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Abstract

Zeroth-order methods are extensively used in machine learning applications where
gradients are infeasible or expensive to compute, such as black-box attacks, rein-
forcement learning, and language model fine-tuning. Existing optimization theory
focuses on convergence to an arbitrary stationary point, but less is known on the
implicit regularization that provides a fine-grained characterization on which partic-
ular solutions are finally reached. We show that zeroth-order optimization with the
standard two-point estimator favors solutions with small trace of Hessian, which
is widely used in previous work to distinguish between sharp and flat minima.
We further provide convergence rates of zeroth-order optimization to approximate
flat minima for convex and sufficiently smooth functions, where flat minima are
defined as the minimizers that achieve the smallest trace of Hessian among all
optimal solutions. Experiments on binary classification tasks with convex losses
and language model fine-tuning support our theoretical findings.

1 Introduction

There are many emerging machine learning problems where gradients are not accessible or expensive
to compute, hindering the application of gradient-based optimization algorithms. For example,
fine-tuning large language models (LLMs), particularly at the scale of billions of parameters, faces
significant memory bottlenecks, primarily because of the memory-intensive nature of backpropagation.
Zeroth-order optimization offers a compelling alternative as it permits gradient estimation via finite
differences of loss values. Malladi et al. [69] reported that zeroth-order methods are capable of
fine-tuning a 30-billion-parameter model using a single A100 GPU with 80 GiB memory, whereas
gradient-based methods require 8 A100s. In addition to recent advances in fine-tuning LLMs,
zeroth-order methods have also found numerous applications in black-box settings [17, 18, 6] and
nonsmooth optimization [74, 57, 47] where gradient computation is often infeasible. They have
further proven effective in reinforcement learning [80, 68, 39] and distributed learning [31, 93, 77] to
reduce computation and communication costs.

To be more specific, for the optimization problem min, g« f() with parameters x € R and a loss
function f : R? — R, zeroth-order optimization with the standard two-point gradient estimator [74]
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(Algorithm 1) iteratively updates x by substituting the computationally intractable gradient with

@) = f(:c—|—)\u)2—)\f(:1:—/\u)u7 )

where u ~ N (0,1;) is a standard Gaussian random vector and A € R is a smoothing parameter. It
is convenient to understand zeroth-order methods through a surrogate smoothed function defined
as fa(x) := Eyeno,10)[f (& + Au)] [27, 74]. Since Eq. (1) unbiasedly estimates the gradient of
falz) [74], 1.e., E[gr(z,u)] = V fa(z), standard convergence analyses directly indicate that f) (z)
is minimized. Further noting that f)(x) is close to f(z) when X is small, the convergence of zeroth-
order optimization can be established on the original loss f(x). For example, when f(z) is smooth
and convex, zeroth-order methods guarantee that the average of the iterates, X7, after T iterations
satisfy E[f(Z7) — mingcpa f(2)] < O(d/T); see e.g., [74].

However, in the presence of multiple solutions, it remains unclear from the above arguments whether
zeroth-order methods prefer certain minima. Our intuition to this question comes from revisiting the
underexplored role of f(x). Using Taylor’s theorem (with details in Eq. (2)), one can find that

f@) = £@)+ 2T (V@) + o(02).

This implies that zeroth-order optimization implicitly encodes an additive regularizer using the trace of
Hessian, which is a widely adopted metric in the literature [89, 88, 58, 34, 24, 3] to differentiate sharp
and flat minima [40, 46, 29, 75, 25, 38]. Existing works studying flat minima mostly centered around
first-order methods. The work of [75, 105, 85] empirically demonstrated that stochastic gradient
descent (SGD) converges to solutions with small expected sharpness E.,,ar(0,1,) [f(z + Au)] — f(z)
on a variety of vision tasks, which also implies small trace of Hessian according to Eq. (2). It was
also shown that SGD with label noise provably decreases trace of Hessian as a regularization term for
overparameterized models [12, 22, 55]. Wen et al. [89] proved that sharpness-aware minimization
(SAM) [33], a method specifically designed for finding flat minima, minimizes trace of Hessian when
the batch size is one. Further discussions on the relevance of flat minima, as well as the role of the
trace of Hessian can be found in the recent work [3].

This work formalizes the intuition above and initiates the study of the implicit regularization of
zeroth-order optimization with the standard two-point estimator. Despite relying only on function
evaluations of f(z), we show that zeroth-order optimization converges to flat minima, which are
typically characterized using second-order information such as the Hessian matrix V2 f(x). In
particular, our contributions are summarized below.

e We define flat minima as the minimizers that achieve the smallest trace of Hessian over the set of
all minimizers; see Definition 3.1. Assuming the function is convex and three times continuously
differentiable with Lipschitz-continuous gradient, Hessian, and third derivatives (Assumptions 3.3
and 3.4), we prove that zeroth-order optimization with the standard two-point estimator (Algorithm
1) converges to (O(e/d?), €)-approximate flat minima, defined in Definition 3.2, after T = O(d*/¢?)
iterations; see Corollary 2. While standard convergence analysis directly treats \2Tr(V?2f(x))
as a bias term and controls it by choosing a sufficiently small A\, we provide a tighter and novel
characterization in Section 3.1 of zeroth-order update dynamics to analyze convergence of F'(x) :=
f(x) + (A\2/2)Tr(V?f(z)). This result is of independent and broader interest for advancing the
understanding of zeroth-order optimization and naturally extends to analyzing convergence rates of
first-order methods such as SAM and SGD on the smoothed loss towards flat minima (Remark 3.4).

e We provide empirical evaluations to examine the behavior of the trace of Hessian under zeroth-
order optimization across three settings: a test function (Figure 1), binary classification tasks using
overparameterized SVMs and logistic regression (Figure 2), and language model fine-tuning tasks
with RoBERTa [61] (Figure 3). Consistent with our theoretical predictions, we observe that the trace
of Hessian decreases when using zeroth-order optimization across all these settings. Note that we
adopt an estimation of the trace of Hessian on language models for scalability purposes.

To the best of our knowledge, this is the first work to prove that zeroth-order optimization converges
to flat minima. Note that all results provided in this paper can be readily extended to zeroth-order
optimization with other unbiased estimators of V f () satisfying E[uu'] = I, such that Eq. (2)
holds, including the one-point estimator suggested in [32, 74], as well as gradient estimation using
random vectors uniformly distributed on the Euclidean sphere [81, 99].



Algorithm 1 Zeroth-Order Optimization with the Two-Point Estimator

Input: Initialization xo € R, number of iterations T, stepsize 1 > 0, smoothing parameter A > 0.
1: fort=0,1,--- ;T —1do
2:  Sample u; uniformly from the standard multivariate Gaussian distribution A/(0, I).
3:  Construct the two-point gradient estimator

flxe 4+ Aug) — fay — dug)

gx(e,up) = I Ut
4:  Update the parameter
Tip1 — Ty — nga(xe, ug).
Output: . for 7 sampled uniformly at random from {0, 1,--- ;T — 1}.
Notation. We use ||-|| for the Euclidean norm of vectors and [m] for the set {1,2,--- ,m}. The

trace of a square matrix .J is denoted by Tr(.J). A standard Gaussian random vector in R? is written as
v ~ N(0,1,) and satisfies E[vv ] = 1. A function p : R? — R is convex if a p(z) + (1—a) p(y) >
plaz + (1 — a)y), Yo,y € R?and o € (0,1). A function ¢ : R? — R is rth-order smooth with
L, > 0if it is r times differentiable and ||V"q(z) — V"q(y)|| < L. ||z — y||, where [|[V"q(z)]]
maxgep |5 <1|V"q(2)[s]"[ and V7q(@)[s]" := 325, i cia(07q(2) /0, - - Owi )si - -+ s,
say for brevity that ¢(x) is Li-smooth if r = 1.

We

1.1 Related Works

Zeroth-Order Optimization. Existing works primarily focused on convergence to a stationary point,
while we prove the first result on convergence to flat minima. The development and early advances
of zeroth-order optimization can be found in [70, 21]. Nesterov and Spokoiny [74] provided a
convergence analysis of zeroth-order optimization across various settings. Their results for nonsmooth
convex functions were refined by [81], while improvements for nonsmooth nonconvex functions
were made by [57, 16, 47]. Extensions to the stochastic setting were considered in [36]. Lower
bounds were also provided in [90, 28], showing that the dimension dependence in the convergence
guarantees of zeroth-order optimization is unavoidable without additional assumptions. Several
recent works [96, 69, 99] proved that such dimension dependence can be relaxed to a quantity related
to the trace of Hessian. Zeroth-order optimization has been extended to minimax optimization [86],
bilevel optimization [1], constrained optimization [10, 64], and Riemannian optimization [52, 53]. It
has also been integrated with coordinate descent [56], conditional gradient descent [9], SignSGD
[60], and variance reduction techniques [59, 30, 43]. A line of work [83, 66, 10, 98, 79] established
convergence to second-order stationary points, demonstrating that zeroth-order methods can also
escape saddle points. The noisy function evaluation setting was studied in [8, 65, 4], where higher-
order smoothness assumptions were used to reduce bias in gradient estimates. The capability of
zeroth-order methods for fine-tuning LLMs was first demonstrated by Malladi et al. [69]. Following
this work, several recent studies have introduced various improvements aimed at enhancing runtime
efficiency and performance, including momentum [102, 44], variance reduction [35], sparsification
[37, 63], use of Hessian information [103], and better sampling strategies [19].

