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ABSTRACT

Difficult problems, which often produce longer reasoning traces, are widely re-
garded as key drivers for enhancing the performance of reasoning models. In this
work, we challenge this coupled assumption by disentangling problem difficulty
and reasoning length, and demonstrate that reasoning length itself plays the domi-
nant role. We introduce a simple yet effective method to synthetically construct
long-chain reasoning data without requiring inherently challenging tasks, leading
to the Long1K dataset, comprising only 1,000 training samples. Fine-tuning on
LonglK produces Long1K-32B, which achieves state-of-the-art results on bench-
marks such as MATHS500 (95.6%) and GPQA Diamond (71.1%), outperforming
models trained on vastly larger datasets, including DeepSeek-R1-Distill-Qwen-
32B, with improvements of 1.3% and 9% respectively. Further analysis shows
that longer reasoning sequences promote more structured reasoning, improve long-
range instruction following, and achieve superior scaling efficiency compared to
inference-only strategies. Our findings establish reasoning length as a critical
and independent scaling axis for enhancing the reasoning capabilities of large
language models. The model, code, and dataset are all open-sourced, available at
https://anonymous.4open.science/r/LONGlk—-32Bl

1 INTRODUCTION

Difficult problems, which often induce longer reasoning traces, are widely regarded as crucial for
improving the performance of large language model (LLM)-based reasoning systems. Recent models
such as ChatGPT ol Jaech et al|(2024);|OpenAl (2024), DeepSeek-R1|Guo et al.|(2025), and Gemini
1.5 [Kavukcuoglu| (2025) demonstrate that producing extended sequences of reasoning is critical for
achieving high accuracy on complex tasks.

The prevailing assumption in reasoning model training is that increasing problem difficulty leads
to deeper reasoning chains, thereby enabling better exploitation of the model’s pre-trained knowl-
edge Min et al.|(2024); |Ye et al.| (2025)); [Muennighoff et al.|(2025). Following this intuition, recent
efforts such as STILL-2|Min et al.|(2024), DRT-o1 Wang et al.| (2024a), and LIMO |Ye et al.| (2025)
emphasize carefully curating highly challenging datasets to drive reasoning improvement. However,
truly difficult problems are scarce in real-world corpora: for instance, only 2.35% of the Sky-T1-32B-
Preview [Li et al.| (2025aib) and 7.34% of the LIMO |Ye et al.|(2025)) training sets exceed 15k tokens
in reasoning length. This scarcity inherently limits the scalability of difficulty-driven approaches.

Despite the strong correlation between difficulty and reasoning length, it remains unclear whether
difficulty itself is the key factor — or whether reasoning length alone is sufficient to drive model
improvements. In this work, we disentangle these two factors through controlled experiments and
show that reasoning length is the dominant axis for scaling reasoning model performance.

To systematically explore this hypothesis, we propose a simple yet effective method to synthetically
generate long-chain reasoning data without requiring intrinsically difficult problems. Using this
approach, we construct the Long1K dataset, comprising 1,000 training samples and most of their
reasoning sequences extending up to 32k tokens. Fine-tuning a Qwen2.5-32B-Instruct model on
LonglK yields Longl1K-32B, which achieves state-of-the-art results on MATHS500 Hendrycks et al.
(2021)(95.6%) and GPQA Diamond [Rein et al.| (2023))(71.1%), outperforming models trained on
vastly larger datasets such as DeepSeek-R 1-Distill-Qwen-32B by 1.3% and 9% respectively.
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Our contributions are summarized as follows:

* Challenging a dominant assumption: We demonstrate through controlled experiments
that reasoning length, rather than problem difficulty, is the key factor in training effective
reasoning models.

* Identifying a scaling law on reasoning length: We show that model performance improves
nearly linearly with the logarithm of reasoning trace length, highlighting reasoning length
as a new scaling dimension.

* Developing a simple synthesis strategy: We propose an efficient method to generate
arbitrarily long reasoning sequences, releasing the Long1K dataset and Long1K-32B model
to support further research.

* Providing new insights into reasoning model behavior: We conduct in-depth analysis
showing that longer training reasoning sequences improve structural coherence, enhance
instruction-following ability across long contexts, and yield more efficient scaling than
inference-only strategies.

2 REASONING LENGTH IS MORE IMPORTANT THAN DIFFICULTY

Conventional wisdom holds that difficult problems are essential for training reasoning models |Light-
man et al.[(2023)). However, because complex problems often require more extensive reasoning traces,
it remains unclear whether problem difficulty or reasoning length is the primary driver of model
performance. In this section, we disentangle these two factors by designing controlled experiments
that (1) fix the difficulty level while varying the reasoning length, and (2) fix the reasoning length
while varying the difficulty level. Further, we scaling reasoning length and observe the performance
consistently improves.

2.1 PRELIMINARIES

We conduct our experiments on two high-quality reasoning datasets: Openthoughts-114k Team
(2025b) and S1K-1.1 Muennighoff et al.[ (2025), both derived from DeepSeek-R1 to ensure fair
comparisons. Our primary base model is Qwen2.5-32B-Instruct Yang et al.[(2024), selected for its
strong performance on reasoning tasks. All models are trained using full-parameter fine-tuning on
8xA800-80GB GPUs, with a learning rate of 2e-4 and cosine decay scheduling. Unless otherwise
specified, we use 3 epochs and a total batch size of 16. Evaluation is based on final answer accuracy,
using Qwen2.5-72B-Instruct Yang et al.| (2024) as an external verifier. Further training details and
benchmark descriptions are provided in Appendix

2.2 CONTROL DIFFICULTY AND VARY REASONING LENGTH

To investigate whether increasing reasoning length can boost performance, we first control problem
difficulty by ensuring all datasets contain the exact same set of problems. Specifically, we sampled 500
problems from Openthoughts-114k [Team| (2025b), and used DeepSeek-R1-Distill-Qwen-32B |Guo
et al.| (2025) to generate 10 solutions for each problem. We filtered out incorrect solutions and
randomly retained 4 valid ones per problem. These valid solutions were then sorted by token length
and grouped into four datasets: for each problem, the shortest correct solution went into Set 1, the
second shortest into Set 2, and so on, with Set 4 containing the longest.

