STUDENT-T PROCESSES AS INFINITE-WIDTH LIMITS OF POSTERIOR
BAYESIAN NEURAL NETWORKS

FRANCESCO CAPORALI*, STEFANO FAVARO', AND DARIO TREVISAN?

ABSTRACT. The asymptotic properties of Bayesian Neural Networks (BNNs) have been exten-
sively studied, particularly regarding their approximations by Gaussian processes in the infinite-
width limit. We extend these results by showing that posterior BNNs can be approximated
by Student-t processes, which offer greater flexibility in modeling uncertainty. Specifically, we
show that, if the parameters of a BNN follow a Gaussian prior distribution, and the variance
of both the last hidden layer and the Gaussian likelihood function follows an Inverse-Gamma
prior distribution, then the resulting posterior BNN converges to a Student-t process in the
infinite-width limit. Our proof leverages the Wasserstein metric to establish control over the
convergence rate of the Student-¢ process approximation.

1. INTRODUCTION

Bayesian neural networks (BNNs), composed of multiple layers of interconnected neurons, have
become a powerful tool in modern machine learning, enabling the modeling of complex data
structures while quantifying predictive uncertainty [Nea96]. Unlike neural networks (NNs),
BNNs offer a solid probabilistic framework where model parameters are treated as random
variables with associated probability distributions. In particular, such a framework allows for
the incorporation of both prior knowledge and observed data through the prior distribution and
likelihood function, respectively.

1.1. Background and motivation. The theoretical study of BNNs dates back to the founda-
tional work of Neal [Nea96], which, inspired by Bayesian principles, showed that wide shallow
BNNs converge to Gaussian processes if initialized with independent Gaussian parameters. This
result was later extended to deep BNNs [Mat - 18; Lee  18; BT24; Fav+24] as well as to alter-
native architectures [Nov | 20; Yan21], strengthening the connection between deep learning and
Gaussian processes in machine learning [RW006].

Building on this foundation, significant effort has been devoted to analyzing the posterior be-
havior of BNNs. Notably, several studies have examined their exact infinite-width limiting
posterior distribution, establishing its asymptotic convergence to a Gaussian process [Hro  20;
Tre23|. Parallel research has explored approximate posterior inference methods, including Vari-
ational Inference (VI) [Blu—15] and Monte Carlo Markov Chain (MCMC) sampling [[zm+21;
PEP24], providing an empirical validation of these theoretical results.

Despite the significant progresses in the study of posterior BNNs, existing work typically assumes
a fixed variance for the Gaussian prior on the network parameters, a simplification that limits
substantially the diversity of posterior behaviors that BNNs can capture. In this paper, we
address this critical limitation by introducing a more flexible model in which the variance itself
follows a prior distribution.
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1.2. Our contribution. Our main contribution is to show that relaxing the fixed-variance
assumption in BNNs by using an Inverse-Gamma prior leads to a novel limiting behavior, while
preserving the classic prior introduced by Neal [Nea96]. Specifically, we prove that while the prior
distribution of a BNN converges to a Gaussian process in the infinite-width limit, the marginal
posterior distribution converges to a Student-t process. The relevance of this result is twofold.
First, it provides a new representation of Student-¢ processes, which have been widely studied
and applied in machine learning and statistics [SWG14; TWI18; SD23]. Second, it suggests that
modifying the prior distributions can yield a broader class of limiting elliptical processes [FIKXN90;
Ban+20], opening new research directions on the asymptotic behavior of posterior BNNs. This
insight shows that a careful selection of prior distributions can enhance model flexibility and
uncertainty quantification, offering practical benefits in Bayesian deep learning.

Our approach relies on optimal transport tools, specifically the Wasserstein metric, in order
to establish convergence rates and gain control over the distances of the distributions under
analysis. Building on prior works [BT24; Tre23|, we extend the framework to a hierarchical
Gaussian-Inverse-Gamma model. In this model, while the prior and likelihood are still assumed
to follow multivariate Gaussian distributions with diagonal covariance, the variance of both the
last hidden layer and the likelihood function is modeled using an Inverse-Gamma distribution.

1.3. Outline. In Section 2, we introduce the notation and key tools used in the proof of our
main result. Section 3 presents the main result of the paper, while Section 4 reports experimental
results that serve as a sanity check for the developed theory.

2. PRELIMINARIES

To clarify the discussion, we refer the reader to Appendices A.1 to A.3 for a review of tensors,
random variables, and optimal transport tools.

2.1. Wasserstein distance. For a finite set S, denote by p and v two probability measures
defined on (R, |[|-||) with finite moment of order p, for some p > 1. The p-Wasserstein distance
between p and v is defined as

Wp (p, v) = inf {E [l — y”p]l/p |x,y r.v.s with Py = 11, Py = V} )

where the infimum is taken over all the random variables (x, y), jointly defined on a probability
space (9, A,P), with marginal laws p and v. The random variable (x,y) is referred to as a
coupling of (u,v) and its law, -, is called transport plan. We introduce the following abuse of
notation: if & ~ p and y ~ v, Wy (z,y) =W, (i, v).

Theorem 2.1 (Theorem 6.9 of Villani [Vil08]). Given (x,)5%,, ® random variables, then

n=1-
limy, 00 Wy (€1, ) = 0 if and only if z,, 190, 2, and limy_ o0 E [lzn|l?] = E[||2|"].
2.2. BNNs. Consider a supervised learning framework in a regression setting, with a given

training dataset D := {(xp, yp,i)}k

iqy €.,

k k
Tp = E Tp; Ve € R&*F  and  yp = E Yp,i R e; € Rout Xk,
i=1 =1

Definition 2.2 (Fully connected feed-forward NN). A fully connected feed-forward NN is de-
fined through an architecture a :== (n, ) with:

(1) m denoting the sizes of the L + 1 layers' (with L > 2)
n = (nO(:: din)anla s ,'I’LL_l,TLL(:: dout))a n € N>0a Vi= 07 s 7La
(2) ¢ denoting the L activation functions (applied component-wise)

= (o1,-..,0L), o1 : R—=R, VI e [L], with p;(x) =z,Vz €R.

1An input layer, L — 1 hidden layers and an output layer.
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In particular, V&g € R%», the NN is defined as f(xg) == f)(a0) with
fO RE s R V] =0,...,L,
FO (o) =m0, [P (o) = Wi (f(l_l)($0)> +b0 for 1 € [L],

where, for any [ € [L], WO e Ruxm-1 and b € R™ denote weight matrices and bias vectors,
respectively.

(1)

BNNs exploit the power of the Bayes’ rule within this supervised learning framework. By
defining 6 € R? (with t = Zlel ny(n;—1+1)) the flattened concatenation of all parameters of the
NN (both weights and biases), it is possible to apply Bayes’ theorem to describe the posterior
distribution of a BNN:

ppje(D) pe(6)
pp(D)
where we assumed that xp is independent of 6 and all the random variables admit a density with

respect to the Lebesgue measure. In particular, if £(0;Yp) = py, (6,2, (YD) is the likelihood
function then

peip(0) = X Dapyp|6 (D, YD) Po(0) X Py, i0.2r (YD) PO(0),

poip(0) < L(8;yp) pe(0). (2)
Definition 2.3 (BNN). Let f be a NN (see eq. (1)) with architecture a. In order to define

a BNN we have to put a prior distribution over 6 and a likelihood function £(8;yp) for 0
associated to the training set D.

Remark 2.4. Bayes’ theorem, and a related notion of posterior measure, can be naturally built
without the necessity of density functions. Let 0 : (2, A, P) — RS random variable, S finite set,
and an evidence D with density £(0;yp), we define the posterior measure of 8 as

‘C( ay’D)
Poip = s L0:y0) dPg(G)PO’ (3)

where, given v measure on (R®, B (RY)) (S finite set), and f : RS — R, we use the notation
fv to denote the measure on (R°, B (]RS ) absolutely continuous with respect to v (fr < v),
with density f, i.e., VA€ B (RS ) =[,f A . For the sake of simplicity we always
work with den51t1es (as in eq. (2)) 1f they are avallable and we swap to the measure theoretic
definition in eq. (3) otherwise.

The prior distribution considered on the parameters is the Gaussian independent prior [Nea96].

Specifically, given the vector of variances o := ((J%V(”,Ug(l)))f:l € (Rt x R+)L, we assume
that

WO ~ N (0nsny 15 020 /11 Tyseng_, ) » 8 ~ N (04,02, I,,) , for L € [L]. (4)
The focus of this paper is to study the distribution that the posterior measure of 8 induces on f,
which requires to investigate the behavior of the induced prior. In particular, we need to retrace
the well-known results which state that the asymptotic distribution of fo(x) = >""", fo(x;) ®e;
converges to the neural network Gaussian process (NNGP), where & = {x;}[",, m € Ny, is a
generic input set.
Remark 2.5. In order to have a simpler description of the subsequent theory it is convenient to
write the layers of the BNNs in a compact form: féo) : Rinxm _y Reinxm féo) (x) = « and for

every | € [L], fél) s Ru-1Xm —y Rmxm

Z ) Qe = i wy, (fél_l) (wi)) @e +bD @1, =
=1

= (W‘” ® Im) (5 @) o0 @1,
where W @ I,,, € Rimxm-1)x(mxm) should be thought as an element of R(>m)x(mu-1xm) ¥
define fg(x) = féL)(w)
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2.3. NNGP.