Sharpness-Aware Minimization. Prior studies of flat minima have mostly centered on first-order
methods. Algorithms designed to find flat minima have achieved strong empirical success, including
Entropy-SGD [15], stochastic weight averaging [42, 45], and sharpness-aware minimization (SAM)
[33]. Similar methods to SAM were proposed in [92, 104], and their efficiency and performance were
further enhanced in e.g., [49, 62, 26, 106, 5, 50]. Also inspired by the insights in Eq. (2), Zhang et al.
[97] proposed a gradient-based method that effectively minimizes the smoothed loss. Several recent
studies [95, 78, 94] proposed modifying zeroth-order optimization and combining it with principles
from SAM to explicitly promote flat minima. In contrast, our work focuses on understanding the
implicit regularization effects inherent within the standard zeroth-order optimization. In addition
to the trace of Hessian used in this work, other notions of sharpness have also been studied in the
literature. One such example is the largest eigenvalue of the Hessian matrix, which has been shown
to be implicitly penalized by (S)GD with large learning rates [20, 7, 87, 67, 23, 2] and SAM [89, 11].
Lietal. [51] proved that SAM implicitly promotes balanced solutions on scale-invariant problems. A



sharpness measure based on the largest gradient norm in a local neighborhood was proposed in [101].
Recently, Ahn et al. [3] provided a formal definition of flat minima and studied the convergence
complexity of finding them. A local concept of flat minima was used, defining them as local minima
that are also stationary points of the trace of Hessian evaluated at limit points under gradient flow.
Two gradient-based algorithms were proposed with convergence guarantees to flat local minima under
the assumptions that the loss function is four times continuously differentiable, satisfies the local PL
condition, and has a twice Lipschitz limit map under gradient flow. In this work, we adopt a global
notion of flat minima and assume convexity of the function to show that zeroth-order optimization
with the two-point estimator converges to flat global minima.

2  Warm-up: Sharpness as Implicit Regularization

Throughout this paper, zeroth-order optimization refers specifically to the method described in
Algorithm 1. As the two-point estimator in Eq. (1) is an unbiased gradient estimator for the smoothed
function f(z) = Eynr0,1,)[f (x + Au)] [74], zeroth-order optimization directly minimizes f(x).
Let f(x) be twice continuously differentiable. By Taylor’s theorem, we have that

flx+u) = f(z) + ' V() + /\?QuTVQf(x)u +0(A\?).

Taking expectation w.r.t. u ~ A (0, 1), we obtain that

2
Az) = f(z) + %Eu [Tr (uu' V2 f(2))] + o(A?) o
= f(z) + )\;Tr (V2 f(z)) 4+ o(X?).

The results suggest that the smoothed function introduces trace of Hessian as an additional regular-
ization term. In the literature for sharpness-aware minimization, the trace of Hessian is often used
to measure the sharpness of the solution [89, 88, 3]. Recall that E[gx(x, u)] = V fa(z), and thus
zeroth-order optimization implicitly minimizes sharpness:

2
Eu, (141 — 2] = =0V () — %VTr (V2f(xe)) +0(A%). 3)

This holds for any twice continuously differentiable function without further assumptions. It can be
readily deduced from Eq. (3) that when z; is close to optimal, i.e., with small gradient, the iterates
move in expectation towards a direction that reduces trace of Hessian. Before formally establishing
that Eq. (3) leads to flat minima, we first illustrate this intuition through a concrete example.

Example 2.1. Consider the function h(z) = (y'z — 1)?/2, where x = (y',z")T € R?? for
y, z € R?. The optimal value is achieved when y " z = 1, and the trace of Hessian is ||y||? + || z||%.
Among all optimal solutions, the smallest trace of Hessian is achieved when y = z and ||y|| = 1.

Figure 1 plots the values of the loss function and the trace of Hessian when applying gradient descent
and zeroth-order optimization on Example 2.1. Gradient descent and zeroth-order optimization with
A — 0 leave the trace of Hessian almost unchanged throughout. The smoothing parameter A controls
the trade-offs between regularization on the trace of Hessian and the optimization error induced by
this additional bias term. Despite the large oscillation in loss values from zeroth-order methods due
to random search directions, the trajectory of the trace of Hessian decreases noticeably smoother.
Example 2.1 belongs to a class of scale-invariant problems studied in Li et al. [51]. It was proved that
SAM promotes balanced solutions on these problems where By := (||y:||* — ||2¢]%)/2 converges to
0 in the limit, while B, remains B for gradient descent [51]. Note that only flat minima are perfectly
balanced with ||y|| = ||z|| among all optimal solutions of Example 2.1. We show in the following
that zeroth-order optimization favors balanced solutions as well. A proof is provided in Appendix A.

Proposition 2.2. When applying zeroth-order optimization (Algorithm 1) on Example 2.1, the limiting
flow with ) — 0 satisfies that dE[By]/dt = —2)\? E[B,]. In other words, E[B;] — 0 when t — oc.

The smoothing parameter A plays a critical role in driving E[B;] towards zero and determines the
rate. When A = 0, the regularization effect disappears, and zeroth-order optimization behaves like
gradient descent to maintain E[B;] as a constant. These theoretical findings align with Eq. (3) and
Figure 1. However, the qualitative discussion of implicit regularization in this section does not offer
insights on the complexity to reach flat minima, which will be the subject of the next section.
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Figure 1: Loss and trace of Hessian on Example 2.1 with d = 100. (a) Comparisons among gradient
descent (GD), zeroth-order (ZO) optimization (Algorithm 1) with A = 0.1, and ZO with A — 0
(directional derivatives). (b) Comparisons on different A used in ZO. GD and ZO with A — 0 fail
to decrease the trace of Hessian. Larger A in ZO leads to larger errors in the loss but brings more
regularization effect on minimizing the trace of Hessian.

3 Complexity for Finding Flat Minima

To formally study the convergence complexity of zeroth-order optimization with the two-point
estimator towards flat minima, we first define the notion of flat minima that we are interested in.

Definition 3.1 (Flat Minima). Suppose that f(z) is twice differentiable with a well-defined Hessian
matrix. Let X* := argmin,cg« f(x) denote the set of minimizers of f(z). We say z* is a flat
minimum of f(z)if 2* € arg mingex+ Tr(V2f(z)). Thatis, z* is a minimizer of f(z) that achieves
the smallest trace of Hessian among the set of minimizers.

The above definition of flat minima implicitly encodes a constrained optimization problem
min Tr(V2f(z)), st f(z)— min f(z) <O0.
z€R z€R4

This functional constraint is equivalent to requiring € X™*, since it always holds that f(x) >
mingcgra f(z). In the literature on functional constrained optimization problems min,c¢ 1¥o(x) with
the constrained set C := {z € R?|4;(x) < 0}, a common objective is to find e-approximate
solutions Z satisfying 1o (2) — mingec o (z) < € and 11 (2) < € [71, 13, 100]. Motivated from this
connection to constrained optimization, we define approximate flat minima in the following.

Definition 3.2 (Approximate Flat Minima). Suppose that f(z) is twice differentiable with a well-
defined Hessian matrix. Let X* := argmin,cga f(z) denote the set of minimizers of f(z). For
€1,€2 > 0, we say & is an (€1, €2)-approximate flat minimum of f(z) if

f(z) — min f(z) < e, Tr(V2f(&)) — min Tr(V2f(z)) < €.
r€eR4 TEX*

Ahn et al. [3] defined flat minima as local minima that are also stationary points of the trace of Hessian
evaluated at limit points under gradient flow. Since the trace of Hessian is highly nonconvex, such a
local definition does not necessarily correspond to minima with the lowest trace of Hessian. In this
work, we adopt a global notion of flat minima and prove that zeroth-order optimization converges to
them. The following assumptions are required to guarantee convergence to approximate flat minima.

Assumption 3.3 (Smoothness). We assume the function f(z) is three times continuously differen-
tiable and satisfies that (a) f(x) is Li-smooth; (b) f(x) is second-order smooth with Ly > 0, which
implies that all third-order partial derivatives are bounded: |0 f(z)/0x;0x;0zy| < Lo, Vi, j, k € [d]
and Yz € R%; and, (c) f(z) is third-order smooth with L3 > 0, which implies that Vx,y € R4,

F)— @) = V@) (= 2) 5 —) V2 @)y —a) — VSl | < 22—yl

where V2 f(2)[ly — 2]® = 32, ; 114 (0% f (%) /00 0k ) (yi — i) (y; — 25) (Y — @)



Since the characterization of flat minima already involves second-order information of f(z), it is
natural to require assumptions on higher-order information to establish convergence guarantees.
Higher-order smoothness assumptions have been widely used to establish fast convergence rates [8,
72], guarantee convergence to second-order stationary points [30, 79], analyze implicit regularization
[7, 89], and study the complexity of finding flat minima [3]. We emphasize that these assumptions
on higher-order information are used solely for convergence analysis; Algorithm | requires only
zeroth-order information. In order to prove global convergence, we also need the following convexity
assumption. Although f(z) is convex, Tr(V?2 f(x)) is in general nonconvex. Seeking flat minima
with lowest Tr(V?2 f(z)) in the set of minimizers X'* is therefore a challenging task.

Assumption 3.4 (Convexity). The function f(z) is convex on R%, and thus Tr(V2f(x)) > 0.

