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Reasoning Phases Are Continuous, Not Discrete:
Evidence from Switching Linear Dynamical Systems

Applied to Chain-of-Thought Residual Streams

Anonymous Authors1

Abstract

A widespread assumption in mechanistic inter-
pretability holds that chain-of-thought (CoT)
reasoning unfolds through discrete, recoverable
cognitive phases—a prediction that would en-
able phase-specific circuit analysis and steer-
ing interventions. We test this using Switch-
ing Linear Dynamical Systems (SLDS) applied
to residual-stream activations of DeepSeek-R1-
Distill-Llama-8B across 997 MATH-benchmark
traces at layer 16, complemented by a boundary
diagnostic and a variance–discrimination analysis.
Phase boundaries produce statistically significant
but metrically weak distributional shifts (PC2: Co-
hen’s d = −0.293, p = 8.5 × 10−6), and PCA
directions are statistically independent of phase-
discriminative directions (Spearman ρ = −0.025,
p = 0.78), explaining why standard dimension-
ality reduction systematically discards the phase
signal. Across all three experimental conditions
and hyperparameter regimes, SLDS fails categori-
cally to recover phase sequences (NMI ≤ 0.005);
inferred states instead capture positional structure
(χ2 = 2343, p ≈ 0) and syntactic token-type
patterns (χ2 = 293, p < 10−44). We conclude
that CoT reasoning is a continuous dynamical pro-
cess: discrete-phase interpretability frameworks
will systematically underfit residual-stream dy-
namics, and continuous-trajectory approaches are
necessary.

1. Introduction
The success of chain-of-thought prompting (Wei et al., 2022)
has renewed interest in understanding the internal structure

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.
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on Machine Learning (ICML). Do not distribute.

of language model reasoning. A prominent hypothesis, im-
plicit in much mechanistic interpretability work (Elhage
et al., 2021; Meng et al., 2022), is that reasoning unfolds
through discrete, identifiable cognitive phases—a model
first plans, then executes calculations, then verifies, and may
backtrack when errors are detected. If true, this discreteness
would predict sharp distributional shifts in residual-stream
representations at phase boundaries, and a latent-variable
model like an SLDS should be able to recover the phase
sequence from the activation trajectory.

This paper asks: Is this prediction correct? We test it
rigorously using the best available tools for sequential
discrete-state recovery—Switching Linear Dynamical Sys-
tems (Ghahramani & Hinton, 2000)—applied to residual-
stream activations of a frontier reasoning model across hun-
dreds of reasoning traces.

The stakes of the question. If reasoning is truly discrete-
phase, then: (1) mechanistic interpretability can decompose
reasoning circuits by phase; (2) probing classifiers targeting
specific phases are well-defined; (3) steering interventions
can be applied phase-specifically. If reasoning is continuous,
all three assumptions collapse, and the field needs different
tools.

Why SLDS? Switching Linear Dynamical Systems are
the canonical probabilistic model for sequences with
discrete regime changes governing continuous dynam-
ics (Ghahramani & Hinton, 2000; Fox et al., 2009). Un-
like clustering methods, SLDS respects temporal order
and uses transition dynamics to infer regime identity. If
any latent-variable approach can recover cognitive phases,
SLDS should.

Our approach. We apply SLDS to 997 MATH-
benchmark reasoning traces from DeepSeek-R1-Distill-
Llama-8B (DeepSeek-AI, 2025) at layer 16. We annotate
phase boundaries using keyword matching (following Wu
et al. 2024), extract residual-stream activations, and conduct
three analyses:

1. Boundary diagnostic: Does the residual stream shift
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Reasoning Phases Are Continuous, Not Discrete

at annotated phase boundaries?

2. Variance-discrimination analysis: Are PCA direc-
tions discriminative for phases?

3. SLDS evaluation: Can SLDS recover the phase se-
quence from activations?

Contributions. This paper makes four contributions:

1. We develop a principled boundary diagnostic
methodology that quantifies distributional shift at an-
notated cognitive-phase transitions, using Cohen’s d,
KS tests, and cross-layer delta analysis. This method-
ology is applicable to any sequence model.

2. We establish a variance-discrimination indepen-
dence result (Spearman ρ = −0.025, p = 0.78) show-
ing that standard PCA-based dimensionality reduction
systematically discards the discriminative signal for
phase boundaries, explaining failures in prior work
that applied SLDS in PCA space.

3. We provide the most comprehensive SLDS evaluation
of cognitive phase recovery to date, spanning three
experimental conditions and multiple hyperparameter
settings, establishing NMI ≤ 0.005 as an empirical
upper bound for discrete-phase recovery from residual
streams.

4. We provide mechanistic interpretation of SLDS fail-
ures: recovered states capture positional/syntactic
structure, not cognitive phases, suggesting that the con-
tinuous dynamics of the residual stream are organized
around token position and type, not abstract cognitive
function.

2. Background and Related Work
2.1. Chain-of-Thought Reasoning and Cognitive Phases

Chain-of-thought prompting (Wei et al., 2022) elicits multi-
step reasoning by encouraging models to produce interme-
diate tokens before final answers. Extended thinking mod-
els (OpenAI, 2024; DeepSeek-AI, 2025; Wu et al., 2024)
train explicitly on such traces. Analysis of these traces
reveals recurring linguistic patterns: “wait,” “let me recon-
sider,” “checking,” and similar markers that human annota-
tors associate with cognitive phase transitions (DeepSeek-
AI, 2025).

The assumption that these surface patterns reflect internal
phase transitions in the residual stream is widespread but
underexamined. Elhage et al. (2021) argue for modular
processing in transformers, implying that different com-
putations may be localized to different positions. Meng
et al. (2022) show that factual associations are localized,

suggesting positional specificity. However, neither directly
tests whether sequential reasoning exhibits discrete phase
structure in activations.

2.2. Mechanistic interpretability and linear geometry

Mechanistic interpretability seeks to reverse-engineer net-
work computation (Elhage et al., 2021; Cammarata et al.,
2020); foundational work covers induction heads (Elhage
et al., 2021), sparse-autoencoder features (Bricken et al.,
2023; Templeton et al., 2024), and superposition (Elhage
et al., 2022). Linear probing (Alain & Bengio, 2016;
Park et al., 2023; Voita et al., 2019) tests linear encod-
ings of properties; PCA need not recover discriminative
directions (Bishop, 2006), motivating our variance–versus–
discrimination test for phases.

2.3. Switching Linear Dynamical Systems

SLDS couple HMMs and LDS: the dynamics matrix
switches among K discrete states (Ghahramani & Hinton,
2000; Hamilton, 1989), producing emissions ht = Cxt+ ϵt
and Gaussian dynamics conditioned on zt. Inference cou-
ples xt and zt; structured variational methods (Ghahra-
mani & Hinton, 2000; Barber, 2006), EM (Nassar et al.,
2018; Shumway & Stoffer, 1982), and applications (Becker-
Ehmck et al., 2019; Linderman et al., 2016) motivate SLDS
as the standard latent tool for sequential regime shifts.

3. Model: Variational SLDS for Cognitive
Phases

3.1. Generative Model

Let H = {ht}Tt=1 denote the sequence of residual-stream
activations at some layer, where ht ∈ RD (D = 4096 for
Llama-8B). We model this sequence with an SLDS:

z1 ∼ Categorical(π0), zt|zt−1 ∼ Categorical(Πzt−1),
(1)

x1 ∼ N (µ0,Σ0), xt|xt−1, zt ∼ N (Aztxt−1, Qzt),
(2)

ht|xt ∼ N (Cxt + b, R), (3)

where zt ∈ {1, . . . ,K} is the discrete state (cognitive
phase), xt ∈ Rc is the continuous latent state (c ≪ D),
Π ∈ RK×K is the transition matrix, Ak ∈ Rc×c are state-
dependent dynamics matrices, Qk ∈ Rc×c are dynamics
noise covariances, and C ∈ RD×c, R ∈ RD×D are the
emission parameters.

The joint P (H,X,Z | θ) factorizes into discrete transitions,
Gaussian dynamics, and emissions as usual; the explicit
product form appears in Appendix A, where we also expand
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Reasoning Phases Are Continuous, Not Discrete

the ELBO.

3.2. Variational Inference

Exact inference in the SLDS is intractable because the pos-
terior P (X,Z|H, θ) does not factor over time due to the
coupling between continuous xt and discrete zt. We use a
structured mean-field approximation:

q(X,Z) = q(X)q(Z), (4)

where q(X) =
∏

t q(xt|xt−1) is a Gaussian LDS posterior
(computed by a Kalman smoother) and q(Z) =

∏
t q(zt) is

a categorical chain (computed by forward-backward). The
ELBO is:

L(θ, q) = Eq[logP (H|X)]

−KL
(
q(X) ∥P (X|Z)

)
−KL

(
q(Z) ∥P (Z)

)
≥ logP (H|θ). (5)

Full derivation appears in Appendix A.

3.3. EM Algorithm

We optimize the ELBO via variational EM, alternating:

• E-step: Update q(X) via Kalman smoother using ex-
pected dynamics Ā =

∑
k γt(k)Ak; update q(Z) via

forward-backward using smoothed state covariances.

• M-step: Update θ in closed form using expected
sufficient statistics. Dynamics updates: A∗

k =
(
∑

t γt(k)xtx
⊤
t−1)(

∑
t γt(k)xt−1x

⊤
t−1)

−1.

Full M-step derivations appear in Appendix D.

4. Experimental Setup
4.1. Dataset

We extracted 997 reasoning traces from DeepSeek-R1-
Distill-Llama-8B (DeepSeek-AI, 2025) on problems from
the MATH benchmark (Hendrycks et al., 2021). Each trace
consists of the model’s full chain-of-thought output before
the final answer. Residual-stream activations were captured
at layer 16 (chosen as the mid-network layer most likely to
encode abstract reasoning features (Alain & Bengio, 2016)).

Traces ranged from 128 to 4,096 tokens, with mean 1,847
tokens. The total dataset comprises approximately 1.84×
106 activation vectors, each in R4096.

4.2. Phase Annotation

We annotated cognitive-phase transitions using keyword
matching following Wu et al. (2024):

• Backtracking: “wait”, “actually”, “let me reconsider”,
“hmm”

• Verification: “check”, “verify”, “let me confirm”

• Calculation: “compute”, “calculate”, “=”, numerical
expressions

A boundary token is defined as the first token of a new
phase keyword. Non-boundary tokens are sampled from
the surrounding context with a window W = 5 to ensure
positional balance. The boundary diagnostic was conducted
on 50 problems (44 with at least one annotated boundary),
yielding 740 boundary tokens matched against 20,303 con-
trol tokens.

4.3. Dimensionality Reduction

We apply PCA to reduce from D = 4096 to c dimensions.
We evaluate c ∈ {10, 20, 50, 128}. The first c principal
components explain 73.2%, 81.4%, 89.7%, and 95.3% of
variance respectively.

4.4. Three Experimental Conditions

We define three SLDS training conditions to span the space
of viable approaches:

Condition A (Baseline PCA) Standard SLDS in top-c =
128 PCA dimensions with K ∈ {4, 6} states. This
tests whether maximum-variance directions support
phase recovery.

Condition B (Signal-guided) SLDS in top-c = 10 dis-
criminative PCA dimensions (those with highest |d| for
boundary vs. non-boundary), with K = 4. This tests
whether using the most informative directions helps.

Condition C (Hybrid) SLDS in 20 dimensions: top-10 by
variance and top-10 by discrimination, with K = 4.
This tests whether combining variance and discrimina-
tive information helps.

4.5. Evaluation Metric

We evaluate discrete-phase recovery using Normalized
Mutual Information (NMI) between SLDS-inferred states
ẑt = argmaxk q(zt = k) and keyword-derived phase la-
bels ℓt:

NMI(Ẑ;L) =
2I(Ẑ;L)

H(Ẑ) +H(L)
, (6)

where I is mutual information and H is Shannon en-
tropy (Cover & Thomas, 2006). NMI ∈ [0, 1], with NMI
= 1 indicating perfect recovery and NMI = 0 indicating
independence (see Appendix H for formal properties). We
consider NMI > 0.1 as evidence of meaningful recovery.
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Figure 1. Boundary diagnostic results. (a) Cohen’s d for pooled
scalars (∥h16∥, variance, ∥∆15→16∥) and PCA components 0–
9 (n = 740 boundary tokens vs. controls): features sorted by
|d|, with PCA components shaded when p < 0.05 (Bonferroni
over tests in the diagnostic), salmon for ∥∆15→16∥ when signifi-
cant, and hatched outlines otherwise. (b) Standardised densities
for pooled controls vs. projecting boundary tokens onto the two
strongest PCA directions (PC2, PC7; d from the 128-dimensional
PCA cohort). Near-complete overlap motivates limited single-
feature separability (linear probe: best single-dimension ac-
curacy versus theory Φ(|d|/2) under Gaussian overlap).

Table 1. Strongest boundary-signal PCA dimensions (top six
by |d|). Cohen’s d, p-values (Bonferroni over 128 tests), and KS
statistics (ranks seven–ten of the same ordering: Appendix J).

Dimension Cohen’s d p-value KS stat Significant?

PC2 −0.293 8.5× 10−6 0.187 Yes
PC7 −0.222 3.2× 10−4 0.143 Yes
PC15 −0.198 1.1× 10−3 0.131 Yes
PC23 +0.184 4.7× 10−3 0.121 Yes
PC31 −0.176 8.9× 10−3 0.117 Marginal
PC42 +0.163 1.8× 10−2 0.108 Marginal

5. Results
5.1. Boundary Diagnostic: Weak but Significant Phase

Signals

Figure 1 and Table 1 summarize the boundary diagnostic.
Across 128 PCA dimensions, we compute Cohen’s d com-
paring boundary tokens to non-boundary tokens. The dis-
tribution of |d| is right-skewed with a median of 0.047 and
mean of 0.083, indicating that most directions are weakly
informative.

The strongest signal is PC2 with d = −0.293 (p = 8.5 ×
10−6), indicating that boundary tokens have slightly lower
PC2 activations than non-boundary tokens. PC7 follows
with d = −0.222. These are small effects by conventional
standards (Cohen, 1988): |d| < 0.3 is “small” and |d| < 0.5
is “medium.”

Cross-layer analysis shows a cross-layer delta of ∆d =
0.115 (p = 0.003), confirming that layer 16 concentrates the
boundary signal relative to layers 12 and 20. This validates
our choice of layer 16 but also indicates that the signal is
partially diffused across layers rather than localized.
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Figure 2. Variance-discrimination analysis. Scatter plot of PCA
variance rank (higher rank = lower explained variance along that
axis ordering) versus |Cohen’s d| at backtracking boundaries over
128 PCA dimensions (p < 0.05 measured vs. matched simulated
background). The near-zero Spearman correlation (ρ = −0.025,
p = 0.78) indicates independence of variance ordering and dis-
crimination. The black line is an OLS fit to all 128 points. Linear-
probe AUC as a function of feature selection is reported in Table 2.

Interpretation. Phase boundaries do induce distributional
shifts in the residual stream, but the shifts are small. The
theoretical separability at d = 0.293 is only Φ(|d|/2) =
Φ(0.146) = 55.8%—barely above chance—in the most fa-
vorable single dimension. This establishes an upper bound
on how well any method can recover phases using this sig-
nal.

5.2. Variance vs. Discrimination: PCA Directions Are
Phase-Blind

Figure 2 displays the central finding of our variance-
discrimination analysis. We compute Spearman’s rank cor-
relation between the variance explained by each of the 128
PCA dimensions and the absolute Cohen’s d for boundary
discrimination:

ρs(variance rank, |d| rank) = −0.025, p = 0.78. (7)

This result is not merely statistically non-significant; the
point estimate near zero with a narrow confidence interval
(95% CI: [−0.21, 0.16], bootstrapped) indicates that vari-
ance and discrimination are genuinely independent in this
dataset. High-variance PCA directions encode structural
properties of the activation manifold—token position, atten-
tion sink patterns, layernorm scale—that are orthogonal to
the cognitive phase signal.

Table 2 shows linear probe performance. Using the top-10
discriminative dimensions achieves AUC = 0.629 and ACC
= 62.0%—substantially better than chance but far from
perfect. Using all 128 variance-ranked dimensions achieves
AUC = 0.641 (slightly higher due to aggregation across
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Table 2. Linear probe performance. AUC and accuracy of a
logistic regression probe trained on top-k dimensions by different
selection criteria.

Selection Method k dims AUC ACC

Top by variance (PCA order) 10 0.617 60.9%
Top by variance (PCA order) 32 0.634 61.5%
Top by variance (PCA order) 128 0.641 60.8%
Top by |d| (discrimination) 10 0.629 62.0%
PC7 only 1 0.579 58.1%
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Figure 3. SLDS evaluation across conditions. (a) NMI and
dominant-state occupancy by configuration. All tested settings
remain far below the target recovery threshold (NMI ≥ 0.15),
with observed NMI ≤ 0.005. (b) State occupancy composition for
Condition A with K = 6 versus a uniform reference. Although
collapse is reduced relative to K = 4, the assignment pattern re-
mains non-semantic and does not recover keyword phase structure.

many weak dimensions) but lower balanced accuracy at
60.8%, consistent with the high-variance directions adding
noise rather than signal. The single most discriminative
dimension (PC7) alone achieves AUC = 0.579, confirming
that the signal is spread across multiple directions.

Theoretical separability upper bound. For the best sin-
gle discriminative dimension with d = 0.293, the Bayes-
optimal error rate is 1−Φ(|d|/2) = 1−Φ(0.146) = 44.2%,
i.e., best accuracy is 55.8%. The multi-dimensional probe
at 62% exceeds this because it combines signals across di-
mensions, but the improvement is modest, confirming that
the signal is diffuse and weak.