Definition 2.6. Let H = (H(x0)),,cpdn De a stochastic process such that for any o € R,
H(zg) is a random vector with values in (Rdout, B (Rdout)). Then H is said to be a Gaussian

process with mean function M : R%n — R%ut and covariance kernel H : R%n x R%n — Rout Xdout
if for any m > 0, given = (x;)[*, € Rinxm

H(zx) = (H(x1),...,H(xp)) ~N (M(x),H(x)),

where

M(z) = (M(z1),..., M(zy)) € Rbwxm,
and H(x) € R(doutxm)x(doutxm) can he viewed as a block matrix with m x m blocks such that,
for any 4,7 € [m]?, the block (i, ) of H(x) is (H(z));; = H(zi, ;) € RdoutXdout - For such H
we set H ~ GP (M, H).

Remark 2.7. In analogy with Definition 2.6 it is possible to define Student-t processes replacing
the condition on the distribution of H (x) with a multivariate Student-¢ with a degrees of freedom:
H(x) ~ ta (M(z), H(x)), a > 0.

Following Matthews et al. [Mat+ 18| and Lee et al. [Lee+18], we report below the laws of the
random matrices (G (x))F | associated with the infinite-width limits of the L hidden layers
of a BNN, evaluated on the input set «, deriving general expressions for their corresponding
Gaussian processes, (G @ )le1:
GO (x) = x € R%*™ constant r.v.,
5
GO@) ~ N (O T @ KO(@)  with KO(2) = (KO(a,,,)) ®)

ijelmlx[m]’
and, Vo, x|, € Rn V] =2,...,L,

K(l)(ﬂﬁo» 366) = 012/‘/(1) (mng)/din + 0'5(1)’

KW (zg, z) = 02, E [901 (G(l_l)(xoh) @1 (G(l_l)(wﬁ)lﬂ + o0

Note that, V1 € [L], I,,, ® K (x) € R0uxm)x(mxm) should be thought reshaped, as elements of

R(mxm)x(mxm) From eq. (5) it is possible to define the asymptotic Gaussian processes of each

hidden layer, [ € [L], as
GO = (G (@) p cgan and GO ~ GP <O,Inl ® K(l)> . (6)

In analogy with the notation introduced for fg we define G(x) = lelsy (x) and K (x) = K@ ().
We refer to G = (G(20)) g cpein as the NNGP associated to a BNN with architecture o and
vector of variances o.

2.4. Quantitative CLT for prior BNNs.

Theorem 2.8 (Basteri and Trevisan; Trevisan [BT24; Tre23|). Let fo BNN, with architecture
L

a = (n,p), ¢ collection of Lipschitz activation functions, a prior on 0 as in eq. (1), (G(l))l:1

Gaussian processes as in eq. (6) and an input set & € Rénxm  Then, V1 € [L] exists a constant

¢ > 0 independent of <”j)§':17 such that,

-1
0(2), 00 (@) < cym S ——.
W (15 (@), ¢0(@)) < l;¢m (7)

The constant ¢ in eq. (7) in general depends on the input set @, that must be finite. We remark
that quantitative functional bounds, i.e., for infinitely many inputs, have been also established

by Favaro et al. [Fav | 24].
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Remark 2.9. An immediate consequence of Theorem 2.8 (achievable applying Theorem 2.1)
is that, by letting n; grow to oo, the process fél) associated with the [-th hidden layer of
a BNN evaluated on x converges in distribution to the NNGP’s component G (z): given
Nin = MiNj—1 ;1 Nj,
19(@) — N (O Ly @ KO (@)
Nmin —> 00

Therefore, Theorem 2.8 yields a quantitative version of what has already been proved by
Matthews et al.; Lee et al. [Mat 18; Lee +18].

3. STUDENT-{ APPROXIMATION OF POSTERIOR BNNs

Our goal is to extend the closeness result between the induced prior distribution on the BNN,
fo, and the corresponding NNGP, G, established in Theorem 2.8, to their respective induced
posterior distributions. In particular, the main result of this section, Theorem 3.4, provides a
posterior counterpart of Theorem 2.8.

3.1. Law of posterior NNGP. It is useful to start by introducing the hierarchical model
applied to the NNGP. In particular, by assuming

O-?/V(Z)’JIQ)(Z) constants, VIi=1,..., L —1,

(8)

o2 = O’%V(L) = aim = ay2D and o2 ~IG (a,b), with a,b > 0,

we have
G(xD) ‘ 02 ~ N (OnLXka U2InL X K/(xD)) ’
0? ~ TG (a,b), Inverse-Gamma with a,b > 0, (9)
yp | G(zp),0” ~ N (G(zp),0°I,, xk)
with

K'(xp)=E |:90L (G(L_l)(iDD))T@L (G(L_l)(-’ED))] /nL+ sk, (10)

rescaled NNGP kernel independent of 0. Therefore, observing that

pG(mD),02|D(Z7 02) X Pyp|G(xp),0? (yD) PG(xp)|o? (Z) Ps2 (02)7

assuming K'(zp) to be invertible, ny, = 1, and applying standard tricks (see Appendix B), we
obtain that
G(xp) | 02,17 ~N (yDM_l,OQM_l) ,

1
0—2|D~Ig <a+§,b+2(y1> (Ik—M_l) (yD)T))~

Hence,
G(%D) | D~ t2a+k (upOSta z]post) ;
with
M = I + K'(zp) ",

. -1
p‘post = yDM 9 (11)

Ypost = (b + % (yp (Iy — M) (yD)T)> 2 et

2a + k

Remark 3.1. In a completely analogous way, it is possible to show that, given an input test set
xrT € RnOXk,,

1 _ 2 )
G($T) ’D ~ t2a+k </"’£)ost7 (b + 5 (yD (Ik - M 1) (yD)T)> 2a+k2/post> ) with

_1 12
Phost = K'(@7,2p) (K' (D) + 0°I})) " Y, (12)

1
st = K'(x7) — K' (27, 2p) (K'(2D) + o’I)” K'(z1,zp).
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Indeed, following the strategy adopted by Rasmussen and Williams [RW06, egs. (2.22) to (2.24)],
we can observe that

G(wT) ’ 027 D~N (/”’;ostv 2;;)ost)
k 1 _
o?|D ~1IG <a+ b+ - (yD (Ik_M 1) (UD)T)> )
which in turn implies eq. (12) by means of Lemma B.1.

3.2. Posterior BNNs. We define i ~ fg(x), p ~ G(x), with & = (xp,x) € RoxE+E)
fixed input set which extends the input training set with a possible input test set, and omit the
dependence on yp in the Gaussian likelihood £, where

1 1
L:R"WF xRY 5 R, L(z,5) = Wexp (‘28 lyp — zll%) : (13)

The objective is to bound the 1-Wasserstein distance between the marginal posterior of the
BNN, fe(x), and the marginal posterior of the NNGP evaluated on the input set, G(x). The
latter can be found integrating with respect to s the prior measures p and i, both multiplied
by the prior density of the variance p,2(s) and the likelihood L(-, s). In formulas, we aim to
find an upper bound for Wi (fipost tpost), With pipost ~ G(x) | D, fipest ~ fo(x)| D, probability
measures defined as in the following Definition 3.3.

Remark 3.2. The likelihood function can can be extended to the space R"2**+K) by artificially
making it depend on the test input set while disregarding its contribution. Consequently, the
entire reasoning developed below extends naturally to this more general case through a straight-
forward change of variables. However, to maintain a simpler notation and ensure a coherent
presentation, we state and prove our main result under the framework introduced in Section 3.1,
i.e., assuming € = xp.

Definition 3.3. Given a BNN as in Definition 2.3, we assume to have a hierarchical model as
the one described in eq. (9) for the NNGP, and an analogous model for the BNN (i.e., Gaussian
prior on @ as in eq. (4), prior on the variance o2 as in eq. (3) and a likelihood as in eq. (13)).
Then, for any A € B (R"LXk), we define the posterior measures as follows: given y ~ G(x) and

fi~ fo(x),
ipost (A / /R ¥ o ()dsp(dz), T i= /R o | e s,

ipost (A / L £(z 8)poa(s)dsfi(dz), T = / £(z, 5)pya(s)dsi(dz).
R+ 1 RrLXk JR+

3.3. Main result. Building on Definition 3.3, the main result of this work can be summarized
in the following Theorem 3.4.