3.1 Convergence Analysis

We start with a brief recap of standard convergence analysis for zeroth-order optimization. We then
explain the major theoretical contribution in this paper that leads to convergence towards flat minima.
By the zeroth-order updates in Algorithm 1, we have that Vo € R,

Ellwip1 — z)* = Ellz, — z|* — 20 Ega(ws, ue)] T (20 — x) +0” El|ga (e, )|
< Ellz, —|® = 20(fa(ze) = fa2)) + 77 Ellga(ee, w1

Here, we use E[gx(z, u¢)] = V fa(z,) and the property that f)(z) is convex when f(z) is convex
[74]. Standard analysis considers optimizing f(z). When f(z) is smooth, the second term f(x;) —
H(x) = f(zy) — f(x) + O(A\?), and the third term can be bounded as

Ellga(ze, ur)|* < 2(d +4)|Vf(2)]|* + O(?).

Since f(x) is L1-smooth, we also have that |V f(z)||? < 2L;(f(x) — mingcra f(z)). By selecting
x as one minimizer from the set X* and setting 7 = O(1/d), we can rearrange Eq. (4) to obtain

“

E | f(ze) — min f(z)| < O(d)(EfJe — z)|* = Bz — z]) + O(N%).

Summing up from ¢t = 0to ¢ = T — 1 and averaging by T give E[f(Z7) — min,cga f(2)] < O(d/T)
with a small enough A, where Z is the average of iterates [74].
Going beyond the classical analysis and targeting at flat minima, we take inspiration from Eq. (2)
and instead focus on the regularized loss

2

Flz) = f(z)+ %Tr (V2f(2)) . )

In this way, we do not treat Tr(V? f()) as a bias to be controlled but instead view the term as an
objective to be optimized. Indeed, the O()\?) error term in the standard analysis mostly comes from
bounding A?>Tr(V? f(z)) from above by A?L;d when f(x) is L;-smooth. To proceed, we need to
control the difference between F'(z) and fy(z), as well as to bound E| gx (x4, u)|? by the term
|[VE(x)|? to establish convergence on F(x).

Lemma 3.5. Let Assumption 3.3 be satisfied. For F(x) defined in Eq. (5), it holds that
Ls
24

The second moments of the two-point estimator gx(x,u) defined in Eq. (1) can be bounded as

[fa(z) = F(x)] < S5A'(d+4)?,  VzeR?

L2 L2 .
E||gx(z,u)||> < 2(d +6) | VE(z)||> + ?2)\4(d+ 6)* + ﬁi’éx)(m 10)°.

Note that the result above is a non-trivial extension of classical analysis. Particularly for E||gx (z, u)||?

Isserlis’ theorem [41, 91] is required to compute an 8th-order moment E[H?Zl u;;] where each
i; € [d] and wu,, is a standard Gaussian (see Lemma B.1), while standard theory only needs to
compute a 4th-order moment. By a combinatorial computation, there are in total 105 terms to
be considered for 8th-order moments, but only three terms for 4th-order moments. We also need
smoothness of F'(x) for relating ||V F (z)[|? to F(z) — min,cge F(z).

s



Lemma 3.6. Let Assumption 3.3 be satisfied. Then F(z) is (2L1)-smooth if \> < /2Ly /(d®/?Ls).

Proofs of Lemmas 3.5 and 3.6 can be found in Appendix B.2. Following the one-step analysis in
Eq. (4) and using the above two lemmas, the theorem below establishes convergence guarantees of
Algorithm 1 to minima of F'(x). A proof is provided in Appendix B.3.

Theorem 1. Under Assumptions 3.3 and 3.4, Algorithm 1 with stepsize n = 1/(8(d + 6)L1) and
smoothing parameter \> < \/2L1 /(d®/?L3) satisfies that

- 8(d +6)La[zo — z|?
E |F(z,) — min F(z)| <
(@r) - min F(z)] < T

+ EX*(d +4)? + L—gxl(d +6)3 + iﬁ(d + 10)*

6 2414 115214 ’
where xo € R is the initialization, T} € argmingcra F(x), and the expectation is taken w.r.t. the
randomness in all search directions and the selection of x ..

Following the standard gradient-based method to minimize F'(z) via VF'(x), third-order derivatives
of f(x) are required due to the computation of VTr(V?2f(x)). Here, we prove that Algorithm 1
that uses only zeroth-order information of f(z) converges to minimizers of F'(x). Although F'(z)
is nonconvex, the difference between F'(x) and a convex function, f)(x), can be made small, and
thus convergence to global minima is still guaranteed. The corollary below transfers convergence
guarantee towards minima of F'(x) to convergence guarantees towards flat minima of f(x). The
proof of it can be found in Appendix B.3.

Corollary 2 (Iteration Complexity for Finding Flat Minima). Let Assumptions 3.3 and 3.4 be satisfied.
For € > 0, Algorithm 1 with stepsize 1 = 1/(8(d + 6) L) satisfies that

E [f(a: ) — min f(x)} < sLie <1 + c )
T gerd ~ 2L2(d + 6)2 Li(d+6)/)’

B T2 () ~ mip (P2 (o) <

when setting the smoothing parameter \ and the number of iterations T such that
A2 — min V2L, 12y/Lqe 3e 3L
N d3/2L3’ Ls(d +10)2" 4L3(d +4)2" L3(d+6)3 [’
64(d + 6)Ly||wo — %2 d*?Ly L3(d+10)> 4L3(d+4)? L3(d+6)°
max , , , .
\/§L1 12\/ L1€ 3e 3L1€

Recall X* = arg min,cpa f(z). According to Definition 3.2, this means that (O(e/d?), €) approxi-
mate flat minima can be guaranteed with T = O(d* /%) and A = O('/2 /d/?).

T>

€

Remark 3.1. Our convergence guarantees require that f(x) is three times continuously differentiable
and satisfies first-, second-, and third-order smoothness assumptions. In Appendix C, we explain how
the first- and third-order smoothness assumptions can be relaxed, at the cost of slower convergence
rates; see Table 1 for a summary.

Remark 3.2. We discuss here how the parameters A and 7" are selected and compare with the standard
analysis [74]. Let E[F(z,) — mingcga F(z)] < Err(A, T'), where Err(\, T) = O(d/T) + O(\*d?)
is given by Theorem 1. In the proof of Corollary 2, we show that E[f(z,) — min,cpe f(z)] <
Err(\, T) + O(A%d) and E[Tr(V2f(x,)) — minge - Tr(V2f(x))] < 2 Err(\,T)/A2. The guar-
antees on E[f(z,) — mingcra f(z)] < O(d/T) + O(A\2d) share the same dependence on the
leading error terms as the standard analysis [74], but we additionally ensure E[Tr(V2f(x,)) —
mingey+ Tr(V2 f(2))] < O(d/(N2T)) +O(N\2d?). We choose A\? = O(e/d®) and T = O(d/(\?%¢))
such that E[Tr(V? f (2, ))—minge x Tr(V2 f(x))] < €, which results in E[f () —mingcpa f(z)] <
O(MN(e+d)) = O(e/d?). Standard analysis [74] set T = O(d/¢) and A* = O(e/d) such that only
E[f(z;) — mingepa f(z)] < € holds.
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Figure 2: Training loss, trace of Hessian on the training data (Train Hess in the plot), and test accuracy
on (a) SVMs and (b) Logistic regression. Zeroth-order (ZO) optimization is slower than gradient
descent (GD) for minimizing the loss and maximizing the accuracy, but there is a clear trend of
decreasing trace of Hessian for ZO.

Remark 3.3. We focus on the convex setting in this work, but the analysis extends to cases where
the objective is locally convex in a neighborhood. When initialized in this region, zeroth-order
optimization identifies local minima with the smallest trace of Hessian among all local minimizers in
the neighborhood. When f(z) is generally nonconvex, the current definition of flat minima is not
theoretically tractable without additional assumptions. We leave for future work a detailed study on
the definition of computationally feasible flat minima and the assumptions required to understand the
complexity of finding them in the nonconvex setting [2].

Remark 3.4. Our proof framework can be extended to understand the complexity of first-order
methods towards flat minima. For example, a gradient-based method, x¢11 < z; — nV f (2 + Auy)
with ug; ~ N(0,1,), that uses a gradient evaluated at the perturbed point as the descent direction also
minimizes the smoothed loss f(z) in the expectation. By upper bounding E||V f(x + Au)||? with
the term ||V F(x)||?, convergence guarantees on F'(x) and thus to flat minima can be established.
The same framework provides new insights on how SAM can be analyzed as well. Our primary focus
is on zeroth-order methods, and extensions to first-order methods are deferred to future.

4 Experiments

We provide empirical results on binary classification tasks with convex losses and language model
fine-tuning tasks. Our code is available at https://github.com/Liangl37/FlatZero.

