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Abstract

Vector representations of contextual embeddings learned by transformer-based models are
effective in various downstream tasks in numerical domains such as time series forecasting.
The significant success of emergent transformer-based models in capturing long-range depen-
dencies and contextual semantics has led to their widespread integration into modern large
language models (LLMs). However, the tendency of LLMs to hallucinate in such domains
can have severe consequences in applications such as energy, nature, finance, healthcare,
retail and transportation, among others. To provide prediction reliability in numerical
domains, it is necessary to open the black box behind transformer-based models and develop
explanatory tools that can serve as good proxies for performance. However, there is little
theoretical understanding of when transformer-based models help solve generalization in
time series forecasting tasks. This paper seeks to bridge this gap by understanding when
the next-token prediction capability of transformer-based models can be adapted to time
series forecasting through a novel analysis based on the concept of isotropy in the contextual
embedding space. Specifically, a log-linear model is considered as a simplified abstraction
for transformer-based models in which time series data can be predicted from its context
through a network with softmax in the output layer (i.e., model head in self-attention). For
this model, it is demonstrated that, in order to achieve state-of-the-art performance in time
series forecasting, the hidden representations of the transformer-based model embeddings
must possess a structure that accounts for the shift-invariance of the softmax function. By
formulating a gradient structure of self-attention in transformer-based models, it is shown
how the isotropic property of model embeddings in contextual embedding space preserves the
underlying structure of representations, thereby resolving the shift-invariance problem and
insights into model reliability and generalization. Experiments across 22 different numerical
datasets and 5 different transformer-based models show that different characteristics of nu-
merical data and model architectures could have different impacts on the isotropy measures,
and this variability directly affects the time series forecasting performances.

1 Introduction
Transformer-based models have been proven to be effective in adapting to various downstream tasks in
numerical domains, such as finance (Garza and Mergenthaler-Canseco (2023); Yu et al. (2023)), energy (Gao
et al. (2024)), climate science (Jin et al. (2024)), healthcare (Wang and Zhang (2024)), transportation
signals (Xu et al. (2024)), synthetic tabular generation (Dinh et al. (2022); Borisov et al. (2023); Xu et al.
(2024)), among others. The significant success of emergent transformer-based models in capturing long-range
dependencies and contextual semantics has led to their widespread integration into modern LLMs. Several
methods have been developed recently in (Gruver et al. (2024); Dooley et al. (2023); Nie et al. (2023); Rasul
et al. (2024); Woo et al. (2024); Jin et al. (2024); Ansari et al. (2024)) by adapting transformer-based model
to numerical domains that deal with time series forecasting. For many of these numerical downstream tasks,
training a linear classifier on top of the hidden-layer representations generated by the transformer-based
models has been shown to achieve near state-of-the-art performance (Jin et al. (2024); Ansari et al. (2024)).
However, the existing models in (Gruver et al. (2024); Dooley et al. (2023); Nie et al. (2023); Rasul et al.
(2024); Woo et al. (2024); Jin et al. (2024); Ansari et al. (2024)) are treated as a ‘black box’ where numerical
forecasts are controlled by complex nonlinear interactions between many parameters. This makes it difficult
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to understand how models arrive at their predictions and makes it challenging for users to trust the model
outputs.

When applied to critical numerical domain use cases, the tendency of LLMs to hallucinate can have serious
and detrimental consequences. For example, prediction errors in fraud detection in finance can lead to
huge financial losses and errors in the protection onset of sepsis or cardiac arrest in healthcare can result
in patient deaths. Thus, to provide prediction reliability in numerical domains, it is necessary to open the
black box behind transformer-based models and develop explanatory tools that can serve as good proxies
for performance. Although recent empirical studies (Jin et al. (2024); Nie et al. (2023); Liu et al. (2024))
demonstrate the benefits of vector representations of embedding learned by transformer-based models in
various numerical downstream tasks, there is little theoretical understanding of their empirical success. Thus,
a fundamental question arises: “When (or how) can the next-token prediction capability of transformer-based
models be effectively adapted to time series forecasting?"

The main contribution of this paper is a novel approach for answering this question by exploiting the
isotropic property of transformer-based model hidden representations in the contextual embedding space.
Isotropy refers to the geometric property wherein vector representations in the embedding space are uniformly
distributed in all directions, a characteristic critical for maintaining the expressiveness of the embedding
space (Arora et al. (2016); Mu and Viswanath (2018)). To achieve state-of-the-art performance in numerical
domains, we show that the hidden representations of transformer-based models must exhibit a structured
form in contextual embedding space that accounts for the shift-invariance problem (Singla et al. (2021);
Jacobsen et al. (2020); Rojas-Gomez et al. (2022)) of the softmax function (i.e., the softmax output remains
unchanged when all logits are shifted by a constant). Without such structure, the model can shift the logits
while keeping the training loss unchanged, thereby leaving the logits ineffective for numerical downstream
tasks. By formulating a gradient structure of self-attention in transformer-based models, we show how the
isotropic property of transformer-based model embeddings in the contextual embedding space preserves the
underlying structure of representations, thereby resolving the shift-invariance problem of the softmax function.
In a nutshell, our key contributions include:

• We consider a log-linear model (Arora et al. (2016); Mu and Viswanath (2018), Andreas and Klein
(2015); Peters and Klakow (2000); Nelakanti et al. (2013)) as a simplified abstraction for transformer-
based models and demonstrate theoretically why hidden representations must exhibit structure to
address the shift-invariance problem of the softmax function.

• We take a deeper look into the hidden representations of transformer-based models and show how
isotropy preserves the structural integrity of representations. In particular, we derive an upper bound
for the Jacobian matrix which collects all first-order partial derivatives of self-attention with respect
to the input pattern and show that the m largest eigenvectors of the transformer-based model hidden
representations minimize the gradient norm of self-attention. Then, by projecting the representations
into lower dimensions using these m largest eigenvectors, we find the isotropy within the clusters in
the contextual embedding space.

• Finally, we provide a comprehensive evaluation across 12 real and 10 synthetic time series datasets over
5 different transformer-based models. Our experiments demonstrate that the isotropy of transformer-
based model hidden representations varies significantly based on the input data characteristics (i.e.,
domain, context length and noise level) and model design choices (i.e., tokenization techniques and
architecture), which in turn strongly influences forecasting performance in numerical domains.

2 Problem Setup in Numerical Domains
Overview of Section 2. In this section, a general problem setup is presented for transformer-based
modeling of numerical time series. Time series inputs are tokenized and processed through self-attention
layers, leading to output distributions derived via softmax over inner products, an operation that aligns
with the log-linear model. This abstraction enables a tractable foundation for isotropy analysis in the
contextual embedding space. A numerical downstream task is also defined in terms of logits, casting time
series forecasting as a categorical prediction problem. Together, these formulations establish the theoretical
basis for studying the relationship between isotropy and forecasting performance.

2



Under review as submission to TMLR

𝒙𝒕

𝒔𝒕

Tokenization techniques

Quantization, 
Patching etc.

𝒌𝟏 𝒌𝟐 ⋯ 𝒌𝑻

Time series tokens

Time series 

Figure 1: Time series tokenization.

