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Abstract

We study the almost sure convergence of the Stochastic Approximation algorithm
with diminishing step sizes a,,, = O (n*5 ) for some ¢ € (0, 1] under a general
noise moment assumption and a contractive operator. In particular, we show that
for a martingale difference noise with p-th order integrability, we have almost sure
convergence whenever £ € (max{1/2,1/p}, 1]. Our result generalizes (weighted)
Law of Large Numbers and the almost sure convergence results in [1} 3, l6]. To
establish such results, we introduce a state-dependent moving truncation coupled
with a fine-grained Lyapunov drift analysis. This approach effectively manages
the bias from truncated terms and addresses the challenges posed by multiplicative
noise, allowing us to relax the stringent assumptions often found in the literature.

1 Introduction

Various learning and optimization problems in Machine Learning (ML) and Operations Research
(OR) can be reduced to solving for a solution z* of the fixed point equation 7'(x) = x, which can be
solved using the Robbins—Monro Stochastic Approximation (SA) algorithm written as follows

Tn+1 = (1 - an)xn + ay (T(xn) + EnJrl) (1)

where T : RY — R? is a possibly nonlinear mapping, z,,,s,, € R? denote the state and the noise
respectively. Traditionally, the SA algorithm has been studied through the lens of almost sure
convergence [3]], that is, one provides a guarantee that for any sample path, the iterate will not blow
up and eventually converge to the solution z* with probability 1. Under this viewpoint, [26] shows
that by letting the step size sequence {«;, } decays at an appropriate rate, the effect of noise will
vanish and the iterate will eventually converge to the desired solution. And so, it is apparent that
there is a trade-off between convergence and variance of the iterates: for a larger step size, the
iterates would converge faster to the desired solution, but this risks magnifying the effect of the noise.
Thus, one would expect the choice of step sizes to depend on the noise conditions. For unbiased,
square-integrable noise, it is sufficient to choose non-summable but square-integrable step sizes
[} |6, 23]]. However, for general noise conditions, it is unclear what step sizes to take in order to
ensure almost sure convergence. More formally, we study the problem under the following noise
assumptions. The first assumption is that the noise sequence is a martingale difference sequence.
Assumption 1 (MDS). A sequence {e,, } >0 adapted to { Fy, }n>0 is a martingale difference sequence
(MDS) if each €, is F-measurable and Ele,1|F,] = 0 a.s. for alln > 0.

Secondly, instead of assuming square-integrability, we generalize this notion of noise boundedness to
the p-th moment. In particular, we have the following assumption.
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Assumption 2 (p-th order integrability). There exists a,b > 0 such that for any non-negative integer
n, we have E [||ep 1| | Fn] < a+ bz, — 2*||” for some p € (1, 00).

When b > 0, €, is called multiplicative noise, which appears in many ML applications [8, 9} [18| [29]],
and handling it is highly non-trivial [8| [I8]]. For the step size sequence {c, }n>0, We write a,, =
a(n + K)~¢ where a, K > 0, and our focus is the diminishing step sizes setting ¢ € (0, 1]. For
p = 2, [1L 6] 23] show that when £ € (1/2,1] and under some negative drift condition, one can
obtain almost sure convergence. Moreover, with i.i.d noise, when a,, = (n +1)7! (i.e. £ = 1) and
T(z) =0V z € R4 p — 1, we recover the Strong Law of Large Numbers. Thus, we pose the
following conjecture.

Conjecture: Let (#, (-, -)) be a real Hilbert space with norm || - || and 7" : H — 7 be a contraction
with constant p € [0,1) and unique fixed point *. Under Assumptions 1| and [2 and step sizes
an = a(n+ K)~¢ for ¢ € (1/p, 1], z,, converges to z* almost surely.

Contributions: In this work, we resolve the conjecture for p € (1,2) and show almost sure
convergence for & all the way to 1/p. To the best of our knowledge, our result is the first of its kind
for this regime, obtained under remarkably mild noise conditions. For p > 2, we further show that
¢ € (1/2,1] guarantees almost sure convergence, and we conjecture that this bound is not yet tight.

To establish such results, we introduce a novel drift and truncation technique, which allows us to
overcome the absence of finite second moment when p € (1,2) while harnessing the power of the
Lyapunov drift method to obtain almost sure convergence for the nonlinear Stochastic Approximation
iterates and even generalize the classical Strong Law of Large Numbers. A key technical innovation
is the design of a state-dependent truncation threshold to handle the multiplicative noise and the bias
term introduced by the truncation step. This approach significantly extends beyond the classical
truncation arguments for Strong Law of Large Numbers in the literature [12].

