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Abstract

Although there exist instance-dependent regret
bounds for linear Markov decision processes
(MDPs) and low-rank bandits, extensions to low-
rank MDPs remain unexplored. In this work, we
close this gap and provide regret bounds for
low-rank MDPs in an instance-dependent setting.
Specifically, we introduce an algorithm, called
UNISREP-UCB, which utilizes a constrained op-
timization objective to learn features with good
spectral properties. Furthermore, we demonstrate
that our algorithm enjoys constant regret if the
minimal sub-optimality gap and the occupancy dis-
tribution of the optimal policy are well-defined and
known. To the best of our knowledge, these are the
first instance-dependent regret results for low-rank
MDPs.

1 INTRODUCTION

The design of algorithms for RL problems involving large
state spaces has been of great interest in recent years. As
traditional tabular methods are intractable in this setting,
algorithms that use function approximation to generalize
across states have gained substantial attention. In particular,
non-linear function approximation has demonstrated strong
empirical successes [He et al., 2024} [Zhang et al.| [2022]]
with provably efficient algorithms emerging [Agarwal et al.}
2020\ |Uehara et al., 2022, [Modi et al., [ 2024]].

Furthermore, in many RL applications, there is a common
expectation that a good RL algorithm will eventually gain
enough information to identify optimal behavior in finite
time [Zhang et al.,|2024]. In that regard, a key question is
under which assumptions this expectation can be confirmed
theoretically.

Recently, Jin et al.| [2020]] have shown that sample-efficient

learning in large state-action spaces is possible in linear
Markov decision processes (MDPs), where the transition op-
erator P admits a low-rank decomposition P(s'|s,a) =
(p(s,a), u(s")) into (known) features ¢ and (unknown)
signed measures p. In this setting, [Papini et al.| [2021al]
showed that features that fulfill a spectral property called
UniSOFT (see Definition[3.2)) are necessary and sufficient
for constant instance-dependent regret, i.e., the regret does
not scale with the number of iterations.

Similarly, in contextual linear bandits (CLB), where the
reward function is linear in the features ¢, Papini et al.
[2021b] showed that a diversity condition called HLS [Hao
et al.}[2020], is necessary and sufficient for constant instance-
dependent regret. Tirinzoni et al.|[2022] were able to provide
an algorithm that achieves constant instance-dependent re-
gret for CLBs, even when the true features ¢ are unknown
and must be learned over some (known) finite function class.

To the best of our knowledge, there exists neither an
instance-dependent result nor an algorithm that achieves
constant regret for low-rank MDPs [Agarwal et al., 2020];
that is, linear MDPs with unknown features ¢.

In this work, we study low-rank MDPs and aim to close this
gap by addressing the following research question.

Can we achieve constant instance-dependent regret in
low-rank MDPs?

As we shall see, we can answer this question positively.
In particular, we provide an instance-dependent analysis
of our proposed algorithm UNISREP-UCB, which is an
augmented version of the recently proposed REP-UCB
algorithm [Uehara et al.,[2022] that serves as the basis for
many other works [Zhang et al.; 2022al |Agarwal et al.| 2023,
Zhao et al.| 2024] on low-rank MDPs. In our analysis, we
leverage the insights of |(Cheng et al.| [2023]], who designed
a UCB-style bonus term that serves as a trajectory-wise
uncertainty measure. In particular, we show that the bonus
term serves as an almost optimistic estimate of the average
sub-optimality gaps. This allows us to perform an instance-
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dependent regret analysis, similar to [Papini et al.| [2021a]],
employing UniSOFT feature maps. More specifically, we
contribute the following:

* We provide an algorithm called UNISREP-UCB (Al-
gorithm that, for T large enough, achieves O(v/T')
expected regret (Theorem[4.2) provided that the min-
imal sub-optimality gap (Definition [3.3) and the min-
imal optimal occupancy (Definition 3.4) are well-
defined and we have access to an expressive enough
function space (Assumption d.T));

We design a termination criterion that allows
UNISREP-UCB to achieve constant regret (Theorem
[.3), provided that the minimal sub-optimality gap and
the minimal optimal occupancy are known;

* We demonstrate that the existence of UniSOFT rep-
resentations is fully characterized by the RL instance
(Lemma @ In particular, we show that in low-rank
MDPs, feature space coverage is equivalent to state
space coverage—a result which can be of interest on
its own.

2 RELATED WORK

Linear MDPs [Jin et al.|[2020]] proposed the first sample-
efficient algorithm for linear MDPs without assuming access
to a generative model or other restrictive assumptions on
the transition operator. Their algorithm LSVI-UCB com-
bines classical LSVI with UCB-style bonuses and achieves
O(VT) worst-case regret. Later, He et al| [2021] pro-
vided the first instance-dependent regret analysis for linear
MDPs, achieving a logarithmic O(A ! log(T)) instance-
dependent regret bound. Using features that satisfy a diver-
sity condition, called UniSOFT (Definition 3.2)), |[Papini et al.
[2021a]] showed that LSVI-UCB enjoys constant instance-
dependent regret. In addition, they demonstrate that the
UniSOFT property is necessary for constant expected re-
gret, reinforcing the importance of good features. Using a
similar diversity condition, in bilinear MDPs, [Zhang et al.
[2023]] provided an algorithm that enjoys constant instance-
dependent regret. However, both methods do not scale to
large function classes or misspecified representations. Re-
cently,/Zhang et al.| [2024]] were able to provide an algorithm
that achieves constant regret without prior assumption on
the features. Remarkably, their result holds even if features
have low point-wise misspecification w.r.t. the minimal sub-
optimality gap.

Low-Rank MDPs In the much more challenging low-rank
MDP setting, the seminal work of |Agarwal et al.|[2020] pro-
vided the first reward-free oracle-efficient algorithm called
FLAMBE. They proposed learning representations using
maximum likelihood estimation (MLE) and showed that
their explore-then-commit style algorithm achieves polyno-
mial sample complexity when provided with an MLE oracle.

By interleaving representation learning, exploration, and ex-
ploitation, |Uehara et al.| [2022]] provided an algorithm called
REP-UCB that improves the sample complexity bound of
FLAMBE in every relevant variable under the same MLE
oracle assumptions. In particular, they employ an UCB-style
bonus term, which provides optimism at the initial state dis-
tribution. Recently, |Cheng et al.|[2023] showed that this
bonus term can also serve as a trajectory-wise uncertainty
measure. They leverage this insight to design a value func-
tion that encourages exploration in the state-action space
where the uncertainty in the model estimation error is large
and subsequently, provide an improved sample complexity
bound. Finally,|Zhao et al.[[2024] provided the first regret
bound for low-rank MDPs, employing a double exploration
strategy. However, to the best of our knowledge, in contrast
to linear MDPs, there exists no instance-dependent regret
bound for low-rank MDPs. Furthermore, under which condi-
tions, constant regret is achievable is still an open problem.

Contextual Linear Bandits In contextual linear bandits
(CLB), [Papini et al.[[2021b]] showed that a diversity condi-
tion called HLS [Hao et al., [2020], similar to the UniSOFT
property, is necessary and sufficient for constant instance-
dependent regret. Relaxing the assumption of exact feature
maps, Tirinzoni et al.|[2022]] provided an algorithm which
achieves constant regret, introducing a constrained opti-
mization objective which encourages the HLS property and
enforces the representations to be exact.

3 PRELIMINARIES

Notation We denote the set of probability distributions
on a measurable set A by A(A). Furthermore, let /(A)
represent the uniform distribution over some finite set A and
let Ber(p) denote the Bernoulli distribution with success rate
p € [0, 1]. Additionally, [N] := {1, ..., N} for any integer
N. Finally, < denotes inequalities up to absolute constants

~

and 0() hides absolute constants and poly-log terms.

We consider a finite-horizon episodic MDP described by
the tuple M = (S, A, P*,r*, H,d), where S is the state
space, A is the finite action space, P* = {P}; };,c[z] Where
Pr: S x A — A(S) is the transition operator (unknown)
at time step h € [H|, 7* = {r}}nheim) Where 77 : S x
A — [0, 1] is the deterministic reward function (known) at
time step h € [H], d; € A(S) the initial state distribution
(known) and H is the episode length. We assume the reward
function to be normalized, i.e., Zle supg , 77 (s,a) < 1.

The agent interacts with MDP M in episodes. In particular,
in each episode ¢ € N, the agent starts in some initial state
s1 ~ dy, for each time step h € [H| observes a state sj,
chooses some action ay, € A, receives a reward r} (s, ap)
and transitions to a new state sp1 ~ P} (-|sp,an). The
interaction process in each episode ends at time step H + 1.



By Il = {7 = {mu}nem | Yh € [H] : mp: S — A}
we denote the policy space in which the elements are
(deterministi decision rules that map states to actions
for any time step h. We define the state value function
H

VE on(s) = E[3 i, mi(siyai)[sn = s, P, ] to represent
the expected total reward of policy 7 under P and r starting
in state s at time step h. To simplify notation, we define the
function ,PhV”I;T,r,h-i-l(S.? a) = Egp,(]s,0) [nghﬂ(?/)]’
where P}, should be viewed as an operator on functions
f: S —= Rwith f = Py f.

We define the Q-function as Q% ., (s,a) = rn(s,a) +

»d :

PrVE ppni1(s,a) and let VEiy = By, [VE .1 (5)], given
some initial state distribution d;. The state-action occu-
pancy distribution d7,; (s,a) denotes the probability of
visiting state s at time step i and performing action ¢ in
model P with policy 7. By abuse of notation, let d%,., (s) =
> aca 451, (s, a) denote the state-occupancy distribution at
time step ~. We can sample a state s from d7., by executing
m for h — 1 steps starting from state s; ~ dj.

The agent’s goal is to learn an optimal policy 7* €
arg maXy ey V;;;fl;*?l, which maximizes the expected to-
tal reward under P*, r* and d;. We evaluate the efficiency
of an agent by the (expected) regret

T
E[R(T) =E[Y VA& —VZii ], ()
t=1

which measures the expected cumulative performance loss
up to episode T' € N. Note that the expectation in Equa-
tion[T]is taken w.r.t. any extra randomness induced by the
algorithm.

Finally, we denote the sub-optimality gap of taking action
a in state s at time step h as Ap(s,a) = V5, ,..,(s) —
Q%ivr*;h(s, a), which measures the loss in value of any
sub-optimal action a.

3.1 STRUCTURAL ASSUMPTIONS

In this work, we are interested in MDPs with large, pos-
sibly infinite state spaces and hence require some form of
structural assumptions such that efficient learning is pos-
sible. In particular, we assume that P* admits a low-rank
decomposition.

Definition 3.1. (Low-rank MDP [Agarwal et al.,|2020]) An
MDP M is low-rank or equivalently has low-rank structure
with rank d € N if for every h € [H| there exist two embed-
ding functions ¢7 : S x A — R? and wy S — R? such
that

V(s,a,s") € Sx AxS: Pj(s'|s,a) = (¢}(s, a), uy(s")),

"We require that our planning procedure outputs (w.l.o.g.)
a deterministic policy to ensure that the representation learning
oracle converges (see Appendix EI)

where, for normalization, | ¢} (s,a)lle < 1 and

I fs 15(9)9()dsll2 < Vallgllos for any function g: S —
R, (s,a,h) € S x A x [H].

As the embedding functions ¢} and i} are assumed to be un-
known, we consider the representation learning problem of
finding good representations for state-action pairs and states
over (known) finite function spaces ® = ®; x ... x &y
and ¥ = ¥y x ... x Uy where, for each h € [H],
@, C {pn: Sx A — R} and ¥), C {up: S — R}
For notational brevity, we denote ¢* = {¢} }1e[m) and
p* = {j; }herm)- To ensure tractability of this representa-
tion learning problem, we assume realizability of the func-
tion spaces [Agarwal et al., 2020, [Uehara et al., 2022| Modi
et al., [2024].

Assumption 3.1. (Realizability) For all (s,a,h) €
S x A x [H], and any (¢n,pun) € Pp x Up,
we have that ||én(s,a)llz < 1, for any function
g8 = R\ [omn(®)9e)sle < Vgl and
Js(on(s,a), un(s'))ds' = 1. Additionally, there exist (un-
known) non-empty subsets ®* C ® and V* C ¥ such
that any (¢*, u*) € ®* x U* fulfills the low-rank MDP

Definition

Note that any tuple (¢, u) € ® x U naturally induces a
distribution over the state space in each time step and, in
particular, a transition operator P = (¢, u).

3.2 GOOD REPRESENTATIONS AND
INSTANCE-DEPENDENT PROPERTIES

In favor of clarity, the main results are presented under the
assumption of a unique optimal policy. In Section [F] we
show how this assumption can be dropped. Let us denote
IT* as the set of all optimal (deterministic) policies.

Assumption 3.2. (Unique optimal policy) There exists a

unique optimal (deterministic) policy; that is, [IT*| = 1.

We consider a feature mapping ¢ € ® as good if it maps the
set of state-action pairs reachable by the optimal policy to a
set of vectors that span the whole feature space. In particular,
good representations are non-redundant and UniSOFT.

Definition 3.2. (UniSOFT Representation [|[Papini et al.|
2021a|]) A feature mapping ¢ € ® is called UniSOFT (Uni-
versally Spanning Optimal FeaTures) if for all h € [H],

span{¢n (s, a)|V(s,a) : I € Il : dp. ., (s,a) > 0}
= span{¢n (s, 7 (s))[Vs : du.,(s) > 0}

holds. In particular, a UniSOFT feature mapping ¢ is non-
redundant if \*(¢) > 0 holds, where

N (6) = min dun (B 0y, [90(5,0)n(5,0)")

sh

and Ayin(+) returns the minimal eigenvalue.