Time Series Tokens and Similarity Measure. Similar to next-
token prediction by transformer-based models, the next-value pre-
diction in the numerical domain can be modeled by time series
forecasting techniques which are widely adopted in the machine learn-
ing literature (Jin et al. (2024); Ansari et al. (2024)). Formally,
given a time series x1:T+L = [x1, . . . , xT , . . . , xT+L], where the first
T time instances give the historical context, the next L time in-
stances constitute the forecast region, and xt ∈ R is the observation
of each time instance, we are interested in predicting the joint dis-
tribution of the next L time instances, p(xT+1:T+L|x1:T ). Since, the
transformer-based models operate on tokens from a finite vocabulary,
using them for time series data requires mapping the observations
to a finite set of tokens. Based on different numerical applications
and transformer-based model architectures, various tokenization tech-
niques, e.g., quantization and scaling (Ansari et al. (2024); Rasul
et al. (2024)), patching (Woo et al. (2024); Jin et al. (2024); Nie et al.
(2023)), and adaptation of language model tokenizer in numerical domains (Gruver et al. (2024); Dooley et al.
(2023)), can be applied to tokenize the time series and create a time series vocabulary V of N time series
tokens, i.e., |V| = N , as shown in Figure 1. Then, the realization of the next L time instances can be obtained
by computing the predictive distribution p(kl |k−l), for l ∈ {1, . . . , L}, where k−l denotes the tokenized time
series sequence and ki be a time series token in time series vocabulary V. In transformer-based forecasting
models, this prediction is performed using self-attention layers that generate transformer-based model hidden
representations in the contextual embedding space. These contextual representations are then combined
with token embeddings via inner products and passed through a softmax function to yield the probability
distribution over the time series vocabulary V.

Let Ψ̃i = {ψ1
i , ψ

2
i , . . .} be the set of all transformer-based model contextual embedding instances of time

series token ki. Here, different contexts in the time series sequences yield different transformer-based model
embeddings of ki. By constructing

∑
ki
|Ψ̃i| = |V|, we define the inter-token cosine similarity as:

ζcos ≜ Ei̸=j [cos(ψi, ψj)], (1)

where ψi and ψj are random samples from Ψ̃i. The expectation is taken over all pairs of different tokens. The
inter-token cosine similarity metric describes the similarity between different tokens based on the contexts.

Model. We consider a general model for numerical data and open the black box of the transformer-based
model. To this end, we adopt log-linear model (Arora et al. (2016); Mu and Viswanath (2018), Andreas and
Klein (2015); Peters and Klakow (2000); Nelakanti et al. (2013)) as a simplified abstraction for transformer-
based model that allows us to relate the geometry of contextual embeddings with output probabilities, which
is essential for our theoretical analysis. Specifically, we assume that the observation probability of next time
series token kl given the input time series sequence k−l satisfies the log-linear model as

p∗(kl=xt | k−l) ∝ exp(⟨ψ∗
−l(k−l), ψ∗

t ⟩), (2)

where ψ∗
t ∈ RD is a ime series token ki∈V embedding (i.e., vector) that only depends on the time series

observation xt, ψ∗
−l(k−l) is a function that encodes the tokenized time series sequence k−l into a vector

(i.e., contextual represenation) in RD and the notation ⟨.⟩ denotes the inner product between ψ∗
−l(k−l) and

ψ∗
t . The inference mechanism of transformer-based models inherently follows a log-linear structure in the

prediction step. The transformer-based models compute the probability of the next token using a softmax
over inner products between the contextual representationψ∗

−l(k−l) and the token embeddings ψ∗
t (i.e., output

of the self-attention layers), which is similar to the form of the log-linear model in equation 2. Moreover, we
do not consider any prior distribution for input, which makes our model more general than previous latent
models in (Arora et al. (2016); Wei et al. (2021)).

To define the numerical downstream task, let z∗
i (k, l) :=⟨ψ∗

−l(k−l), ψ∗
t ⟩ be the i-th logit of the ground-truth

model, and assume that the numerical downstream tasks are defined by a function of the logits, i.e., f∗(z∗).
Also let Z∗(k, l) :=

∑|V|
i=1 exp(z∗

i (k, l)) be the partition function (Arora et al. (2016)), i.e., normalization factor.
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In transformer-based models, the partition function is often used to normalize the output probabilities of the
model, ensuring that they sum to 1. Then, the normalized ground-truth model ∀i∈V is given by

p∗(kl= xt | k−l) =
exp(⟨ψ∗

−l(k−l), ψ∗
t ⟩)

Z∗(k, l) = exp(z∗
i (k, l))

Z∗(k, l) .

Since we do not know the ground-truth model in reality, we do not have access to the ground-truth model
components ψ∗

t and ψ∗
−l(k−l). Instead, we only have access to the trained model ψt and ψ−l(k−l) that aims

to achieve low pre-training loss. We can define the student logits as z(k, l):={⟨ψ−l(k−l), ψt⟩}|V|
i=1. Intuitively,

z are the contextualized representations learned by the student-model during pre-training. Then, the solution
of the downstream task is to learn a function f(k, l). Then, the output of the trained model ∀i∈V can be
defined as

p(kl= xt | k−l) = exp(zi(k, l))
Z(k, l) . (3)

Loss Function. As typical in transformer-based models, we use the categorical distribution over the elements
in the time series vocabulary V as the output distribution p(kl = xt|k−l), for l ∈ {1, . . . , L}, where k−l is the
tokenized time series. The transformer-based model is trained to minimize the cross entropy between the
distribution of the tokenized ground truth label and the predicted distribution. The loss function we use in
this work is cross-entropy loss (Ansari et al. (2024); Wu et al. (2023))

L =−
L+1∑
l=1

|V|∑
i=1

p∗(kl=xt |k−l) log p(kl=xt |k−l)

=
L+1∑
l=1

|V|∑
i=1
DKL(p∗(kl=xt|k−l)∥ p(kl=xt|k−l)) +H(p∗(kl=xt|k−l)), (4)

where p(kl=xt |k−l) is the categorical distribution predicted by the trained model, p∗(kl= xt|k−l) is the
distribution of ground-truth model, DKL is the KL divergence, and H(p∗(kl= xt|k−l)) is the entropy of
distribution p∗(kl=xt|k−l) which is a constant. We assume that the transformer-based model undergoes
large-scale training to achieve a small loss so that the KL-divergence term in equation 4 is also small.
This aligns with standard assumptions in representation learning where a trained model approximates the
ground-truth distribution, thereby making the KL-divergence small in practice. The use of KL-divergence
and its connection to cross-entropy in equation 4 provide a theoretical foundation to analyze how learned
representations in contextual embedding space approximate a true distribution, even when models are trained
with different loss functions.
Downstream Numerical Task. We consider numerical forecasting as a downstream task, where a trained
transformer-based model is adapted to predict the next token in a time series. To model this, the continuous
time series values are mapped into a finite vocabulary of discrete tokens to cast the time series forecasting as
a categorical prediction problem. The downstream task is then defined as a function of the logits z∗(k, l)
generated by the trained model where each logit corresponds to a token in the time series vocabulary V
given the input k−l. For simplicity, a linear model can be considered as a downstream task whose prediction
on categorical distribution is linear in ψ∗

−l(k−l), that is, f∗(k, l) = ⟨ψ∗
−l(k−l), u∗⟩ =

∑|V|
i=1 a

∗
i z

∗
i (k, l), where

u∗ =
∑|V|
i=1 a

∗
iψ

∗
t ∈ RD and aj is the coefficient. While this model helps interpret predictions, it is not

sufficient to guarantee generalization in unseen scenarios. This is because the KL-divergence is less sensitive
to sign changes in f∗(k, l) when logits have low magnitude Wu et al. (2023)). Then, it is more reasonable to
model the numerical downstream task as

f∗(k, l) =
|V|∑
i=1

a∗
i σ(z∗

i (k, l)− b∗
i ) =

|V|∑
i=1

a∗
i σ

(
⟨ψ∗

−l(k−l), ψ∗
t ⟩ − b∗

i

)
,

where σ is the ReLU function and b∗
j denotes the threshold for the logits. This formulation suppresses low-

confidence logits that contribute minimally to KL divergence, focusing the task on high-relevance predictions.
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The downstream numerical task modeling reflects common transformer-based model strategies and improves
robustness in time series forecasting tasks.