Theorem 3.4. Let fg, G, * and yp as above, L density of a N(z,ainank). Assume a
common variance for the last hidden layer of the BNN and the likelihood, distributed as an
Inverse-Gamma

o’ = O'%V(L) = Ug(L) = ayQD, 0? ~IG (a,b),
with

1 e+2 9
a> g, b> ( + 2+2> lypl|z, for anye <1/ HK'(ac)Hop. (14)
Then, there exists a constant ¢ > 0, independent of (nl)lL:_ll, such that
c
Wi (fo(x) | D, G(x) | D) <
Nmin

Sketch of the proof. The idea is to show the convergence of fg(x)|D to G(x)|D through the
following steps:

2Now £ depends also on s := o2, which is no more a parameter.
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(1) partially retracing the strategy introduced by Trevisan [Tre23], we first prove that there
exist some constants ¢ > 0 independent of (n;)1-," and ¢2, and a function h : Rt — R*
independent on (ny); 711 as well, such that

Wi (fo(@) | (D,0?),G() | (D,0?)) < h(o?)

€0

; 15

vV min ( )
(2) we try to apply the convexity property of 1-Wasserstein distance in the following Propo-
sition 3.5 (proof in Appendix A.3) to the families of probabilities (]P’fe(m) | (D,a2))

o2eRt
and (IP’G(m) | (Dpz))UQeRJr, which would lead to the thesis.

Proposition 3.5. Let us consider two Markov kernels (u(s))ser+, (1(8))ser+ with
source R and target RT and a measure v on RY (T finite set). Defining the proba-
bility measures on RT such that, VB € B (]RT),

u(B) = [ uBavs), @B = [ ie)Bans).

the following convexity property for the distance Wy holds:
L) < [ WG, i) o). (16)

Unfortunately the second step is not easy as it could seem since Proposition 3.5 requires two
families of probability measures (in particular Markov kernels) integrated with respect to the
same measure v, which is not exactly our setting. Let us describe the issue before approaching
the solution. For this purpose it is useful to introduce

I2(s) = /Rank L(z,)u(dz), La(s):= /Rank L(z,s)p(dz),

which allow us to write, VA € B (]R”LX]C)7

fpost(A) = /R+ uaz(s)(A)IUQI(S)pgz( )ds, with pi,2(s / £(z, ‘Z({:gdz 7
I2(s) ( (17)

Hpost(A) = /]R | o2 (5)(4) Po2(s)ds, with Ji,2(s)(A) = /A L(z, s)ildz)

T2(s)

Eventually, we can note that the two families (uy2(s))ser+ and (fy2(s))gers, which coincide
respectively with (Pg(m) | (Dﬁz))JQERJr and (Pfe(m) | (9702))026R+’ are integrated with respect to
different measures. Hence, it is clear that to apply eq. (16) it is necessary to use the triangle
inequality,

Wy (Nposty ﬁpost) <W (Nposty ﬂ) + Wy (ﬂ; ﬁpost) , (18>
where we inserted a third measure,
I
fi(A) = / fa(s)(A) 28 s (5)ds, vA € B (R”LX"“‘), (19)
R+ I

specifically constructed to satisfy the hypothesis of the convexity property.
Now, to conclude, we just need to control both the terms on the right-hand side of eq. (18).

1%t term. We just apply the aforementioned convexity property getting

Wi o) £ [ W (9. a5) 2 (5.

Therefore by eq. (15) we get

c I2(s c
O [ () (s <
Nmin JR+ I vV Nmin
where, in order to bound the last integral it is necessary to introduce a constraint
on a and b, as in eq. (141).

Wy (Nposta )_



[ed]

F. CAPORALI, S. FAVARO, AND D. TREVISAN

274 term. We exploit the following technical Lemma 3.6, in combination with several bounds
on the first moments of the considered probability measures.

Lemma 3.6. Let p1, v be measures on RS, then, denoting with | — v| the total
variation measure, it holds

Wi () < /R el — vl (a).
O

Remark 3.7. All the details of the sketched part of the previous proof can be found in Appen-
dix C: a formal statement and a proof of eq. (15) can be found in Appendix C.1; additionally,
the bounds for the two terms found using the triangle inequality (eq. (18)) can be found re-
spectively in Appendix C.2 and Appendix C.3. In Figure 1, we include a chart illustrating the
dependencies among the results that lead to the proof of Theorem 3.4.

—— Lemma A.6

— Proposition 3.5 \ l

- e

\ Main result (Theorem 3.4) /

Ficure 1. Dependency of results for the proof of Theorem 3.4.

Required technical results: Proposition A.3 Theorem 2.8

By exploiting the connection between W; and weak convergence, together with what was ob-
served in Section 3.1, Theorem 3.4 leads us to a characterization of the asymptotic behavior of
the exact posterior law of a BNN trained following the Gaussian-Inverse-Gamma model, showing
convergence to a Student-t process in the infinite-width limit.

Corollary 3.8. Under the same assumptions of Theorem 3./ and ny = 1, the posterior of the
BNN fg with Gaussian-Inverse-Gamma prior and Gaussian likelihood, evaluated in the input set
x, converges in law to a multivariate Student-t variable with 2a + k degrees of freedom.:

l
f@ (CL’) | D “ ? t2a+k (ﬂposta 23post) 5
Nomin—>00
with M, prpost and Xpost as in eq. (11).

4. SIMULATIONS

We present a procedure to sample from the posterior distribution of a BNN, ensuring con-
sistency between the theoretical results and practical implementations. We consider a hi-
erarchical Bayesian model, where we place a prior on both the network parameters, 8 =
= (W(l), b ... W), b(L)), and the variance o2

WO~ N (01 Tagriy /101 T ) b ~ N (0,020 1) , for L € [L —1],
WD 62 v N (04, xnp 1y 02011 Tngsny 1), P02 ~ N (0,,,0°1,,), (20)
o ~IG (a,b), yp |0, xp,0” ~ N (fo(xp), 0% L, k) -

The Monte Carlo sampling strategy is summarized in Algorithm 1. In particular, the idea is to
sample from 6,02 | D using a Gibbs sampling scheme. To implement line 5 we rely on MCMC
methods, which have been widely studied in the literature of Bayesian optimization for BNNs.
Several versions of such strategies are implemented in the Python library Pyro [Bin  19; Pas + 19],
and among these, we applied the No-U-turn sampler [HG11]. Whereas, in order to sample from



STUDENT-T PROCESSES AS INFINITE-WIDTH LIMITS OF POSTERIOR BNNS 9

Algorithm 1: TRAINING OF A BNN UNDER GAUSSIAN-INVERSE-GAMMA PRIOR

Input: « [architecture|, o [BNN’s variances|, (a,b) [Inverse-Gamma parameters],
f [function]
build training set D starting from a reference function f

build test set T based on a fine partitioning of the domain of f
initialize o7,
for i =0,...m do

sample 6; ) | o2, D using NUTS

sample O'(2i+1) |6(;), D from p0.2|0(i+1)’p(0'2)

N o Ok W N -

. return fo, (7)|D

2 2 2 2
1 1 1 1
0 0 0 0
1 n=2° 1 n=2" 1 n =22 14 n=2%
0.0 0.5 10 0.0 0.5 10 0.0 0.5 10 0.0 0.5 10
2 2 2 2
1 11 1 1
0 01 0 0
—11 n=2" 1 n=2° 1 n=20 1 n=27"
0.0 05 10 0.0 05 10 0.0 05 10 0.0 05 10

FIGURE 2. Sequence of posterior BNNs, (fo | D), (in gray), converging to the corresponding pos-
terior Student-t process, G |D (in green), in the infinite-width limit. Given D (in red), training
set, we sampled 100 values from both G |D and fg | D for each width n € {2°,...,27}, following
Remark 3.1 and Algorithm 1, respectively. The networks used have 2 hidden layers, erf activations
and parameter variances set to 5. Additionally, the hyperparameters (a, b) are set to (3,2).

the marginal posterior of the variance (line 6) we exploit the strategy adopted by Ding et al.
[DEM22, Appendix D], since it is possible to show that it follows a positive Generalized Inverse
Gaussian distribution (referred as GZN* by the authors). Such a derivation, as well as additional
implementation details, can be found in Appendix D.

We report in Figure 2 the comparison between a sequence of BNNs trained using the strategy
discussed above and the limiting Student-t process discussed in Appendix B (see Remark 3.1).
As the (all equal) widths of the hidden layers increase, the models’ output distributions become
closer. We also consider the case in which we replace the Gaussian-Inverse-Gamma prior with
the classical Gaussian prior with fixed variance (see Figure 3). In this case the limiting process to
which the sequence of BNNs converges is simply the posterior NNGP (see Hron et al.; Trevisan
[Hro+20; Tre23)]).

Remark 4.1. We can observe that in Figure 3, i.e., under Gaussian prior, the convergence is
much faster and more precise compared to the Gaussian-Inverse-Gamma prior case (Figure 2).
This behavior, while likely influenced by our specific sampling procedure for the posterior BNNs,
is also consistent with theoretical expectations. Indeed, although the theoretical convergence
rates of the limiting processes are identical for both the Gaussian prior and the Gaussian-
Inverse-Gamma prior cases (see Corollary C.2 and Theorem 3.4), the associated multiplicative
constants differ significantly in magnitude. Therefore, given a common fixed width, different
distances between the posterior BNNs and their limiting processes are to be expected.