Intuitively, non-redundant UniSOFT features allow an algo-
rithm to efficiently explore the whole feature space by behav-
ing optimally in the environment. How efficiently the feature
space can be explored is dependent on A*(-), which, as we
will see, will play a major role in the regret bounds provided
in the next chapter. Furthermore, we will say that a transition
operator P admits a non-redundant UniSOFT representa-
tion, whenever there exists a representation (¢, 1) = P such
that ¢ is UniSOFT and non-redundant.

We introduce two additional assumptions that will allow
us to take advantage of good representations and perform
an instance-dependent regret analysis. A very natural mea-
sure of hardness is the minimal sub-optimality gap, which
captures the difficulty in detecting sub-optimal actions.

Assumption 3.3. (Well-defined minimal sub-optimality gap)
The quantity

Anpin = Ap(s,a)

min
s€S,a€Ahe[H|:Ap(s,a)>0

is well-defined.

Finally, we assume that the minimal optimal occupancy
exists. Intuitively, we ensure that when playing an optimal
decision policy, we will eventually visit all states reachable
by this policy.

Assumption 3.4. (Well-defined minimal optimal occupancy)
The quantity
dr. = min

o
min « P*,h(sa a)
SGS,aE.A,hG[H],‘rr*EH*:d%* h’(s,a)>0

is well-defined.

Note that both assumptions are trivially satisfied whenever
S and A are finite.

4 INSTANCE-DEPENDENT REGRET
BOUNDS

This section provides an algorithm, called UNISREP-UCB
(Upper Confidence Driven Universally Spanning Represen-
tation Learning, Algorithm I, that achieves sub-linear ex-
pected regret under an additional simplifying assumption
that guarantees the selection of good representations. Fur-
thermore, we demonstrate that by introducing a carefully
chosen termination criterion to UNISREP-UCB, resulting
in the algorithm UNISREP-UCB + (Algorithm | with mod-
ifications shown in blue), we can identify optimal behavior
with high probability whenever the minimal sub-optimality
gap and the minimal optimal occupancy are known.

Algorithm 1 UNISREP-UCB (+)

Input: Function spaces {®, } | {¥},}/L | Parameters
At, G, & decreasing, T'
Output: 7,

1: Initialize: Dy , =0, D}, , =0, 70, = U(A), Vh € [H]
2. fort=1,...,T do ’

// Interact with the MDP and collect transition data
3 €t ~ Ber(l — é-tfl)
4 forh=1,....Hdo
5: Sh—1 ™~ dp* h—1
6: ife; =1 then
7 ap—1 = Te—1,h—1(Sh—1)> Sn ~ Pj_4
8 an = m—1,1(80); Shy1 ~ P
9

: else

10: ap—1 ~ U(.A), Sp ~ Pﬁ—l?
11: ap NU(.A),S}L_H NP;:
12: end if
13: Dip—1=Di—1,n—1 U{(8h-1,an-1)}
14: Di = Di_yp I{(sn,an, sni1)}
15: end for

// Learn representations & set bonus
16: forh=1,..,Hdo
17: ¢t,h — arg min¢€q>l>ilLE(D£ h) ,CumSOft(d), thh)
18: Zt,h = Z(s,a)E’Dt,h ¢t7h(57 a)(rbt,h(sa a)T
19: R +)\tI
20: bep(s,a) =
21: min{d; \/@,h(s, a)Ti;}llqAbt7h(s, a),1}
2: Pon(s']s,a) = (Bun(s, @), un(s))
23: end for

/' Update (determlmstlc) policy
24: T = arg MaX, ey V,Pt byt 1

/I Check for optlmahty

h 7,d

25: 70 = argmax,eq Vp (blt
% o= 10H2(VE 4\ [HlG)
27: if c; < Ammdmm then
28: return 7,
29: end if
30: end for

31: return 7,

4.1 ALGORITHM

On a high level, UNISREP-UCB is a finite-horizon adap-
tion of the REP-UCB algorithm proposed by [Uehara et al.
[2022]. However, unlike the REP-UCB algorithm, we em-
ploy a double exploration scheme to enable a regret bound,
as proposed by |Zhao et al.|[2024] and augment the repre-
sentation learning objective to encourage feature maps with
good spectral properties.

Exploration (Lines[3{15) For each time step h, the algo-
rithm samples the state- occupancy distribution dp* h—1 and



continues based on the result of a Bernoulli experiment with
a success rate of 1 — &;. If successful, the algorithm explores
with the behavior policy m;_1, and otherwise it explores
by taking actions uniformly at random. This mechanism is
key for enabling a regret bound, as otherwise the algorithm
would explore uniformly at random in each episode and
time step, preventing sub-linear regret. After time step h + 1
the algorithm rolls-out to time step H according to m;_.
Note that we only require the algorithm to interact with the
environment in full trajectories due to a technicality when
bounding the regret. Qualitatively, the algorithm does not
change by resetting after h + 1 time steps. Finally, we col-
lect the transitions of the time steps h — 1 and h in separate
datasets.

Representation Learning (Lines[I6}23) Similarly to [Tir}
inzoni et al.|[2022]], we employ a constrained optimization
objective (Line[I7), to learn features that have good spec-
tral properties and approximate the transition operator well
enough. We define the following objective functions:

g D) = Y

(s,a,s’)eD

log((¢n(s,a), un(s")) (2)

LUTSOFT (4 DY = Anin Z bn(s,a)én(s,a)”

(s,a)€D

3)

Then, the set of representations that are the maximum like-
lihood solution of fitting the transition operator over some
dataset D, are defined as follows:

OME(D) ={¢ € ®), : max LME (¢, 4, D)
pnevy,

EMLE(d)/, ,U//a D)}

= max
(¢, )EQR X Tp

Similarly to previous work on low-rank MDPs [Agarwal
et al.| 2020, [Uehara et al.|, 2022} |Cheng et al.| [2023]], as a
computational abstraction, we assume access to an optimiza-
tion oracle.

Definition 4.1. (Optimization Oracle) Consider the function
class ®x VU and datasets D and D' consisting of (s, a) tuples
and (s, a, s') triples, respectively. Then, the optimization
oracle refurns for any h € [H],

£UniSOFT (¢7 D) .

arg min
pe@ME(DY)

Note that although the oracle is computationally intractable,
it can be reasonably well approximated in practice [Tirinzoni
et al.| 2022} Zhang et al.l 2022]]. After employing the oracle,
we use the learned features to define an UCB-style bonus
term and the estimated transition operator.

Planning (Line 24) We find an optimal (deterministic)
policy for the bonus-augmented reward function in the es-
timated environment. Here, we assume access to a plan-
ning procedure that returns, for any given reward function
r and transition operator P = (¢, u), an optimal (deter-
ministic) policy arg max eny Vf;ﬁfl’ |- We note that planning
in a known linear MDP can be performed efficiently, for
example, with LSVI-UCB [Jin et al.,2020].

4.2 ANALYSIS

In the following lemma, we provide a baseline worst-case
regret bound for UNISREP-UCB, which does not utilize
UniSOFT features. We denote the regret incurred by algo-
rithm (1| as R, which differs from the regret incurred by
behavior polices {7}, denoted as R.

Lemma 4.1 (Expected Regret without UniSOFT). Let &, =
t=1/4. Suppose Assumption (realizability) holds. Then,
forany T € N, UNISREP-UCB (Algorithm|I) satisfies

E[R(T)] = O (H3d2\A|T3/4> .

Our general strategy for improving the baseline regret given
above is to show that there exists an episode after which
UNISREP-UCB only selects good representations. Then,
these good representations provide more efficient explo-
ration, and we gain an improvement in learning efficiency.
Hence, our regret bounds will only improve on the base-
line regret result if we run the algorithm for long enough.
Furthermore, establishing sub-linear regret without leverag-
ing good representations is important for guaranteeing the
selection of good representations at a later stage.

Nevertheless, to select good representations, we must ensure
their existence. In that spirit, we introduce representations
that approximately represent the ground-truth transition op-
erator over the support of the occupancy distribution induced
by the optimal policy.

Definition 4.2. (a*-Approximate Representation) A rep-
resentation (¢, 1) € ® x U, with induced model P, is
a*-approximate at level o if for all h € [H),

E(saymag, , [IPalls,a) = Pi(ls, a)llv] < a-

Remark 4.1. The set of a*-approximate representations
®, x U, C & x Visnon-empty for any o > 0, whenever
the realizability assumption[3.1 holds.

Interestingly, we can show that the optimization oracle (Def-
inition[4.T)) converges uniformly over the occupancy distri-
bution of the optimal policy (Lemma|[B.T)), provided that the
distribution is well-defined, that is, Assumption [3.4] (mini-
mal optimal occupancy) holds. The following assumption
exploits this convergence and ensures that we are guaran-
teed to find a good representation. In Section [5| we elaborate
on how reasonable this assumption is.



Assumption 4.1. (a*-Expressive Function Space) For all
o*-approximate representations (¢, 1) € ®, x U, there
exists a representation (q~5, ) € ® XV that is non-redundant
and UniSOFT, such that the induced models P and P agree
onall (s,a) € S x A

We can show that the UniSOFT loss in Equation[3|eventually
eliminates all redundant and all non-UniSOFT feature maps
(Lemma [B.4). Intuitively, if the exploration probabilities
&, are decreasing and the regret of the behavior policies is
sub-linear, the collected transitions will eventually mostly
be drawn from the optimal occupancy distribution. Then
only good features minimize the UniSOFT loss, which are
guaranteed to exist by the expressiveness assumption above.

Whenever the function space already consists of representa-
tions that have low model error on the optimal occupancy
distribution, we can provide a purely gap-dependent regret
bound.

Theorem 4.1 (Gap-dependent regret with UniSOFT). Let
& =t"Y3 and a = 1. Suppose assumptions( realizabil-
ity), B.3| (minimal sub-optimality gap), {.1|(o*-expressive
function space) and[3.2] (unique optimal policy) hold. Then
for any T' € N, there exists a constant Tgood, Such that
UNISREP-UCB (AlgorithmlI) satisfies the following:

E[R(T)] = O(Hd”| Al(rgooa A T)*°

1
+ o HAd A PT)

max

= HY2312| 46
Where 7—gOOd - O ( (Ammkﬁaax)ﬁ

min, maxgeqp, A*(@).

and X =

max

On a high level, 7404 captures the number of episodes
UNISREP-UCB needs to eliminate all non-good representa-
tions. Hence, the theorem tells us that after some number of
"warm-up" episodes Tyo0d, during which we incur expected
regret according to the parameter-adjusted baseline result
(Lemma [.T)), we gain an increase in learning efficiency
provided by the properties of good representations. The du-
ration of the warm-up and the gain in learning efficiency
depend on the "goodness" of the available representations,
captured by A\*. Notable is the worse dependence on the
horizon.

If we additionally assume that the minimal optimal occu-
pancy is well-defined (Assumption [3.4)), we can show that
the behavior policies are eventually optimal. In particular,
we show that the bonus term serves as an almost optimistic
estimate of expected sub-optimality gaps (Lemma [C.3).
Hence, if we are guaranteed to select good representations
in each iteration (Lemma [B.4)), the bonus term decreases
uniformly over the state-action space, leading to optimal
behavior. However, since we bound sub-optimality gaps in
expectation, we require d;;, to be well-defined, in order to

determine the optimality of any policy (Lemma|D.I}). We
get the following improved result.

Theorem 4.2 (Expected regret with UniSOFT). Let o >
0,7 € (2,4] and & = t=/7. Suppose assumptions
(realizability), [3.2] (unique optimal policy), [3.3] (minimal
sub-optimality gap), B.4] (minimal optimal occupancy) and
M. 1) (a*-expressive function space) hold. Then for any T' €
N, there exists a constant T* such that UNISREP-UCB
(Algorithm[l) satisfies

E[R(T)] = O (H*d*|A|(r* AT)/*H/7 + HT™S ),

2y
~ H2d2| Al ¥-2
*
where 7 = O ((‘3Mrntld:1)2 ’

‘max

In contrast to Tye04, 7* additionally captures the number of
episodes UNISREP-UCB needs to fully explore the feature
space and subsequently identify the optimal policy. How-
ever, our algorithm still explores uniformly with positive
probability, preventing constant regret. We also incur de-
pendence in «v and d7;; , capturing the difficulty of selecting
«a*-approximate representations.

Interestingly, if we assume that the quantities Ay, and
dx., are knowrﬂ we can design a termination criterion,
which stops the algorithm whenever the behavior policy is
optimal. UNISREP-UCB + extends UNISREP-UCB by
an evaluation phase (Lines [25}29) in which we measure
the uncertainty in the learned model, through the value of
the bonus term. If this uncertainty is below Apindy,,, we
stop the algorithm and return the optimal policy with high
probability.

Theorem 4.3 (Constant Regret). Ler a > 0, § € (0,1) and
& =t~ Y4 Suppose that the quantities Apin and dr.., are
known. Then, under the same assumptions as in Theorem
with probability at least 1 — 26, UNISREP-UCB +
(Algorithm[) satisfies the following:

R(T) < T AT,
~ 848 4
wherT* =0 (W—Alf‘d)g) .

4.3 TECHNICAL CHALLENGES

The main technical challenge to providing instance-
dependent regret lies in controlling the expected sub-
optimality gaps. In Lemma [C.5] we demonstrate that the
expected gaps can be controlled w.r.t. the value of the bonus
under policy 7°. Unfortunately, this is not the policy that
interacts with the environment, and hence the elliptical po-
tential lemma does not work here. Importantly, UniSOFT

2Extensions to lower bounds on Apiy and d5;, are straightfor-
ward.
3O hides a constant of order 254,



features uniformly decrease the confidence intervals, which
allows us to proceed with our analysis. As such, the role of
representation learning and, in particular, that of UniSOFT
features is central for our instance-dependent bounds.