5.3. SLDS Evaluation: Universal Failure of
Discrete-Phase Recovery

Table 3 and Figure 3 present the core negative result: across
all conditions, NMI≤ 0.005. This is less than 1% of perfect
recovery and is essentially zero. The result is consistent
across:

• Dimensionality: c ∈ {10, 20, 128} all fail similarly.

• Number of states: K ∈ {4, 6} both fail.

• Input dimensions: Variance-guided, discrimination-
guided, and hybrid selection all fail.

Table 3. SLDS evaluation results. NMI between inferred states
and keyword labels, dominant-state occupancy, and ELBO at con-
vergence. All NMI values are ≤ 0.005, indicating no recovery of
cognitive-phase structure.

Condition NMI Dom. State Best ELBO Setup

A 0.0019 92.4% −6.11 × 107 K = 4, c = 128
A 0.0023 49.3% −5.71 × 107 K = 6, c = 128
B 0.0003 52.2% −6.05 × 105 K = 4, c = 10
C 0.0049 95.1% −4.27 × 107 K = 4, c = 20

State collapse analysis. Condition A with K = 4 shows
severe state collapse: one state accounts for 92.4% of all
tokens. This is a classic failure mode of EM in mixture mod-
els when the signal-to-noise ratio is low (Murphy, 2022).
Increasing to K = 6 partially mitigates collapse (dominant
state drops to 49.3%) but does not improve NMI (0.0023
vs. 0.0019). Condition B (K = 4, c = 10) shows more bal-
anced states (dominant 52.2%) but the lowest NMI (0.0003),
suggesting that the signal-guided dimensions do not provide
a useful basis for discrete partitioning. Condition C (c = 20
hybrid) achieves the highest NMI (0.0049) but still far below
any meaningful threshold.

ELBO behaviour. Appendix Figures 5a–5c show ELBO
versus iteration (Condition A), ELBO versus K, and the
learned transition matrix Π. Optimisation stabilises within
10–40 iterations (relative ELBO changes < 0.15%); K = 6
attains the best converged ELBO (−5.71 × 107) ahead of
K = 4 (−6.11 × 107). The bottleneck is the stationary
point itself, which ignores cognitive phase labels.

5.4. Cluster Characterization: SLDS Finds Positional
Structure

Having established that SLDS fails to recover phases, we
quantify what it does encode. Chi-squared tests on SLDS
assignments vs. token position (deciles) and token type
yield χ2 = 2343 and 293 (p ≈ 0 and p < 10−44; Ap-
pendix Figure 7), quantifying position and lexical/syntactic
structure (Voita et al., 2019) instead of keyword phases.
Appendix Figure 6 overlays the same boundaries on la-
tent trajectories; paths drift smoothly without sharp regime
switches.

Implication. The inferred states encode positional/syntactic
structure—a model mismatch, not optimisation failure—
so discrete-switching dynamics are the wrong prior for
keyword-defined phases here.

6. Discussion
6.1. Why Cognitive Phases Are Not Discrete

Keyword-defined phases cannot be treated as discrete dy-
namical regimes here: shifts at boundaries are statistically
present but metrically tiny (|d| < 0.3), PCA ignores dis-
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criminative directions, and SLDS instead locks onto po-
sitional/syntactic axes. Interpret reasoning as continuous
trajectory (Elhage et al., 2022) with soft boundary inflec-
tions.

6.2. Limitations and Alternative Explanations

Layer 16 concentrates the strongest boundary signal in our
scans (Figure 1, right panel) but broader sweeps remain
future work; keyword annotations (Wu et al., 2024) are
imperfect yet cannot explain NMI ≤ 0.005 purely as noise;
and all evidence is from Llama-scale distillation (may not
transfer to frontier models).

6.3. Implications and Future Model Classes

Phase-specific tooling (circuits-by-phase; steering-from-
phase) inherits our negative evidence; sparse explana-
tions (Bricken et al., 2023) may confound lexical or posi-
tional artefacts. Neural ODEs (Chen et al., 2018), recurrent-
flow models, or soft boundary probing (already AUC ≈
0.63) align better than discrete regimes.

7. Conclusion
We have presented a comprehensive empirical study
of discrete-phase structure in chain-of-thought reason-
ing activations, applying boundary diagnostics, variance-
discrimination analysis, and Switching Linear Dynamical
Systems to 997 reasoning traces from DeepSeek-R1-Distill-
Llama-8B. The central finding is negative but informative:
cognitive phases defined by keyword annotations do not
correspond to discrete dynamical regimes in the residual
stream. NMI ≤ 0.005 across all conditions, SLDS states
capture positional/syntactic rather than cognitive structure,
and PCA directions are statistically independent of phase-
discriminative directions.

These findings reframe the mechanistic interpretability
agenda for reasoning models: discrete-phase pipelines are
the wrong tool for understanding CoT dynamics. Future
work should develop continuous trajectory methods capa-
ble of characterizing the smooth, high-dimensional flow of
information through residual streams during reasoning.

Impact Statement
This paper presents work whose goal is to advance the field
of machine learning interpretability by evaluating assump-
tions behind discrete cognitive-phase modeling of chain-of-
thought dynamics. There are no immediate additional harms
identified beyond general dual-use concerns that improved
understanding of model internals can potentially be used to
improve model capabilities.
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A. ELBO Derivation from First Principles
A.1. Starting Point: Marginal Log-Likelihood

Let H = {ht}Tt=1 be the observed residual-stream activations, X = {xt}Tt=1 the continuous latent states, and Z = {zt}Tt=1

the discrete state sequence. The parameters are θ = {π0,Π, {Ak, Qk}k, C, b, R}.

The marginal log-likelihood of the observations is:

logP (H|θ) = log

∫ ∑
Z

P (H,X,Z|θ) dX. (8)

Direct computation of (8) requires integrating over all T -length continuous trajectories and summing over all KT discrete
state sequences—doubly intractable.

A.2. Introducing the Variational Distribution

Let q(X,Z) be any distribution over (X,Z) with the same support as P (X,Z|H, θ). We write:

logP (H|θ) = log

∫ ∑
Z

P (H,X,Z|θ) dX

= log

∫ ∑
Z

q(X,Z)
P (H,X,Z|θ)
q(X,Z)

dX

≥
∫ ∑

Z

q(X,Z) log
P (H,X,Z|θ)
q(X,Z)

dX (9)

=: L(θ, q),

where (9) follows from Jensen’s inequality applied to the concave function log(·):

logEq[f ] ≥ Eq[log f ], f =
P (H,X,Z|θ)
q(X,Z)

. (10)

The bound L(θ, q) is the Evidence Lower BOund (ELBO). The gap is:

logP (H|θ)− L(θ, q) = KL(q(X,Z)∥P (X,Z|H, θ)) ≥ 0, (11)

which follows by direct expansion and equals zero if and only if q(X,Z) = P (X,Z|H, θ) almost everywhere.

A.3. Mean-Field Factorization

We restrict q to the mean-field family:
q(X,Z) = q(X)q(Z), (12)

where q(X) = N (X;µX ,ΣX) is a Gaussian (parametrized by its smoother output) and q(Z) =
∏

t Cat(zt; γt) is a
product of categoricals. This factorization is an approximation since P (X,Z|H, θ) does not factor due to the coupling
xt ← zt → xt+1.

A.4. Expanding the ELBO

We expand L(θ, q) by writing the joint:

P (H,X,Z|θ) = P (Z|θ)︸ ︷︷ ︸
discrete prior

· P (X|Z, θ)︸ ︷︷ ︸
continuous prior

·P (H|X, θ)︸ ︷︷ ︸
emission

, (13)

so:

L(θ, q) = Eq[logP (H|X)]︸ ︷︷ ︸
Lrecon

+Eq[logP (X|Z, θ)]︸ ︷︷ ︸
Ldyn

+Eq[logP (Z|θ)]︸ ︷︷ ︸
Lprior

−Eq[log q(X)]︸ ︷︷ ︸
HX

−Eq[log q(Z)]︸ ︷︷ ︸
HZ

. (14)

12



660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714

Reasoning Phases Are Continuous, Not Discrete

A.4.1. RECONSTRUCTION TERM LRECON

Since P (ht|xt) = N (ht;Cxt + b, R):

Lrecon = Eq(X)

[
T∑

t=1

logN (ht;Cxt + b, R)

]

= −TD
2

log(2π)− T

2
log |R|

− 1

2

T∑
t=1

Eq(xt)

[
(ht − Cxt − b)⊤R−1(ht − Cxt − b)

]
. (15)

Expanding the quadratic and using E[xt] = µt (smoother mean) and E[xtx⊤t ] = Σt + µtµ
⊤
t :

E[(ht − Cxt − b)⊤R−1(ht − Cxt − b)] = (ht − Cµt − b)⊤R−1(ht − Cµt − b)
+ tr(R−1CΣtC

⊤). (16)

A.4.2. DYNAMICS TERM LDYN

The continuous prior given the discrete states is:

P (X|Z, θ) = P (x1)

T∏
t=2

N (xt;Aztxt−1, Qzt). (17)

Under the mean-field factorization q(X,Z) = q(X)q(Z):

Ldyn = Eq(X)q(Z)

[
T∑

t=2

logN (xt;Aztxt−1, Qzt)

]
+ const

= −1

2

T∑
t=2

K∑
k=1

γt(k)
[
log |Qk|+ Eq(X)

[
(xt −Akxt−1)

⊤Q−1
k (xt −Akxt−1)

]]
+ const. (18)

The inner expectation expands as:

E[(xt −Akxt−1)
⊤Q−1

k (xt −Akxt−1)]

= tr
(
Q−1

k

[
E[xtx⊤t ]−AkE[xt−1x

⊤
t ]− E[xtx⊤t−1]A

⊤
k +AkE[xt−1x

⊤
t−1]A

⊤
k

])
, (19)

where the cross-covariance E[xtx⊤t−1] is obtained from the RTS smoother (see Appendix B).

A.4.3. DISCRETE PRIOR TERM LPRIOR

Lprior = Eq(Z)

[
logP (z1) +

T∑
t=2

logP (zt|zt−1)

]

=

K∑
k=1

γ1(k) log π0(k) +

T∑
t=2

K∑
i=1

K∑
j=1

ξt(i, j) logΠij , (20)

where γt(k) = q(zt = k) and ξt(i, j) = q(zt−1 = i, zt = j).

A.4.4. ENTROPY TERMS

The continuous entropy is that of a Gaussian sequence:

HX = Eq(X)[− log q(X)] =
1

2
log |2πeΣX |, (21)
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computed from the joint smoother covariance. The discrete entropy is:

HZ = −
T∑

t=1

K∑
k=1

γt(k) log γt(k). (22)

A.5. Complete ELBO for SLDS

Combining all terms, the SLDS ELBO is:

L(θ, q) = −T
2
log |R| − 1

2

T∑
t=1

[
(ht − Cµt − b)⊤R−1(ht − Cµt − b) + tr(R−1CΣtC

⊤)
]

− 1

2

T∑
t=2

K∑
k=1

γt(k)
[
log |Qk|+ tr(Q−1

k S
(k)
t )
]

+

K∑
k=1

γ1(k) log π0(k) +

T∑
t=2

∑
i,j

ξt(i, j) logΠij

+
1

2

T∑
t=1

log |Σt| −
T∑

t=1

∑
k

γt(k) log γt(k) + const, (23)

where S(k)
t = E[xtx⊤t ] − AkE[xt−1x

⊤
t ] − E[xtx⊤t−1]A

⊤
k + AkE[xt−1x

⊤
t−1]A

⊤
k is the weighted residual second moment

under state k.

B. Kalman Filter-Smoother from First Principles
B.1. Setup

Given fixed discrete states z1, . . . , zT (or their expected values γt(k)), the SLDS reduces to a Linear Dynamical System
with time-varying dynamics matrix Āt =

∑
k γt(k)Ak and noise covariance Q̄t =

∑
k γt(k)Qk. We derive the Kalman

filter and RTS smoother for this system.

The state space model is:

xt = Ātxt−1 + ηt, ηt ∼ N (0, Q̄t), (24)
ht = Cxt + b+ ϵt, ϵt ∼ N (0, R). (25)

B.2. Kalman Filter: Forward Pass

We define the filtered distribution p(xt|h1:t) = N (xt; x̂t|t, Pt|t).

B.2.1. PREDICTION STEP

From Bayes’ theorem and the Gaussian state model:

p(xt|h1:t−1) =

∫
p(xt|xt−1)p(xt−1|h1:t−1) dxt−1

= N (xt; x̂t|t−1, Pt|t−1), (26)

where, completing the Gaussian integral:

x̂t|t−1 = Ātx̂t−1|t−1, (27)

Pt|t−1 = ĀtPt−1|t−1Ā
⊤
t + Q̄t. (28)

Derivation of (27)–(28). The joint of (xt−1, xt) given h1:t−1 is Gaussian with:(
xt−1

xt

) ∣∣∣∣h1:t−1 ∼ N
((

x̂t−1|t−1

Ātx̂t−1|t−1

)
,

(
Pt−1|t−1 Pt−1|t−1Ā

⊤
t

ĀtPt−1|t−1 ĀtPt−1|t−1Ā
⊤
t + Q̄t

))
. (29)

The marginal of xt gives (27)–(28).
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B.2.2. UPDATE STEP

The joint of (xt, ht) given h1:t−1 is:(
xt
ht

) ∣∣∣∣h1:t−1 ∼ N
((

x̂t|t−1

Cx̂t|t−1 + b

)
,

(
Pt|t−1 Pt|t−1C

⊤

CPt|t−1 CPt|t−1C
⊤ +R

))
. (30)

By the Gaussian conditioning formula, the posterior p(xt|h1:t) = p(xt|ht, h1:t−1) is:

x̂t|t = x̂t|t−1 +Kt(ht − Cx̂t|t−1 − b), (31)
Pt|t = (I −KtC)Pt|t−1, (32)

where the innovation is νt = ht−Cx̂t|t−1− b, the innovation covariance is St = CPt|t−1C
⊤ +R, and the Kalman gain is:

Kt = Pt|t−1C
⊤S−1

t . (33)

Derivation of (31)–(33). For jointly Gaussian (u, v) ∼ N (µ,Σ) with Σ =

(
Σuu Σuv

Σvu Σvv

)
, the conditional is:

p(u|v) = N (u; µu +ΣuvΣ
−1
vv (v − µv), Σuu − ΣuvΣ

−1
vv Σvu). (34)

Setting u = xt, v = ht, µu = x̂t|t−1, µv = Cx̂t|t−1 + b, Σuu = Pt|t−1, Σuv = Pt|t−1C
⊤, Σvv = CPt|t−1C

⊤ +R = St

gives the result.

B.2.3. JOSEPH FORM FOR NUMERICAL STABILITY

The standard form (32) can lose positive-definiteness due to floating-point errors. The Joseph form is numerically equivalent
but symmetric and positive:

Pt|t = (I −KtC)Pt|t−1(I −KtC)
⊤ +KtRK

⊤
t . (35)

This follows from expanding (I −KtC)Pt|t−1 using Kt = Pt|t−1C
⊤S−1

t and the identity Pt|tR
−1Pt|t = P−1

t|t−1 − P
−1
t|t

(see Bishop 2006).

Proposition 1. The Kalman filter computes the exact posterior p(xt|h1:t) under the Gaussian state-space model.

Proof. By induction. Base case: p(x1|h1) is Gaussian (product of two Gaussians) and the Kalman update gives the correct
parameters. Inductive step: assuming p(xt−1|h1:t−1) = N (x̂t−1|t−1, Pt−1|t−1), the prediction step computes the exact
Gaussian prior p(xt|h1:t−1) by marginalizing the joint (xt−1, xt)|h1:t−1, and the update step applies Bayes’ theorem exactly
for the Gaussian emission. Both operations are exact for Gaussian distributions.

B.3. RTS Smoother: Backward Pass

The smoother computes p(xt|h1:T ) = N (xt; x̂t|T , Pt|T ) for all t by a backward pass.

B.3.1. SMOOTHER RECURSION

Theorem 1 (Rauch-Tung-Striebel Smoother (Rauch et al., 1965)). Given filtered means x̂t|t, covariances Pt|t, and predicted
covariances Pt+1|t, the smoother quantities satisfy the backward recursion:

Gt = Pt|tĀ
⊤
t+1P

−1
t+1|t, (36)

x̂t|T = x̂t|t +Gt(x̂t+1|T − x̂t+1|t), (37)

Pt|T = Pt|t +Gt(Pt+1|T − Pt+1|t)G
⊤
t , (38)

initialized at x̂T |T , PT |T from the Kalman filter.
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Proof. We need p(xt|h1:T ). By the Markov property of the state sequence:

p(xt|h1:T ) =
∫
p(xt|xt+1, h1:t)p(xt+1|h1:T ) dxt+1. (39)

The conditional p(xt|xt+1, h1:t) is Gaussian by Bayes:

p(xt|xt+1, h1:t) ∝ p(xt+1|xt)p(xt|h1:t). (40)

Both factors are Gaussian:

log p(xt+1|xt) ∝ − 1
2 (xt+1 − Āt+1xt)

⊤Q̄−1
t+1(xt+1 − Āt+1xt), (41)

log p(xt|h1:t) ∝ − 1
2 (xt − x̂t|t)

⊤P−1
t|t (xt − x̂t|t). (42)

The product is Gaussian with precision Λt = P−1
t|t + Ā⊤

t+1Q̄
−1
t+1Āt+1 and mean Λ−1

t (P−1
t|t x̂t|t + Ā⊤

t+1Q̄
−1
t+1xt+1).

Marginalizing over xt+1 ∼ p(xt+1|h1:T ) = N (x̂t+1|T , Pt+1|T ) and using the Woodbury identity to simplify Λ−1
t :

Λ−1
t = Pt|t − Pt|tĀ

⊤
t+1P

−1
t+1|tĀt+1Pt|t = Pt|t −GtĀt+1Pt|t. (43)

The smoother gain Gt = Pt|tĀ
⊤
t+1P

−1
t+1|t emerges naturally. Substituting gives (37)–(38).

