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Abstract

Generative models have started to integrate into the scientific computing toolkit.
One notable instance of this integration is the utilization of normalizing flows (NF)
in the development of sampling and variational inference algorithms. This work
introduces a novel algorithm, GflowMC, which relies on a Metropolis-within-Gibbs
framework within the latent space of NFs. This approach addresses the challenge
of vanishing acceptance probabilities often encountered when using NF-generated
independent proposals, while retaining non-local updates, enhancing its suitability
for sampling multi-modal distributions. We assess GlowMC’s performance con-
centrating on the ¢* model from statistical mechanics. Our results demonstrate that
by identifying an optimal size for partial updates, convergence of the Markov Chain
Monte Carlo (MCMC) can be achieved faster than with full updates. Additionally,
we explore the adaptability of GlowMC for biasing proposals towards increasing
the update frequency of critical coordinates, such as coordinates highly correlated
to mode switching in multi-modal targets.

1 Introduction

The potential unlocked by deep learning in high-dimensional function approximation holds great
promise for scientific computing. Noteworthy achievements include the development of machine
learning force fields (e.g., (1)) and Physics Informed Neural Networks (e.g., (2))), both of which
exemplify the remarkable capabilities of deep learning in predictive tasks. However, the impact
of deep learning extends beyond mere prediction, as deep generative models have also found a
wide spectrum of applications in scientific computing; from the creation of interpretable generative
models (e.g., contact predictions derived from Boltzmann machine learning (3)) to the acquisition of
dimension-reduced representations (e.g., (4)). Moreover, generative models have demonstrated their
effectiveness in enhancing Monte Carlo methods, a primary focus of the present study.

Generative models featuring tractable likelihoods and straightforward sampling mechanisms, such
as normalizing flows (NF) and autoregressive models (ARM), can greatly facilitate the inference
process for high-dimensional distributions. Once the generative model has been trained to directly
approximate the target measure - for instance using variational inference (VI) (55 16)) - it can be used
as an adaptive proposal distribution in Monte Carlo algorithms such as importance sampling (7 8))
or Metropolis-Hastings Markov chains (9;10). Promising results have been obtained in moderately
high-dimensions, yet scalability challenges are becoming evident as the quality of the target measure
approximation drops with increasing dimension (115 [12).

While using a learned model to generate independent configurations is too challenging for highly
complex or very large systems, the possibility to leverage deep generative models to propose local or
partial state updates in Markov Chain Monte Carlos (MCMC:s) has also been explored (1351451551165
17; [18)). In the present work, we propose a novel strategy in this direction, Gibbs-Flow Monte Carlo
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Figure 1: The challenges of using normalizing flows for MCMC sampling of multimodal
target distributions in high-dimensions on the example of the 2d ¢* model below the critical
temperature. (a) Target distribution of magnetisations and samples from two flows trained with the
reverse KL divergence as the objective and in the adaptive fashion by (19). The former flow suffers
from the well-known mode collapse. The latter flow was used for MCMC sampling in (b). Even
when the flow model covers well the two modes, chains with full update proposals suffer from long
streaks of rejection and can remain stuck in a single mode. GflowMC chains with partial updates in
latent space do not. The plots shown are for L = 20, and § = 1.6 in eq. @). GlowMC was ran with
roughly optimal partial size, d,, = 50. Out of 500 arbitrarily initialized chains in each case, the worst
chain with the least mode switches is shown.

(GflowMC), a Metropolis-within-Gibbs sampler implemented in the pull-back of a target distribution
through an NF’s transport map. Using partial updates in the latent space, GlowMC improves mixing
speed by finding the sweet spot between the amount of state refresh in the proposals and the rate of
the proposals’ acceptance while keeping the ability to mix between modes in multi-modal targets.

2 Gibbs Flow Monte Carlo (GflowMC)

GflowMC is a sampling algorithm for distributions admitting a density with respect to the Lebesgue
measure on R%; this target density is denoted p*.

NF-preconditioned sampling An NF model on R? combines a simple base distribution on the
same space, with density denoted here by v, and a learnable diffeomorphism 7,, thereby defining a
push-forward distribution with density at z € R?

pa(x) =B (Ta_l(l‘)) |detV, T, ! ()], (1)

following the change of variable formula. Different strategies have been developed to parametrize T,
to be easily invertible and ease the computation of the Jacobian VT, 1 (), we refer the reader to the
reviews (20; 21). The proposed algorithm is agnostic to the specific parametrization strategy. The
pull-back of the target distribution admits the density

vi(z) = p" (Tu(2)) |detV, T, (2)]. (2)

We will assume that the NF’s parameters have been adjusted such that T, approximately transports
v to p* (see (5;[7;[19) for training schemes). We expect p, = p* in the direct space and v ~ v in
the latent space. As vp is deliberately selected for its ease of sampling, several works have presented
sampling strategies for p* by addressing the equivalent task of sampling from v} and subsequently
applying the transport map 7, (1351145 [15). While these prior works employed gradient-based local
samplers within the latent space (as discussed in related works), GflowMC takes a distinct approach
by employing partial updates in the latent space.

Metropolis-within-Gibbs on the pull-back When it is possible to evaluate and sample conditional
distributions for subsets of coordinates from the base distribution v, an efficient Metropolis-within-
Gibbs sampling approach for the pull-back v/, can be devised. Namely, GlowMC is an MCMC using



Algorithm 1: Gibbs Flow Monte Carlo with size d,, € [1, d] updates

inputs : Target density p*, Trained flow T,,, Indices” weights w € A?~!, Starting point x

1 20 =T (x0) // compute the starting point in latent space
2fort=1---Tdo

3 S = (i1, ia,) ~ H(w) // select subset to update
4 2 ~ VB(zg|z<S) // Gibbs partial refresh proposal
s | 25t =g =g

6 Draw u ~ U(][0, 1]) // Metropolis-Hastings accept-reject
7 if w < min(1,~(2'|z)) then

8 ‘ 25t = 2%

output:(z', - 27) = (T, (), -, T.(z1))

partial updates in latent space. The full procedure is described in algorithm [T| using the notations
introduced hereafter.