We fine-tuned Qwen2.5-32B-Instruct on each of these four datasets separately and evaluated the
resulting models on the MATH500 and AIME24 benchmarks. As illustrated in Table [T} model
accuracy consistently improves as the average length of the reasoning traces increases. For instance,
moving from solutions averaging 2588 tokens to those averaging 5986 tokens yielded about an 5.6%
improvement on MATHS00 and 11.1% improvement on AIME2024, respectively.

Discussion After controlling for problem difficulty, longer reasoning traces still produce better
results. Although Wu et al.[(2025) found that excessively long solutions could hurt performance in
narrowly defined arithmetic tasks, our experiments on larger, real-world datasets show that longer
reasoning consistently enhances accuracy, indicating that extended reasoning is more likely to be
beneficial in broader or more diverse domains.
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Table 1: Performance of Qwen2.5-32B-Instruct after being trained on datasets containing identical
problems but differing in reasoning-trace length. Longer solutions lead to higher accuracy.

Dataset Avg. length MATHS00 AIME2024

Set 1 2588 86.0% 30.0%
Set 2 3425 87.2% 31.1%
Set 3 4355 87.8% 33.3%
Set 4 5986 91.6% 41.1%

2.3 CONTROL REASONING LENGTH AND VARY DIFFICULTY

In this subsection, we hold reasoning length roughly constant but vary problem difficulty. To achieve
this, we design datasets where “easier”” problems are made longer by adding multiple sub-questions,
whereas “difficult” problems are inherently complex but contain only a single question. This ensures
both sets have similar token lengths in their solution traces but differ in intrinsic difficulty.

2.3.1 SETUP

We create two comparison groups to control for data quality and diversity |[Lightman et al.| (2023));
[Muennighoff et al.| (2025), factors known to influence model training:

Group 1: Synthetic Composite Problems From math datasets (2025a), we first extract a
pool of core mathematical concepts using Qwen2.5-72B-Instruct and then randomly combine exactly
three concepts to form two categories of problems with DeepSeek-R1-Distill-Qwen-32B:

* Difficult (Composite) Problems: Each integrates multiple concepts into one challenging
question.

* Easy (Composite) Problems: Covering the same concepts, but broken into several simpler
sub-questions.

To ensure correctness and comparable average reasoning lengths across both categories, we again
sample and filter solutions using DeepSeek-R1-Distill-Qwen-32B. Because they draw on the same
set of concepts and follow a similar synthetic procedure, these two problem sets have comparable
topic coverage and data quality. Detailed composition methods are provided in Appendix [B]
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Figure 1: (a) Group 1: accuracy comparison of models after training on Easy Problems(Composite)

and Difficult Problems(Composite). (b) Group 2: accuracy comparison of models after training on
Easy Problems(Double) and Difficult Problems(Single).

Group 2: Original Problems from Openthoughts-114k In this setting, we select “difficult” single
problems directly from Openthoughts-114k as our Difficult (Single) set. Each problem is inherently
more conceptually challenging, and its corresponding solution is typically longer. By contrast, our
Easy (Double) set is formed by concatenating pairs of shorter and simpler problems (along with
their solutions) into a single item, ensuring that both sets end up having comparable token lengths
in their reasoning traces. This approach uses naturally occurring items for the difficult set and a
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straightforward concatenation strategy to lengthen the easier set, although it does not strictly control
for problem diversity.

We use the Qwen?2.5-72B-Instruct model to assess group difficulty through direct evaluation (rating
question difficulty on a 1-10 scale [Team|(2025a)) and the pass@5 method. Both metrics consistently
confirm effective difficulty differentiation across sets. Appendix [C|shows representative examples of
the four categories with results from both evaluation methods. Despite similar solution trace lengths,
the Easy (Double) and Easy (Composite) datasets receive lower difficulty levels in their respective
comparison groups.

2.3.2 RESULTS

We train Qwen?2.5-7B-Instruct and Qwen2.5-32B-Instruct on each group and the results are shown
in Figure[I} Across both Group 1 and Group 2, performance on standard math benchmarks (e.g.,
AIME2024, MATHS500) remains largely comparable between the “easier” and “difficult” sets—even
though the latter have higher conceptual complexity. This reinforces our finding that reasoning length
has a more pronounced effect on model accuracy than inherent problem difficulty.

2.4 SCALING REASONING LENGTH OF TRAINING DATA

Since reasoning length has emerged as a key factor in model performance, a natural question arises:
How does increasing the reasoning length of training data affect performance at scale? To
investigate this, we examine how variations in the average number of reasoning tokens per sample
influence final accuracy.

We randomly sampled several datasets from Openthoughts-114k, each containing 500 problems with
average reasoning lengths ranging from 1.5k to 12k tokens. Each dataset was used to fine-tune the
Qwen2.5-32B-Instruct model, and the resulting models were evaluated on the MATHS500 and GPQA
Diamond benchmarks. The results are shown in Figure
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Figure 2: Performance on (a) MATH500 and (b) GPQA Diamond as a function of average reasoning
length per training problem. The x-axis is log-scaled; performance follows a power-law trend.

We observe that across both benchmarks, as the reasoning length of the training data increases, model
performance consistently improves. When plotted on a log-log scale, the relationship appears nearly
linear, suggesting potential power-law behavior. After log-transforming the data, we fit a power-law
model using ordinary least squares (OLS) regression. Both fits show highly significant scaling
behavior (p < 0.001), confirming a strong and statistically significant correlation between reasoning
length and accuracy. For detailed analysis and fitted equations, please refer to the Appendix D}

3 CREATE A EXTREMELY LONG REASONING DATASET

3.1 SYNTHESIZING REASONING DATA OF ARBITRARY LENGTH

Natural, lengthy reasoning data are extremely scarce in real-world scenarios. We therefore propose
a simple method to create arbitrarily long reasoning examples by concatenating multiple original
problems into a single user prompt, and merging their respective thoughts and solutions into a single
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output. A similar approach was already employed in constructing the Easy (Double) dataset in
Section 2] Table 2] shows the prompt format we use.

Table 2: Prompts and output format for synthetic data. PROBLEM-i, THINK-i, and SOLUTION-i
each come from a single problem sampled from a reasoning dataset (e.g., Openthoughts-114k). The
underlined texts are templates used to link problems, thoughts, and solutions. We ask GPT-40 to
produce multiple paraphrases of these templates for diversity [Taori et al.| (2023).