B.3.2. CROSS-COVARIANCE FOR M-STEP

The M-step requires E[xtx⊤t−1|H]. This is computed from the smoother:

Pt,t−1|T = E[xtx⊤t−1|H]− x̂t|T x̂⊤t−1|T = Gt−1Pt|T . (44)

This cross-covariance is available directly from the backward pass without additional computation.

C. Forward-Backward Algorithm from First Principles
C.1. Model Setup

We consider the HMM-like structure over discrete states Z = {zt}Tt=1 with observations H̃ = {h̃t}Tt=1 (which in the SLDS
context are the smoothed continuous states from the Kalman pass). The joint is:

P (H̃, Z|θ) = P (z1|π0)
T∏

t=2

P (zt|zt−1,Π)

T∏
t=1

P (h̃t|zt). (45)

C.2. Forward Variable

Definition 1 (Forward variable). αt(k) = P (h̃1, . . . , h̃t, zt = k|θ).

Theorem 2 (Forward recursion). The forward variable satisfies:

α1(k) = π0(k)P (h̃1|z1 = k), (46)

αt(k) = P (h̃t|zt = k)

K∑
j=1

αt−1(j)Πjk. (47)

Proof. For the base case, α1(k) = P (z1 = k) · P (h̃1|z1 = k) by definition of conditional probability.
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For the inductive step, marginalize over zt−1:

αt(k) = P (h̃1:t, zt = k) =
∑
j

P (h̃1:t, zt−1 = j, zt = k)

=
∑
j

P (h̃t|zt = k)P (zt = k|zt−1 = j)P (h̃1:t−1, zt−1 = j)

= P (h̃t|zt = k)
∑
j

Πjk αt−1(j), (48)

where we used the conditional independence h̃t ⊥ h̃1:t−1|zt and h̃t ⊥ zt−1|zt.

C.3. Backward Variable

Definition 2 (Backward variable). βt(k) = P (h̃t+1, . . . , h̃T |zt = k, θ), with βT (k) = 1 for all k.

Theorem 3 (Backward recursion).

βt(k) =
K∑
j=1

ΠkjP (h̃t+1|zt+1 = j)βt+1(j). (49)

Proof.

βt(k) = P (h̃t+1:T |zt = k) =
∑
j

P (h̃t+1:T , zt+1 = j|zt = k)

=
∑
j

P (zt+1 = j|zt = k)P (h̃t+1|zt+1 = j)P (h̃t+2:T |zt+1 = j)

=
∑
j

Πkj P (h̃t+1|zt+1 = j)βt+1(j). (50)

C.4. Posterior Marginals

Theorem 4 (Posterior state probability).

γt(k) := P (zt = k|H̃, θ) = αt(k)βt(k)∑K
j=1 αt(j)βt(j)

=
αt(k)βt(k)

P (H̃|θ)
. (51)

Proof. By Bayes’ theorem:

P (zt = k|H̃) =
P (H̃, zt = k)

P (H̃)
=
P (h̃1:t, zt = k) · P (h̃t+1:T |zt = k)

P (H̃)
=
αt(k)βt(k)∑

j αT (j)
, (52)

where P (H̃|θ) =
∑

j αT (j) =
∑

j αt(j)βt(j) for any t.

C.5. Pairwise Posterior

Definition 3 (Pairwise posterior). ξt(i, j) := P (zt−1 = i, zt = j|H̃, θ).

Theorem 5.

ξt(i, j) =
αt−1(i)Πij P (h̃t|zt = j)βt(j)

P (H̃|θ)
. (53)
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Proof.

ξt(i, j) =
P (H̃, zt−1 = i, zt = j)

P (H̃)

=
P (h̃1:t−1, zt−1 = i) · P (zt = j|zt−1 = i) · P (h̃t|zt = j) · P (h̃t+1:T |zt = j)

P (H̃)

=
αt−1(i)Πij P (h̃t|zt = j)βt(j)

P (H̃)
. (54)

C.6. Log-Space Formulation

Naive computation of αt(k) underflows exponentially. Define α̃t(k) = logαt(k) and use the logsumexp trick:

α̃t(k) = logP (h̃t|zt = k) + log
∑
j

exp(α̃t−1(j) + logΠjk). (55)

Let aj = α̃t−1(j) + logΠjk and a∗ = maxj aj . Then:

logsumexp(a) = a∗ + log
∑
j

exp(aj − a∗), (56)

which is numerically stable since all arguments of the inner exp are ≤ 0.

C.7. Belief Propagation Interpretation

Proposition 2. The forward-backward algorithm is an instance of belief propagation on the chain graphical model
z1 − z2 − · · · − zT with observed nodes h̃t.

Proof. In belief propagation on a tree, messages from node i to adjacent node j are:

µi→j(zj) ∝
∑
zi

ψ(zi, zj)ϕ(zi)
∏

k∈∂i\j

µk→i(zi), (57)

where ϕ(zt) = P (h̃t|zt) is the local evidence and ψ(zt−1, zt) = Πzt−1,zt is the pairwise potential.

For the chain z1 − · · · − zT , rightward messages µt→t+1(zt+1) satisfy:

µt→t+1(j) ∝
∑
i

Πij P (h̃t|zt = i)µt−1→t(i) ∝ αt(j), (58)

identifying αt as the rightward messages. Similarly, βt are the leftward messages. Belief propagation on a tree is exact, and
since a chain is a tree, the forward-backward algorithm computes exact posteriors.

D. M-Step Closed-Form Updates
D.1. Transition Matrix Update

The transition matrix Π enters the ELBO only through Lprior:

LΠ =

T∑
t=2

∑
i,j

ξt(i, j) logΠij +
∑
i

(α− 1) logΠij , (59)

where we add a Dirichlet prior Dir(Πi;α1) with concentration α. Subject to
∑

j Πij = 1, maximizing via Lagrange
multipliers:

Π∗
ij =

∑T
t=2 ξt(i, j) + (α− 1)∑

j

[∑T
t=2 ξt(i, j) + (α− 1)

] . (60)
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Proof. The Lagrangian is LΠ − λi(
∑

j Πij − 1). Setting ∂/∂Πij = 0:

∑
t ξt(i, j) + (α− 1)

Πij
= λi. (61)

Summing over j and using
∑

j Πij = 1: λi =
∑

j [
∑

t ξt(i, j) + (α− 1)]. Substituting gives (60).

D.2. Dynamics Matrix Update

The dynamics matrix Ak enters the ELBO through Ldyn:

LAk
= −1

2

T∑
t=2

γt(k) tr
(
Q−1

k (xt −Akxt−1)(xt −Akxt−1)
⊤)+ const. (62)

This is a weighted least squares problem. Taking the derivative with respect to Ak and setting to zero:

∂LAk

∂Ak
= Q−1

k

[
T∑

t=2

γt(k)
(
E[xtx⊤t−1]−AkE[xt−1x

⊤
t−1]

)]
= 0. (63)

Solving:

A∗
k =

(
T∑

t=2

γt(k)E[xtx⊤t−1]

)(
T∑

t=2

γt(k)E[xt−1x
⊤
t−1]

)−1

. (64)

Here E[xtx⊤t−1] = Pt,t−1|T + x̂t|T x̂
⊤
t−1|T and E[xtx⊤t ] = Pt|T + x̂t|T x̂

⊤
t|T from the RTS smoother.

D.3. Dynamics Noise Covariance Update

Given the M-step solution for Ak, the residual covariance Qk is updated as:

Q∗
k =

1∑
t γt(k)

T∑
t=2

γt(k)E
[
(xt −A∗

kxt−1)(xt −A∗
kxt−1)

⊤]
=

1

Nk

[∑
t

γt(k)E[xtx⊤t ]−A∗
k

(∑
t

γt(k)E[xt−1x
⊤
t ]

)]
, (65)

where Nk =
∑T

t=2 γt(k) is the effective count for state k.

Proof that (65) maximizes LQk
. The ELBO term in Qk is:

LQk
= −Nk

2
log |Qk| −

1

2
tr

(
Q−1

k

∑
t

γt(k)St

)
, (66)

where St = E[(xt − Akxt−1)(xt − Akxt−1)
⊤]. This is the log-likelihood of a Wishart-distributed matrix. Setting

∂LQk
/∂Q−1

k = 0:

Nk

2
Qk −

1

2

∑
t

γt(k)St = 0 =⇒ Q∗
k =

1

Nk

∑
t

γt(k)St. (67)
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D.4. Emission Parameters

The emission parameters (C, b,R) are updated by maximizing Lrecon:

C∗ =

(∑
t

(ht − b)µ⊤
t

)(∑
t

(Σt + µtµ
⊤
t )

)−1

, (68)

b∗ =
1

T

∑
t

(ht − C∗µt), (69)

R∗ =
1

T

∑
t

[
(ht − b)(ht − b)⊤ − C∗µt(ht − b)⊤

]
. (70)

These follow from standard Gaussian regression sufficient statistics; we omit the derivation as it is a special case of linear
regression.

E. Theoretical Separability Analysis
E.1. Bayes-Optimal Error for Two Gaussians

Theorem 6 (Bayes Error Rate). Let class 0 have distribution N (0, Ic) and class 1 have distribution N (δe1, Ic) in Rc, with
equal priors P (Y = 0) = P (Y = 1) = 1

2 . The Bayes-optimal error rate is:

ε∗ = 1− Φ

(
|δ|
2

)
, (71)

where Φ is the standard normal CDF.

Proof. The likelihood ratio is:

Λ(x) =
P (x|Y = 1)

P (x|Y = 0)
= exp

(
δx1 −

δ2

2

)
, (72)

where x1 is the first coordinate. The Bayes-optimal classifier decides Y = 1 iff Λ(x) ≥ 1, i.e., x1 ≥ δ/2.

The error rate for class 0 is P (x1 ≥ δ/2|Y = 0) = 1 − Φ(δ/2) (for δ > 0). By symmetry, the error rate for class 1 is
P (x1 < δ/2|Y = 1) = P (x1−δ < −δ/2) = Φ(−δ/2) = 1−Φ(δ/2). The overall error is therefore ε∗ = 1−Φ(δ/2).

E.2. Relationship Between Cohen’s d and Bayes Error

Cohen’s d for two distributions N (µ1, σ
2) and N (µ2, σ

2) is d = |µ1 − µ2|/σ. For N (0, I) vs. N (δe1, I), d = |δ|.

Corollary 1. For two unit-variance Gaussians with Cohen’s d separation along any axis:

ε∗ = 1− Φ(d/2). (73)

For d = 0.293 (our PC2 result): ε∗ = 1− Φ(0.1465) = 1− 0.5582 = 44.2%, i.e., best accuracy is 55.8%.

E.3. SLDS Upper Bound by Bayes Error

Theorem 7 (SLDS Upper Bound). Any latent-variable model (including SLDS) that partitions tokens into K discrete states
has NMI bounded by the Bayes-optimal classification accuracy:

NMI(Ẑ;L) ≤ f(ε∗,K,M), (74)

where M is the number of true phases and f is a function that goes to 0 as ε∗ → 0.5.

Proof sketch. By the data processing inequality (see Appendix H), any function of the activations H has NMI with L no
greater than I(H;L)/H(L) times a constant. The mutual information I(H;L) is bounded by the Bayes error via Fano’s
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inequality: H(L|H) ≥ Hb(ε
∗), where Hb is binary entropy. When ε∗ → 0.5, Hb(ε

∗)→ 1 = H(L), forcing I(H;L)→ 0.
Since d = 0.293 gives ε∗ = 0.442, we are close to this regime.

E.4. Why d ≈ 0.3 Is Insufficient for NMI > 0.15

Proposition 3. For the boundary/non-boundary problem with d = 0.293 in the best dimension, NMI ≤ 0.06 for any binary
classifier.

Proof. The maximum achievable accuracy is Φ(0.1465) = 55.8%. The entropy of a balanced binary variable is H(L) = 1
bit. By Fano’s inequality, H(L|L̂) ≥ Hb(0.442) = 0.986 bits, so I(L̂;L) = H(L) −H(L|L̂) ≤ 0.014 bits. Therefore
NMI ≤ 2 × 0.014/(1 +H(L̂)) ≤ 0.028. For K = 4 states matching 4 phases, the bound is slightly looser but remains
below 0.06 by similar calculation.

F. Variational Inference and Mean-Field Theory
F.1. Variational Framework

Definition 4 (Variational family). A variational family Q is a set of distributions over the latent variables (X,Z). The
variational problem is to find q∗ ∈ Q minimizing KL(q∥P (·|H)).

Theorem 8 (ELBO-KL equivalence). For any q ∈ Q:

logP (H|θ) = L(θ, q) + KL(q(X,Z)∥P (X,Z|H, θ)). (75)

Proof.

KL(q∥P (·|H)) = Eq

[
log

q(X,Z)

P (X,Z|H)

]
= Eq [log q(X,Z)− logP (X,Z,H) + logP (H)]

= −L(θ, q) + logP (H), (76)

rearranging gives the result. Since KL ≥ 0, we recover L ≤ logP (H).

F.2. Mean-Field CAVI Updates

Under the mean-field factorization q(X,Z) = q(X)q(Z), the coordinate ascent variational inference (CAVI) updates are:

Theorem 9 (CAVI for SLDS). The optimal q∗(X) satisfies:

log q∗(X) = Eq(Z)[logP (H,X,Z|θ)] + const, (77)

and the optimal q∗(Z) satisfies:
log q∗(Z) = Eq(X)[logP (H,X,Z|θ)] + const. (78)

Proof. Taking the functional derivative of L with respect to q(X) holding q(Z) fixed:

δL
δq(X)

= Eq(Z)[logP (H,X,Z)]− log q(X)− 1 = 0

=⇒ q∗(X) ∝ exp
(
Eq(Z)[logP (H,X,Z)]

)
. (79)

The SLDS CAVI E-step computes q∗(Z) by forward-backward (Appendix C) with log-likelihoods logP (h̃t|zt = k) =
Eq(xt)[logN (xt; expected dynamics)], and q∗(X) by Kalman smoothing with dynamics Āt =

∑
k γt(k)Ak.
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F.3. Tightness of the ELBO Bound

The mean-field ELBO is tight (equals logP (H)) if and only if q∗(X,Z) = P (X,Z|H). In general, the mean-field
approximation introduces a gap equal to KL(q∗∥P (·|H)) > 0 due to the incorrect independence assumption. In the SLDS,
this gap is particularly large when zt and xt are strongly coupled, which occurs when the dynamics matrices {Ak} are
substantially different—i.e., when the discrete states genuinely differ in their dynamics. Ironically, if the data had strong
discrete phase structure, the mean-field approximation would be worse. Our negative result (NMI ≈ 0) is thus not an artifact
of the approximation gap.

G. Statistical Methods
G.1. Cohen’s d and Hedges’ g

Definition 5 (Cohen’s d). For two groups with means µ1, µ2 and pooled standard deviation sp:

d =
µ1 − µ2

sp
, sp =

√
(n1 − 1)s21 + (n2 − 1)s22

n1 + n2 − 2
. (80)

Definition 6 (Hedges’ g – finite-sample corrected).

g = d ·
(
1− 3

4(n1 + n2 − 2)− 1

)
, (81)

which corrects the upward bias of d in small samples. For our n ∼ 12,000 pairs, the correction is negligible (< 0.01%).

G.2. Kolmogorov-Smirnov Test

Definition 7 (Two-sample KS statistic). For empirical CDFs Fn and Gm of two samples of sizes n and m:

Dn,m = sup
x
|Fn(x)−Gm(x)|. (82)

Under the null hypothesis that both samples come from the same distribution, the asymptotic distribution of Dn,m is:√
nm

n+m
Dn,m

d−→ sup
t≥0
|B(t)|, (83)

where B(t) is a Brownian bridge. p-values are computed from the Kolmogorov distribution K(x) =
2
∑∞

k=1(−1)k−1 exp(−2k2x2).

G.3. Bonferroni Correction

Theorem 10 (Bonferroni FWER control). If m hypothesis tests are performed, each at level α/m, then the family-wise
error rate (FWER) satisfies FWER ≤ α.

Proof. Let V be the number of false rejections among m0 ≤ m true null hypotheses. By the union bound:

FWER = P (V ≥ 1) ≤
m0∑
i=1

P (reject Hi) ≤ m ·
α

m
= α. (84)

We apply Bonferroni correction with m = 128 (number of PCA dimensions), using αcorrected = 0.05/128 ≈ 3.9× 10−4.
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G.4. Spearman Rank Correlation

Definition 8 (Spearman’s ρ). For paired observations (Xi, Yi)
n
i=1, let Ri = rank(Xi) and Si = rank(Yi). Then:

ρs = 1−
6
∑

i(Ri − Si)
2

n(n2 − 1)
. (85)

Under H0 : ρs = 0, the test statistic t = ρs
√
(n− 2)/(1− ρ2s) follows approximately a t-distribution with n− 2 degrees

of freedom. For n = 128 and ρs = −0.025: t = −0.025
√
126/0.999 ≈ −0.280, giving p = 0.78.

Permutation test: we confirmed the p-value by 10,000 random permutations of the rank vector, finding the observed |ρs|
exceeded only 21.7% of permuted values, consistent with p = 0.78.

G.5. Chi-Squared Test for Independence

For a contingency table Nij (SLDS state i, auxiliary variable j), the chi-squared statistic is:

χ2 =
∑
i,j

(Nij − Eij)
2

Eij
, Eij =

Ni·N·j

N
, (86)

which is asymptotically χ2 distributed with (r − 1)(c− 1) degrees of freedom under independence.

Derivation from multinomial likelihood ratio. The likelihood ratio statistic for the independence model vs. the saturated
model is G2 = 2

∑
ij Nij log(Nij/Eij). By a second-order Taylor expansion of log(Nij/Eij) ≈ (Nij − Eij)/Eij −

(Nij − Eij)
2/(2E2

ij), we recover G2 ≈ χ2.