Letw = (w;)%, € A4~ C R? represent a normalized vector of weights with strictly positive entries
within the simplex A?~1; it defines a probability distribution over coordinate indices. Additionally,
let S C [1,d] denote a subset of dimension indices with a cardinality of |.S| = d,, and let \ S = S°¢
denote its complementary set. Finally, define zg = (2;)ics € R% and 25 = (2;);¢5 € R4 %
as the corresponding vectors. At iteration ¢t + 1 of the Markov Chain, a subset S is selected by
drawing d,, indices from the non central hypergeometric distribution with weights w, here noted
H(w) (i.e. drawing from the biased multinomial distribution without replacement). A proposed
update of z% is sampled from the conditional base distribution 2% ~ Z/B(ng|2:< ) and accepted with
the Metropolis-Hastings probability:

ve(zslag) v (21)
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v(zs]2") =

Given a factorized base density, zs becomes independent of 2\ g and the conditional vg(2s|2\s)
equals the marginal vg(zg). It occurs for the most common choice of vg, the standard Gaussian,
where evaluating and sampling from vg(zg) is straightforward for subsets S of any size.

GlowMC is an instance of a “random scan” Metropolis-within-Gibbs sampler. A proof of convergence
is given for instance by (22), and (23;124) discuss the choice of the scan, that is the coordinate selection
scheme here encapsulated by the weight vector w.

Related works and motivation The application of normalizing flows for MCMC sampling has
multiple challenges. Notably, for multimodal targets, training without data in the energy-based
approach suffers from mode collapse (see fig. [I[(a)) (25 26). A recent approach was proposed to
quantify and detect this for a trained flow (27). With the adaptive strategy introduced by (19), the
problem is alleviated, but even with a flow covering all modes, sampling from it can be problematic.
A popular choice is the independent Metropolis-Hastings (IMH) sampler (9; [7; [10; 285 [19)), which is
the limiting case of GlowMC for d,, = d. However, independent proposal samplers are known to be
nearly impossible to tune in high-dimension. Even proposals parametrized by highly expressive deep
neural networks will eventually suffer from a curse of dimensionality, bringing drowning acceptance
rates, as exemplified on the statistical mechanics ¢* model by (11 and also shown in fig. b).

Gibbs samplers can circumvent this vanishing acceptance by directly sampling from tractable con-
ditional distributions. Yet, the strategy is limited to updating a couple of degrees of freedom at
the time due to the difficulty of manipulating the conditionals in the general case. Alternatively,
a Metropolis-within-Gibbs strategy allows to update sets of coordinates of any size following the
proposal-rejection logic. The size of the updates can be tuned to optimize the convergence (29;130),
as we discuss for GlowMC in the next section, and akin to the tuning of the step size in Langevin
samplers (31). In computational physics, “cluster” algorithms consist in updating simultaneously
groups of spatially adjacent degrees of freedom and can greatly improve performance compared to
purely local MCMC:s (see e.g. (32)).
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Figure 2: (a) Typical samples and distribution of the magnetisation M of the ¢* model at lattice
size L = 16. A phase transition from uni- to bimodal occurs around temperature 6 = 1.2 (33)). (b)
Using normalizing flows in an IMH sampler (full updates), the acceptance rate quickly vanishes as
dimension increases.

Inspired by cluster updates, (17) proposed to use ARMs as proposals in a Metropolis-within-Gibbs
sampler in coordinate space. ARMs are suited for discrete distributions, such as for the spin-systems
considered in the latter work. ARMs also rely on an ordering of the coordinates, such that tractable
conditionals are limited to subsets of coordinates following the factorization order. As a result, the
proposed method can only define an ergodic Markov Chain by relying on the translational invariance
of the target field systems for which the learned ARM model can be shifted over space. Conversely,
GflowMC handles continuous distributions and its ergodicity requires no symmetry or invariance in
the target distribution as any subsets of latent dimensions can be updated.

Other works concerned with continuous distributions have proposed to take local rather than partial
updates in the latent space. NeutraMCMC methods run Metropolis Adjusted Langevin (MALA) (13)
or Hamiltonian Monte Carlo (145 [15) on the pull-back in latent space. However, such local updates
have limited take on mode mixing for multi-modal targets, as shown in the detailed study of (33).
Meanwhile, the gradient-free transport elliptical slice sampling (34) can mix between modes, but
appears less efficient than NeutraMCMCs and IMH, again according to (33)). Below, we show that
few coordinates updates can be identified to be related to mode switching and exploited to promote
mode-switches in GflowMC.

3 Numerical results

2d ¢* model We study a traditional benchmark model of machine learning assisted samplers for
physical systems, the 2d ¢* model. The target distribution is the thermal equilibrium Boltzmann
distribution p*(¢) oc e~ (%), with the Hamiltonian:

L

0 1
E(¢) = Z [(2 - 2) o7+ Z(b?,j — Git1,jPij — Pij+1Pij| 4)

4,j=1

defined on a 2d square lattice of size d = L?, with a tunable parameter 6 playing the role of a
temperature, and with periodic boundary conditions. The model can be seen as a continuous version
of the Ising model: it undergoes a phase transition from a unimodal to a bimodal phase when varying 6,
illustrated in fig. 2Ja). It has served as a benchmark problem in numerous works as its dimension and
properties can be varied with different choices of 6 and L (951365 1151375195 255 38 26)).

