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Abstract

The vast majority of modern deep learning
models are trained with momentum-based
first-order optimizers. The momentum term
governs the optimizer’s memory by determin-
ing how much each past gradient contributes
to the current convergence direction. Fun-
damental momentum methods, such as Nes-
terov Accelerated Gradient and the Heavy
Ball method, as well as more recent optimiz-
ers such as AdamW and Lion, all rely on the
momentum coefficient that is customarily set
to 8 = 0.9 and kept constant during model
training, a strategy widely used by practi-
tioners, yet suboptimal. In this paper, we
introduce an adaptive memory mechanism
that replaces constant momentum with a dy-
namic momentum coefficient that is adjusted
online during optimization. We derive our
method by approximating the objective func-
tion using two planes: one derived from the
gradient at the current iterate and the other
obtained from the accumulated memory of the
past gradients. To the best of our knowledge,
such a proximal framework was never used
for momentum-based optimization. Our pro-
posed approach is novel, extremely simple to
use, and does not rely on extra assumptions
or hyperparameter tuning. We implement
adaptive memory variants of both SGD and
AdamW across a wide range of learning tasks,
from simple convex problems to large-scale
deep learning scenarios, demonstrating that
our approach can outperform standard SGD
and Adam with hand-tuned momentum coeffi-
cients. Finally, our work opens doors for new
ways of inducing adaptivity in optimization.
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1 INTRODUCTION

Stochastic Gradient Descent (SGD) (Bottou, 1998)
and its variants (Sutskever, 2013; Kingma, 2015) are
widely used for training deep learning models due to
their simplicity and efficiency. Many popularly used
first-order optimizers rely on Heavy Ball Momentum,
commonly defined as:

div1 = Bd + (1 = B)Vf(xt), @41 = ¢ —ndegr, (1)

where 7 is the learning rate, x; denotes model parame-
ters at iteration ¢, f is the loss function, and ( is the
momentum coefficient. Momentum methods augment
the current gradient with an exponentially weighted
moving average of past gradients, where 5 determines
the optimizer’s “memory”, that is, how much past
gradients influence the update direction.

In deterministic settings, momentum methods can
provably accelerate convergence under mild assump-
tions (Polyak, 1964; Nesterov, 1983). Achieving such
acceleration in practice with Heavy Ball (HB) momen-
tum (Polyak, 1964) or Nesterov Accelerated Gradient
(NAG) (Nesterov, 1983) requires carefully tuning 7
and 3, or using time-dependent schedules (Nesterov,
1983). However, in non-convex or stochastic settings,
these accelerated rates are not guaranteed. Surpris-
ingly, despite the widespread adoption of momentum
methods in deep learning due to their empirical effec-
tiveness, theoretical analyses offer no justification of
why they show empirical gains: under similar assump-
tions, stochastic Heavy Ball (HB) momentum achieves
at best the same convergence rate as plain SGD, but no
better. This disconnect between theory and practice
is striking, especially given the near-universal use of a
fixed momentum coefficient, typically 8 = 0.9, across
models, datasets, and optimization setups.

But is this fixed choice really optimal? Intuitively, it
seems unlikely that a single value of 8 should work
equally well throughout the whole training process and
across different data sets and models. Instead, we ask:
can momentum adapt over time to better match the
optimization landscape? In this work, we propose a sim-
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ple yet principled answer, a time-varying momentum
coefficient that evolves with the optimization process.
We refer to this mechanism as adaptive memory, as it
dynamically adjusts the extent to which the optimizer
relies on past gradients at each step.

To derive this adaptive coefficient, we take inspira-
tion from model-based optimization techniques (Asi,
2019; Davis, 2019) and the proximal bundle
method (Krzysztof C Kiwiel, 2006). In this frame-
work, the objective function f(x) is approximated by a
surrogate model f{*(z), and at each step the following
problem has to be solved:

. m 1
Te+1 € argmin fi"(z) + oz — o). 2)
z n

We extend this framework by constructing f;™(x) from
two planes: one from the current gradient V f(z;) and
one from the previous descent direction % (i1 — )
which encodes the accumulated momentum. Under
this model, the proximal step in Equation (2) yields
the update:

Tp1 =2 — (L= B)nV f(2e) + Be (v — 1), (3)

where (; is an adaptive momentum coefficient com-
puted in closed form from the model. This gives rise
to our proposed adaptive memory momentum schemes.
Our contributions are summarized as follows:

i) Motivation. We begin with a simple yet revealing
empirical demonstration: using a fixed momentum
coefficient can lead to suboptimal convergence, even
when finely tuned. Identifying the optimal fixed value
of 3 is often tedious, and more importantly, a static
choice fails to adapt to the dynamics of the training
process. This observation motivates the need for a
time-adaptive momentum scheme.

ii) Methodology. We propose a novel approximate
model of the loss function that combines two planes,
one based on the current gradient and the other on the
accumulated momentum. This model leads naturally
to a reinterpretation of the proximal model-based up-
date rule as an adaptive memory momentum scheme,
in which the momentum coefficient evolves throughout
optimization. We then incorporate our adaptive mem-
ory mechanism into both SGD and AdamW, yielding
simple, yet effective, new variants of these optimizers.
In each case, the momentum coefficient is updated
dynamically based on our model-based formulation.

iii) Experimental Validation. We evaluate our ap-
proach across a wide range of settings, from determin-
istic convex problems to large-scale deep learning tasks.
Beyond consistently outperforming fixed-momentum
baselines, our adaptive memory methods offer signifi-
cant benefits in challenging training regimes, particu-
larly at high learning rates (Figure 6) and in the early

stages of optimization. An important implication of
adaptive memory is that it can offer an alternative to
learning rate warm-up or scheduling (Figure 5), pro-
viding a robust and tuning-free alternative that could
simplify the training pipeline of large models.

2 RELATED WORK

2.1 Momentum Methods

Momentum was first introduced by Polyak (Polyak,
1964) in the form of the Heavy Ball (HB) method, which
incorporates the previous iterate into the update:

Tiy1 = 2 — NV f(20) + By — 24-1), (4)

where § € [0,1) is the momentum coefficient. For
L-smooth and m-strongly convex quadratic functions,
tuned momentum yields accelerated convergence over
gradient descent. Nesterov’s Accelerated Gradient
(NAG) (Nesterov, 1983) achieves similar benefits, and
attains the optimal O(1/t?) rate for L-smooth convex
functions.

Momentum has since been adapted to stochastic set-
tings (Tseng, 1998; Ruszezyniski, 1987), where it prov-
ably matches the convergence rate of SGD (VY. Yan,
2018; Sebbouh, 2021). However, the theoretical jus-
tification for its often superior empirical performance
under common settings remains incomplete. Despite
this gap, HB-style momentum has become a standard
component in deep learning optimizers, offering faster
convergence and often better generalization (Sutskever,
2013). The practical version used in most frameworks
is !

dir1 = Bd + (1= B)ge,

where g; is a stochastic gradient such that E[g;] =
Vf(z:). The success of momentum has motivated
extensive theoretical analysis (Jelassi, 2022; Mai, 2020;
Hu, 2009; Gitman, 2019; Y. Liu, 2020) and is used
in numerous optimization algorithms. These include
Adam(W) (Kingma, 2015; Loshchilov, 2017a) and its
variants (You, 2020; Shazeer, 2018; Pagliardini, 2025),
as well as other momentum-based methods like Lion
(X. Chen, 2023), Sophia (H. Liu, 2024), SOAP (Vyas,
2025), MARS (Yuan, 2025), and Muon (Jordan, 2024;
J. Liu, 2025). Although different, all of these methods
rely on a fixed momentum coeflicient S and do not
adapt it during training.

Tt41 = Tt — ndt+1; (5)

2.2 Model-Based Optimization

We build on the framework of proximal point meth-
ods (Rockafellar, 1976), which update iterates via the

'PyTorch uses an equivalent momentum update with
di+1 = Bdi + g+ and appropriate learning rate scaling.
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objective:
. 1 2
T¢41 € argmin f(z) + %Hx — 4[| (6)

Since exactly solving this is often intractable, it is
common to replace f(x) with a simpler surrogate
fim(x) (Asi, 2020), which yields a general model-based
optimization framework used in both deterministic and
stochastic settings (Davis, 2019; Asi, 2019; Chadha,
2022). Gradient Descent, SGD (Robbins, 1951), and
Subgradient Descent (Polyak, 1987) can all be recov-
ered by linearizing f around x; and substituting ap-
propriate gradient or subgradient terms. Second-order
updates such as Newton’s method arise from quadratic
approximations. More sophisticated models, such as
cutting plane bundles (Kelley, 1960)(Equation 7), lead
to the Proximal Bundle Method (Krzysztof Czestaw
Kiwiel, 1983), useful in non-smooth optimization:

fi' (@) = [ max (f (@) + (gi, © — x3)), (7)

yeeey

where g; is a subgradient that defines a cutting plane
at x;. Model-based approaches have also been used
to derive adaptive learning rates, such as the Polyak
step size (Polyak, 1987; Loizou, 2021), and more re-
cently, adaptive learning rates for momentum gradient
descent (Schaipp, 2024; X. Wang, 2023; Oikonomou,
2025). Inspired by these ideas, we instead use a model-
based approximation of the loss to derive adaptive
momentum coefficients.