Related works: The SA algorithm has been studied under many different settings, with a fairly
complete theoretical picture emerging. Researchers have explored its behavior with constant step sizes
[36, 135,71 [33]], diminishing step sizes [6], as well as more elaborate schemes such as two-timescale
SA [10,134] under some general negative drift conditions [[15} 23], which can have further applications
in Markov chain mixing [24} 30] or learning [25| [28]. More recently, the focus of the literature has
shifted toward finite-time guarantees with Reinforcement Learning often serving as the motivating
application [18} 5,11} 8]]. However, proving almost sure convergence ensures the optimal solution is
reached for almost all instantiations and sample paths of random noise without blowing up, thus an
important and classic problem [3} 14,117,121, 132]. Several previous works such as [3} 14,2} [16]] establish
almost sure convergence via the so-called ODE method by investigating continuous-time dynamics
& = T(z) — x under some Lyapunov stability assumptions. When the noise is square integrable
(Assumption@]for p = 2), [3 4] show the behavior of the discrete-time system @ is identical to that
of the ODE whenever ¢ € (1/2,1]. However, under our general noise setting (Assumption [2),, it is
unclear how to pick the appropriate step sizes using the said ODE method.

Some prior heavy-tail SA results like [19, [14, [20] focus on the scalar Robbins—Monro recursion
with mainly additive noise and give conditions for convergence but do not treat multidimensional,
nonlinear contractive maps with multiplicative noise. [31] analyzes strongly convex SGD under
heavy-tailed noise with finite p-th moment (p € [1,2)) and establishes L? rates as opposed to almost
sure convergence. The works most closely related to ours are [22] and [16], which also assume
bounded p-moment on the noise. However, their noise assumption is considerably more restrictive
as they assume b = 0, known as the additive noise condition in the literature [8]. In contrast, our
Assumption [2] allows for multiplicative noise, where the noise can scale with the iterate, significantly
broadening the applicability of our analysis. Additionally, both require the stringent locally bounded
(2p — 2)-th moment noise assumption, which is challenging to verify in the general setting we
consider. Furthermore, these studies focus on the case p > 2, whereas our work concentrates on the
p € (1,2) setting. Thus, our results complement the existing literature by addressing the gap left by
these prior works in heavier tail regimes.

2 Almost Sure Convergence Analysis

2.1 Main Results

We now present our main theorem for almost sure convergence of stochastic approximation.



Theorem 2.1. Assume that the noise follows Assumptionand With step sizes o, = a(n+K)~¢, if
¢ € (max{1/p,1/2}, 1], then the stochastic approximation iterates (1) with a p-contractive operator

. a.s. *
T converge a.s., 1.e. Ty, —» T

We want to highlight that the condition £ > 1/p is, in fact, tight for p € (1, 2).

Theorem 2.2. Fix p € (1,2) and step sizes ., = a(n + K)~¢ with & € (0,1]. There exist a
noise process (€5 )n>o satisfying Assumptions|1|and[2)and a contraction T such that if ¢ < 1/p, the
stochastic approximation iterates (1)) fail to converge a.s.

We obtain the following corollary for weighted LLN by letting T'(z) = p in Theorem 2.1

Corollary 2.1 (Weighted LLN). Let {X,,},>1 be i.i.d. random variables with mean 1 and E| X, —
wulP < oo for some p > 1. Fix & € (0, 1]. Consider the recursion Syp11 = (1 — @) Sp + anXnt1. If
€ > max{1/2,1/p}, then S,, = pu.

Remark 2.1. Weighted LLN with p € (1,2) can be proved directly by expanding the recursion
into a weighted average and applying truncation plus summation; see, e.g., [13|]. However, that
expansion-based argument hinges on linearity and does not extend to nonlinear SA. Our drift +
truncation approach treats the LLN and SA settings in a unified way: it controls truncation-induced
bias term via a moving threshold, yielding almost sure convergence with one-step drift bounds.

2.2 Proof Sketch for Main Theorem 2.1]

Since ¢ > max{1/p,1/2} > 1/2, the step sizes satisfy: a,, = 0, Y o j a, = 00, Do a2 < 00,
and Hjoi x(1 — a;) = 0. These properties will be used throughout the proof sketch.