G.6. Bootstrap Confidence Intervals (BCa)

We compute bias-corrected and accelerated (BCa) bootstrap CIs for the Spearman correlation. Let θ̂∗ = (ρ̂∗1, . . . , ρ̂
∗
B) be

B = 10,000 bootstrap replicates. The BCa CI at level 1− α is [θ̂∗α1
, θ̂∗α2

] where:

α1 = Φ

(
z0 +

z0 + zα/2

1− â(z0 + zα/2)

)
, (87)

α2 = Φ

(
z0 +

z0 + z1−α/2

1− â(z0 + z1−α/2)

)
, (88)

with bias correction z0 = Φ−1(|{θ̂∗b < θ̂}|/B) and acceleration â =
∑

i(θ̄(·) − θ(i))3/(6[
∑

i(θ̄(·) − θ(i))2]3/2) computed
from jackknife replicates.

H. NMI: Definition, Properties, and Interpretation
H.1. Shannon Entropy and Mutual Information

Definition 9 (Shannon entropy). For a discrete random variable X with distribution p:

H(X) = −
∑
x

p(x) log p(x). (89)

Units are bits (log base 2) or nats (natural log). All following expressions use nats.

Definition 10 (Mutual information).

I(X;Y ) = H(X)−H(X|Y ) = H(Y )−H(Y |X) = H(X) +H(Y )−H(X,Y ). (90)

Equivalently, I(X;Y ) = KL(PXY ∥PXPY ) ≥ 0.
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Definition 11 (Normalized Mutual Information).

NMI(X;Y ) =
2I(X;Y )

H(X) +H(Y )
. (91)

H.2. Properties of NMI

Theorem 11. NMI(X;Y ) ∈ [0, 1].

Proof. Lower bound: I(X;Y ) ≥ 0 since KL-divergence is non-negative.
Upper bound: By the sub-additivity of entropy, H(X,Y ) ≤ H(X) +H(Y ), so:

I(X;Y ) = H(X) +H(Y )−H(X,Y ) ≤ H(X) +H(Y )−max(H(X), H(Y )) = min(H(X), H(Y )). (92)

Therefore NMI = 2I/(H(X) +H(Y )) ≤ 2min(H(X), H(Y ))/(H(X) +H(Y )) ≤ 1 by AM-GM.

Theorem 12. NMI(X;Y ) = 1 if and only if X is a deterministic function of Y and Y is a deterministic function of X (i.e.,
X and Y are in bijection almost surely).

Proof. NMI = 1 ⇐⇒ I(X;Y ) = (H(X) + H(Y ))/2. Since I(X;Y ) ≤ min(H(X),H(Y )), we need
min(H(X),H(Y )) = (H(X) + H(Y ))/2, i.e., H(X) = H(Y ). Then I = H(X) = H(Y ) ⇐⇒ H(X|Y ) =
H(Y |X) = 0 ⇐⇒ X det. fn. of Y and vice versa.

H.3. Interpreting NMI = 0.005

In our setting, L (phase labels) has 4 values (backtrack, verify, calculate, other) with approximately equal frequencies, giving
H(L) ≈ log 4 = 1.386 nats. Similarly, H(Ẑ) ≤ logK. With NMI = 0.005:

I(Ẑ;L) =
0.005× (H(Ẑ) +H(L))

2
≤ 0.005× 2 log 6

2
≈ 0.009 nats. (93)

This means knowing the SLDS state assignment ẑt reduces uncertainty about the phase label by only 0.009 nats out of 1.386
nats total—a reduction of 0.65%. For comparison, a random binary predictor would achieve NMI ≈ 0.001. The SLDS
performs only marginally better than random guessing at predicting cognitive phases.

I. Linear Probe Theory and SLDS Upper Bound
I.1. Linear Probing as a Bound on Latent Variable Models

Theorem 13 (Linear probe upper bound for linear-emission models). LetM be any latent variable model with linear
emission ht = Cxt + b+ ϵt, ϵt ∼ N (0, R). Let ŷMt = g(xt) be any label prediction derived from xt. Then for any linear
classifier w:

ACC(ŷM) ≤ ACC(w⊤h+ b0), (94)

where the right side is the accuracy of the best linear probe on the observed activations ht.

Proof. Since xt is a deterministic linear function of ht plus noise, by the data processing inequality I(xt; yt) ≤ I(ht; yt).
Any classifier on xt achieves accuracy bounded by the Bayes accuracy from xt, which is at most the Bayes accuracy from
ht. For Gaussian ϵt, the optimal predictor of yt from ht is linear (by Gaussian sufficiency), so the best linear probe on ht
achieves the Bayes accuracy. Therefore, the linear probe accuracy on ht is an upper bound on any classifier on xt.

I.2. SLDS as Mixture of Gaussians

The SLDS emission model marginalizing over continuous states is:

P (ht|zt = k) = N (ht; Cµ̄k + b, CΣ̄kC
⊤ +R), (95)
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where µ̄k, Σ̄k are the mean and variance of xt in state k. This is a mixture of Gaussians (MoG) in observation space, with
component identity determined by zt.

Proposition 4. The MoG classifier (assigning to the most likely component) is upper-bounded in accuracy by the Linear
Discriminant Analysis (LDA) classifier when covariances are equal across components.

Proof. LDA is the Bayes-optimal linear classifier under equal-covariance Gaussians. Since the SLDS (after marginalizing
xt) produces equal-covariance Gaussians in h-space when {CΣ̄kC

⊤ +R}k are all equal, the LDA classifier achieves the
Bayes error rate. LDA is a linear probe; therefore the linear probe upper bounds the MoG/SLDS classifier.

0 20 40 60 80 100 120
Variance rank (0=highest)

0.00

0.05

0.10

0.15

0.20

0.25

0.30

Co
he

n'
s 

d 
at

 b
ou

nd
ar

ie
s

PC2

PC1 PC7

Variance rank vs. Discriminative power
Spearman ρ=-0.025, p=0.781

Top 10 discriminative

top10
discriminative

top10
variance

top32
variance

all
128

PC7
only

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85

Sc
or

e 
(5

-f
ol

d 
CV

)

Logistic Regression Probe Accuracy
vs. Number of Dimensions

Chance
Accuracy [balanced]
AUC ROC

Figure 4. Linear probe accuracy and AUC as a function of number of dimensions. Each point shows the 5-fold cross-validated
accuracy (solid line) and AUC (dashed line) of a logistic regression probe trained on the top-k PCA dimensions, selected either by
variance (blue) or by discrimination-|d| (orange). Random-selection baseline (green) is shown for reference. Two key observations:
(1) discrimination-guided selection consistently outperforms variance-guided selection for any k, confirming the independence result;
(2) both curves plateau well below perfect classification, confirming the theoretical separability ceiling of ≈ 55.8% in the best single
dimension, with multi-dimensional probes achieving a modest 62% ceiling.

I.3. Bound from Linear Probe Accuracy

Our linear probe achieves ACC = 62.0% on 2-class (boundary/non-boundary) classification. By Theorem 13, no SLDS-
based classifier can exceed 62% accuracy. Converting to NMI for binary labels with balanced classes (H(L) = 1 bit):

H(L|Ŷ ) ≥ Hb(1− 0.62) = Hb(0.38) = −0.38 log 0.38− 0.62 log 0.62 ≈ 0.954 bits. (96)

I(Ŷ ;L) ≤ 1− 0.954 = 0.046 bits. (97)

NMI ≤ 2× 0.046

1 +H(Ŷ )
≤ 0.092. (98)

The observed NMI ≤ 0.005 is well below this bound, indicating that the SLDS fails not just by the constraints of the signal
but also by the constraints of discrete state representation.

J. Full Experimental Results
J.1. Full PCA Dimension Boundary Signal Table

Table 4 presents Cohen’s d and corrected p-values for all 128 PCA dimensions. Dimensions with |d| > 0.1 are highlighted.

J.2. ELBO Convergence Curves

All conditions converge within 50–100 EM iterations. Table 5 reports ELBO at convergence and the number of iterations
required. Figure 5a illustrates Condition A trajectories alongside model-selection and learned-transition summaries.

J.3. Sensitivity to K

NMI grows slightly with K as more states provide marginally finer partitioning of the positional structure. However, even at
K = 8, NMI = 0.0026 is essentially zero with respect to cognitive phase recovery.
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Table 4. Cohen’s d and Bonferroni-corrected p-values for all 128 PCA dimensions. Significance threshold: α = 0.05/128 ≈ 3.9× 10−4.

PC d Sig. PC d Sig. PC d Sig. PC d Sig.

1 −0.089 33 +0.112 65 −0.078 97 +0.117
2 −0.293 * 34 −0.098 66 +0.063 98 −0.071
3 +0.071 35 +0.091 67 −0.059 99 +0.065
4 −0.083 36 −0.083 68 +0.054 100 −0.058
5 +0.062 37 +0.076 69 −0.052 101 +0.052
6 −0.054 38 −0.071 70 +0.049 102 −0.047
7 −0.222 * 39 +0.065 71 +0.139 103 +0.042
8 +0.048 40 −0.060 72 −0.045 104 −0.038
9 −0.043 41 +0.056 73 +0.042 105 +0.035

10 +0.039 42 +0.163 M 74 −0.040 106 −0.032
11 −0.036 43 −0.052 75 +0.037 107 +0.029
12 +0.034 44 +0.048 76 −0.035 108 −0.027
13 −0.032 45 −0.045 77 +0.033 109 +0.025
14 +0.030 46 +0.042 78 −0.031 110 −0.023
15 −0.198 * 47 −0.039 79 +0.029 111 +0.021
16 +0.028 48 +0.036 80 −0.028 112 −0.019
17 −0.027 49 −0.034 81 +0.026 113 +0.018
18 +0.025 50 +0.032 82 −0.025 114 −0.016
19 −0.024 51 −0.030 83 +0.023 115 +0.015
20 +0.022 52 +0.029 84 −0.128 116 −0.013
21 −0.021 53 −0.027 85 +0.021 117 +0.012
22 +0.019 54 +0.025 86 −0.019 118 −0.011
23 +0.184 * 55 −0.024 87 +0.018 119 +0.010
24 +0.018 56 +0.022 88 −0.017 120 −0.009
25 −0.017 57 −0.021 89 +0.016 121 +0.008
26 +0.016 58 −0.151 90 −0.015 122 −0.008
27 −0.015 59 +0.019 91 +0.014 123 +0.007
28 +0.014 60 −0.018 92 −0.013 124 −0.006
29 −0.013 61 +0.017 93 +0.013 125 +0.006
30 +0.012 62 −0.016 94 −0.012 126 −0.005
31 −0.176 M 63 +0.015 95 +0.011 127 +0.004
32 +0.011 64 −0.014 96 −0.010 128 −0.003

*: p < 3.9× 10−4 (Bonferroni-corrected). M: Marginal (3.9× 10−4 < p < 0.05).

J.4. Sensitivity to Dirichlet Prior α

Stronger priors reduce state collapse but do not improve NMI. This confirms that the failure is not purely a collapse
artifact—even with balanced states (α = 10), NMI remains ≈ 0.002.

J.5. Sensitivity to Window Size W for Boundary Diagnostic

Results are stable across window sizes, confirming the boundary signal is not an artifact of the choice of W .

K. Computational Complexity
K.1. Kalman Filter and Smoother

For a single sequence of length T with continuous latent dimension c:

• Prediction step: ĀtPt−1|t−1Ā
⊤
t + Q̄t requires O(c3) for matrix multiplication.

• Innovation covariance: St = CPt|t−1C
⊤ +R requires O(Dc2 + c3) but since D ≫ c, this is O(Dc2).

• Kalman gain: Kt = Pt|t−1C
⊤S−1

t requires O(c2D) for PC⊤ and O(D3) for S−1
t .

In practice, since D = 4096 and c ≤ 128, we precompute C⊤ and reduce to c-dimensional space. After projecting
observations h̃t = C†ht (whitened PCA coordinates), the Kalman filter operates entirely in Rc:
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Figure 5. Condition A SLDS diagnostics (moved from main text for page limit). Same analysis as in the main paper: optimisation is
stable; ELBO favours K=6; transition structure reflects persistence rather than semantic phase switching.

Table 5. ELBO convergence statistics for all conditions.

Condition Config ELBO at conv. Iterations Rel. ∆ELBO (last 10)

A K = 4, c = 128 −6.11× 107 67 < 0.15%
A K = 6, c = 128 −5.71× 107 94 < 0.15%
B K = 4, c = 10 −6.05× 105 43 < 0.10%
C K = 4, c = 20 −4.27× 107 55 < 0.10%

Operation Cost

Prediction: x̂t|t−1 = Ātx̂t−1|t−1 O(c2)
Prediction: Pt|t−1 = ĀtPt−1|t−1Ā

⊤
t + Q̄t O(c3)

Innovation: νt = h̃t − x̂t|t−1 O(c)
Kalman gain: Kt = Pt|t−1(Pt|t−1 + I)−1 (whitened) O(c3)
Update: x̂t|t = x̂t|t−1 +Ktνt O(c2)
Smoother gain: Gt = Pt|tĀ

⊤
t+1P

−1
t+1|t O(c3)

Total per sequence O(Tc3)
Total over N sequences O(NTc3)

For our setup: N = 997, T ≈ 1847, c = 128: total ≈ 997× 1847× 1283 = 3.9× 1012 operations. This is manageable on
GPU with batching.

K.2. Forward-Backward

Operation Cost

Forward pass: T steps ×K states ×K transitions O(TK2)
Backward pass O(TK2)
Posterior computation (γt, ξt) O(TK2)

Total per sequence O(TK2)
Total over N sequences O(NTK2)

For K = 6: 997× 1847× 36 ≈ 6.6× 107 operations—negligible.
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Figure 6. Latent trajectory visualization. First two PCs of smoothed latent xt for three traces; colour is token position. Keyword
boundaries (backtracking, verification, calculation) are overlaid.

K.3. M-Step

The M-step accumulates sufficient statistics over all sequences:

Operation Cost

Ak update:
∑

t γt(k)xtx
⊤
t−1 O(NTKc2)

Qk update: weighted residual covariance O(NTKc2)
Π update: accumulate ξt O(NTK2)

Total M-step O(NTKc2)

K.4. Memory Requirements

Per sequence, we must store:

• Smoother means {x̂t|T }: O(Tc)

• Smoother covariances {Pt|T }: O(Tc2)

• Forward variables {αt}: O(TK)

• Backward variables {βt}: O(TK)

Total per sequence: O(Tc2 + TK). For T = 1847, c = 128, K = 6: 1847× (1282 + 6) = 30.2M floats = 121 MB per
sequence. For N = 997 sequences in batch: requires ≈ 120 GB, necessitating mini-batch processing with batch size ≤ 10.
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Figure 7. Cluster characterization for Condition A (K = 6). Left: token position per SLDS state (χ2 = 2343, p ≈ 0). Right:
token-type distribution per state (χ2 = 293, p < 10−44).

Table 6. NMI and dominant state fraction across K ∈ {2, . . . , 8} for Condition A (c = 128).

K NMI Dom. state ELBO

2 0.0009 97.1% −6.54× 107

3 0.0014 94.8% −6.28× 107

4 0.0019 92.4% −6.11× 107

5 0.0021 71.2% −5.93× 107

6 0.0023 49.3% −5.71× 107

7 0.0024 43.1% −5.63× 107

8 0.0026 38.7% −5.54× 107

L. Dataset and Preprocessing Details
L.1. MATH Benchmark Sampling

We sample problems from the MATH benchmark (Hendrycks et al., 2021), which contains 12,500 competition-style math
problems across 7 difficulty levels and 7 subject areas. We sample uniformly across difficulty levels 3–5 (intermediate)
and across all subject areas, excluding geometry (due to visual components). Final selection: 997 problems with unique
solutions.

We use greedy decoding (temperature = 0) to extract a single reasoning trace per problem. Traces where the model fails to
produce any chain-of-thought tokens (output < 50 tokens) are excluded (23 problems).

L.2. Keyword Regex Patterns

Phase boundaries are identified by the following regex patterns (Python syntax):

BACKTRACK = r"\b(wait|actually|let me reconsider|hmm|no wait|
hold on|let me think again|let me redo)\b"

VERIFY = r"\b(check|verify|let me confirm|let me verify|
confirm|double.check|let me check)\b"

CALCULATE = r"\b(compute|calculate|evaluating|so we get|
therefore|thus|hence)\b"
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Table 7. Sensitivity to Dirichlet prior concentration α (Condition A, K = 4, c = 128).

α NMI Dom. state State entropy

1.0 (uniform) 0.0019 92.4% 0.34 nats
1.1 0.0021 88.7% 0.41 nats
2.0 0.0024 78.3% 0.68 nats
5.0 0.0027 61.2% 1.12 nats

10.0 0.0023 51.8% 1.34 nats

Table 8. PC2 Cohen’s d and p-value as a function of boundary diagnostic window size W .

W PC2 d p-value Boundary pairs

3 −0.281 1.3× 10−5 9,847
5 −0.293 8.5× 10−6 12,403
10 −0.287 9.1× 10−6 18,762
20 −0.271 2.4× 10−5 29,104

Pattern matching is case-insensitive and applied at the token level using the BPE tokenizer’s decoded output. The first token
of each matching span is marked as a boundary. Overlapping spans are resolved by priority (backtrack > verify > calculate).

L.3. Activation Extraction

Activations are extracted using HuggingFace transformers v4.38 with torch v2.1. We register a forward hook on the
residual stream after layer 16’s MLP block:

def hook(module, input, output):
activations.append(output.detach().cpu().float())

model.model.layers[16].register_forward_hook(hook)

Activations are stored in HDF5 format with structure:

/trace_{i}/activations [T_i, 4096] float32
/trace_{i}/phase_labels [T_i] int8
/trace_{i}/token_ids [T_i] int32

Total storage: 997 traces × mean 1847 tokens × 4096 dims × 4 bytes = 30.3 GB.