We conclude by comparing the asymptotic processes under both frameworks. The posterior
Student-t process models the variance of the data more accurately compared to the poste-
rior Gaussian process. This is an expected behavior, as the Gaussian-Inverse-Gamma model
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FIGURE 3. Sequence of posterior BNNs, ( /g,

D), (in gray), converging to the corresponding pos-

terior Gaussian process, G'| D (in green), in the infinite-width limit. Given D (in red), training set,
we sampled 100 values from both G| D and fg, | D for each width n € {2°,...,27}. The sampling
was performed following Rasmussen and Williams [RW06, egs. (2.22)-(2.24)] for G | D and the built-
in NUTS algorithm in Pyro for fg, |D. The networks used have 2 hidden layers, erf activations,
parameter variances set to 2, and likelihood variance set to 0.1.

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 4. Posterior Student-t process (on the right) and posterior Gaussian process (on the
left). We followed the same strategy and used the same parameters introduced to generate
Figures 2 and 3.

explicitly estimates the data variance during the Bayesian learning, whereas no such estima-
tion is performed when we use a Gaussian prior. This final result also highlights that using a
Gaussian-Inverse-Gamma prior provides a more accurate representation of the data, particularly
in scenarios in which the dataset is relatively small.
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APPENDIX A. NOTATION

We summarize below the preliminary tools and notations used throughout the article. Proofs
of standard results are omitted, with references provided. For clarity, the content is organized
into thematic sections.

A.1. Tensors. Given S finite set (e.g., [n] or [n1] X -+ x [ng], for some k > 2, where [n] =
= {1,...,n}) we denote with R the vector space of real valued functions v : S — R (column
vectors which generalizes to multidimensional tensors). We adopt the notation vs = v(s),
Vs € 8, and we introduce the following conventions: e, is the s™ vector of the canonical base
(es(s) = 1 and es(r) = 0, Vr € S\ {s}), 1g := > .ges and Og is the constant null vector.
When S is used as a subscript /superscript we also simplify the notation: [nj]x--- X [ng] becomes
just my X -+ X ng.

Given S, T two finite sets, we can see the vector space R¥*T as the space of linear transformations
A :RT — R, defining

Vo eRT, Av = A(v) = Z (Z As7tvt> €s.

seS \teT

If S =n] and T = [m] then A can be represented as a standard matrix A € R™*" where
A;; = (A(ej))(i), Vi € [n],j € [m]. Analogously if S = [n1] x [n2] and T' = [m4] x [mg]
it is possible to represent A as a 4-dimensional tensor such that A;;x; = A(ew)((4,7)),
¥ (i,) € (] X [nal, (k,L) € [m1] x [ma).

If S = T, we introduce the notation Sym® for the set of symmetric linear transformations in
RS*S je., A € Sym® if and only if A € R9*S A = AT, Moreover, we denote with Symf_ the
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subset of Sym® composed by symmetric, positive definite matrices, where a matrix A is said to
be positive definite if Vv € R¥\ {0}, vT Av > 0.

We define the outer product (or tensor product) between v € RY and w € R” as v @ w € RS*T
with (v ® w)s = vew, Vs € 5, t € T, denoting v ® v as v®2. We also define the identity map
Is: RS — RS as Is == > s €¥?, observing that, Vv € RS, Isv = 3 o(3,cs(Is)sivi)es =
=Y egVses =v. If S =[n]|, T = [m] thenv@w:va.

Given a generic pair of elements in a real vector space, v, w € R, we define the standard scalar
product between them as

(v,w) =tr(vw) = vas'ws.
s€S

Analogously we can define the Euclidean norm (or 2-norm) induced by the scalar product as

1/2
o] = (v,v)1/? = <Zv> . (21)

seS

n

If S = [n], n € N5, we also define the p-norm of v, p > 1, as ||lv||, == (3,4 'vf)l/p. If nothing is
specified we always consider R™ as a normed spaced with the Euclidean norm defined in eq. (21).
In the matrix case, S = [n] X [m], this norm is usually referred as Frobenius norm, therefore for
an improved readability we denote it as ||-|| 4.

Given an operator A € Sym®, with S = [n], we define the operator norm as

HAHOp = sup ||Az|, =max{\|A € Sp(A)}.

zll,=1

Lemma A.1. For every z,y € (R, |[|-||) real vector space with the Euclidean norm, the following
inequalities hold:

2 2 2
e —ylI” < 2(]l=]” + [y]I"), (22)
lz —yl* > ;ﬁHwHQ—&HyHQ,Vé‘ER# (23)
Proof. We prove both the statements using the triangle inequality and its inverse: Vu,v € R,

[w+ vl < [Jull + [Jv]| and [Ju —v[| > [Jul| - [lv]].
Let us start observing that Va, b,e > 0, we have

b b? 1
(a+b)2:a2+b2+52a€§a2+b2+5<a2+62> =a’(1+¢e)+b? <1+€>.

With € = 1 we get (a + b)? < 2(a? + b?), and therefore by triangle inequality follows the first
result,

2 2 2 2
e = i <l + lyl)* < 2 (I + ylP) -

For the second inequality we use the reverse triangle inequality,

1
2 2 2
ol < (e — il + IylD? < e w1+ &)+ ol (14 1),

which implies
1 )1
—y2> -
lz = yl* > || il L e
Now by simply substituting ¢’ = e~! in place of € we get (1+ (¢')~!)~! =¢’/(¢' + 1) and so the
thesis. g
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A.2. Random variables. Given S finite set, a random variable  with values in R® is a
measurable map
z: (Q,AP) - (R, B(RY)).

It is adopted the same notation for deterministic tensors introduced in Appendix A.1 and random
tensors, i.e., random variable with values in tensor spaces. We denote with P, the distribution
(or law) of x,

P, =P (z '(A4),VAeB(RY).
We write  ~ y if two random variables share the same distribution.

Given « random variable with values on R we define its mean value, or first moment, and its
variance’, or second moment of  — I [z], respectively as

Ble] = € feDues = ([ o)) eRS

seS
and
Var (z) = E [(m —-E [w})@ﬂ € Sym? .
Given p > 1, we define the Lebesgue norm of order p of x as

1
||| = E[l]"]'/? € R.

Recalling that ||z|* = tr (%), thanks to the linearity of the integral, it is possible to exchange
trace and expectation so that we can write

el =B [ir (2°%)] = tr (B [27])
A.2.1. Gaussian random variables. Given p € RS, ¥ € Syqur, we denote with A (u, X) the
distribution of a Gaussian random variable x : (2, 4,P) — (R¥, B (R®)), such that

E[z]=p and Var(x)=E {(a: - p,)®2} =3

Remark A.2. Let (R, ||]|) be a normed space with a Euclidean norm and p = 0g. Then,

Ell=l]’ <E ||o|’] = E [Z m] =Y Ef=l] =tr(%).

seS seS

A.2.2. Inverse-Gamma random variables. A random variable s, with values in (R*, B(R™)), is
said to be Inverse-Gamma distributed with parameters a and b in R* (denoted as s ~ ZG (a, b)),
if P, admits a density with respect to the Lebesgue measure A™ on RT, and in particular

P = G ) = ps (i)aﬂ exp (1))

As the name suggests, and a simple change of variables shows, one can equivalently say that the
variable 1/s is Gamma distributed with shape and rate parameters (a,b).

A.2.3. Multivariate Student-t random variables. Given k € Nsg, a random variable z, with
values in (Rk,B (Rk)), is said to be k-dimensional Student-t distributed with v degrees of

freedom, location p € R¥ and scale ¥ € Sym% (denoted as z ~ t, (u, X)), if P, admits a

density with respect to the Lebesgue measure A¥ on R, and in particular

_ dP, (2) = I'((v+k)/2)
AN T(v/2)(vr)k/2 det ()

v+k
2

pa(2): (14 2w )

30ften referred as covariance if | S| > 1.
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A.3. Wasserstein distance. We first recall two well-known properties (see e.g., Villani [Vil08])
of the Wasserstein metric, together with the main two technical tools exploited in the demon-
stration of our core result: Proposition 3.5 and Lemma A.G.

Proposition A.3. Given two random variables x, y with values in RS and a positive constant
a, Vp>1, it holds
W, (ax,ay) = aW, (z,y) . (24)

Theorem A.4 (Kantorovich duality for Wy). Given T finite set, u and p probability measures
on RT, then we have

Wi = s ([, 1@ - [ s@aita). (25)
Lip(f)<1

The supremum above is computed over all the functions f : R” — R that are Lipschitz contin-
uous, with Lipschitz constant Lip (f) < 1. Notice that one can further restrict to functions f
such that f(0) = 0 since adding constants to f does not change the difference of the integrals.