User Prompt <|im_start|>user\n

I need help with the following problems. The first one is PROBLEM-1,
the second one is PROBLEM-2 ... , and the final one is PROBLEM-N.

<|im_end|>\n

Output < |im_start|>system\n

<|begin_of_thought|>\n\n I will handle these problems one by one.
I will start with the first problem. THINK-1.\n Now I will turn to the second problem.
THINK-2. .. OK,now is the last problem. THINK-N <|end_of_thought|>\n\n
<|begin_of_solution|>\n\n The solution for the first problem is as belows. SOLUTION-
1.\n The solution for the second problem is as belows. SOLUTION-2.

The solution for the last problem is as belows. SOLUTION-N.<|end_of solution|>
<|im_end|>

This design offers several advantages. First, we can easily generate arbitrarily long data by concate-
nating additional problems and solutions. Second, the structure aligns with the typical style of current
reasoning models, which tend to formulate the entire chain of thought before presenting the final
solution. This allows our synthetic data to be directly combined with other original datasets. Finally,
the long-range dependencies in our concatenated format encourage the model to reason consistently
across extended contexts. To generate SOLUTION-N, the model must locate PROBLEM-N at
the beginning, follow THINK-N in the middle, and ignore unrelated information, demonstrating its
ability to focus on relevant parts within a long context.

3.2 THE LONG1K DATASET

We now describe the construction of the Long 1K dataset, which serves as the primary training resource
for our final model. Long1K is composed of data from two main sources: Openthoughts-114k Team
(2025b) and S1K-1.1|Muennighoft et al.| (2025)), both annotated using DeepSeek-R1.

The dataset contains a total of 1,000 problem-solution pairs. Among them, 800 samples are syn-
thesized by randomly selecting and pairing two problems from Openthoughts-114k. Their problem
statements, reasoning traces, and final answers are concatenated into a single long-form instance,
yielding an average total sequence length of approximately 32k tokens. To mitigate overfitting to the
format or linguistic patterns of such concatenated examples, we additionally include 200 original,
non-concatenated problems randomly sampled from S1K-1.1. This portion of the dataset introduces
greater diversity in problem format and helps improve model robustness.

Unlike prior works that rely heavily on manual data curation—often filtering for highly diverse or
extremely difficult problems—we adopt a much simpler data construction strategy: the 800 long
examples are generated via purely random sampling and automatic concatenation. We regard this
simplicity and scalability as one of the key strengths of our approach.

All training examples are thoroughly decontaminated against our evaluation sets (MATH500, GPQA
Diamond, AIME2024, and AIME2025) using 8-gram overlap filtering, and duplicate entries are
removed to ensure fairness in evaluation.

4 RESULTS

4.1 SETUP

We fine-tuned Qwen2.5-32B-Instruct on the Long1K dataset to obtain the final model, Long1K-32B,
with a maximum output length of 32k tokens. It was compared against several strong baselines,
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including S1-32B, S1.1-32B, LIMO, OpenThinker-32B, and DeepSeek-R1-Distill-Qwen-32B. All
models are fine-tuned on Qwen2.5-32B-Instruct for consistency. Except for S1-32B, all baselines
are trained on reasoning traces distilled using DeepSeek-R1. This consistent setup ensures a fair
comparison, allowing us to independently assess the benefit brought by longer reasoning traces in
the Long1K dataset. More details on the baseline models can be found in Appendix [F]

4.2 MAIN RESULTS

Our experimental results, summarized in Table [3] highlight the strong performance of Long1K-32B
across multiple benchmarks.

» Comparable-Size Models: Among models trained on similarly sized datasets, Long1K-32B
achieves substantial gains across most benchmarks. For instance, while LIMO represents
the strongest baseline in this category, it lags behind Long1K-32B by 4.0% on AIME2025
and 4.4% on GPQA Diamond.

* Large-Scale Models: Despite being trained on a much smaller dataset, Long1 K-32B
achieves performance comparable to large-scale models. Notably, it outperforms DeepSeek-
R1-Distill-Qwen-32B on two of the four benchmarks, including a 9.0% gain on GPQA
Diamond.

One exception is AIME2024, where Long1K-32B underperforms compared to other models. We
attribute this to limited data diversity in our training set, as Long1K was constructed without intensive
data filtering or selection for coverage. Additionally, the AIME2024 benchmark consists of only 30
questions, making the evaluation potentially sensitive to dataset-specific variance.

Notably, all problems and solutions in Long1K-32B are randomly sampled from the same data pool
as S1.1-32B and OpenThinker-32B. Yet, Long1K-32B achieves significantly better performance,
emphasizing the advantage of longer reasoning sequences.

These findings suggest that extending reasoning length through simple concatenation is a more
scalable and effective strategy than manually curating difficult problems. Optimizing reasoning depth,
not difficulty, offers a practical path for improving model capability.

Table 3: Performance comparison of different models across multiple reasoning benchmarks (pass@1).
The best results for each benchmark are highlighted in bold, with the second-best underlined. The
results for S1-32B and S1.1-32B do not use budget forcing.

Model Name Dataset Size MATHS00 AIME2024 AIME2025 GPQA Diamond
S1-32B 1k 92.6 50.0 26.7 56.6

S1.1-32B 1k 87.4 59.3 42.7 62.0

LIMO 0.8k 94.8 57.1 49.3 66.7
OpenThinker-32B 114k 90.6 68.0 49.3 63.5
DeepSeek-R1-Distill-Qwen- 800k 94.3 72.6 55.9 62.1

32B

LonglK-32B 1k 95.6 +1-3 50.7 £§-3 334189 711 +£3}

5 WHY LONGER REASONING DATA BUILD BETTER MODELS

Recent studies have shown that longer training contexts can substantially benefit large language
models. Prolong|Gao et al.|(2024) found that pretraining with 512k-token sequences leads to stronger
models than training with 64k-token contexts. Similarly, Jin et al. Jin et al.| (2024) reported that even
noisy or partially incorrect rationales can improve model outcomes—provided that the inference
traces are sufficiently long. While these results support the intuition that “longer is better,” they
neither target reasoning models explicitly nor fully explain the underlying mechanisms.

In this section, we offer a deeper empirical analysis focused on reasoning models, i.e., LLMs trained
to produce extended chains of thought before concluding with an answer (such as OpenAI’s o1 and
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03). Our results reveal not only practical benefits, but also new insights into how training length
impacts model structure and control.