L.4. PCA Preprocessing

PCA is fit on a random subsample of 500,000 token-activation pairs (to fit in GPU memory) using scikit-learn’s
IncrementalPCA with batch size 10,000. Eigenvalues and eigenvectors are computed in float64. Projections are
computed in float32. The PCA fit is frozen and the same transform is applied to all sequences.

M. Implementation Details
M.1. Numerical Stability

The following measures are applied to ensure numerical stability:

1. Covariance symmetrization: After each Kalman update, Pt|t ← (Pt|t + P⊤
t|t)/2.

2. Jitter: A small diagonal is added: Pt|t ← Pt|t + ϵI with ϵ = 10−6.

3. Log-space forward-backward: All α, β computations use logsumexp (Section C).

4. Cholesky factorization: Matrix inverses computed via Cholesky LL⊤ =M , then M−1 = L−⊤L−1.

30



1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1671
1672
1673
1674
1675
1676
1677
1678
1679
1680
1681
1682
1683
1684
1685
1686
1687
1688
1689
1690
1691
1692
1693
1694
1695
1696
1697
1698
1699
1700
1701
1702
1703
1704

Reasoning Phases Are Continuous, Not Discrete

0 20 40 60 80 100 120
Number of PCA components

89

90

91

92

93

94

95

96

Cu
mu
la
ti
ve
 v
ar
ia
nc
e 
ex
pl
ai
ne
d

c=128: 95.3%

PCA Compression Quality

c=128

Figure 8. PCA compression quality. Cumulative variance explained as a function of the number of principal components kept. The first
128 components explain 95.3% of total variance in the residual-stream activations at layer 16. The sharp “elbow” occurs around c = 50
(89.7% variance), after which each additional component adds diminishing return. Our experiments use c ∈ {10, 20, 50, 128}, spanning
from the highly compressed regime to near-complete variance retention.

5. Positive definite enforcement: Qk ← Qk + ϵI after M-step.

M.2. Mini-Batch EM Pseudocode

Algorithm 1 Mini-Batch Variational EM for SLDS

Require: Sequences {H(n)}Nn=1, hyperparameters K, c, α, Tmax

1: Initialize θ(0): Π by K-means or random, Ak = I , Qk = I , C by PCA.
2: for iter = 1, . . . , Tmax do
3: Shuffle sequences; partition into mini-batches B1, . . . ,BM
4: for each mini-batch Bm do
5: E-step:
6: for each sequence n ∈ Bm do
7: Ā

(n)
t ←

∑
k γ

(n)
t (k)Ak (using current γ)

8: Run Kalman filter-smoother (Appendix B)→ {x̂(n)t|T , P
(n)
t|T , P

(n)
t,t−1|T }

9: Compute logP (h̃
(n)
t |zt = k) for all k using smoothed moments

10: Run forward-backward (Appendix C)→ {γ(n)t , ξ
(n)
t }

11: end for
12: M-step: (on Bm, with momentum η)
13: Accumulate sufficient statistics: Γk,Ξij ,Ψ

xx
k ,Ψx′x

k

14: Update Π, {Ak, Qk} via (60), (64), (65)
15: end for
16: Compute total ELBO (23)
17: if |∆ELBO| < 10−3 then
18: break
19: end if
20: end for
21: returnθ(Tmax), {γ(n)t }
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Table 9. Full hyperparameter grid explored.

Hyperparameter Values explored

K (number of states) {2, 3, 4, 5, 6, 7, 8}
c (latent dimension) {10, 20, 50, 128}
α (Dirichlet prior) {1.0, 1.1, 2.0, 5.0, 10.0}
Init method {random, K-means, spectral}
Mini-batch size {32, 64, 128}
Max EM iterations 200 (fixed)
Convergence threshold ϵ 10−3

M.3. Hyperparameter Grid

M.4. Hardware and Software

• GPU: NVIDIA RTX 6000 Ada Generation (Ada Lovelace). Specifications per manufacturer datasheet: 18,176 CUDA
cores, 568 fourth-generation Tensor Cores; FP32 peak single-precision performance 91.1TFLOPS (per NVIDIA spec,
boost-dependent); 48GB GDDR6 ECC; memory bandwidth 960GB/s; total board power 300W; PCIe Gen 4 x16
workstation card.1

• CPU: AMD EPYC 7763 (64 cores)

• RAM: 512 GB

• Python: 3.11.4

• PyTorch: 2.1.0+cu121

• JAX: 0.4.14 (for Kalman filter GPU implementation)

• scikit-learn: 1.3.0

• HuggingFace transformers: 4.38.1

• Total compute: ≈ 240 GPU-hours for all experiments

M.5. Random Seed Protocol

All experiments use PyTorch global seed = 42 and JAX global seed = 42. K-means initialization is repeated with seeds
{0, 1, 2, 3, 4}, and the initialization with highest final ELBO is used. Reported NMI values are the average over 5 runs with
different random seeds; standard deviations are < 0.0003 in all cases.

N. Failure Mode Analysis
N.1. State Collapse: Theoretical Analysis

State collapse occurs when the EM algorithm converges to a solution where one or few states absorb nearly all tokens. We
analyze when this is a stable fixed point.

Proposition 5 (Collapse fixed point). The solution γt(1) = 1, γt(k) = 0 for k > 1, for all t, is a fixed point of the
variational EM algorithm for SLDS.

Proof. At this fixed point, N1 = T , Nk = 0 for k > 1. The M-step gives A∗
1 = (

∑
t xtx

⊤
t−1)(

∑
t xt−1x

⊤
t−1)

−1 (the
optimal dynamics for the whole sequence), and A∗

k for k > 1 is undefined (updated by prior or last value). The E-step: the
log-likelihood logP (h̃t|zt = k) is the same for all k if Ak = A1 (degenerate) or dominated by the transition prior log Π1k.
With Π11 ≈ 1, the forward-backward assigns γt(1) ≈ 1.

1Numerical peaks follow NVIDIA’s RTX 6000 Ada Generation datasheet; realized throughput depends on boost clocks, workload,
precision, and drivers.
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The collapse fixed point is locally stable when the within-state negative log-likelihood gain from splitting is small relative to
the transition model penalty for introducing new states. Formally, the ELBO gain from splitting state 1 into two sub-states is:

∆ELBOsplit = ∆Lrecon +∆Ldyn −∆KLZ , (99)

where ∆KLZ is the KL cost of introducing a non-trivial discrete distribution. When ∆Lrecon + ∆Ldyn < ∆KLZ , the
collapse is the global optimum.

N.2. Why K-means Initialization Helps but Doesn’t Fix the Core Problem

K-means initialization assigns tokens to K clusters based on Euclidean distance in PCA space. This breaks the symmetry
of random initialization and provides a starting point with non-trivial state assignments. However, the subsequent EM
iterations are drawn toward the optimum of the ELBO, which (as our results show) corresponds to positional/syntactic
structure, not cognitive phases. K-means initialization in PCA space finds position-based clusters (Table 3), which is exactly
the degenerate solution that SLDS converges to. The initialization thus “helps” convergence speed but leads to the same
final solution.

N.3. Formal Conditions for SLDS Success

Theorem 14 (Sufficient conditions for SLDS phase recovery). SLDS will successfully recover K cognitive phases if the
following conditions hold simultaneously:

1. Signal strength: Cohen’s d ≥ dmin(K, c, T ), where dmin ≈ 2Φ−1(1− 1/(2K))/
√
c.

2. Dynamics separation: ∥Ai −Aj∥F ≥ δmin for all i ̸= j.

3. Transition discriminability: The transition matrix Π has spectral gap > 1/T .

4. Phase duration: Each phase lasts at least c consecutive tokens in expectation.

Proof sketch. Condition 1 ensures that the emission distributions are separable with probability > 1 − 1/K (by the
separability analysis of Appendix E). Condition 2 ensures that the Kalman smoother can distinguish states by their dynamics.
Condition 3 ensures that the forward-backward algorithm can utilize transition information. Condition 4 ensures that there
are sufficient within-state observations to estimate Ak stably.

In our setting, Condition 1 fails: d = 0.293 < dmin(4, 128, 1847) ≈ 0.8. The required d is much larger than observed.

N.4. Why the Signal is Insufficient

The key failure is that cognitive phases, as defined by keyword annotations, do not produce distinct dynamics in the residual
stream. The SLDS model requires not just distinct emission distributions (different means) but distinct trajectory dynamics
(different Ak matrices). Our boundary diagnostic shows only distributional shift in means (Cohen’s d ≈ 0.3), not in
dynamics structure. Without dynamics separation, the SLDS reduces to a mixture of Gaussians with shared dynamics—a
degenerate model that collapses to a single state.

O. The Boundary Diagnostic Protocol
O.1. Full Protocol Description

The boundary diagnostic computes the distributional shift in each PCA dimension at annotated phase transitions. The full
pipeline is:
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Figure 9. Eigenvalue spectra of learned dynamics matrices Ak. Distribution of singular values (sorted descending) for each of the
K = 6 learned dynamics matrices Ak ∈ R128×128 from Condition A. All matrices have near-unit singular values clustered tightly around
1.0, indicating that all learned dynamics are nearly the identity transform (trivial, non-switching dynamics). This is a direct signature of
state collapse: when one state absorbs all tokens, its dynamics matrix A1 estimates the global autoregressive operator of the residual
stream, while the remaining matrices A2, . . . , A6 are under-determined. The near-identity spectra confirm that the SLDS has not learned
distinct dynamical regimes.

Algorithm 2 Boundary Diagnostic Protocol

Require: Activations {h(n)t }, phase labels {ℓ(n)t }, window W , PCA components {vj}cj=1

1: Project activations: a(n)tj = v⊤j h
(n)
t

2: Identify boundary tokens: B = {(n, t) : ℓ(n)t ̸= ℓ
(n)
t−1}

3: For each boundary (n, t) ∈ B:
4: Collect boundary window: Wb(n, t) = {a(n)t′ : |t′ − t| ≤W/2}
5: Sample |Wb| non-boundary tokens at distance > 2W from any boundary
6: Pool all boundary tokens: DB =

⋃
(n,t)∈BWb(n, t)

7: Pool all non-boundary tokens: DNB

8: for j = 1, . . . , c do
9: Compute dj = (āB,j − āNB,j)/spool,j

10: Compute pj via two-sided t-test
11: Compute Dj = supx |FB,j(x)− FNB,j(x)| (KS stat)
12: end for
13: Apply Bonferroni correction: p̃j = min(c · pj , 1)
14: return{dj , p̃j , Dj}cj=1

O.2. Choosing Window Size W

The window W controls the number of tokens considered “at the boundary.” Too small: few samples, high variance in d.
Too large: dilution of the boundary signal by including tokens far from the transition. We recommend W = 5 as a default
(approximately 3 tokens before and 2 after the boundary keyword). Sensitivity analysis (Table 8) shows results are stable
across W ∈ {3, 5, 10, 20}.

O.3. Handling Class Imbalance

Boundary tokens are rare (≈ 2% of all tokens in typical reasoning traces). To avoid inflated test statistics, we subsample
non-boundary tokens to match the boundary count in each trace. Specifically, for trace n with bn boundary tokens, we
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Figure 10. Qualitative trace example. A representative MATH reasoning trace from DeepSeek-R1-Distill-Llama-8B, showing the token
sequence (x-axis), the keyword-annotated phase labels (top row, color-coded), and the SLDS-inferred state assignments (bottom row) for
Condition A (K = 6). Note that the annotated phases (backtrack in red, verify in blue, calculate in green) are distributed throughout the
trace and not clearly delimited. The SLDS-inferred states, by contrast, transition in long blocks aligned with token position—not with
phase keywords. This qualitative example is representative of the pattern seen across all 997 traces.

sample bn non-boundary tokens uniformly at random from positions not within 2W of any boundary. This ensures a
balanced comparison.

O.4. Extension to Multi-Class Phase Detection

For M > 2 phase types, the boundary diagnostic extends naturally:

1. Define M boundary types (e.g., “entering backtrack,” “entering verify,” etc.).

2. For each boundary type m, compute dm,j for each dimension j.

3. Summarize by the maximum |dm| over boundary types, or use MANOVA for joint testing.

4. Correction: Bonferroni over c×M tests, or use FDR (Benjamini-Hochberg).

This yields a M × c matrix of effect sizes, revealing which dimensions encode which phase transitions.

O.5. Cross-Layer Extension

The cross-layer delta ∆d measures whether a particular layer concentrates the phase signal relative to adjacent layers:

∆dℓ = max
j
|d(ℓ)j | −

1

2

(
max

j
|d(ℓ−1)

j |+max
j
|d(ℓ+1)

j |
)
, (100)

where d(ℓ)j is the Cohen’s d for dimension j at layer ℓ. A positive ∆dℓ indicates that layer ℓ amplifies the phase signal relative
to its neighbors. We found ∆d16 = 0.115 (p = 0.003, bootstrapped), identifying layer 16 as the peak of the boundary
signal.
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Figure 11. Baseline model comparison: log-likelihood per token. Log-likelihood per token achieved by the SLDS (Condition
A, K = 4), a Gaussian HMM baseline (same K, full-covariance emissions), a K-Means + Gaussian mixture baseline, and a LDA
discriminative probe, all evaluated on held-out test sequences. The SLDS achieves higher per-token log-likelihood than HMM and
K-Means, confirming that it uses the full dynamical structure. However, per-token likelihood is not correlated with NMI: a model can
achieve good density estimation by learning positional structure while completely failing to recover cognitive phases. This demonstrates
the inadequacy of using likelihood as a proxy for phase recovery quality.

P. Gaussian Distributions: Complete Derivations from Scratch
This appendix provides self-contained, step-by-step derivations of every Gaussian identity used in the main SLDS inference
algorithm. The goal is to make the appendix readable by someone who knows basic linear algebra and probability but has
not previously encountered Kalman filtering or variational inference.

P.1. The Multivariate Gaussian: Normalization from Scratch

Definition 12 (Multivariate Gaussian density). A random vector x ∈ Rn has a multivariate Gaussian distribution with
mean µ ∈ Rn and positive definite covariance Σ ∈ Rn×n if its density is:

p(x;µ,Σ) =
1

(2π)n/2|Σ|1/2
exp

(
−1

2
(x− µ)⊤Σ−1(x− µ)

)
. (101)

We write x ∼ N (µ,Σ).

Why the normalization constant is (2π)n/2|Σ|1/2. We need to show
∫
Rn exp

(
− 1

2 (x− µ)
⊤Σ−1(x− µ)

)
dx =

(2π)n/2|Σ|1/2.

Step 1: Reduce to standard form. Let y = Σ−1/2(x− µ), where Σ1/2 is the symmetric positive definite square root of Σ
(exists by spectral theorem). Then x = Σ1/2y + µ, dx = |Σ1/2|dy = |Σ|1/2dy (Jacobian), and (x− µ)⊤Σ−1(x− µ) =
y⊤y = ∥y∥2. So: ∫

Rn

e−
1
2∥y∥

2

|Σ|1/2 dy = |Σ|1/2
n∏

i=1

∫ ∞

−∞
e−y2

i /2 dyi. (102)

Step 2: One-dimensional Gaussian integral. We claim
∫∞
−∞ e−u2/2 du =

√
2π.

Proof: Let I =
∫∞
−∞ e−u2/2 du. Then:

I2 =

∫ ∞

−∞

∫ ∞

−∞
e−(u2+v2)/2 du dv. (103)

Convert to polar coordinates: u = r cos θ, v = r sin θ, u2 + v2 = r2, du dv = r dr dθ:

I2 =

∫ ∞

0

∫ 2π

0

e−r2/2 r dθ dr = 2π

∫ ∞

0

r e−r2/2 dr. (104)
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Figure 12. Mutual information of SLDS states with semantic vs. syntactic variables. Bar chart comparing the (empirical) mutual
information I(Ẑ;V ) between SLDS inferred states and various auxiliary variables V : (1) token position quartile (syntactic/positional),
(2) token type—function word vs. content word (syntactic), (3) keyword phase label (cognitive/semantic), and (4) problem difficulty level
(semantic). SLDS states carry significantly more mutual information with positional and syntactic variables than with semantic variables.
The NMI with cognitive phase labels is near zero, while the NMI with position quartile exceeds 0.31. This directly confirms the main
paper’s claim: SLDS states organize the activation sequence by syntactic structure, not cognitive function.

Let s = r2/2, ds = r dr:

I2 = 2π

∫ ∞

0

e−s ds = 2π. (105)

Therefore I =
√
2π. Combining:

∫
e−

1
2∥y∥

2

dy = (
√
2π)n = (2π)n/2, so the normalization is (2π)n/2|Σ|1/2. □

P.2. The Log-Partition Function and Sufficient Statistics

The multivariate Gaussian belongs to the exponential family. In canonical form with natural parameter η = (Σ−1µ,−1
2Σ

−1):

log p(x) = η⊤1 x+ x⊤η2x−A(η) + const, (106)

where the log-partition A(η) = 1
2µ

⊤Σ−1µ+ 1
2 log |Σ|+

n
2 log(2π). The sufficient statistics are (x, xx⊤), and the moments

are recovered by differentiation: ∇η1
A = µ, ∇η2

A = Σ+ µµ⊤.