2.3 Adaptive Methods

In both stochastic and non-stochastic optimization,
choosing effective values for the learning rate and mo-
mentum coefficient is critical. In smooth and (strongly)
convex settings, their optimal values depend on the
condition number of the function. Consequently, a
significant line of research focuses on adaptively esti-
mating the strong convexity and smoothness constants
to tune these parameters for various accelerated meth-
ods (Malitsky, 2020; Barré, 2020; Saab Jr, 2022).

In stochastic optimization, most work focuses on adap-
tive learning rates. Methods such as stochastic Polyak
step sizes (Loizou, 2021; Orvieto, 2022) adapt the step
size based on the suboptimality gap f(x:) — f*, while
others rely on distance-to-optimum estimates (Defazio,
2023; Tvgi, 2023). In deep learning, adaptive diago-
nal pre-conditioners, used in AdaGrad (Duchi, 2011),
Adam (Kingma, 2015), and related methods (Hinton,
2012; H. Liu, 2024), are standard for per-parameter step
size adjustment. Beyond adaptive schemes, fixed learn-
ing rate schedules (Smith, 2017; Loshchilov, 2017b)
and warm-up strategies (Goyal, 2017) are widely used,
particularly in large-scale deep learning. Warm-up,

which gradually increases the learning rate at the start
of training, is now common in training LLMs (Worts-
man, 2024). However, it is not truly adaptive and
requires manual tuning of hyperparameters such as
warm-up duration, making it brittle in long or infi-
nite horizon training regimes where the total number
of steps may be unknown. Consequently, there is a
growing interest in methods that alleviate these short-
comings (Kalra, 2024; Kosson, 2024).

In contrast, adapting the momentum coeflicient has re-
ceived little attention. Heuristic schedules (Sutskever,
2013; J. Chen, 2022) increase or decrease momen-
tum over time, but have not been adopted in practice.
Restart-based methods (Giselsson, 2014; O’donoghue,
2015) propose clearing the momentum buffer when cer-
tain technical conditions are met (O’donoghue, 2015)
or according to pre-defined schedules (B. Wang, 2022)
and, while effective, they often require handcrafted
restart rules. Conjugate gradient (CG) and nonlinear
CG (Hager, 2006) also adapt the weight on past direc-
tions and can be viewed as momentum methods with
dynamic coefficients. However, they rely on line search
to select learning rates. In this work, we focus solely
on adapting the momentum coefficient 3, without also
requiring learning rate adaptation.

3 METHOD

3.1 A Simple Motivation

We begin by analyzing the deterministic setting and,
before introducing our proposed method, we present a
motivational example to highlight two key limitations
of using a fixed, constant momentum coefficient. In
Figure 1, we consider an unconstrained quadratic opti-
mization problem, min{z” Az + bTx + ¢}, and plot the
objective gap f(z:)— f*, where f* is the minimum, for
various fixed momentum coefficients. The results reveal
that a fixed momentum is inherently suboptimal, con-
sistently being outperformed by an adaptive strategy.
Furthermore, optimization around the optimal value of
the momentum coefficient, 5*, is highly unstable, i.e., a
slightly different coefficient than the optimal radically
degrades the performance.

3.2 Approximate Cutting Planes Framework

Inspired by bundle methods (Krzysztof C Kiwiel, 20006),
our approach for deriving an adaptive coefficient 3 for
momentum methods is based on the following model
of the function f:

f*(@) = max { f (@) + 97 (= @), (8)

f ) + % (21 —x) " (2 —2y) }
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Figure 1: The Heavy-ball method with a fixed 8 vs our
scheme. We plot the error f(x) — f* over t.

where % (x4—1 — x¢) is the previous descent direction,

the momentum term, g, = Vf(z,), and f (z;) is the
momentum plane bias, which we discuss further in the
end of this section. This formulation uses the cutting
plane at the current point, defined by the first-order
approximation of f at x;, to construct a model of the
function. To refine this model, we propose incorporat-
ing an additional plane with a slope determined by the
direction % (-1 — ).

Furthermore, inspired by (Kim, 2022; Q. Deng, 2021),
we introduce an extra regularization term and regular-
ization parameter \ to control the extent to which the
descent direction aligns with the previous descent di-
rection 1 (z;_; — x;). Adding this regularization term
to the proximal model-based objective leads to the
following update at each step:

A+1
2n

A
+ —(Ti—1 — T, T — 1),

lz — 13 )

Ti41 € argmin f{"(z) +
x

The piecewise nature of the truncated model in f/™(x)
has a key property, when used in Equation (9), as
detailed in the Supplement Section A along with all
the derivations, the minimizer can be expressed in the
following heavy-ball update:

Tepl = Tp— YT :7_ 7 (a1Vf(xt) + (a2 + )\)“;_“)( . |
10

where a1, a2 € [0,1], with a1 + as = 1, are the dual
variables associated with Equation (9). By setting
as = ﬁ and a7 = 1 — 3, and defining the velocity vector
dy = 77 L (2, 1 — x¢), these variables are determined by
solving the quadratic program:

o??é{ )\—i—l H (1-5 gt+6dt+)\dt” 1)

+ (1= B)f(we) + /Bf(xt)}

The solution to which, is given by:

n

B¢ = Clip

YG)=I@OH) _ g,
[0.1] <

—Gt, 9t + )\dt>>

ld: — 90113
(12)
Similar to aggregation in bundle methods, the com-
puted B; is also used to construct the approximation
plane for the next iteration. This approach allows us to
view the proximal step in Equation (9) as a momentum
method with an adaptive momentum coefficient:

BE+A, 15

d
T S B

—ndty1.
(13)

dt+1 = gt Tt41 = Tt

The scaling factor A+ 1 is introduced in order to define
the momentum vector as a convex combination of the
gradient and the current momentum. This ensures
consistency with the current definition of the momen-
tum gradient descent of Equation (1). The resulting
algorithm is captured in Algorithm 1

— f(x)
rrrrr €1(6) = f{xe 1) + (VFxe 1), x = Xe-1) —_ = Lx - xel3

2(x) = fxe) + (VAx), x = xt) P09 =fnlod + gl
et = B+ x -t Falx) = f,0x) + 55 |x = xl3
— f3(x) = max{c1(x), c2(x)} o X{,,=argmin Fy(x)
2,0 =max{c;(x). 300}

\_/

o x7,,=argmin Fa(x)

1
Xei1 5
Xip1

Figure 2: On the left, blue represents a typical cutting
planes model, while yellow depicts our model, which
may overestimate the function at z;. On the right, we
observe that with our model, the solution to Equation 6
lies closer to f*, thus overestimation can get closer to
the optimum.

Regarding the definition of the momentum plane in the
model f{", aggregation in proximal bundle methods typ-
ically sets f(zi11) = f™(ze41) < f(x4), for the next it-
eration, leveraging the property that dyy1 € 0f™(x¢41)
(Krzysztol Czestaw Kiwiel, 1983). Although underes-
timating the true value of the objective ensures con-
vergence and is used extensively in the literature on
bundle methods, our experiments reveal that relying
on overestimation and using f(z;) = f(x¢_1) instead
(note that it is possible to have f(z) > f(x4)) results
in faster convergence. An intuitive illustration of this
mechanism is provided in Figure 2. This is a practical
and efficient choice, shown in our experiments to yield
strong empirical performance without added overhead.
To support our argument, a detailed discussion is pro-
vided in the Supplement Section B, where we prove
that for quadratics, minimizing ||z;y1 — 2*||3 under
Equation 5 with respect to 8 implies f(z;) > f(x) for
all ¢.
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3.3 Pre-conditioning and Decoupled Weight
decay

The flexibility of the model-based approach allows
seamless extension to state-of-the-art optimizers. Al-
gorithms like Adam  (Kingma, 2015) and Ada-
Grad (Duchi, 2011) use diagonal pre-conditioners to
scale updates. To incorporate these into our Adaptive
Memory framework, we replace the Euclidean metric
with one induced by the pre-conditioner P;, where
(z,y)p, = ' Py for symmetric positive definite P;.
Weight decay can be accounted for by modeling the
regularized function f,(z) = f(z) + &||z[]3. However,
optimizers like AdamW (Loshchilov, 2017a) implement
decoupled weight decay, which is handled separately.
We can incorporate a preconditioner and decoupled
weight decay by solving at each step:

. 1
x4y1 € argmin f{"(z) + %Hx - xtH%t (14)
I
# Mz = ) p, + Bl
where P, = (I + AP;)P; is introduced to appropriately

scale the momentum term. Solving this optimization
problem yields the following update rules:

dip1 = AP+ D)7 (BT + AP)dy + (1= B)gr),

x = x —nPtd .
t+1 1+l“7(t Ny t+1)
—d
B; = Clip M (15)
01 \ lld *gt||}5t_1
(1+u17)(f(;3t)—f(m)) —(dy — g1, gt + APudi) p
+ ; .
[T

By using the Adam pre-conditioner: P, = (1 —
B{)diag(e—f— / 13%5) where vy = Bovi—1+ (1= 02)(g: ©
g+), we derive the AM-AdamW ? optimizer. This
method retains the benefits of AdamW while incor-

porating momentum adaptivity through the AM frame-
work.