S MORE ON GOOD REPRESENTATIONS

Note that within this section, we assume finiteness of the
state space (|S| < co) and that the transition operator has
rank d for all time steps, that is, rank(P;) = d for all
h € [H]. Furthermore, we denote by X} := {(s,a) € § x
A\d%:, n(s,a) > 0} the set of state-action pairs reachable
by the optimal policy at time step h € [H]. The following
lemma provides a condition that is necessary and sufficient
for the existence of non-redundant UniSOFT representations
in low-rank MDPs.

Lemma 5.1 (Existence of good representations). Let d > d.
Then, the following statements are equivalent:

(1) span{P;} (|5, a)|(s,a) € X} } = R and |X;| > d,

(2) there exists a non-redundant UniSOFT representation
<¢ha ﬂh>Rd = Pit

Remark 5.1. Note that the result is agnostic to the choice
of policy. This implies that in low-rank MDPs feature space
coverage is equivalent to state space coverage.

Remark 5.2. In section[E] we provide a similar result for the
existence of (possibly redundant) UniSOFT features. This
implies, given that UniSOFT feature maps are necessary
for constant expected regret in MDPs with linear rewards
[|Papini et al.| |2021a], that to achieve constant expected
regret in linear MDPs or low-rank MDPs with unknown
rewards, the optimal policy must visit all states reachable
by any policy with positive probability.

Importantly, we see that the existence of good features ¢ is
fully characterized by the ground-truth transition operator.
That is, assuming the existence of non-redundant UniSOFT
features, implicitly assumes that the optimal policy explores
the whole reachable state space (Corollary [E.T).

Nevertheless, if P* admits a non-redundant UniSOFT rep-
resentation, good a*-approximate representations are abun-
dant. The following lemma supports the a*-expressiveness
assumption (Assumption 4.T)).

Lemma 5.2. Assume that Assumption (minimal opti-
mal occupancy) holds and that P* admits a non-redundant
UniSOFT representation. Then, there exists an € > 0 such
that for any d > d the following holds: Let & < o < € be ar-
bitrary. There exist infinitely more o*-approximate represen-
tations than &*-approximate representations (@, [1)pa = P
that are UniSOFT and non-redundant.

Remark 5.3. On a high level, € is upper bounded by the
degree of linear independence between the (unknown) tran-
sition vectors of the optimal actions.

6 DISCUSSION

6.1 COMPARISON WITH THE LITERATURE

In this subsection, we compare the constant regret result
of Theorem [4.3] with related results from the literature. In
Table [T] we provide an overview of algorithms achieving
constant regret in different learning settings and compare
their critical episodes; that is, the episode after which, with
high probability, the respective algorithm does not incur
additional regret.

LSVI-LEADER |[Papini et al.,2021a] In the linear MDP
setting, the LSVI-LEADER algorithm proposed by |Papini
et al.| [2021al] assumes access to a set of realizable repre-
sentations containing one UniSOFT representation, and that
the unique optimal policy assumption [3.2]holds. However,
their algorithm does not scale to large function spaces, as it
learns a different representation for each state-action pair.

In comparison, UNISREP-UCB + can deal with large func-
tion spaces and misspecified representations. Additionally,
we show how to generalize our regret bounds beyond the
unique optimal policy assumption. However, we assume
access to an optimization oracle, positive minimal optimal
occupancy and known instance-dependent quantities.

In Table[I] we can see that, in contrast to LSVI-LEADER,
the critical episode of UNISREP-UCB + depends on the
size of the action space, which seems to be unavoidable in
low-rank MDPs [[Zhao et al.,|[2024]]. We additionally incur
a dependence on d7; , which stems from bounding average
sub-optimality gaps and on « as we must select representa-
tions with low model error. The overall smaller polynomial
dependence for LSVI-LEADER follows from the overall

tighter regret bound available for linear MDPs.

BanditSRL [Tirinzoni et al.,[2022] In contextual linear
bandits (CLB) the feature map ¢ must only linearly repre-
sent the reward function. Similarly to our work, BanditSRL
learns a non-redundant representation with good spectral
properties over a known finite function space. They do not
rely on any oracle assumptions, as estimating the reward
function can be done efficiently by minimizing the MSE.
However, they rely on a restrictive misspecification assump-
tion that allows them to eliminate all point-wise misspecified
representations. In particular, they assume that the following
quantity is well-defined:

€min ‘= Mmin min min
PpeP\d* 0:]|0]|<1 m:S—A

Esdy [({6(s,7(5)),0) — 17 (5,7(s))?] > 0.

Although estimating the reward function is conceptually
different, we emphasize that our algorithm can deal with
misspecified representations without making additional as-
sumptions on the level of misspecification.



Table 1: Comparison of critical episodes; for ease of comparison, constants that refer to eigenvalue sizes are summarized

with A*.
Algorithm Setting Features ¢ Critical Episode
LEADER [Papini et al.,[2021b] CLB Known O(( /\*me )2)
BanditSRL [Tirinzoni et al., 2022 CLB Unknown @(m)
LSVI-LEADER [Papini ctal|2021a] ~ Lincar MDP  Known  O(max{&M;, 851

UNISREP-UCB + (this work)

Low-rank MDP  Unknown

~ HY2 8| Al*
O( (Amind};, )8 (aX*)4 )

Constant Regret with Misspecified Representations In-
terestingly, as far as we know, there exists no algorithm
for linear MDPs that can identify optimal behavior, when
features are only required to have small misspecification
error on average. In fact, only very recently, Agarwal et al.
[2023]] provided the first sublinear regret result in this set-
ting. On the other hand, |[Zhang et al.| [2024]] provided an
algorithm that achieves constant instance-dependent regret
for linear-MDPs with features that have low point-wise mis-
specification w.r.t. the minimal sub-optimality gap.

6.2 LIMITATIONS

Redundant Features Following a similar analysis as in
Papini et al| [2021a]], our regret bounds would also hold
for redundant UniSOFT feature maps, provided that we
are guaranteed to select them. In order to learn possibly
redundant UniSOFT feature maps, Tirinzoni et al.|[2022]
provided the following loss function:

: T
Join o(s,a)

Z qS(s/,a’)(b(s',a')T

(s',a")eD

@(s,a).

However, this loss function selects UniSOFT feature maps
only if all state-action pairs are visited in finite time; other-
wise, we cannot ensure that the features of optimal actions
span the observable feature space.

Low-Rank Assumption The set of MDPs that admit a
low-rank representation with small rank d w.r.t. [S] is in-
herently limited. In particular, |Lee and Oh|[2024] showed
that the feature dimension is lower bounded by L%J, where
U = max(sq)esxal{s’ € S : P(s'|s,a) > 0}] is the
maximum number of directly reachable states. An imme-
diate consequence is that, in deterministic environments,
d = |S| holds. We refer to Section 4 inLee and Oh|[2024]
for a more thorough discussion.

Minimal Optimal Occupancy In contrast to existing
work on constant regret for linear MDPS [Papini et al.|
2021a}, [Zhang et al., 2023} 2024]], our bound has an addi-

tional dependence in d};,;,. This dependence is caused by con-
trolling expected sub-optimality gaps. A point-wise uncer-
tainty quantification is generally not possible since the MLE
objective is unbounded and we cannot use any standard uni-
form convergence techniques. Nevertheless, d;.  ~ A* is
generally a reasonable approximation, where quantities sim-
ilar to A* appear in many existing works (e.g., see Table[I))
that leverage representations with good spectral properties.

The inherently undesirable trade-off between d7; and d is
interesting to note here. We seek highly random transitions
to hope for a small rank d, but deterministic transitions for

a large value d;, .

Computation Computationally, Algorithm [I] suffers from
limitations similar to those of other existing works on low-
rank MDPs. In particular, the optimization oracle cannot be
efficiently solved accurately, as there is no practical mecha-
nism to guarantee the normalization conditions for ¢ and p
[Zhang et al., |2022]. This, in particular, makes the constraint
optimization objective in algorithm line|l"/|intractable. How-
ever, the MLE objective can be approximated with noise
contrastive estimation (NCE) [Zhang et al., 2022], with the
UniSOFT loss added as a regularization term.

7 CONCLUSION & FUTURE WORK

In this work, we studied low-rank MDPs characterized
by the instance-dependent properties A, (minimal sub-
optimality gap) and d;;, (minimal optimal occupancy). We
proposed to extend the existing REP-UCB algorithm with
a double exploration strategy and a constrained optimiza-
tion objective, and showed that this novel algorithm can
leverage good representations for more efficient exploration.
Additionally, we demonstrated that our algorithm enjoys
constant regret in low-rank MDPs and provided a condition
that is sufficient and necessary for the existence of good
representations.

An interesting direction for future work is the design of com-
putationally efficient variants of our proposed algorithms
and to test them on deep RL benchmarks. Furthermore, it



would be interesting to understand whether UniSOFT fea-
tures are necessary for instance-dependent regret.
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Here we provide the omitted proofs of the main paper. In particular, Section [A]provides the proof for the baseline result in
Theorem .} in Section [B] we show how we guarantee the selection of good representations and in Section [C]and Section D]
we show how good representations can be leveraged to obtain an improved regret bound (Theorem 4.T)) and constant regret
(Theorem [.3)), respectively. Finally, in Section[E] we discuss the existence of good representations, in Section [F] we show
how our results can be extended for multiple optimal policies and Section[G]provides auxiliary results.

We begin by introducing notation and good events. Let us denote
- 1
Ten(als) = &1 - Tt (1 =&-1) - m-1,n(als)

as the roll-out policy in episode ¢, which, with probability &;, explores by taking an action uniformly at random and
otherwise, selects an action according to the behavior policy 7;_1 j, from the previous episode. Importantly, we assume that
the sequence (&;)7_; is decreasing. Note that policy 7 j, collects the transitions stored in the datasets of algorithmand
only interacts with the environment after sampling a state from d;ﬁ” 11 Further, we denote the average roll-out policy as

unlals) = 3 3 (& 7+ (1= 6 maalals) )

=0

We define the mixture occupancy distributions

-1
1L
pn(s) = D dp (),
i=0
=
Yen(s,a) = 7 Z d%ﬁ7h(s, a),

i=0
pe.n(s,a) = pen(s)men(als),

the next-state marginal distribution and next-state mixture occupancy distribution

Pin(s) = D prnoals,a)Pi(s']s,a), and
(s,a)eSx.A

Pin(s,a) = pp(s)7en(als),

respectively. Denote the total variation distance between the estimated model and the true model as
fen(s,a) = [Pra(ls,a) = Pi(ls, ).
Additionally, let

Zptﬂi) = tE(s,a)Npt [¢(87 a)¢(87 a)T] + A,
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where \; = c1dlog(4tH|®|/d), ¢1 is a constant and p; € A(S x A) is an episode dependent distribution over the
state-action space. Further we define the following two good events:

£1(0) ={VteN,h € [H],s € S,a € A:E(sa)np, , [fr,n(s, a)?] < G}
E(8)={vteN,he[H|,s€S,ac A:

1 . . .
sloen(s,a)lgr < denls a)lgs < 3ldenls, a)lg— b

Pt h Pt h Pt h Pt h

where (; = w. Finally, let £(6) := £1(6/2) N E3(5/2). The good event £ guarantees the convergence of the
MLE oracle [[Uehara et al.,[2022] and the concentration of the bonus term.

Lemma .1. Fix § € (0,1). Suppose Assumption (realizability) holds and we run algorithm Then, with probability at
least 1 — 0, the event E(0) occurs.

Proof. By Lemma|G.6] with probability at least 1 — &/2, event & (6/2) occurs. Furthermore, by Lemma 11 in[Uehara et al.
[2022], with probability at least 1 — 6/2, event £2(4/2) occurs. Taking an union bound concludes the proof. O

A  SUB-LINEAR PSEUDO-REGRET WITHOUT GOOD REPRESENTATIONS

In this section, we show that the behavior policies of algorithm [T]achieve anytime sub-linear regret without exploiting the
UniSOFT property. On a high level, this ensures that the algorithm plays optimal actions often enough, such that the MLE
constrained oracle eventually selects UniSOFT features, which we leverage in subsequent sections to improve upon the
baseline result. We note that the analysis in this section is purely based on known results and provided for completeness.