Despite the empirical success of transformer-based models in numerical domains, there remains a fundamental
gap in understanding when and why these models generalize reliably to numeric downstream tasks such as
time series forecasting across different numerical domains. A key challenge lies in the mismatch between
training and inference behavior, i.e., good training performance does not always guarantee robust performance
at inference time. To address this challenge, we propose a novel theoretical framework grounded in the
isotropic property of the contextual embedding space. We show that the presence of strong isotropy in
transformer-based model hidden representations stabilizes the partition function, effectively resolving the
softmax shift-invariance problem and leading to reliable inference performance. The next section formalizes
this insight and provides theoretical justification for using isotropy as a key indicator of model reliability in
numerical settings.

3 The Role of Isotropy in Adapting transformer-based models to Numerical Data
Overview of Section 3. This section addresses a key gap in understanding when and why transformer-
based models generalize reliably to numerical downstream tasks such as time series forecasting. While strong
training performance is often observed, it does not always translate to reliable inference, particularly across
diverse numerical domains. To address this mismatch, a theoretical framework is introduced based on the
isotropic property of the contextual embedding space. It is shown that strong isotropy stabilizes the partition
function and resolves softmax shift-invariance, thereby enabling more robust generalization. The formal
connection between isotropy and inference reliability is established to motivate its use as an indicator of
model performance in numerical settings.

As discussed in Section 2, we consider transformer-based model networks whose last layer is usually a
softmax layer and the numerical downstream task is determined by the function of the logits. The underlying
relation between the logits and softmax function determines the performance of the numerical downstream
tasks. However, the softmax function is shift-invariant, that is, the output of the softmax function remains
unchanged when all logits are shifted by a constant. Shift invariance has been extensively studied in the
deep learning literature (e.g., Singla et al. (2021); Jacobsen et al. (2020); Rojas-Gomez et al. (2022)) and
is recognized as a practical concern across various domains such as NLP and vision. For instance, (Singla
et al. (2021)) shows that transformers can be sensitive to input shifts, and (Jacobsen et al. (2020)) shows
that such invariance can distort representation geometry and affect generalization. In our context, softmax’s
shift invariance to uniform logit shifts means representational changes may not impact output unless the
structure of the embedding space is preserved. Since we do not have any control over the logit shift of the
trained model on unseen data, good prediction in time series forecasting during training does not necessarily
provide good prediction in time series forecasting on unseen scenarios. The lack of reliability on prediction
due to uncontrolled logit shifts on unseen data can be formalized in the following theorem:
Theorem 1. Let the logits of the ground-truth model be bounded. Then for any f∗(k, l), there exists a set of
functions {ẑi(k, l)}|V|

i=1 such that for all k and Tl+1, the predictive distribution of the trained model p̂ (kl |k−l)
matches that of ground-truth model p∗(kl |k−l) and f̂(k, l) = 0. In other words, there exists a trained model
with the same pre-training loss as the ground-truth model, but its logits are ineffective for the numerical
downstream tasks.

Proof. The proof is provided in Appendix A.

Theorem 1 shows that without any structure in the hidden representations of transformer-based model
embeddings, the trained model can shift the logits for any sample while keeping the pre-training loss
unchanged and leaving logits ineffective for the numerical downstream tasks. Consequently, a theoretical
guarantee for numerical downstream task performance will require structure in the transformer-based model
representations learned by the transformer-based model.

In this paper, we make an observation that to prevent the shift-invariance problem from influencing the
performance of the numerical downstream tasks, it is necessary to keep the partition function stable. Let
Ψ=(ψ1, . . . , ψ|V|)⊤∈R|V|×D be the hidden representations of input time series sequence. Then, the stability
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of the partition function can be assessed through the isotropy in the contextual embedding space (Arora et al.
(2016); Mu and Viswanath (2018)) as follows

I({ψi}) = minψi∈C Z(k, l)
maxψi∈C Z(k, l) , (5)

where C = Ψ⊤Ψ is the input correlation matrix of input pattern and l = 1, . . . , L. From equation 5, we can
see that when the partition function is constant (i.e., stable) for different samples, I({ψi}) becomes close
to 1 which indicates that the contextual embedding space is more isotropic (Arora et al. (2016); Mu and
Viswanath (2018)). Note that in equation 3, the probability of a value in any time instance is the exponential
of the corresponding logit zi(k, l) divided by the partition function Z(k, l). If the partition function remains
stable for different samples, the logits can be solely determined by the probabilities, thereby resolving the
shift-invariance problem of the softmax function.

Building on this theoretical foundation, we now turn to the following empirical question: “How can we
measure and interpret isotropy in practice, and how does it relate to generalization across numerical domains?".
Motivated by Theorem 1 and the need for structural constraints in transformer-based model representations,
we analyze the effective dimensionality and cluster organization of transformer-based model’s hidden represen-
tations in the contextual embedding space. These analyses reveal how isotropy manifests in transformer-based
models and how its presence correlates with the model’s ability to generalize to time series forecasting across
different numerical domains, and hence, provides a reliability on predictions. Section 4 introduces methods
for quantifying this internal structural integrity using spectral alignment mechanism, principal component
analysis (PCA) and cluster-based isotropy metric, and consequently, linking theoretical reliability to empirical
generalizability.

4 Study of isotropy in transformer-based models hidden representations
Overview of Section 4 This section builds on the theoretical foundation of isotropy to address the
empirical question of how isotropy can be measured and interpreted in practice, and how it relates to
generalization across numerical domains. It introduces techniques such as spectral alignment, principal
component analysis (PCA), and cluster-based isotropy metrics to examine the structural geometry of hidden
representations in transformer-based models. These methods uncover how isotropy manifests in model
embeddings and how its presence correlates with forecasting performance. Through this analysis, the section
establishes a crucial link between theoretical reliability and empirical generalizability.

Analysis Settings. For this study, we consider five different transformer-based models including Chronos-
T5 (Ansari et al. (2024)), Chronos-Bolt1, PatchTST (Nie et al. (2023)), Moirai-1.0-R (Woo et al. (2024)),
and Lag-Llama (Rasul et al. (2024)). For illustration, we randomly select a real dataset (i.e., finance-
Dataset 1) from a broader collection of 22 numerical datasets that we use in this paper since we see similar
results with all of these datasets. The details of these models and datasets could be found in Section 5.