Binary Classification with SVMs and Logistic Regression. We start empirical evaluations using
support vector machines (SVMs) and logistic regression. Given a training dataset {a;, b; } Y ; with
feature vectors a; € R? and binary labels b;, we consider an overparameterized regime where each
a; € R is mapped to ¢(a;) = Wa; € RP via a random matrix W € RP*4 with W;; ~ N(0,1)
and D > N > d. We use two standard binary classification benchmarks from the LIBSVM library
[14]: a5a (N = 6,414, d = 123) and w5a (N = 9,888, d = 300) [76], and set D = 10,000 to
overparameterize. This ensures a higher-dimensional solution set with increased diversity, enabling a
meaningful study of implicit regularization to investigate the solutions selected by the algorithm. We
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Figure 3: Training loss, trace of Hessian on the training data (Train Hess in the plot), and test accuracy
on (a) SST-2 with K = 32 and K = 256, and (b) SST-5 and TREC with K = 32. Both gradient
descent (GD) and zeroth-order (ZO) optimization reduce the trace of Hessian during training. In most
cases, GD achieves lower training loss, smaller trace of Hessian, and higher test accuracy.

consider SVMs with the squared hinge loss and b; € {—1, 1}, that is,

N

min f(z) = min %Z(max{o,l —big(a;) " x})2

zeRP zeRP ‘
=1

For o(z) = 1/(1 + exp(—%)) and b; € {0, 1}, logistic regression minimizes the loss

N

min f(x) = min > (~bilogo(9lar) Tx) — (1 — bi) (1 ~ o (plar) Ta)) .
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These two models can be viewed as linear probing [48] on a two-layer neural network with a frozen
first layer and an identity activation. In the SVMs case, the second layer uses an identity activation
and is trained with the squared hinge loss, while logistic regression applies a sigmoid activation and
minimizes the cross-entropy loss. Both SVMs and logistic regression have convex objective functions,
and the trace of Hessian can be efficiently computed. Figure 2 shows the optimization trajectories
of gradient descent and zeroth-order optimization. In all cases, gradient descent and zeroth-order
optimization achieve comparable training loss and test accuracy; however, zeroth-order optimization
consistently reduces the trace of Hessian and converges to flatter solutions. Detailed experimental
setups and additional results can be found in Appendix D.2.

Fine-Tuning Language Models on Text Classification Tasks. We also evaluate the behaviors of
zeroth-order optimization on nonconvex language model fine-tuning tasks. Following Malladi et al.
[69], we consider few-shot fine-tuning on ROBERTa-Large (355M parameters) [61] with K = 32
and K = 256 examples per class on three sentence classification datasets: SST-2 and SST-5 [82]
for sentiment classification, and TREC [84] for topic classification. All experiments are tested on
a single NVIDIA H100 GPU with 80 GiB memory. To mitigate the effect of mini-batch noise on
reducing the trace of Hessian, we use full-batch training for both gradient descent and zeroth-order
optimization, which is feasible in the few-shot setting. As the exact computation of the trace of
Hessian is intractable due to the large model size, we adopt the widely-used expected sharpness
(2/6%)|Eyno,1,)[f (z + 6u)] — f(x)| as an approximation [75, 105, 85], where f(z) denotes the
training loss evaluated at model weights z € R?. We set § = 10~ and estimate the expectation by
averaging over 100 samples. The performance of gradient descent and zeroth-order optimization is
presented in Figure 3. In this setting, both methods are observed to decrease the trace of Hessian. It
is conjectured that the behavior in gradient descent results from the implicit regularization associated



with large learning rates [20, 7]. Meanwhile, the observed decrease in zeroth-order optimization
matches our theoretical insights. Detailed setups and additional results are deferred to Appendix D.3.

In classical optimization theory [74, 28], the convergence rates of zeroth-order methods scale with the
dimension d, limiting their applicability to problems with large d such as language model fine-tuning.
Previous work [69, 99] explaining why zeroth-order methods still achieve reasonable performance
on language model fine-tuning tasks has relaxed the dependence on d to a term related to the trace
of Hessian, Tr(V2f(z)). Assuming Tr(V?f(z)) < dL; when f(x) is Li-smooth, zeroth-order
optimization achieves dimension-independent rates and remains effective even in high-dimensional
settings. Our experimental results show that the trace of Hessian decreases and attains values much
smaller than the actual dimension, thereby supporting the assumption made in prior work to explain
the empirical success of zeroth-order optimization.

5 Conclusion

Motivated by the observation that zeroth-order optimization with the two-point estimator (Algo-
rithm 1) inherently minimizes Tr(V?2 f(z)), we initiate a formal study of this implicit regularization.
Specifically, we analyze its convergence to flat minima, defined as the ones with the lowest trace
of Hessian among all minimizers. For convex and sufficiently smooth (Assumptions 3.3) functions,
we prove that Algorithm 1 guarantees (O(e/d?), €)-approximate flat minima (Definition 3.2) after
T = O(d*/€?) iterations. This is the first work showing that zeroth-order optimization converges to
flat minima. Experiments on binary classification tasks using SVMs and logistic regression, as well
as language model fine-tuning tasks on RoBERTa support our theoretical findings.

Theoretical and empirical performance of zeroth-order methods is often limited by the high variance
in gradient estimation. A promising direction is to combine zeroth-order and first-order methods to
leverage the strengths of both [69, 102, 54]. We only examine zeroth-order optimization using the
standard two-point estimator. Exploring whether the convergence complexity can be further improved
with possible modifications and additional algorithmic designs remains an interesting line of work.
The current theoretical results require convexity and higher-order smoothness assumptions of the
function. Investigation into nonconvex functions with relaxed assumptions is left for future work.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our theoretical claims are justified in Corollary 2, with proofs in Appendix
B.3. Our empirical results are provided in Section 4, with details in Appendix D.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The limitations of the paper are discussed in Section 5.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We use Assumptions 3.3 and 3.4. Proofs of the theoretical results are provided
in Appendix B.2 and B.3.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The detailed experimental setups and configuration of hyperparameters are
discussed in Appendix D. The supplementary material provides all codes to reproduce the
experiment results.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: All codes are provided in the supplementary material. All datasets are common
benchmarks with open access.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The experiment settings are presented in Section 4, with details in Appendix
D. Codes are provided in the supplementary material.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: In Appendix D, we provide additional experiment results using different
random seeds.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

20


https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy

8.

10.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We provide the hardware, memory, and runtime in Appendix D.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have reviewed the guidelines. The research in this paper conforms in every
respect with the code of ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This study is primarily theoretical, with experiments conducted on standard
open-access benchmarks. It does not raise any foreseeable and immediate societal concerns.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.
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11.

12.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper is primarily theoretical and has no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: Information of all the data and codes we use is provided in Section 4 and
Appendix D.

Guidelines:
» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We provide documentation for our codes in the README file from the
supplementary material.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: We do not involve such research.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: We do not involve such research.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.
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* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We use LLM only for writing, editing, or formatting purposes.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Missing Proofs from Section 2

Proof of Proposition 2.2. Algorithm 1 applied to Example 2.1 gives

Ti41 — Tt o h(l‘t + )\Ut) — h(.]?t — )\Ut)u
- ts

n 2\

where u; ~ N(0,Ia4) is the search direction. Let u; = (v,",w," ) T. The dynamics can be written as

Yerr —ye (e 4 o) " (20 + Mwy) — 1)2 — ((ye = Mve) T (20 — Mwy) — 1)21;
- ty

n 4N
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Let A; := ((y¢ + M) T (2 + Awg) — 1)2 — ((ye — Avg) T (2¢ — Awy) — 1)2. As it holds that
Ap =4 (g 2 — 1+ Nl wy) (g wi + 2 vr),

the dynamics can be simplified as

E [yt+1 — Yt
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and the same reasoning applies to

E |:Zt+1 — 2t
n

xt} = —E[(y, 2 — 14+ X0/ we)(y we + 2, ve)wy | x¢]

= —(y 2 — Dys — V2.
Here, we use that wy, v; are independent, and that E[w,w, ] = E[vv,'] = 14. For B; = (||y:]|* —
l|2¢]1?) /2, we then have that
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Since it holds that
It:|

y:E {ytﬂn Yt
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xt] — thIE {Zt—‘_ln “t

we conclude that

Byy1 — B
E [t“nt xt} = —2)2B; + O(1).
Therefore, by taking the limit  — 0, we have that d E[B;]/dt = —2)\2 E[By]. O

B Missing Proofs from Section 3

We use Isserlis’ theorem [41, 91] frequently in this section and restate it below for clarity.

Fact B.1 (Isserlis’ theorem). Let u ~ A (0,1;) be a standard Gaussian random vector in R9. The
i-th coordinate of u is denoted by u,. For i; € [d] with j € [N], it holds that

N
E Hu“ = Z H Oinis
j=1

pePZ (kl)ep

where P%, is the set of all distinct ways of partitioning [N] into pairs, and &;, ;, is the Kronecker delta,
equal to 1 if 75 = 4;, and O otherwise.
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For example, when N = 4, there are in total (3) (3) /2! = 3 distinct ways, and we have that

Py ={{(1,2). 3, 9},{(1,3), (2.9}, {(1,4), (2.3)}}.

Applying Isserlis’ theorem gives that

H Uiy | = iyinOigis + 0iyiOigis + OiyiyOigig-

In general, there is no such partitions and the expectation is O when N is odd. For the even case, the
number of distinct partitions is

D) Q6 v yv ..,
Bl =(N=1)(N-3)---3-1,

which results in (N — 1)!! terms in the summation.

B.1 Supporting Lemmas

Let f(x) be three times continuously differentiable and v ~ A(0,1;) be a standard Gaussian random
vector in R?. To simplify notation in this section, we denote

Go(z,u) = (uTVf(x)) u
Hy(z,u) = (uTV(uTVQf(x)u)) u.
Since E[uu "] = I, we have that

E[u"Vf(z)u] = Eluu' |V f(z)
= Vf(z).