We start by providing two important results, first introduced by Uehara et al.| [2022]], which we will use to link the bonus
of the learned features to the elliptical potential function of the true features. This allows us to track the progress of our
algorithm through the standard elliptical potential lemma|G.4

Lemma A.1. (One-step back inequality in the true model) Consider a set of functions {gy, }f._, that satisfies g, : Sx A — R
such that ||g)|co < B forall h € [H). Then, forallt € N, h > 1 and any T,

E(s,a)wd;* h [gh(sa a)]

N |A|
< E(s,a)fvd;*’h,l [”d)h—l(sﬁ a)HE*I Lot ]\/t ft E(s,a)prt,h[gh(sa a)Q] + BZ/\td
Pho1

Yt,h—

Proof. For h =2, ..., H we have,

E(s,a)~az, , [9n(s,a)]
= E(g,&)fvd,’;’*7h71,SNﬂpiil(-‘i(’i),a’\fﬁh('lS) [9n(s,a)]
= EGayar. ,_ (0h-15,a), D whoi(s)malals)gn(s, )]
(s,a)eSx.A
(i) . N
SE(g’d)ng*,hfl[Hd)h_l(s’a)”E;:h,l«bz,l” > ph1()malals)gn(s,a)lls, | .. ]

(s,a)eSxA

where (i) follows from the symmetry of the regularized covariance matrix and an application of the Cauchy-Schwarz



inequality. Further we have for h = 2, ..., H,
I Y wioa(s)mulals)gn(s, a)ll%
(s,a)eSx A
(i) . oo % 2 2
< Bsarn (D (0h-1(8,), 11 (s))mn(als)gn(s, a))] + B2Ad
(s,a)eSxA

= tE(5,a) 001 [Bsmpy_, (-[5.).ammn (1) (90 (5, 0)]°] + B*\d
< tESNpt‘h,,a’\/ﬂ'h('IS) [gh(87 a)?] + B2)‘td
@ s L (8)Tn(als)

Ve, h—1:9F 1

E(s,a)mpr 1 [90(8,0)%] + B*Aed

1
<t 7 By~ 90 (s, 0)?) + B2hd
ol ) "
(7.11) A
|£t|E (s,a)~p¢,n [gh(S a) ] + BQ}‘td;
where, (7) is by assumptions [|gx(s,a)[lcc < B and || [5p*(s)h(s)p(s)|2 < Vd for any h : S — [0,1] (realizability,
Assumption|3.1), (4¢) is by importance sampling and (7i¢) follows from &; being decreasing. O

Lemma A.2. (One-step back inequality in the learned model) Consider a set of functions {gh}hH:1 that satisfies g, :
S x A — R such that ||gn)|co < B forall h € [H)]. Then, given that the event & occurs, forallt € N, h > 1 and any ,

E(S,G)Nd%t » [gh (57 a)]

A A
< Eaaz , (1drn-1(s,0)lg W2t B (an(s.0)2) + B2A + 22 B2,
Poh= Pth—1:Pt h—1 & ’ &
Proof. Lett € N be arbitrary. For all h = 2, ..., H we have,
B (s, 19n(5,0)]
E(s a)~dy l,sNﬁt,;L,l(-\g,a),wml(.\s)[Qh(&a)]
=Egapay  [Sen-1(3,0), Y fun-1(s)malals)gn(s, )]
" (s,0)ES XA
(2) )
< E(g,a)~d [||¢th 1(5,a) |51 I Z ut7h_1(s)7rh(a|8)gh(8,a)HEp o e 1,
Pt h—1 Pt h—1 t,h—1:Pt,h—1
(s,a)ESXA

where (¢) follows from the symmetry of the covariance matrix and an application of the Cauchy-Schwarz inequality. Further
we have forallh = 2, ..., H,

I Y Asn-r(s)mnlals)gn(s,a)ll3

(s,a)eSxA

(2) - -y A 2 2

SBaypn [ Y, (Dun1(5,a), fun-1(s)mn(als)gn(s, a))’] + B*Nd
(s,a)€ESx.A

Pt h—1>Pt h—1

= tE(g,&)NPt,h—l [ESN’/St,;L,1(~|§,a),a~7'(h("s) [gh(s, CL)]Z] —+ B2>\td

(i4)

< 2tE('§va')Npt,h,—l [ESNP;_l(-\5,&),a~ﬂ'h(-|s) [gh(57 a)]Q] + BQ)\td + 2tBQCt
|A|

< 2ﬂEs~pr noa~Th(+]8) [gh(& a)?] + BQ)‘td + 2ti32<‘t
. e
< 2t |A| ]E(S a)~p! h[gh(s a)2] + BQ)\td—f— 2t |A| B2Ct,

-1 2 ’ §t-1



where, (i) is by assumptions ||gx(s,a)llcc < B and || [ fi(s)h(s)p(s)|l2 < Vd for any h : S — [0, 1] (realizability,

Assumption , (i1) follows from (a + b)? < 2a? + 2b%, importance sampling and the event £ and (i44) is again by
importance sampling. O

The following lemma exploits the one-step back inequalities to relate the bonus and the estimation error to elliptical potential
functions. The formulation of the statement is inspired by Lemma 3 of |(Cheng et al.|[2023]].

Lemma A.3. (Bonus relations) Given that the event £ occurs, for allt € N, h > 1 and any T,

[||¢th 1(8, a)||2_1 s

Pt h—1:Pt,h—1

E(s,a)wd; . [fen(s,a)] < atE(s,a)Nd;;

yh—

E(b a)Ndp* n [ft h(s a)] < atE(b a)mdp* he [||¢h 1(5 a)”E lh Lok ]7
Pt,h— h—
Bz, loon(s,0)] < BEGapmag. , | (16i1(s. sz )
Tt h—1
where oy = 1/4t(t ‘Al + Med and By = \/ %400@61 + Aid. In particular, for h=1,
A - d|A
Bomtyam (19105, £ ([ 20G B 1o iras,0)] < 1500y | T2,
Proof. Lett € N be arbitrary. For all A > 1 we have,
]E(s,a)rwd;;t)h[ft,h(&a)}
(2 IE(s a)~d™ [||¢t h— 1(5 CL)HE 1 } Qth(s a)~p! [ft,h(sa a) ] + )\td + 2tu t
’ Piih= Pt h—1 Pt h—1 ft ’ th ft
(i1)
< aE(say~dr [||¢th 1(8,0) |51 1,

Pih— Pt h—1:Pt h—1

where (7) is by Lemmamand || fe.nlloo < 1 and (i7) follows from the event £. Similarly, for all A > 1,

E(Sya)Nd;t* n [ft,n(s,a)]

@ « | A
< Egaynag, 1[|¢h—1(57a)”2p:h1.¢;L1]\/2t£tE(s,a)wp;ﬁ[ft,h(sva)ﬂ + Aud

(i1)
< aBisaymar, , 1051 (s, a)”z— ]7

Pt,h—1> ¢h

where (7) is by Lemmamand | fe.nlloo < 1 and (i7) follows from the event £. For h = 1 we have,

A A
ESNdl’aNﬂl('\S)[ftvl(s’a)] > \/|£tE(s a)~pe, 1[ft 1(5 a) } > \/|ft ts

where (%) is by importance sampling and Jensen’s inequality. We can bound the bonus by,

E(S’G)Nd;t*,h [I;t,iz(57 a)]

< o, [165-1(5,0) g

Yt,h— 1¢h 1

A ~
\/tg]E(s’“’”M [bt,1(5,@)?] + Mid,



which follows from Lemmaand ||lA)t nlloo < 1. Further,
ﬂE(Sya)NPt‘h, [l;t,h(‘g? a)Q]
< B w010 [0 G0 (s, )3

(i) o
StE(Sva)NPt,h[9O‘§H¢t,h(sﬂa)Hgfl . ]

Pt h Pt b

= QdftTr (E(sva)"‘ﬂt‘h [(th,h(s, a)(lgt,h(sﬂ a)T}(tE(S-,a)NPt,h [(lgt,h(sﬂ a)ét,h(& a)T] + AtI)_l)
@
< 9a;d,

where (i) follows from the event € and (ii) follows from Lemma|[G.3] Therefore,

E(S#l)’\‘d;t* h [l;tah(s7 a’)]

A
<Eaeas., (61l D

th1¢h1 t

9&2d + \id.
Finally, for h = 1,

A
Eui s (e (5, 0)] 2 36 w Efwaypea 101 (502 ]
Pt,1:%t,1

(id) d|A|
< 15 —_
>~ Qi té-t )

where (7) follows from the event £, importance sampling and Jensen’s inequality and (i) follows from Lemma O

The next result shows that the optimal value w.r.t. the bonus-augmented reward function in the estimated environment
provides an almost optimistic estimate of the true value achieved by any optimal policy.

Lemma A.4. (Almost Optimism at the Initial Distribution) Given that the event £ occurs, for all t € N

v e o [l
1 Porr4be,1 — gt

Proof. Lett € N be arbitrary.

m*,dy VTF*,Ch
VP*’T* 1 Pr* b1

[S
[]=

E(say~ar: (P = Pen)VES e pia(s.a) — ben(s,a)]

Py b

h=1
(i1) .
< ZE s,a)~d™* [ft,h(87a) —mm{l H(bt h(s a’)”z_l . }]
(s,a) Pi.h é
h=1 t Pt,h %t,h
(nz) | |
<\ g ot ZE oy, , min{L acldun(s, g )]
H
Z (samay min{1, a¢|| e (s, a)lg—1 }]
= Pt Pt b
A
| |Ct7
&

where (i) follows from Lemma (ii) follows from the event £ and || V5. ,.. [l < 1 and (iii) follows from Lemma
and || fi,ploo < 1.



We are now ready to show that algorithm [T]achieves sub-linear pseudo-regret; that is, the regret of the behavior polices is
sub-linear. However, the actual regret of algorithm [I| might not be, as we explore uniformly at random in each episode with
positive probability.

Lemma A.5. (Sub-linear pseudo-regret without UniSOFT representations) Given that event £ occurs for all T € N,

VTlog* (4TH|B||W|/6) _ 5 VT

R(T) S H*d?| Al SO().
&r &
Proof. LetT € N be arbitrary. Then, for all episodes ¢ < T" we have,
m*,dy e ,d
V'P* RN V’P*,r’l*,l
T ,dy T ,d1 m*,dy _ T, dy
V,Pt’bt‘i"’"* 1 VP*’T*’I +V; el Vﬁt18t+r*71
(1) |A|
m,d1 _ yTed
Vphbt"ﬂ* 1 VP* r*,1 + gt
(i) . 5 | Al
= Z]E(s,a)wd;t*yh [bt,h(s’ a) + (Pt,h Ph) P, r*+bt,h+1(5’a)] + Egt
h=1
(44%) H |A|
< 2H2E<s g [ (5,0) + (s @)l +4 76
i t
where (i) is by Lemma | (47) follows from Lemmaand (idi) follows from ||[V] . :[lsc < 2H. Then, by Lemma

A3

H
Esawdt1 [bth(s a)+fth(s CL)]

/Ct|v4
+ 150 g ESGN a s, a
tft e77 2 ( dy H¢h( Hz B %]

+ B Z]E(s,a)wdm lon(s,a)llg— .
h=1

Ve, ho T,

Further, for all h € [H],

@)
ZE(S a)~drh, ||¢h(s a)”z 11><f’;*1} <

sy, D5 (s, @) 15 ]

‘th‘bh

) JTZ& (s,a)~d3t, [th(s a,)(;Sh(S a) ] ’Ytlh ¢h)
T
Tdlog(1 + dTl)

where (i ) follows from the Cauchy-Schwarz inequality and Jensen’s inequality and (i) follows from Lemmamby noting
that, Eﬂ{ o — Ml =1E,, [ppT] =00, Ed o [gquT] and that ), is increasing. Similarly, for all h € [H],

(1) A
ZE(MW o lss 19T ol

Z, ET t=1 Pth¢h

(i) |Al T
< 4 /T—dlog(l 4+ —
o \/ &r &l d>\1)




where (i) follows from the Cauchy-Schwarz inequality, Jensen’s inequality, importance Sampling and &; being decreasing
and (i) follows from Lemma[G.4] Finally,

E 7w, dy mt,d
V * 7‘* - VP* rx 1

<8H IA + 30Har dlA +2H?ar Tﬂdlo g(1+ l)
&r dA

2H? Tdlog(l + —
+ Br og( +d)\

VT log® (4HT|®||¥|/6)
&r

< H2d?| A

O

We proceed by providing an expected regret bound. Let ¢ and Es denote expectations w.r.t. the exploration probabilities
and some good event £(¢), respectively. Additionally, note that we sample from d7, , for each time step and hence produce
H trajectories per episode. Then, the expected regret of algorithm [I]can be upper bounded as follows:

Lemma 4.1 (Expected Regret without UniSOFT). Ler & = t~'/%. Suppose Assumptionn( realizability) holds. Then, for
any T € N, UNISREP-UCB (Algorithm|[I) satisfies

E[R(T)] = O (H*a*| AIT*).

Proof. Let T be given and fixed. Choose § = T !. Recall that Algorithmexplores for H time steps, for each h € [H]
and episode ¢, by rolling into time step h — 1 with policy m;_;, taking actions according to 7, ,,—1 and 7, and finally,
rolling out to time step H with policy m;_. Let us denote f/tdg as the cumulative expected reward obtained by Algorithm
in episode ¢ and time step h. Then,

Es¢[R(T))]
T H
=Ese[d Y (VAd =V
t=1 h=1
T H . ~ T H ~
<Eseld Y e = I{EO VAL = VI + Ese[d Y 1{er = 0H(VAH — V4]
t=1 h=1 t=1 h=1
T H _
FEs DY T{EWO) VA = V]
t=1 h=1
(z’) T H N _ T H
SEseld > Mer = BHEO) VA M = Vi + Ese[D Y 1{er = 0} + 1{£°(9)}]
t=1 h=1 t=1 h=1
(ii) T H 4 p T
< Eseld D e = BUEG)HVE S — VR T+ HTo+ > &)}
t=1 h=1 =
T s p T
< HEse> MEGO) VA = VAT + HAL+ Y ¢}
t=1 t=1
(#44) T .
< HEs > M{E@)HVA M = VArh | +HTY* + 2}
t=1

(4)

where (7) follows from the optimality of 7* and ||V .. || < 1, (i) follows from 7, and ;1 agreeing on the event e; = 1

and Lemmaand (4i) follows from an index shift and ||V7 .. || < 1. Finally, we can leverage the pseudo-regret result of



Lemma[A.5]to bound term (A),

T
(A) = Ese[Y L{EG)N VA2 — VAt ]

t=1

VT log? (AT H|®||W|/6)
&r

< HPd?| AT *log? (4T H|®|| V),

< H@A

and hence, conclude the proof. O

B SELECTING GOOD REPRESENTATIONS

In this section, we show how the expressiveness assumption 4.Tand the constrained optimization objective (Algorithm ]
Line play together to guarantee the selection of good representations. The analysis builds on the sub-linear regret result
for the behavior policies (Lemmal[A.5)) provided in the previous section.