5.1 OBSERVATION 1: STRUCTURED FAILURES

Training with longer reasoning sequences improves not just answer accuracy, but also the structure of
model failures.

Previous studies |[Yamin et al.| (2024) observed that performance on long reasoning tasks often
degrades due to increased reflection and backtracking, a phenomenon related to the “lost in the
middle” effect|Liu et al.|(2024)). To assess whether long-sequence training mitigates this instability,
we compare two models trained on datasets with average reasoning lengths of 1.5k and 12k tokens,
respectively. Following|Li et al.| (2025c¢)); |Ye et al.|(2025])), we track the usage of transition words such
as “but” and “wait,” which signal re-evaluation or correction during inference.

As shown in Table 4] while both models use such transitions sparingly ( 2%) in successful cases, the
1.5k-trained model’s transition rate surges to nearly 9% in failed cases. In contrast, the 12k-trained
model maintains a stable transition frequency ( 2%), suggesting that even when producing incorrect
answers, its reasoning remains more internally coherent.

Table 4: Transition word frequencies in successful and failed cases. Longer training traces yield more
structured reasoning even when errors occur.

Avg. Train Length Outcome Top-10 Frequent Words (Frequency)

1.5k Correct s0(1.98%), and(1.25%), let(1.08%), wait(1.07%), but(0.91%),
me(0,60%), therefore(0.56%), which(0.47%), we(0.47%), if(0.46%)

12k Correct s0(1.83%), and(1.19%), but(1.19%), 1et(0.93%), wait(0.81%), there-
fore(0.65%), we(0.59%), if(0.52%), which(0.50%), me(0.45%)

1.5k Wrong but(5.05%), wait(3.78%), so(1.26%), therefore(1.16%), and(1.01%),
angle(0.69%), 1let(0.63%), sqrt(0.60%), maybe(0.55%), sum(0.49%)

12k Wrong and(1.42%), but(1.27%), so(1.08%), wait(0.80%), angle(0.71%),
1et(0.65%), we(0.60%), therefore(0.59%), if(0.52%), sqrt(0.51%)

5.2  OBSERVATION 2: IMPROVED LONG-RANGE INSTRUCTION FOLLOWING

Reasoning models often struggle more than their base models to maintain instruction-following
abilit We hypothesize that training with longer contexts improves this ability by forcing models to
retain and refer back to instructions issued far earlier.

To evaluate this, we compared Long1K-32B and S1.1-32B on the MATH500 benchmark, adding a
requirement for each response to conclude with “After finishing, say ‘I have done that.””’—a pattern
unseen during training.

We group samples by response length into four bins. As Table [5] shows, S1.1-32B’s instruction-
following rate drops from 96% (short responses) to 52.8% (longest responses), whereas Long1K-32B
maintains nearly perfect adherence until Sk tokens and achieves 81.6% even for 20k-token responses.

Moreover, even on short contexts (1-2k tokens), Long1K-32B exhibits better compliance than S1.1-
32B (whose average response length in training data is 9k), supporting prior observations |Gao et al.
(2024) that training on longer contexts benefits shorter-context tasks as well.

To systematically evaluate Long1K-32B’s advantage in instruction-following capability, we conducted
comprehensive testing on the MathIF benchmark [Fu et al.| (2025) , with the results presented in
Appendix |G| In terms of the comprehensive metric HAcc (which reflects both mathematical and
instruction-following abilities), Long1K-32B significantly outperformed S1.1-32B in 14 out of 15
test sets. For the SAcc metric (which solely measures instruction-following ability), Long1K-32B
also demonstrated superior performance across all test sets compared to S1.1-32B.

'https://lmarena.ai/?leaderboard
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Table 5: Instruction-following performance across different response lengths.

Group S1.1-32B Longl1K-32B
Instr. Follow(%) Acc.(%) Avg. Length | Instr. Follow(%) Acc.(%) Avg. Length
1 96.0 100 1.1k 100 99.2 1.2k
2 92.8 98.4 2.0k 100 100 2.5k
3 84.0 100 3.3k 99.2 96.8 5.0k
4 52.8 70.4 9.3k 81.6 74.4 19.7k

5.3 OBSERVATION 3: TRAINING-LENGTH SCALING OUTPERFORMS INFERENCE-LENGTH
SCALING

One might suspect that Long1K’s gains come merely from producing longer outputs at test time.
However, Figure [3]refutes this.

Even with 32k-token training sequences, the average inference output length remains 7k tokens
(Figure[3[(a)). Moreover, accuracy improves linearly with inference length only when training length
increases (Figure Ekb)). By contrast, prior works Muennighoff et al.[(2025);|B1 et al.| (2024) needed
to increase inference budgets exponentially to achieve linear performance gains.

Thus, training-length scaling is more efficient and impactful than inference-only scaling.

5.4 SUMMARY AND BROADER IMPLICATIONS

Training on longer reasoning traces brings three distinct benefits. Firstly, errors remain coherent, not
chaotic. Secondly, models better retain directives over long contexts. Finally, training-length scaling
is more efficient than inference-only scaling. Importantly, our experiments in Section 2] demonstrate
that these benefits stem from increased reasoning length itself, rather than from greater problem
difficulty. This suggests that reasoning length constitutes an independent scaling axis for advancing
reasoning models—complementary to model size and training data volume.
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Figure 3: (a) Average reasoning length in answer vs. training target reasoning length. (b) Model
accuracy vs. average reasoning length in answer.

6 RELATED WORK

6.1 REASONING MODELS AND LONG-CHAIN REASONING

The development of long-chain reasoning models has attracted increasing attention as large language
models (LLMs) scale up. Early observations |Brown et al.| (2020); [Wei et al.|(2022) noted that larger
LLMs naturally exhibit better multi-step reasoning abilities. Recent systems such as DeepSeek-
R1|Guo et al.|(2025), ChatGPT ol Jaech et al.| (2024), Gemini 1.5 |[Kavukcuoglu|(2025), and QwQ-
32B [Team!| (2025c)specifically optimize for long-form reasoning through distillation or reinforcement
learning. Distilled models such as DeepSeek-R1-Distill-Qwen-32B and S1.1-32B Muennighoff et al.
(2025)) further demonstrate that strong reasoning performance can be achieved by carefully designing
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reasoning traces and distilling them into smaller backbones. However, existing works often assume
that the difficulty of problems is crucial for training high-quality reasoning models, without isolating
the role of reasoning sequence length itself.