Before we state and prove Proposition 3.5, let us recall the notion of Markov kernel.
Definition A.5 (Markov kernel). Let us consider (E,E), (F, F) measurable spaces, a Markov
kernel with source (E,€) and target (F,F) is a map K, : E x F — [0, 1], such that

- VB € F, the map s — K,,(s, B) for s € E is measurable from (E, ) to ([0,1],B([0,1]));
- Vs € E, the map B — K, (s, B) for B € F is a probability measure on (F,F).

For any fixed s € E, we denote p(s) = K,(s,-) and the Markov kernel as K, = (1(s))sck-

Proof of Proposition 3.5. Consider f : R — R with Lip (f) < 1. Then by eq. (25) with the
measures p(s) and (s) it follows

o f(@)du(s)(x) — - f(@)dpu(s)(x) < Wi (u(s), i(s)) .- (26)

Integrating both sides in eq. (26) with respect to v yields
f@du@) - [ f@)dite) < [ Wi (o). i) ().
RT RT R+
We conclude by taking the supremum over the possible f’s and again by Kantorovich duality
eq. (25)). O

The following Lemma A.G shows that if two prior distributions are close with respect to the
Wasserstein metric and the (common) Likelihood is sufficiently regular, then also the posterior
distributions will be close, in a quantitative way.

We use the notation
my) = [ eI duto)
RS
for the moment of order p > 1 of a measure pu.

Lemma A.6 (Lemma 5.1 of Trevisan [Tre23]). Let u, i be probability measures on (R, |-||) for
some finite set S and finite moments of order p > 1. Fiz g : RS — R* be a uniformly bounded
(by ||9|loo) Lipschitz continuous map (with constant Lip (g)), such that

p(g) = /ng(z)dM(Z) >0 and fi(g) >0.

Defining the probability measures jig < p and pig < i, with respective densities % = “é’g) and
dhs 9 it holds
dp 1(g)

- 1 . m Li -
Wi g ) < 5 (L @)y + (14 ™SS g Yoy ). o)
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APPENDIX B. POSTERIOR NNGP

Given the Bayesian framework presented in eqs. (8) to (10), in order to get the posterior distri-
bution of G(xp) | D we write explicitly all the densities and apply the Bayes rule. In particular,
assuming K'(xp) € Symﬁ_ invertible (we already know that is symmetric positive semi-definite),
flattening all the random matrices by columns and defining
yr = flat (yp), =z :=flat(z),

with z :== G(zp) € R™*F we get

1
(2m0?)nek det (K'(zp) 5 In, )"

1 -1
- exp <—%22§‘F (K'(xp) @K In,) Zf> :

PG(ap)o2(2) =

9 b® 1 b
0= sl > ().
1 1 T
pyDIG(mD),a2(yD) = W eXp <_M(yf —z1)" (yr — Zf)) .

with ® g representing the Kronecker product.
By performing explicit computation we retrieve the posterior distribution of G(zp),o?|D as

pG(wD),02|D(Z7 02) X Pyp|G(xp),02 (y'D) PG(xp)|o? (Z) Po2 (02) X

1 1
X (aQ)Tk/z €xp <_M(yf - Zf)T(yf - Zf)) :

| Lo -
. (O—Q)TLLIC/Q det (K,(m'D)) exp <_sz (K’(mp) ®K InL) Zf) .

1 b
.(02)70‘4_16}(13 _ﬁ .

Defining N = K'(xp) ®k I, € Symilk, M =1,,+ N1 ¢ Symﬁlk, through simple
manipulations of the exponent we get

(e — 207 (e — 20) + 2{ N7z = |l + |1ze]3 — 20f 20+ 2f N 7'z =
= z;‘F (InLk + Nﬁl) Zf — 2yng + ynyf + yfT (InLk + N’l)_l Y =
= szsz — 2yszf +ynyf :tyfTM_lyf =
= (2 — M_lyf)TM (ze — M 'ye) +yf (Lne — M) yp.

Substituting and multiplying for the constant term \/(m we obtain

1
(GQ)HLk/2 det (M—T) P <_%¢'2(

1 1 1, 7 1
’ (02)(a+nLk/2)+1 exp <_0,2 (b + 5 (yf (InLk - M )yf)>) .

Pa(ap).0?p(%:07) ze — M ye) M (2 — M_lyf)) :

(28)
From eq. (28) it is possible to identify two kernels: one associable with a Gaussian density and
the other with an Inverse-Gamma density,

flat (G(zp)) | 0%, D ~ N (M~ 'flat (yp) , oM 1),

ko1
02| D ~ IG (a + % b+ 5 (ﬂat (yp)" (Lnys — M) flat (yp)>) .
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This result allows us to apply the following Lemma B.1 (see Bernardo and Smith [BS09]) and
state that the induced posterior distribution, G(xp) | D is a (n, x k)-dimensional Student-t:

flat (G(zp)) | D ~ taa+nyk (Hposts Zpost) »
with
M =1, + (K'() @k In,)
Hpost = M~ flat (yp),

Ypost = <b + % (ﬂat (yp)T (InLk — M_l) flat (yp))) 2 -1

2a +nrk

Lemma B.1. Let k € Ny, and (z,02) Gaussian-Inverse-Gamma (Gaussian-1G) distributed,
1.e.,

z|0? ~ N (,0%A) with p € R¥, A € Sym*  and
0?2 ~IG (a, B) with a, > 0,

then z is distributed as a k-dimensional Student-t with 2 degrees of freedom, z ~ to, (u, gA)

Proof. We know, by hypothesis that (z,c?) is such that

L ex —iz— TA Yz - .
P e (-~ gpae - WA )

() (5)

2

P(z,02) (z7 0-2) =

Marginalizing over the variance o* we get

o
pz(2) :/ p(z,az)(z,a2)do*2 =
0

~ /OOO exp <_2i2 (284 (= — p)TA (= — u))) (E)MH do?.

g

(29)

)TA (2
Setting a =a + %, b= 2B+(= “)2A (2=1) "5 = 52 one can rewrite the last line of eq. (29) as

= —(a+1) b AN —t b
pz(z)OC/O s exp (_s) ds:/oo <b> e <_1£2) dt =

* aja1 i —a 2 z—w)TA (2~ —(a+3)
_/0 b=t te~tdt = T'(a)b O<< B+ u)2 ( u)) . (30)

o< (1 + i(z )" <§A>_l (2 — m>—2°‘§’“ :

where in the first equality of eq. (30) we performed the change of variable t = g. In the final form

of p»(2) it is possible to recognize the kernel of a k-dimensional Student-t, z ~ ta, (u, gA) O

APPENDIX C. PROOF OF THE MAIN RESULT

C.1. Distance between marginal posterior of BNNs and NNGP.
Proposition C.1. Let £ be a Gaussian likelihood, £ ~ N (z a? Iank), 1t holds

? Yo
1 , e 1/2 1
(2mg2 )"k and - Lip(£) = == (202 )%

Yo Yo

£l =

UyD
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Proof. We first rewrite the map in a more compact form in terms of the Frobenius norm of
(yp — 2): Yz € RUXF

1 1 )
Llziyp) = — L exp (— lyo — z||F) |
(271_%273)@14/ 2 2%273

Then for the uniform norm it is sufficient to recall that £ is a bell-shaped map with maximum
in the mean point. Therefore, it is immediate that

1
(27ra2 )nLk/2 '

Yo

1Ll = L(yp;yp) =

For the identification of the Lipschitz constant it is necessary to recall that, as a consequence of
the Mean Value Theorem, given a map ¢ : Q — R with Q open convex subset of R, S finite
set, if sup,cq ||0/0z g(z)|| < L, then £ is L-Lipschitz. Hence, our objective is to identify the
value of sup,cpny <k [|0/02 L(2;yp)|| -

Let us deﬁnec:W, then
B ) 1 )
= Lz — 2 = _ —
Srctzyn) = e (~ 5o o~ =1}
9 . ( Ly zu?) O yp— 22 Lo - 2)
=C 5 &XP| 55 YD — —— |lyp — —(yp—2)=
dllyo — =1 205, ") Olyp ~2) "0z
1 1 9 Yp — 2
= (g e (g lwo = =1} ) ) 2000 = 2) (Tut) = L E (i),

To find the supremum of h : R".**F — R,

0

M) = Hﬁ(zsyv) = |yDU_2 ZLFﬁ(Z;yD), Vz e R,
F Yo

0z

we first have to notice that A is a positive real valued map, and that its first derivative has zeros
in every zo such that [|yp — ng% = g2, which, as a consequence, are critical points. Indeed,