Selecting o*-approximate representations We start by introducing an important result provided by Huang et al.|[2022]],
which states that the average occupancy distribution induced by any sequence of deterministic policies that achieve low
regret eventually provides a good approximation of the occupancy distribution of the optimal policy (assuming the optimal
policy is unique).

Let us denote IT* as the set of all optimal (deterministic) policies and IIj () as the set of all optimal actions in state s € S
and time step h € [H]. Then, we construct 77 := {7}, }re[n), Where for each h € [H],

7 (s) = e h(S) if m n(s) € I3 (s)
th Select(IT} (s)) otherwise

9

where Select is a function which returns a fixed element of some set and 7, is the behavior policy of algorithm [I|at episode
t € N. We define the mixture occupancy distribution of our constructed optimal policies 7} as

t—1

. 1 x
7t,)z(57 CL) = ; Z dPI*q,h(S’ Cl).

i=0
Note that 7%, = d%. , whenever there exists a unique optimal policy (Assumption [3.2)).
Yt,h P*.h que op policy p

Theorem B.1. ([Huang et al.|[2022]], Theorem 4.7) Suppose that we run algorithm|l| Then, for all h € [H] and (s,a) €
S x A,

t t t
o Fix 1 72 ,dy mivd

> dR. (sa) =) dp. (s,a) — - <Z Vi — pr;l) .

i=1 i=1 A =1

Corollary B.1. Suppose that we run algorithm[I|and assumption[3.3|(minimal sub-optimality gap) hold. Then, Theorem|B.I]

implies, forall h € [H], t € Nand (s,a) € S X A,

R(t)

tAmin '

:Y:,h(‘s? a) < Vtyh(& (1) +

We can leverage the above corollary to show that, whenever there exists a unique optimal policy, the MLE oracle converges
uniformly on the optimal occupancy distribution, provided that the distribution is well defined for all states. Subsequently,
for any given «, there must exist an episode after which algorithm[I] will only select representations that are o*-approximate.

Lemma B.1. (Selecting o*-representations) Fix any o > 0. Assume there exists an increasing sub-linear function g such
that R(t) < g(t) for all t € N. Suppose we run algorithmand assumptions (unique optimal policy), ( minimal
optimal occupancy) and 3.3 (minimal sub-optimality gap) hold. Then, given that the event £ occurs, there exists an episode
Ta Such that for all t > 7., and h € [H), the learned feature maps quSt,h are o -approximate, where

To := min{t|t > é (Ag(t;* + |£A|\/2tlog(4t<1>|\IfH/5))}.
min t

'min




Proof. Lett € N be arbitrary. Then, for all h € [H],

E(s,a)wd;;’;,h[ft,h(sva‘)] = Z d%**,h(saa)ft,h(&a)
(s,a)eSx.A

<Y ueas

(s,a):d% , (s,a)>0

—~
a2

2O fontssa)

7’* h

@ g(t) dp. 4 (5,0)
< E(S»G)N’Yt,h [ft,h(s’ a)] + Z T T—

tAmin i
(s,a):d n (s,a)>0
) AP g(t)
< E - 2 g7
gt (S a pt} [ft h(s a) ] * tAmmdmm

(w A t
S O

& tAmind};,

where (i) is by Corollary B.1] (i) follows from || f; 1 ||sc < 1, (iii) is by importance sampling and Jensen’s inequality and

(iv) follows from the event £. Since ¢ is sub-linear, the above quantity decreases with ¢. Solving for ¢ yields the result. [

Selecting non-redundant UniSOFT representations Although we can now be sure to select a*-approximate represen-
tations, we still need to ensure that the UniSOFT loss in equation[3| will lead to Algorithm [T]actually selecting UniSOFT
representations. Hence, we want to relate the eigenvalues of the expected covariance matrix of the optimal policy, which tells
us if a feature map is UniSOFT, to the eigenvalues of the sample covariance matrix, which are captured by the UniSOFT
loss in equation [3] We define the following good events:

Fi1(6) :={vt e N,h € [H],¢ € |2| :

t
Stn = 150, + MI =21 &1 — Aphg()T — 1814/tlog(6tdH || /6)}

i=1

Fo(8) :={Vt e N,h € [H],$ € || :

Sen < tth+At1+2IZ& L+ AL g0 + 1814/t log(6tdH|®|/5)},

where X7 ) = E(; a)~gs, [6(5, @) (s, a)t], Spp = > (s.0)eDs , Pn(8,0)Dn (s, a)T and g is any increasing function such
that R(t) < g(¢) for all ¢ € N. In addition, define F () := F1(5/2) N F2(/2).

Lemma B.2. (Eigenvalue bounds) Assume that there exists an increasing sub-linear function g such that R(t) < g(t) for all
t € N. Assume that we run Algorithm|I|and that assumption 3.3 (minimal sub-optimality gap) holds. Then, with probability
at least 1 — 0, the event F(§) occurs.

Proof. Recall that algorithmproduces for each time step h € [H], one trajectory 74, in any episode ¢. Furthermore, for
each trajectory 7, we only use the transition at the time step h to construct the empirical covariance matrix X p,.

Upper bound: Let 7(**) denote the trajectory produced by rolling in with the behavior policy 7, and then taking action
according to 7 5, in episode ¢ € N for time step h € [H]|. Additionally, (s}, a}) denotes a state-action pair at time step
h € [H] of trajectory 7. We define the set of trajectories of length h € [H|] under which the (deterministic) behavior policy
in some episode ¢ € N is optimal:

Dho={relh:m 14(s]) =77y ,(s]) fori=1,...,h},

where I}, denotes the set of trajectories of length i € [H|. The distribution over trajectories induced by any (deterministic)
policy 7 is given by

pZ = dl(sl)]l[al = 7r1(81)]731*(82|a1, 81)...73;71(8;1‘@;1,1, Shfl)]].[(lh = Wh(Sh)].



Additionally, for any (deterministic) policy 7, we denote

pzf = d1(s1)L[a1 = m1(s1)]P5 (s2]a1,81)... Py_1(snlan—1, Sh—1)Tne(an|sn),

where 7, ¢(an|sp) = [IA\ L +1[e = 1]1[an = mn(sn)] and e ~ Ber(1 — £), as the trajectory distribution induced by

algorithm Finally, we denote 7'1(: ,’P as the trajectory 7(:") cut off at time step h € [H]. Then,

i h+1) (z h+1) (i,h+1) (i,h+1)
— A = Z<z> (st sap )

t
i, h+1 (i,h+1) (i,h+1) (i,h+1) (i,h+1)
<> 1fer = Y e Ty ot e ey g T

i=1

(4)
t

h 70 h+1) (i,h+1) (i,h+1) (i,h+1)
+ 3G g Jetst T ey esy T e T

i=1
(B)
t
ARt (iht1) (i,h+1) (i,h+1)
+Z:ﬂ-[ i _0]¢( 70’; )(;5(82 7a; )T
i=1

(©)

Then, with probability of at least 1 — ¢/6, forall¢ € Nand all h € [H| and ¢ € P,

1h+1 (i,ht1)  (5,h+1) Flht1D) (Rt
Zn il ey oty e T ey g )T
zh+1 PRt (i,h+1) (i,h+1)  _ (i,h+1)
—Zﬂ G ey do(sh T Amash ey ma(sh )T
- Z ristin (e = L[ € T J0(T, (7)) 1 (7))
t
i,h+l .,-(i=h+1) ~ <i,h+1) .,.(i,h+1) - (i,h+1)
+ 3 1fes = NG e Ty otsh " w L aGh T Nets T matsn )T
=1
t
=D B, mivcia[Lle = L[ € T} J0(T, Hn(s7))0(h (7))
=1
(i) &
DB e [Ue = L[ € T3 J0(57. 75y (57))6 sk, 71 (7)) 481/ Tlog(GtdH[2]/5),
=1
(A1)

where (i) follows from ||¢,||2 < 1 and Proposition|G.1]in combination with a union bound over all episodes ¢ € N, time
steps h € [H| and feature maps ¢ € ®. Further,

ZE cveca[Le = L[ € T J6(sh 7y (57057 71 (57)7)
© Z 1[r € T5 )6 (T, 711 (7)) b5 o (52))7]

—< Z]E wr Sh,ah)ﬁb(SZ)a;)T]

TNph

DB s 0y, [B(5, ) (s, )],



where (i) follows from p;’ ¢ and pr agreeing on the event e = 1 and (47) follows from the occupancy distributions d;?;:’ A

and dp. ;, agreeing on I';, , and for (444) recall that 77 ;,(s, a) = 2 Zt ! dp* (s, a). Similarly, with probability of at least
1—-4/6,forallt € Nandall h € [H], ¢ € D,

i,h+1) FlLhED) (i k1) FlhED) (i k1)
(B)=le[ Vg1 Je(s] @, )o(sh, @, )"
(i)

=< IZE 1,81 []1[7- ¢ F;(L 2” +81y thg(thH|q>|/5),
TP )

i=1

(B1)

where (i) follows, similarly to before, from Proposition in combination with an union bound and (47) is by ||¢p]|2 < 1.
Further,

(B1) —IZE prim1 S i [T¢F2,i]]
= IZE v [Le=1]1[r ¢ I} ] + ETNp;i—linfl [l[e = 017 ¢ I}, ,]]

t
«IZE it L ETE NI Benperi—g,y[Lle = 0]]

i=1
(i)
< IZZE(57G)Nd;¢:1 [ %H* _1_12& )
— )
o
IZZESG)Nd [Ah(s a)>Am1n +IZ£1 1
=1 h=1 ]
t
ZZ (s,0)~di 1 [B(s, ) +IZ§z )
i i=1h=1 1=1
i) R(t) :
AminI_|_I_z:£i_l7

where (7) follows from pZ’E and pf; agreeing on the event e = 1, (ii) follows from the definition of 7;;, and (iii) follows
from Lemma Finally, with probability at least 1 — 6/6, forallt € N and h € [H],

t
SGhAD) (LRt SlhtD) (LAt
§ ]161*0925}1 Sh ) h )¢h( 7a; )
=1

t

(Q Iy e =
i=1

(i) &

< I ZEeNBer(l &i- 1)[ [6_0]]+ tlog(GtH/é))
=1
t

< 12&71 + /tlog(6tH/6),
i=1

where (7) follows from ||¢p||2 < 1 and (%) is by Hoeffding’s inequality with a union bound over episodes and time steps.



Lower bound: The lower bound is easily derived by similar arguments. With probability at least 1 — §/2, for all ¢t € N, and
allp € ¢, h € [H]:

th /\t (A)
= (A1) — 81+/tlog(6tdH|®D|/0)
o 1By 0y, [0(5,@)0(5,0)T] — (B) — (C) — ST/ Tog(GtdHIBI3).

We conclude the proof by performing an union bound over the results for the lower and upper bound. O

By the lower bound of the previous result, we immediately obtain the following:

Lemma B.3. Consider a feature map ¢ € ® that is non-redundant. Assume there exists an increasing sub-linear function g
such that R(t) < g(t) for all t € N. Suppose assumptions (unique optimal policy) and|3.3|(minimal sub-optimality gap)
holds. Then, given that the event F occurs, there exists a constant Tiny such that, for allt > Ty, h € [H] and (s,a) € S x A,

6n(5. @)l < (Emin(57 m—zz@l Anha(t) — 18+/T1og (GIH[®]/5)) /2.

Proof. Let 1y, be large enough so that

min(Z5 1) + A > 2262 L+ AL g(t) 4+ 18/t log(6tdH|D| /)

i=1

holds. Then, for all t > 7y, h € [H] and (s,a) € S x A
l6n (s, @)l = (on(s, )55 5 0m(s, a)' /2

2 Oin(S ) (5, )T (5, )2
< Amin(Sen) Y2,

where (i) follows from the symmetry of the covariance matrix. We conclude the proof by substituting Et r, with the lower
bound provided by the event F;. O

Note that )\min(Z; ») > 0 holds whenever there exists a unique optimal policy and the feature map is UniSOFT. The final
lemma of this section shows that algorithm[I]is guaranteed to eventually select only good representations.

Lemma B.4. (Selecting non-redundant UniSOFT representation) Fix any « > 0. Assume that there exists an increasing
sublinear function g such that R(t) < g(t) for all t € N. Suppose we run algorithmand assumptions (unique optimal
policy), (expressiveness) and[3.3|(minimal sub-optimality gap) hold. Additionally, if o < 1, suppose that assumption
(minimal optimal occupancy) holds. Then, given that events £(0) and F(8§) occur, there exists an episode Tunisoft > Ta
such that for all subsequent episodes t > Tynisot and time steps h € [H), the learned feature maps ¢St, n are UniSOFT and
non-redundant, where

2
Tunisoft := min{t|t > (/\* (ALR(t) + 22@ | + 18\/tlog(6tdH|®|/6)) v Ta>

Proof. Note that, by Lemma given that £ occurs, there exists an episode 7, such that for all ¢ > 7, and h € [H], the
learned features ¢, j, are a*-approximate.