This shows that the directional derivative G (z, «) when taking A — 0 in the two-point estimator
(see Eq. (1)) is an unbiased estimator of V f (z). For Hy(z, ), it holds that

L9
Hy(z,u) = uZuka—xk(uTVQf(x)u)

o uZuk oxy, ZZ 8$18x

i=1 j=

d d d 9 f
DB PP agg‘?ﬂ -

d d d agf( )
E[hl] = ZZ}; WE[UinukUl]

LI ()
= Z Z kZ:: axlaxja (61]6761 + 6zk6]l + 5115]]@)

This means that E[Hy(x,u)] = 3V(Tr(V2f(x))), and that Go(x, u) + (A\?/6) Ho(z,u) is an unbi-
ased gradient estimator for F'(x) defined in Eq. (5).
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Lemma B.1. Ler f(x) be three times continuously differentiable and v ~ N(0,14) be a standard
Gaussian random vector in R¢ independent of x € R. It holds that

(@) El|Go(z,w)||* = (d + 2)[|Vf ()],
(b) E[Go(z,u) " Ho(w,u)] = 3(d +4) Vf(2) VTr(V2f(x)),

d d d 55 f( 2
(¢) E|[Ho(w, w)|> = 9(d + 6)[[VTr(V? f(2))|[> + 6(d + 6) ZZZ( ) -

po e &Tlaxjaxk
This enables the computation of an upper bound on E|Go(x,u) + (A\?/6) Ho(z,u)||?

Proof. For (a), we have that

LAY (s
]EHuTVf )uH =E (Zul 83:1) ( uf)

d d
D 9) B) P L2k L TEIRETIEN

LI O f(z) Of(x)
- ZZZ Z nz: 02,0x;0x);, Orp, E[UinU,k-umui].

By Isserlis’ theorem (see Fact B.1), when N = 6 to compute E[u;w;ujt,u ] there are in total 5 X
3 = 15 terms in the summation, and the problem reduces to how we partition the set {i, j, k, m,n,n}
into three pairs. Let us consider the following two cases.

(1) We pair n with n and partition {4, j, k, m} into two pairs. This gives 3 terms in the summation.
0i50km + 0ik0jm + Oimdjk == Ai.
Here, we use d,,, = 1 and let A; denote the summation of terms considered in case (1), and then

Pflx) Of(x (z)
ZZ ZZ(%Z&T Ok O A _SdzzﬁxQé)xk Oxyp

i=1j=1k=1m=1n i=1 k=1

(2) We select two ordered indices in {1, j, k, m}, pair the first one with the first 2, and pair the second
one with the second n. The remaining two indices form the third pair. This gives 4 x 3 = 12 terms
in the summation. To further simplify notation, we divide case (2) into two subgroups, each with 6
terms, and denote the summation of considered terms by As_1, As_o, respectively.

In A5, we consider the case where both selected indices come from {i, j, k} involved in third-order
derivatives. It contains 6 terms and thus

- (z) Of(z) L B f(x) 0f (x)
;;Z Z Z axlaxj&vk Oy, Arr = GZZ 0220z, Oxy

1m=1n=1
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In A5_o, we consider the case where one index in the selected two indices is m. This also gives 6
terms, and we have that

d x) Of(x
Zzzzzaxax 0Ty Oy, 76228:102637;@ 8wk)'

i=1 j=1k=1m=1n= i=1 k=

Considering the above cases (1) and (2), we conclude the proof of (b).
d d d

d 3
BlG (o) Halo] = 330 3 30 5 20O g

d d 83 3
-y zzwiia; T 41+ Aas + 2)

Finally for (c), we have that

E|Ho(z,u)[* = E [(u" V(u" V2 f(z)u))?||ul?]
d d 0 f(x) * ,
=K ; Z Z awza% uzu]uk (; ul>

i=1j=1k=1

d d d 3
I T S S )
- 2171 172 2 R2 ’
f el is Tt =1 8.%‘“837]163?]@1 0x;,0x,0},
where Zfl 1.k —1 Means 2?1:1 Zj1:1 Zkl:l. By Isserlis’ theorem (see Fact B.1), we need to
consider all distinct ways of partitioning the set {i1, j1, k1, i2, J2, ko, [, [} into four pairs, which has
7 X 5 x 3 = 105 terms in the summation. We consider the following two cases.

(1) We pair [ with [ and partition {i1, j1, k1, 2, j2, k2 } into three pairs. This gives 5 x 3 = 15 terms
in the summation. We further divide case (1) into two subgroups and denote the summation of
considered terms by A;_1, Aj_o, respectively.

Aj1_1 has 3 x 3 =9 terms, where the first pair is formed with one index from {i1, j1, k1 } and the
other index from {42, j2, k2 }, the remaining indices in {1, ji, k1 } yield the second pair, and the
remaining indices in {ig, 72, kg} give the third pair. By symmetry of the summation, we have that

(z) > f(x) z) 0°f(x)
Z Z Z &vllc’?xhaxkl 0,01 5,02, Aoy = QdZ Z Z 8x28xk D30z

i1,J1,k1=112,j2,ka=1 l=1 1=1 j=1 k=

The rest 6 terms of cases (1) are collected in A;_o, where all three pairs consist of one index from
{i1, j1, K1} and the other index from {42, j2, k2 }. Therefore, we have that

a3f( ) d d 2
Z Z Z Oy, axﬁaxkl 91,025, 02k, A2 = Gdzzz (((imax 3xk> '

i1,j1,k1=1142,j2,k2=1 [=1 i=1 j=1k=1

(2) We select two ordered indices in {i1, j1, k1, 42, j2, k2 }, pair the first one with the first /, and pair
the second one with the second /. The remaining four indices form the last two pairs. This gives
(6 x 5) x 3 =90 terms in the summation. We further divide case (2) into two subgroups and denote
the summation of considered terms by As_1, As_o, respectively.

In A;_1, the selected two indices come from the same {i1, j1, k1} or {ia, ja, ko }. There are in total
3 X 2 X 2 x 3 = 36 terms involved. By symmetry of the summation, we have that

d d

- (x) ) f()
Z Z Z 896“8%151‘1@1 0,02 j,0x, Az-1 = 362 Z Z 8m28xk ax2axk

i1,j1,k1=112,j2,ke=1 [=1 1=1 j=1 k=
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In As_s, the selected two indices consist of one from {1, j1, k1 } and the other from {is, jo, k2 } to
pair with [. To simplify computation, As_5 is further split into As_5_; and A;_5_ 5, according to
how the remaining two pairs are constructed.

For case As_o_1, after having the two pairs with [, the remaining indices in {i1, j1, k1 } yield the
third pair, and the remaining indices in {iz, j2, k2 } give the fourth pair. One example of such partition
is {(41,1), (i2,1), (41, k1), (j2, k2)}. There are in total 3 x 3 x 2 = 18 terms in the summation, and
d d
(z)

S~y oy P P
Z Z Z 636“(‘33%1836;“ 0xi,015,0x), Az—g1 = 18222 8w28xk 8x28mk

i1,J1,k1=112,j2,k2=1 =1 =1 j=1k=1

For case As_5_o, after having the two pairs with [, the remaining two pairs are composed of one
index from {4y, j1, k1 } and the other index from {45, j2, k2 }. There are 3 x 3 x 2 x 2 = 36 terms,
and thus we have that

*f (@) S~y (@) N
Z Z Z 8:6“8%18%1 0,0, 0z, Az—g-2 = 3622 P (8%8%8%) ’

i1,J1,k1=112,j2,ka=1 l=1 =1 j=1

A sanity check 36+184-36 = 90 makes sure that all terms are included in case (2), and 15490 = 105
ensures all terms are considered to compute E[u;, uj, ug, wi,u;, ur,u?]. Therefore, considering all
cases above, we have that

3f
EHH()(.”L',U)HQ = Z Z Z o ( ) E[uiluhukluizubukzu?]

8% 8:ck1 04,01 ,0x},

i1,j1,k1= 1227327/62 11=1

d d d 9 f () 2
9(d +6) ZZZ 6x28xk szaxk 6(d+6) ZZ ((Q)xz@xj(?xk)

i=1 j=1k=1 i=1 j=1 k=1
d d d 2
0*f(x)
=9(d +6)||VTr(V2f(2))||* + 6(d + 6) ZZZ(M .
=1 j=1 k=1 v k
This proves (¢) and concludes the proof of Lemma B.1. O

B.2 Proofs of Lemmas 3.5 and 3.6

Proof of Lemma 3.5. Recall that fy(z) = E[f(z + \u)] and F(z) = f(z) + (A\?/2) Tr(V2f(z)).
The first part follows from the third-order smoothness of f(z) in Assumption 3.3. To simplify
notation, we let

D, (x4 Mu) = f(z) + AV f(z) Tu+ A;uTV?f(:c)u + §V3f(x)[u]3> (©6)

where V2 f(x)[u]® = 3, ; 1e(4(0° f(2) /0202 0wy )uiujuy and u ~ N(0,14) is a standard Gaus-
sian random vector. Taking expectation w.r.t. u, we have that

2
B[ o+ )] = £(2) + S BluT V2 f(2)u]
= F(x).

As a result, we obtain
f3(@) = F(a)] = [ELf (@ + Aw)] — E[@, (@ + Xu))
< E‘f(m +u) — @ (x4 )\u)’
L3, 4
< 22
< ENEfull,

where we use Assumption 3.3 (¢). The proof is complete applying Lemma 1 in Nesterov and
Spokoiny [74] such that E|ju||” < (d +~)"/2if y > 2.
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We now show the second part using Lemma B.1. Similarly to Eq. (6), we define

2 3
D, (x — Mu) = f(z) — A\Vf(x) u+ %u—rvzf(w)u — %V?’f(x)[u]?’.
By Assumption 3.3 (¢), we have that

[+ M) — F( = )] < (7@ + M) — B+ )| + e — M) — F(z — Na)
+ [Py (z + Au) — Py (x — Au))|

3 L
< ’2/\Vf(x)Tu+ %ng(m)[u}s + T;)\4|\u||4.

For the two-point estimator in Eq. (1), it holds that

”2 _ (f({L‘ + )‘u) — f(.%‘ — )‘u))2 HU||2

4)?
<2 (Vs s L) i+ L

Recall Go(z,u) = uu' Vf(z) and Ho(z,u) = uu' V(u"V2f(2)u) = uV?f(z)[u]®. Therefore,
we have that

E|lga(z, w)||?
2, 2\ T At 2
<2E||Go(z,u)|| —&—?E[Go(x,u) Ho(ac,u)]—i-l—SEHHo(x w)||* +
(d+6)/\4

lga (2, )

L2\
288

IVTe(V2 ()]

Eflul/*

=2(d+2)|VFf(2)|* +2(d + 4))\2Vf(x)TVTr(V2f(ac))

4 d d 2 216
d+6 A ZZZ (0 \*, BN
8%‘18.%‘ oxy, 288

i=1 ]:1 =

L§ 6
1
288>\ (d +10)°.