6.2 CHALLENGES IN REASONING TRAINING: DIFFICULTY VS. LENGTH

Several recent studies highlight the importance of difficult, complex problems for training reasoning
models Muennighoff et al.[(2025); |Ye et al.| (2025); [IDing et al.| (2024)); [Luo et al.| (2023)). These
datasets typically select problems by difficulty, diversity, and depth, assuming harder tasks yield
stronger reasoning skills. In contrast, preliminary findings Jin et al.| (2024);|Gao et al.| (2024) suggest
that even noisy or imperfect reasoning traces can help if sufficiently long, pointing to reasoning length
as an independent scaling factor. Building on this, we disentangle problem difficulty from reasoning
length and show that length alone explains most performance gains, without requiring inherently
challenging problems.

6.3 SCALING LAWS IN REASONING AND INFERENCE EFFICIENCY

Scaling laws for LLMs [Kaplan et al.| (2020); [Hoffmann et al.| (2022); [Snell et al.| (2024)); Ballon
et al.[(2025)); Shao et al.|(2024) have established predictable relationships between model size, data
volume, and performance. More recently, scaling along the inference budget—allocating more tokens
during inference—has been explored as a way to improve downstream reasoning Bi et al.| (2024);
Muennighoff et al.| (2025). However, inference-time scaling typically incurs exponential cost to
achieve linear performance gains. Our study proposes training-time scaling along the dimension of
reasoning length, showing that longer reasoning traces during training yield more efficient scaling
behavior and better generalization, particularly in complex multi-step reasoning tasks.

6.4 COMPARISON WITH DATA PACKING

While the data construction method in this study bears formal resemblance to data packing |[Wang
et al.| (2024b)), they are fundamentally distinct. Data packing aims to improve training efficiency
by concatenating independent samples to reduce padding tokens, whereas our method focuses on
constructing coherent long sequences to disentangle the effects of problem difficulty and reasoning
length, thereby validating that purely increasing reasoning steps enhances model capability. Experi-
mental results demonstrate that our approach significantly improves model reasoning performance
(e.g., 1K samples outperforming the 114K baseline), rather than merely optimizing computational
efficiency.

7 CONCLUSION

This paper revisits a fundamental assumption in reasoning model training: whether problem difficulty
or reasoning length plays a more critical role in performance. While previous studies often attributed
improvements to task difficulty, our experiments suggest that it is the length of reasoning traces,
rather than the intrinsic challenge of the problems, that primarily drives model gains.

To investigate this, we propose a simple yet effective method to extend reasoning sequences without
requiring harder tasks, leading to the construction of the Long1K dataset. Fine-tuning on Long1K
produces Longl1K-32B, a model that achieves state-of-the-art results on MATHS00 and GPQA
Diamond, outperforming baselines trained with comparable or even significantly larger data.

Beyond empirical results, our analysis reveals that longer reasoning sequences strengthen the model’s
internal reasoning structure, improve long-range instruction following, and offer more efficient scaling
than inference-only methods. These findings highlight reasoning length as a distinct and powerful
scaling dimension for building stronger reasoning models.

Looking ahead, optimizing reasoning length during training, balancing reasoning complexity with
efficiency, and designing curriculum strategies for progressive scaling offer promising directions
for advancing reasoning-centric LLMs. We hope this study encourages future work to prioritize the
structure and depth of reasoning over simply increasing task difficulty.
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A PRELIMINARIES

A.1 DATASETS

Throughout this study, we rely on two primary datasets, which serve as the foundation for both our
empirical investigations and the construction of the Long1K dataset. These datasets are selected for
their high quality and alignment with our experimental goals, particularly because both are distilled
from DeepSeek-R1, enabling fair comparisons with recent strong baselines.

* Openthoughts-114k Team| (2025b)): A large-scale dataset compiled from nine sources,
covering four domains: Code, Math, Science, and Puzzle. It contains a total of 114,000
problems with corresponding reasoning traces and answers.

* S1K-1.1 Muennighoff et al.|(2025): A curated dataset consisting of 1,000 high-quality and
diverse problems, selected from an initial pool of 59,029 problems across 16 sources. The
selection process emphasizes quality, difficulty, and coverage diversity.

We evaluate our models on the following benchmarks, chosen for their reasoning-intensive nature
and their frequent use in prior work:

* AIME2024/2025 jof Americal (2024): Two test sets each containing 30 math problems
derived from the American Invitational Mathematics Examination, known for requiring
deep analytical reasoning and multi-step problem solving.

« MATHS00 [Hendrycks et al| (2021): A benchmark of 500 math problems covering a
wide range of difficulty levels and mathematical domains, widely adopted for evaluating
mathematical reasoning in language models.

* GPQA Diamond Rein et al.|(2023): A benchmark containing 198 doctoral-level multiple-
choice questions in physics, chemistry, and biology, designed to test deep scientific reasoning
and factual understanding.

A.2 BASE MODELS

For most experiments, we use Qwen2.5-32B-Instruct|Yang et al.| (2024) as our base model. This
choice is motivated by its proven effectiveness in training high-performance reasoning models, as
demonstrated by recent state-of-the-art systems such as DeepSeek-R1-Distill-Qwen-32B |Guo et al.
(2025), S1.1-32B [Li et al.| (2025a), and LIMO |Ye et al.|(2025)). Using the same model also facilitates
fair comparisons across different training strategies.

We also use Qwen2.5-7B-Instruct|Yang et al.|(2024) in some complementary experiments, particularly
when comparing smaller-scale setups. However, due to the limited availability of long reasoning
samples, the 7B model is less stable under low-resource conditions, and most key results are obtained
using the 32B variant.

A.3 TRAINING AND EVALUATION

All experiments are conducted using 8 NVIDIA A800-SXM4-80GB GPUs. Unless otherwise
specified, we use 3 training epochs with a total batch size of 16. The learning rate is set to 2e—-4, and
we adopt cosine learning rate scheduling. All models are trained using full-parameter fine-tuning.