We trained NFs for lattice sizes between L? = 82 and 242 and for parameter values  across the
transition point adjusting architecture with model size as described in appendix[A] No prior knowledge
about the mode symmetry p*(¢) = p*(—¢) is built-in, since we have the general case in mind where
relative weights of modes are not known a priori. Training was done in the adaptive fashion introduced
by (19), precise settings are given in appendix [A] We stress that the emphasis of this work is not
on the design and training of the flow, but on utilizing it optimally for MC sampling when it has
shortcomings due to insufficient expressivity or training time.
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Figure 3: GlowMC convergence as a function of update subset size d,,. (a) Effective update size of
chains, and (b) GR statistics for the magnetisation, both shown against the varying acceptance rate.
The color indicates d,, /L2, the fraction of latent sites for which updates are proposed. For each L,
the left-most point with smallest acceptance always corresponds to full updates, the right-most point
to single-site updates. (c): Optimal update fraction with increasing lattice size L. Data points in (a)
an (b) were obtained as averaged over 4 independently trained flows, and these averages were used to
determine each d, in (c).

Metrics To gauge the convergence of our MCMC chains, we studied two important observables,
the energy E and the magnetisation M = # ZZL =1 ®:,;, the field values averaged over the lattice.
Since the energy F is invariant with respect to a sign flip of the field configurations, it is ignorant
about the two modes and as such a good indicator on how well the sampler works for within-mode
exploration. In contrast, M, coined order parameter in the statistical mechanics literature, will only
converge when the multi-modality has been accurately represented.

Different metrics exist to judge the quality of convergence for a given observable. One obvious choice
is the integrated autocorrelation time, but it becomes increasingly unstable to estimate numerically
with decreasing flow performance. Instead we focus here on the potential scale reduction statistics

R from Gelman and Rubin (GR), which compares the variance of samples within each chain to the
variance across chains (39; 40). Observe that R > 1 by construction, perfectly converged chains

would be signaled by R = 1, and a typical stopping criteria is R < 1.01. Unless specified otherwise,
results here are presented for 500 parallel chains run for 20,000 MCMC steps.

Optimal update size Consistent with previous work (L1), we show in fig. [2(b) that the average
acceptance p,.. of full updates proposed by the trained flow drops quickly when increasing dimension
d = L?. Presumably this is due to the constant number of coupling blocks as well as increasing
training time that would be required for comparable accuracy.

We ran MCMC chains with GlowMC for different update sizes d,,, comparing the corresponding
chains’ convergence in fig. 3] Fig. Panel (a) reports a simple first metric, the effective number of
updated sites per step, Pacc - dy, for the most difficult system size under consideration, L = 24, and
three different values of . Interestingly, there seems to be an approximately optimal acceptance rate
at Pacc ~ 0.25 which should be aimed for when deciding on the size of the partial updates. Evidence
of this can also be seen in fig. 3[b) from the GR statistics of the magnetisation close to the critical
temperature § = 1.2. Even though the overall quality of convergence decreases with system size (at
equal length of MCMC chains), the optimal value of p,.. remains roughly constant across values of
L and 6. The smallest system at . = 8 is an exception here: the acceptance rate of the flowMC with
full updates at around 60% already surpasses the putative optimal value and thus any partial updating
scheme will only slow down convergence. Analogous behaviour can be seen for the GR statistics of
the energy E (not shown). Panel (c) shows how the optimal fraction of latent coordinates updated,
according the the optimal statistics of & and M, decreases monotonously with L, manifesting the
decreasing quality of the flow and increasing complexity of the sampling task. In light of this, the
choice of d, can be understood in the same way as in choosing the step size for a random walk or
MALA Monte Carlo algorithm, for which an optimal target acceptance rate has been theoretically
established in the case of simple target Gaussian distributions (31). Extensions of the previous work
also derive an optimal acceptance rate for Metropolis-within-Gibbs algorithms (29; 30)), and thus it is
not surprising to find similar behaviour in our sampling scheme.



—~
Q
—

~
Il
-
(<]
—~

b)

—-=-NeutraMALA —6 =1.00 @ 0.125 A +
10° 4 4 — 6=1.60 -
| GflowMC § 0.100 - /f*.
® ¥
g 0.075{¢""
~ -¢- NeutraMALA
8 0.050{ —— GflowMC
[}
£ 0.025 - /'/|
0 5000 10000 15000 20000 O 5000 10000 15000 20000 200 400 600
MC steps MC steps dimension L2

Figure 4: Comparison of samplers utilising a trained normalising flow: NeutraMALA and GflowMC.
(a): Convergence of MCMC chains inferred from the observables of energy and magnetisation in
the unimodal (f = 1.0) and bimodal phase (¢ = 1.6). Both samplers were roughly optimized:
For NeutraMALA, the best performing target acceptance out of {0.2,0.5,0.75} was chosen, for
GflowMC, the optimal value of d,, for each observable was chosen, see fig.[3] (b): Wall time per MC
step (500 chains evolved in parallel on identical GPU nodes).
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Figure 5: Statistics of GllowMC and NeutraMALA chains at different temperatures . Different
update subset sizes d,, are shown for GllowMC. NeutraMALA was run with target acceptances 0.2,
0.5, 0.75, and in each case the best performing strategy is shown. The inset of the left panel shows the
same data zoomed in. An average was taken over four indepdently trained flows, with the standard
deviation indicated by error bars.