Here, we plug in Lemma B.1, apply Assumption 3.3 (b), and use Lemma 1 in [74].

<2(d+6)||VF(z)|? + ?2)\4(d +6)* +

For completeness, we also show here that second-order smoothness implies the boundedness of
third-order derivatives. Recall the second-order smoothness in Assumption 3.3 (b).

IV2f(y) = V2f(2)|l < Lally — 2Il, Vy,z €RY,
where the matrix norm is defined as

IV2f(y) = V2f(2)] = max |wV2f(y)w —w' V2f(2)w].
weRd,jjw|<1

For simplicity of the notation, we let Vi, j € [d],

Pfly)  f(2)
Ox;0x;  Ox;0xj

Dij (ya Z) =

Let ¢; € R denote the unit vector whose i-th coordinate is 1 and all other coordinates are 0. Since
|le;]l = 1, we have that Vi € [d],
|Dii(y, 2)| = }@;V2f(y)€i - e;rvzf(z)ei’
<V f(y) - V()

< Lolly — 2.

We define w* := (e; +e;)/v/2 and w™ := (e; — e;)/\/2 forany 4, j € [d] and i # j. It holds that
(W) T(V2F(5) = V2 7)) = 3 (Dialy,2) +2Di5,2) + Dys(o,2),

() (V2 () ~ VF() (™) = 5 (Daly, ) — 2Dig (9, 2) + D3, 2).
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Since ||wT|| = |Jw™|| = 1, we have that

[Dij(y, 2)| = %!(W)T(sz(y) = V2f()) (™) = (wT) (V3£ (y) = V2f(2)) (wT)]

< |[[V2f(y) — V*£(2)||
< Lolly — 2|

This means that the function 92 f(z)/0z;0x; is Lo-Lipschitz for all i, j € [d] and implies that its
gradient norm is upper bounded by L. As a result, we have that Vi, j, k € [d],

(8301835383:;6) H (83@ a:cj)

< Li

2

This concludes the proof that |9° f () /0x;0x;0xk| < Lo, Vi, j, k € [d]. O

Proof of Lemma 3.6. Recall the third-order smoothness in Assumption 3.3 (c).
IV2£(y) = V2f ()l < Lslly — 2l ¥y, z € RY,
where the tensor norm is defined as

IV2f(y) = V2f(2)l = max V2 f(y)[w]® — V2 f(2)[w]’],
weR,[Jw|| <1
and V3f(y)[w]® = Zi,j,ke[d] (03 f(y)/0x;0x;0x) ) wswjwy. More details can be found in Eq.
(1.1)—(1.5) of Nesterov [72] and Appendix 1 of Nesterov and Nemirovskii [73]. For simplicity of
notation, we let Vi, j, k € [d],

Pfly) __9*f(2)

Diji(y, z) := 0x;0x 0z, axiaxjaxk‘

Let ¢; € R denote the unit vector whose i-th coordinate is 1 and all other coordinates are 0. Since
|le; |l = 1, we have that Vi € [d],

|Diii(y, 2)| = V2 f(y)lei]® — V2 f(2)[e]?|
<|IV3f(y) = V21 (2)
< Lslly — z||.

We define wt := (e; + ex)/v2 and w™ := (e; — e})/v/2 forany i, k € [d] and i # k. It holds that

V)] = V3 f(2)wt]? = ?(Du‘i(ya z) + 3Diik(y, 2) + 3Dyri(y, 2) + Drrr(y, 2)),
VA ()w ) = V3 f(2)[w™]? = ?(Dm‘(y’ 2) = 3Diir(y, 2) + 3Dyri(y, 2) — Dy (y, 2))-
Since [|[w*|| = ||w™|| = 1, we have that
| Diir(y, 2)|
= 2\ ) - V) (T~ V) L D (v,
< 272193 1(4) = V()] + 21 Duan(v.2)
< \ngHy — 2|
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As a result, we obtain

d
IVT(V2f () = VIV ()P =
k=

By Assumption 3.3 (a), we have that Vy, z € R,

IVF(y) = VFQ)| < [Vf(y) = V) + %HVTY(VQf(y)) — VTr(V2f(2))
N2d3/2 L3
< <L1 + \/5) |y — 2||.

This means that F(z) is (2L;)-smooth when A% < /2L, /(d®/?L3). Therefore, we have that

2

F (x - QLVF(QC)> < F(z) — iHVF(x)HQ + Ly

1

1
= F(z) — —||VF 2,
@) - IV F@)
Rearranging terms, we obtain that Vo € R?,

IVF(@)|2 < AL, (F(m) e (m - 2}4VF(:E)>)

@)
<4l <F(x) — min F(x)) .
zER4
This property of smooth functions is used in the proof of Theorem | below. ]

B.3 Proofs of Theorem 1 and Corollary 2

Proof of Theorem 1. By Assumption 3.4, f(z) is convex, which suggests that the smoothed function
[x(z) is also convex [74]. Let % be one minimizer of F'(z) = f(x) + (A\?/2)Tr(V? f(x)). By the
zeroth-order update rule in Algorithm 1, we have that
By, lzea1 — 25l1° = lze — 27)* = 20 Elga(ze, ue)] " (20 — 23) + 07 Ellga (e, w) |1

= [lze — 2% = 20V fa (@) T (@0 — 2F) + 107 Ellga(ze, w) ||

< oy — 2pl|* = 20(fa(ze) — falzh)) + 0 Ellga(ze, ue) |

<z — 25 )1* — 20(F(x1) — F(z3)) + 07 Ellga (2, ue) ||

+ 20| F(xe) — fa(@e)| + 20| fa(zf) — F(2F)|
L
<y — @ )* = 20(F(x4) — F(2F)) + 0 Ellga (e, u) |I” + fﬂ*(d +4)%,

where we apply Lemma 3.5 in the last step. Using the same lemma, we also have that

L2 L2
Ellga(zs, u)|? < 2(d + 6)[VF (@) |2+ Z2XH(d +6)* + ZEA(d + 10)°
2

2
< 8(d+6)L1(F(x;) — F(z})) + %X‘(d +6)* + %Aﬁ(d +10)°,
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where we apply Lemma 3.6 with \?> < /2L, /(d®/?L3) and use Eq. (7) when F'(x) is (2L1)-smooth.
As a result, we obtain that

Eu,llzes1 — opl* < 2 — aFl* = 20(1 — 4n(d + 6)Ly) (F(2¢) — F(F))

L3 4 2 L3 504 4, L3 56 5
+ =AM (d+4)" + =X (d +6)* + ==n*A\°(d + 10)°.
6 3 288
We choose 7 = 1/(8(d + 6) L) such that 1 — 4n(d + 6)L; = 1/2. Rearranging terms, we have
E[F(z:) — F(oF)]

< Ellze = 2% * - Ellwe — op|? L Ls

4 2 i% 4 4 L% 6 5
AHd+4)"+ =X\ (d+6)" + —=n\°(d + 10)

= n 6 3 288
<8(d +6)L1(El|z; — 25|* — Ellz41 — 251?)
- 5A4(d+4)2+ 2 M (d+6) + L Ao(d +10)*.
6 2414 11521,

Summing up from ¢ = 0to ¢ = T — 1 and dividing both sides by 7', we have that

E {F(xT) ~ min F(z)]

1 T—-1
=5 > BIF(@) - F(z})]
t=0

8(d+6)Lyllxo — 2h|* | Lz, 2 12 3 L3 6 4
< — A\ (d+4 —=A\*(d+6 A (d + 10)*.
- T + 6 ( + ) * 2414 ( + ) * 115214 ( * )

The proof is thus complete. O

Proof of Corollary 2. First, we show the guarantee on the function f(x). Assumption 3.4 implies
that Tr(V2f(x)) > 0,Vx € RY, and thus f(z) < F(z),Vz € R% Since f(z) is Li-smooth by
Assumption 3.3, we also have that

rER? z€R4

min F(z) = min ( fz)+ %QTr(VQf (x)))