3.4 Adaptive Memory for Stochastic Gradient
Descent

We found that the most variance-sensitive component in
the adaptive momentum formula is the difference A f =
f(wi—1,8:) — f(at,8¢), where f(x:,s:) are stochastic
function evaluations using a data batch s; sampled
at time ¢t. Evaluating the loss at two different points
on the same batch is inefficient, while using different
batches introduces significant noise and instability into

2for small 7, ﬁ ~ 1—nu and ﬁ ~ 7 (Zhuang,
2022)

Algorithm 1 Adaptive Memory—-Momentum. AM-
MGD,

1: Imitialize: n, A, xo, do = V [(x0),
2: for each iterationt =1,2,...,7 do
32 gt = Vt/‘(‘l’/),

(f(ze) = flz))(A+ 1) —n{de — gi, g¢ + Ady)

4: By = 5
/ nllde — gel|3

5:

6: B¢ = min(max(5,0), 1),

7 dip1 = Bf_r;\ di + 1;_’? gt

8 Xi41 = xr — Nde

9: end for

the estimate. To address this, we apply two practical
modifications detailed in Algorithm 1:

e Clip 8 to the interval [0, Bmax], With Bmax < 1 (0.9
in experiments of Section 4).
e Replace f(wi—1,8¢) — f(x4,s;) with a first-order
approximation around xy:
Af V[, se) (w1 —24) = ng, dy,
We apply similar adjustments to the AdamW setting.
While our notation assumes a fixed learning rate 7, our
framework also supports dynamic learning rates. Full
algorithmic and implementation details for all Adap-
tive Memory variants are provided in the Supplement
Section D.

3.5 Convergence Guarantees

We provide convergence guarantees for our proposed
method in the standard finite-sum setting:

min f(z) =

1
zERY / n Z Isi (@),

where each fs, denotes the loss associated with a mini-
batch S;, and the goal is to minimize the average loss f.
At iteration t, let g := V fg,(2+), where S; denotes the
sampled mini-batch. We proceed under the following
assumptions.

Assumption 3.1 (Smoothness). The function f is
L-smooth if for all z,y € R?,

F) < J@) + V1) - 2) + Sy —al® (1)

Assumption 3.2 (Bounded stochastic gradient norm).
There exists G > 0 such that, for all z,

Es[IVfs(@)|?] <G> (17)

We additionally assume that the stochastic gradient is
unbiased:

Elge | z¢] = V().
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For our Adaptive Memory Momentum SGD, presented
in Algorithm 1, we establish convergence guarantees
under standard assumptions. The analysis leverages
the structural bound

Bellde — gell3 < llgell3,

which follows directly from the construction of the
adaptive momentum coefficient 3.

Theorem 3.3 (Convex Convergence). Assume each
fs, is convex, Assumption 3.2 holds, and E[g; | z;] =
Vf(x). Let x* € argmin, f(x), and run the method
with n = 1/VT and Buax = 1/T. Define

T-1 —(¢41)
a — 1
Ig—,) = 7215}0_1@#1%7 ay = <1 =+ ) .
t=0 Qt T
Then

1 )
E (a) _ ] <« k12 Y2 (1
7)) < = (oo - 2712 + 562 . 18)
Theorem 3.4 (Non-convex Convergence). Assume f
satisfies Assumption 5.1, Assumption 3.2 holds, and
Elg: | 2] = Vf(2:). Run the method with n = 1//T
and Bmax = cn for some 0 < ¢ < 1. Then

[ (w0) — f(or)] + H2G*

min ]E[HVf(mt)H%] < \/T(l _ c)

0<t<T—1

(19)

Our convergence guarantees place AM within the stan-
dard landscape of stochastic first-order methods. Under
smoothness and bounded stochastic gradient norms,
we obtain the classical O(1/+/T) rate, consistent with
existing analyses of SGD and heavy-ball under compa-
rable assumptions (Y. Yan, 2018; Sebbouh, 2021). The
main technical obstacle is that (; is itself a nonlinear
function of the current stochastic gradient g;, so the
proof must control terms such as —2n8; (xv:—x*, di—g:),
and [; cannot be treated as an external parameter in-
side expectations.

This is closely related to the difficulty that appears in
analyses of adaptive step sizes, where the step size is
also chosen from the same stochastic information used
in the update, breaking the usual martingale structure
unless additional assumptions are imposed (Loizou,
2020; Orvieto, 2022). In our setting, the key struc-
tural relation is B¢|ld; — g¢||* < |lg¢]|?, which follows
directly from the definition of 3; and keeps the adaptive
correction term controlled. At the same time, as in
fixed-momentum and adaptive-step-size methods, the
cleanest stochastic guarantees are often obtained when
momentum is damped or effectively small (X. Wang,
2023; Oikonomou, 2025; Schaipp, 2024; Loizou, 2020).
Our restriction on Bpax should be viewed in this same
light.

4 EXPERIMENTS

4.1 Convex Problems

For our convex experiments, we used logistic regression
on 9 datasets from the LIBSVM repository (Chang,
2011) (4 shown here; full results in the Supplement Sec-
tion F.1). Figure 4 shows that AM-MGD consistently
outperforms constant momentum across all datasets.
We compare with the commonly used § = 0.9 and the
optimal 8*, found via grid search to minimize the final
loss. Notably, 5* can exhibit instability or nonmono-
tonicity, whereas AM-MGD achieves lower loss without
tuning.
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Figure 4: Logistic Loss over time, AM-MGD (red curve)
outperforms fixed momentum on all 4 experiments. GD
and MGD with g = 0.9 practically overlap. The A was
fixed to 0 in all runs.

4.2 Image Classification

We evaluate AM-MGD on standard image classification
benchmarks, including CIFAR-10, CIFAR-100 (Alex,
2009), and ImageNet (Russakovsky, 2015), using
VGG (Simonyan, 2015), ResNets (He, 2016), and
Wide-ResNets (Zagoruyko, 2016). For these experi-
ments, we directly adopt the training configuration
of MoMo (Schaipp, 2024), which likewise consid-
ers damped-momentum SGD, and plug our adaptive-
momentum update into this setup without perform-
ing a separate hyperparameter search for AM-MGD.
Thus, all reported improvements are obtained under
hyperparameters tuned for the vanilla fixed-momentum
baseline, not for our method. Throughout, we keep
the AM-specific hyperparameters fixed at S. = 0.9
and A = 0.1; we do not retune them across datasets or
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Figure 3: Train Loss, Test Accuracy and momentum parameter on the image classification experiments, (a)
VGG19 and a ResNet18 on CIFARI0 (top), (b) ResNet50 and WideResNet on CIFAR100 (bottom)

architectures. For MGD, we set PyTorch’s dampening
parameter to 0.9 to ensure a fair comparison at identi-
cal learning rates. Finally, the learning-rate ablations
in Figure 6 and in the Supplement Section F.2, show
that the relative gains of AM-MGD persist across a
broad range of step sizes. Full experimental details are
provided in the Supplement Section E.

As shown in Figure 3, AM-MGD consistently outper-
forms fixed-momentum baselines, yielding both faster
optimization and better generalization. This improve-
ment is not only visible in the final accuracy, but also in
the training dynamics: across the vision experiments,
AM-MGD reaches strong performance substantially
earlier, often requiring markedly fewer epochs to at-
tain the same accuracy level as the fixed-momentum
baseline. The trajectories of B; further clarify how this
improvement arises. Across the CIFAR experiments,
we observe three recurring phases. Early in training,
gradients are noisy and the EMA direction d; is still
poorly estimated, so the misalignment term ||d; — ;|3
is large and B; remains small, effectively reducing the
method closer to SGD and stabilizing the initial phase.
As training progresses and gradients become more co-
herent, the misalignment shrinks, (§; increases, and
momentum becomes reliable; this coincides with the
main acceleration regime, where we observe the largest
gains in convergence speed and learning-rate robustness.
Finally, in interpolating settings such as CIFAR-10/100,
once the training loss becomes very small, the gradi-
ent signal weakens while stochastic noise persists. In
this regime, ||d; — g¢||% increases again and f; exhibits
frequent sharp drops toward zero, producing repeated
restarts of the momentum buffer. This behaviour is

qualitatively consistent with prior observations that
momentum can become less beneficial near interpola-
tion (Defazio, 2020). Larger-scale ImageNet experi-
ments in the Supplement Section F.4 show the same
overall pattern.