Table 1: The effective dimension d(0.8)
Layer 1 2 3 4 5 6 7 8 9 10 11 12
Chronos-T5 4 4 4 4 4 4 4 4 4 4 4 4
Chronos-Bolt 1 1 1 1 1 1 1 1 1 1 1 1
PatchTST 1 1
Moirai 1 1 1 1 1 1
Lag-Llama 2 2 2 2 2 2 2 2

4.1 Effective Dimensions

In each layer of each model, we start with
a data matrix A ∈ R|V|×D, where |V| repre-
sents the number of tokens in the input time
series sequence, and D corresponds to the em-
bedding dimension. We apply PCA to reduce
the dimensionality from D to m i.e., Ã ∈ R|V|×m. Then, the fraction of variance captured by the reduced
representation is given by: rm =

∑m−1
i=0

σi∑D−1
i=0

σi

where σi denotes the i-th largest eigenvalue of the covariance

matrix of A. We define the ϵ-effective dimension as d(ϵ) ≜ arg minm rm ≥ ϵ. For instance, if d(0.8) = 3, then
three principal dimensions retain 80% of the variance. A higher d suggests a more isotropic space (Cai et al.
(2021)), where information is spread across multiple dimensions rather than being concentrated in a narrow

1https://huggingface.co/autogluon/chronos-bolt-base
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subspace. Table 1 presents the values of d(0.8) for different layers and models. Surprisingly, all of these
models have very small effective dimensions as compared to original embedding dimensions. For instance,
Chronos-Bolt has very small effective dimensions, with d(0.8) = 1 for layers 1 through 12, as compared to
its original embedding dimensions D = 512. The small effective dimensionality is another way of telling
that that Chronos-Bolts’s embedding vectors lie in a subspace defined by a very narrow cone (Ethayarajh
(2019)), and consequently, their inter-token cosine similarity is large. If all the embedding vectors lie on
a 1-dimensional line, the inter-token cosine similarity would be close to 1, and there would be hardly any
model capacity. Surprisingly, despite having such low effective dimensionality, these transformer-based models
still perform well in numerical domains. This counterintuitive result motivate us to look deeper into the
contextual embedding space.

4.2 Spectral Alignment for Generalization in Numerical Settings

Let G(Ψ) = (g1(Ψ), . . . , g|V|(Ψ))⊤ : R|V|×D 7→ R|V|×D be the function for self-attention, i.e., gi(Ψ) =
softmax(ΨΛΨ⊤)Ψ, where Λ=WQW⊤

K ∈ RD×D, and WQ∈RD×m, WK∈RD×m are the parameter matrices
for the query and key matrices of self-attention. The lemma below provides insights into how the isotropic
property of transformer-based models enables generalization in numerical domains. The proof of this lemma
follows the analysis in (Kim et al. (2021)) and is provided in Appendix B for completeness.
Lemma 1. Consider the Jacobian matrix J2 which represents the gradient of the self-attention mapping
G(Ψ) with respect to the input time series token embeddings. Then the spectral norm of J satisfies ∥J∥2 ≤
|Λ|2

∑|V|
i=1

(
pi,i + 1

2
) ∣∣∣ψi −∑|V|

j=1 pi,jψj

∣∣∣2
+ ∆.

The residual term ∆ and the station weight pi,j is defined in Appendix B. For notatioanl simplicity, we express
the term

∑|V|
i=1

∣∣∣ψi −∑|V|
j=1 pi,jψj

∣∣∣2
in Lemma 1 as Γ. From Lemma 1, we can see that, in order to minimize

the norm of the gradient ∥J∥2, we essentially need to make Γ small. When Λ is small and all the input time
series token embeddings are centered at the origin,

∑|V|
i=1 ψi=0, we have Γ ≈

∑|V|
i=1

∣∣ψi −Ψ⊤ΨΛψi
∣∣2 (see

Appendix B).

Next, we prove that Λ minimizes the objective Γ and contains the m largest eigenvectors of correlation matrix
Ψ⊤Ψ of time series token embeddings, where m is the rank of Λ.
Theorem 2. Let the eigenvalues of the correlation matrix Ψ⊤Ψ be ordered as λ1 ≥ λ2 ≥ · · · ≥ λD, and
let γi ∈ RD for i = 1, . . . , D denote their associated eigenvectors. Then, the matrix Λ∗ that minimizes the
quantity Γ has the optimal form Λ =

∑m
i=1

1
λi
γiγ

⊤
i .

Proof. The proof of Theorem 2 is provided in Appendix C.

Theorem 2 shows that the self-attention mechanism effectively projects input time series tokens onto a
low-dimensional contextual embedding space defined by the top eigenvectors of the correlation matrix Ψ⊤Ψ.
This result reveals that the self-attention mechanism in transformer-based models implicitly aligns with the
dominant directions (i.e., top eigenvectors) of the contextual embedding space, and hence, suggesting that
isotropy is not just a geometric artifact but a learned structural property that supports effective generalization
to numerical downstream tasks.

While the self-attention aligns input representations with the dominant eigenvectors of the embedding space,
the alignment may vary across different subregions of the contextual embedding space due to variations in
the input sequences, token types, or contextual patterns. As a result, the degree of isotropy may differ across
subregions of the contextual embedding space, which motivates the need to assess isotropy at a local (i.e.,
cluster) level rather than relying solely on a global metric. The next section explores these local structural
patterns and examines the geometry of the hidden representations through principal component analysis
(PCA), which helps reveal how variance is distributed across embedding dimensions.

2The Jacobian matrix J =
[
∂gi(Ψ)
∂ψj

]|V|

i,j=1
represents the gradient of the self-attention mapping G(Ψ) with respect to the

input time series token embeddings.
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var ratio = 0.52 var ratio = 0.94 var ratio = 0.97 var ratio = 0.83

(a) Chronos-T5 layer 8 (b) Lag-Llama layer 
8

(d) Moirai layer 2(c) PatchTST layer 2

Figure 2: Isolated or slightly overlapping cluster islands exist in the contextual embedding space for all
models. For brevity, we only show a few representative middle layers from each model.

4.3 Clusters in the Contextual Embedding Space

Motivated by the results of Lemma 1 and Theorem 2, this section investigates local structural patterns by
projecting the transformer-based models’ hidden representations into a lower-dimensional space using the
top m=3 eigenvectors via PCA, as shown in Figure 2. The three axes of the figure represent the first three
principal components of the covariance matrix of transformer-based model representations of each layer. For
instance, in Figure 2b and 2d, the first three principal components account for 94% of the total variance
in layer 8 of Lag-Llama and 83% in layer 2 of Moirai. From Figure 2 a, 2 b, 2 c and 2 d, we can see that
there are disconnected or slightly overlapping islands that are far away from each other. In equation 1, the
space isotropy is measured on pairs of arbitrary time series token representations, which could reside in
two disconnected clusters. However, given that the variance is dominated by distances between clusters,
such estimation would be biased by the inter-cluster distances. Hence, it is more reasonable to consider a
per-cluster (i.e., local) investigation rather than a global estimate.

Isotropy within Clusters. We start by performing clustering on the transformer-based model represen-
tations in the contextual embedding space. There are various methods for performing clustering, such as
K-means and DBSCAN algorithm (Ester et al. (1996)). We select K-means clustering method because it is
reasonably fast in high embedding dimensions. We use the classical silhouette score analysis (Rousseeuw
(1987)) to determine the number of clusters |C| in the contextual embedding space (see Appendix D for
details). Since each transformer-based model contextual embedding instance ψi belongs to a particular cluster
through clustering, the cosine similarity should be measured after shifting the mean to the origin (Mu and
Viswanath (2018)). Accordingly, we subtract the mean for each cluster (i.e., centroid) and calculate the
adjusted ζcos in Section 2. Assuming we have a total of |C| clusters, let Φic = {ψ1

ic
, ψ2

ic
, . . . } be the set of

token ki’s contextual embeddings in cluster c ∈ C, and ψic be one random sample in Φic . We define the
adjusted inter-token cosine similarity as

ζ ′
cos ≜ Ec

[
Ei ̸=j

[
cos

(
ψ̄ic , ψ̄jc

)]]
, (6)

where ψ̄ic = ψic − Eψic
[ψic ]. Here Ec is the average over different clusters, and ψ̄ic is the original contextual

embedding shifted by the mean, with the mean taken over the samples in cluster c (Kim et al. (2021)). The
inter-token cosine similarity takes values between −1 and 1. A value close to 0 indicates strong isotropy
and ensures the existence of structure in the transformer-based model representations. The stability of the
partition function Z(k, l) depends on balanced inter-token similarities (i.e., strong isotropy) in the contextual
embedding space. However, as shown in Section 4.2, hidden representations often form disconnected or weakly
overlapping clusters where global isotropy can be misleading due to the variance being dominated by large
distances between cluster centroids. By analyzing local isotropy within each cluster in equation 6, meaningful
intra-cluster geometry can be captured which ensures that no cluster disproportionately skews the partition
function normalization. This leads to more stable and interpretable model outputs.