IN

min (f(x) + A2L1d>

zERY 2
2

A
— mi 2 L.
;renRgf(I)Jr 51

As a result, we obtain that

E | f(z;) — min f(x)} <E {F(wr) — min F(a:)] + %/\Qd

z€R4 z€R?
8(d + 6)L1||ZEO — I}||2 L1 2
< — A\
- T + 2
Lz 4 2 L% 4 3 Lg 6 4
— X\ (d+14 —=A\*(d+6 A’ (d+ 10)=.
+ 6 (d+4) +24L1 (d+6) +1152L1 (d+10)

Next, we prove the guarantee on the trace of Hessian. Since X'* = arg min,cgra f(x), we have that

z€RI zERY

min F(z) = min (f(a:) + /\;Tr(vgf(x)))

IN

min ( flx) + A;Tr(vzf(a:)))

rEX*
2

A
— min f(x) + 5 min TH(V2/(2))
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As a result, we obtain that

E {Tr(VQ f(z7)) = min Te(V2 f (x))]

< SEIF () ~ fan)] - 55 (min Fo) ~ min f0) )

5 ®)
< 28 [Fler) - min P
16(d +6)Li|lzo — a%[|* | Lz o 2 L3 5 3 L3 4 4
< — A (d+4 ——X\*(d+6 —=—\*(d + 10)".
- 2T +3(+)+12L1(+)+576L1(+)
Given € > 0, choosing A and T such that
22— mi V2L 12y/Lje 3¢ 3Lie
= min
d3/2L3" L3(d+10)2" 4L3(d+4)?" L3(d+6)3 [’
7 G4Hd+6)Lilzo — o2 e d3?Ly L3(d+10)> 4Ls(d+4)®> L3(d+6)3
X
B € V2L " 12y/Lye 3¢ ' 3L ’
to make sure that each term in the right-hand side of Eq. (8) is at most €/4, we have that
E [Tr(VQf(:cT)) - Hggl Tr(VQf(x))] <e
This also ensures that E[F(z,) — mingcgas F(2)] < A%€/2, and thus
. : Liys
E ) = <E|F(z;)— F — A\
F(e) — min £0)| < 2| Pla) - min F)] + 5
)\2
< ?(6 + L1d)
< 3L% 14 €
~ 2L2(d +6)2 Li(d+6))"
The proof is thus complete. O

C Alternative Proof of the Main Result

In Section 3.1, we provide a convergence analysis by relating E||gx (2, us)||? to | VF(z)|%. Here,
we show that it is also possible to first bound E||gx (21, us) || by |V fa(2)]|?

Lemma C.1. Ler Assumption 3.3 be satisfied. The second moments of gy (x, ) can be bounded as

L2
Ellgx(z, u)[|* < 4(d+ 2|V fa(x)|* + fk‘*(d +8)°.

Proof. The proof mostly follows from Lemma 3 and Theorem 4 in Nesterov and Spokoiny [74] and
is similar to that of Lemma 3.5. With a slight abuse of notation, we define
)\2
O, (x4 M) = f(x) + AV f(x) u+ ?uTVQf(:L’)u,
)\2
p(x — u) = f(z) — AV f(x) u+ ?UTVQf(.T)U.
Assumption 3.3 (b) implies that

7+ 2w0) = @+ Ma)| < 20l
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and the same holds for | f(z — Au) — @, (z — Au)|. Therefore, we have that
@+ du) = Flo = Au)| < [f (@ + M) — Byl + Au)| + |@4 (@ — ) — [ — M)
+ [Py (z + Au) — Pp(x — Au))|
L
<[22V f(2) u| + §A3|\u||3.
For the two-point estimator gy (z, u), it holds that

||2 _ (f(aj + )‘u) — f(.’L‘ B )\u))Q
4)\?

L2
< 20wV (@)?[lull® + 75 XM lull®.

Recall Go(z,u) = vu' V f(x) in Lemma B.1. By Lemma 1 in [74], we obtain that

llga (e, u) [l

L2
El|gx(z, u)|* < 2E[|Go(z, u)|* + Tgk“EIIUII8

2
<2d+2)|Vf(x)|* + %X‘(dJr 8)*%.

Then we upper bound the difference ||V f(z) — V fi(z)| as
" flx+ M) — f(z— )\u)u] H

I95(0) - V@)l = B a7 70 -

IN

L
L g
Ly

ZEX2(d+4)2.
5 (d+4)

IA

As aresult, this gives that

2
Ellga(z,u)[[* < 4(d + 2|V fa(@)|* +4(d + 2)[V f(2) = Vir(@)[* + %/\4(d+ 8)*

2
<A@+ DIVHEIP + 224+ 8y

The error term O(A*d®) has worse dependence on d compared to Lemma 3.5. O

Theorem 3. Under Assumptions 3.3 and 3.4, Algorithm 1 with stepsize n = 1/(8(d + 2)Ly) satisfies

_ . 8(d + 2) La||xo — x5 Ly 4 4, L34 2
E|F — F < — 4)=.
[ (Zr) ;I’EI%RI}i (x)] < T + 12L1)\ (d+8)" + 12)\ (d+4)

. e . _ T-1 . .

where xo € R% is the initialization, x5 € arg min,ega fr(z), Zr = (1/T) Y.,y x4 is the average

of iterates, and the expectation is taken w.r.t. the randomness in all search directions. This implies
2

" {f(ET) gt f(m)} = Lg(cLzlJ: 8)° <1 N Ll(d€+ 8)) ’

B Te(V (@)~ mip V()] <

TEX*
when setting the smoothing parameter \ and the number of iterations T such that
\2 — min { 2€ 2L4€ }
Ls(d+4)2" Li(d+8)* [’
48(d + 2) Ly ||z — a3 || e { Ls(d+4)* Li(d+8)* }
2¢ ’ 2L4€ '

T>

€

According to Definition 3.2, this means that (O(e/d?), €) approximate flat minima can be guaranteed
with T = O(d°/e?) and A = O(e/? /d?).
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Table 1: Summary of convergence rates to approximate flat minima with different set of assumptions.
Convexity is required for all cases and is thus omitted in the table. Ly means f(x) is Lo-Lipschitz,
and L, denotes that f(x) is rth-order smooth for = 1,2, 3. Under the L;-smoothness assumption,
(O(M\%d), €) approximate flat minima are attained; without this assumption, zeroth-order optimization
converges to (O(\d'/?), €) approximate flat minima.

Assumptions  Reference Smoothing A Stepsize 7 Iteration Complexity

Li,Ly, Ly Corollary 2 O(e/? /d3/?) O(1/d) O(d*/e?)
Ly, Ly Remark C.2  O(min{e'/?/d? e/d/?}) O(1/4d) O(max{d® /€%, d*/e3})
Lo, Ly, L3  Remark C.3  O(min{e'/2/d,e!/3/d*3})  O(N\/d)  O(max{d®/e*, d*/e>/?})
Lo, Lo Remark C.3 O(e/d3/?) O(\/d) O(d*'/2/e*)

Remark C.1. Compared to Corollary 2, Theorem 3 has similar dependence on ¢ but worse dependence
on d in number of iterations 7. This comes from the worse dependence O(A*d®) in Lemma C.1.

Remark C.2. In this framework, the only place that uses the third-order smoothness assumption
is to upper bound the difference |F'(z) — f)(z)|. With second-order smoothness, an alternative
result |F(z) — fa(z)| < (L2/6)A3(d + 3)3/2 has worse dependence on \; see Theorem 1 in [74].
This leads to EéTr(VQf(i"T)) — mingex- Tr(V2f(z))] < O(d/(A\?T) + X\2d* + \d*/?) and thus
T = O(max{d®/e?,d*/e*}). Relaxing the third-order smoothness assumption gives strictly worse
convergence rates. The detailed derivations are similar to the proof below and are thus omitted.

Remark C.3. We also briefly discuss how the L;-smoothness assumption on f(x) can be relaxed
to the function being differentiable and Lo-Lipschitz, i.e., |V f(z)|| < Lo,Vz € R%. By Lemma
E.3 in [27], when f(z) is convex and Lo-Lipschitz, f)(z) is convex and (Ly/\)-smooth. This
means all dependence on L can be replaced by Lo/ in the analysis below. With both second-order
and third-order smoothness assumptions, and setting n = O(\/d), this gives E[Tr(V2f(Z7)) —
mingex- Tr(V2f(x))] < O(d/(N*T)+ A 3d*+)\2d?) and thus T = O(max{d®/e?,d*/e>/?}). With
only second-order smoothness assumption, this gives E[Tr(V2f(Zr)) — mingex« Tr(V2f(x))] <
O(d/(N3T) + \3d* + \d®/?) and thus T = O(d''/?/¢*). Table | summarizes the complexity under
different set of assumptions on the function f(z).

Proof. When f(z) is L;-smooth and convex, f(z) is also L;-smooth and convex [74]. Let x be
one minimizer of f)(x). The same as the proof of Theorem 1, we obtain that
Eu,llzers — 2317 = |z = 2311* — 20 Elga(e, ue)] " (2e — 23) + 17° El|ga(@e, ue) |
= [lze = 23 01% = 20V fa(ze) T (@e — 23) + 0 Ellga(we, ur) |
<l = 3112 = 2n(fa(@e) = fa(23)) + 77 Ellga (e, ue) .
By Lemma C.1, we have that

L2
El|gx(ze, ue)[|* < 4(d + 2)[|V fa (o) |* + f/\4(d+ 8)°
2

< 8(d+ 2)La(far) — Fa(a3) + 2N + 8

As a result, we obtain that
2 2 L3 504 5
Bullzes = @317 < floe = 2317 = 20(1 = dn(d + 2)L1) (Fa(we) = fa(23)) + =07 A (d + ).
We choose 7 = 1/(8(d + 2) L) such that 1 — 4n(d + 2) L, = 1/2. Rearranging terms, we have
Bz — 23[* — Eflzp41 — 23]
n

L2
< 8(d +2) Ly (El|zy — 23]1* — Ellzgg1 — 23]°) + ﬁk“(d +8)%.