Let ®"isoft C & denote the set that contains only non-redundant UniSOFT feature mappings. By Lemma given that the
event F occurs, forallt € N, h € [H|, ¢ € @\ @unisolt and gunisoft ¢ unisoft,

t
Amin (S (") = AN T) > tA*(9) =2 &1 — A Lg(t) — 18+/tlog(6tdH|®[/5),
=1

¢
Amin (Bt,0(¢) — Aed) < 2251'71 + A9 (t) +18+/tlog(6tdH|®|/5),

i=1



where 3y 4 (0) = 325 ayep, , Pn(5,a)Pn(s, a)T. Let us denote ®, x ¥, C ® x U as the set of a*-approximate represen-
tations. Additionally, denote’
(bunisoft % \Ijunisofl _ ((Da % \Ila) N ((I)unisofl % \I/)
as the set containing all a*-approximate representations such that the feature map is non-redundant and UniSOFT, which
is non-empty by assumption A non-redundant UniSOFT representation ¢""*°" is selected in episode ¢ > T, if for all
a<a,
max  Amin(Zen (") = NI) > max  Apin(Sena(d) — M),

¢un|s(!l—le¢)g\is(\ﬂ ¢E‘I>d \(I)gxisoﬂ
or equivalently,
t
AL (M) > 22 &y + A g(t) + 181/t log(6tdH|®[/5)),
i=1

where )\;; = mina<a maX(pumsor(ei,u_nmn /\*((bUHISOft). O
- @

C IMPROVED PSEUDO-REGRET WITH GOOD REPRESENTATIONS

In this section, we show how we can use good representations to improve the pseudo-regret result[A.5] provided in Section [A]
Subsequently, we can provide an improved expected regret result.

On a high level, we show that the bonus terms provide an almost optimistic estimate for the expected sub-optimality gaps
incurred by the behavior policies of algorithm[I}] We can then exploit the UniSOFT property of the good representations that
we are guaranteed to select, as shown in the previous section, to show uniformly decreasing confidence intervals. Let us start
by providing two results that are adapted from |Cheng et al.|[2023]], which show that the bonus term can be used to provide a
trajectory-wise uncertainty measure for the model estimation error over the occupancy distribution of the behavior policies.

Lemma C.1. (Value difference of transition operators) For all t € N, any policy 7, state s € S, time step h € [H] and set
of reward function {r, }}_, such thatr, : S x A — [0,1] and Zle rp, <1,
|V7;r*,r,h(5) - Vgt,r,h(sﬂ < V’}g,ft,h(s)a

where P € {P,, P*}.

A VR )] =
0= Vg ; gy for P € {P,P*}. Suppose the induction hypothesis, |V5. ;. ;(s) — Vgﬁnhﬂ(sﬂ < VZ 4, nya(s) for

P € {P;,P*} and any s € S. Then, for any h € [H] and s € S,

[V onls) = VE L (9)]

< anﬂ(.|s)[|Q%*7r,h(S,a) - Q%“nh(S, a)l]

= Ean (o) [PAVE ps1(5.0) = PeaVE o (s,0)]] = (A).

Proof. We give a proof by induction. For h = H + 1 and any s € S, we have |VZ. 5. ,(s)

Then, the first claim (P = 75t) follows from:

(4) = Eamn( 1) [1Pen (VA s = VE, i) (8:@) + (P = Pen) VA g (s, 0)]]

(@) R
< Ean(1)[PenVE, 4 py1(5:0) + fen(s, a)]

=V 58
where (7) follows from the induction hypothesis and ||V, [[oc < 1. The second claim (P = P*) follows from:
(A) = Ea~7r(-\s)[|7)}t(v7§*,r,h+1 - Vgh,«,h_;,_l)(sv a) + (,P}t - Pt,h)vgt77-7h+1(sa a)”
(@)
< EaNTr(~|s)[lphvg*,f,,,h—&-l(sv a) + ft,h(S, a)]
= Vf;*,ft,h(s),

where (i) follows from the induction hypothesis and [[V5 ., [[oc < 1. O



Lemma C.2. (Uncertainty bounded model estimation error) Given that the event £ occurs, we have for all t € N and any
policy T,

Ve <2H |?gt +2HVES | and
7,dy < |'A| Ct 7r ,d1
Pt,ft,l & Pt,bt,
Proof. Forall h > 1,
E¢aymay | [fen(s, a)] 2E(s,a>~dgﬁh_ (min{1, oz ér -1 (s, a)llgp:h . R

(49) .
< IE‘l(s,a)Nd;'5 , l[bt,h—l(saa)]a

tih—

where (4) is by Lemmaand | f.nlloc < 1 and (i7) follows from the event £. Additionally, by Lemma we have,

Al
E(s’a)~dg“1[ft,1(57@)]§ Egtv
which gives the second claim. Additionally,
1
m,dy m,dy m,dy ,dy
VP*’f“I = Vﬁt:ftsl * H|EVP*’ft B Evpuft: |

(1) 7,dy ,dy

< V’]stvft + Vpnfn

5 Al m.ds

< 2H 3 Ct+2HVPt,bt,
where (i) is by Lemma|[C.1|and (i) follows from the second claim. O

Next, we introduce an optimism result similar to that of Lemma[A-4] which holds locally on the state-occupancy distribution
of the behavior policies.

Lemma C.3. (Almost Local Optimism) Given that the event £ occurs, for all t € N and h € [H),

* s | | 7Tt’
]ESNd;t*,h [VP*7T*’h( ) thﬂ‘ ert,h(s)] <2H \[ gt Ct +2H th;bta
b

where w] = arg maX e V bt

Proof. We have forall h € [H]:
Eswd;‘*yh[vg:,r*,h( ) Vg:’f‘*ert ( )] < ESNd;t*Yh [Vgr,r*,h(s) - V'g:)r* h(S)]

< ESNd;t*,h“V;;*,r*,h( ) V'I;Ttr h( )”

® .
=< Eswz;a h[VP*,ft,h(s)]

!
§

where (¢) follows from Lemma |C.1} Now, let ft(f;: (s,a) = fri(s,a)1{i > h} and 7r( D7 (als) = m(als)1{i < h} +
(al$)1{i > h} forany h € [H T en,

W0y D e @ 4] "
(A) = Vrp*hféh:),ll S V'P* Jft,1 ' S 2H é— Ct + 2Hth7bt7 )

where (i) follows from f; , > 0 being non-negative for all h and ¢ and (¢¢) follows from Lemma Now, the claim
follows by the definition of 7?. O



We continue by providing a local simulation lemma.

Lemma C4. Forallt € Nand h € [H|, we have

T T e ,d1
ESNd;t*‘h [Vﬁtfﬂ'*‘i‘bt,}uh( ) VPI r*,h ( )} i 2HV7D* Dot fie,l

Proof. We have,
E, ar A, [ngm “4by.h (s) — ng’r*)h(s)]

(Sxa)Ndm [Q g ;X +be h,y h( ) - Qgt*,r*,h(‘g’ a)]

< Bz, 3 t(Sa @)+ B aynaz, , [(Por =PRVE! L, (50l
+ E(S,G)Nd"t A [Ph( Pt T*+bt h+1 V;I,r*,h+1)(87 a)]

(1) R
< Eaymdg,  [o0n(s, )] +2HE g o) ar, | [fen(s,a)]
B, A hi [szr *+by h+1( ) VPI,T*,h+1(S)}’

where () follows from ||V7T " lloo < 2H. Unraveling the recursion gives the result. O

The previous four lemmata combined are enough to show that the bonus terms provide an almost optimistic estimate of the
expected sub-optimality gaps incurred by the behavior policies of algorithm [T}

Lemma C.5. (Sub-optimality gap to bonus) Given that the event £ occurs, we have for allt € N and h € [H|,

B oo [An(sa)] < 10H2( ) Ale, 4y
(57‘1)'\"17;*,;1 hS, Q)| > gt t 75“1;“1

where ™0 = arg max ey V bt

Proof. We have forall h € [H] andt € N:

E(s,a)wd;ﬁ n [Ah (53 a)]

(0 . w
< ESNd;t*’h[Vgﬂr*,h( ) Vpi r*.h (S)]
(#3)

Bz Vs () = VB (5) 4 VE e n(9) = VA (9)
(@7) mt,d1 m,d1 * *
< 2HVP bt, + 2HVP*,ff,,1 + Eswd;;t*,h [pr*’r*’h(s) - Vﬁt,’l‘*“rl;t,h(s)]
(iv) 7 ,d1 7 ,d1 | | 7'|'t7d1
< 2H VP* i —|—2HV SR +2H | —C + QHVP ;
t ’ & t,b¢,1
=:(A) =:(B)

where (i) follows from the optimality of 7, (i4) by the optimality of m;, (iii) follows from the local simulation Lemma[C.4]
and (7v) follows from the local optimism Lemma Further,

e ,d1
(4) = v
e ,dy 7Tt,d1 _ —yTed
Svﬁtét +H|H P*,by,1 HVPtbt |
(2) d d
< 31'17 1 Tt,a1
VPmbu + VPt fe1
() T,d1 ‘A| mt,d1
<V73tb 1+H( f Ct—’_vptbt )
(44%) |A‘

ﬂ‘f dl
< 2HV'M 4+ H 3 e,



where (7) follows from Lemma | (i1) follows from Lemma|C.2|and (iii) by the optimality of 7r(. Similarly,
m,d1
(B) =Vpiha

Al
3

(i) ‘ | 7l dy
< 2H(\/ 3 CtJer b )

where (i) follows from Lemma|C.2|and (i4) follows from the optimality of 7. Finally, we get:

(i)
<S2H(\ =G+ VI )

Phbh

‘ | 7rt ,d
E (s aymazs,  [An(s, )] < 10H?( 3 G Ve

O

We can now leverage the fact that we eventually select only good representations, which leads to the following improved
pseudo-regret bound.

Lemma C.6. (Sub-linear pseudo-regret with UniSOFT representations) Let & = t=/% and o > 0. Suppose assumptions
(realizability), [3.2] (unique optimal policy), [3.3] (minimal sub-optimality gap) and (a*-expressive function space)
hold. Additionally, if o < 1, suppose that assumption( minimal optimal occupancy) holds. Then, given that events £(J)
and F(§) occur, there exists a constant T, such that for all T > 7, the behavior policies {, };>1 learned by algorithm
enjoy sub-linear regret:

R(T) £ YT+ S AT tog(aT ]9 11/6) £ O(T*")

T max
Proof. Let T := {Tunisoft V Tinv }- Let t > 7 be arbitrary. Then, since the event £ occurs by assumption, by Lemma we
can bound the expected sub-optimality gaps for all h € [H],

Al

E(saymay, , [Bn(s,a)] < 10H?( 3

PG ViR ) = (),

Pubt;

Further, according to Lemma in the event £, R(t) < g(t) = O(V&; 1) with &, = 0(5;1/2). We note that if & = 1,
then all representations are o*-approximate and hence we do not require assumption [3.4] (minimal optimal occupancy) to
guarantee their selection in Lemma By Lemma - and the events F and &, for all h € [H], the learned feature maps
ét, r, are non-redundant and UniSOFT. Then, by Lemma m and the event F,

Trt,d]
th,b,l—atZE(s R CHCDIER

_ oth

T Mt F N =0 G — ()AL — 184 /tlog(6tdH|D]/5))1/2
- t1/0 A 1/3
< O(175) = 00717,

Since ¢ was chosen arbitrarily, we get, for all T' > 7:

T

T H
R(T) =D (VE ity = Vel )+ D0 Y Elapeay,  [Als,0)]

t=1 t=17 h=1

(1) _
< O(T) 4 B AT g (a8 W 1/5),

ET maX

where () follows from the pseudo-regret bound without UniSOFT representations given in Lemma O



Theorem C.1 (Instance-dependent regret with UniSOFT representations, Theorem . Let & = t~'/% and o € (0,1].
Suppose assumptions 3.1| (realizability), 3.3 (minimal sub-optimality gap), (a*-expressive function space) and [3.2]
(unique optimal policy) hold. Additionally, if o < 1, suppose that assumption[3.4](minimal optimal occupancy) holds. Then
forany T € N, UniSREP-UCB (Algorithml(]) satisfies the following:
E[R(T)] = O (H3d2|A|(Tg00d AT)/6 + H4d|A1/2T2/3) ,

max

where
Tgood S {I{3 log (/<;3 “Ko) V /i(f . loglz(nl - Ka)}
H'2d12| A8
< 10g12 TH3d3/2 A| d||¥ )7
Bunfadig AN 1% Al
2 32
with K1 = fAinldé‘n’ , kg = f\I* & |:n‘ and A, = Ming<q Max e guion A*(¢).

Proof. Let Tgood 1= {Tunisoft V Tiny } and T' > Teood D€ given and fixed. Choose § = T' —1. Recall that Algorithmexplores
for H time steps, for each h € [H| and episode ¢, by rolling into time step h — 1 with policy 7;_1, taking actions according
to 74 p—1 and 7y j, and finally, rolling out to time step H with policy 7;_1. Let us denote th as the cumulative expected
reward obtained by Algorithm|[I]in episode ¢ and time step k. Then,

Es.¢[R(T)]

T H
=Esed Y (VA = Vi)l

1 h=1

o
Il

L{e, = 1} L{EGO)L{F(E)HVAE ™ — Vi)l

[M]=
M=

< Es¢l

~
Il

1h

I
-

T H
e = 0} (VA it — Ven)l + Esel> > 1{E@) HVE S | — Vi)

t=1 h=1

Nk
M=

+ Eg ¢

~~
Il
-
>
Il
-

T H
+ B> D H{FO VA~ V)]

t=1 h=1
T H
+Ese> D 1{er =0} + 1{€°(8)} + 1{F(6)}]
t=1 h=1
() gl T ,dy Te—1,d1
< B> Y 1{er = BHEGOI{F @) HVE 2 = VELETI+ HRTO + )&
t=1 h=1 t=1
T T
w* 1 Tt — 1,d1 —
< HEs e[y H{EGOM{FO VRS, = VRN + HE+ Y 713}
t=1 t=1
(ii) £l . 3
< HEse[) HEOIUF@} VA, = Var ||+ 5 HT? + 30},
t=1

(4)

where (i) follows from [|VZ . [|oc < 1, (i) follows from 7; and 71 agreeing on the event e; = 1, Lemma|.1{and Lemma
and (iii) follows from an index shift and || V5 ,..[|oc < 1. Now, we can leverage the pseudo-regret result of Lemma



to bound term (A),

T

(A) = Bsel> " L{E@ L{FO VS - VEh ]
t=1
< Vng“’d = L a4 223 0g (4T 0| | 0| H /)
< Taooa +O(T7).