Robbins-Siegmund. An essential tool for establishing almost sure convergence in stochastic
approximation is the Robbins—Siegmund theorem [27]. We mainly use its following specialization.

Lemma 2.3. Let {V,,},>0 be nonnegative and adapted random variables, and let {M,},>o,
{Nn}n>0 be nonnegative adapted sequences with M,, < 1 for all n > 0. Suppose y_, M, = oo

a.s., N, < ©a.s., and E\V,, 11| F,| < (1 — M,)V,, + N, a.s. for alln. Then, V,, 250
>on +

Truncation Approach for p € (1,2). In this case, we circumvent the lack of a second moment by
truncating the heavy tails and controlling the truncated second moment via the p-moment. Indeed,
given any random variable Y with bounded p-moment, any truncation threshold B > 0 and any
o-algebra F, E [Y?21{y|<p}| F|] < B2 PE[|Y|P|F] as.

State-dependent Truncation Threshold. While truncation approach is a standard technique in
the Law of Large Numbers setting [[12], our key novelty is to consider a time- and state-dependent
truncation threshold B,, = (n+ K)*(1+V,,)'/2, with the quadratic Lyapunov V,, = ||z, — *||? and
an adjustable x > 0. Intuitively, the state-dependent term (1 + V},)'/? allows the one-step Lyapunov
drift stays linear in V;, (see Remark [2.2), rather than generating higher-order terms that are harder to
control. The time-dependent factor (n + K ) serves as a tunable knob to ensure the variance and
bias series are summable in the Robbins—Siegmund step.

We also define the truncated noise €, 11 = En+1l{|lc,i1|<Bn}s the truncated recursion T,,+1 =
(1 — ap)Zp + anT(Zn) + apn Ent1, and the truncated quadratic Lyapunov W,, = ||&,, — z*||?. Let
A, = ||z, — &, |* be the squared distance from the original iterate to the truncated iterate at step n,
we note that from Cauchy-Schwarz

Vi = ||an —2*]* <2 (|80 — 2*]]* + [|zn — Enl?) < 2(W, + A,). )

One-step Drift. Since T is p-contractive and o, € [0, 1], we have ||(1 — )z + o, T(z) — 2*|| <

(1 —an(l—p)||lz—a*|.Lety = (1 —p)/2 € (0,1/2). Since a, — 0, there exists an index M

such that o, < 1 for all n > M. We upper bound the truncated quadratic Lyapunov for n > M as
E[Wni1|Fa] < (1= 290a0)Wa + 00Ellléns1 — BEni1 | Fal[*1Fn] + on (1 4+ DIEEwn1 [Fa]° - G)

variance bias

Bias Bound. In classical L? drift analyses the noise is conditionally mean—zero, so only a variance
term (order a2) appears. However, as the truncated noise &,,, 1 is biased, an extra bias term a,, (1 +
YY) |E[€p+1]|Fn]||* enters the one—step bound. One of our novelty is to, via a moving threshold,



show that it is summable under the p—-moment, enabling almost sure convergence of the iterates. For
a constant C7, we can bound the bias as

IEEn+1Fall? < BRY P Elllensa |P[Fa]® < Cr(n+ K)* 7P (14 V) 7P (1 + VE/2)?

<AC (n+ K> (1+V,) < 8Ci(n+ K)* P14+ W, +4,), @)
where the last inequality follows from (2) and the fact that
(14 V)" P+ VP22 <214+ V)Y P (14 VP) = 2(14 V)" P+ 2VP (1 + V) 7P
<201+ Vo) + 21+ V)P + V)P = 4(1 + V).
Variance Bound. Similarly, with some constant C'5, we can bound the variance term as follows
Ellén1[%1Fn] < By PEllen+1 |1 Fa] < Caln+ K)“CP (14 V,) P21+ VP/?)
<205(n+ K)*C P (14 V,) <4Cy(n + K)*C P14+ W, +A4A,). (5
Plugging @) and (§) in @), for ¢, = 8C 1, (1 + v~ 1) (n + K)20=P) 4+ 4Cha2 (n + K)~2—P),
E[Wn—&-l‘}—n} < (1 - 2va, + Cn)Wn + Cn(An + 1), (6)
¢, Bound. Since a,, = a(n + K)~¢, we note that > oo ¢, = 8C1(1 + v Had 02 (n +
K)2A=P)=¢ 4+ 4Cra? 3% ((n + K)"27P)=2¢ The conditions in Corollary require that the
sum Y, is finite; this is ensured if the exponents satisfy k(2 — p) — 2¢,2k(1 — p) — & < —1,
1-¢ 26—1

i.e. whenever k € (21)—_2, ﬂ) (this interval is nonempty as & > 1/p). We also note that