Benchmark with competing NF-assisted sampler NeutraMALA is an appealing alternative
to GflowMC: when full updates suffer from a large rejection rate, sampling the (approximately
Gaussian) pull-back of the target distribution v (2) with a MALA leaves a tunable step size to adjust
the acceptance rate of the algorithm. Previous work finds NeutraMALA to be robust to flow quality,
but not so well suited to multi-modal target distributions (33). We also see evidence of this in our
experiments.

As shown on fig. ffa), in the unimodal case of # = 1.0, NeutraMALA reaches slightly faster
convergence than GflowMC as a function of the number of MC steps (similary for § = 1.2, not
shown). In the bimodal case however, § = 1.6, convergence is much faster for GlowMC. For a fair
comparison of the two schemes, computation time also needs to be taken into account. As a Langevin
sampling scheme, NeutraMALA requires the computation of the gradient of V, log v/} (), which can
be obtained through automatic differentiation but is numerically costly. Comparing the average wall
time to obtain the 20,000 steps MC chains, NeutraMALA is found to be by a factor of 3-4 slower than
GflowMC (fig. f{b)). Taking this into account, the latter algorithm is slightly superior even in the
unimodal case. We conclude the comparison by reporting the GR statistics of full-chains of the two
samplers across the phase transition, for £ and M (see fig.[5). Here also, NeutraMALA gets worse
as the distribution becomes bimodal. In contrast, the performance of GlowMC decreases slightly
around the transition point, a behavior already reported by (L1).

Biasing schemes The natural extension of the partial updating scheme is to optimize the selection
of latent coordinates for which updates are proposed. This is particularly relevant for the bimodal
phase, where switching mode is the main challenge of the sampling procedure. To identify promising
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Figure 6: Mode switching abilities of an NF in the ¢* bimodal phase, # = 1.6, L = 20. (a) Mode
switching rate for each latent coordinate z;, determined by how often a mode change is proposed
when resampling this coordinate keeping the remaining configuration fixed. (b) Configurations within
a row differ by a single latent space coordinate zg € R, chosen by having the largest |¢;| (marked
there in red in panel (a)) and varied in [—3, 3]. A single coordinate can induce a mode change in
physical space. (c) Mode switching statistics of GlowMC with different update sizes and biasing
schemes, chosen to promote the update proposal of coordinates correlated with the mode label.

latent coordinates z;, we use the correlation coefficient ¢; of each z; with the magnetisation M. This
choice can be justified when considering fig. [6(a), where the average rate of mode change when
resampling this single coordinate is shown to be approximately proportional to |¢;| for L = 20. We
further illustrate this point in fig. [6{b), where the change of real space configurations is shown while
just a single latent coordinate varied.

The coordinate selection is done choosing a non-flat w € A?~!. For the assignment of the wj, the
coordinates z; are distributed into bins according to their value of |¢;| in the interval [0, 1]. Then,
each non-empty bin is assigned a weight proportionally to f(|c|) distributed equally between all
coordinates z; in the bin, given a biasing function f(z). We ran experiments on three different
schemes, with fiin(2) = 2, fquad:(z) = 22 and fexp(x) = exp(50z) (an ad-hoc choice to achieve a
strong biasing towards few coordinates).

As can be seen in fig. [{c), the biasing schemes leads to more frequent mode switching at fixed d,,
while the most frequent mode switching on average is for the full update d = d,,. However, full
updates come with a significant number of chains not switching mode at all. In contrast, the three
biased strategies achieve comparable mode switching rate for partial update proposals, except for
the foxp strategy which is more efficient than the others at small d,,. Nevertheless, we find that the
overall convergence of M is still best for the unbiased strategy at partial updates, presumably due to
better within-mode exploration (fig.[7).

This motivates us to adapt our scheme towards a hybrid sampler and combine the flow update
proposals with cheap MALA steps in real space. We run 10 MALA steps (with a target acceptance of
0.75) per GlowMC step. The results of this are shown in fig.[7} Comparing chains of equal length,
the biasing schemes win in terms of the convergence of FE, but for M, the partial update sampler
without the MALA steps still performs best. However, it should also be taken into account that the
GflowMC steps are more expensive than simple MALA steps (for 10 MALA steps per flow step, the
overall run time differs by a factor of 3-4). We therefore also show results of the simple GlowMC
sampler for chains which have a roughly comparable computation time. In this case, the hybrid
samplers with biased strategy and partial updates actually outperform the pure GlowMC sampler.
The most efficient strategy in this case therefore appears to be the combination of local MALA steps
with partial updates biased towards mode-switching coordinates.
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Figure 7: Comparison of the convergence for energy F and magnetisation M for the hybrid (global-
local) sampler with biased partial update proposals for different schemes described in the main text.
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panel shows the same data with zoomed-in y-axis.

4 Conclusion

In this study, we introduce GflowMC, a novel NF-enhanced sampler that leverages a Metropolis-
within-Gibbs scheme implemented in the latent space. Our findings demonstrate that GlowMC
effectively optimizes the trade-off between update size and acceptance rate, facilitating rapid decorre-
lation. Notably, we establish that the use of partial updates in the latent space enables mode-switches
that are unattainable with either partial updates in coordinate space or local updates in the latent
space. However, the number of accepted mode switches is not drastically improved by the biasing
schemes overall. Biased schemes actually require to be combined with cost-efficient local space
updates in coordinate space to show clear superiority. The exploration of such promising hybrid
schemes—inspired by approaches like those in (19; 4 1)—is left for future work. Additionally, po-
tential areas for further investigation include adaptive training of normalizing flows in tandem with
GflowMC and the exploration of techniques for learning the weight vector w; (24)).

Acknowledgments and Disclosure of Funding

The authors thank Giuseppe Carlo for discussions that led to the idea of this work and Tony Lelievre
and Gabriel Stoltz for helpful discussions during the execution. The authors acknowledge funding
from the Hi! Paris Center.

