© N O O~ W N =

9

29
30
31
32
33
34
35
36

Unifying (Federated) (Private) High-Dimensional
Bandits via ADMM

Anonymous Author(s)
Affiliation
Address

email

Abstract

We study all possible variants of the high dimensional stochastic linear contextual
bandit problem in federated and private settings. We propose a unifying algorithm
design and analysis framework built on ADMM. Our method achieves existing
state-of-the art guarantees in either setting for the central model. For the federated
model, our results are entirely new and near-optimal in either setting. We also
establish a novel lower bound on privacy-utility tradeoff for the federated model
in the private setting and demonstrate on suitable numerical experiments for all
problem variants.

1 Introduction

We study a high-dimensional stochastic contextual linear bandit problem in central and federated
learning settings under privacy constraints (Shukla, 2024} |(Chakraborty et al.,2024)). At every epoch,
the decision maker is given a set of stochastically generated exogeneous contexts and chooses from
a finite set of actions [K] to obtain the highest reward. Since the decision maker does not know
the true underlying reward, it creates an estimator to select a decision. This induces an exploration-
exploitation trade-off wherein the decision-maker faces the dilemma of exploring arms not played
before and exploiting the information accumulated so far. The key underlying assumption in this
framework is that the unknown parameter vector is s*-sparse. This paper is motivated by the need
for a unified algorithm and analysis framework for establishing utility and privacy guarantees for
this problem under different learning models. From the perspective of this paper, existing work
in high-dimensional bandits can be seen in central or federated settings with or without privacy
constraints. We motivate the need for such a framework in the in Example [T.T]this is a very common
learning setting.

Example 1.1. A crucial step in assuring the drug safety of oligonucleotide drugs requires learning
the relevant thermodynamics from large-scale data distributed across different organizations (lavara
et al.| | 2021). Preserving data privacy in this distributed setup requires limited and private communi-
cation between local nodes. Further, learning the safety curve online requires learning in an online
fashion. Techniques proposed in this paper can be used to solve this problem of online, private, and
federated learning with high-dimensional but sparse data.

In the central setting with privacy constraints, the regret analysis follows the by-now standard
framework: (i) constructing an estimator for the unknown parameter using LASSO or thresholding-
based techniques, (ii) analysing per-step regret using underlying problem structure (such as margin
condition, compatibilty or other similar conditions). In this paper, we eschew this line of arguments
and propose a generic algorithmic design and analysis framework for this class of problems. In either
settings, we view the statistical problem of constructing the LASSO-based estimator through an
optimizer’s lens. By exploiting the architecture of ADMM-based optimizers (Boyd et al.| [2011)),
our proposed method can achieve state-of-the-art guarantees under all possible combinations of the
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Table 1: Contributions to existing work. New results are in blue. p = e~21og(1/9) for (e, §)-DP.

Central (Theorems 2[[3) Federated (Theorems [2]}4)
Non-Private Lower bound Q(y/s*Tlog(d/s*)) Q(\/sMTlog(d/s*))
Upper bound (existing) O(+y/s*Tlog(d/s*)) -
Upper bound (ours) O(s*+/Tlog(d/s*)) O(s*\/MTlog(d/s*))
Private ((¢, §)-DP) Lower bound Q(log(d/s*)\/s*p) Q(log(d/s*)\/s*p)
Upper bound (existing) | O(y/p(s*)"*log'*(d/s*)) -
Upper bound (ours) O(/p(s*) 9 log?(d/s*)) | O(/p(s*)1.51og”(d/s*))

learning models and privacy settings (see Table[I). Detailed literature is reviewed in Appendix [A]
In high-dimensional bandits in the central model, closest to our work are (Chakraborty et al., 2024;
Shukla, [2024) that consider the high-dimensional bandit problem in the central model with privacy
and propose different thresholding-based methods to solve it. For the federated setup the non-private
setting was considered by (Wang et al., [2023). To the best of our knowledge, there is no known work
on private high-dimensional federated contextual bandits. This motivates the question:

Is it possible to propose a generic algorithm design and analysis template for high-dimensional
bandits that can operate both in central and federated settings, and with and without differential
privacy constraints?

Our Contributions: We address these questions affirmatively and contribute to all the aforementioned
strands of literature. Our contributions are summarised in Table[I]and detailed as follows:

1. We propose a general framework for designing algorithms for peeled LASSO (Section 3)) and high-
dimensional bandit problems (Section[d) applicable to several variants of the problem that have
been considered independently until now. These include centralized/federated and private/non-
private versions thereof. Our framework works for all combinations of these variants by tuning a
few hyper-parameters.

2. In Algorithms[I} we propose an admm-based algorithm for the PeeledLASSO applicable for either
communication model and establish its estimation error in Theorem [Tl These are the first known
recovery guarantees for the online private LASSO in private and federated setting. Algorithm 3]
extends this to an algorithm for high-dimensional bandits in either setting using forgetting and the
doubling trick. Privacy guarantees for these algorithms are established in Theorem [2] and utility
guarantees in Theorem [3|and[d] Our utility proofs non-trivially combine iteration-based analysis
of ADMM and peeling-based privacy arguments to accommodate bandit-feedback under both
communication models.

3. In Theorem[5] we derive a problem independent regret lower bound for the federated model in
both private and non-private setting. Our lower bound demonstrates a phase transition between
the hardness of the problem depending on the privacy level, intrinsic dimension and sparsity. In
the low-dimensional case, a similar phenomenon was shown by |Azize and Basu| (2022).

2 Model and Preliminaries

Central Model: We consider a linear contextual bandit problem with K arms, where the (unknown)
underlying vector # € R that parameterizes rewards is high-dimensional and sparse — often called
the LASSO bandit setting (Bastani and Bayati, 2020). Central and federated models correspond to
different modes of communication between central server and agents. We consider a time horizon 7T,
where for each time ¢ € [T7], the algorithm is given an (exogenous) context vector X; = { Xy x }re[x]

where each X, ;, € R?. The elements of the set X; are drawn i.i.d. from an unknown distribution
D. After observing X, the algorithm selects an arm k; € [K] and observes a random reward 7
given by r, = (X;x,,0) + 1, where 1, is zero-mean bounded noise with variance o?. Let H;
denote the tupple of random variables generated by the past contexts, arm pulls, and observed
rewards and F; denote the corresponding filtration. We assume that the parameter vector § € R? is
s-sparse, i.e., its support S = {i € [d] : §; # 0} has cardinality s, which is known to the decision
maker. Given the history of observations H; = { Xy, s,7s}._;, let F; denote the natural filtration
associated with H; and let 1I denote the set of all F;-measurable policies. In the central setting,
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our goal is to design a policy m € II that minimizes the cumulative expected regret, defined as:
R™(T) = Y2 Elmaxpeqie)(Xok — Kok, 0)].