Cnfan = 8C1 (1 4+~ 1) (n+ K)2*(=P) £ 4Cya(n+ K)*2~P)=¢ - (. Hence, there exists N such
that ¢, < va, forall n > Ny. For n > max{M, Ny}, we can further bound the one-step drift (6)) as

Conditional Borel-Cantelli. By Markov’s inequality, there exists a constant C' > 0 such that
Ell|ens1|?|F, 1+ VP2
Pr(lens]l > BalFy) < ZlEnstP] + < 20(n+ K)-.

BE =Yt K)ol + Vy)p/2 =
Hence, ), P(|[en41]| > Bn|Fn) < oo almost surely whenever x > 1/p, and the conditional
Borel-Cantelli lemma gives an a.s. finite index N such that 17, ., |>B,} = Oforalln > N.

By contraction, ||, 11 — Znt1]| < (1 — 2yay)||2n — &5 Iterating for n > N, we have
n—1

AY? =N = Zall < llow = Znl JT (1 —2700) * 0.
t=N
Hence, we have A,, =3 0, implying sup,, A,, < co. From that we have >°° (A, + 1)(, is finite.

Conditions on k. We now need k € (21;;7_—52’ 225_—_;) for ¢,, to be summable and x > 1/p for the

e : 1 1-¢ . 1 2¢6—1
conditional Borel-Cantelli. As £ > 1/p, we have » >3- Hence, we require x € (5, ﬁ)'

Convergence of the Original Process. With the above conditions applying to (7), we obtain
W, 22 0 or &, = 2* for all n > max{M, Ny} by Lemma Since M and N, are finite, the
truncated process converges almost surely, i.e. Z,, —— x* in general. As we have shown A,, %3 0,
the original process also converges almost surely to the fixed point, i.e. x, —+ 2* when £ > 1/p.

Drift approach for p > 2. We have Assumption [2]holds for p = 2. Using the quadratic Lyapunov
and Lemma we obtain almost sure convergence whenever £ > 1/2 [3,4]. O

Remark 2.2. While the fine-grained conditions of  in B, = (n + K)*(1 + V,,)*/? are discussed
above, we also want to highlight that the exponent 1/2 (of 1 + V,,) is optimal to obtain the linearity
of Vi, hence of W, in the one-step drift bound. Indeed, we can consider B,, = (n + K)*(1 +V,,)?
for any 0 > 0. Then, we consider the bias and variance control:

* Bias @) scales as Bi(lfp)IE[Han IP|Fn)? = (14V,)200-P)(1 +VP'*)2, whose dominant
power is ypra-r) g, linearity in V,, requires p+20(1 — p) < 1, i.e. 6 > 1/2.
* Variance () scales as B PE[||e,41||P|Fn] = (1+V,,)0CP)(1 + Vf/Q), whose dominant
power yEnte/2 g, linearity in V,, requires 0(2 — p) + p/2 < 1, i.e. 6 < 1/2.
Thus, the linearity of V,, and W, is obtained if and only if = 1/2.
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Optional Appendix

A Proof of Lemma 2.3

We consider the classical Robbins—Siegmund Theorem [27].

Theorem A.1 (Robbins—Siegmund [27]). Let {V,}n>0, {An}n>0, {Bn}tn>0, {Cnln>o be se-
quences of nonnegative integrable random variables, adapted to {Fy }n>0, with Y .oy A; < o,
Yoo Ci < 00 as., and E[Vyqq|Fy] < (14 Ap)Vy, — By + Cy, acs. for all n > 0. Then, almost
surely, {V,,} converges and ;-  B; < cc.

By setting 4,, =0, B,, = M, V,,, C,, = N,,, we obtain the desired Lemma[2.3]

B Full Derivation of the One-step Drift (3)

Let G, (z) := (1 — a)x + oT'(z). Since T is p-contractive, for all a € [0, 1], we have
[Ga(z) — 2" < (1 = a(l = p))llz —2||.