To put it in a nutshell, this section provides a theoretical foundation showing that self-attention projects input
tokens onto a low-dimensional subspace aligned with the dominant eigenvectors of the embedding correlation
matrix. This alignment induces isotropy in transformer-based model hidden representations, stabilizing the
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partition function and preserving the structure needed for reliable numerical downstream task performances.
In Section 5, we extend this analysis by empirically evaluating how isotropy in different transformer-based
models’ hidden representations correlates with time series forecasting performances across a wide range of
numerical datasets, varying context lengths, and noise levels.

5 Experiments
Overview of Section 5 This section empirically validates the theoretical insights developed in the
preceding sections by evaluating the relationship between isotropy and forecasting performance across a
diverse set of transformer-based models and numerical time series datasets. It examines how factors such
as model architecture, input tokenization, context length, and noise influence the isotropic structure of
learned representations. By analyzing performance across multiple domains and settings, the experiments
demonstrate that higher isotropy consistently correlates with better generalization, reinforcing its utility as a
reliable, label-free diagnostic for transformer-based model robustness in time series forecasting tasks.

Baselines. We consider popular transformer-based models as the baselines for numerical downstream tasks,
including Chronos-T5 (Ansari et al. (2024)) and Chronos-Bolt (https://huggingface.co/autogluon/chronos-
bolt-base), PatchTST (Nie et al. (2023)), Moirai-1.0-R (Woo et al. (2024)) and Lag-Llama (Rasul et al. (2024)).
The considered models use different architectures, time series tokenization techniques and hyperparameters
for numerical downstream tasks. For instance, Lag-Llama use decoder only transformer, PatchTST and
Moirai-1.0-R use vanilla Transformer encoder, while Chronos-T5 and Chronos-Bolt use encoder-decoder
transformer. Different baselines achieve contextual embedding in different ways. For example, PatchTST
focuses on tokenizing time series as patches and uses self-attention for modeling dependencies within each
patch and across patches, while Chronos-T5 and CHRONOS-Bolt adapt language modeling architectures
minimally and generate categorical tokens by applying scaling and quantization. The details of these baselines
are summarized in Table 2.

Table 2: transformer-based models architectures, time series tokenization techniques and hyperparameter
choices. L stands for context length, dh for hidden layer dimension, nL for number of layers, nH for number
of heads, and η for learning rate.

Model Architecture Tokenization Technique Hyperparameters

Chronos-T5 Encoder-Decoder with
autoregressive forecasting Scaling & Quantization Default

Chronos-Bolt Encoder-Decoder with
multi-step forecasting Scaling & Quantization Default

PatchTST Vanilla Encoder Patching Patch length: 16, Stride: 8, dh = 32, nL = 2, nH = 4
Moirai Encoder Patching L = 1024, Patch length: selected by dataset-specific

validation
Lag-Llama Decoder Lag Feature L = 32

Table 3: Real and Synthetic Datasets
Data Subset Domain Dataset 1 Dataset 2

Real Datasets

Energy Australian Electricity – Queensland State Australian Electricity – South Australia
Weather Solar Radiation Rainfall
Finance Exchange Rate NN5 Weekly Cash Withdrawals
Healthcare Hospital Patient Counts COVID-19 Deaths
Transportation Transportation Signaling 1 Transportation Signaling 2
Retail Car Sales Dominick

Synthetic Datasets

Linear DotProduct kernel (C=0) DotProduct kernel (C=1)
seasonality seasonality kernel (period = 0.5W) seasonality kernel (period = 0.25H)
Trend RationalQuadratic kernel (α = 1) RationalQuadratic kernel (α = 10)
Non-Linear RBF kernel (length scale = 0.1) RBF kernel (length scale = 1)
Stochastic WhiteKernel (noise level = 0.1) WhiteKernel (noise level = 1)

9
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Datasets. We conduct a comprehensive evaluation using 12 different real time series datasets from various
numerical domains, including energy, nature, finance, healthcare, retail and transportation. The sources of
these open-source datasets along with their descriptions, including how each dataset is used across different
transformer-based model can be found in Table 4 of Appendix E. We also illustrate our findings using
KernelSynth (Ansari et al. (2024)) (see Algorithm E in Appendix E for details), a method that generates 10
additional synthetic datasets via Gaussian processes in Section 5. We select two different datasets from each
numerical domain (as shown in Table 3) and then perform qualitative analysis with synthetic datasets and
quantitative analysis with real datasets. The results of these analyses are provided in the next two sections.

5.1 Qualitative Analysis
We now analyze the time series forecasting by the baseline transformer-based models qualitatively. We focus
on synthetically generated time series for a controlled analysis of different types of time series patterns which
belong to 5 different domains, such as linear, seasonality, trend, non-linear and stochastic. We are particularly
interested in the isotropic measurement (through equation 6) in the transformer-based model’s last layer as it
is related to the logits and probabilistic inference as explained in Section 2. So all isotropic measure provided
in this section is based on the last layer of the baselines.

Figure 3: NMSE vs isotropy analysis for 10 different synthetic datasets of 5 different domains.

We begin by analyzing time series forecasting performance (i.e., NMSE) for different baselines and its
relation with isotropy in Figure 3. For instance, in Figure 3 b, we have (NMSE = 0.0000066 and cosine
similarity = | − 0.00076|3) for seasonality-Dataset 1 and (NMSE = 0.00012 and cosine similarity = 0.0047)
for seasonality-Dataset 2 for Chronos-T5. This shows that stronger isotropy exists (i.e., inter-token cosine
similarity value is close to 0) in Chronos-T5’s embedding space for seasonality-Dataset 1 which preserves the
structure in its hidden representations and causes good downstream task performance. On the other hand, a
weaker isotropy exists (i.e., inter-token cosine similarity value is far from 0) in Chronos-T5’s embedding space
for seasonality-Dataset 2, which, in turn, causes a lack of structure in its hidden representations, thereby
leading to bad forecasting performance as compared to seasonality-Dataset 1. The NMSE and inter-token
cosine similarity can also vary across different transformer-based models and datasets. For example, in
Figure 3c, the NMSE for trend-Dataset 1 is lower for PatchTST and Moirai, but higher for Chronos-T5,
Chronos-Bolt, and Lag-Llama, compared to their respective NMSE on trend-Dataset 2. Conversely, for

3The inter-token cosine similarity value close to zero indicates strong isotropy, with zero representing perfect isotropy. Since
both positive and negative deviations from the origin reduce isotropy, we report absolute values (e.g., |– 0.x|) to emphasize the
distance from zero, which is the quantity of interest.