Federated Model: In the federated setup, [M] is the set of clients, [K] is the set of arms, X’ is the
set of contexts. Each client is a K-armed bandit problem with a common parameter being shared
across clients. At each time slot ¢, each client 7 observes a exogeneous contexts X; ; € X, pulls
arm k; ; € [K] and receives a reward r; ; = Xl-TtO + 1;,+. We assume there exists a central server
in the system, and similar to FL, the clients can communicate with the server periodically with
zero latency. Specifically, the clients can send “local model updates” to the central server, which
then aggregates and broadcasts the updated “global model” to the clients. We also assume that
clients and server are fully synchronized. The class of policies considered here are restricted to
collinearly correlated policies Huang et al| (2021)) (see Definition [6in Appendix [H). Intuitively, for
two clients that are not collinear, their local observations on any arm cannot be utilized to improve
each other’s knowledge of their own local models. As a result, they should not affect each other’s
decision-making process. For a collinearly correlated policy, the regret in this setting is defined as:

- T
R™(T) = 25:1 Zie[M] (szfe - XiTkﬁ)-

Privacy: Differential privacy Dwork et al.,| (2010)is the most prominent notion of privacy. The
contextual bandit problem involves two sets of variables that any agent must private to the other
participating agents — the available decision sets { Xy s }re[x],se[r) and observed rewards {7 }sci7).
In our problem, we are concerned with preserving privacy of continual observations Dwork et al.
(2010) under different communication protocols, center and federated and bandit feedback. We
instead use joint differential privacy (JDP), first introduced by |[Kearns et al.|(2014) in the context of
algorithmic mechanism design, and later extended to the online bandit setting by [Shariff and Sheffet
(2018)). This slight relaxation of differential privacy allows the ¢-th component of the output (i.e., k)
to depend arbitrarily on the ¢-th component of the input (i.e., X;), while ensuring differential privacy
with respect to the joint distribution of all other components of the output.

Definition 1 (Joint Differential Privacy (Kearns et al., 2014} [Shariff and Sheffet, 2018)). A streaming
algorithm A : HT — [K|7 is said to be (&, 6)-jointly differential private, for any t-neighboring
streams S, S’ and any T C [K]T1,

PrIA(S) 41 € T] < exp(e) PA(S) 41 € T] + 6,

where A(S) - denotes all portions of the algorithm’s output except at time t.

The adversary model assumed here is to prevent any two colluding agents j and k to obtain non-
private information about any specific element in agent 7’s history. Therefore, the context set X; ; and
outcome 7;  are sensitive variables that the user trusts only with the agent :. Hence, we wish to keep
X; 4t € [T private. However, the agent only stores the chosen actions X, ; (and not all of X; ;), and
hence making our technique differentially private with respect to ((x;¢,7i.+)),t € [T] will suffice.

Definition 2 ((¢, §)-Fed-JDP (Dubey and Pentland, [2020)). In a federated learning setting with
M > 2 agents, a randomized multi-agent contextual bandit algorithm A = (A;), M; = lis (¢,6, M)-
federated differentially private under continual multi-agent observation if for any i, j s.t. i # j, any
set of sequences S; = (Sk)M., and S'; = (Sk)iV[:Lk;éi N S! such that S; and S! are neighboring
and any subset of actions S; C Dj1 x Dja ... x Djr it holds that

P (4;(Si) € S;) < exp(e)P (A;(S')) € S;) + 0

Remark 2.1 (Item-level vs. User-level DP in Federated Learning). Fed-JDP definition aims to
protect each item from any of the users against the others. Thus, it is often called item-level DP and
is widely studied in Federated bandits (Dubey and Pentland, |2020; |Huang et al., [2021)). |Huang et al.
(2023) proposes a stronger notion where privacy of the entire history is considered. This notion of
user-level DP is out of the scope of present work.

Remark 2.2 (Local DP vs. JDP in High-dimensions). |Wang et al.| (2020); Zhou and Chowdhury
(2024) propose to use local DP for low-dimensional linear contextual bandits due to its strong privacy-
preserving properties. But in high-dimensional settings, it causes significant degradation of utility
because non-private high-dimensional regression depends on 2(v/slogd) but high-dimensional
regression with local DP depends on Q(\/ZZ) Here, s is the sparsity parameter and s < d. In
contrast, high-dimensional regression with JDP shows Q(\/s log d) dependence ((Chakraborty et al.|
2024). Thus, we focus on JDP.
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High-dimensional Contextual Bandits. High-dimensional bandits with sparse linear structure are
extensively studied (Bastani and Bayatil [2020;|Oh et al.,2021;|Hao et al.,[2020). An algorithm for this
problem follows a generic template. At every step ¢, (i) Observe context x;, (ii) Construct an estimator,
6, from collected data, i.e. rewards and contexts {{zs, 7“5}2;11, (iii) Play arm greedily using 6, and
observed context x;, and (iv) Observe rewards 7; and store data. In this setting, the estimators of
are often constructed using by solving the LASSO problem, i.e., ming , ﬁ Zi;ll (7‘5 — 9T$5)2 +
A|z]|1 s.t.0 — zI4xq = 0.For the private case, private thresholding-based mechanisms and Peeling
algorithms |Dwork et al.|(2014b)) are typically used. The analysis of these algorithms in centralized
and federated, private and non-private settings differ significantly from each other motivating the
following question: Can we design an ADMM-based private LASSO algorithm, which is amenable to
central, federated models with and without privacy for the high-dimensional bandit problem?

Assumptions. We describe the assumptions that we use to establish regret guarantees of HiBPA. All
of these assumptions are standard in high-dimensional bandit literature Zhang and Huang| (2008);
Zhang| (2010); Bastani and Bayati| (2020); L1 et al.| (2021)); |(Chakraborty et al.| (2023] [2024).

Assumption 2.1. (a) Bounded context: P p, (||2]|cc < Zmax) =1, Vi € [K] and xmax € RT.
(b) Bounded parameters: ||0]o < so and ||0]1 < Smax-

Assumption 2.2 (Observational Noise). We assume that the random variables €; are independent
and each one is o sub-Gaussian, i.e., E [exp(ae;)] < exp (#) forallt € [T and o € R.

Definition 3 (s-sparse eigenvalues). For a symmetric matrix A, its minimum and maximum
T

s-sparse eigenvalues are defined as ¢min(s,A) = infy.uz0jufo<s U||Tf|‘gua Gmax(s, A) =

. u! Au

SUPw:u0,|ullo<s TullZ *

Assumption 2.3 (Context distribution). The contexts corresponding to each arm i are generated

stochastically from P; that satisfies the following conditions.

1. Bounded Orlicz norm: For any arm i € [K], the Orlicz norm of context distribution P; is bounded,

ie. | X;|lp, <vforX ~ P,

2. Sparsity: For all i € [K], the design matrix ¥; = E,p, [gcx—r] has bounded maximum sparse

eigenvalue, i.e. pmax (Cs*,%;) < ¢y < 0.

Assumption 2.4 (Margin condition). There exists a positive constant A, A, a € [0, 00), such that for

anh € [A lo%d, A,] and ¥t € [T), the following holds P (3329 > max;z; 7, 0 + h) < (& )a .

The zero-mean sub-Gaussian assumption on the noise (Assumption[2.2) is satisfied by various families
of distributions, including normal distribution and bounded distributions, which are commonly chosen
noise distributions. The margin condition (Assumption 2.4) controls the hardness of the bandit
instance. For o — oo, there is a deterministic gap between arms. « = 0 implies that there is
no apriori information about arm separation. The sparsity assumption (Assumption[3)) on context
distributions is needed to identify the sparse support of parameters (Chakraborty et al.,[2023).