Recall that W,, := ||Z,, — *||?. Using the facts that &1 = (£,41 — E[éns1|Fn]) + E[ns1|Fnls
we can expand

E[Wni1]Fn] =E [”Gan (Zn) — 2 + anBlEni 1] Fu] + an (Eny1 — E[5n+1|}—n])|‘2‘fn}
= HGan (Tn) — 2"+ O‘nE[gn-&-ﬂ}—n]”Q + Q%E [||‘§"+1 - E[én+1|fn]”2‘fn} ’

since the mixed term with the zero—mean part vanishes. We further have that
EWpi1|Fn] = [|Ga, (Zn) — x*”z + O‘i “E[én+1|fn]||2 + 20, (Ga,, (Tn) — 2%, E[En+1]Fn])

+ 2E [[1Ens1 — ElEns [Falll*|
<(1—an(l- p))2Wn + O‘i ||E[5n+1‘]:nm2 + 200 (Ga, (Zn) — 2%, E[Ent1]Fn])
+ Q2 [|Ens1 — EEns1| Bl |7

With Young’s inequality 2av, (a, b) < o, y||al|? + any~1||b||* where v = (1 — p)/2, we then obtain
EWnia|Fn] < (1 —an(1 - p))2Wn + 0437, H]E[én—&-lu'—n]”Q + any||Ga, (Zn) — I*Hz

17| 7]
< (1= an(1 = )* Wi + 02 [EEnsa Ful |7 + any(1 = (1 = )2 Wi,
+ @y G| Flll + 02E [[Ens1 — B 41|l | ]

+ 0y EEn 1| Fall? + 02E [[Ens1 — Effnsa | 7]

= (1 any)(1 = an(1 = )W + (02 + 4y ) [ElEn 1|l
+ 2E [ lns1 = Elensa Bl | ) -

Since a,, — 0, there exists an index M such that a,, < 1 for all n > M. We then obtain the
following inequalities for all n > M

(14 any)(1 —an(l - ,0))2 <1-—2yan,
4oyt <1+ Yay,.
The first inequality can be obtained by noting that
(1+an)(1 = an(l=p)* = 1+ an(l = p)/2)(1 = an(1 = p))?
=1+ an(l~p)/2—2a,(1 — p) = aj (1 - p)?
+ap(1—p)* + oy (1-p)*/2
= 1= 3a,(1—p)/2+ad(1—p)*/2
<1-3a,(1—-p)/24+ an(l—p)/2
=1-(1-plon
=1-2vay,,



where the second last line comes from the fact that o, (1 — p) < 1. We then obtain the bound (3)
E[Wat1]Fa] < (1= 2900)Wa + (1 + 7 Dan [EEara|Fulll® + anE [l€n+1 — EEnra| Fulll*[Fa]
foralln > M.

C Tightness of £ > 1/p (Theorem

Fixp € (1,2),€ € (0,1/p], « > 0,and K > 1. Take T' = 0 (a contraction with p = 0, fixed point
0), 80 Zp+1 = (1 — @)@y + pény1. Let the filtration be F,, = o(e1, ..., &,). For each n, define
independent mean-zero noises €,,+1 by

Sn W.. qn 4
Ent1 =14 —Sn  W.P. qn , Sp 1= a(n + K)S, qn i=c(n+ K)~%P,
0 w.p. 1 —2q,

with any ¢ € (0,1/2]. Then E[ey,4+1|F,] = 0 (MDS) and
4 p
E [lent1[P|Fn] = 2qnst = 2¢ (a) < 00,

implying that sup,, E|e,41]P < co.

Let I,, := {|ens1] = sn}. The I,, are independent with P(I,,) = 2g, = 2¢(n + K)~¢P. Since
&p <1, Zn P(1,,) = oo; by Borel-Cantelli (for independent events), I, occurs infinitely often a.s.

On I,,, we have a, s, = a(n + K)~¢ - 2(n+ K)® = 4, hence
T4l — Tn = —QpT, £ 4.

For every real u, at least one of |4 — u| or | — 4 — u| is > 4; since the sign =+ is an independent
symmetric coin flip, we have

P(j@nit — @l 2 4| Fuy L) >

N =

Define J,, := I, N {|zy4+1 — x| > 4}. Then ), ¢,, = oo and

1

By Lévy’s conditional Borel-Cantelli lemma, .J,, occurs infinitely often a.s. Thus |z, 1 — @, | > 4
infinitely often a.s., so (x,,) cannot converge.
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