4.3 Pretraining Large Language Models

We pretrain LLaMA models (Touvron, 2023;
Grattafiori, 2024) of varying scales on the English
subset of C4 (Raffel, 2020). Rather than training to
convergence, these experiments focus on early-phase op-
timization over 1k iterations under a fixed token budget.
For each model we tune the AdamW baseline over se-
quence length, batch size, learning rate, and 3o, subject
to the constraint batch_size x seq_len = 10°, corre-
sponding to a total of 10° tokens over 1k steps. We then
reuse the same hyperparameters for AM-AdamW, so
any performance differences are attributable to momen-
tum adaptation rather than additional tuning. Unlike
the vision experiments, where the adaptive momentum
coefficient is global, here we compute it separately for
each layer to account for layer heterogeneity and to
avoid having any single layer dominate the momentum
adaptation of the entire model. Each model is trained
under two regimes, with and without the standard lin-
ear warm-up schedule (Higele, 2024), in order to study
the effect of our method during the earliest phase of
training.

The results demonstrate a clear and consistent ad-
vantage for AM-AdamW over the standard AdamW
optimizer across all model scales. Most notably, even
without warm-up, AM-AdamW compares to the perfor-
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Figure 5: Validation loss curves for LLaMA pretraining on C4 across 5 different model scales.

mance of AdamW with warm-up. In contrast, AdamW
struggles to train reliably without warm-up, particu-
larly at larger scales. These findings highlight two key
benefits of our adaptive memory approach: it stabilizes
the early stages of training, leading to stronger and
more consistent performance, and it shows promise as
a hyperparameter-free alternative to warm-up.

4.4 Ablation Study

To further evaluate our method, we conducted the fol-
lowing three ablation studies on the image classification
tasks: ResNet18/50 on CIFAR10/100.

Ablation on A Figure 6a: We examine the robust-
ness of our method with respect to the choice of the
hyperparameter \. In nearly all of our experiments, A
is set to 0.1. Notably, all values in the range [0.01, 1]
appear to yield comparable performance. Moreover,
when A\ becomes too large, the effective range of 5;
is reduced due to the scaling factor 1+ A (see Equa-
tion 13). As a result, f; effectively reaches its upper
bound, Bpax = 0.9. This explains why, for large values
of A, our method exhibits behaviour similar to that of
a fixed momentum coefficient.

Ablation on batch size Figure 6b: The approximate
cutting planes model of the loss used to estimate [
at each iteration is constructed using stochastic gradi-
ents. Consequently, a key question arises: how does
the stochasticity induced by the batch size influence
the overall performance of our method? As expected,
increasing the batch size while keeping the learning
rate fixed tends to degrade generalization. However,
smaller batch sizes, despite leading to more inaccu-
rate models of the loss, do not negatively affect our
method’s relative performance gains.

Ablation on learning rate Figure 6¢c: We fix the

hyperparameters to the values used in image classi-
fication experiments captured in Figure 3 and vary
the learning rate. Interestingly, our adaptive memory
scheme extends the range of admissible learning rates,
enabling convergence even at higher values, unlike the
static baseline, which fails to converge as fast with large
learning rates.

4.5 What matters when adapting

When observing the behaviour of g, we identify two
regimes: a high-momentum phase, where §; remains
close to its maximum and carries long-term memory,
and a low-momentum or “soft restart” phase, where (3;
drops sharply to discard stale information. To better
understand these two modes of operation, we explore
two variants of adaptive memory: clipping, which en-
forces a lower bound on By, and restarting, which resets
momentum when it falls below a threshold.

0.9,
0.1,

ﬂAM > 97

Cli !
t P = maX(/BAMaﬂmin)a /BtRESEt =
Bam < 0

AM (By) Clip AM (B:) Soft Restart AM (8,)

0 200 400 600 800 1000 O
Iterations

200 400 600 800 1000 O
Iterations

200 400 600 800 1000
Iterations

Figure 7: The three AM-derived policies.

We find that early restarts carry much of the benefit by
rapidly adapting to unstable initial dynamics as we see
in Table 1, however, these restarts alone do not explain
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Figure 6: Final test accuracy for ResNet18 (CIFAR-10) and ResNet50 (CIFAR-100) under different (left) A,

(middle) batch size, and (right) learning rate.

all of the improvements, indicating that the ongoing
adaptation of 5; throughout training is also essential.

60M 100M
AdamW 4.02  3.87
AM-AdamW 3.95  3.79
AM-AdamW (Clip) 3.99 3.84
AM-AdamW (Restart) 3.97  3.82

Table 1: The three alternative AM optimizers, we set
the restarting threshold 8 = 0.7.

4.6 Choice of Bpax

A natural question is how to set the ceiling [,ax on the
adaptive momentum coefficient. To keep the method as
tuning-light as possible, in all main experiments we use
the baseline-aligned heuristic Sy,,x = [, where (8 is the
fixed momentum of the corresponding vanilla baseline
(e.g., 81 = 0.9 for AdamW /SGD). This provides a sim-
ple default recipe and isolates the effect of adaptivity,
since gains over the baseline cannot be attributed to
a different global momentum value. Intuitively, larger
ceilings can help when gradients are coherent, but in
static methods they also retain unreliable EMA mem-
ory for longer. AM is designed to mitigate this by
down-weighting such memory, which helps explain why
its advantage over the static baseline becomes larger at
higher ceilings. In practice, fmax € {0.9,0.95} works
best, while Bmax = 0.99, although still much better
than the corresponding static baseline, is somewhat
less reliable.

Brmax 60M 100M

AdamW AM-AdamW AdamW AM-AdamW
0.95 4.387 3.997 4.217 3.822
0.99 6.083 4.568 6.133 4.474

Table 2: Sensitivity to the momentum ceiling Spax
on LLaMA pretraining. Lower final validation loss is
better.

4.7 Computational Requirements

In terms of computational cost, AM-MGD and AM-
AdamW introduce minimal overhead compared to their
non-adaptive counterparts. Specifically, each iteration
of AM-MGD incurs an additional 3N FLOPs, and AM-
AdamW adds 6 N FLOPs, where N is the number of
model parameters. For Transformer-based language
models, the total FLOPs per iteration are approxi-
mately 6N B (Kaplan, 2020), where B is the number
of tokens processed (batch size times sequence length).
In our setup, this 1/B overhead translates into a 0.2%
absolute time overhead. Moreover, the memory foot-
print of our methods is identical to that of the baselines,
i.e., AM-MGD and AM-AdamW require no additional
memory beyond what is already used by MGD and
AdamW, respectively. Detailed wall-clock overhead
can be found in the Supplement Section D.4.

5 DISCUSSION AND FUTURE
WORK

We have presented Adaptive Memory (AM), a princi-
pled framework that endows momentum-based optimiz-
ers with a dynamic momentum coefficient. By casting
each update as a proximal step on an approximate
two-plane model of the loss, AM adapts to the local
geometry of the loss landscape with limited additional
hyperparameter overhead. AM integrates seamlessly
with standard optimizers such as SGD and AdamW,
incurs negligible overhead, and requires no changes to
existing training pipelines. Empirically, AM delivers
consistent gains across a spectrum of tasks, from con-
vex benchmarks and vision models to large-scale LLM
pretraining. In particular, AM-AdamW stabilizes the
fragile early phase of LLM training and shows promise
in eliminating the need for hand-tuned warm-up sched-
ules, demonstrating robustness to large learning rates
and simplifying large-scale workflows. Future work in-
cludes: (i) investigating memory in first-order methods
and the impact of momentum restarts; (ii) advancing
tuning-free momentum-based optimizers with dynamic
and per-parameter momentum coefficients; and (iii)
developing warm-up-free strategies for stable training.
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Supplement

A DERIVATION OF ADAPTIVE MEMORY MOMENTUM

We use the cutting-plane model
fit@) = max {f(@) + 9 (@ = @), f@)+df (@ —w)}, g = V().

Let P; be a diagonal preconditioner, and define

Pt = (I+)\Pt)Pt
The update is
. m 1
i1 € argmin {ft (x) + 2777”33 - xtH?;,t + Mde, v — xe)p, + g:c||215t} .

Define  := x — x;. Then the problem becomes

. 1 . - _
win {4 LBl + Al 2 + -+ 313, |

subject to .
(> fla)+9[7 (= fla)+d 7

Introducing dual variables aj, a2 > 0, the Lagrangian is
- . 12 ~ I ~112
L(Z,¢,a1,a2) =+ %Hl"”pt + Mdy, Z) p, + §||$t + iUHpt
—a1(¢C— f(xe) — g0 &) — a2 (¢ — f(e) — d] 7).

The KKT conditions are

oL 1~ ~

9% =0 <= ;th+)\Ptdt+uPt(J:+xt)+algt+a2dt=0,
oL

8—<:O<=>a1+a2:1.

Solving (26) for Z yields

- n ~—1( .
F=— P (AP, + asD)d; + pPoas + a )
11 t ( t 2 ) t T ML 19t
Therefore 1
- Pt dy + \Pyd )
Ti41 1+ (ﬂﬁt niy (a19t+a2 t T ALy t)

Substituting (28) back into the objective gives the dual problem

o :
X ¢ ————— |(AP: + a2l)ds + pPixy + algt‘
{ 2(1 + pm)

ai,az>0
a1+tas=1

2
i .
o + §||l‘t||?5t + a1 f(z) + azf(l‘t)}-
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Setting as = 8 and a; = 1 — 3, we obtain

+ g”%”?z + (1= B)f(ze) + 5f($t)} (31)

n B 2
s st g e =,

This is a concave quadratic program. Differentiating with respect to 3, setting the derivative to zero, and
projecting onto [0, 1] yields

1+un) (F@) - F(20)
By = Clip[o,l] !