3 PeeledLASSO: Private ADMM with Peeling

In this section, we propose a template of designing PeeledLASSO algorithm for central and federated
settings using ADMM-based optimizers (Boyd et al., 2011)) and Peeling algorithm (Dwork et al.,
2014b) in Algorithm[I] To obtain private LASSO estimates, we apply Peeling operator on each
ADMM update. Introducing the dual variable v = (uy,...,uy) € R™*? initialized to uo and

exploiting the separable structure of the consensus problem, we obtain the updates for the i*”* iteration
of ADMM:

N

A 1 A

0; = Ps N E ’U/Z‘,Lj,O'Q 2, = prOX%%(”_I]‘T,)Q (291 - uiflyj) ) M
Jj=1

Ui = ui—1,5 +2M(2ij — 0it1) )

where, prox,,  (vo) = arg min, {f('u) + % llv — U()H%}. The updated variable 6 is given by the

peeling operator denoted by P,, which can be seen as a noisy projection on an ¢y-ball of radii s,
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Algorithm 1 PeeledLASSO({(ry,n, Xy, N)}oeim]s 0% B, A, v, M, s)

. Input: Noise variance o2, #iterations B, vy € (0,1], A, s
. Initialize Collect {ug, }2, and set 0, = &= ZUle Uo,v
:fori=1:Bdo
for v € [M] do
U; < LocalUpdate(X,,ry, 0;, M, \,7) //User level computations//
end for

Oii1 +— Ps(ﬁ ZUE[M] Uit1,0,0°) //Server level computations//

Communicate ;1 to each user
end for
: Return: 0p

YR AN HELD 2

—

Algorithm 2 LocalUpdate (X, = {X;}}X |, r, = {r;}]L,,0;, M, X\, ~)

1: Parameters: Clipping parameter C' = 474 Xmax
2: Initialize: ug ,

38, (PR X, X, + 1)

4

D Zig Z;l (27rva + Ui — 29})

S5t Ui & Ui—1 0+ 2\ (Clip(zm — éi, C))
6: Return: u; ,

where noise variance o2 is calibrated to ensure the desired privacy level. We refer to Algorithm in

Appendix [B] for details. From these updates and together with the possibility to randomly sample the
blocks in our general scheme, we can naturally obtain different variants of ADMM for the centralized
and federated models in their private and non-private counterparts. We observe this universality of
ADMM scheme as lines 5-7 of Algorithm [I]extends to Algorithm[d] We further use this flexibility to
construct the PeeledLASSO estimators for both federated and central settings.

Proposition 1 (Privacy Guarantees). Under Assumptions[2.1and Algorithms 1 and 2 satisfy

2 T
(€,0)-JDP (for M = 1) and (e, §)-FedJDP for o* = 2459y x)[gz %ﬁ;og( 5), where 0,2, is the variance of

observational noise in the bandit model.

Theorem 1 (Estimation Error). We are given N samples and o2 is tuned as per Proposition |I| to
ensure (€,0)-JDP and (e, §)-Fed-JDP in centralised and federated settings, respectively.

(a) In central setting, Algorithmyields estimation error E [HéB — 6" ||2} of O (S*I%Zd + S*Al,%d).
(b) In federated setting, Algorithm vields estimation error E {H&AB —0* H2:| of

A (s logd s logd
o (\/7MN£ + N, )

We emphasize the estimation error in Theorem [I]is established differently from that in antecedent
work such as Bastani and Bayati| (2020); |Oh et al.| (2021). In particular, we analyze ADMM as a
fixed-point iteration viewing peeling and regression as proximal operators (see Appendix [D|for the
complete proof).

Discussions. We see that in the central and non-private case, the estimation error decreases as \/Lﬁ

and ﬁ for the private case. Due to homogeneity of contexts, the estimation error scales as ﬁ
with the number of clients in the private case and scales \/% in the non-private case. It remains an

interesting open problem to establish the tightness of these error bounds by establishing suitable
lower bounds and is left as future work. Further, a critical observation here is that we are not adding
any noise during the dual update (step 5 in Algorithm4). While this works in the low-dimensional
setting, it would not lead to good utility guarantees for the high-dimensional problem since the noise
variance would be proportional to d leading to the utility decay as O(T"). Further, we would like to
remark that while the bounds presented in Theorem|I]are under the ¢, norm, since the sparsity of 6 is
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Algorithm 3 HiBPA: High-dimensional Bandits with Peeled ADMM

1: Input: Privacy level ¢, d, users [M], sparsity upper bound s,
2: Require: bounds byax, Xmax, Sub-gaussian parameter O‘%
3. Inmitialize: to = 0,4 =0, A
4: if { = 0 then
5:  foruserv € [M] do
6: Play random arm k, ; € [K], and observe r,, ¢
7: Set X0 = {Xoko1 }r o0 = {rva},t1 =1
8:  end for
9: end if
10: for { =1,2,...do

11 Seto? = 257 et su S IS
12: 6y < PeeledLASSO({Xy ¢ 1,Tpr—1}0; 02, Be, oy Ao, y, M)
13: Settpy; = 201

14:  for user v € [M] do

, clipping levels CY, #iterations By, reg. -y, dual step \p

15: (Xy.4, Ty ) < CollectBanditData(ts; — tg, 0, )
16:  end for
17: end for

bounded by s*, these bounds can be translated in terms of s (i.e., independent of d). This fact will be
used in the proof of Theorem [3] 4}

Remark 3.1 (Choices of Adding Noise). The noise to ensure privacy could be added at different
points of communication, e.g. Step 5, 8, or 9 in Algorithm 1. We chose to add it in Step 5 after
updating 0; at each iteration i. This is a conscious choice as the ADMM iteration can be stopped
at any time by a practitioner and in federated setting, 0; is communicated to each user after each
update. If we add noise in the other two steps, we have to calibrate it across each user and each
data point. This leads to sampling noise more number of times. Adding it to 0; minimizes the process
while ensuring both privacy and sparsity.

Remark 3.2 (Peeling vs. Soft Thresholding). In some variants of private LASSO with ADMM,
soft thresholding is used in Step 5 of Algorithm[I|and Step 11 of Algorithm[l| Though this works
perfectly in offline setting (Cyffers et al.l 2023), in our bandit setting, we need to control the sparsity
of PeeledLASSO estimate at any point of time (Chakraborty et al.| 2024} |Shukla, 2024). This is
essential to ensure eventual recovery of support of the true parameter, and thus, correctness of the
final bandit algorithm. While soft-thresholding does not exhibit this property, we use Peeling to
ensure these requirements.

4 Algorithm Deisgm: High-dimensional Bandits with PeeledLASSO

In this section, we present our main algorithm for privately learning high-dimensional bandits,
(Algorithm . HiBPA is an episodic algorithm that computes 6! privately using ADMM updates.
We divide the decision horizon into episodes of geometrically progressive lengths. Specifically, the
(*" episode begins at time 2¢ and the underlying algorithm restarts. In the private case, the doubling
trick helps us reduce the amount of noise needed to preserve the privacy of the data. Since there are
only logarithmic number of episodes. At each time ¢, the algorithm observes the set of context vectors
X, using 67" The estimator ™ is computed depending on the communication protocol used. Using
this estimator, it selects an arm greedily at the current time-step. For both these subroutines, we use
the forgetfulness technique, wherein the data collected only from the previous episodes is used to
compute the estimates of the current episode. Given the estimator, we play an arm greedily using

CollectBanditData(NNV, 6, v) and collect resulting data.

