*(R"R+R R + 1) 'R*T)FQ

=Q'GQ

F.

j

286

287 Then we have Vi, j € 1,..,d:
7-:2 F2 r;z F2 .f .
(1- 1+Tg+r,*2) it Zk;ﬁi(l - 1+Tz+r22) ikt =17
*2

Gij = ) Pr2
F’ij(Fjj(l — W) + F“(l — 1_"_7“1277_"_7?2)) + Zkyﬁi,j(l — W)szl‘?}w else

288 Finally we have:

d
(/J'S - ,U/rand>TS_1(,u/S' - /'Lrand) = Z Q’LQJG’L]

i,j=1
289 Then,
1
Tr(S™Spand) = Tr(Dg' (I + R*ec' R*T))
(1 + Zz 1 Tz + 2 Zz 17 )
*2 1
_Z =)+ 2l e) +n—d
1+T +T (1+Zz 17“24—2211 z)
200 using equations@@
2901 Moreover,
S 1
log 151 = log |Dg| —log |I + Ree R*T|
|Srand| (1+Zz 1 T3 +2Zl 1 T )
= —log(l — ——5—%) — Tr( R*e¢e' R*")
i=1 Ldri+r] (1+Zzlz+22111)
d *2
* 1
= Z —log(1 — "3 ) — 2] €

2 *2
1+ri+7a7f' (14’2111"‘22111)

©
I
—
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292

294

295

296

297

298

299

300

301

303

304

using that log |7+ X| =~ Tr(X) which is verified under assumption B2.
Finally with Zmnd =

(1+Ef 1T2+22L 1)’

*2 *2 x4 T

T T - ri%€; €
ran 7 1 > - > - Zran —i =
- 32:1QQJ J+Z og(l 1+T¢2+Tf2) Lr? 472 d1+ri+7’f2)
(39)
9 Appendix: Proof of equation [6]
For small outputs equations 4] and [5|become under assumption C2:
d
1 r¥2 ri2
D == - —log(l - 54— 55— 40
ren =3 2 e ) 0
and
d
1 ry? r¥? - 7"*46Te
Dran - = _17_1 1_17 _Erani2 41
! 2(; L+rf +r;? o8 1+7"i2+7“;‘2) d1+ri+r;‘2) “h
Thus,
DPC’A - Ee(Drand)
k
1 7”*2 7"*2 T*46T6
=3 1 1-—- L 1 ran o
2(lzlog< 1+T’2+7"*2)+1+7" +7,.*2+ le+T +T*2>
eTe ~ (1 + 5) el €1
= Zlog +3 L B (S Z e ),
vl 3 24 (1+446)2
k 1 k(1+ 6)*
- 7(10g< ) + 5 + Erand Z + Emmd 72)
O] Ty e g 3T )
k 2 1 d—1 1 1+6)*
. st
37" 3 12(14+3d+45+92)  4(1+3d+45+d2) 2+ (1+9)
= f(9)
where we successively used assumption C2, D2, definition of e. We have f(0) = %(log(2)) + % +
0.024 x k < f(0) < 1(1 (z)+ = +1) <0 (42)
2 83 T3 T 56
Moreover:
7} .
d% o 180% + (81 + 27d)8° + (244 + 134d)6* + (374d + 418)0° + (584d + 334)5%  (43)

+ (447d + 93)6 + 126d > 0 (44)

Hence, f is an increasing function.

10 Appendix: Proof of equation

For large outputs equations [ and [5] become:

D B 1( zd: 7"27‘*2 )
POAT R e (T ) (1 +1D)

13



305

306

307

308

309

310

311

312

Dyang = Z QlQ] zg

7,7=1
Moreover: )
hIIl ETand == 0
d— 00
and
lim X =0
d—00
Thus Vi, j € 1,..,d:

lim Fz] = lim { 1+r2 if7 = ]

bme0 =00 0 else
Hence,
o
lim G;; = lim (W) ifi =3
0re0 o0 0 else
Therefore:
d 2 7"2’/‘*2
hm E Dran - hm — ;
5—)005( a) = —><>02(2_;Q ((1+ri)(1+7n12+7.2k2)
Thus:
k 2,4
1 D - E D 71
1H1 PCA (Drand) ;2 14 2r; )(14_711,2))
As X is the identity we obtain finally,

k Q2
lim DPCA - rand Z ~r
d—00 e a 12

14
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