References

[1] Oliver T. Unke, Stefan Chmiela, Huziel E. Sauceda, Michael Gastegger, Igor Poltavsky, Kristof T.
Schiitt, Alexandre Tkatchenko, and Klaus-Robert Miiller. Machine Learning Force Fields.
Chemical Reviews, 121(16):10142—-10186, August 2021. Publisher: American Chemical
Society. doi:10.1021/acs.chemrev.0c01111,

[2] M. Raissi, P. Perdikaris, and G.E. Karniadakis. Physics-informed neural networks: A
deep learning framework for solving forward and inverse problems involving nonlinear
partial differential equations. Journal of Computational Physics, 378:686—707, February
2019. URL: https://linkinghub.elsevier.com/retrieve/pii/S0021999118307125,
doi:10.1016/7.jcp.2018.10.045,

[3] Anna Paola Muntoni, Andrea Pagnani, Martin Weigt, and Francesco Zamponi. adabmDCA:
adaptive Boltzmann machine learning for biological sequences. BMC Bioinformatics, 22(1):528,
October 2021. doi:10.1186/s12859-021-04441-9,


https://doi.org/10.1021/acs.chemrev.0c01111
https://linkinghub.elsevier.com/retrieve/pii/S0021999118307125
https://doi.org/10.1016/j.jcp.2018.10.045
https://doi.org/10.1186/s12859-021-04441-9

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Daniel P. Gomari, Annalise Schweickart, Leandro Cerchietti, Elisabeth Paietta, Hugo Fernandez,
Hassen Al-Amin, Karsten Suhre, and Jan Krumsiek. Variational autoencoders learn transferrable
representations of metabolomics data. Communications Biology, 5(1):645, June 2022. |doi:
10.1038/s42003-022-03579-3.

Danilo Rezende and Shakir Mohamed. Variational Inference with Normalizing Flows. In
Proceedings of the 32nd International Conference on Machine Learning, pages 1530-1538.
PMLR, June 2015. ISSN: 1938-7228. URL: https://proceedings.mlr.press/v37/
rezendel5.htmll

Dian Wu, Lei Wang, and Pan Zhang. Solving Statistical Mechanics Using Varia-
tional Autoregressive Networks. Physical Review Letters, 122(8):080602, February 2019.
arXiv:1809.10606 [cond-mat, stat]. URL: http://arxiv.org/abs/1809.10606, doi:
10.1103/PhysRevLett.122.080602.

Frank Noé, Simon Olsson, Jonas Kohler, and Hao Wu. Boltzmann generators: Sampling
equilibrium states of many-body systems with deep learning. Science, 365(6457):eaaw1147,
September 2019. URL: https://www.science.org/doi/10.1126/science.aawl147,
doi:10.1126/science.aawll47.

Thomas Miiller, Brian Mcwilliams, Fabrice Rousselle, Markus Gross, and Jan Novak. Neural
Importance Sampling. ACM Transactions on Graphics, 38(5):1-19, October 2019. URL:
https://dl.acm.org/doi/10.1145/3341156, doi:10.1145/3341156,

M.S. Albergo, G. Kanwar, and P.E. Shanahan. Flow-based generative models for Markov
chain Monte Carlo in lattice field theory. Physical Review D, 100(3):034515, August
2019. URL: https://link.aps.org/doi/10.1103/PhysRevD.100.034515, doi:10)
1103/PhysRevD.100.034515,

Kim A. Nicoli, Shinichi Nakajima, Nils Strodthoff, Wojciech Samek, Klaus-Robert M iiller, and
Pan Kessel. Asymptotically unbiased estimation of physical observables with neural samplers.
Physical Review E, 101(2):023304, February 2020. arXiv:1910.13496 [cond-mat, stat]. URL:
http://arxiv.org/abs/1910.13496, doi:10.1103/PhysRevE.101.023304.

Luigi Del Debbio, Joe Marsh Rossney, and Michael Wilson. Efficient Modelling of Trivializing
Maps for Lattice ¢* Theory Using Normalizing Flows: A First Look at Scalability. Physical
Review D, 104(9):094507, November 2021. arXiv:2105.12481 [hep-lat]. URL: http://arxiv,
org/abs/2105.12481,|/doi:10.1103/PhysRevD.104.094507,

Ryan Abbott, Michael S. Albergo, Aleksandar Botev, Denis Boyda, Kyle Cranmer, Daniel C.
Hackett, Alexander G. D. G. Matthews, Sébastien Racaniere, Ali Razavi, Danilo J. Rezende,
Fernando Romero-Lépez, Phiala E. Shanahan, and Julian M. Urban. Aspects of scaling and
scalability for flow-based sampling of lattice QCD, November 2022. arXiv:2211.07541 [cond-
mat, physics:hep-lat]. URL: http://arxiv.org/abs/2211.07541, doi:10.48550/arXiv|
2211.07541.

Matthew D. Parno and Youssef M. Marzouk. Transport Map Accelerated Markov Chain Monte
Carlo. SIAM/ASA Journal on Uncertainty Quantification, 6(2):645-682, January 2018. URL:
https://epubs.siam.org/doi/10.1137/17M1134640, doi:10.1137/17M1134640.

Shuo-Hui Li and Lei Wang. Neural Network Renormalization Group. Physical Review
Letters, 121(26):260601, December 2018. URL: https://link.aps.org/doi/10.1103/
PhysRevLett.121.260601,/doi:10.1103/PhysRevLett.121.260601.

Matthew Hoffman, Pavel Sountsov, Joshua V. Dillon, Ian Langmore, Dustin Tran, and Srinivas
Vasudevan. NeuTra-lizing Bad Geometry in Hamiltonian Monte Carlo Using Neural Transport,
March 2019. arXiv:1903.03704 [stat]. URL: http://arxiv.org/abs/1903.03704.