For evaluation, we set temperature to 0.9 and top_p to 0.7. Accuracy is calculated based on the
correctness of the final answer. We use Qwen2.5-72B-Instruct [Yang et al.| (2024) as an external
verifier to compare model outputs against ground-truth answers. All reported scores are averaged
over five independent runs to ensure stability.
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B EXTRACTING MATHEMATICAL KNOWLEDGE POINTS AND SYNTHESIZING
QUESTIONS

We use the following prompt to extract knowledge points from mathematical problems. These
knowledge points are then used to combine easy and difficult questions, with the prompts used for
synthesis also shown here. To ensure fairness in the experiment, each question is synthesized using 4
knowledge points.

Extract Mathematical Knowledge Points Prompt

You will be given a problem, its corresponding solution, and a difficulty rating called ‘qwen_difficulty_parsed", which ranges
from 1 to 7. Your task is to extract at most two self-contained key points (knowledge points) from the problem and its solution.
Each key point must be independent and descriptive, enabling the reader to fully understand the concept without additional
context. Follow these rules:

1. Key Point Limit:
- If “gqwen_difficulty_parsed" <3, extract only one key point (major key point).
- If “gqwen_difficulty_parsed >4, extract up to two key points (major and minor key points).
- Keep the key points concise but meaningful. Avoid unnecessary splits or dependencies.

2. Structure: For each key point, include the following fields:

- name: A concise title for the key point.

- description: A clear, self-contained explanation of the concept, including its key ideas, principles, or definitions.

- example: A minimal example illustrating the key point, either from the given problem or a simpler case.

- assessment_scenarios: Provide two scenarios where this key point can be applied. The scenarios should show how the
knowledge can be used in different contexts or types of problems.

3. Independence: Key points should not reference or depend on each other. Each key point should be understandable on its own.

4. Output Format: Your response must be a JSON array, where each object corresponds to a key point. Example structure:
“json
[
{
"name": "Key Point Name",
"description™: "Self-contained explanation of the key point.",
"example™: "A minimal example demonstrating the concept.”,
"'assessment_scenarios": [
"Scenario A: A description of where this key point might be tested or applied.",
“Scenario B: Another context where this knowledge is relevant.”
]
}

.

Below are some examples:

Figure 4: This is the prompt for extracting mathematical knowledge points.
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Examples of Extracting Mathematical Knowledge Points

problem: In triangle ABC, AB = 10 and AC = 17. Let D be the foot of the perpendicular from A to BC. If BD:CD = 2:5, then
find AD.
solution: To solve for AD in triangle ABC where AB = 10, AC = 17, and BD:CD = 2:5, we follow these steps:
1. Let h = AD. We aim to find the value of h.
2. Apply Pythagoras' theorem in right triangle ABD:
BD”2 = AB"2 - AD"2 = 10"2 - h"2 = 100 - h"2.
3. Apply Pythagoras' theorem in right triangle ACD:
CD"2 =AC"2 - AD2 = 1772 - h"2 = 289 - h"2.
4. Given the ratio BD:CD = 2:5, we can express this as a ratio of squares:
BD"2:CD"2=4:25.
5. Set up the equation based on the ratio of squares and the expressions for BD*2 and CD"2:
(100 - h"2) / (289 - h"2) = 4/ 25.
6. Solve for h:
Cross-multiply to get 25(100 - h"2) = 4(289 - h"2).
Simplify to find the value of h.
Solving the equation, we find h = 8.

Therefore, the length of AD is 8.
qwen_difficulty_parsed: 4
extracted:

[

“name": “Pythagorean Theorem in Triangles",
“description: “In a right triangle, the square of the hypotenuse is equal to the sum of the squares of the other two sides. This
theorem is widely used for calculating unknown side lengths.",
“example": "For a triangle with legs 3 and 4, the hypotenuse is sqrt(3"2 + 472) =5.",
“assessment_scenarios™: [
“Scenario A: Solve for the missing side of a triangle when given the hypotenuse and one leg length.",
“Scenario B: Use the theorem to compute the diagonal of a rectangle in coordinate geometry."
1
}
{
“name": "Using Ratios to Solve Geometric Problems",
“description": “Ratios describe how a line segment is divided or the relationship between two geometric quantities. These
can be converted into equations to solve for unknowns.",
“example": "If a line segment is divided in the ratio 2:3, you can assign lengths 2k and 3k to the segments and solve for k.",
“assessment_scenarios™: [
"Scenario A: Divide a triangle's base into specific ratios and solve for segment lengths."”,
“Scenario B: Apply ratios in geometric optimization problems, such as determining centroid locations."
]
}
]

Figure 5: This is an example of extracting mathematical knowledge points.
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Easy (Composite) Problem Prompt

## Objective
Create a comprehensive mathematics problem that integrates multiple concepts. The problem should cover most of the
provided concepts.

## Problem Design Requirements
1. Multiple, Self-Contained Question:
- The problem can consist of one or more questions, in order to cover more concepts.
- The solver should have to discover the correct approach rather than being guided step-by-step.

2. Deep Integration of Concepts:
- The concepts used should interact with each other naturally rather than being isolated computations.
- Avoid structuring the problem as “solve this, then plug it into that™ unless the connection is hidden.

3. Non-Trivial Solution Path:
- The solution method should not be immediately obvious.
- Solvers should need to deduce missing pieces rather than simply computing sequentially.

4. Bottleneck for Logical Depth:
- Introduce a natural "bottleneck", a point where solvers must pause and think deeply before progressing.
- Avoid problems where the difficulty is just “more steps” instead of requiring deeper reasoning.

5. Hidden Constraints and Self-Consistency:
- Ensure that different problem components restrict each other in a way that forces unique solutions.
- Let one part of the problem naturally control the form of another, creating a tight logical structure.

6. Use an Inverse Design Approach:
- Instead of stacking steps forward, start from a strong final constraint and work backward to construct the problem.
- This ensures the problem is coherent and elegant, rather than just a sequence of disconnected calculations.

7. Increasing Difficulty for Solution:
- Avoid to add hints in the questions, e.g., use XX phenomenon to solve XXX. Instead, e.g., solve XXX.

## Output Format
- Problem Statement: A comprehensive, concise, and engaging problem that may consist of multiple questions.
- Solution: A logically structured breakdown of how each constraint leads to the answer, revealing the hidden relationships.