10



Under review as submission to TMLR

Figure 4: NMSE vs isotropy across numerical domains. The relationship between NMSE and isotropy is
consistent across domains, highlighting that stronger isotropy (i.e., inter-token cosine similarity in equation 6
close to 0) leads to lower NMSE and vice versa.

trend-Dataset 2, the NMSE is lower for Chronos-T5, Chronos-Bolt, and Lag-Llama, but higher for PatchTST
and Moirai, compared to their respective NMSE on trend-Dataset 1. A similar analysis can also be observed
for other synthetic datasets and baselines in Figures 3 b, 3 d, and 3 e. This shows that any dataset from

(a)

(b)

Figure 5: Variations in Chronos-T5’s hidden representations for different input context lengths for the same
synthetic dataset non-linear-Dataset 1 : (a) Contextual embedding space for input context length L = 500.
(b) Contextual embedding space for input context length L = 100.

any particular domain may cause different forecasting performances for different baselines, as it generates
different hidden representations (see Appendix F for full visualization) in contextual embedding spaces, and
hence, different isotropy measures. In Figure 4, we show NMSE vs isotropy comparison across numerical
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domains. From the figure, it can be seen that a consistent relationship exists between NMSE and isotropy,
which justifies our findings: stronger isotropy leads to lower NMSE and vice versa.

Figure 6: NMSE vs isotropy comparison across different input context lengths for synthetic datasets
Next, we examine the influence of isotropy on forecasting performance in two important scenarios: a) different
input context lengths, and b) different levels of noises in the input data. The first scenario is important as it
provides an analysis that helps guide in selecting reasonable input context lengths rather than selecting the
length through random trials and errors. The second scenario is important as it gives us ideas on how the
level of noise in noisy data impacts performance, since the data in the real world is mostly noisy.

Isotropy in different input context lengths. We first analyze the effect of isotropy under varying input
context lengths. We begin with an illustration in Figure 5 where we show how the hidden representations of
Chronos-T5 vary for two different input context lengths, such as L = 500 and L = 100, for non-linear-Dataset
1, which generates different isotropic measures for different input context lengths.

In Figure 6, we compare the NMSE vs isotropy across two different input context lengths, L = 500 and
L = 100, for different synthetic datasets and transformer-based models. As can be seen from the figure, the
isotropy values vary across different input context lengths and datasets. For instance, in Figure 6 a, we have
(NMSE= 0.0000066, cosine similarity= | − 0.00076|) and (NMSE= 0.0793, cosine similarity= 0.0011) for
L = 500 and L = 100, respectively, for Chronos-T5 with seasonality-Dataset 1. The decrease in isotropy
significantly increases the NMSE for the input context length L = 100. In contrast, in linear-Dataset 2,
we have (NMSE= 0.000025, cosine similarity= 0.2474) and (NMSE= 0.000009, cosine similarity= 0.0644)
for L = 500 and L = 100, respectively. In this scenario, the isotropy increases for the input context length
L = 100, which causes the decrease in NMSE for chronos-T5. A similar analysis can also be observed for
other synthetic datasets and baselines in Figures 6 b, 6 c, 6 d, and 6 e. In practice, the input context
length is often selected randomly or through trial and error, which may cause higher forecasting errors for
different datasets. Isotropy analysis enables us to understand how varying input context lengths influence the
hidden representations of the transformer-based model. This insight helps guide improvements in forecasting
performance by examining the isotropic properties of the contextual embedding space.

Isotropy in varying noise levels in datasets. Next, we focus on the second scenario to see the impact
of noisy datasets on transformer-based model’s performance. Figure 7 compares the NMSE vs isotropy
across two different cases, one without noise, and the other with Gaussian noise with a standard deviation
σ = 0.05 standard deviation. From Figure 7, we can see consistently lower isotropy (i.e., inter-token cosine
similarity far from 0) for all noisy synthetic datasets as compared to the datasets without noise. For instance,
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Figure 7: NMSE vs isotropy comparison across different noise levels in synthetic datasets.

in Figure 7 a, we have (NMSE= 0.000024, cosine similarity= | − 0.00022|) and (NMSE= 0.0012, cosine
similarity= 0.0040) for σ = 0 and σ = 0.05, respectively, for Chronos T5 with trend-Dataset 2. The decrease
in isotropy significantly increases the NMSE for the noisy dataset. A similar analysis can also be observed
for other synthetic datasets and baselines in Figures 7 b, 7 c, 7 d, and 7 e. In practice, many real-world
numerical domains—such as those in nature and energy—exhibit noisy and dynamic behavior. In these
environments, it is often infeasible to measure noise in real time or to pre-process the input time series for
improved performance. However, the isotropy in the hidden representations of transformer-based models
can be readily measured, and thus, can be leveraged to enhance forecasting performance by identifying and
mitigating the effects of noisy inputs in contextual embedding space.

Figure 8: NMSE vs isotropy analysis for 12 different real datasets of 6 different domains.
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5.2 Quantitative Analysis

Next, we present our main results on 12 real datasets which belong to 6 different numerical domains including
energy, nature, finance, healthcare, retail, and transportation. As our qualitative analysis in Section 5.1, we
select two different datasets from each numerical domain and the isotropy measure from transformer-based
model’s last layer to show the impact of isotropy on NMSE performance for different transformer-based
models. As before, the isotropy measure in the figures of this section corresponds to equation 6)

In Figure 8, we analyze the time series forecasting performance of different baselines and its relation with
isotropy for different real datasets. For instance, in Figure 8 e, we have (NMSE = 0.0061 and cosine similarity
= 0.0020) for retail-Dataset 1 and (NMSE = 0.1255 and cosine similarity = 0.1931) for retail-Dataset 2 for
Moirai. This indicates the existence of stronger isotropy in Moirai’s embedding space for retail-Dataset 1
which preserves the structure in its hidden representations and causes good downstream task performance.
On the other hand, a weaker isotropy exists in Moirai’s embedding space for retail-Dataset 2, which yields
a lack of structure in its hidden representations and, consequently, bad downstream task performance as
compared to retail-Dataset 1. The NMSE and inter-token cosine similarity can vary across different real
datasets and transformer-based models. For example, in Figure 8a, the NMSE for energy-Dataset 1 is lower
for Chronos-T5, Chronos-Bolt, PatchTST, and Moirai, but higher for Lag-Llama, compared to their respective
NMSE on energy-Dataset 2. Conversely, the NMSE for energy-Dataset 2 is lower for Moirai but higher for
the other baselines, compared to their respective NMSE on energy-Dataset 1. A similar analysis can also be
observed for other synthetic datasets and baselines in Figure 8 c and 8 e. This again shows that datasets
from the same numerical domain can cause varying forecasting performance across different baselines, as
they generate distinct hidden representations in contextual embedding spaces, and hence, different isotropy
measures, depending on the transformer-based model architecture and tokenization strategy.

Figure 9: NMSE vs isotropy comparison across different input context lengths for real datasets.

Finally, in Figure 9, we compare the NMSE vs isotropy for varying input context lengths to observe its impact
on the real datasets. We compare the results for two different input context lengths: 1) the recommended
input context length L = 144 and the reduced input context length L = 96. As can be seen from the Figure 9
e, the inter-token cosine similarity values in Lag-Llama become far from 0, i.e., from 0.0097 to 0.0220 for
energy-Dataset 1 and from 0.0026 to 0.0103 for transport-Dataset 1, which in turn decreases the NMSE
performances. On the other hand, the inter-token cosine similarity values in Lag-Llama become close to 0,
i.e., from 0.1091 to 0.0112 for nature-Dataset 2 and from 0.2014 to 0.0133 for finance-Dataset 1, which in
turn improves the NMSE performances. A similar analysis can also be observed for other synthetic datasets
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and baselines in Figures 9 a, 9 b, 9 c, and 9 d. Thus, the variation in the recommended input context length
may not only decrease the NMSE performances, but can also increase for some datasets.