4.1 Central model

In the centralized model, a trusted curator holds the dataset {(X,rs)}%_; and creates a private
estimator from this dataset. Our private ADMM algorithm for this centralized model follows the
updates in (T) the CentralOPLASSO subroutine. The CentralOPLASSO sub-routine takes as input a
random vector and uses initial data to compute admm-updates. These u-variable updates are then
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Algorithm 4 CollectBanditData(N, 0, v)

1: Initialize X, , = 0, r,, = 0
2: forstepst =1,...,N do

3 Play k, + = arg maxy¢k vaké
4:  Observe reward: 7, ; = XT 6+ Nt
5

6

7

vakv,t
le - Xv,f U {Xv,k,,,yt}7 rv,é =Ty U {rv,t}
. end for
: Return

peeled every iteration to compute the final 6 update. One could add it after completing a pre-decided
number of iterations but in practice one can stop the optimization prematurely. In this case, if we
publish and use the estimated parameter, it will lead to privacy leakage. Thus, we claim to add it after
each iteration. Additionally, as we will see in the next section, this is a mandatory requirement in
federated model. Thus, peeling the estimated parameter after each iteration allows us to formulated a
unified algorithmic template and analysis without losing anything in utility.

4.2 Federated model

For the Federated Learning (FL) model Kairouz et al.|(2021)), we assume that there exists a central
server that coordinates the behaviors of all the different clients. The server has access to the same
partition of the parameter space used by all the clients, and can communicate with the clients. Every
client is a K -armed high-dimensional contextual bandit problem, where the true parameter is shared
across clients. Due to privacy concerns, the client-side algorithm should keep the reward of each
evaluation confidential. The only things that can be transmitted to the server are the local statistical
summary of the rewards. The clients are not allowed to communicate with each other. Accordingly,
the FedOPLASSO subroutine samples a set of users and uses local data to perform admm-updtes. Then,
the u-variables from every user are aggregated and peeled in order to obtain the global theta updates.
These updates are executed in a federated fashion since (i) the blocks x; and uy, associated to each
arm k can be updated and perturbed locally and in parallel, and (ii) if each arm & shares u;41 — u;
with the server, then the latter can execute the rest of the updates to compute z;4 ;. On top of this
vanilla version, we can natively accommodate user sampling (often called “client sampling” in the
literature), which is a key property for cross-device FL as it allows to improve efficiency and to model
partial user availability [Kairouz et al.[(2021). The communication cost of such updates is M dlog T
over T episodes if all users participate at every step. Finally, in the federated setup it is important to
note that parameters A, -y are tuned centrally not locally since the final updates happen centrally.

Numerical Experiments: We compare HiBA with existing baselines and show that it performs
competitively in settings considered in the paper. Due to space constraints all our experimental studies
are deferred to Appendix ??.

5 Privacy and Utility Guarantees of HiIBPA

Now, we establish privacy and utility guarantees for HiBPA in both central and federated models.

Theorem 2 (Privacy Guarantees). Under Assumption|2.1|and 2.2} Algorithm[3|preserves (¢, §)-JDP
and (e, §)-Fed-JDP in the central and federated models, respectively.

HiBPA satisfies due to two components. First, the parameters estimated in each episode ¢ using
CentralOPLASSO and FedOPLASSO are already (e, 6)-JDP and (¢, §)-Fed-JDP due to Proposition 1}
Second component is forgetting with doubling episodes as proposed by (Azize and Basu, [2022).
Since estimated parameters are the only thing communicated to the server in each episode and are
used for further data collection, ensuring their privacy protects the data collected in the previous
episode. Additionally, since we do not reuse data of any past episode except the last one, their privacy
is not leaked any further. Additionally, HiBPA also enjoys reward-DP ensuring privacy protection for
collected downstream rewards. In the reward-DP model, the adversary is only allowed to perturb the
reward stream (Hanna et al., [2024; |/Azize and Basu, [2024). In TheoremE] and El, we establish utility
guarantees for HIBPA under both central and federated models, and also with and without (e, §)-JDP.

Theorem 3 (Central model). Let us set Cy = Tyaxbmax + 20/10g Ny, Ay = 1_1/%.
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1. Non-private: Under Assumption 21| 2.2} 2.3) and Algorithm [3| with parameters v, =
,/%, B, =0 (10g1/(1+w) (Ng)) incurs a regret
E[R(T)} < xmaxbmaxs IOg d+ 'l/)(Ol),

—a 1ta
% (s3logd) 7, a€0,00),5%?logd, a = occ.

2. Private: Under assumptions 2.1} 2.2] 2.3} and Algorithm [3| with parameters ~;, =
o2 Ne
,/710%% ,By=0 <log1/(1+w) (Ng€2)) 0% = 7245‘2"1\[1[(5& ) incurs a regret

E[R(T)} < Zmaxbmaxslogd + w(a) A ¢(€),

such that (a) =

1+a)
5% log? dlog(%)

(
such that ¢(«) is as above and ¢(e) = W, (T) (672) Y a e [0,00), and
3, 2 1
sloe S8E) o = 00, Fora > 0, Wa(T) S srisstatbeas, and Uo(T) < log® T
Discussions: Implications of Theorem 3| 1. Dependence on dimension and sparsity: We observe
that with respect to the dimension the privacy term dominates the non-privacy term by a factor

of (logd)'*/2. In contrast, they depend similarly on the sparsity parameter s* + s, i.e. (s +
s*) e Finally, note that the regularization parameter is independent of the privacy level since in

PeeledLASSO privacy is achieved through the peeling step.

2. Dependence on T': The non-private depends on T—*5* whereas the private part has approximately
1og3 T dependence. Thus, as T' — oo, the effect of T" fades away. Additionally, for o > 0, the private
term of regret is 7" independent. The last two observations resonate with the similar impact of privacy
in other bandit problem such as finite-armed (Azize and Basu} 2022), linear (Azize and Basu} |2024)),
and stochastic low-dimensional contextual bandits (Azize and Basul 2024; Hanna et al.| [2022).

3. Minimax optimality: For a = 0,|Chakraborty et al.| (2024) provide the lower bound for (e, §)-JDP
high-dimensional linear bandits in the central model. We observe that our regret is order-optimal in
terms of T and dimension both with and without privacy. For sparsity, the non-private and private
regret bounds has an additional multiplicative s 4 s* factor. Now, we state the regret upper bounds of
HiBPA for non-private and private federated model.

4. Regularization for Exploration. Here, we adaptively tune the regularization parameter of LASSO

as %. This is commonly used in hihg-dimensional bandits for enforcing exploration (Oh et al.|
2021; |Ar1u et al.| [2020).
Theorem 4 (Federated model).

1. Non-private: Under assumptions 2.1} 2.2] .3} and Algorithm [3| with parameters vy, =
,/%, B =0 <log1/(1+w) (MNZ)> incurs a regret

E[R(T)] < Tmaxbmaxs log d + 1(a),

(1—a)/ 1ta
such that (o) = % (s*logd) * , a €[0,00), and s*logd, a = cc.
2. Private: Under assumptions [2.1] 2.3 and Algorithm [3] with parameters By =

= T
o (10g1/(1+w) (MNgeQ)) 07 = 2450, 1;’%%2’;2 2 incurs a regret

E[R(T)} < Zmaxbmaxslogd + w(a) A ¢(€),
1 5% log? dlog(}) %
such that V(o) is as above and ¢(e) = U, (MT) (6726) ,a € [0,00), and
2

. , 0= 0Q.