Yyp?
for every z # yp,
0 1 0 0
—h(z) == | =—L(z; - L(z; — — =
521(2) = o (L) lyp — 2l + Llziwo) 5 o = =
1 <yD -z Yp — 2
== L(zyp) lyp — 2llp — L(z;yp) T ———— | =
o2 o2 F lyp — 2|
1 D — Z D — Z 2
% lyp — 2| p %
which is null if and only if |yp — 2||3 /g2 = 1.
For any such zg we would have that
1 6_1/2

h(zo) = L (20;yp) =

It is also possible to define

R+ _ 1
YD (27TUyD)

which, by construction, has the following property:

vz e R, U(|lyp — 2l p) = h(2).
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From the definition it is easy to see that sup,cp+ [(z) = h(2p), just computing its first two

derivatives I’ and I”. Defining d = ¢, > (QWin)_nLk/Q

1 1
l/ :d o 2 . 27
(z) exp ( 20'y27)x > < T 0y29> ,
I"(x) = —dexp _iﬁ — 1—2? i +2
20 2 O'yD

1
2
1 1 2
= —dexp (—2:E2> 5T (3 - 2) ,
QUyD JZID UyD

positive constant we have

—_

and so
/ 2 " 2 2
'(z)=0 <= = —0 , 1"(x) <0 <= 27 <30,
This implies that in x = Uy2D there is a local maximum and observing the asymptotic behavior,
limg 100 I(z) = 0, we know that it is the unique global maximum. Finally, evaluating [ in /a2
we get
1 —-1/2
l (\/ Uy2D) = 2 62 TLLk:/z'
pr (QTFUyD)
Therefore, it follows that the critical points zy are global maxima for h and so
0
sup || 5 L(zyp)|| = h(zo).
zeRank z F
O

For the sake of completeness we report below a more detailed version of the Corollary 5.3 of
Trevisan |Tre23], which we use as a starting point for the subsequent results.

Corollary C.2. Given fg BNN, with architecture o = (n, ), @ collection of Lipschitz activa-
tion functions, prior distribution on 6 as in eq. (1), G Gaussian process as in eq. (6), ©, yp as
in Section 5.2, and a Gaussian likelihood function £ ~ N (z,02 Iank), erists a constant

(D p, 0,0 yp,nL) > 0, independent of (nl)l 11,

such that,
1
for all nin = lilmiri X sufficiently large.

ey

Proof. Let i the law of the induced prior distribution of a BNN, 1z ~ fg(x), and p be the law
of the associated NNGP, y ~ G(z), probability measures on (R"2** ||-|)).

Let g == £ : R"2*¥ & R, bounded Lipschitz map. The posterior distributions Pfp(2)p and
Pg@)p are, by construction, respectively equal to pi; and g as they are defined in Lemma A.0,
therefore, by a direct application with p = 2, we get the following rewriting of eq. (27):

) 1i
Wi (@) | D,G(2) D) < 15 (Llp (£)p + (1 v ppf’”) Il ) W (fol@). Gl(a)).
(31)
where Lip (L), ||£]|,, are positive constants depending on k,q. ,nr, as showed in Proposi-
tion C.1, and

(1) 2)

=E. @) [L(z;yp)], 'Y =E.opy(@) [L(259D)],
®) = Benoim [I1213], P = Eeaw) 1216

p

p



STUDENT-T PROCESSES AS INFINITE-WIDTH LIMITS OF POSTERIOR BNNS 21

It is immediate that p® and p™ are finite indeed they are the second and the first moment of
a multivariate centered Gaussian, G(x) ~ N (0, xk, In, ® K(x)), respectively. Therefore, as
we observed in Remark A .2, it holds

(p*)? < p® = tr (I,,, ® K(x)) = np tr (K (z)) < nLkm%K(x,, x;) <
1€

<nrk ( Ow (L) ng](E [H‘PL (G(L 2 (x4 )H ] /nr +Ub(L>> (32)
So both the terms can be bounded by expressions only dependent on x, ¢, o and ny,.
For the remaining terms we still exploit the normality of G(x) (see eq. (5)). Due to the bound-
edness and positivity of £ : Réouwxk — (0,]|£],.), it is clear that p(!) € (0,00), indeed we are
integrating £ with respect to a strictly positive probability measure: 0 < p(!) (D, p, 0o, O'yQD, nr) =
=E[L(G(x);yp)] < L]«
Moreover, it is possible to notice that considering v ~ G(x), w ~ fo(x),

P = p?| = [E[L(viyp) - L(w;yp)]| < ||L(v;yp) — L(wiyp)| 1 < Lip (£) v — wl|s,
and taking the infimum over the couplings (v, w) we get
1
M —p@| < Lip(L)Wr (G < Lip (L
[p" —p'¥| < Lip (£) W1 (G(=), fo(=)) < Lip ( )61\/W’
where for the last inequality we used a compact version of the result in Theorem 2.8. Recalling

that ¢; and Lip (£) depend only on x, ¢, o, O'yQD and ny, eq. (33) implies that, for n,;, sufficiently

(33)

large, p? is also strictly positive.
To conclude it is sufficient to note that eq. (31), together with Theorem 2.8 and the observations
made about (p()%_; lead to

Wi (fo(@) | D.C() | D) < eWs (fo(w). Cla >><c2cs¢n72 <o

where co and c3 depends on D, ¢, o, ayQD, nr. O
Lemma C. 3 Given fg, G and = as in Theorem 2.8, p > 1, and assuming o> = U%)‘/(L) =
_ 2

=0Opw) = yD, there exists a constant

c( D, T, P, (O'Z)IL 11) > 0, independent of (nl)lel 02,
such that

L1
1
W, (fo(x)| 02, G(z) | 0?) < oey/nr 1
Proof. The proof is straightforward if we observe that, by construction (see egs. (1) and (5))

fo = ofe and G = oG’, with

0’ such that o’ = (((U%V(mgz(z)))l Lo (1 1)) (34)

and G’ built with weights and bias variances as in o’.
Indeed, applying eq. (24) and Theorem 2.8 we get

Wy (fo(®) | 0%, G(2) |0%) = oW, (f3(x), G (@) < oer/nr Y ——

with ¢ independent of 2. O

Lemma C.4. Gwen fg, G, x, yp and L as in Corollary C.2, assuming 02 = o
K'(x) € Sym” (rescaled NNGP kernel), and

v~ G(@)|o? w~ fo(z)]o?,

2 2
ww = Opw) =

yD’
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Ve <1/ ||K'(z)||,, it holds

op

e - (02 _nLk/QeXp _HyDHF < E[L(v:yp)] < cs - o2 _nLk/QeXp 1 yp
F

202€+1

2
¢3 exp <_ H?{ZHF) <E[L(w;yp)] < s (02)—nLk/2 7

where Nypin = min—y 11 1y 1s sufficiently large and the constants depend on x, @, (O’l)lL:_ll , NI,

Proof. We separately discuss the four bounds.
Bounds related to G(x). It is possible to rewrite E [£(v; yp)] as follows:

—nrk 1
Bl yo)] < E | (0%) " exp (=5 luo — ol )| -
2\ — "N k/2 1 2
— @) [ e (g luo - ol ) dPaele) 69

Starting with the density of the Gaussian variable G(x),
1

(2m)mek det (K (@) 9 I,)*
1 T —1
- exp (—2 flat (z)" (K(z) @k I, )" flat (Z)> ;

and recalling that, V A € R™" B € R*** then (A®g B) ™' = A™' @y B7!, det (A ®x B) =
= det (A)" det (B)", and K (x) = 02K'(x), with K'(x) as in eq. (10), it is easy to see that

PG (x) (Z) -

_ 1 1 1 / -1 T,.
Paya(v) = (QWOQ)”Lk/Qdet(lKV(w))nL/Qexp __202ijé%giwd(1{—(w) b 0

Lower bound. Substituting eq. (36) in eq. (35) we get

—-n k 1
E[L(v;yp)] o (o) * RankeXP< 2IIyD—vIIF>

1 (37)
exp | —5 Z (K'(w)_l)iﬁjviTUj dv >
i,j €[k]x K]
—nrk 1 nrk/2
> (o) exp (-2 Il ) ()47
(38)

1
'/RankeXp 2 Z (K,() +2: Ik’) ui u; du,

i€ k] x[k]

where the inequality follows applying |lyp — v||% < 2(|lyp||% + |[v]|%) (see eq. (22)) and per-

forming the change of variable u := v/(0?)'/2. The conclusion for the lower bound follows easily
observing that K'(x) is positive definite, so it holds

(K'(x) "t +2- I}) @ I, € Sym’*F,

and therefore given us = flat (u) the integral in eq. (38) is equal to a constant depending on
L—1
Z, e, (o-l)l:]_ , Lt

_1 uf "(z)~* : u Ur =
/]Rank eXp< 2( f ((K( )+ 2- 1) QjK InL) f)) dug )
= ((27T)k det (K'(ar:)_l +2. Ik))nL/ )
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Upper bound. For the upper bound the procedure is similar. Starting from the result in
eq. (37), applying the inequality |lyp —v|/% > Tos lyp||% — € ||lv||3, for a fixed e > 0 (see

eq. (23)) and performing again the change of variable u == v/(02)!/?