In Summary, while error metrics are essential, they are retrospective and require labeled data. In contrast,
isotropy offers a label-free, structure-aware diagnostic of embedding quality that reflects a transformer-based
model’s generalization potential. Our results show that isotropy correlates with performance across diverse
settings, capturing representational properties that error metrics overlook. This makes isotropy a necessary
tool for assessing robustness and generalizability of transformer-based models.

6 Conclusion and Limitations
In this work, we introduced a novel approach to investigate the role of isotropy in transformer-based model
hidden representations for numerical downstream tasks. By deriving an upper bound for the Jacobian matrix
which collects all first-order partial derivatives of self-attention with respect to the input pattern, we showed
that the self-attention mechanism implicitly aligns with the dominant eigenvectors of the input correlation
structure and induces isotropy in the contextual embedding space. The existence of isotropy in the contextual
embedding space was found to stabilize the partition function and enable better generalization in numerical
downstream tasks across different models and datasets. Our empirical analysis across 10 synthetic and 12
real numerical datasets, and 5 different transformer-based models further validated the consistent relationship
between isotropy and forecasting performance, highlighting isotropy as a reliable indicator of structured
representation learning. These insights open up a new interpretability frontier for transformer-based models
in numerical domains.

While isotropy offers a principled way to preserve useful structure, there may be alternative approaches to
approximating the partition function and guiding numerical reasoning. Moreover, developing mechanisms
to recover or enhance structure when isotropy is weak remains an important avenue for future work. In
particular, promising directions include leveraging isotropy to guide fine-tuning strategies, inform inference-
time decision-making (e.g., filtering low-quality predictions), and identify optimal representation depths in
multi-layer transformers. Exploring these applications, alongside baseline performance comparisons, could
translate our theoretical findings into practical tools for improving downstream performance. Ultimately, we
believe that incorporating structural insights like isotropy into the transformer-based model design pipeline
can significantly improve their reliability and adaptability to numerical domains.
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A Proof of Theorem 1

Theorem 1. Let the logits of the ground-truth model be bounded. Then for any f∗(k, l), there exists a set of
functions {ẑi(k, l)}|V|

i=1 such that for all k and Tl+1, the predictive distribution of the trained model p̂ (kl |k−l)
matches that of ground-truth model p∗(kl |k−l) and f̂(k, l) = 0. In other words, there exists a trained model
with the same pre-training loss as the ground-truth model, but its logits are ineffective for the numerical
downstream tasks.

Proof. We select τ ∈ R such that ∀k, Tl+1, τ < minj∈V b
∗
j −maxj∈V z

∗
i (k, l), and ∀k, Tl+1,∀j ∈ V . By setting

ẑj(k, l) := z∗
i (k, l) + τ , we get ∀j ∈ V,

ẑj(k, l)− b∗
j < z∗

i (k, l) + min
j∈V

b∗
j −max

j∈V
z∗
i (k, Tl+1)− b∗

j ≤ 0,

this implies that σ(ẑj(k, l)− b∗
j ) = 0. Hence, ∀k, Tl+1 and we have f̂(k, l) = 0.

B Proof of Lemma 1

Lemma 1. Consider the Jacobian matrix J =
[
∂gi(Ψ)
∂ψj

]|V|

i,j=1
, which represents the gradient of the self-attention

mapping G(Ψ) with respect to the input time series token embeddings. Then the spectral norm of J satisfies
∥J∥2 ≤ |Λ|2

∑|V|
i=1

(
pi,i + 1

2
) ∣∣∣ψi −∑|V|

j=1 pi,jψj

∣∣∣2
+ ∆.

Proof. In Lemma 1, the residual term ∆ is given by ∆ = |Λ|2
∑|V|
i̸=j pi,j

∣∣∣ψj −∑|V|
q=1 pi,qψq

∣∣∣2
+ |Λ|2

2
∑|V|
j=1 |ψj |2,

and the attention weights pi,j are defined as pi,j = exp(ψ⊤
i Λψj)∑|V|

k=1
exp(ψ⊤

i
Λψk)

. According to the analysis, the gradient

of gi(Ψ) with respect to the variable ψj is expressed as Ji,j = ∂gi(Ψ)
∂ψj

= pi,jI + Ψ⊤Qi
(
ΨΛδi,j + Ej,iΨΛ⊤)

where the matrix Qi is defined by Qi = diag(pi,:)− pi,:p⊤
i,:. Here, pi,: ∈ R|V|

+ corresponds to the i-th row of
the probability matrix P , Ej,i ∈ R|V|×|V| denotes a matrix with a single entry at the (j, i)-th position and
zeros elsewhere, and δi,j ∈ {0, 1} is the Kronecker delta. We thus have

∥J∥2 ≤
|V|∑
i,j=1

|Ji,j |2

≤
|V|∑
i,j=1

pi,j +
|V|∑
i=1
|Ψ⊤QiΨ|2|Λ|2 +

|V|∑
i,j=1

|Ψ⊤QiEj,iΨ|2|Λ|2

≤ |V|+ |Λ|2
|V|∑
i=1

 |V|∑
j=1

pi,j |ψj |2 −

∣∣∣∣∣∣
|V|∑
j=1

pi,jψj

∣∣∣∣∣∣
2
 + |Λ|2

|V|∑
i,j=1

|Ψ⊤Qiejψ
⊤
i |

≤ |V|+ |Λ|2
|V|∑
i=1

|V|∑
j=1

pi,j |ψj −
|V|∑
q=1

pi,qψq|2 + |Λ|2
|V|∑
i,j=1

pi,j |ψ⊤
i (ψj −Ψ⊤pi,:)|

≤ |Λ|2
|V|∑
i=1

(
pi,i + 1

2

)
|ψi −Ψ⊤pi,:|2 + |V|+ |Λ|2

|V|∑
i ̸=j

pi,j |ψj −Ψ⊤pi,:|2 + |Λ|22

|V|∑
j=1
|ψi|2

= |Λ|2
|V|∑
i=1

(
pi,i + 1

2

)
|ψi −Ψ⊤pi,:|2 + |V|+ |Λ|2

|V|∑
i ̸=j

pi,j

∣∣∣∣∣∣ψj −
|V|∑
q=1

pi,qψq

∣∣∣∣∣∣
2

+ |Λ|22

|V|∑
j=1
|ψi|2
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Theorem 2 shows that Λ minimizing the objective
∑|V|
i=1 |ψi−Ψ⊤ΨΛψi|2 contains the largest m eigenvectors

of the correlation matrix Ψ⊤Ψ of input time series token embeddings where m is the rank of Λ.

Lemma 1 implies that one of the key components in the Jacobian’s upper bound takes the form |ψi −∑|V|
j=1 pi,jψj |2. Consequently, during optimization, it is natural to aim for a reduction in the gradient

magnitude, which motivates minimizing the expression
∑|V|
i=1 |ψi −

∑|V|
j=1 pi,jψj |2. This leads to understand

the choice of WQ and WK that minimize
∑|V|
i=1 |ψi −

∑|V|
j=1 pi,jψj |2, which is equivalent to solving the

optimization problem min|Λ|F ≤ρ
∑|V|
i=1 |ψi −

∑|V|
j=1 pi,jψj |2, where the scalar constraint ρ regulates the size of

Λ.