Discussion: Dependence of HiBPA on M. We observe that without privacy regret of HiBPA in
federated model varies with M *>*. For o = 0, itis v M and fades away as M — oo. In contrast,
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due to the nature of ¥, being a bounded function, the privacy term of regret is independent of M
for a > 0. For a = 0, it depends on log3 M. In the next section, we prove a lower bound on regret
of federated bandit algorithms for stochastic high-dimensional linear contextual bandits satisfying
(€, 0)-Fed-JDP. The lower bounds indicate that non-private regret of HiBPA achieves order-optimal
dependence on M for o = 0, whereas it is loose by a log® M factor for regret term due to privacy.

6 Lower Bound

In this section, we report the cost of privacy in the high-dimensional bandit in the feederated model
with privacy constraints. We propose a lower bound on the regret of any (e, §)-JDP algorithm for the
high-dimensional bandit problem. This will shed further light on the cost of privacy in these settings
when compared with other existing non-private lower bounds.

Definition 4 (Minimax regret). We define the minimax regret in the (e, 6)-JDP setting as:

nzinimax = inf sup E[R(T)],

(e.) welil S, [R(T)]
where B denotes the set of all sparse high-dimensional bandit instances satisfying Assumptions|[2.1]
and and 11 5y denotes the set of all collinearly dependent (e, 0)-Fed-JDP policies.

Following Huang et al.| (2021)), we consider the collinear policies to rigorously proof the lower bound.
Intuitively, if two clients that are not collinear under a policy, their local observations on any arm a
cannot be utilized to improve the others’ knowledge about the arm. Thus, it is equivalent to running
M independent bandits. The policy used by HiPBA to interact is also a collinear policy.

Theorem 5 (Lower bound: Federated, Private). Give homogeneous context distributions across users,

privacy parameters €,8 > 0 such that €* < log(}), and d > 9 and sufficiently large slog(d/s), we
have that

’(T;fg)imax(T):Q<max{\/8*10g2(d/85)10g(1/6),W}).

€

non-private and high-d
private and high-d

Discussions: /. Impact of M. This shows that for federated bandit with M users with homogeneous
context distributions the non-private regret scales with Q(v/M). HiPBA achieves this scaling w.r..
M. In low-dimensional federated bandits settings, /M dependence is exhibited by (Zhou and
Chowdhury, [2024) but there exists no lower bound to support this phenomenon. Our lower bound
shows that /M is the optimal dependence.

2. Private vs. Non-private Bound. In contrast to the non-private lower bound, the private lower
bound does not depend on M and T'. This indicates a regime change depending on the privacy budget

€ and the non-private bound dominates for € > 4/ %. For M = 1, we retrieve the lower bound
of (Chakraborty et al.l 2024) for sparse high-dimensional bandits in centralised setting.

3.Context Homogeneity. Homogeneity of contexts is fundamentally important in this lower bound.
Since we collect sample from M users at each step and their context distributions are homogeneous,
conceptually we can treat them together as M 1" samples from the bandit environment. This intuition
is reflected in the lower bound. Though homogeneity is prevalent in federated bandit literature (Dubey
and Pentland, 2020; Wang et al., [2023| 2020), context heterogeneity is gaining interest due to its
practicality (Blaser et al.| 2024). It is still an open problem to develop lower bounds for federated
bandits with heterogeneous users and we leave it as a future work.

7 Conclusion

In this paper, we considered the high-dimensional bandit problem under different communication
models and privacy constraints. We proposed a unifying algorithmic design and analysis template
that can be used for all these models. This is accompanied by a novel privacy and utility analysis
of this framework. We also show that our performance matches the lower bounds up to a factor of
s. As a future work, it would be interesting to extend this problem to the case went the clients are
heterogeneous.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: They describe the paper, its motivation and main contribution.
Guidelines:
* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: Discussed throughout the presentation of results.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

13



521
522

523

524

526
527
528
529
530
531
532
533

534

535
536
537

538

539

540

541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556

558
559
560
561
562
563
564
565
566
567
568
569
570
571

572

574
575

Justification: All proofs are relegated to the appendix and some details are described
throughout the text.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Details in appendix.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: Details in the appendix.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Details in the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Details in the appendix.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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8.

10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Details in the appendix.
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification:
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: The paper has impact on resource allocation problems of interest to society.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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13.

generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: [NA |
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: [NA|
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [NA]
Justification: [NA]
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: [NA]
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
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* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Part I
Appendix

A Related Work

A.1 Ecxisting Literature

Multi-armed bandits have been studied since the foundational work of (Lai et al., [1985) and a
comprehensive overview can be found in (Lattimore and Szepesvari, [2020). In this work, we consider
the high-dimensional bandit problem (Li et al.l 2021} Hao et al.| |2020; |Carpentier and Munos| [2012)),
under the necessary assumption that the unknown parameter 6 is s* sparse. (Bastani and Bayati,
2020; Oh et al.| 2021} |Ariu et al., |2020) propose LASSO or thresholding-based algorithms for this
problem with competitive regret guarantees. Extending this line work to ensure privacy requires
constructing estimators of the mean reward by injecting well-calibrated noise. This however implies
that the variance of noise — and therefore the error in the constructed estimate — scales linearly with
the dimension of the parameter. A straightforward adaptation of these tools to the high-dimensional
problem setting where d >> T would lead to a regret bound that scales O(d), which would implicitly
be super-linear in 7. Another approach to designing private algorithms is objective or gradient
perturbation (Chaudhuri et al., 2011} Kifer et al.l 2012). (Talwar et al.l 2015} |Asi et al.| 2021} Cyffers
et al.,[2023; |Raff et al., [2024) consider this problem in the offline setting.

Federated learning (FL) (McMabhan et al.,|2017)) has become a popular distributed machine learning
paradigm in which numerous clients collaboratively train a prediction model under the coordination
of a central server while maintaining the local training data at each client. FL is motivated by various
applications where real-world data are exogenously generated at edge devices, and it is desirable to
protect the privacy of local data by only sharing model updates instead of the raw data. In the low-
dimensional setting, one of the first works to consider Federated linear contextual bandits was (Huang
et al.| 2021} and (Dubey and Pentland, |2020) extended this to a Fed-DP guarantee for their algorithm.

B Peeling
Algorithm 5 Peeling
1: Input: Vector v € RY, sparsity s, privacy level e, d, sensitivity D
2: Initialise: S = () and set £ = 2Dy/3s108(1/0) V35€1°g(1/6)
3: fort=1,2,...,sdo
4:  Generate w; = (w1, Wia, . .., Wid) i Lap(¢)
5. ji = argmax;epq)\ s |v;| + wij
6: Update S + SU{j/}
7: end for
8: Set Py, = vg -
9: Generate W = (w;1, Wi2, ..., W;q) ud Lap(¢)
10: Return: P,(v;e, d, D) = Ps(v) + Wg
Lemma 1 ((¢, §)-DP Dwork et al.| (2018)). If for every pair of adjacent datasets D, D', we have

|[v(D) — v(D")|| < D, then Algorithm[3is (e, 5)-DP.
We further have the following bounds on that establish that peeling is indeed a contraction |Cati et al.
(2020).