Michael S. Albergo, Gurtej Kanwar, Sébastien Racaniere, Danilo J. Rezende, Julian M. Urban,
Denis Boyda, Kyle Cranmer, Daniel C. Hackett, and Phiala E. Shanahan. Flow-based sampling
for fermionic lattice field theories. Physical Review D, 104(11):114507, December 2021.
arXiv:2106.05934 [cond-mat, physics:hep-lat]. URL: http://arxiv.org/abs/2106.05934,
doi:10.1103/PhysRevD.104.114507.


https://doi.org/10.1038/s42003-022-03579-3
https://doi.org/10.1038/s42003-022-03579-3
https://proceedings.mlr.press/v37/rezende15.html
https://proceedings.mlr.press/v37/rezende15.html
http://arxiv.org/abs/1809.10606
https://doi.org/10.1103/PhysRevLett.122.080602
https://doi.org/10.1103/PhysRevLett.122.080602
https://www.science.org/doi/10.1126/science.aaw1147
https://doi.org/10.1126/science.aaw1147
https://dl.acm.org/doi/10.1145/3341156
https://doi.org/10.1145/3341156
https://link.aps.org/doi/10.1103/PhysRevD.100.034515
https://doi.org/10.1103/PhysRevD.100.034515
https://doi.org/10.1103/PhysRevD.100.034515
http://arxiv.org/abs/1910.13496
https://doi.org/10.1103/PhysRevE.101.023304
http://arxiv.org/abs/2105.12481
http://arxiv.org/abs/2105.12481
https://doi.org/10.1103/PhysRevD.104.094507
http://arxiv.org/abs/2211.07541
https://doi.org/10.48550/arXiv.2211.07541
https://doi.org/10.48550/arXiv.2211.07541
https://epubs.siam.org/doi/10.1137/17M1134640
https://doi.org/10.1137/17M1134640
https://link.aps.org/doi/10.1103/PhysRevLett.121.260601
https://link.aps.org/doi/10.1103/PhysRevLett.121.260601
https://doi.org/10.1103/PhysRevLett.121.260601
http://arxiv.org/abs/1903.03704
http://arxiv.org/abs/2106.05934
https://doi.org/10.1103/PhysRevD.104.114507

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

Dian Wu, Riccardo Rossi, and Giuseppe Carleo. Unbiased Monte Carlo Cluster Updates
with Autoregressive Neural Networks. Physical Review Research, 3(4):L042024, November
2021. arXiv:2105.05650 [cond-mat, stat]. URL: http://arxiv.org/abs/2105.05650,
doi:10.1103/PhysRevResearch.3.L042024,

Jacob Finkenrath. Tackling critical slowing down using global correction steps with equivariant
flows: the case of the Schwinger model, January 2022. arXiv:2201.02216 [hep-lat]. URL:
http://arxiv.org/abs/2201.02216,

Marylou Gabrié, Grant M. Rotskoff, and Eric Vanden-Eijnden. Adaptive Monte Carlo
augmented with normalizing flows. Proceedings of the National Academy of Sciences,
119(10):e2109420119, March 2022. arXiv:2105.12603 [cond-mat, physics:physics]. URL:
http://arxiv.org/abs/2105.12603, doi:10.1073/pnas.2109420119.

George Papamakarios, Eric Nalisnick, Danilo Jimenez Rezende, Shakir Mohamed, and Balaji
Lakshminarayanan. Normalizing Flows for Probabilistic Modeling and Inference, April 2021.
arXiv:1912.02762 [cs, stat]. URL: http://arxiv.org/abs/1912.02762.

Ivan Kobyzev, Simon J.D. Prince, and Marcus A. Brubaker. Normalizing Flows: An Introduc-
tion and Review of Current Methods. IEEE Transactions on Pattern Analysis and Machine
Intelligence, 43(11):3964-3979, November 2021. URL: https://ieeexplore.ieee.org/
document/9089305/,|doi:10.1109/TPAMI.2020.2992934.

Jun S. Liu, Wing H. Wong, and Augustine Kong. Covariance Structure and Conver-
gence Rate of the Gibbs Sampler with Various Scans. Journal of the Royal Statisti-
cal Society: Series B (Methodological), 57(1):157-169, January 1995. URL: https://
rss.onlinelibrary.wiley.com/doi/10.1111/7j.2517-6161.1995.tb02021.x, doi:
10.1111/37.2517-6161.1995.tb02021 . x.

Richard A. Levine. A note on markov chain monte carlo sweep strategies. Journal of Statistical
Computation and Simulation, 75(4):253-262, 2005. arXiv:https://doi.org/10.1080/
0094965042000223671,|doi:10.1080/0094965042000223671,

Krzysztof Latuszynski, Gareth O. Roberts, and Jeffrey S. Rosenthal. Adaptive Gibbs sam-
plers and related MCMC methods. The Annals of Applied Probability, 23(1), February
2013. arXiv:1101.5838 [math, stat]. URL: http://arxiv.org/abs/1101.5838, doi:
10.1214/11-AAP806.

Daniel C. Hackett, Chung-Chun Hsieh, Michael S. Albergo, Denis Boyda, Jiunn-Wei Chen,
Kai-Feng Chen, Kyle Cranmer, Gurtej Kanwar, and Phiala E. Shanahan. Flow-based sampling
for multimodal distributions in lattice field theory, July 2021. arXiv:2107.00734 [cond-mat,
physics:hep-lat]. URL: http://arxiv.org/abs/2107.00734.