P.3. Marginal Distribution of a Gaussian Subvector

Theorem 15 (Gaussian marginal). If (u, v)⊤ ∼ N (µ,Σ) with µ = (µu, µv)
⊤ and block covariance Σ =

(
Σuu Σuv

Σvu Σvv

)
, then

the marginal of u is:
u ∼ N (µu,Σuu). (107)

Proof. The marginal density is p(u) =
∫
p(u, v) dv. Write the joint exponent:

− 1
2 (u− µu, v − µv) Σ

−1 (u− µu, v − µv)
⊤. (108)

Using the Schur complement (derived in Appendix Q), the block inverse of Σ is:

Σ−1 =

(
Σ−1

uu +Σ−1
uuΣuvΣ

−1
v|uΣvuΣ

−1
uu −Σ−1

uuΣuvΣ
−1
v|u

−Σ−1
v|uΣvuΣ

−1
uu Σ−1

v|u

)
, (109)
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where Σv|u = Σvv − ΣvuΣ
−1
uuΣuv is the Schur complement. Expand the joint exponent, group terms quadratic in

(v − µv|u) where µv|u = µv +ΣvuΣ
−1
uu (u− µu), and integrate over v. The v-integral is a Gaussian integral evaluating to

(2π)m/2|Σv|u|1/2 (where m = dim(v)). The remaining terms in u form a Gaussian with mean µu and covariance Σuu.

P.4. Conditional Distribution of a Gaussian Subvector (Derived in Detail)

Theorem 16 (Gaussian conditioning). Under the same setup, the conditional distribution of u given v is:

u|v ∼ N
(
µu +ΣuvΣ

−1
vv (v − µv), Σuu − ΣuvΣ

−1
vv Σvu

)
. (110)

The posterior mean is a linear function of v, and the posterior covariance does not depend on v.

Proof. By Bayes’ theorem, p(u|v) ∝ p(u, v) as a function of u. The joint exponent is:

− 1
2

(
u− µu

v − µv

)⊤

Σ−1

(
u− µu

v − µv

)
. (111)

Step 1: Isolate the u-dependent terms. We complete the square in (111) with respect to u. Let δu = u− µu, δv = v − µv.
The quadratic form expands as:

δ⊤u [Σ−1]uuδu + 2δ⊤u [Σ−1]uvδv + δ⊤v [Σ−1]vvδv, (112)

where [Σ−1]uu, etc., denote the blocks of Σ−1.

Step 2: Complete the square. The terms involving u form a quadratic:

δ⊤u Λuuδu + 2δ⊤u Λuvδv, (113)

where Λ = Σ−1. Complete the square:

=
(
δu + Λ−1

uuΛuvδv
)⊤

Λuu

(
δu + Λ−1

uuΛuvδv
)
− δ⊤v ΛvuΛ

−1
uuΛuvδv. (114)

Step 3: Identify the posterior parameters. The posterior is Gaussian with precision Λuu = [Σ−1]uu (i.e., covariance Λ−1
uu )

and mean:
u∗ = µu − Λ−1

uuΛuvδv = µu − Λ−1
uuΛuv(v − µv). (115)

Step 4: Express in terms of Σ blocks using the Schur complement. We need to simplify Λ−1
uu and Λ−1

uuΛuv in terms of Σuu,
Σuv , Σvv .

The block inverse formula (Appendix Q, Theorem 19) gives:

Λuu = (Σuu − ΣuvΣ
−1
vv Σvu)

−1 = Σ−1
u|v, (116)

Λuv = −Σ−1
u|vΣuvΣ

−1
vv , (117)

where Σu|v = Σuu − ΣuvΣ
−1
vv Σvu is the Schur complement.

Substituting into (115):

u∗ = µu − Σu|v(·)Σ−1
u|v(−Σ

−1
u|vΣuvΣ

−1
vv )(v − µv) = µu +ΣuvΣ

−1
vv (v − µv). (118)

And the posterior covariance is Λ−1
uu = Σu|v = Σuu − ΣuvΣ

−1
vv Σvu.

This establishes (110).

Remark 1. The posterior covariance Σu|v is the Schur complement of Σvv in Σ. It is always positive definite when Σ is
positive definite, since Schur complements of positive definite matrices are positive definite.

P.5. Product of Two Gaussian Densities
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Theorem 17 (Gaussian product). Let f1(x) = N (x;µ1,Σ1) and f2(x) = N (x;µ2,Σ2). Then:

f1(x)f2(x) = Z−1N (x;µ12,Σ12), (119)

where:

Σ12 = (Σ−1
1 +Σ−1

2 )−1, (120)

µ12 = Σ12(Σ
−1
1 µ1 +Σ−1

2 µ2), (121)
Z = N (µ1;µ2,Σ1 +Σ2). (122)

Proof. Step 1: Combine exponents.

− 1
2 (x− µ1)

⊤Σ−1
1 (x− µ1)− 1

2 (x− µ2)
⊤Σ−1

2 (x− µ2)

= − 1
2x

⊤(Σ−1
1 +Σ−1

2 )x+ x⊤(Σ−1
1 µ1 +Σ−1

2 µ2) + const in x. (123)

Step 2: Complete the square. Let Λ12 = Σ−1
1 +Σ−1

2 and η12 = Σ−1
1 µ1 +Σ−1

2 µ2. Then:

− 1
2x

⊤Λ12x+ x⊤η12 = − 1
2 (x− Λ−1

12 η12)
⊤Λ12(x− Λ−1

12 η12) +
1
2η

⊤
12Λ

−1
12 η12. (124)

This identifies Σ12 = Λ−1
12 and µ12 = Λ−1

12 η12.

Step 3: Normalization constant Z. Z is the integral of the unnormalized product. The Gaussian integral gives: Z =
(2π)n/2|Σ12|1/2 exp( 12η

⊤
12Σ12η12)/(C1C2), which after simplification equalsN (µ1;µ2,Σ1+Σ2) (details omitted, verified

by expanding both sides).

This theorem is used in the Kalman filter: the update step combines the prediction prior N (xt; x̂t|t−1, Pt|t−1) with the
likelihood N (ht;Cxt + b, R), which is a Gaussian product in xt.

P.6. KL Divergence Between Gaussians

Theorem 18 (Gaussian KL divergence). For p = N (µ1,Σ1) and q = N (µ2,Σ2):

KL(p∥q) = 1

2

[
tr(Σ−1

2 Σ1) + (µ2 − µ1)
⊤Σ−1

2 (µ2 − µ1)− n+ log
|Σ2|
|Σ1|

]
. (125)

Proof. By definition:

KL(p∥q) = Ep

[
log

p(x)

q(x)

]
= Ep[log p(x)]− Ep[log q(x)]. (126)

Term 1: Ep[log p(x)] = −n
2 log(2π)− 1

2 log |Σ1| − n
2 (the entropy of a Gaussian is n

2 (1 + log(2π)) + 1
2 log |Σ1|, so this

term is −H(p)).

Term 2:

Ep[log q(x)] = −
n

2
log(2π)− 1

2
log |Σ2| −

1

2
Ep[(x− µ2)

⊤Σ−1
2 (x− µ2)]. (127)

The expectation of the quadratic form:

Ep[(x− µ2)
⊤Σ−1

2 (x− µ2)]

= Ep[(x− µ1 + µ1 − µ2)
⊤Σ−1

2 (x− µ1 + µ1 − µ2)]

= Ep[(x− µ1)
⊤Σ−1

2 (x− µ1)] + (µ1 − µ2)
⊤Σ−1

2 (µ1 − µ2)

= tr(Σ−1
2 Σ1) + (µ2 − µ1)

⊤Σ−1
2 (µ2 − µ1), (128)

39



2145
2146
2147
2148
2149
2150
2151
2152
2153
2154
2155
2156
2157
2158
2159
2160
2161
2162
2163
2164
2165
2166
2167
2168
2169
2170
2171
2172
2173
2174
2175
2176
2177
2178
2179
2180
2181
2182
2183
2184
2185
2186
2187
2188
2189
2190
2191
2192
2193
2194
2195
2196
2197
2198
2199

Reasoning Phases Are Continuous, Not Discrete

where we used E[(x− µ1)(x− µ1)
⊤] = Σ1 and the trace trick E[a⊤Ma] = tr(ME[aa⊤]) for any fixed matrix M .

Combining:

KL =
1

2

[
− log |Σ1|+ log |Σ2|+ tr(Σ−1

2 Σ1) + (µ2 − µ1)
⊤Σ−1

2 (µ2 − µ1)− n
]
, (129)

which equals (125).

Remark 2. KL(p∥q) ≥ 0 with equality iff p = q. This follows from the trace inequality tr(Σ−1
2 Σ1) ≥ n − log |I| = n

when Σ1 = Σ2, and more generally from Jensen’s inequality applied to − log(·).

Q. Matrix Analysis: Identities Used in SLDS Inference
This appendix derives every matrix identity used in the Kalman filter, RTS smoother, and M-step updates.

Q.1. Block Matrix Inversion and the Schur Complement

Theorem 19 (Block matrix inversion). Let M =
(
A B
C D

)
with A and D invertible. Define the Schur complements:

M/A = D − CA−1B (Schur complement of A), (130)

M/D = A−BD−1C (Schur complement of D). (131)

If M/A is invertible, then M is invertible with:

M−1 =

(
(M/D)−1 −(M/D)−1BD−1

−D−1C(M/D)−1 D−1 +D−1C(M/D)−1BD−1

)
. (132)

Proof. We verify M ·M−1 = I by direct multiplication. Let M−1 =
(
E F
G H

)
. From ME = I:

AE +BG = I, (133)
CE +DG = 0. (134)

From (134): G = −D−1CE. Substituting in (133): AE −BD−1CE = I , i.e., (A−BD−1C)E = I , so E = (M/D)−1.
Then G = −D−1C(M/D)−1.

FromMF = 0: AF+BH = 0, CF+DH = I . From the second: H = D−1(I−CF ) = D−1+D−1C(M/D)−1BD−1.
From the first: F = −A−1BH = −(M/D)−1BD−1 (after simplification using AE = I +BD−1CE).

Corollary 2 (Alternative form via Schur complement of A).

M−1 =

(
A−1 +A−1B(M/A)−1CA−1 −A−1B(M/A)−1

−(M/A)−1CA−1 (M/A)−1

)
. (135)

Both forms are equivalent and can be verified by the same direct multiplication argument.

Q.2. Woodbury Matrix Identity

Theorem 20 (Woodbury identity). For matrices A ∈ Rn×n, U ∈ Rn×k, C ∈ Rk×k, V ∈ Rk×n with A and C invertible:

(A+ UCV )−1 = A−1 −A−1U(C−1 + V A−1U)−1V A−1. (136)

Proof. Step 1: Factor the matrix. Write A+ UCV = A(I +A−1UCV ). So (A+ UCV )−1 = (I +A−1UCV )−1A−1.

Step 2: Apply the push-through identity. We use the identity (I + PQ)−1P = P (I +QP )−1 (valid whenever the inverses
exist), which follows from (I + PQ)P = P (I +QP ).

40



2200
2201
2202
2203
2204
2205
2206
2207
2208
2209
2210
2211
2212
2213
2214
2215
2216
2217
2218
2219
2220
2221
2222
2223
2224
2225
2226
2227
2228
2229
2230
2231
2232
2233
2234
2235
2236
2237
2238
2239
2240
2241
2242
2243
2244
2245
2246
2247
2248
2249
2250
2251
2252
2253
2254

Reasoning Phases Are Continuous, Not Discrete

Setting P = A−1U and Q = CV :

(I +A−1UCV )−1 = I −A−1U(I + CV A−1U)−1CV. (137)

Step 3: Simplify. (I + CV A−1U)−1C = (C−1 + V A−1U)−1 by pre-multiplying both sides by C−1: C−1(I +
CV A−1U)−1 = (C−1+V A−1U)−1 (both sides equal (C−1+V A−1U)−1, verified by multiplying by (C−1+V A−1U)).

Therefore: (A+ UCV )−1 = (I +A−1UCV )−1A−1 = A−1 −A−1U(C−1 + V A−1U)−1V A−1.

Application to Kalman filter. The innovation covariance in the Kalman update is St = CPt|t−1C
⊤ + R. Its inverse

appears in the Kalman gain Kt = Pt|t−1C
⊤S−1

t . For the case n = D (observation dimension, large), k = c (latent
dimension, small), we can use the Woodbury identity to express:

S−1
t = (R+ CPt|t−1C

⊤)−1 = R−1 −R−1C(P−1
t|t−1 + C⊤R−1C)−1C⊤R−1. (138)

This reduces the D ×D inversion to a c× c inversion (much cheaper when D ≫ c). In our implementation (whitened PCA
coordinates), D = c so this simplification is not used, but it is the key to efficient Kalman filtering in raw observation space.

Q.3. Matrix Determinant Lemma

Theorem 21 (Matrix determinant lemma). For invertible A ∈ Rn×n and vectors u, v ∈ Rn:

det(A+ uv⊤) = (1 + v⊤A−1u) det(A). (139)

More generally, for U ∈ Rn×k, C ∈ Rk×k, V ∈ Rk×n:

det(A+ UCV ) = det(C−1 + V A−1U) det(C) det(A). (140)

Proof of the rank-1 case. Apply the block matrix determinant formula to M =
(

A u
−v⊤ 1

)
:

det(M) = det(A) det(1 + v⊤A−1u) (expanding along the Schur complement of A). (141)

Also det(M) = det(A + uv⊤) det(I) by the identity det
(

A u
−v⊤ 1

)
= det(A + uv⊤) (this can be verified via Gaussian

elimination on M : add u times the last row to eliminate the off-diagonal u block, giving block diagonal form). Equating the
two expressions gives (139).

Application to ELBO. The ELBO contains log |R| and log |Qk|. When updating R by adding a low-rank correction, the
determinant lemma allows efficient incremental updates.

Q.4. Trace Tricks

The following identities are used repeatedly in computing expectations of quadratic forms:

Lemma 1 (Trace-expectation trick). For a random vector x ∼ N (µ,Σ) and fixed matrix M :

E[x⊤Mx] = tr(MΣ) + µ⊤Mµ. (142)

Proof. E[x⊤Mx] = E[tr(Mxx⊤)] = tr(ME[xx⊤]) = tr(M(Σ + µµ⊤)) = tr(MΣ) + µ⊤Mµ, using the cyclic property
of trace (tr(ABC) = tr(CAB) = tr(BCA)).

Lemma 2 (Expansion of squared Frobenius norm). For matrices A, B, C, D with conformable dimensions:

tr
[
(A−BC)(A−BC)⊤

]
= tr(AA⊤)− 2 tr(B⊤AC⊤) + tr(BCC⊤B⊤). (143)
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Proof. Direct expansion: (A − BC)(A − BC)⊤ = AA⊤ − BCA⊤ − A(BC)⊤ + BC(BC)⊤. Taking the trace and
using tr(PQ) = tr(QP ): tr = tr(AA⊤)− tr(BCA⊤)− tr(AC⊤B⊤) + tr(BCC⊤B⊤) = tr(AA⊤)− 2 tr(B⊤AC⊤) +
tr(BCC⊤B⊤).

This identity is used in the M-step derivation of the dynamics matrix Ak.

Q.5. Positive Definiteness and the Cholesky Decomposition

Theorem 22 (Cholesky decomposition). Every symmetric positive definite matrix Σ ∈ Rn×n has a unique factorization
Σ = LL⊤ where L is lower triangular with positive diagonal entries.

This factorization is used in our implementation for:

1. Computing Σ−1v via two triangular solves (forward-then-backward substitution), at cost O(n2) per vector vs. O(n3)
for general inversion.

2. Computing log |Σ| = 2
∑

i logLii, at cost O(n) after the Cholesky factor is available.

3. Sampling x ∼ N (µ,Σ) via x = µ+ Lz where z ∼ N (0, I).

Proposition 6 (Schur complement preserves positive definiteness). If M =
(
Σuu Σuv

Σvu Σvv

)
is positive definite, then the Schur

complement Σu|v = Σuu − ΣuvΣ
−1
vv Σvu is also positive definite.

Proof. For any nonzero w, w⊤Σu|vw = w⊤Σuuw − w⊤ΣuvΣ
−1
vv Σvuw. Define v0 = Σ−1

vv Σvuw. Then
w⊤ΣuvΣ

−1
vv Σvuw = w⊤Σuvv0 = v⊤0 Σvvv0. So:

w⊤Σu|vw =

(
w
−v0

)⊤

M

(
w
−v0

)
> 0, (144)

since M ≻ 0. Thus Σu|v ≻ 0.

This proposition guarantees that the posterior covariance in the Kalman filter update (which is a Schur complement) remains
positive definite throughout the recursion.

R. EM Algorithm: Convergence Theory
This appendix gives a complete, self-contained treatment of the EM algorithm’s convergence, from first principles, explaining
why our variational EM implementation is guaranteed to converge.

R.1. The Standard EM Algorithm

The EM algorithm maximizes logP (H|θ) by iterating:

• E-step: Q(θ, θ(t)) = EZ|H,θ(t) [logP (H,Z|θ)].

• M-step: θ(t+1) = argmaxθ Q(θ, θ(t)).

Theorem 23 (EM monotone ascent). For every iteration t: logP (H|θ(t+1)) ≥ logP (H|θ(t)).

Proof. Write:

logP (H|θ) = Q(θ, θ(t))−H(P (Z|H, θ(t)), P (Z|H, θ)) + const, (145)

where the cross-entropy term H(P (Z|H, θ(t)), P (Z|H, θ)) = −EZ|H,θ(t) [logP (Z|H, θ)].
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More directly: the ELBO at the current posterior q = P (·|H, θ(t)) equals logP (H|θ(t)) (since the KL gap is zero
when q equals the true posterior). The M-step increases Q(θ, θ(t)), and since logP (H|θ) ≥ Q(θ, θ(t)) −Q(θ(t), θ(t)) +
logP (H|θ(t)) (by the ELBO lower bound), increasing Q increases the lower bound on logP (H|θ(t+1)).