Below are the concepts for you to create the problem. Note that the examples and assessment_scenarios are used to help you to
understand the concept. You are not neccessarily to be limited by these examples or assessment_scenarios.

Figure 6: This is a prompt for Easy (Composite) Problem based on multiple mathematical concepts.
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Difficult (Composite) Problem Prompt

## Objective

Create a highly challenging mathematics problem that integrates multiple concepts in a deeply interconnected and non-trivial
way. The problem should increase logical complexity rather than just adding steps, forcing solvers to uncover hidden structures
rather than following a direct, linear approach.

## Problem Design Requirements
1. Single, Self-Contained Question:
- The problem should be one concise question, without breaking it into explicit sub-steps.
- The solver should have to discover the correct approach rather than being guided step-by-step.

2. Deep Integration of Concepts:
- The concepts used should interact with each other naturally rather than being isolated computations.
- Avoid structuring the problem as “solve this, then plug it into that™ unless the connection is hidden.

3. Non-Trivial Solution Path:
- The solution method should not be immediately obvious.
- Solvers should need to deduce missing pieces rather than simply computing sequentially.

4. Bottleneck for Logical Depth:
- Introduce a natural "bottleneck", a point where solvers must pause and think deeply before progressing.
- Avoid problems where the difficulty is just “more steps” instead of requiring deeper reasoning.

5. Hidden Constraints and Self-Consistency:
- Ensure that different problem components restrict each other in a way that forces unique solutions.
- Let one part of the problem naturally control the form of another, creating a tight logical structure.

6. Use an Inverse Design Approach:
- Instead of stacking steps forward, start from a strong final constraint and work backward to construct the problem.
- This ensures the problem is coherent and elegant, rather than just a sequence of disconnected calculations.

## Hints for Constructing the Problem
- Hide Explicit Instructions:

- Instead of saying "solve for \( x \), then compute squares," state a condition that forces the solver to discover how these are
linked.

- Embed Constraints Subtly:
- Example: Instead of "Factor \( x*2 + bx + ¢ \)," give an indirect condition on the roots \( p, q \), such as a geometric or
counting property.

- Interweave Concepts Effectively:
- Example: Connect a combinatorial counting problem to a logarithmic constraint by requiring a disguised recurrence
relationship.

- Introduce an Unexpected Twist:
- The solver should have a “Eureka!” moment—a point where they realize how seemingly separate ideas actually connect.

## Output Format
- Problem Statement: A single, concise, and engaging question that does not explicitly state the steps.
- Solution: A logically structured breakdown of how each constraint leads to the answer, revealing the hidden relationships.

Below are the concepts for you to create the problem. Note that the examples and assessment_scenarios are used to help you to
understand the concept. You are not neccessarily to be limited by these examples or assessment_scenarios.

Figure 7: This is a prompt for Difficult (Composite) Problem based on multiple mathematical
concepts.
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C EXAMPLES OF FOUR DIFFERENT DATASETS

This section provides examples of four different datasets: Easy (Composite), Difficult (Composite),
Easy (Double), and Difficult (Single), and reports the average difficulty of questions and pass@5 in
each dataset.

We employed two methods to assess difficulty. First, we used the Qwen2.5-72B-Instruct model to
directly evaluate the dataset, adopting the established AOPS (Art of Problem Solving) difficulty scale
(1-10) with LLM assessment, following Sky-T1 [Team| (2025a)). This approach does not involve
simple binary classification but rather a structured evaluation process where the LLM provides
extensive chain-of-thought reasoning before assigning difficulty scores, categorizing problems into
human-interpretable levels. Second, we utilized the Qwen2.5-72B-Instruct model to generate five
solutions for each of the four datasets and calculated the pass@5 metric to reflect the difficulty of
each dataset. Through these two difficulty evaluation metrics, we measured the difficulty levels across
the four datasets. The consistency between the two metrics validates the effectiveness of difficulty
differentiation across different datasets.

Table 6: Examples of four different datasets: Easy (Composite), Difficult (Composite), Easy (Double),
and Difficult (Single).

Dataset Avg. Difficulty pass@5 Example

Easy (Composite) 3.78 85.7% Consider a convex pentagon with side lengths x, y, z, w, v, where zyzwv = 1. The
pentagon can be divided into three triangles by drawing perpendiculars from one vertex.
The areas of these triangles are proportional to the side lengths adjacent to the vertex.
1. Given that 2*> < 4, find the maximum possible area of the pentagon. 2. How many
distinct sets of positive integer side lengths satisfy the given conditions?

Difficult(Composite) 4.44 75.5% Determine the range of possible values for the angle # such that the rotation matrix
cosf —sinf . . . .
R(6) = satisfies the condition that the quadratic equation has no real
sinf  cosf
roots, given the dimensions of a rectangular box whose length, width, and height are
the arithmetic mean, geometric mean, and harmonic mean of two distinct positive real
numbers x and y, respectively.

Easy (Double) 4.57 70.2% Question 1 is 48 blacksmiths need to shoe 60 horses. What is the minimum time they
will spend on the job if each blacksmith takes 5 minutes per horseshoe?”. Question 2 is
”If 25,197,624 hot dogs are packaged in sets of 4, how many will be left over?”

Difficult (Single) 5.01 56.4% Question 1 is ”A straight ladder AB of mass m = 1 kg is positioned almost vertically
such that point B is in contact with the ground with a coefficient of friction 1 = 0.15. It
is given an infinitesimal kick at the point A so that the ladder begins rotating about point
B. Find the value ¢, of angle ¢ of the ladder with the vertical at which the lower end B
starts slipping on the ground.”
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D SCALING REASONING LENGTH OF TRAINING DATA

Across both the MATHS500 and GPQA Diamond benchmarks, performance increases consistently as
the reasoning length of the training data grows. Interestingly, the relationship follows a near-linear
trend when plotted on a log-log scale, suggesting power-law behavior. To quantify this, we fit the
following power-law model:
y = Az",

where z is the average number of reasoning tokens per problem (/V), and ¢ is the estimated precision.
We performed an ordinary least squares (OLS) regression of In y on In x after log-transforming the
data. The fitted equations are:

Gmats00(N) = 0.6676 NO-03720, R2=0.9711, p=23.17 x 1074, )
Japqa(N) = 0.4095 NO0401, R*=09694, p=354x107% (2

Both fits show highly significant scaling behavior (p < 0.001), confirming a strong correlation
between reasoning length and performance. These findings suggest that, across both mathematical
and scientific reasoning tasks, exponential increases in training-sequence length can produce near-
linear performance gains. This highlights the effectiveness and scalability of training with longer
reasoning traces.
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E PROMPT FOR SYNTHESIZING LONG1K

This section provides the complete prompts and output format used for synthetic data. Here,
PROBLEM-i, THINK-i, and SOLUTION:-i are all derived from a single sampled problem from
a reasoning dataset (e.g., Openthoughts-114k). The underlined texts are templates used to link
problems, thoughts, and solutions. We ask GPT-40 to produce multiple paraphrases of these templates
for diversity.