1 g 2 2 ’I’LLk/Q

we get

E[L(v;yp)] < c- (o) " exp (

1 -
-/RnLXkeXp —3 Z (K'(x) l—sIk)i’jviT'vj dv.

i,7€[k] % [K]

Now, in order to have a convergent integral it is sufficient to impose the matrix K’(x)~! —cI}, to
be positive definite. Indeed, in that case, we could conclude as before. However, this condition
is obviously verified

Ve <min{A| A€ Sp (K'(x)™ ")} =max{\|X € Sp (K"(:B))}_1 =1/||K'(=)|

op’
indeed for such ¢ one has that
Sp (K'(z)™' —elx) = Sp (K'(z)"') —e C R™.
Bounds related to fg(x). As for the Gaussian process we can write
o\ —npk/2 1 2
E [£L(w; yp)] x (0°) exp { —53 lyp — Wl | dP gy @) 02 (w). (40)
Rank (o

We also recall the definitions of for = (62)~'/2fg and G’ = (02)~1/2@, respectively the rescaled
BNN and NNGP, random processes independent on o2, as in eq. (34).

Lower bound. Applying the same inequality and the same change of variable used in the lower
bound related to G(x) we get

: 1 2 2 _
Blc(wiyo)] > comp (5 ol ) [ e ( lull) gy (u) -
1 N2
= cexp (—02 Hyﬂ‘%) Euwfé(m) {e I ||F} . (41)

Now, we can exploit the fact that we know how to integrate e II% with respect to the measure
Pgr(z) (we already computed this integral up to a constant depending on the usual parameters,
in eq. (39)) to obtain analogous results for the mean value in eq. (11). As in eq. (33), exploiting
Theorem 2.8, and observing that

0

2
9 i3

ou

2

)

F e

2
= max ||—2ue ¥k

. — || 2
Lip (e I HF) = max
F ueRank

wER™L Xk

it is possible to write the following upper bound to the difference of the mean values of eIl
with respect to the laws of G'(x) and fg/ (x):

]EUNG/@) [efuuu%} By @) [efnun?p} ¢

2
(42)
Therefore, assuming

fiimin > 26/ By () [efuuu%} :
we get
E . 3] > g —llul] /9
'u,mfe(m) € = Lu~G (x) € /7
and therefore

1
Blc(wiun)] = coxp (~ 2 ol )
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Upper bound. The upper bound can easily be obtained observing that the negative exponential
in eq. (40) is smaller than 1 and therefore its integral is smaller than 1 as well". O

It is now possible to state and prove the following Corollary C.5, which is a version of Corol-
lary .2 in which the dependence on o? is explicit, under the assumptions of BNN built using
the hierarchical model defined in eq. (9).

Corollary C.5. Given fg, G, x, yp and L as in Corollary C.2, and assuming o? = U%V(L) =

= a?)m = ay2D exist some constants

¢ (D, P, (al)le_ll, nL> >0,7=0,...,4, independent of (nl)lL:_ll o2,

such that, .
Wi (fo(z) | (D,0?),G(x) | (D, %)) < h(o?)——,

Nmin

with
2 2
h(02) = (0_2)1/2 exp <|y:2||F) <C2 + c3 (0_2)1/2 Ty (02)—nLk/2 exp (Hin;HF)) )

Proof. In analogy with the proof of Corollary C.2, the idea is to apply Lemma A.6 with

fi ~ fo(x)|o?, p~G(x)|o?, g:=L(z;yp,07),
so that

~ g g
= —Uu= P o and - =P o2 .
Hg M(g)'u fo()|(c%,D) Hg M(Q)M G(x)|(02,D)
By a direct application of eq. (27) we get
Wi (fo(z)| (0, D), G(z) | (0%, D)) <

@ Lip (L
< p(11) (Lip (L)p(3) + (1 + p;‘(l;))()> |£Hoo> Wo (fe(fc) 102, G(z) | 02) 7

(43)
where || L], Lip (£) are reported explicitly in Proposition C.1, whereas 1/pM | 1/p® and p®,
p® are upper bounded respectively in Lemma C.4 and eq. (32): all the constants depends on
x,p, (tJ'l)lL:_l1 and np,

—nLkz/Q —nLk/2—1/2

1£]0 = (%) "7, Lip (£) = ¢ (o°) ’
2 2
pM > (02)_"Lk/2 exp <_HyUD2HF> . p@ > cexp (— Hy:QHF> ; (44)

1/2

P <co? pW <c (0?)
Hence, substituting the results in eq. (441) inside eq. (43) and applying Lemma C.3 we obtain
c
Wi (fo(x)| (0, D), G ()| (0%, D)) < h(0?)——, with
y

mwn

2
h(0_2) _ (0_2)1/2 (0_2)nLk/2 exp (Hy:2||F> !01 (0_2)*nLk/2+1/2 +
—npk/2 lypll; —nk/2
+ (1 ) (02) £ exp < 2 L c3 (02) r

2 2
< (02)1/2 exp (‘yUDQHF> <cz +c3 (02)1/2 + ¢4 (02)7“]“/2 exp (HyUDQ“I*“)) .

ATo find a sharper upper bound reproducing the result just showed for the lower bound is not trivial. We cannot

<

O

apply an analogue of eq. (42) because the map e5 % is not Lipschitz.
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C.2. 15t term bound. As we already mentioned, in order to control the first term we need
first to apply the convexity property presented in eq. (16) to ppost and i defined respectively in
egs. (17) and (19). Doing that we would have

Wi (tpost, 1) < Wi (112 (3), Fig2(3)) I,2(s)

- Ti po2(s)ds (45)

where the probability measure v in eq. (16) here is simply

dv _ IO'Q(S) + +
F (s) = 7 Po? (s), AT Lebesgue measure on R™.

v < AT, with

Hence, in order to get eq. (45) we just need to prove that both (u,z2(s))secr+ and (fiy2(s))sers
are Markov kernels with source R and target R™*,

We first observe that Vs € RT, both p,2(s) and fi,2(s) are probability measures, which follows
from g2 (s)(R™"2*F) = [i_2(s)(R™**) = 1 and applying dominated convergence.

It remains only to check that for any B € B (R"2*K), 1y 2(-)(B) and fi,z2(-)(B), are measurable
from (R*, B (R™)) to ([0,1],B([0,1])), which is again easy to observe: the maps

s—>/B£(z,s),u,(dz), s—>/B£(z,s)ﬁ(dz), s — La(s), s— La(s)

are continuous because Lebesgue integrals of the map s — £(z, s) with respect to z, integration
variable of a probability measure, and therefore we have the thesis.

So, the final bound on the first term can be found explicitly observing that the two probability
measures ji,2(s) and [i,2(s) parametrized by s, coincide with the laws of G(z) | (D, 0? = s) and
fo(x) | (D,0? = s). By Corollary C.5,

Wi (Maz(s)’ﬁcﬂ(s)) < h(S) —>

nmzn

with ¢ and A as in the statement of the result used, which implies

Wi (o) < < [ h() 220 L (9)ds. (46)

Nmin I

In Lemma C.4 we already computed the bounds for I,2(s), therefore we can also bound I,2(s)/I:
observing

2(8) = Bargaporns Lz 9] and 1= [ La(e)poa(s)ds,

it is easy to check that, fixed e < (A;) "', with A, = max{\ | € Sp (K'(z))}, we have

1 ¢
I < ¢ Lk/2 . 2 d
2(s) <cs exp ) lypllp ), an

s2(e
2
b
I > C/ an[,k/2 exp (_ HyDHF> S,a,1 exp <_) ds =
R+ S S
= c/ s"Lk/2 exp (—s HyDH%,) s exp (—sb) s 2ds = (47)
R+

= c/ stek/2ta—1 oxp (—S(”yDHi-‘ + b)) ds =cT (npk/2+a).
R+
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Hence, the bound in eq. (46) can be further simplified bounding the following integral:

[ = g s)as <
R+

< c/ (clsl/2 exp <||yp||%> (Cz + e384 eysTR 2 exp (‘yDH%))> '
R+ 5 i
-7k 2 oxp <_i2(56+1) HyDH?«“) s Lexp (—Z> ds =
mar [ et (s (us (25 1) ol ) as+
ver [t (s (b (25 1) o) ) s+

=cl'(a+npk/2—-1/2) + col' (a +npk/2 = 1) + 3l (a +npk —1/2),

under the assumptions

1 e+ 2 9
— d b —_— .
a > 5 an > ( + 9% +2) HyDHF

Therefore, it holds
c

Wy (Mposty ﬁ) <

Nmin
C.3. 2™ term bound. Finally, to control the second term the idea is to apply the Theorem
6.15 of Villani [Vil08], which in our case is simplified to Lemma 3.6. We use the following
characterization of the total variation measure (see Section 6.1 of Rudin [Ruds7]): V A € B (R¥),

0= vl(4) = ZI )

(Aq)2 1,[_|°° A=A

Now the problem is that we do not know how to measure maps with the finite measure |1 — fipost |,
but we know how to bound it.
Indeed, introducing the following notation to improve the readability,