Lemma 2 (Peeling). For any index set I C [d] and 6 € R% with supp(0) C I and any 6 € R such
that ||0]|o < s, we have for every ¢ > 0, we have:

A INT —s 4
6= 013 < (14 1) 725100 + 40+ 3 il

20



s20 Lemma 3 (Peeling is a contraction). Given 0* € R with ||0*||o < s and 0 such that supp(6*) C
21 supp(0) with ||0]|o < §+ s, for any c1,c2 > 0 and ¢ > 0, we have:

1Ps(0, W, ®) — 0°[|3 < all0 — 673 +b

(o)) () el

1 1
A+ e)llas]? + 4 (1 n ) (1 n ) 110 il
1€[s]

822 Wwhere,

S
Il

o
Il
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C Preliminaries

Many optimization algorithms such as proximal methods, ADMM belong to this family Bauschke
and Combettes| (2019). Formulating optimization algorithms as A-averaged operators allows us to
use generic convergence results by the Krasnosel’skii Mann theorem Byrne| (2003). In the setting of
differential privacy, each application of 7" is perturbed by noise due to stochasticity in the data. A
generic convergence analysis of fixed-point iterations under both inexact and block updates/Combettes
and Pesquet| (2021]).

C.1 ADMM

Consider the problem of minimizing a function f : X — R where X C RP, The problem reduces
to finding a fixed-point, * € X, such that 0 € Of(z*) or Vf(z*) = 0 under differentiability
assumptions. Alternatively, we can view these updates as reaching the fixed point of an operator
T : X — X. Starting with initial point =, these updates are given by:

wp1 = T(xt)

We now define the type of operators considered in this paper.
Definition 5 (Fixed Point Operator). LetT : X — X and )\ € [0, 1], then:

1. T is non-expansive, i.e., |T(xz) —T(z")|| < ||lu— /||, Vx,2’ € X. Itis T contractive if it
is T-Lipschitz.

2. T is A\-averaged if there exists a contractive operator R such that T = AR+ (1 — \)1.

We now present how ADMM can be defined as a fixed-point iteration. ADMM minimizes the sum of
two (possibly non- smooth) convex functions with linear constraints between the variables of these
functions, which can be formulated as:

min - f(z) +g(z)
st. Az +Bz=c

ADMM is often presented as an approximate version of the augmented Lagrangian method, where
the minimization of the sum in the primal is approximated by the alternating minimizations on = and
z. However, for the purpose of analysis, it is useful to view ADMM as a splitting algorithm Eckstein
and Yao| (2015). i.e., an approach to find a fixed point of the composition of two (proximal) operators
by performing operations that involve each operator separately.

ADMM is defined through the Lions- Mercier operator [Lions and Mercier, (1979). Given two
proximable functions P; and P, and parameter 77 > 0, the Lions-Mercier operator is: T, p, np, =
ARp,nRp, + (1 —A)I, where, Rp, = 2prox(P;) — I, Rp, = 2prox(P») — I. In this work, we study
fixed-point iterations with Differential Privacy (DP)Dwork et al.[(2014a). DP relies on a notion of
neighboring datasets. We denote a private dataset of size n by D := (dy, ..., d,). Two datasets D,
D’ are neighboring if they differ in at most one element. We refer to each d; as a data item. Consider
the problems of the form:

3

3

mianf(u;di) +r(u),i=1,...
i=1

TEX N “

where f(;d;) is a (typically smooth) loss function computed on data item d; and r is a (typically non-
smooth) regularizer. We denote f(u; D) := % Sory fluyd;),i =1,...,n. To solve this problem,
we consider the general noisy fixed-point iteration described in Algorithm 1. The core of each update
applies a \;-averaged operator constructed from a non-expansive operator R, and a Gaussian noise
term added to ensure differential privacy via the Gaussian mechanism. Algorithm 1 can use (possibly
randomized) block-wise updates (B > 1) and accommodate additional errors in operator evaluation.
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D Proof of Theorem /(1]

Proof. For every iteration b given by (I)) from Lemma 3] we have:

E[16-0°18] = E[IPs(rros, WO, a") 03]
< E[IPs(Grro)s, WO, ") - 0°]3]
< cE [||(éb+o.5)sb - 9*\\262} +eca
< caE [llup — u*l2] + ea.

where,

cs $(1+Cll> [(1+012>(1+i)5;+(1+02)}

1 1
1 Eflws|3] +4(1+—)(1+—)(1 A1
(14 c1)E [[lws3] + ( +C1>< +62> +¢)E ZHW 12,

1€[s]

Cq

Now we analyse the convergence step for which we use the analysis from ADMM. For the soft-
thresholding operator we have 7 = £ and D = and By is the number of iterations for which ADMM

is run in a single episode. From Algorithm 4] and using Theorem[6] we have that:

E [[lus fu*||§] < <1 o 87)>B£D

Plugging this back, we get:

B
El1ds —0712] <es (1— S " bt eueE |02 (m))12
105, 2| <es g +eaBE | a5+ > w ™12

1€[s]
The first step in Algorithm I]is Peeling Algorithm 5] The noise added at every iteratino in order to
preserve the privacy is given by W, = (Zze[s] ||W(b) 12, + ||W(b) I ) where each w(b) € R% and

- . . \/3s1
Wwg has |S| = s non-zero co-ordindates. Noting that & = 9“%% using Theoreml 7} for
suitably large constant, we have:

Using a union bound, we get:

be[By] NZe?
s?log”d (log £¢)
< P(wW 5
< ¥ e(ws R
be[By]

2834 1
< 5 =o(5)

B
~ 1 - ¢ m m
(105~ 0°18] < s (1—( ”) D+ eiBE [ 8715+ Iwi™%

Plugging this back, we get:

8 :
1€[s]
(1—y)\" (s* log d)?log &bt
<c3 <]. — 3 D + C4BgK/ . NZQ€2
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1. For the central setting, let B such that

B * 2 B

Ng€2

Nye
Bi=0 (l"g”“*” <<s* 1ogd>2>) |

Ignoring log and log log terms, this leads to:

A s*log d)? 1
e 16 - o718] s 02 SRE (14 o)

Z0Y,
A . s*logd s*logd
— E|[l0s -0 Mgc( T T N )

2. In the Federated setting,

(s* logd)? log %

N *12 (1_7) b /
E[IIGB—9||2]§C3 1-"— D+ ciBeK'

M?2NZe?
B = O (logl/(l_m) (MN@)) .
Leading to the following bound error per-iteration:

s*logd LK s*logd
\/MN[ GMNZ '

E (15— 0"]le]
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E Proof of Theorem 2

Proof. Federated Model: Let ry = (714,724, ...,"mK,) and Xy = (X1, ..., Xark ). Consider
two neighboring datasets D; = {(r, Xt)}te (775 D2 = {r ¢, X{ teepr)- Let the random1zed mapping
introduced by Algorithm[T]be M. At time ¢, M, takes a set of observed reward-context pairs from
the previous episodes and recommends action k; € [K]. Let a(t) denote the episode to which time ¢
belongs:
[log, T
Sooaft <t <t}
=0
PM;:=Fk_;)=IoP (k() = keste <t <tppr,t #7)

Now, we will analyze this product. First note that because of forgetfulness, changing reward and

context at time 7 only affects the private estimate 6,41 as it only depends on the data from the
previous episodes. We now prove this case by case