Table 7: Prompts and output format for synthetic data.

System Prompt < |im_start|>system\n

A conversation between User and Assistant. The user asks a question, and the
Assistant solves it.  The assistant first thinks about the reasoning process in
the mind and then provides the user with the answer. The reasoning process
and answer are enclosed within <|begin_of_thought|><|end_of_thought|>and
<|begin_of_solution|>< |end_of_solution|>tags, respec-
tively, ie., <|begin_of_thought|>reasoning process here
<|end_of_thought|><|begin_of_solution|>answer here <|end_of_solution|>.
<|im_end|>\n

User Prompt <|im_start|>user\n
I need help with the following problems. The first one is PROBLEM-1,
the second one is PROBLEM-2 ... , and the final one is PROBLEM-N.
<|im_end|>\n

Output <|im_start|>system\n
<|begin_of_thought|>\n\n I will handle these problems one by one.
I will start with the first problem. THINK-1.\n Now I will turn to the second problem.
THINK-2. ... OK, now is the last problem. THINK-N <|end_of_thought|>\n\n
<|begin_of _solution|>\n\n The solution for the first problem is as belows. SOLUTION-
1.\n The solution for the second problem is as belows. SOLUTION-2.
The solution for the last problem is as belows. SOLUTION-N. < |end_of_solution|>
<|im_end|>
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F BASELINE FOR MAIN RESULTS

We fine-tuned Qwen2.5-32B-Instruct on the Long1K dataset to obtain our final model, Long1K-32B,
with a maximum output length of 32k tokens.

To evaluate its performance, Long1K-32B was compared against several strong baselines on standard
reasoning benchmarks. All models are fine-tuned on Qwen2.5-32B-Instruct for consistency. The
baselines include:

¢ S1-32B and S1.1-32B: Both models are trained on 1,000 problems. S1-32B uses solutions
distilled from Gemini, while S1.1-32B uses those distilled from DeepSeek-R1.

* LIMO |Ye et al.| (2025): A model trained on 800 high-quality, diverse, and challenging
problems. It emphasizes careful data curation over scale.

* OpenThinker-32B [Team| (2025b): A model trained on the full 114k examples of the
Openthoughts-114k dataset.

* DeepSeek-R1-Distill-Qwen-32B |Guo et al.| (2025)): A large-scale model trained on over
800k reasoning examples. Note that the training data for this model has not been publicly
released.

All baselines, except S1-32B, are trained on reasoning traces distilled using DeepSeek-R1, and all
are fine-tuned on the same base model (Qwen2.5-32B-Instruct). This consistent setup ensures a fair
comparison, allowing us to isolate and assess the benefit brought by longer reasoning traces in the
LonglK dataset.
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G IMPROVED LONG-RANGE INSTRUCTION FOLLOWING

We compared the performance of Long1K-32B and S1.1-32B models across all test sets of the
MathlF dataset. The MathIF dataset is specifically designed to systematically evaluate the instruction-
following capability of large language models in mathematical reasoning tasks. It introduces three
progressively complex constraint levels (Single, Double, and Triple) that incrementally increase
demands on model reasoning and compliance. The evaluation framework comprises three metrics:
HAcc (which reflects both mathematical and instruction-following abilities), SAcc (which solely
reflects instruction-following ability), and Correctness (a baseline metric that only considers the
correctness of the final answer)

Table 8: Instruction-following performance across different response lengths.

Test S1.1-32B LonglK-32B
HAcc(%) SAcc(%) Correctness(%) | HAcc(%) SAcc(%) Correctness(%)
GSMS8K-single 46.7 46.7 80.0 80.0 80.0 90.0
GSMS8K-double 6.7 38.3 86.7 433 70.0 90.0
GSMS8K-triple 16.7 48.8 86.7 36.7 73.3 86.7
MATHS500-single 40.0 40.0 93.3 66.7 66.7 93.3
MATHS500-double 6.7 35.0 80.0 30.0 70.0 76.7
MATHS500-triple 3.3 433 86.7 333 70.0 86.7
MINERVA-single 333 36.7 36.7 36.7 76.7 76.7
MINERVA-double 13.3 40.0 36.7 30.0 58.3 333
MINERVA-triple 23.3 63.3 433 30.0 72.2 30.0
OLYMPIAD-single 26.7 26.7 53.3 50.0 60.0 60.0
OLYMPIAD-double 16.7 41.7 433 26.7 51.7 433
OLYMPIAD-triple 13.3 54.4 50.0 333 71.1 533
AIME-single 35.0 40.0 40.0 35.0 70.0 70.0
AIME-double 5.0 35.0 35.0 10.0 40.0 45.0
AIME-triple 5.0 40.0 25.0 10.0 53.3 25.0
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H LIMITATIONS

While our study highlights the importance of reasoning length, several limitations remain.

First, due to computational constraints, we only scale training up to 32k tokens. As observed in our
instruction-following experiments, the instruction adherence rate drops to around 81% for the longest
inference group, suggesting that further gains could be achieved with even longer training sequences.

Second, our experiments are limited to knowledge distillation |Hinton et al.|(2015). We have not yet
explored applying long reasoning chains directly in reinforcement learning settings (e.g., RLHF) [Luo
et al.| (2025) to enhance native reasoning abilities.

Third, our evaluation focuses on mathematical and scientific reasoning tasks. Whether these findings
generalize to broader open-domain or commonsense reasoning remains to be verified.
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I STATEMENT OF LLM USAGE

Large language models were used to aid or polish writing and to assist with retrieval and discovery
of related work. All technical content, experimental design, and data analysis decisions were made
independently by the authors, and the final manuscript was reviewed and edited by the authors.
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