Kim A. Nicoli, Christopher Anders, Lena Funcke, Tobias Hartung, Karl Jansen, Pan Kessel,
Shinichi Nakajima, and Paolo Stornati. Machine Learning of Thermodynamic Observables in
the Presence of Mode Collapse. In Proceedings of The 38th International Symposium on Lattice
Field Theory — PoS(LATTICE2021), page 338, May 2022. arXiv:2111.11303 [hep-lat]. URL:
http://arxiv.org/abs/2111.11303, doi:10.22323/1.396.0338,

Kim A. Nicoli, Christopher J. Anders, Tobias Hartung, Karl Jansen, Pan Kessel, and Shinichi
Nakajima. Detecting and Mitigating Mode-Collapse for Flow-based Sampling of Lattice
Field Theories, November 2023. arXiv:2302.14082 [hep-lat, physics:physics]. URL: http!
//arxiv.org/abs/2302.14082,doi:10.48550/arXiv.2302.14082.

B. McNaughton, M. V. Milosevi¢, A. Perali, and S. Pilati. Boosting Monte Carlo simulations of
spin glasses using autoregressive neural networks. Physical Review E, 101(5):053312, May 2020.
arXiv:2002.04292 [cond-mat, physics:physics]. URL: http://arxiv.org/abs/2002.04292,
doi:10.1103/PhysRevE.101.053312.

Peter Neal and Gareth Roberts. Optimal Scaling for Partially Updating MCMC Algorithms.
The Annals of Applied Probability, 16(2):475-515, 2006. Publisher: Institute of Mathematical
Statistics. URL: https://www. jstor.org/stable/25442765|

10


http://arxiv.org/abs/2105.05650
https://doi.org/10.1103/PhysRevResearch.3.L042024
http://arxiv.org/abs/2201.02216
http://arxiv.org/abs/2105.12603
https://doi.org/10.1073/pnas.2109420119
http://arxiv.org/abs/1912.02762
https://ieeexplore.ieee.org/document/9089305/
https://ieeexplore.ieee.org/document/9089305/
https://doi.org/10.1109/TPAMI.2020.2992934
https://rss.onlinelibrary.wiley.com/doi/10.1111/j.2517-6161.1995.tb02021.x
https://rss.onlinelibrary.wiley.com/doi/10.1111/j.2517-6161.1995.tb02021.x
https://doi.org/10.1111/j.2517-6161.1995.tb02021.x
https://doi.org/10.1111/j.2517-6161.1995.tb02021.x
https://arxiv.org/abs/https://doi.org/10.1080/0094965042000223671
https://arxiv.org/abs/https://doi.org/10.1080/0094965042000223671
https://doi.org/10.1080/0094965042000223671
http://arxiv.org/abs/1101.5838
https://doi.org/10.1214/11-AAP806
https://doi.org/10.1214/11-AAP806
http://arxiv.org/abs/2107.00734
http://arxiv.org/abs/2111.11303
https://doi.org/10.22323/1.396.0338
http://arxiv.org/abs/2302.14082
http://arxiv.org/abs/2302.14082
https://doi.org/10.48550/arXiv.2302.14082
http://arxiv.org/abs/2002.04292
https://doi.org/10.1103/PhysRevE.101.053312
https://www.jstor.org/stable/25442765

[30] X. T. Tong, M. Morzfeld, and Y. M. Marzouk. MALA-within-Gibbs Samplers for High-
Dimensional Distributions with Sparse Conditional Structure. SIAM J. Sci. Comput.,
42(3):A1765-A1788, January 2020. Publisher: Society for Industrial and Applied Math-
ematics. URL: https://epubs.siam.org/doi/10.1137/19M1284014, doi:10.1137/
19M1284014.

[31] A. Gelman, W. R. Gilks, and G. O. Roberts. Weak convergence and optimal scaling of random
walk Metropolis algorithms. The Annals of Applied Probability, 7(1):110-120, February
1997. Publisher: Institute of Mathematical Statistics. URL: https://projecteuclid!
org/journals/annals-of-applied-probability/volume-7/issue-1/
Weak-convergence-and-optimal-scaling-of-random-walk-Metropolis-algorithms/
10.1214/a0ap/1034625254.full,|doi:10.1214/a0ap/1034625254.

[32] Werner Krauth. Statistical mechanics: algorithms and computations. OUP Oxford, 13, 2006.

[33] Louis Grenioux, Alain Oliviero Durmus, Eric Moulines, and Marylou Gabrié. On Sampling
with Approximate Transport Maps. In Proceedings of the 40th International Conference
on Machine Learning, pages 11698—11733. PMLR, July 2023. ISSN: 2640-3498. URL.:

https://proceedings.mlr.press/v202/grenioux23a.htmll

[34] Alberto Cabezas and Christopher Nemeth. Transport Elliptical Slice Sampling. In Proceedings
of The 26th International Conference on Artificial Intelligence and Statistics, pages 3664-3676.
PMLR, April 2023. ISSN: 2640-3498. URL: https://proceedings.mlr.press/v206/
cabezas23a.html.

[35] Raul Toral and Amitabha Chakrabarti. Numerical determination of the phase diagram for the *
model in two dimensions. Phys. Rev. B, 42(4):2445-2454, August 1990. Publisher: American
Physical Society. URL: https://link.aps.org/doi/10.1103/PhysRevB.42.2445, doi:
10.1103/PhysRevB.42.2445.

[36] Michael S. Albergo, Denis Boyda, Daniel C. Hackett, Gurtej Kanwar, Kyle Cranmer, Sébastien
Racaniere, Danilo Jimenez Rezende, and Phiala E. Shanahan. Introduction to Normalizing
Flows for Lattice Field Theory, August 2021. arXiv:2101.08176 [cond-mat, physics:hep-lat].
URL: http://arxiv.org/abs/2101.08176, doi:10.48550/arXiv.2101.08176.