—(d¢ — 9¢, 9t + )\Ptdt>fs;1 — plxe, di — g¢)
4~ ol

e Setting 4 = 0 and P; = I produces Momentum Gradient Descent
e Setting ;4 = 0 and P; equal to the Adam Preconditioner yields Adam.

e Setting p > 0 and P; equal to the Adam Preconditioner yields AdamW.

In addition we can interpret Equation 29 in two different ways, which are equivalent over one step but differ over
what we store in memory.

deyr = AP+ 1)7H((1 = B) ge + (AP + Bid) dy)
I):
) Tip1 = T | Tt — NP i

or

(1= Bt) g + Budy
Tip1 = 1+1;m(”3t — 0P AP+ 1) (1= Br) 9o + (AP, + B dt))

ditq
(IT):

Of the two options, the first was found to perform slightly better. Additionally, it aligns with existing momentum-
based methods. In contrast, the second option requires extra memory to store both d; 1, which represents the
momentum for the next iteration, and d;, which is needed for the parameter update.

B DISCUSSION ON THE OVERESTIMATING MOMENTUM PLANE

In this section we give a simple motivating example showing that, in a non-overshooting momentum regime,
a positive overestimation term can be aligned with the one-step optimal choice of momentum. We focus on
heavy-ball (HB) momentum on a diagonal strongly convex quadratic, where the dynamics decouple across
coordinates and can be analyzed exactly.

B.1 Non-overshooting heavy-ball dynamics
We consider the quadratic
fl@)=3zTAz,  A=diag(ai,...,aqs), 0<ag<--<a=1L,
whose minimizer is z* = 0. The heavy-ball iteration is
diy1 = Bdy + (1 — B) Az, Tip1 = Ty — Ndi41,

with 8 € [0,1), n > 0, and initialization
do = go = ALEQ.
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Definition B.1 (Coordinate-wise monotonic decrease). We say that the iterates satisfy the coordinate-wise
monotonic decrease condition if for every t > 0 and every coordinate i,

|zt — 2™ < |zf — 2| and sign(z},, —2*") = sign(z| — 2.
Since x* = 0 here, this is equivalent to
(i < loil and - sign(a}y,) = sign(x}).

For the diagonal quadratic above, plain gradient descent corresponds to § = 0 and satisfies this condition whenever
7 < 1/L. The next proposition shows that heavy-ball also satisfies it in the overdamped regime.

Proposition B.2 (No-overshoot regime of HB on a diagonal quadratic). Assume

1-+/p
1+B

0<p<l, nL <

Then for every coordinate i with x} # 0 and every t > 0,
sign(x!) = sign(x}), sign(gl) = sign(z}), sign(d!) = sign(z}),
and ‘ ‘
|zi 1] < [2yl.
If 2t =0, then 2t = di = gi =0 for all t.
Proof. Fix a coordinate i and write a := a; > 0. If 2 = 0, then dy = g} = 0, and the scalar recursion stays

identically zero. We therefore assume xf # 0. By symmetry it is enough to consider the case xf > 0; the case
x4 < 0 follows by multiplying the scalar dynamics by —1.

The scalar HB recursion is
diy1 = Bdy + (1 — B)azy, Tpp1 = Ty — Ngt1-

_ _( 5 (1-P)a
s = Mz M= (—nﬁ L—n(1 - ﬁ)a> '

Define z; = (dg, ;) ". Then

The characteristic polynomial of M is
r2—7r+B8=0, T=14+8-n(1-f)a.

Since a < L and
1—
nL<7\/Ba
1+ B

1-B
1++B

This is exactly the overdamped condition, and it implies that the two roots 71, ro satisfy

we also have

na <

O0<ro<ry <l1.

For each root r;, an eigenvector is
—0. 1= 28)a ’
Uj:< ]>, szi( B) 5 ]:1,2
f—r;

Hence

Ty = clri + 027"5.
Using the initialization

(do, 20) " = (awo, o) " = crur + cous,
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we obtain
7.%0(@4’02) xo(a+01)

0, — 6, 0, — 6,

CcC1 = Cy =

Because 0 < ro <11 < 1 and 8 = r179, we have

ﬁ_Tl <5_T2<07

SO
0, < 6, <0.
Moreover,
1- 1—r
PR ) LR ) Y R )
B—r;j B—r;
Since xg > 0, this shows that ¢; > 0 and ¢y < 0. Also,
@ = 7—(a+91) <1,
C1 7((1#‘92)

because 67 > 65 implies a + 01 > a + 02, and both quantities are negative. Therefore
c1 > |eal.
It follows that for every ¢t > 0,
zy=r1i(c1 + 02(r2/r1)t) =7r{(c1 — |02|(r2/r1)t) > rl(e; — |ea|) = rizg > 0.
Thus z; > 0 for all ¢, so the sign of x; never changes.
Since g; = ax;, we also have g; > 0 for all t. Finally, because dy = axg > 0 and
di+1 = Bdy + (1 = B)g
is a convex combination of two positive quantities, it follows by induction that d; > 0 for all t. Therefore
Typ1 =T — Ndpy1 < Ty

Combined with ;1 > 0, this yields
0< Try1 < T,

which is exactly the claimed coordinate-wise monotonic decrease condition. The case z}, < 0 follows identically by

Symimetry.

B.2 Optimal one-step momentum

A standard way to motivate adaptive step sizes is to choose the learning rate 7; by minimizing the one-step

distance to the optimum,
J(ne) = lwea () — 2|2,

which leads to the classical Polyak step size after eliminating the unknown inner product by convexity. One can

do the same with the momentum parameter.

Proposition B.3 (Optimal one-step momentum parameter). Fixz an iterate x;, a direction estimate dy, and the

gradient g: = V f(xt). For B; € [0,1], define
di+1(Bt) = Beds + (1 = Bt)gt, Tey1(Be) =z — ndpr1(Br).
Then the choice of By minimizing the one-step distance to the optimum,

I €arg min |z —z¥|?,
B g,@e[o,l] |2e+1(8) [

8
(de=g) " (mi=a”) _ 4T

* . n t gt + ||gt
b = Clip.y 14 = ol

I
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Proof. Define
T(B1) = e (Be) — 2|2 = || (@0 — ) —n[Bude + (1= Boae] ||

Set

u=(z;—a")—ng, v=di—ge
Then

Te41(Be) — 2" = u— B,

and therefore

J(Be) = [lull® = 208s u v + 167 |Jv]|*.
Differentiating and setting the derivative to zero gives

UT’U

B

—onllvl

Substituting back u and v yields

T di—ge) " (ze—2*

5~ (@=a) —ng) (=) lemge) lrmt) g, + | gu)?

t — - .
i — g2 d; — 9|2

Projecting onto [0, 1] gives the stated formula. O

The only term in Proposition B.3 that depends explicitly on the unknown optimum is
(di = g¢) " (2 — 27).

We now show that in the non-overshooting quadratic regime above, this term is coordinate-wise nonnegative.

Lemma B.4. Under the assumptions of Proposition B.2, for every t > 0 and every coordinate 1,
(di — gp)at = 0.

Consequently,
(di — g0) " (@ — 2) = (dy — g¢) T > 0.

Proof. We argue by induction on t.

For t = 0, since d}, = g} = a;x}, _ o
(do — g0)x = 0.

Now assume (d — gi)zi > 0. By Proposition B.2, z} and 2}, have the same sign, and g; = a;x} has that sign as
well. Also,

diyy = Bdi + (1= B)gz, Jiy1 = QiTyyq-
A direct calculation gives

diy1 — 9i41 = B+ na;)(d; — g¢) + naig;.-
By the induction hypothesis, di — g¢ has the same sign as 2%, and ¢/ also has the same sign as xi. Since all

coefficients are nonnegative, the right-hand side has the same sign as x}, hence also the same sign as ! 11
Therefore

(dis1 — 9i41)Ti41 2 0.
This proves the coordinate-wise claim. Summing over i and using z* = 0 gives

d
(de = g0) (@ — ") =Y _(d; — g})a} > 0.

i=1
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Lemma B.4 shows that, in this non-overshooting quadratic regime, the one-step optimal momentum parameter
contains a nonnegative contribution from the term

(di — g0) " (2 — a¥)
. .

This provides a concrete setting in which replacing the unknown optimum-dependent quantity by a positive
surrogate, equivalently, using an overestimating model term, is directionally consistent with improving one-step
progress.

C PROOFS OF SECTION 3.5

We provide convergence guarantees for our proposed method in the standard finite-sum setting:

zeR4

min f(z) = %Zf&(x),
i=1

where each fg, denotes the loss associated with a mini-batch S;, and the goal is to minimize the average loss f.
We proceed under the following assumptions.