Substituting Ty04 With the sufficient condition in Lernma with v = 3 and using T' 2 alog™(ab) as a sufficient condition
for T > alog" (bT'), concludes the proof. O

D CONSTANT PSEUDO-REGRET WITH GOOD REPRESENTATIONS

In this section, we provide a constant pseudo-regret result that translates the uniform convergence of the confidence intervals
to the expected sub-optimality gaps. We start by providing a sufficient condition that makes a deterministic policy optimal.

Lemma D.1. Let 7 be any deterministic policy. Whenever,
E(s,a)wd;* n [A}L(S, a)] < d;ﬁnAmin
holds for all h € [H] simultaneously, there exists an optimal policy 7 € 1I*, such that, for all h € [H],

TF _ gm
dp. p = dp. p,

Proof. We give a proof by induction. For h = 1 we have,
]E(s,a)~d;*71 [Al(sv a)} =Esnd, [Al(sv 771(5))]
= di(s)A1(s,m(s))

seS

2 d;nn Z A1(877Tl (S))
s:d1(s)>0

Hence, for all s € S such that d; (s) > 0,
Al(S, 771(5)) < Amim

and therefore, 71 (s) € II5(s) for all s € S such that dy (s) > 0. Equivalently, there exits a policy 7* € IT* such that,

~ %

— T
P =dpey

Suppose the induction hypothesis that for any time step h € [H]| there exists an optimal policy 7* € II* such that,
d?“;*, p = dp. 5, holds. Then, for an arbitrary h € [H],

Bnri(5,0)] ZE, e [Dur (5, mns1(5))]

P*,h+1 P* h41

= de* h+1 Ah+1(s 7Th+1( ))
sES

> d&m Z Ah+1(8,ﬂh+1(5)),

*
8:d%% 441 (8)

]E(s a)~dT,

where (i) follows from the induction hypothesis. Therefore, for all s € S such that dg* ne1(8) >0, we have m,11(s) €
I 4 (s). 0



Lemma D.2. (Constant pseudo-regret with UniSOFT representations) Let o € (0,1], v € (2,00) and & = t~1/7.
Suppose assumptions 31| (realizability), [3-2] (unique optimal policy), [3-3] (minimal sub-optimality gap), [3.4) (minimal optimal
occupancy) and ( a*-expressive function space) hold. Then, given that events £(J) and F (8) occur, there exists a constant
T*, after which the behavior policies {m}>1 learned by algorithm incur no additional regret and hence, for all T' € N:

R(T) £ R(+) = O(1)

Proof. Let t be arbitrary and large enough. Then, since the event £ occurs by assumption, by Lemma[C.5] we can bound the
expected sub-optimality gaps for all h € [H],

Al

E (s aymazs, , [An(s, )] < 10H( 3

LG+ Vi) = (4,

Pmbu

Further, according to Lemma in the event £, R(t) < g(t) = O(Vt&; 1) = (t = ) with & = O( _1/2) Ot %)

By Lemmaand the events F and &, for all h € [H], the learned feature maps ¢, j, are non-redundant and UniSOFT.
Then, by Lemma[B.3] v > 2 and the event F,

H
Trf,d ~
Vﬁ'f,,l;f,l,l < OétZE(S o)™ e (s, a)”Et,h]
h=1 7> Jh
- oth
T Mt N = G — ()AL — 184 /tlog(6tdH|D]/5))1/2
~ tQ“V ~ 1 1
—1a-1)
< O() =027 220,

Additionally, we have

Hence, there must exist an episode 7* such that

E(Saa)Nd;t* h [Ah<s7 a’)] < Ammd*

'min

for all t > 7*. Then by Lemma|[D.1] we get:

2
=
IA
(]2
(1=

&=

(say~dy, , [Als a)]
H
<> K, a~dy, , [Als, )] = R(77) = O(1),

O
Theorem 4.2 (Expected regret with UniSOFT). Let « > 0, v € (2,4] and & = t=1/7. Suppose assumptions
(realizability), [3.2] (unique optimal policy), [3.3| (minimal sub-optimality gap), (minimal optimal occupancy) and[{.1|

(a*-expressive function space) hold. Then for any T' € N, there exists a constant T* such that UNISREP-UCB (Algorithm
[1) satisfies

E[R(T)] = O (B Al(r* AT)*F7 4+ BT ),

2y
~ H2d2|A\ -2
where 7 = O (7 .
( a)\nlax (A"“n dmm)



Proof. Let T be given and fixed. Choose § = % Then

Es¢[R(T)]
(1) d *,d g d d
< HEs Y I{EG)Y{F O}V = VR NI+ HERTS + > &)}
t=1 t=1

(i) T
S H(T*)1/2+1/7+Hzt71/’y+2H

t=1
S H()Y2YY 4 HT'S 4 4H +2H

where the details of (¢) can be found in the proof of Theorem 4.1} (i%) follows from the constant pseudo-regret result of
Lemma [D.2] We conclude the proof by substituting 7* with the sufficient condition provided in Lemma [D.3] and using
T = alog"(ab) as a sufficient condition for T > alog™ (bT). O

Lemma D.3. (Critical episodes) Let o € (0,1], v € (2,4] and & = t~'/7. Suppose assumptions(realizability),
(unique optimal policy), [3-3] (minimal sub-optimality gap), (minimal optimal occupancy) and 4. 1|(a*-expressive function
space) hold. Suppose that we run algorithm|l} Then, given that events () and F(6) occur:

(1) all non-a*-approximate representations are eliminated after at most

Ta S KT ~log2m(n1 “Kg)

(2) all redundant and non-UniSOFT representations are eliminated after at most

Taood S {K53" - log®™ (K3 - K2) V 7o}

(3) the behavior policy T is optimal after at most

™ < {/@T/ . 1ogm’(ﬁ4 - K2) V Teood }

. H?d® H?d? HSd?
episodes, where k1 = WAL oy = H|D||W|/6, kg = A ey = ﬁ, m = % andm’ = 1.

—d*. *
aA"““dmin )‘muxA""“ min max

Proof. By Lemmal[AJ3] forall ¢ € N,

Vi log? (4t H ||| w[/5)

R(t) < csH*d?| A € ,
t

by = \/475@'?' + \id,
t

where c¢3 is some universal constant. In the following, we will use ¢t > 3alog(ab) as a sufficient condition for ¢ > alog(bt)
with reasonable values for ¢ and b and ¢t > 0. See Lemma 20 in |Papini et al.|[2021a] for details. In particular, by substituting
t with u = a%tﬁ, we get that forany n > 1 and m > 1:

t> (mn)"a™(3log(ab))™ = t= > alog” (bt). @)

We divide the analysis in four parts, where in each part we derive a sufficient condition for 7*.
Part 1. 7* must satisfy the o*-selection criteria in Lemma BT}

1, R(@) |A|
t> —(———2— 4+ 2 tlog(4tH|®|| W[ /5
a(Amind;ﬂn : V2t log(4tH|D||¥|/5))
1 s H2d?| Alt(/241/7) og? (4t H ||| U
. E(Q | Al . Ad*og (4tH|P[| W) AR | /2 Tog (48]0 W H/S))
H2d2
O‘Amind;in —————
—— K2

K1

Q]
t > (2m)2(2c301)™3%™ log®™ (K - 4kg) = Ry,



where (7) follows from the cond1t1onHW1th m = f” We gain statement (1), by taking 7, = R1.

Part 2. 7% must satisfy the UniSOFT-selection criteria in Lemma [B.4]

2
1> 5 (AR +2Z§z | + 18/t log(6tdH|®|/5))
2 H2d2 t1/2+1/’71 AtH|P|| P
iy 2 (@A og” (H|PI[W]) o ¥ ao1/r g TToa(GIER]/E)
Ar’;ax Amin ’Y*l
7 ~ 2 2
PO HAl

-log?(t - 6 H |®||¥|/5)
——

K2

max

AhaxAmin
——
K3

(i)
t > (2m)%(22¢3k3) ™3™ log®™ (k3 - 6Ky) = Ro,

where (%) follows from v < 4 and (4¢) follows from the cond1t10nlw1th m= 2—2

Part 3. 7% must satisfy the invertibility condition from Lemma [B.3]

R()Apn +230_ &1 + 18y/tlog 6th\<I>|/5

)\*

max

t>

Note that the condition is fulfilled if ¢ > 9. By taking, Tyood := max{R1, K2}, we gain statement (2).

Part 4. First note we can upper bound,

Al

Gy =5 4t§t§

+ A\ed

= 5\/8 1og(4|<1)||\Il|Ht/5)?| + c1d? log(4LH|®| /)
t

< 5\/861d2|,4|t% log(4]®||W|Ht/5)
< 5dt7 /8] Alcy log (4| @[ W [HE /).

For now we assume that ¢ > Ko. Then,

dtH |A\

Amindlsiy > 20H?
min ((A;WH A —230& — ROALL — 18 /tlog(6tdH|®[/5)) 1/2 Ct)
aH 1
B 20H2<Mfw + /216" 110g<4t|<1>\|@|H/6>>
2 7 'max
HBd 1/2
Bl > 4070 150yE 0 ALZ - fioatt ATE]9)

)1/2

max

where (i) follows from ¢ > R. After rearranging, we get:

H3d|AJ'/?
Am""‘d:mn (>\§1ax)1/2

HS2| Al
(Ammd*
N——

t2-3) > 150, /ey og!/?(t - 4|®||W|H/5)

t1=3) > 1502¢, log(t - 4|®||V|H/5)
N——

K2

2\ %
mm) A]T‘lil)(
Ra

@
t > md502™ (c1kq)™ log™ (kg - 4ko) := 3



where (7) follows from conditionwith m = % Finally, by taking
™ = max{ﬁl, /%2, Rg}
we conclude. O

Theorem 4.3 (Constant Regret). Let o« > 0, 6 € (0,1) and & = t—1/4, Suppose that the quantities Apin and d; are

known. Then, under the same assumptions as in Theorem[.2} with probability at least 1 — 26, UNISREP-UCB + (Algorithm
[1) satisfies the following:

M| * _ A H3d%Al*
W’WT = 0 (i) -

Proof. We know, by the proof of Lemma|C.€] that given that the events £ and F hold, there exists an episode 7* such that,
forallt > 7* and h € [H],

R(T) <TATE,

E A < 10m2(, | Ale, 4y 5
(s,a)Nd;t*’h[ h(S, a)] = ( ZCI‘ + P*,f)t,l) ( )
< Amin ;ﬂn' (6)

In particular, we know from Lemma[D.1] that any deterministic policy satisfying the chain of inequalities above is optimal.
Furthermore, the event £(8) N F (&) holds with probability 1 — 26 by Lemma|.1]and Lemma [B.2} Hence, with probability at
least 1 — 24, algorithm [T]returns an optimal policy after at most 7* episodes. O

E EXISTENCE OF GOOD REPRESENTATIONS

Note that within this section, we assume finiteness of the state space (|S| < co) and that the transition operator has rank d
for all time steps, that is, rank(P}) = d for all k € [H]. Recall that we denote X} := {(s,a) € S x A|d“i’h(s, a) > 0} as
the set of state-action pairs reachable by the optimal policy at time step i € [H]. Similarly, we define X}, := {(s,a)|37 :
d%. 1,(s,a) > 0} as the set of state-action pairs reachable by any policy at time step / € [H]. In the following, we provide
the proofs for section 3]

Let us start by constructing a full rank factorization of P;. Note that PP} has rank d by assumption and hence we can select

d columns of P} such that they form a basis for the column space of P;. We collect them in a matrix & € RISIAIxd,

placing them in the same order as they appear in P;;. Now each column of P}, can be expressed as a linear combination

of the columns of ® and we identify the row @, . with the feature ¢(s, a). We denote ¥ € RZ¥IS| a5 the matrix uniquely
determined by the coefficients in the linear combinations such that P;; = ®W and identify the column ¥, with /(). Then,

Lemma E.1. Let d > d. Then, the following statements are equivalent:
(1) span{Pj (s, a)|(s,a) € A5} = span({P}(-[s,a)|(s,a) € Xn})

(2) there exists a UniSOFT representation (¢, fin)ga = Py

Proof. (1) = (2). By construction, span({¢(s, a)|(s,a) € X})} = span({¢(s, a)|(s,a) € A }). After extending ¢ and ¥
with d — d columns and rows of zero vectors, respectively, we see that ®¥ is a UniSOFT representation of P;.

(2) = (1). Let ¥ be a UniSOFT representation. Then, we easily observe that,

span({P;, (|5, a)|(s, a) € A;1}) = span({d(s, a)" ¥|(s,a) € X;})

where (i) follows from the UniSOFT property of P. O

'O hides a constant of order 2°4.



Lemma E.2 (Existence of good representations, Lemma . Let d > d. Then, the following statements are equivalent:
(1) span{P; (|5, a)|(s,a) € X} = R and |X7| > d,
(2) there exists a non-redundant UniSOFT representation (¢, jin)ga = P5,

(3) if d = d, any representation (¢, i )pe = P} is UniSOFT.

Proof. (1) = (2). By construction, the rows of ® corresponding to elements in X7, i.e. the vectors {¢(s, a)|(s,a) € X},
form a basis of RZ. As |X7| > d holds, we can extend ® with d — d columns of unit vectors, such that & € RISIIAIxd
and span{¢(s,a)|(s,a) € X}} = R Hence, after appending d — d rows of zero vectors to ¥, we see that W is a
non-redundant and UniSOFT representation of P;.