To proceed, we consider the objective in the scenario where ρ is small. In this case, we can approximate the
attention weights by pi,j ≈ 1

|V| + 1
|V|ψ

⊤
i Λψj . Now, we define the average of embedding as ψ̄ = Ψ⊤1/|V|. It

then follows that
∑|V|
i=1 |ψi−Ψ⊤pi,:|2 =

∑|V|
i=1 |ψi−ψ̄−Ψ⊤ΨΛψi|2. Assuming all input time series patterns are

zero-centered, i.e., ψ̄ = 0, we have
∑|V|
i=1 |ψi −Ψ⊤ΨΛψi|2 = tr

(
(I −Ψ⊤ΨΛ)2Ψ⊤Ψ

)
. Theorem 2 establishes

that the optimal Λ that minimizes
∑|V|
i=1 |ψi −Ψ⊤ΨΛψi|2 is spanned by the top m eigenvectors of Ψ⊤Ψ,

where m equals the rank of Λ.

C Proof of Theorem 2

Theorem 2. Let the eigenvalues of the correlation matrix Ψ⊤Ψ be ordered as λ1 ≥ λ2 ≥ · · · ≥ λD, and
let γi ∈ RD for i = 1, . . . , D denote their associated eigenvectors. Then, the matrix Λ∗ that minimizes the
quantity

∑|V|
i=1

∣∣ψi −Ψ⊤ΨΛψi
∣∣2 has the optimal form Λ =

∑m
i=1

1
λi
γiγ

⊤
i .

Proof. Given that WQ ∈ RD×m and WK ∈ RD×m, it follows that the matrix Λ has rank m. Hence, we
know minΛ

∑|V|
i=1 ∥ψi −Ψ⊤ΨΛψi∥2 ≥

∑|V|
q=m+1 λq. Now, if we set Λ to Λ =

∑m
i=1

1
λi
γiγ

⊤
i , then we obtain∑|V|

i=1 ∥ψi −Ψ⊤ΨΛψi∥2 = tr
((
I −

∑m
i=1 γiγ

⊤
i

)2 Ψ⊤Ψ
)

=
∑D
q=m+1 λq.

Therefore, the optimal solution Λ for minimizing
∑|V|
i=1 ∥ψi −Ψ⊤ΨΛψi∥2 is essentially characterized as a

linear combination of the top m eigenvectors of Ψ⊤Ψ. Since a small gradient will prefer a small quantity of∑|V|
i=1 ∥ψi −Ψ⊤ΨΛψi∥2, the self-attention mechanism implicitly drives the weight matrices WQ and WK to

align with the dominant eigen-directions of Ψ⊤Ψ.

D Clustering in the Contextual Embedding Space

Clustering. We begin with the isotropy assesmment by performing clustering on the transformer-based model
representations in the contextual embedding space. There are various methods for performing clustering, such
as k-means, DBSCAN (Ester et al. (1996)). We select K-means clustering method because it is reasonably fast
in high embedding dimensions (e.g., d ≥ 768 for GPT2, ELMo, BERT etc.). We use the celebrated silhouette
score analysis (Rousseeuw (1987)) to determine the number of clusters |C| in the contextual embedding space.
After performing K-means clustering, each observation p (i.e., one of the J vector representations in V) is
assigned to one of C clusters. For an observation p assigned to the cluster c ∈ C, we compute the silhouette
score as follows

a(p) = 1
|C| − 1

∑
q∈C,p ̸=q

dist(p, q); b(p) = min
c̸̃=c

∑
q∈c̃

dist(p, q); s(p) = b(p)− a(p)
max b(p), a(p) ,

where a(p) is the mean distance between an observation p and the rest in the same cluster class p, while
b(p) measures the smallest mean distance from p-th observation to all observations in the other cluster class.
After computing the silhouette scores s(p) of all observations, a global score is computed by averaging the
individual silhouette values, and the partition (with a specific number of clusters) of the largest average score
is pronounced superior to other partitions with a different number of clusters. We select the best |C| that
belongs to the partition that scores highest among the other partitions.
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E Dataset Description

Real Datsets. One of our goals in this paper is to study how variations in time series characteristics affect
isotropy and forecasting performance. For this, we selected real datasets from the Monash Time Series
Forecasting Archive (https://forecastingdata.org/), a widely used benchmark covering diverse domains and
structural properties. Additionally, we included a transportation dataset from a separate public source
(https://github.com/phonism/llm4cp) to introduce greater variability.

Table 4: The complete list of datasets used for our quantitative and qualitative analysis. The table is divided
into three sections, representing how the datasets were used for baseline models.

Dataset Domain Freq. Num. Series Series Length Prediction
min avg max Length (H)

Australian Electricity Energy 30min 5 230736 231052 232272 48
Car Parts Retail 1M 2674 51 51 51 12
Covid Deaths Healthcare 1D 266 212 212 212 30
Dominick Retail 1D 100014 201 296 399 8
Exchange Rate Finance 1B 8 7588 7588 7588 30
FRED-MD Economics 1M 107 728 728 728 12
Hospital Healthcare 1M 767 84 84 84 12
NN5 (Weekly) Finance 1W 111 113 113 113 8
Weather Nature 1D 3010 1332 14296 65981 30
Transportaion Signal Transport 1D 3010 1332 14296 65981 30
Synthetic (10 kernels) Numerical - 1000000 1024 1024 1024 64

Synthetic Datasets. We use KernelSynth (Ansari et al. (2024)), a method to generate synthetic dataset
using Gaussian processes (GPs). KernelSynth allows generation of large, diverse datasets tailored to specific
patterns or statistical properties, which is particularly useful when real-world data is scarce or incomplete. In
this synthetic data generation process, the GPs are defined by a mean function, µ(t), and a positive definite
kernel, κ(xi, xj), which specifies a covariance function for variability across input pairs (xi, xj). A kernel
bank K (which consists of linear, RBF, and periodic kernels) is used to define diverse time series patterns.
The final kernel κ̃(xi, xj) is constructed by sampling and combining kernels from K using binary operations
like + and ×. Synthetic time series are generated by sampling from the GP prior, GP (µ(t) = 0, κ̃(xi, xj)).
The following algorithm presents the pseudocode for KernelSynth which essentially follows the approach
in (Ansari et al. (2024)).

Algorithm 1 KernelSynth: Generating Synthetic Sequences via Gaussian Process Kernels
Input: Kernel bank K, maximum kernels per time series J = 5, and length of the time series lsyn = 1024.
Output: A synthetic time series x1:lsyn .

1: j ∼ U{1, J} ▷ sample the number of kernels
2: {κ1(t, t′), . . . , κj(t, t′)}

i.i.d∼ K ▷ sample j kernels from the Kernel bank K
3: κ∗(t, t′)← κ1(t, t′)
4: for i← 2 to j do
5: ⋆ ∼ {+,×} ▷ pick a random operator (add or multiply)
6: κ∗(t, t′)← κ∗(t, t′) ⋆ κi(t, t′) ▷ compose kernels
7: end for
8: x1:lsyn ∼ GP(0, κ∗(t, t′)) ▷ draw a sample from the GP prior
9: return x1:lsyn

F Full Visualization of PCA plots for different models

The full visualization of PCA plots of different models is provided below. We use the synthetic Dataset 1,
and Dataset 2 from non-linear domain for illustration.
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