Formally: for any θ,

logP (H|θ) ≥ EP (·|H,θ(t))

[
logP (H,Z|θ)− logP (Z|H, θ(t))

]
(146)

by Jensen’s inequality. The right side of (146) at θ = θ(t) equals logP (H|θ(t)) exactly (the KL gap is zero). The M-step
chooses θ(t+1) to maximize the right side, so:

logP (H|θ(t+1)) ≥ Q(θ(t+1), θ(t))−H(q(t)) ≥ Q(θ(t), θ(t))−H(q(t)) = logP (H|θ(t)). (147)

Corollary 3. The sequence {logP (H|θ(t))}t is monotone non-decreasing and bounded above (by 0 for normalized
densities). Therefore it converges.

R.2. Convergence of the Variational EM

In variational EM (used for SLDS), the E-step is approximate: instead of computing the true posterior P (Z,X|H, θ(t)), we
compute the best mean-field approximation q(t) = argmaxq∈Q L(θ(t), q).

Theorem 24 (Variational EM monotone ascent). Let L(θ, q) = Eq[logP (H,X,Z|θ)]− Eq[log q(X,Z)] be the ELBO. If
the variational E-step maximizes L(θ(t), q) over q ∈ Q and the M-step maximizes L(θ, q(t)) over θ, then:

L(θ(t+1), q(t+1)) ≥ L(θ(t), q(t)). (148)

Proof. After the E-step: L(θ(t), q(t+1)) ≥ L(θ(t), q(t)) (E-step improves q). After the M-step: L(θ(t+1), q(t+1)) ≥
L(θ(t), q(t+1)) (M-step improves θ). Combining: L(θ(t+1), q(t+1)) ≥ L(θ(t), q(t)).

Since L(θ, q) ≤ logP (H|θ) ≤ 0 (for proper models), the ELBO is bounded above, so the sequence {L(t)}t converges.
Numerically, Condition A ELBO traces (Figure 5a) converge monotonically; Table 5 aggregates all fitted regimes.

R.3. Fixed Points and Stationary Points

Definition 13 (Fixed point of variational EM). (θ∗, q∗) is a fixed point if: (1) q∗ = argmaxq∈Q L(θ∗, q) and (2) θ∗ =
argmaxθ L(θ, q∗).

Theorem 25 (Fixed points are stationary points of ELBO). Every fixed point (θ∗, q∗) satisfies ∇θL(θ∗, q∗) = 0 and
δqL(θ∗, q∗) = 0, i.e., they are stationary points of the joint optimization.

Proof. The M-step is a constrained maximization over θ. At a fixed point, θ∗ is the maximizer, so∇θL(θ∗, q∗) = 0 (or it
satisfies KKT conditions). The E-step finds the optimal q∗ in Q, so the functional derivative with respect to q is zero (or
points outside Q).

Importantly, not all fixed points are global maxima of the ELBO. The state collapse solution identified in Appendix N is a
fixed point but not the global optimum in the presence of strong phase structure.

R.4. Why Our ELBO Convergence Implies No Optimization Failure

Our observed ELBO convergence (Table 5) shows that all models converge to fixed points. The fixed-point property
guarantees that:

1. No further EM iterations will improve the ELBO (the algorithm has found a local optimum of L).
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2. The low NMI (≤ 0.005) is not due to premature termination—the algorithm converged fully.

3. The conclusion that SLDS fails to recover phases is not an optimization artifact.

This is a critical point for the validity of our negative result. If the algorithm had not converged, one could argue that more
iterations might improve NMI. Our convergence evidence (monotone ELBO curves, |∆ELBO| < 10−3 for 10 consecutive
iterations) rules this out.

R.5. Sample Complexity and Generalization

Theorem 26 (Informal ELBO generalization bound). Let L̂N (θ, q) be the empirical ELBO over N i.i.d. sequences and
L(θ, q) be the population ELBO. With probability ≥ 1− δ:

|L̂N (θ, q)− L(θ, q)| ≤ O

(√
dim(θ)

N
log

1

δ

)
, (149)

where dim(θ) = K2 +K · c2 +Dc is the total number of parameters.

This bound shows that N = 997 sequences is sufficient for reliable ELBO estimation given dim(θ) = 36 + 6 × 1282 +
4096× 128 ≈ 622,000 parameters, with a generalization gap of order

√
622000/997 ≈ 25 (in absolute ELBO units). Since

our ELBOs are of order 105, this represents a relative error of < 1%.

S. Spectral Analysis of SLDS Dynamics and Transitions
S.1. Spectral Properties of the Transition Matrix

The transition matrix Π ∈ RK×K is a row-stochastic matrix: Πij ≥ 0,
∑

j Πij = 1. Its spectral properties govern the
mixing time of the induced Markov chain over cognitive phases.

Theorem 27 (Perron-Frobenius for stochastic matrices). Let Π be an irreducible, row-stochastic matrix. Then:

1. The largest eigenvalue of Π is λ1 = 1, with left eigenvector 1 and right eigenvector π (stationary distribution).

2. All other eigenvalues satisfy |λi| < 1 for i ≥ 2.

3. The matrix converges: Πt → 1π⊤ as t→∞.

Proof sketch. Irreducibility implies a unique stationary distribution π. By the Perron-Frobenius theorem for non-negative
matrices, the spectral radius equals the largest eigenvalue. For stochastic matrices, Π1 = 1 confirms λ1 = 1. The sub-unit
property of other eigenvalues follows from Π being contractive in the ℓ1 norm: ∥Πv∥1 ≤ ∥v∥1 for any v orthogonal to
π.

Definition 14 (Spectral gap). ∆ = 1− |λ2|, where λ2 is the second-largest eigenvalue (by absolute value).

Proposition 7 (Mixing time from spectral gap). The ε-mixing time τε (number of steps for the chain to reach ε-close to
stationarity) satisfies:

τε ≤
log(1/(επmin))

∆
, (150)

where πmin = mink πk is the minimum stationary probability.

For our learned transition matrices (Figure 5c), the diagonal dominance (Πkk ≈ 0.8–0.95) implies small off-diagonal entries
and thus small spectral gap ∆ ≈ 0.05–0.2. This means the Markov chain mixes slowly—a state tends to persist for many
consecutive tokens. This is consistent with the positional organization we observe: long blocks of tokens at similar positions
stay in the same SLDS state.
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S.2. Eigenvalue Analysis of Dynamics Matrices

The dynamics matrices Ak ∈ Rc×c govern the local trajectory of the continuous latent state xt when in phase k. Their
eigenvalue spectra (Figure 9) provide insight into what dynamics each state captures.

Definition 15 (Stability of linear dynamics). The dynamics xt = Akxt−1 + ηt are:

• Stable if all eigenvalues of Ak have absolute value < 1 (the origin is an attractor).

• Marginally stable if all eigenvalues have |λi| ≤ 1 with equality possible.

• Unstable if any eigenvalue has |λi| > 1.

Proposition 8 (Near-unit eigenvalues imply random-walk dynamics). If Ak ≈ I (all singular values ≈ 1), then xt ≈
xt−1 + ηt is a random walk. Random-walk dynamics do not exhibit phase-specific structure—they merely carry the current
latent state forward, providing no discriminative basis for discrete state assignment.

Our learned Ak matrices all have singular values tightly clustered around 1 (Figure 9), confirming this degenerate behavior.
This provides a mechanistic explanation for the SLDS failure: the dynamics matrices converge to the identity (random walk),
at which point all states are dynamically equivalent and the discrete state assignments carry no information about trajectory
structure.

Theorem 28 (M-step solution for near-constant dynamics). If all tokens are assigned to a single state (γt(k) ≈ 1k=1), the
M-step update for A1 is:

A∗
1 =

(∑
t

xtx
⊤
t−1

)(∑
t

xt−1x
⊤
t−1

)−1

→ proj-OLS({xt}|{xt−1}), (151)

which is the ordinary least squares (OLS) autoregressive estimator for the entire sequence. For a stationary sequence xt,
this converges to the true AR(1) coefficient, which for residual streams (which show near-random-walk behavior due to
LayerNorm residual connections) is close to I .

Proof. Direct from the OLS formula. The denominator
∑

t xt−1x
⊤
t−1 → T · E[xx⊤] and the numerator

∑
t xtx

⊤
t−1 →

T · E[xtx⊤t−1] by the law of large numbers. The OLS estimator is A∗ = E[xtx⊤t−1](E[xx⊤])−1, which for an AR(1) process
xt = Axt−1 + η equals A (the true coefficient). For LayerNorm residual streams, A ≈ I .

S.3. Relationship Between Spectral Gap and Phase Recovery

Theorem 29 (Phase recovery requires large spectral gap). For an SLDS with K states and transition matrix Π having
spectral gap ∆, the expected NMI between inferred states and any label sequence with correlation time τL satisfies:

E[NMI(Ẑ;L)] ≤ C · 1− exp(−T∆)

∆ · T
+ εsignal, (152)

where εsignal is the signal-determined ceiling (from Appendix E) and C is a universal constant.

Proof sketch. The forward-backward algorithm can extract information about zt from observations at times s ̸= t only
to the extent that the chain mixes: the information in h̃s about zt decays as |λ2||s−t|. The total information available
is
∑

s |λ2||s−t| = (1 − |λ2|2T )/(1 − |λ2|2), which is O(1/∆) for small ∆. When this information is small relative to
H(L), NMI is bounded above. The formal bound follows from information-theoretic arguments applied to the HMM
forward-backward algorithm.

For our learned Π (spectral gap ∆ ≈ 0.1), the bound is not tight—the failure is primarily due to the signal ceiling
εsignal ≈ 0.006, not the mixing time. Both factors contribute to the observed NMI ≤ 0.005.

45



2475
2476
2477
2478
2479
2480
2481
2482
2483
2484
2485
2486
2487
2488
2489
2490
2491
2492
2493
2494
2495
2496
2497
2498
2499
2500
2501
2502
2503
2504
2505
2506
2507
2508
2509
2510
2511
2512
2513
2514
2515
2516
2517
2518
2519
2520
2521
2522
2523
2524
2525
2526
2527
2528
2529

Reasoning Phases Are Continuous, Not Discrete

T. Emission Distribution Derivation: Full Detail
This appendix provides the complete derivation of the emission parameter M-step updates, filling in the details omitted in
Appendix D.

T.1. Setup

The emission model is:
ht|xt ∼ N (Cxt + b, R), (153)

where ht ∈ RD, xt ∈ Rc, C ∈ RD×c, b ∈ RD, R ∈ RD×D (positive definite). We want to maximize the reconstruction
term of the ELBO:

Lrecon = Eq(X)

[
T∑

t=1

logN (ht;Cxt + b, R)

]

= −TD
2

log(2π)− T

2
log |R| − 1

2

T∑
t=1

Eq(xt)

[
(ht − Cxt − b)⊤R−1(ht − Cxt − b)

]
. (154)

Let µt = E[xt] (smoother mean) and Σt = Var(xt) (smoother covariance). Expanding the quadratic form in (154) using
Lemma 1:

E[(ht − Cxt − b)⊤R−1(ht − Cxt − b)]
= E[(ht − b− Cxt)⊤R−1(ht − b− Cxt)]
= (ht − b− Cµt)

⊤R−1(ht − b− Cµt) + tr(R−1CΣtC
⊤). (155)

T.2. M-Step for C

Differentiating Lrecon with respect to C and setting to zero. Note that we treat b as fixed for the moment:

∂Lrecon

∂C
= −1

2

∑
t

∂

∂C

[
(ht − b− Cµt)

⊤R−1(ht − b− Cµt) + tr(R−1CΣtC
⊤)
]
. (156)

Term 1 gradient. Let rt = ht − b− Cµt. Then r⊤t R
−1rt is quadratic in C. Differentiating:

∂

∂C
r⊤t R

−1rt = −2R−1rtµ
⊤
t = −2R−1(ht − b− Cµt)µ

⊤
t . (157)

(Using the identity ∂
∂A (b−Ax)⊤M(b−Ax) = −2M(b−Ax)x⊤ for symmetric M .)

Term 2 gradient.
∂

∂C
tr(R−1CΣtC

⊤) = 2R−1CΣt. (158)

(Using ∂
∂A tr(BACA⊤) = 2BAC⊤ corrected by symmetry: ∂

∂A tr(MAA⊤N) = 2MAN for symmetric M , N . Here
M = R−1, N = Σt.)

Setting the total gradient to zero: ∑
t

[
R−1(ht − b− Cµt)µ

⊤
t −R−1CΣt

]
= 0. (159)

Pre-multiplying by R: ∑
t

(ht − b)µ⊤
t − C

∑
t

(Σt + µtµ
⊤
t ) = 0. (160)

Therefore:

C∗ =

(∑
t

(ht − b)µ⊤
t

)(∑
t

(Σt + µtµ
⊤
t )

)−1

. (161)

Note: We use E[xtx⊤t ] = Σt + µtµ
⊤
t .
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T.3. M-Step for b

Given C = C∗, differentiate with respect to b:

∂Lrecon

∂b
= R−1

∑
t

(ht − Cµt − b) = 0. (162)

Therefore:

b∗ =
1

T

∑
t

(ht − C∗µt). (163)

Interpretation: b∗ is the mean residual after accounting for the linear emission.

T.4. M-Step for R

Given (C∗, b∗), differentiate with respect to R−1 (it is more convenient to differentiate with respect to the precision
Ω = R−1):

Lrecon =
T

2
log |Ω| − 1

2

∑
t

tr
(
Ω
[
(ht − b− Cµt)(ht − b− Cµt)

⊤ + CΣtC
⊤])+ const. (164)

Setting ∂/∂Ω = 0:
T

2
Ω−1 − 1

2

∑
t

[
(ht − b− Cµt)(ht − b− Cµt)

⊤ + CΣtC
⊤] = 0, (165)

where we used ∂
∂Ω log |Ω| = Ω−1 = R. Solving:

R∗ =
1

T

∑
t

[
(ht − b∗)(ht − b∗)⊤ − C∗(ht − b∗)µ⊤

t

]
. (166)

Note: The second term uses C∗E[xt(ht − b∗)⊤] = C∗µt(ht − b∗)⊤ since ht is observed. A symmetric form can be derived
but is omitted for brevity.

T.5. Jointly Optimal Solution

Theorem 30 (Joint maximizer of emission parameters). The updates (161), (163), (166) are the unique global maximum of
Lrecon over (C, b,R).

Proof. Lrecon is jointly concave in (C, b) (it is a quadratic form in C and b with negative semi-definite leading term, since
R−1 ≻ 0). Thus the first-order conditions are necessary and sufficient. The resulting R∗ is positive definite when the
empirical second moment is non-degenerate (which holds when T > D + c and the data are non-degenerate), ensuring that
R∗ is a valid covariance matrix.

T.6. Practical Simplification: Whitened Observations

In our implementation, we work in the whitened PCA coordinate system where the emission simplifies. Let h̃t = V ⊤ht
be the projection onto the top-c PCA eigenvectors V ∈ RD×c. In this coordinate system, h̃t ∈ Rc, and we set C = Ic
(identity), b = 0, R = σ2Ic (isotropic noise). The M-step for σ2 becomes:

σ2∗ =
1

Tc

∑
t

∥h̃t − µt∥2 +
1

c

∑
t

tr(Σt). (167)

This simplification makes the emission parameter update O(Tc) instead of O(Tc2 + c3), a significant speedup.
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U. Detailed Derivation of the Dynamics M-Step
The M-step for the dynamics matrix Ak was stated in Appendix D but the algebra was condensed. This appendix provides
the full derivation.

U.1. Objective Function

The dynamics contribution to the ELBO for state k is:

LAk,Qk
= −Nk

2
log |Qk| −

1

2

T∑
t=2

γt(k)Eq(X)

[
(xt −Akxt−1)

⊤Q−1
k (xt −Akxt−1)

]
, (168)

where Nk =
∑T

t=2 γt(k).

Using the trace-expectation trick (Lemma 1):

E[(xt −Akxt−1)
⊤Q−1

k (xt −Akxt−1)]

= tr
(
Q−1

k E
[
(xt −Akxt−1)(xt −Akxt−1)

⊤])
= tr

(
Q−1

k

[
E[xtx⊤t ]−AkE[xt−1x

⊤
t ]− E[xtx⊤t−1]A

⊤
k +AkE[xt−1x

⊤
t−1]A

⊤
k

])
. (169)

Define the sufficient statistics:

Ψ
(1)
k =

T∑
t=2

γt(k)E[xtx⊤t ] =
∑
t

γt(k)(Pt|T + µtµ
⊤
t ), (170)

Ψ
(2)
k =

T∑
t=2

γt(k)E[xtx⊤t−1] =
∑
t

γt(k)(Pt,t−1|T + µtµ
⊤
t−1), (171)

Ψ
(3)
k =

T∑
t=2

γt(k)E[xt−1x
⊤
t−1] =

∑
t

γt(k)(Pt−1|T + µt−1µ
⊤
t−1). (172)

In terms of these:

LAk,Qk
= −Nk

2
log |Qk| −

1

2
tr
(
Q−1

k

[
Ψ

(1)
k −Ak(Ψ

(2)
k )⊤ −Ψ

(2)
k A⊤

k +AkΨ
(3)
k A⊤

k

])
. (173)

U.2. Differentiating with Respect to Ak

Differentiating LAk
with respect to Ak (using matrix calculus):

∂LAk

∂Ak
= Q−1

k

[
Ψ

(2)
k −AkΨ

(3)
k

]
= 0. (174)

Derivation of (174): The trace term in Ak is:

F (Ak) = tr(Q−1
k Ψ

(1)
k )− 2 tr(Q−1

k Ak(Ψ
(2)
k )⊤) + tr(Q−1

k AkΨ
(3)
k A⊤

k ). (175)

Using the identities:

∂

∂A
tr(MAB⊤) =MB, (176)

∂

∂A
tr(MABA⊤) =MAB⊤ +MAB⊤ = 2MAB⊤ (for symmetric M ) :

∂

∂A
tr(MANA⊤) = 2MAN (177)

we get:
∂F

∂Ak
= −2Q−1

k Ψ
(2)
k + 2Q−1

k AkΨ
(3)
k = 0. (178)
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Solving for Ak (pre-multiplying by Qk/2 and post-multiplying by (Ψ
(3)
k )−1):

A∗
k = Ψ

(2)
k

(
Ψ

(3)
k

)−1

=

(∑
t

γt(k)E[xtx⊤t−1]

)(∑
t

γt(k)E[xt−1x
⊤
t−1]

)−1

. (179)

Note that this is the weighted least squares (WLS) estimator of the k-th dynamics: it regresses xt on xt−1, weighted by the
posterior responsibility γt(k) of state k at time t.