Assumption C.1 (Smoothness). The function f is L-smooth if, for all x,y € R%,

L
fly) < f($)+Vf(SC)T(y*l’)+§||y*x||2- (33)
Assumption C.2 (Bounded stochastic gradient norm). There exists G > 0 such that, for all x,

Es([[IVfs(2)]?] < G*. (34)

Algorithm. We prove convergence for a simplified version of AM-SGD-M with A = 0. Let n > 0 be the step
size, let 0 < By < Bmax < 1, and initialize dg = 0. At iteration ¢, let

gt ‘= stt (l‘t),

where S; denotes the sampled mini-batch. The updates are

Be = Clipjo 8,...] (”gt|2> )
Pt \ N de — g¢l?
div1 = Bedy + (1 = Be)ge,
Tip1 = Ty — Ndy41-

(35)

When d; = g¢, the denominator vanishes; in that case we define 5; := 0 by convention, noting that then d¢11 = ¢;
regardless of the value of f;.

We denote by z* an optimal point, i.e. z* € argmin, f(z).

Lemma C.3. Consider the iterates generated by (35). Assume that
E[llg ] < G*.

Then, for every t,
E{[lde1]?] < 4G*.

Proof. We rewrite the momentum update as

diy1 = g + Be(de — gt).

Using Young’s inequality, for any p > 0,

1
la+ b2 < (1 + p)lal + (1 n p) 1.
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Applying this with
a= g, b= Bi(di — g¢),
gives
1
el < 1+ lad? + (1+ 1) 821d: - sl
By the definition of 3,
[§

||gt
B <
ldi — g¢l1*

whenever d; # g¢, and trivially also when d; = ¢g; under the convention above. Hence
Bellde — gell* < llgell*.
Since 0 < B¢ < Bmax < 1, we also have 32 < 3, so
Billde = gel* < Bellde — gell* < llgel®.

Substituting this into the previous bound yields

1
o | < (2+p+ p) el

Choosing p = 1, we obtain
el < 4llge]l*.

Taking expectation and using E[||g:||?] < G? gives
Eldesa 7] < 4G2

O

The following technical lemmas provide upper bounds on the cross terms that arise when expanding the momentum
recursion. Both results rely on the definition of ; to relate the correction term d; — g; to the stochastic gradient
itself, and on Young’s inequality to separate mixed inner products.

Lemma C.4. Consider the iterates generated by (35). For any a > 0,

2
~mBy(ae —a, dy = g1) < Bmaallzs — 2|+ gl
where g := V fs, (z4).

Proof. By Cauchy—Schwarz,

2B (xe — a2, dp — gi) < 20B¢||lwy — 2| ||dp — gil|-

Applying Young’s inequality 2uv < au? + 1v? with

a
u=1/B ||$t—$*|\a v =nv P ||dt_gt||a
gives

7725t

2Byl — 2" |[llds = gull < Braller —2"|* + —=|ldi — g0

Since B; < Pmax, the first term satisfies
Brallar — a*[|* < Pmaxallz — ¥

Moreover, by the definition of G,
Bellds — gell* < llgell*,
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with the inequality being trivial when d; = g;. Therefore,

772/51&
a

2 772 2
llde — ge|I” < E“gt” .

Combining the two bounds yields

2
2Byl — @, di = g1) < Bumaxallze — 7 + Ll ge][2

Lemma C.5. Consider the iterates generated by (35). For any a; > 0,

Bmax

2045

=BV f(xr), di — g1) <

2

am
IVl + 2 g0,
where g :=V fg,(x4).

Proof. By Cauchy—Schwarz,
—NB(V f(xt), de — g¢) < nBel|V ()| || de — gell-

Applying Young’s inequality uv < % + %1)2 with

U= \/E”Vf(ﬂ?t)H, U:n\/E”dtigtHv

gives
B amn’p
WV F)l e —gill < G LIV A + 5~ gl

Using By < Bmax for the first term and
Bellde — gil” < llgell?
for the second term, we obtain

Bmax

2at

2
0BV f (@), de = gi) < SV f )|+ = llgel

O

Theorem C.6 (Convex convergence). Assume that each stochastic component fg is convez, that the stochastic
gradient is unbiased,

E[V fs,(z1) | 2] =V f(21),
and that Assumption 3/ holds. Let * € argmin, f(x). Consider the iterates generated by (35) with

L, 1
n \/Tv max T

Define the weights

and the weighted average iterate

Then

E[f(a5) — f(z*)] (2llzo — z*||* + 5G?) .

1
<
~ /T
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Proof. Let
gt ==V fs, ().

From the update x¢41 = 1 — ndyy1, we have

o1 —a*[|® = lloe — 2*)|* = 2n{ze — 2%, dega) + 1% || desa ||

= ||lz¢ — $*||2 —2n{zy — 2%, g¢) — 2nBe(xe — 2%, dp — gi) + 772||dt+1||2~

By convexity of fs,,
(e — 2%, g1) > fs,(70) — fs,(z7).
Applying Lemma C.4 with a =1,

—2nB(zy — 2%, di — gt) < BumaxllTe — 27|12 + 07| ge]|>.
Therefore,

w4 = @[ < (14 Bmax) e — 2™ 1* = 20(Ffs, (20) = fs, (7)) + 0 Ngell® + 0* [ desa||*.

Taking expectation, using unbiasedness, Assumption 34, and Lemma C.3, we obtain
Efllzer = 2*[1°] < (14 Bumax)E[[lze — *[1*] = 2nE[f(ze) — f(2")] + 50°G>.
Now define the weights recursively by

at—1 = (1 + Bmax)at; a_1 = 1.

—(t+1)
1
—(1+ = .

E[lzis1 — 2*|?] < ar1 E[||lze — 2*|?] = 2nac E[f(z¢) — f(z*)] + 50°GPay.

Since Bmax = 1/T, this yields

Multiplying the previous inequality by a; gives

Rearranging and summing from t =0 to 7" — 1,

T-1

2n Z arB[f () — f(a*)] < |lwo — z*||? — ar—1E[||zr — m*HQ} + 5n*G? Z ag.

t=0

Dropping the nonnegative term ar_1E[||zr — 2*||?], we get

T-1 T-1
27 Z aE[f(z¢) — f(z*)] < |lzo — =*|* + 50*G? Z ag.
t=0 t=0

Since f is convex,
T—1

Fal) < — ().
g ; Zs 0 as

Taking expectation and subtracting f(z*),

I (R ()

E[f(af) — f(z*)] < i
t= 0 ag

Combining with the previous bound yields

%2 5
oo 5, o

Elff) —feN) < ) e ot g
t= 0 ag
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. T-1 .
It remains to lower bound >, " a;. Since

we have
ZQZMLZT A
— i 71+t T T '

Since (14 1/T)7 is increasing in T and equals 2 at T' =1, we have (1+1/T)~7 < 1/2 for all T > 1, and therefore

as = —
t=0 2
Using = 1/+/T, we conclude
—z*|2 5 llzo — z*||> 5G? 1
E[f(2) — f)] < 12 =2 | 5 e _ 2o = 2z — %[> + 5G?) .

O

Theorem C.7 (Non-convex convergence). Assume that f is L-smooth, that the stochastic gradient is unbiased,

E[Vfs, () | ] = Vf(24),

and that Assumption 3/ holds. Consider the iterates generated by (35) with

1
n:ﬁa ﬂmax:C'/L 0<e< 1.
Then X isr
~ +
Jip B[V @)I] < i (Elfteo) = fler)) + 252562
Proof. Let

gt = Vs, ().
By L-smoothness of f,

F(oes) € F(@0) + (V@) 201 = 20) + 5 bt — o]

2
= fa0) = n{V S (@), depn) + 2

Using
diy1 = gt + Be(dy — gt),

we obtain L
f@epr) < fze) =V (@), ge) — BV f(xe), de — g¢) + Tn”dtHHQ'

Applying Lemma C.5 with a; = %7

2
B (), do — 90) < IV F@OI? + g

Hence,

2 2
Flern) < F) = (T, 90 + a1 @I+ Dllgll + E g |2
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Taking expectation and using unbiasedness,
E[(Vf(xt), gt)] = ]E[va(l"t)”Q]
Using Assumption 34 and Lemma C.3,
Efllgel’] < G*, Ellldea]?] <462
Therefore,
Blf (o] < Elf (o)l = (0 Bamd BV £@)I?] 4762 (] +2L).

Equivalently,
(1 B E[IV )] < ELF ) = Foe)] + P62 (420 )

Summing from ¢t =0 to T — 1,

T-1

1
(1= Bons) Y B[V F )] < Elfe0) = flor] + G2 (] +21).
t=0
Since ) .y
S 4oL=
4 + 4
we obtain
= 14+8L . 5
(1= Bmax) D E[IIVF(@)|*] < E[f(z0) — f(ar)] + TnG=.
t=0
Using Bmax = cn), we have
N — Bmax = 77(1 - C).
Therefore,
= 1 1+ 8L
2] < _ 22 )
S BNV < gy (Bl - ser) + HE T
Dividing by T and using n = 1/v/T,
T-1
1 1 14 8L
=~ E[|V ——(E - + G2) :
7 3 BVl £ S (Bt —senl + 15
Finally,
1 T-1
o E[IVF@)IP] < 7 ;E IV £ ()]
which proves the claim. O

C.1 A fixed-cap variant.