La(s)  Ipa(s)

k(s) = T T

we have
= ot = [ b2 (s)pon (),
R+

and therefore VA € B (R":*F),

o)

| — fipost|(A) = sup Z

()21, L=y A=Ay

/RJr E(8)fiy2(8)(As)py2(s)ds| <

< sup / fg2(8)(Ai)pe2(s)ds =
e MAZW $)o2(5) (A0)pea ()

— S 1 A
up 1m R+ s)|fo2(s (|_| ) Po2(s

(Al)z 1 I—lzoolA A]—}OO

It is easy to observe that it is possible to apply Dominated Convergence Theorem: V j € N,

|k(s)|fio2 (s <|_| A; ) Po2(s

< [K(8)lpo2(s) and /R Klpe(s) <2
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Therefore,

|,a_ﬁpost|(A) < sup / | |:u’0'2 <|_|A ) p02 =

= [ IR 5) (o (5)ds = (),

It is easy to observe that v : B (R”LXk) — R* is a finite measure, indeed:

- v(0) =0, v(R™XF) = [o1 |k(s)|py2(s)ds < 2;
- given A = | |2, A;, again using dominated convergence we have

v o2 (Ai)py2(s)ds = |k(s)| g2 A; | py2(s)ds =
; Z/ $)|Fig2 (Ai)p /R+ fi (H )p
= [ )i (A (s)ds = ()

Applying Lemma 3.6 and observing that if VA € B (R”LXk), | — fpost|(A) < v(A) then V f
measurable from R"2** to RY | |71 — fipost|(f) < v(f), we get

W (o) < [ Wellpdln = Tipoal(2) < [ (=) =
RnLXk RnLXk
— [ kOlpor(s) [ el foa(s)(dz)ds =
R+ Rank

1 ~
= [ etz [ Ve £z =) (48)

where the identity from the 1t to the 29 line follows by Fubini’s Theorem.
The inner integral is easy to compute bounding the likelihood £ in terms of the variable z
already computed in Proposition C.1: ||£]|. = ¢s~"#¥/2. Using this result we obtain

2]l £(2, 8)Ei(d2) = Exn py(@) | 02=s 12| p £(2,5)] < 5By @) 02— [ 2] 6]
RnL Xk

Y

Now the procedure to compute the first moment of the distribution of fg(z) | 02 = s is analogous
to the one used in the proof of Lemma C.4 for the lower bound related to fg(x). First we recall
that fgr = 3_1/2f9|02:s and also G’ = s~ /2(G | 6% = 5). Then we apply the change of variable

1/2

u = z/s"/=, and we get

Eavsoror=s 12l = [ 12lp @Prye) =) =

o /I\QnLXk

nLk/2+1/2E

usl/2HF5nLk/2de9/(m)(u) _
=s unfor () 1wl p] -

Now that we removed the dependence in terms of s it is possible to bound the moment of the
rescaled BNN using the moment of the rescaled NNGP, which can be upper bounded as in
eq. (32):

;
1
Bu-crto luelle] < ()% - (x| on (640w [ s 1)

1€[k]

with a right-hand side that is just a constant term depending on x, ¢, (a'l)lL:_ll, nr.
In order to do so we replicate an analogue of eq. (12): thanks to the triangle inequality we know
Lip (||| ) = 1, and applying Theorem 2.8 we get

By (@) 1wl p] = By gy @) [lull ]‘ < Lip (|- ) Wi (G'(2), for (%)) <
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Finally, assuming \/fmin > 2¢/Eqycr(a) [||v] p], we derive

3
Eunfy(a) lulle] € 5Buncra) el gl
which implies
/ |21l £(z, 5)ii(dz) < cs'/2,
RnLXk:

Restarting from the result in eq. (48) and using the lower bound related to fg(x) in Lemma C.4
we get
51/2

Wi ipot) < ¢ [ Ih()1 s <

2
b
< c/ |k(s)| exp (HyDHF) s1/2s7 L exp <—> ds.
R+ S S

Now it is sufficient to show

La(s) Tgi(s)

< gmak/2_C 49
7 - s (49)

(s)] = S

to have the thesis. Indeed, we would have

L c e /a1 /2 1
Wl (,“nupost) < /R+ S rk[2=a+1/2-1 exXp <_8 (b - |yDH%‘>> ds =

Nmin

C C
= I'ingk/2—-1/2+4a) = ,
vV min (L/ / ) Nmin

under the assumption b > |lyp|/%.
Let us thus prove eq. (19). We begin by observing that we already know how to bound the
absolute difference !Iaz (s)—1Iy2(s)

, using the same arguments applied in the proof of Lemma C.4:

2(8) — Lo(s i s x x cs—mk/2=1/2 /2 €
I2() = Ta(s)| < Lip (£(,9) Wi (G(@). fo(@)) < =

< s—nLk/2 c

o vV min .
Therefore, it remains to show that I=! < ¢ and T71 > ¢ for some ¢ depending only on the usual
parameters. Indeed, it would yield

La(s)  La(s)

C
vV min .

We already saw I > ¢ in eq. (47), but in order to find an upper bound for T we also need an
upper bound for I. The procedure to get it is analogous to the one used in eq. (47): starting
from Lemma C.4 we bound the negative exponential with 1, and we are done,

1 € b
I < —nrk/2 & 2 ds < / —npk/2—a—1 ) ds =
_C/R+S exp( S2e 1) lypllz | po2(s)ds < ¢ R+s exp . s

=cl'(npk/2+a).

<c

I I

La(s) — 702(3)( < sTnLk/2

To prove 1 < ¢ it is sufficient to observe that

| (1) =T ) pon(o9is| < [

< c anLk/Zfafl exp <_b> ds = ¢
S

vV min JR+ vV imin ’
where from the 1% to the 2" line we used the inequality in eq. (50). Hence, considering nmn
sufficiently large to have \/Munn > 2¢/1, it follows |I — I| < I/2 which implies I <3/21 <c.

(1 - 7‘ - La(s) — La(s)| pya(s)ds <
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APPENDIX D. SIMULATIONS DETAILS

Starting from the hierarchical model in eq. (20), to sample from the posterior BNN using Algo-
rithm 1, we only need to explicitly define a method for sampling from o2 |, D. To achieve this,
it is sufficient to retrieve the kernel of its density, which can be written explicitly. Recalling that
xp is assumed independent of @ and is also obviously independent of o2, it holds

Do2 (0?) = P2 0.ap.yp(@*: 0, YD, @)
0 =
02|60,xp,yp PO.,xp,yp (97 Ip, yD)

X Py2(07) Pg | 02(0) P (D) Pyp (0.2 .02 (YD) X

X Pg2 (02) Pw(x) | o2 (W(L)) Py(z) | o2 (b(L)) Pyp|0,xp,02 (y'D)
(51)
Exploiting

bpL)
(0_2)1/2

w @) (

(022" fo a)) +

fo(@p) = (02)"* < ) = (62)"* for(@p),

with fgr(p) independent of o2 (as in eq. (34)), we have also

po2(0?) o (02)7@“) exp < b ) ,

o2
L 2\—nLnL—1/2 np—1 NIk
o (W) o 02) 5 e (1 o),

Pyp(r) |g2(b(L)) X (02)_nL/2 exp <_2};2 Hb(L)H;) ’

—nrk/2 1
unto(up) x (0) " exp (=50 o — falen)l} ) =

= (%) exp (=50 Il ) -exp (5 o an))-
exp <+w21)1/2 flat (yp)” flat (for (xp))> .

Hence, substituting the identities reported in eq. (52) inside eq. (51) we get

(02)o<(02)7(a/+1)ex A ex +07, (53)
po'2‘07'D p 0_2 p (0_2)1/2 )

with a/,0’ € RT, ¢/ € R such that
a=a+ (np_1+k+1)ng/2,
1 2 2
Vimbot g (e [WO o+ O]+ ).
+3 (TLL 1 o F+||yDHF
¢ = flat (yp)” flat (fo (xp)).
As mentioned in Section 4, we have used the companion library of Ding et al. [DEM22] to

sample from the density in eq. (53) in the Python implementation of Algorithm 1. This has
been possible because, given x random variable with density

b c
—(a+1
() x ( )eXp <—$> exp <m1/2> Lei>0ys
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the normalization constant is

+o0 400 b c
/0 Pz () /0 T exp ( :c) exp (x1/2> dx

+oo
= 2/ vt exp (—by2) exp (cy) dy =
0

— 2(2b)°T'(2a) exp (;Z) D_s, <(2;)f/2) ,

with D being the parabolic cylinder function. Therefore, given 2 ~ GZIN ™ (2a +1,¢/2b,/1/2b)
(as defined by Ding et al. [DEM22, Appendix D]), applying the transformation y := 22, we get
a random variable with the same distribution as our target x: x ~ y.

Remark D.1. The simulations closely follow the theoretical framework developed in this work.
However, during the sampling of the posterior Student-t process and BNNs, it is performed a
rescaling of o2. This adjustment is applied where o is used as the variance of yp |0, zp, 02, in
order to address numerical stability issues encountered during the sampling process described
in Algorithm 1.
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