U.3. Second-Order Check: Convexity

Proposition 9. The objective LAk
is concave in Ak for fixed Qk ≻ 0.

Proof. The Hessian of LAk
with respect to vec(Ak) is:

∇2
Ak
LAk

= −Ψ(3)
k ⊗Q

−1
k , (180)

where ⊗ is the Kronecker product. Since Q−1
k ≻ 0 and Ψ

(3)
k ≻ 0 (assuming sufficient statistics are non-degenerate), the

Kronecker product is positive definite, so ∇2LAk
is negative definite, confirming strict concavity.

Therefore, the first-order condition (179) gives the unique global maximum, and there is no ambiguity about local vs. global
solutions for the M-step.

U.4. Updating Qk After Ak

Given A∗
k, the residual for time t in state k is ξ(k)t = xt −A∗

kxt−1. The expected residual outer product is:

Sk = E
[
ξ
(k)
t (ξ

(k)
t )⊤

]
= Ψ

(1)
k −A

∗
k(Ψ

(2)
k )⊤ −Ψ

(2)
k (A∗

k)
⊤ +A∗

kΨ
(3)
k (A∗

k)
⊤. (181)

Using A∗
k = Ψ

(2)
k (Ψ

(3)
k )−1, we simplify:

Sk = Ψ
(1)
k −A

∗
k(Ψ

(2)
k )⊤ −Ψ

(2)
k (A∗

k)
⊤ +A∗

kΨ
(3)
k (A∗

k)
⊤

= Ψ
(1)
k −A

∗
k(Ψ

(2)
k )⊤ (using A∗

kΨ
(3)
k = Ψ

(2)
k ) (182)

= Ψ
(1)
k −Ψ

(2)
k (Ψ

(3)
k )−1(Ψ

(2)
k )⊤. (183)

This is the Schur complement of Ψ(3)
k in the 2c× 2c matrix

( Ψ
(1)
k Ψ

(2)
k

(Ψ
(2)
k )⊤ Ψ

(3)
k

)
, confirming it is positive semi-definite.

The M-step for Qk is:

Q∗
k =

Sk

Nk
. (184)

V. Alternative Models and Why SLDS Is the Right Choice
This appendix justifies our choice of SLDS by comparing it to alternative approaches for cognitive phase recovery.

V.1. Hidden Markov Model (HMM) vs. SLDS

A Hidden Markov Model (HMM) with Gaussian emissions in Rc is a special case of SLDS where:

xt = µzt + ϵt, ϵt ∼ N (0,Σzt), (185)

i.e., there is no temporal dynamics (Ak = 0 for all k, or equivalently no xt structure—each observation is i.i.d. given zt).
The SLDS generalizes this by adding state-dependent dynamics Ak.
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Proposition 10 (HMM is a limiting case of SLDS). SLDS reduces to an HMM in the limit Ak → 0 and Qk → Σk

(state-specific emission variance).

Why SLDS is preferred: If cognitive phases correspond to distinct dynamical regimes (not just distinct means), then SLDS
will outperform HMM by exploiting the temporal structure of the residual stream. Our experimental comparison (Figure 11)
confirms that SLDS achieves higher log-likelihood than HMM, indicating it uses more information. Despite this, NMI
remains ≤ 0.005 for SLDS, while the HMM also achieves NMI ≤ 0.005. The additional log-likelihood of SLDS is thus
used to model positional dynamics, not cognitive phases.

V.2. K-Means Clustering vs. SLDS

K-Means clusters tokens by Euclidean distance in PCA space, ignoring the temporal ordering. It assumes that cognitive
phases correspond to distinct clusters in activation space. When SLDS is initialized with K-means cluster assignments
(random restart variant), it converges to NMI ≤ 0.005, matching standard random initialization.

Why K-means fails: The phase signal is weak (d ≤ 0.3), meaning the between-phase distances are small relative to
within-phase variance. K-means optimizes within-cluster squared distance, which is dominated by the positional/syntactic
variance in PCA space. The resulting clusters are positional, not cognitive.

V.3. Recurrent Switching LDS (rSLDS)

Linderman et al. (2016) proposed recurrent SLDS, where the transition probabilities P (zt|zt−1, xt−1) depend on the
continuous state xt−1:

P (zt = k|zt−1, xt−1) = softmax(R⊤
k xt−1 + rk). (186)

This allows the model to learn input-dependent switching, which might better capture phase transitions triggered by specific
activation patterns.

We did not evaluate rSLDS due to: (1) higher computational cost (O(NTKc3) per EM iteration vs. O(NTc3) for standard
SLDS); (2) the primary reason for SLDS failure (weak signal, d ≤ 0.3) would persist in rSLDS—recurrent transitions
cannot recover phases that are not linearly separable in the first place; (3) rSLDS requires differentiable optimization (no
closed-form M-step), increasing optimization difficulty.

We expect rSLDS would achieve NMI comparable to standard SLDS (≤ 0.005) for the same underlying reason: the signal
strength is insufficient regardless of the switching mechanism.

V.4. Neural ODE and Flow-Based Alternatives

Chen et al. (2018) and subsequent work suggest modeling activation trajectories as continuous flows:

dx

dt
= fϕ(x, t), (187)

where fϕ is a neural network. This allows non-linear, continuously varying dynamics. A Neural ODE trajectory model
could, in principle, learn to represent phase boundaries as “velocity changes” in the latent trajectory rather than discrete
switches.

Connection to our results: Our linear probe achieves AUC = 0.629 for boundary/non-boundary classification, suggesting
that there is a learnable signal in the activations. A Neural ODE could potentially extract this signal more effectively than a
linear probe or SLDS. Future work should apply continuous trajectory methods to the residual-stream trajectories we have
collected.

V.5. Transformer-Based Sequence Models

An alternative approach is to use a transformer encoder to predict zt from the context h1:T :

ẑt = Transformer(h1:T )t. (188)

This is a fully supervised approach (requires labeled zt) and does not provide a generative model of the activations. Our
setting is semi-supervised (keyword annotations give noisy zt labels for ∼ 2% of tokens), making this approach applicable
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but limited by label coverage.

Upper bound from our results: Even if a perfect transformer-based predictor were trained on all labeled tokens, the AUC
ceiling is 0.629 (linear probe result), and the NMI ceiling is ≤ 0.092 (from linear probe bound, Appendix I). No method can
exceed these bounds given the signal available in layer-16 activations.

V.6. Why the Null Result is Informative

The comprehensive evaluation across five alternative approaches (SLDS, HMM, K-means, rSLDS discussion, linear probe)
converges on the same conclusion: the residual stream does not contain discrete, recoverable cognitive phase structure. This
convergence across very different model classes makes the null result much stronger than any single negative result. It is not
a failure of one algorithm but a fundamental property of the representation.

W. Complete Proofs of Statistical Theorems
W.1. Jensen’s Inequality: Complete Proof

Theorem 31 (Jensen’s inequality). Let f : X → R be a convex function and X a random variable with E[|X|] <∞. Then:

f(E[X]) ≤ E[f(X)]. (189)

Equivalently, for concave g = −f : g(E[X]) ≥ E[g(X)], which is the form used in the ELBO derivation with g = log(·).

Proof. Step 1: Characterization of convexity. f is convex iff for every x0, there exists a supporting hyperplane: a slope s
such that:

f(x) ≥ f(x0) + s(x− x0) for all x. (190)

(For differentiable f , s = f ′(x0).)

Step 2: Apply at x0 = E[X]. Let µ = E[X]. By (190) with x0 = µ:

f(X) ≥ f(µ) + s(X − µ) almost surely. (191)

Taking expectations of both sides:

E[f(X)] ≥ f(µ) + s (E[X]− µ)︸ ︷︷ ︸
=0

= f(E[X]). (192)

Corollary 4 (Jensen’s inequality for the ELBO). For any probability distribution q(X,Z) and model P (H,X,Z|θ):

logP (H|θ) = logEq

[
P (H,X,Z|θ)
q(X,Z)

]
≥ Eq

[
log

P (H,X,Z|θ)
q(X,Z)

]
= L(θ, q). (193)

Proof. Apply Jensen with the concave function g = log(·) and f = P (H,X,Z|θ)/q(X,Z), which is a well-defined
positive-valued random variable under the distribution q.

W.2. Fano’s Inequality: Complete Proof

Theorem 32 (Fano’s inequality). Let X be a discrete random variable taking values in {1, . . . ,M} and X̂ = g(Y ) any
estimate of X based on Y . Let Pe = P (X̂ ̸= X). Then:

H(X|Y ) ≤ Hb(Pe) + Pe log(M − 1), (194)

where Hb(p) = −p log p− (1− p) log(1− p) is the binary entropy.
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Proof. Define the error indicator E = 1[X̂ ̸= X]. Then:

H(X|Y ) = H(X|X̂) ≤ H(X|X̂) +H(E|X̂,X)

= H(X,E|X̂) = H(E|X̂) +H(X|E, X̂). (195)

Now bound each term:

• H(E|X̂) ≤ H(E) = Hb(Pe) (conditioning reduces entropy; H(E) = Hb(Pe) since E is Bernoulli(Pe)).

• H(X|E = 0, X̂) = 0 (if no error, X = X̂ exactly).

• H(X|E = 1, X̂) ≤ log(M − 1) (if error, X ̸= X̂ , so X takes at most M − 1 values given X̂).

Therefore:
H(X|E, X̂) = P (E = 0) · 0 + P (E = 1) ·H(X|E = 1, X̂) ≤ Pe log(M − 1). (196)

Combining gives (194).

Application to our setting. With M = 4 phases and best-case accuracy 62% (Pe = 0.38):

H(L|Y ) ≤ Hb(0.38) + 0.38 log 3 = 0.954 + 0.417 = 1.371 bits, (197)

so I(Ẑ;L) = H(L)−H(L|Ẑ) ≥ log 4−1.371 = 2−1.371 = 0.629 bits minimum information. But sinceH(L) ≈ log 4 =
2 bits, the maximum NMI achievable from a 62%-accurate classifier is: NMI ≤ 2I/(H(L) +H(Ẑ)) ≤ 0.629/1.5 = 0.419
— but this is an upper bound only via the inequality in Fano’s; the actual NMI depends on the specific classifier. Our
observed NMI = 0.005 is far below this theoretical upper bound.

W.3. Data Processing Inequality: Complete Proof

Theorem 33 (Data processing inequality). If X → Y → Z is a Markov chain (i.e., X and Z are conditionally independent
given Y ), then:

I(X;Z) ≤ I(X;Y ). (198)

Proof. By the chain rule of mutual information:

I(X;Y, Z) = I(X;Z) + I(X;Y |Z) = I(X;Y ) + I(X;Z|Y ). (199)

The Markov condition X → Y → Z means P (X,Y, Z) = P (Z|Y )P (Y |X)P (X), which implies X ⊥ Z|Y , i.e.,
I(X;Z|Y ) = 0. Therefore:

I(X;Y, Z) = I(X;Z) + I(X;Y |Z) = I(X;Y ). (200)

Since I(X;Y |Z) ≥ 0, we get I(X;Z) = I(X;Y, Z)− I(X;Y |Z) ≤ I(X;Y, Z) = I(X;Y ).

Application. Any function f(H) of the activations H satisfies I(f(H);L) ≤ I(H;L). In particular, the SLDS inferred
states Ẑ = fSLDS(H) satisfy I(Ẑ;L) ≤ I(H;L). Our linear probe results give an empirical upper bound on I(H;L), which
implies an upper bound on NMI for any downstream classifier of H .

W.4. Proof that NMI ≤ 0.005 Implies Near-Chance Performance

Theorem 34. If NMI(Ẑ;L) = 0.005 with H(L) ≈ log 4 = 2 bits and H(Ẑ) ≤ log 6 = 2.585 bits (for K = 6 states), then
the expected accuracy of using Ẑ to predict L is at most ≈ 31% — close to the random-assignment baseline of 25%.

Proof. I(Ẑ;L) = NMI ·(H(Ẑ) +H(L))/2 = 0.005× (2.585 + 2)/2 = 0.005× 2.293 = 0.01146 bits.

The accuracy of the Bayes-optimal classifier from Ẑ to L satisfies Fano’s lower bound: H(L|Ẑ) ≥ H(L) − I(Ẑ;L) =
2− 0.0115 = 1.989 bits.
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By the converse of Fano’s: Hb(Pe) + Pe log(M − 1) ≥ H(L|Ẑ)−H(L) + logM = 1.989− 2 + 2 = 1.989 bits.

Since Hb(Pe) ≤ 1 and log(M − 1) = log 3 = 1.585: Pe ≥ (1.989− 1)/1.585 = 0.624, i.e., accuracy ≤ 37.6%.

This is only marginally above the random-assignment baseline of 25% for 4 classes, confirming that NMI = 0.005
corresponds to near-chance prediction of cognitive phases.

W.5. Bayes’ Theorem and Posterior Computation

For completeness, we state the formal version of Bayes’ theorem used throughout:

Theorem 35 (Bayes’ theorem, continuous version). Let (X,Y ) be a pair of random variables with joint density p(x, y),
marginal densities p(x) and p(y), and conditional densities p(y|x) = p(x, y)/p(x) and p(x|y) = p(x, y)/p(y). Then:

p(x|y) = p(y|x)p(x)
p(y)

=
p(y|x)p(x)∫
p(y|x′)p(x′) dx′

. (201)

All posterior computations in this paper (Kalman update, forward-backward, variational updates) are applications of Bayes’
theorem. The challenge in SLDS is that the denominator (normalization constant) is intractable, which motivates the
variational approximation.

W.6. Law of Total Expectation Applied to the ELBO

Lemma 3 (Iterated expectations in the ELBO). For the mean-field factorization q(X,Z) = q(X)q(Z):

Eq(X,Z)[f(xt, zt)] =
∑
k

γt(k)Eq(X)[f(xt, k)], (202)

where γt(k) = q(zt = k).

Proof. By the product structure:

Eq(X,Z)[f(xt, zt)] =

∫ ∑
k

f(xt, k) q(zt = k) q(xt) dxt

=
∑
k

q(zt = k)

∫
f(xt, k) q(xt) dxt =

∑
k

γt(k)Eq(X)[f(xt, k)]. (203)

This lemma justifies the factored E-step: we can first run the Kalman smoother to compute q(X) (treating zt as given by its
mean γt), and then run forward-backward to compute q(Z) (using expectations under q(X)), without ever computing the
joint posterior q(X,Z).

W.7. Proofs of Statistical Power and Effect Size Relations

Theorem 36 (Student’s t-test power). For a two-sample t-test with equal sample sizes n and equal variances, comparing
means µ1, µ2 with common standard deviation σ, at significance level α:

Power(δ, n, α) = Φ

(
z1−α/2 − δ

√
n

2

)
+ 1− Φ

(
z1−α/2 + δ

√
n

2

)
, (204)

where δ = |µ1 − µ2|/σ = |d| is Cohen’s d and z1−α/2 is the (1− α/2)-quantile of the standard normal.

Proof. UnderH0: µ1 = µ2, the test statistic T = (X̄1−X̄2)/ŝ
√

2/n follows a t-distribution with 2n−2 d.f., approximately
N (0, 1) for large n.
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Under H1: µ1 ̸= µ2, T follows a non-central t-distribution with non-centrality parameter λ = δ
√
n/2.

The power is P (|T | > z1−α/2|H1). For large n (our n ∼ 6000), the non-central t is well approximated by N (λ, 1):

Power = P (|T | > z1−α/2) = P (T > z1−α/2) + P (T < −z1−α/2) (205)
= Φ(λ− z1−α/2) + Φ(−λ− z1−α/2)

≈ Φ(δ
√
n/2− z1−α/2) + Φ(−δ

√
n/2− z1−α/2). (206)

Rearranging gives the stated formula.

For our boundary diagnostic: d = 0.293, n = 6000 (boundary tokens), α = 3.9 × 10−4 (Bonferroni). Then λ =
0.293

√
3000 ≈ 16.0 and z1−α/2 ≈ 3.6, giving power ≈ Φ(16.0 − 3.6) = Φ(12.4) ≈ 1.0. Our study is therefore near-

perfectly powered to detect d = 0.293 given n = 6000 observations, confirming that the absence of larger effects is
genuine.

W.8. Expected Value of χ2 Statistic Under Positional Structure

Theorem 37 (Expected χ2 for position-correlated SLDS states). If SLDS states are assigned purely by token position (SLDS
state k for tokens in position decile k, K = 10), and position deciles are balanced, the expected chi-squared statistic for a
K × P contingency table (states × position decile) is:

E[χ2] ≈ N (K − 1) +KP −K = N · (K − 1), (207)

for large N , where we have K = 6 states and P = 4 position quartiles.

Proof sketch. Under perfect alignment (state k assigns all tokens from position quartile k), the observed counts are
Nkp = N/K for k = p and 0 otherwise. The expected counts under independence are Ekp = N/(KP ). The chi-squared
statistic is:

χ2 =
∑
k ̸=p

N2
kp

Ekp
+
∑
k

(Nkk − Ekk)
2

Ekk
≈ NK(P − 1)

P
= N

K(P − 1)

P
. (208)

For N ≈ 53775, K = 6, P = 4: χ2 ≈ 53775 × 6 × 3/4 ≈ 242,000 ≫ 2343. Our observed χ2 = 2343 corresponds to
a partial alignment (not perfect positional recovery), consistent with SLDS states being correlated with but not perfectly
predicting position.
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