(2) = (1). First, note that |X}*| > d must hold, in order to find d features ¢ that span the feature space R%. Second, note that
rank{P} (-|s, a)|(s,a) € X;} < d must hold, as otherwise rank(P}) > d. We provide a proof by contradiction. Let ¥ be
any non-redundant UniSOFT representation. Suppose that rank{P} (-|s, a)|(s,a) € X7} < d holds. Since ® is UniSOFT
and non-redundant by assumption, we have that rank(®W¥) = rank(¥), which implies that rank(¥) = d must be true, to
match the rank of P;;. However, this further implies that

02 rank{d(s, )T F|(s,a) € Xn} = rank{P} (|s,a)[(s,a) € X}} < d

holds, where (i) follows from ® being UniSOFT and non-redundant and (i) follows by assumption. This is, of course,
absurd.

(2) = (3).(Case d = d) Let P}, = @*U* such that the representation is non-redundant and UniSOFT. By Theorem
there exists an invertible matrix R € R?*4 such that ® = ®*R and ¥ = R’1\Il*_f0r any other full rank factorization
Py = ®W. Therefore, rows in ®* that form a basis of R< also form a basis of R in ®.

(3) = (1). The claim follows by the construction of ®.
O

Corollary E.1. Lerd > d and Yy, := {s' € S|3(s,a) € S x A : P} (s'|s,a) > 0} be the set of states reachable by any
other state (loops included). If there exists a state s € YV}, s.t. d%:) nt1(8) = 0, then there exists no factorization Py = ®¥

such that ® is UniSOFT and non-redundant, where ® € RISIIAIXd gnq & € RIXIS|

Proof. First, note that
rank({P; (:|s,a)|(s,a) € A}}) < rank({P; (+|s,a)|(s,a) € S x A}) = d

must be true, since by assumption, there exists a state-action pair (3, @) such that Pj(-|5,a) ¢ span({ P} (:|s,a)|(s,a) €
Xy }). Now, suppose that there exists a non-redundant UniSOFT representation. Then, by Lemma[5.1} we know that

span{P}(-|s,a)|(s,a) € X} = R
must hold, which, however, contradicts the inequality derived above. O

Lemma E.3. Suppose (X, || - ||) is some normed space. Let {v;}?_, be a set of linear independent vectors in X. Then, there
exists some € > 0, such that any set of vectors {u; }¢_ in X with ||v; — w;|| < e for all i € [d] is linear independent as well.

. . d
In particular, € < min g, . a0,):5; s |=1 || Doimq @ivill/2

Proof. We provide a proof by contradiction. Let S := {(a1, ..., aq) € R 2?21 |oi| = 1}. Suppose {u;}%_; are linear
dependent, that is, there exists some vector (ay, ..., ag) € R< such that

d
0= auil.
i=1



In particular, w.1.0.g. we can assume that (avy, ..., ag) € S. Let € < min(a, .. ay):5;]as|=1 | Z?Zl a;v;|| /2 and positive. But
then,

d d d
0= 1> asuill = Y cvsvs + Y ai(us — i)
i=1 i=1 =1
0, & d
> |1 awill = 1Y ai(ui = i)
=1 1=1

(i4) d
> 26—62\0zi| =,
i=1

leads to a contradiction, where () follow from the reverse triangle inequality and (i7) follows from the Cauchy-Schwarz
inequality. O

Lemma 5.2. Assume that Assumption[3.4|(minimal optimal occupancy) holds and that P* admits a non-redundant UniSOFT
representation. Then, there exists an € > 0 such that for any d > d the following holds: Let & < « < € be arbitrary. There
exist infinitely more o*-approximate representations than &*-approximate representations (¢, [1)ge = P that are UniSOFT
and non-redundant.

Proof. Since P* is assumed to admit a non-redundant UniSOFT representation, by Lemma there exist d state-action
pairs in X} such that their transition vectors in model P; span R%. Denote X} as the set that contains those d state-action
pairs. Let € > 0 arbitrary such that,

dmin
2 )

d
€< min || ZaiviHTv
(al,..,ad):Ei\aJ:l i—1

where {v; g:l = {Pj(-|s,a)|(s,a) € X;}. Then, by continuity of norms and integrals, we can find an a*-approximate
representation with induced transition operator P, such that for any » € [H] and (s',a') € X},

€ =E¢ aynaz, , IPal-ls,a) = Pr(ls, a)llrv]

sh
= Y dpu(s,0)l[Palls,a) = Pii(ls, a) v
(s,a)eSx.A
> diinl|Pr(]s,a’) = P (], a')|rv-

Then, by Lemma the vectors in {P},(-|s,a)|(s,a) € X}} are linear independent and, by Lemma there exists a
non-redundant UniSOFT representation inducing P. In particular, the existence of one good representation implies the
existence of an infinite number of good representations. As € was chosen arbitrarily, we conclude the proof.

O

F MULTIPLE OPTIMAL POLICIES

As noted in the preliminary section, we can extend our results to environments with multiple optimal policies as well. Recall
that we denote IT* as the set of all optimal (deterministic) policies. We say that a feature map ¢ is UniSOFT w.r.t. some policy
m, if m € IT* and ¢ fulfills the UniSOFT property, as in definition interchanging 7 and 7*. In particular, a UniSOFT
representation is non-redundant if \*(¢) > 0 where \*(¢) := miny¢[g] 7+ e+ /\min(E(M)Nd;: . [6n(s,a)pn(s,a)T]). We
adjust the notion of a*-approximate representations accordingly. -

Definition F.1 ((c*, o*)-Approximate Representation). A representation (¢, ) € ® x U, with induced model P, is
(o™, a)-approximate at level « if for the finite sequence o* = (ny, 75, ..., wF) of optimal policies and for all h € [H],

E(s,a)nnz, [IPr(-]s,0) = Pi(ls, a)llv] < «,

where 'y;h(s, a) = % Z§=1 d%’*’h(s, a).



Assumption F.1 (a*-Expressive Function Space). Let 0* be an arbitrary sequence of optimal policies of finite length. For
all (o*, o*)-approximate representations (¢, ju) € ® x WU, there exists a non-redundant representation (¢, i) € ® x U that
is UniSOFT w.r.t. all m* € o™, such that the induced models P and P agree on all (s,a) € § x A, for which there exists a
policy T € 11, such that for any h € [H], we have d%. ,(s,a) > 0.

Furthermore, recall that 7 := {7} }, }ne(m], Where for each h € [H],

o (s) = 7e.1(8) if my n(s) € 15 (s)
bk Select(Il} (s)) otherwise ’

We define 67 := (7}, 75, ..., TF).

Compared to the unique optimal policy case, we must ensure the existence of feature maps that are UniSOFT w.r.t. all
optimal policies, as we do not know in advance which distribution of optimal policies the algorithm converges to. In
exchange for updating the expressiveness assumption to the more restrictive assumption we can drop the unique
optimal policy assumption. We note that allowing multiple optimal policies only worsens the sample complexity in the
instance-dependent variables, which now depend on the *worst’ deterministic optimal policy.

The following two results ensure the selection of good representation. The remaining analysis can be performed analogously
to the previous sections.

Lemma F.1. (Selecting (67, )-representations) Fix any « > 0. Assume there exists an increasing sub-linear function g
such that R(t) < g(t) for all t € N. Suppose we run algorithmand assumptions (minimal optimal occupancy) and
(minimal sub-optimality gap) hold. Then, given that the event £ occurs, there exists an episode T, such that for all episodes
t > 7, and time steps h € [H), the learned feature maps (ﬁt) n are (57, «)-approximate, where

1 t
To = min{t|t > ( R() |A| V2t log(4t|®||¥|H/6))}.
Ammd;m g
Proof. Directly follows from Corollary [B.T|and the proof of Lemma [B.T] O

Lemma F.2. (Selecting non-redundant UniSOFT representation) Fix any a > 0. Assume there exists an increasing sub-
linear function g such that R(t) < g(t) for all t € N. Suppose we run algorithmand assumptions( expressiveness) and
[3.3| (minimal sub-optimality gap) hold. Additionally, if « < 1, suppose assumption[3.4|(minimal optimal occupancy) holds.
Then, given that the events £(0) and F(8) occur, there exists an episode Tunisoft > To Such that for all subsequent episodes
t > Tunisoft and time steps h € [H]| the learned feature maps QASLh are UniSOFT w.r.t. any optimal policy 7 € &}, where

2
Tunisoft := min{¢[t > <)\*( S R(E) + 22& 1+ 18+/tlog(6dtH|®|/§)) V TO(>

Proof. Let <I>““‘S°" C ® denote the set containing only non-redundant feature mappings that are UniSOFT w.r.t. at least one
7* € 5. By Lemma L with probability at least 1 — 4, forall t € N, h € [H], ¢ € &\ @4 and "™ € PUst,

Amin (41,0 (6°) = Aed) > tX* (@) 22& 1= A R(t) — 181/t log(6dtH|®[/6),

Amin(Se41.4(0) — Ael) <2Z§Z 1+ AL R(t) + 18+/tlog(6dtH|®/5),

i=1
where X5, 1+1(8) = X 0)ep, , On(s:a)dn(s,a)” and

A (¢) = }LE[HI]HLI}En* Amin(E (s aymaz, [¢n(s,a)pn(s,a)"])

. T
< hT‘IEl[lg] )\min(E(s,a)ny;h [On(s,a)dn(s,a)’]).



Let us denote @, x ¥, C ® x U as the set of (5}, a)-approximate representations. Additionally, denote
(I)]iyniSOft \I/umsoft ((I) % U ) (q)umsufl % \I!> ,

as the set containing all (67, «)-approximate representations such that the feature map is non-redundant and UniSOFT w.r.t.
at least one 7 € &7, which is non-empty by Assumption[F.1] A desired feature map is selected at episode ¢ > 7, if for all
a <o
‘max )\min(zt+1,h(¢uniwﬂ) — M) > max Amin(Ze41,0(0) — M),
¢umson c (blgllSon d) c ¢ & \@I‘ISIZISOH

or equivalently,
EXE (pUmisofty > 2 ( “IR(t) 42 Zgl + 184/t log(6dtH|®| /) )

where A%, := ming<q Max juison g guisn A*(¢U0), O
- (63

G AUXILIARY RESULTS

Lemma G.1 (Simulation Lemma [Zhang et al.,[2022a]]). Given two transition models P and P’, we have:

7,d1 ‘n' ,d1 T
VP’,rer,l 7> rl = ZE(S a)~dz, bh(s a) + (P}/L - Ph)VP,r,h-i-l(Saa)]v

H
7,d1 7,d1 T
VP/’,r+b,1 - VP,T-,1 = Z E(s,a)~d,”,1h [br(s,a) + (PZ - Ph)VP’,r-i-b,h-i-l(S) a)l.
h=1

Lemma G.2 ([He et al.| 2021])). Forany h € [H], s € S, and 7 € II:

H
Ve o n(8) = Ve e () =E[D_ Aw(snr,an)|sn = s,m,P*],
h'=h
Hence the regret after T episodes can be expressed as:
T T H
R(T) =Y Vioh —Vieh = Eeua, Z n(snyan)|s1 = s,m, P*]
t;l ; t=1 h=1
= Z Z Esay~az, [An(s,a)]
t=1 h=1
Proof.
Vg:,r*,h(s) - Vg*,r*,h(s)
= A (5, m(5)) + Qe o (8.7 (5)) = VB e 1o (5)
= An(s,mn(5)) + 75(5,70(8)) + PrVAL o pgr (8.0 (5)) = 77.(, 70 (5)) = PRV« oo i (8,70 (5))
= An(s,mn(s)) + P (Vs — Viler) (s, 7a(s))
Unravelling the recursion gives the result. O

Theorem G.1 ([Piziak and Odell, |1999]). Every matrix A € C"*™ with rank(A) = r > 0 has infinitely many full rank
factorizations. However, if A = FG = FG are two full rank factorizations of A, then there exists an invertible matrix
R e C™*" such that F = FRand G = R™'G.

Lemma G.3 (Lemma D.1. inJin et al.| [2020]). Let 3; = A\l + Z’;:l gi)l-r,zsz where ¢; € R% and A > 0. Then,

t t
D ors e =Tr(S Y ¢igl) <d
=1

=1



Lemma G.4 (Elliptical potential lemma [Abbasi-Yadkori et al.,|2011]]). Consider a sequence of d x d positive semidefinite
matrices X1, ..., X with tr(X;) < 1 forall t € [T)]. Define My = Mol and My = M;_1 + X;. Then

d T
> tr(XM7Y) < 2dlog(1 + ——)
pa o

Proposition G.1 (Matrix Azuma [Tropp, 2012])). Ler {X}}i_, be a finite adapted sequence of symmetric matrices of
dimension d, and {Cy, }i._, a sequence of symmetric matrices such that for all k, Ex[X] = 0 and X} < C} almost surely.
Then, with probability at least 1 — §:

Amaz(Y_ X1) < /802 log(d/),
k=1

t
where o® = || Y, _, CZ||.

Lemma G.5. (Azuma’s inequality) Let (X}) _, be a finite adapted sequence such that for all k, Ex[X;] = 0 and | X¢| < a
almost surely. Then, with probability at least 1 — §:

1) Xl < ay/tlog(2/9)

k=1
Lemma G.6 (MLE guarantee [Cheng et al.l[2023]]). Fix § € (0, 1). Then, with probability 1 — §/2,
() forallh =2,...,H andt € N,
]E(s,a)rvp;,h(s,a)[||75h,t('|85 a) - ,P}t(|87 a)”%V] < Cta
(2)forh=1andallt €N,
> * 2
E(s,a)~pin(s,0) [Pt (]s,a) = Pr (s, a)llrv] < G,

2log(4t|®||V|H/d
where ¢, = 21tGUBIVIH/S)
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