Elfy(a) — fr(a})] < P2 )
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Summing up from ¢ = 0to ¢ = T — 1 and dividing both sides by 7', we have that

IN

E | fa(@7) — min fi(z )}

z€R4

=
T Z Elfa(@e) — fa(a3)]
=0

8(d+2)Lallwo —a3)* | L3 4
< T + 12L1)\ (d+8)

where z7 = (1/T) ZtT:_Ol x¢ is the average of iterates. By Lemma 3.5, we have that
1 = 1 F - F
erelllRI%i i) feller}l( (z) + fa(z) (2))
< min (F(z) + |fa(z) — F(x)])
z€R?

L
< min F(z) + =

)\4d 4
z€RI ( * )

As a result, we obtain that

EF@ﬂ—gﬁF@ﬂSEPXmﬁ—mmﬁwﬂ+UMm0—FmN+g$fﬂ)—g@FW)

(d—|—2)L1Hx0—x>\||2 L3 4
< T 12L1 A*(d+ 8)
According to the proof of Corollary 2 (see Eq. (8)), this implies that
2
E {Tr(VQf(:ET)) — min Tr(VQf(x))] < =E {F(xT) — min F(w)}

TEX* A2 zeRd

L
4
12)\ (d+ 4)%.

< L0y 2)@%0 =L 6L2 N2(d +8)* + L63 N2(d + 4)°.
Given € > 0, choosing A and 7" such that
32 min{ 2¢ 2L4€ }
Lo(d+ 42 L2(d+8)1 )"
48(d + 2) Ly ||zo — 3 |? i { Ls(d+4)% L3(d+8)* }
2¢ ’ 2L1€ ’
we guarantee that E[Tr(V2 f(Z1)) — mingex- Tr(V2f(z))] < € and that

T>

€

B |f(ar) ~ nin f(0)| < & [Plor) - min Fo)] + 5%

zERd zERd 2
AQ
< ?(6 + L1d)

oL (1L e
~ L3(d+8)3 Li(d+38))"
The proof is thus complete. O

D Additional Experiments

D.1 Test Function

In Figures 1 and 4, we plot the values of the loss function and the trace of Hessian when applying
gradient descent and zeroth-order optimization on Example 2.1. We test the example with dimension
d = 100 and run the algorithms for 7" = 100, 000 iterations. Gradient descent uses a stepsize of 0.01,
and zeroth-order optimization uses 0.001. In Figures 1 (a) and 4 (a), zeroth-order optimization is
run with a smoothing parameter A = 0.1. The initialization is sampled from the standard Gaussian
distribution A/ (0, I4). Randomness arises from both the initialization and random search directions
in zeroth-order optimization. Figure 1 uses random seed 13, and Figure 4 reports results for additional
seeds 17 and 73. The results are consistent across all 3 seeds. Each run is executed on a CPU and
takes approximately 1 second.
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Figure 4: Loss and trace of Hessian (Hess in the plot) on Example 2.1 using different random seeds.
The observation aligns with Figure 1 (random seed 13). Zeroth-order optimization (ZO) decreases
the trace of Hessian, and A controls the trade-offs between regularization on the trace of Hessian and
the optimization error induced by additional bias terms.
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(a) SVMs with Seed 13. (b) Logistic Regression with Seed 83.

Figure 5: Training loss, trace of Hessian on the training data (Train Hess in the plot), and test accuracy
on (a) SVMs and (b) Logistic regression using different random seeds. The observation is consistent
with Figure 2 (random seed 29), where zeroth-order optimization (ZO) reduces the trace of Hessian.

D.2 Binary Classification with SVMs and Logistic Regression

The datasets “a5a” and “w5a” used in both the SVMs and logistic regression experiments are standard
binary classification benchmarks from the LIBSVM library'. LIBSVM [14] is released under the
BSD 3-Clause “New” or “Revised” License’. The aSa dataset contains N = 6,414 training and
26,147 test samples with d = 123 features, and the w5a dataset contains N = 9, 888 training and
39,861 test samples with d = 300 features. We set D = 10, 000 to overparameterize and run all
algorithms for 7" = 10, 000 iterations. To mitigate the effect of mini-batch noise, we use full-batch
gradient descent and zeroth-order optimization in the experiments. The stepsize and smoothing

"https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
https://github.com/cjlin1/1libsvm/blob/master/COPYRIGHT
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Figure 6: Training loss, trace of Hessian on the training data (Train Hess in the plot), and test accuracy
on (a) SST-2 with K = 32 and K = 256, and (b) SST-5 and TREC with K = 32 using different
random seeds. The observation is consistent with Figure 3 (random seed 42).

parameter A are searched from the grid {0.5,0.1, 0.05, 0.01, 0.005, 0.001, 0.0005, 0.0001, 0.00005}.
Gradient descent uses a stepsize of 0.001 for SVMs and 0.01 for logistic regression. For zeroth-order
optimization, the selected hyperparameters are listed below.

» For SVMs, the stepsize is 0.0001, and the smoothing parameter A = 0.05.
* For logistic regression on aSa, the stepsize is 0.01, and the smoothing parameter A = 0.1.

* For logistic regression on w5a, the stepsize is 0.005, and the smoothing parameter A = 0.05.

The initialization is drawn from the Gaussian distribution A/(0, (0.1)?I5). Randomness arises from
the initialization, the random matrix W used in ¢(a;) = Wa;, and the random search directions in
zeroth-order optimization. Figure 2 uses random seed 29, and Figure 5 reports results for additional
seeds 13 and 83. The results are consistent across all 3 seeds. Each run is executed on a CPU and
takes approximately 3.5 hours.

D.3 Fine-Tuning Language Models on Text Classification Tasks

We follow experiment settings in Malladi et al. [69] and consider few-shot fine-tuning on RoOBERTa-
Large® (355M parameters) [61] with K = 32 and K = 256 examples per class on 3 text classification
tasks: SST-2* and SST-5° [82] for sentiment classification, and TREC® [84] for topic classification.
RoBERTa is available under the MIT License’. The datasets are commonly-used benchmarks that are
publicly available for research purposes. Our implementation is based on the codebase provided by
Malladi et al. [69] and uses the same prompts. Their code is released under the MIT License®. The
SST-2, SST-5, and TREC datasets contain 2, 5, and 6 classes, respectively. We consider K = 256
only for the SST-2 dataset, and K = 32 for all 3 datasets. The training set is constructed by sampling
K examples per class from the original dataset, and the test set is built by randomly selecting 1, 000
examples from the original test dataset.

We fix the number of iterations to 100, 000 for K = 32 and 50, 000 for K = 256. The trace of Hessian
is evaluated every 100 steps using the expected sharpness (2/6%)[E, (0.1, [f (z + 6u)] — f(2)]

*https://huggingface.co/FacebookAl/roberta-large
*https://huggingface.co/datasets/stanfordnlp/sst2
*https://nlp.stanford.edu/sentiment/
Shttps://huggingface.co/datasets/CogComp/trec
"https://github.com/facebookresearch/fairseq/blob/main/LICENSE
%https://github.com/princeton-nlp/MeZ0/blob/main/LICENSE
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Table 2: Total runtime (hours) and memory consumption (MiB) when fine-tuning RoBERTa using
gradient descent (GD) and zeroth-order (ZO) optimization. We report both mean and standard error
of the runtime across three random seeds {42, 21, 87}. Due to additional forward passes required to
approximate the trace of Hessian, the reported runtime is longer than standard training. GD consumes
less memory than the default first-order optimizer, AdamW, which stores additional optimizer states.

Task SST-2 SST-5 TREC
as K =256 K =32 K =32
Batch Size 512 64 160 192
Number of Iterations 50, 000 100,000 100, 000 100, 000
Runtime GD 29.474+093 7.38+0.33 21.64+1.18 14.79 +0.56
ZO 25.13+£0.94 7.34+0.22 18.91+£0.52 13.37£0.47
Memor GD 54,214 7,986 18, 826 14, 258
y 70 5,038 3,074 3,440 3,274

as an approximation, where 6 = 10~% and the expectation is estimated by averaging over 100
samples. To reduce the impact of mini-batch noise, we use full-batch gradient descent and zeroth-
order optimization in all experiments, both without learning rate scheduling. This leads to batch
sizes of 512 (SST-2 with K = 256), 64 (SST-2 with K = 32), 160 (SST-5 with K = 32), and 192
(TREC with K = 32). The stepsize for gradient descent is set to 5 x 10~ for all cases. Zeroth-order
optimization uses a stepsize of 10~ for SST-2, and 5 x 10~° for SST-5 and TREC. The smoothing
parameter ) in zeroth-order optimization is set to 2 x 10~3 for SST-2 and TREC, and 10~2 for SST-5.
Randomness arises from the selection of datasets, the initialization, and the random search directions
in zeroth-order optimization. Figure 3 uses random seed 42, and Figure 6 reports results for additional
seeds 21 and 87. The results are consistent across all 3 seeds. All experiments are tested on a single
NVIDIA H100 GPU with 80 GiB memory. The runtime and memory are summarized in Table 2.
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