1. Case-I: For a fixed action sequence k_, = {ki1,...kir—1,Kkiri1.. kir}icpn U
{kjr}jei,jm for some m € [M]. We have H,_; = H;_,. Fixing a time ¢ in episode
¢, by the nature of Algorithm[I} the randomness in M, only comes through the estimator
0@ Let the distribution function of 05 on dataset D be F' and those on D’ be E”. For a fixed
action sequence, since Hy_1 = H, /1 these distribution functions are identical. Define the

set: O = {0 : M(0;,C;) = ki }, then we have the following for £ < /g:

P(he=hite<t<te) / 1(te <t < tast £ 7) dFy(2)
Rd

= P (ét(Htfﬂ S mt€§t§t4+1§t7£7'0t)

= P (ét(,Hg—l) € mtzgtgt“_l;t;ﬁ'ot)

2. Case-II (¢ > ¢ 4 1): This argument follows from the previous case and using the Forgetful-
ness property, we get:

P (ka(Hy) = kst <t < tosr) =P (ko(H1) = huste < ¢ < tega )

3. Case-III (£ = £y + 1): Noting that H;_, and H;_, are neighbouring datasets and that 0,1
is an (¢, 6)-DP estimator. Hence,

P (]%t(H) =kt <t < tz+1) = /Rd 1 (tegrr<esty, +2:t # 7) dF(0,)(2)
= P (0u(Heo) € Ny <iingsiennO1)
= exp(e)-P (9}(7—1}0) € mtzOStSteﬁm;t#Ot) +9
= exp(e) P (]Aft =kyyty <t <tpy1;t # T) +0
Combining these cases, we have:
P(M_,(D)=a_,) = IsoP (/%t = kyty <t <toit# T)
= exp(e) - Ip>oP (l%t =kyte <t <ty+1;t# 7')

+  OIlpse P (l%t(Ht) Fkyte <t <tg+1;t# 7')
= exp(e)-PA_=M_;)+0

The proof for privacy in the central setting can be obtained by setting M = 1. O
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901 F Proof of Theorem

52 log? d(log %)

902 Proof. Here, G E Ny {maxb W, <K }, which holds with probability 1 — §.

NZe?
903 The regret decomposition is given by:
t
E[R(T)] = Y E[X[,0" - X, 0]
s=1
T
= 2Xaall0'ln Y tet Y B[ (X0 = Xibuw) + (X0 — X )
1<e<L s=tr+1

+ (X by = X0

= 2Xmaxbmax(2" — 1) + Z Z E [(Xt,kfe* - Xt,k;ée(t)) 1g + (Xt,ktéf(t) - Xt,kte*) 19}

L>Lte<te1

+Xmaxbmaxp(1§)
< 2Xmaxbmax(2L _ 1) + 2 X max Z Z E [||9* — éz(t)||11gi| + Xmaxbmaxp<1§)
2L te<tey1
*)2 ], 2d
S 2Xmaxbmax2L + 2XmaxO'2\/§Z (t£+1 — t/) K/(S)Tog
(>L 4
s21og? dlog N? s2log? dlog 10g Ny
2*vaax 2 t —t K’ Y4 1
+ o \/EDZL( 41 e)\/ = og DN,
1 logT
< 2ol 08 T+ 2X 0?5 2 (log d) log ~E222 ™ VKT N,
¢>L
loglog T $21 dl loglogT K
+ 2X, ax0233/2(10g d)log ) (;’g log ( Og gg K
€

loglog T
< 2Xmaxbmax 10g T+ 2Xmax0253/2 (log d) 10g %\/ﬁ

loglog T s2log? dlog loslee T log L K’
g log

2 X max025%?(log d) 1 -
+ s/ “(logd) lo 3 D 5

€

904 The per-step regret is given by:

Ap,(t) = 0" —z0"
< 20" = a0 + 2 ey — o Dece) + 2, ey — i, 0"
< g loollO = Bogy 11 + e ool = Bogeyl1n
3(log d)2 log (1) 1og® T
< 40X max$ Tlogd+4UXmax\/s (logd) Og2(5) og )
€

905 where, the last-inequality follows from the previous lemma. Consider the event:
A T p* T p*
= * 0 9
He = {07 > mAX T +pe}
906 Under My N Ay, we have the following for any k # k;:

x;t ée(t) - J);éz(t) = <xk;,é —0") + (xpr — g, 07) + (w8, 0" — ég(t)>
> =gt +Dpi—1— G
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log N
o7 Choosing  p; = 39e(t)» with  gop = \/K’ . 52 log? dlog =757t +

Ny
52 log2 d log 28 N¢ 52 log? d log 28 Ne
908 \/K"gN?;;;“log K- 57 log” dlog 25 E , we see that:
14

DN,

909 1. When a = 0, we get the previously proven bound.
910 2. Whena € (0,1) :

E(R(T)) < 2Xmaxbmax(2X —1)

1o lta
s?logd\ * s*(log d)? log(3) log log Ne—y 1\ 72
24X nax0” Y ATYN,_
+ JZ; . ell<NH> + N
911 This implies that:
$3(1+a) (160 d (H'") Tl’—‘1 ~1 +o
1, < S oed) 2 PO A0 flog(1/8)) (P log?d) *
A 11—«
912 where, U, = 12120 (log T)***2.
913 3. a = 1: The previous bounds implies:
5(logd 1
L < i (Aof; )1 gT+A s logdlog((s)
914 4. « > 1 :In this case, we get:
3(1+a)(] d (H“} 1— TM 1 % (14a)

I,<? (AO§ ) - 12 FULA; Y () (10g(5)> (s*log*d)

915 O
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s2 log2 d(log ?)

Proof. Here, G = MNe {maxb W, < N7 }, which holds with probability 1 — §.
3

The regret decomposition is given by:

Z E [Xt k0" — Xt,kte*}

Xl Y N+ Y E | (00" -

E[R(T)] =

ng:éf(t)) + (XtTk:él(t) - XtTkﬁé(t)) + (XtT,ktéé(t) - X/,

_ Xt’kte*) ]_g} + X,

1<¢<L s=tr,
= 2AXVmaxbmax(QL - Z Z Z E |:(AXVt,k:zk 0 — Xt,k:f él(t)) 1g + (Xt,ktél(t)
mE[M] £>L te<te4r

< 2Xmaxbmax( + 2Avaax Z Z Z |: ‘9* - éf(t)Hllg} + Xmaxbmaxp(]-a)
E>L tg<tg+1

< 2 Xmaxbmax (25 — 1) + 2Xmax0 /3 oo — 1) 1 ) log” dlog 5

>~ maxYmax - max0 S Z Z( +1 — Z) MNg
me[M] (>L

2log® dlog &Nt log? dlo
2 s<1og og s“log g
+ 2Xmax0?Vs Y Y (te+1- tz)\/ K’ log ( DN,

M2N2 2
me[M]£>L €

loglog T
< 2 X maxbmax 108 T + 2Xmaxo2s%/2 (log d) log % 3 VK- MN,
L
loglog T s?log® dlog ‘eelea ™ \ - [fcr
+  2Xmaxo2s%?(log d) log 08 08 log & s —
) D €2
2.3/2 loglogT
< 2Xmaxbmax 10g T + 2 X maxo s “(log d) log ——=—V K'MT

2.3/2
+  2Xmaxo2s*?(logd) 1 5 =

loglog T 52 log? dlog 1osloa™ K’
og 08 (;)g log( Og o8

The per-step regret is given by:

Akt (t) = 37]1}9* — 332;9*
S m/;l?} 0* — l’]:l,} él(t) + x;}él(t) - x;ée(t) + xztéﬁ( xkte*
< kg oo 107 = begeylln + 2k, loo 107 = Bey 12
3(log d)?log (1) log® T
< 40X maxs MTlogd+4aXmax\/S (log d) 0g2(5) g’ T)
€

where, the last-inequality follows from the previous lemma. Consider the event:
A * *
H, = {:c;—ft‘) > gggml@ + e}
Under M, N Ay(y), we have the following for any k # k;:
.Z’;!: é@(t) - Ilzéé(t) = <xkf ,é — 9*> +
2 —gttP-1— G

(s — Tk, 07) + (8, 0% — Opiy)

Choosing  p; = 390t with g =
,  s2log?dlog —— ;5% log? dlog **% NZ .
\/K . s log ( K" - — DN, |, wesee that:
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924 1. When o = 0, we get the previously proven bound.