The main text uses a shrinking cap on Bp.x to obtain convergence to the exact minimizer. If instead the cap
is kept fixed, one can still obtain an O(1/ \/T) convergence rate to a noise-dependent neighborhood under the
following finite-gap condition.

Assumption C.8 (Finite optimal mini-batch gap). Let z* € argmin, f(z), and define
f5 = inf fs ().

Assume there exists a)% < oo such that

Es[fs(z") - f3] < oF.
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We consider the same simplified AM-SGD-M update as in (35), but now with a fixed cap
0§ﬂt§6max<1-

For convenience, define
€:=1— Pmax > 0.
Lemma C.9. Under Assumption 5.2, for everyt,

G2
E[llde1 )] < -

Proof. Using the update d;y1 = Brd; + (1 — Bi)g: and Jensen’s inequality,

i1l = 1Beds + (1 = Be)gell* < Belldell* + (1 = Be)llgell* < Bmaxlldell® + 1lge 1.
Taking expectation and using Assumption 3.2,
E[HdHlHQ} < ﬁmax]E[”dtHQ] + G2~
Since dg = 0, unrolling the recursion gives
G? G?
E[||d 2 =—.
[” t-‘rl” G Zﬂmax =1 _ﬁmax €
O
Lemma C.10. Assume each fg is convexr, Assumption 5.2 holds, and Assumption C.8 holds. Then, for every t,
2
E[_ﬁt<xt — ¥, dt>] <—5+—
Proof. Set
At = *(It — SC*, dt>
Using xy = x4—1 — nds, we write
Ay = —(wy — 2%, dy)
— (@ — 21, dp) — (21 — 27, dy)

= 77||dt||2 — (w41 — 2, Brordi—1 + (1 — Bi—1)ge—1)
= nlldel|? + Bi—1Ai—1 — (1 = Bi—1){me—1 — @, ge—1).

By convexity of fs, ,,

(re—1 — 2, gr-1) > fs,, (xe-1) — fs,_, (%) > f5,_, — fs._, (27).

Hence
—(1=Bia){mmr — 2%, gim1) < (1= Bic1) (fs, o (@) = 5, ) < fs, . (") = f5,_ ..
Therefore
Ay < nllde||® + Be—1 A1 + (fs,_o (%) = f5,_)-

Since Ag = 0 (because dy = 0), unrolling the recursion gives

t
<3 (TT8e | [mldsl® + £, ) = 15, -
j=1

Using Br < Bmax = 1 — €, we obtain

A <

-

(1= [nllds 2+ fs,, (=) = 5, ] -

~
Il
-
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Since 0 < 3; < 1, we also have 8;A; < A;, and thus

—Bulwn =", di) <3 (1= ) llds 2+ f, . (2%) — 5]

Jj=1

Taking expectation and using Lemma C.9 together with Assumption C.8,

E[—Bi{z, — a*, dy)] < th(l —e)' [ncf + 0?]

1

G? nG? oj
(776+U]20> = GTJr?f

<

<

a | =

O

Theorem C.11 (Convex convergence under a fixed cap). Assume each fs is convex, Assumption 5.2 holds,
Assumption C.8 holds, and Elg; | =] = Vf(x). Consider the iterates generated by (35) with a fixed cap
0 < B¢ < Prmax <1, and let € := 1 — Bax. Define

1 T-1
T = T ; Tt.

Then
|lwo — z*||? 0 2+€ o 1+e—¢€

E[f(zr) — f(z")] < ol +nG 53 T 7f 2

In particular, with n = T~1/2,

i . lzo — z*||>  G2(2+e¢) 14+e—¢é
E[f@Er) - @] < =+ St e

that is, the method approaches a afc—dependent neighborhood at rate O(1/V/T).

Proof. Let
At = Hl’t — SC*||2

Using the update x4+ = 2y — ndy41,
App1 = A¢ = 2n{zs — 2%, dega) + 12| desa |
Expanding dyy1 = Bedy + (1 — B¢)ge,
Appr = A = 208w — 2%, dy) — 20(1 = By) (e — 2™, ge) + 1% || desa ||

By convexity of fs,,
(we — 2%, gi) > fs,(x¢) — fs,(27).
Therefore
Aoy < A =208y — 2", d) = 20(1 = o) (fs,(xe) = f,(27)) + 1 e |

Now write
fs. (@) = fs.(2%) = (fs, (x:) — £3,) — (fs,(z") = £3,)-
Since fg, (x¢) — J5, > 0and 1— B >,

—(1 = B)(fs, (@) = fs,(27)) < —e(fs, () — fs,(x")) + (1 — &) (fs,(z") = [3,).
Substituting this bound yields

A1 < Ay = 2e(fs, (@) = f5,(27) +20(1 =€) (fs, (") = [5,) — 2nBe(wr — 2™, de) +0*||de1 .
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Taking expectation and using E[g; | x¢] = Vf(z),

E[fst (x¢) — fs, (93*)] = E[f(act) - f(f*)]

Applying Assumption C.8, Lemma C.10, and Lemma C.9, we get

0.2
B[] < BIA] - 20e[f(z) ~ f(z*)] + 20(1 - )0 + 20 (’76’ + j) &

Rearranging,

2meE[f(ze) — f(2*)] < E[A] — E[Ap4] + °G? (622 + 1) + 207 ((1 —€) + 1) .

€ €
Summing from ¢t = 0 to T'— 1 and telescoping,

T-1

x lzo — z*|? 22+€  olie—é
;]E[f(xf)if(x )] ST+T TIG 263 Uf 62 .
Finally, by convexity of f and Jensen’s inequality,
=
E[f(@r) ~ f@")] < 7 SO E[f(0) — £,
=0

which proves the claim.

O

The fixed-cap result differs from the main theorem in that a nonvanishing cap fmax < 1 leaves a residual stochastic
bias in the adaptive memory term, which appears through the mini-batch mismatch quantity O'J%. As a result, the

method approaches the solution set at rate O(1/ \/T), but only up to a noise-dependent neighborhood whose

radius is controlled by o2

. This is analogous to the usual behaviour of stochastic methods under persistent
gradient noise: with a fixed amount of memory, one retains a nonzero bias floor unless the noise itself vanishes.

In the common interpolating regime, however, z* minimizes each mini-batch loss as well, so fg(z*) = f& almost
surely and hence a]% = 0. In that case the neighborhood term disappears, and the bound reduces to exact

O(1/VT) convergence.
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D ALGORITHM DETAILS

Algorithm 2 AdamW: Adam with Decoupled Weight Decay

1: Initialize: Learning rate 7, weight decay pu, 81,02 € [0,1), € >0
2: Initialize parameters xg, first moment dy = 0, second moment vy = 0
3: for each iteration t = 1,2,...,T do

4:  Compute gradient: g; = V f(x¢)
5:  Update biased first moment estimate: m; = Byms—1 + (1 — B1)9:
6:  Update biased second moment estimate: vy = Bav;_1 + (1 — 32)g?
7:  Compute bias-corrected first moment: m; = 17117;3?
8:  Compute bias-corrected second moment: v = 12‘@
9:  Compute update direction: dy = \/%ike
10:  Apply weight decay: xyy1 = x4 — n(czt + pxy)
11: end for

12: Return: Learned parameters zr

Algorithm 3 AM-AdamW: Adaptive Memory - Adam with Decoupled Weight Decay

1: Initialize: Learning rate 7, weight decay p, 81 max, B2 € [0,1), € > 0, A
2: Initialize parameters xg, first moment my = 0, second moment vy = 0
3: for each iteration t =1,2,...,7 do

4:  Compute gradient: g, = V f(x;)
5. Update biased second moment estimate: v; = Bavy_1 + (1 — B32)g?
6:  Compute bias-corrected second moment: vy = 1ff’ﬁt

2
7. Compute Adam Preconditioner: P, = (1 — B max [ [, B1¢)diag(e + /o;)

(+pn) (f(ze)=f(zt)) —(de—ge,ge+APedy) 1 _ _/J'(mT7dt_gt>
8:  Compute adaptive SB1;: B¢ = Clip[oﬁ1 o] ( u HdrgtIP P ORDT -
PP+~
9:  Update first moment estimate: dyr1 = (AP, + 1)~ (1 — B1t) 9t + APy + Bue]) dy)
10:  if Proximal Weight Decay then
-1

11: Update Parameters: xy41 = ﬁ (mt —nP; dt+1>
12:  else if Decoupled Weight Decay then
13: Update Parameters: 2,1 = (1 — un)z; — P diyq
14: end if
15: end for

16: Return: Learned parameters xp

)

D.1 Practical Considerations

In Adam, the preconditioner depends slightly on the value of 51; due to the bias correction term. This dependence
prevents closed-form computation of $1;, but because the bias correction decays exponentially, it can be safely
ignored in practice by using the approximation Hf;} B1i, which has been shown to incur no practical drawbacks.
Alternatively, the correction can be conservatively bounded by multiplying with the maximum value 51 pax.
Moreover, for standard choices of learning rate and weight decay, both coupled and decoupled weight decay behave
similarly. In our experiments, we chose to multiply the bias correction factor by 1 max and to use decoupled

weight decay throughout.