[37] Mathis Gerdes, Pim de Haan, Corrado Rainone, Roberto Bondesan, and Miranda C. N. Cheng.
Learning Lattice Quantum Field Theories with Equivariant Continuous Flows, July 2022.
arXiv:2207.00283 [cond-mat, physics:hep-lat, physics:hep-th]. URL: http://arxiv.org/
abs/2207.00283) /doi:10.48550/arXiv.2207.00283.

[38] Kim A. Nicoli, Christopher J. Anders, Lena Funcke, Tobias Hartung, Karl Jansen, Pan Kessel,
Shinichi Nakajima, and Paolo Stornati. Estimation of Thermodynamic Observables in Lat-
tice Field Theories with Deep Generative Models. Phys. Rev. Lett., 126(3):032001, January
2021. Publisher: American Physical Society. URL: https://link.aps.org/doi/10.1103/
PhysRevLett.126.032001, doi:10.1103/PhysRevLett.126.032001.

[39] Andrew Gelman and Donald B. Rubin. Inference from Iterative Simulation Using Multiple
Sequences. Statistical Science, 7(4):457-472, 1992. Publisher: Institute of Mathematical
Statistics. URL: https://www. jstor.org/stable/2246093.

[40] Stan Development Team. Stan Modeling Language Users Guide and Reference Manual, 2.33.
2022. URL: http://mc-stan.org/|

[41] Sergey Samsonov, Evgeny Lagutin, Marylou Gabrié, Alain Durmus, Alexey Naumov, and Eric
Moulines. Local-Global MCMC kernels: the best of both worlds. In In Proceedings Advances
in Neural Information Processing Systems 35, May 2022. URL: https://openreview.net/
forum?id=zb-xfApk4ZK.

[42] Vincent Stimper, David Liu, Andrew Campbell, Vincent Berenz, Lukas Ryll, Bernhard
Scholkopf, and José Miguel Herndndez-Lobato. normflows: A PyTorch Package for Nor-
malizing Flows. Journal of Open Source Software, 8(86):5361, June 2023. URL: https:
//joss.theoj.org/papers/10.21105/joss.05361, doi:10.21105/joss.05361.

[43] Diederik P. Kingma and Jimmy Ba. Adam: A method for stochastic optimization, 2017.
arXiv:1412.6980.

11


https://epubs.siam.org/doi/10.1137/19M1284014
https://doi.org/10.1137/19M1284014
https://doi.org/10.1137/19M1284014
https://projecteuclid.org/journals/annals-of-applied-probability/volume-7/issue-1/Weak-convergence-and-optimal-scaling-of-random-walk-Metropolis-algorithms/10.1214/aoap/1034625254.full
https://projecteuclid.org/journals/annals-of-applied-probability/volume-7/issue-1/Weak-convergence-and-optimal-scaling-of-random-walk-Metropolis-algorithms/10.1214/aoap/1034625254.full
https://projecteuclid.org/journals/annals-of-applied-probability/volume-7/issue-1/Weak-convergence-and-optimal-scaling-of-random-walk-Metropolis-algorithms/10.1214/aoap/1034625254.full
https://projecteuclid.org/journals/annals-of-applied-probability/volume-7/issue-1/Weak-convergence-and-optimal-scaling-of-random-walk-Metropolis-algorithms/10.1214/aoap/1034625254.full
https://doi.org/10.1214/aoap/1034625254
https://proceedings.mlr.press/v202/grenioux23a.html
https://proceedings.mlr.press/v206/cabezas23a.html
https://proceedings.mlr.press/v206/cabezas23a.html
https://link.aps.org/doi/10.1103/PhysRevB.42.2445
https://doi.org/10.1103/PhysRevB.42.2445
https://doi.org/10.1103/PhysRevB.42.2445
http://arxiv.org/abs/2101.08176
https://doi.org/10.48550/arXiv.2101.08176
http://arxiv.org/abs/2207.00283
http://arxiv.org/abs/2207.00283
https://doi.org/10.48550/arXiv.2207.00283
https://link.aps.org/doi/10.1103/PhysRevLett.126.032001
https://link.aps.org/doi/10.1103/PhysRevLett.126.032001
https://doi.org/10.1103/PhysRevLett.126.032001
https://www.jstor.org/stable/2246093
http://mc-stan.org/
https://openreview.net/forum?id=zb-xfApk4ZK
https://openreview.net/forum?id=zb-xfApk4ZK
https://joss.theoj.org/papers/10.21105/joss.05361
https://joss.theoj.org/papers/10.21105/joss.05361
https://doi.org/10.21105/joss.05361
https://arxiv.org/abs/1412.6980

A Experimental settings

Architectures We trained NFs for lattice sizes between L = 8 and L = 24 and for parameter values
6 across the transition point (roughly at # = 1.2 in the thermodynamic limit L — oo (33))). The flows
were comprised of coupling layers (ReaNVP and RQSpline), where we kept the number of layers
constant and increased the width of the built-in neural networks as L increases. The implementation
was based on the Normflows package (42).

The flows were constructed of 12 RealNVP blocks and 2 RQSpline blocks with with alternating
checkerboard masks. The neural networks inside the ReaINVP layers had one hidden layer with L - L
neurons. The RQSplines used 8 bins and neural networks with three hidden layers of size L - L.

Learning Training was done in the adaptive fashion introduced by (19), with 9 Langevin steps
(target acceptance 0.75) per flowMC step for a batch size of 1,000. We used the Adam (43) optimizer
(19) with a weight decay of 10~% and a learning rate of 10~ for the first 3,000 steps and 10~ for
the following 10,000.
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