D.2 Stochastic AdamW

We again replace f(x¢—1,s:) — f(2¢, s¢) with its first-order approximation around x;, given by:

f(l't—la St) - f(xty St) ~ Vf(l”t, St)T(It—l - l‘t)
= nmg;r(P;lldt + py)

~ 197 (P tdy + pay) (Assuming P, ~ P7h)
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Where to avoid storing 2 preconditioners (2 second moment estimates), we approximate P;ll with P{l.

D.3 Per-Layer AdamW

Our method requires computing the preconditioner twice: once to determine the value of 8; and once again
to perform the parameter update. Although this overhead is negligible in large-scale experiments, it can be
eliminated, and even lead to minor performance gains, by computing a separate 81 for each layer. In this variant,
the same preconditioner can be reused within each layer: first to compute 31, and then to update that layer’s
parameters. This approach not only improves efficiency but also allows different momentum parameters to be
assigned to different layers. However, our empirical observations indicate that the momentum dynamics across
layers are relatively similar. A comparison of our method with and without per-layer adjustment on the LLaMA
100M experiment is provided in Table 3.

Table 3: Comparison of our method on LLaMA-100M with shared vs. per-layer momentum parameter $; and
with or without the Pt:II = P{l approximation . In all cases the performance is similar, for computational
efficiency all experiments in the main paper were conducted using per-layer 5; and Ptjll = Pt_1

Method P P!, ~P;?!

Shared (1 3.8114+0.088  3.814+0.088
Per-layer 81 3.792£0.085  3.792+0.084

D.4 Computation Overhead and Convergence Speedup

We compare the computational cost and convergence speedup of AM-AdamW relative to the standard AdamW
optimizer across models of varying sizes. Table 4 shows that the adaptive momentum mechanism introduces
negligible overhead, below 0.5% even for small models, while consistently accelerating convergence by up to 1.5x
for larger models.

Table 4: Average per-iteration runtime and relative convergence speedup of AM-AdamW compared to AdamW.
Overhead is the relative increase in iteration time; speedup is the ratio of steps to reach the same validation loss.

Avg. Time per Avg. Time per AM-AdamW Convergence Speedup
Model Size Iteration (AdamW) Iteration (AM-AdamW) Overhead (%) (AM-AdamW/AdamW)
20M 1.21s 1.21s 0.31% 1.11x
60M 2.77s 2.78s 0.36% 1.41x
100M 6.23s 6.26s 0.48% 1.45x%
350M 13.91s 13.95s 0.29% 1.52x
1B 78.89s 78.98s 0.11% 1.54%

E EXPERIMENTAL SETUP FOR SECTION 4

E.1 Convex problems

For the binary classification tasks, the learning rate was chosen based on an estimate of the smoothness of the
feature matrix. The same procedure was applied to the multiclass classification problems. While this approach is
not theoretically justified for all optimizers, it provided a consistent and practical basis for comparison. Importantly,
for each dataset, the same learning rate was used across all optimizers to ensure fairness. For Adam, we fixed the
learning rate to 0.001 for all experiments. We used the codebase from https://github.com/konstmish/opt_methods

E.2 Image Classification

Dataset Augmentations


https://github.com/konstmish/opt_methods
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e ConvNets for CIFAR10/100: For CIFAR-10 and CIFAR-100, the training pipeline consists of random
cropping to 32x32 with a padding of 4, random horizontal flipping and normalization using dataset-specific
mean and standard deviation. The validation pipeline includes only normalization.

¢ ResNet50 for ImageNet: For ResNet-50, the training pipeline consists of random resized cropping to
224 %224, random horizontal flipping and normalization using ImageNet mean and standard deviation. During
validation, the transformations include resizing to 256 pixels, center cropping to 224x224, conversion to a
tensor, and the same normalization applied in training.

Table 5: Hyper-parameter settings for the CIFAR100

experiments.

Hyper-parameter

Value

Architecture

Epochs

Batch size
Optimizers

LR schedule

Weight decay
Momentum for MGD
Learning Rate
AM-MGD X

Bmax

ResNet50 and WRN-40-10
200

128

MGD

cosine

Table 6: Hyper-parameter settings for the CIFAR10

experiments.
Hyper-parameter Value
Architecture ResNet18 and VGG-19
Epochs 200
Batch size 128
Optimizers MGD

LR schedule

Weight decay
Momentum for MGD
Learning Rate
AM-MGD X

Bmax

step with r=0.1 at [100,150]

For the ablation studies, we used the same experimental settings, varying only the hyperparameter under
investigation. Additionally, no learning rate schedulers were applied.

Table 7: Hyper-parameter settings for the ResNet18 trained on ImageNet experiments.

Hyper-parameter Value

Architecture ResNet18

Epochs 100

Batch size 256

Optimizers MGD

LR schedule step with r=0.1 at [30,60,90]

Weight decay
Momentum for MGD
Learning Rate
AM-MGD X

Bmax

le-4

0.9

1

0.1

0.9 —0.1x

E.3 Pretraining Large Language Models

Table 8: Hyper-parameter settings for the LLaMA

experiments.
Hyper-parameter Value
Learning Rate 0.001
‘Weight Decay 0.0001
Batch Size 1024
Model Precision BF16
Scheduler Cosine with warm-up
Warm-up Ratio 10%
Grad Clipping 1.0
B1 0.9
Ba 0.999
€ le-8
Seq-len 1024
AM-AdamW A 0.1
B1 max 0.9 —0.1X
Eval Precision BF16
Eval Seqg-len 1024

Table 9: Architectural details for the LLaMA models.

Component

Value

# Parameters
Hidden Size
Intermediate Size
Attention Heads
Hidden Layers
Activation Function
Normalization
Vocab Size

Max Seq. Length
Initializer Range
Model Type
Transformers Version

20M / 60M / 100M / 350M / 1B
256 / 512 / 640 / 1024 / 2048
688 / 1376 / 1708 / 2736 / 5461
4/8/10 /16 / 32
4/8/12/24 /24

silu

RMSNorm (e = 1le—6)

32,000

1024

0.02

1llama

4.28.1
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F OMITTED EXPERIMENTAL RESULTS

F.1 Convex Problems
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Figure 8: Logistic Loss over time, AM-MGD (red curve) outperforms fixed momentum on all but one experiments.
GD and MGD with 8 = 0.9 practically overlap. We run all algorithms for 10000 iterations with a learning rate

n = 1/L where L is the smoothness
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F.2 Detailed Curves for Figure 6c¢
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Figure 10: Training curves for different learning rates on ResNet18 trained on CIFAR10
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Figure 11: Training curves for different learning rates on ResNet50 trained on CIFAR100
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F.3 More plots on the behaviour of 3;

CIFAR10 ResNet18 CIFAR100 ResNet50 ImageNet ResNet18
T
0.8 0.8 0.8
0.6 0.6
z z o 06
a a a
0.4 0.4+
0.4
0.2 0.2
- - - - - - - - - - - - 021 . . : : :
0 5000 100001500020000 25000 30000 0 10000 20000 30000 40000 0 2000 4000 6000 8000 10000
Iterations Iterations Iterations
CIFAR10 VGG CIFAR100 WRN
0.8
_ 06
&
0.4
0.2
0 5000 10000 1500020000 25000 30000 0 10000 20000 30000 40000
Iterations Iterations

Figure 12: The adaptive §; across different experiments
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Figure 13: The layer-wise adaptive §; across different LLaMA experiments

F.4 ImageNet Experiment
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Figure 14: ResNet18 on ImageNet

F.5 Comparison with other Optimizers

We also compare our method against the Muon and Lion optimizers. We use the following publicly available
implementations:

e Lion: github.com/huggingface/pytorch-image-models

e Muon: github.com/KellerJordan/Muon


https://github.com/huggingface/pytorch-image-models/blob/main/timm/optim/lion.py
https://github.com/KellerJordan/Muon/blob/master/muon.py

Adaptive Memory Momentum via a Model-Based Framework for Deep Learning Optimization

For each optimizer, we perform a coarse hyperparameter grid search shown in Table 10. In our LLaMA experiments,
we adopt the setup with warm-up enabled. For both Lion and Muon, the hyperparameter search is conducted
only on the 20M model to assess the transferability of hyperparameters to larger model scales.

Table 10: Hyperparameter search ranges for Muon and Lion optimizers.

Optimizer Hyperparameter Values Tested

Muon Learning rate n [le-4, 5e-4, 1le-3, 5e-3, le-2]
Momentum coefficient 3 [0.9, 0.95, 0.99]

Lion Learning rate n [le-4, 5e-4, 1le-3, 5e-3, le-2]
Second-moment coefficient 82 [0.9, 0.95, 0.99, 0.999]
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Figure 15: Optimizer comparisons across different models and datasets.
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