925 2. When a € (0,1) :

1+ 14a
210gd\ = [ s3(logd)?log(})log N1 ) 2
E(R(T)) < 2Xmuxbmax (2"~ 1) 424X nax0® D AL Niy (s - ) | [ ogd) log(3) Lo
>L Ny—a NZ e
926 This implies that:
3(1+0‘) 1 d =N MT = -1 (1+o) 1ta
I < 5 (logd) 2 (MT) = +U A % (Fe) {log(l/é)}% (s31og?d)
Ag -«
927 where, ¥, = % (log MT)>*+2.

928 3. o = 1: The previous bounds implies:

s5(log d) ST 1
I < T*logTJr A*GQS log d) log(g)
929 4. o > 1 :In this case, we get:
14+a —(— (A+a)
$30+0) (log )5 (1 — (MT)= 5 e 1\ 2, ., Gt
I, < Ac p— +U, A % (a+ )(log(6)> (s log d) 2
930 O

29



931

932
933
934
935

937
938

939
940
941
942
943
944

945

947

948
949
950

951
952
953
954

955
956
957
958

959
960
961

962

H Proof of Theorem [3

Definition 6 (Collinearly-dependent policies (Huang et al.l [2021)). Two clients iand jare called
collinear if there exist an arm k € [K] and a subset S C [M] such that the following conditions
are satisfied: 1) X; € span({X,, xlm € S}) and 2) z; 1, € span({ X xlm € STUX, ). A
collinearly-dependent policy if for any two clients i and j that are not collinear, if the action of client
is independent of the action of j under a policy .

Let Fx -(6) denote the space of joint distributions of contexts and rewards upto time 7", when the
underlying parameter is 6. In particular,

-T'.X,r = ®tE[T]‘FXt77't

where, F,, ., denotes the joint distribution of contexts {1 (t), z2(t), . .., rx (t)} € R¥ and rewards
{ri(t),ro(t),...,rx(t)} € R? at time ¢ induced through {z;(t),...,2x(t)} ~ Px (where, the
marginal for z;(t) ~ P; and the minimum and maximum eigenvalues of the marginal covariance
are given by Amin, Amax). 7i(t) = 2;(t) "0 + €;(t), €(t) ~ P, independently for all ¢, where P,
is sub-Gaussian with variance proxy o2. For every choice of § € RY, we get a bandit instance,
Px,r € Fx,r(0).

A policy 7 is a sequence of (randomized) maps m @ H] ; X X; — A(K), where H;,_; =
{(za.,7a.) : 1 < s < t} denotes the history upto time ¢ and A([K]) denotes the probability
simplex over the set of arms. The minmax regret in the private setting is defined as:

minmax ;Y — g f su E[R(T
(&,6) (1) wEH(aé)Px,,.egX,,. [R(T)]

where, the expectation is taken wrt randomness due to interaction of the bandit instance P , and
policy 7; the infimum is over all possible history-adapted (e, §)-JDP policies and the supremum is
wrt all problem instances with sparsity s.

1. Constructing the hard instance:
We construct several hard instances as follows: consider the case of 2-armed problem with

0 cO=1{0cR: 0; € {—rmin,0, max}, |0]lo = s}, where s is the true sparsity parameter.
Then, || = (%)2°. Let

St)={6:10—0"|2>0,60,0' €O, dy(6,0") >t}

where, dy is the Hamming distance. Considering a ¢-packing of O in the Hamming distance, this
leads to §(t) packing of © in the ¢5-distance Duchi and Wainwright| (2013). With our construction,
this leads to §(t) > max{1,v/*}r. Let ©* = {61,065, ...,0} be the elements of this packing
with ¢ > and M > cslog ¢ for some absolute constant c. For 6,6’ € ©, [|§ — 0| > a.

2. Bounds between the reward-context distribution:

For 6,0’ € ©, we bound the KL-divergence between the context and reward distribution, which is
bounded as:

KL(PCOIPC0) = MKKLW(@T0,0%), N0, 0%)
MKta?|6 — ¢
202

MKto% sr?

= 0_2

Using, Pinsker’s inequality, the Total variation distance can be bounded as:

IN

TV (P([6)[|P(-]6")) MKt\/;E [KL (N (270,0%), N(x0',0%))]

0.2
o

x

IN
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3. Reduction to Estimation Problem

Given a policy 7 and its associated estimator 6, be the maximizer of
P(kT =1,2/ 0 > 0|H] )+ P(k] = 2,2/ 0 <O0|H )

where, the max is over all possible random maps from history induced by = which are (¢, §)-DP.

Let ©5 denote this space of random (e, §)-DP maps and 7 be an (e, )-JDP policy. Therefore,
from Theorem ??, we can conclude that:

inf sup E[R™(T)] > inf sup E[R™(T)] = < Z inf E, [||9 0,2 ])

7TEHPX eF TFGHPX € F—construct t 1 0,c0y

4. We divide this step into two parts, where for the e-DP case we use Fano’s inequality (Acharya

et al.,|2021) and the connection between p-zCDP and (¢, §)-DP (Bun et al.,[2018) and p-zCDP
Fano’s inequality (Kamath et al.,[2022) to get the lower bound for any (e, 0)-JDP.

(a) Analysis under e-DP. For the non-private lower bound, we have:

2 2M Kto2 sr? log 2
o2 > max{1,s/4}r <1_ ——z=— +log )

E[l16: — = 2 cslog(d/s)

For the private lower-bound, we have:
E |6 — 6*3] > 0.4max{1,s/4}r?min {1,exp (cslog(d/s) — 10etM K Z=r /5) }
For s > 4 and ¢ > 0, we have:

2
sr2 Qt%STZMK o
E[1|6, — 6*3] > - max {0.5 <1 - cslzog(d/s)> ,0.4exp (cs log(d/s) — 10€t\/§raMK)}

Hence, for K = 2, the minimax-regret is given by:

AMTsr? o>
MT — +1lo
T\/imax{l— 82

inf sup E[R(T)] > ,exXp (cs log(d/s) — 206MT%T‘\/§) , }

mellpy eF cslog(d/s)
Setting 12 = %, the non-private lower bound becomes:
1 o2 log 2 )
inf sup E[R > ——o0y/MTslog(d/s)(1— 2L — ————
7€l py, rléf AT)] = 8v/2 8(d/s) ( 2¢  cslog(d/s)

Noting that 02 = (logd)~!,d > 9 and slog(d/s) > 4c~!log2, our non-private lower
bound is 2 ( SMT log(d/s)).
co+/slog(d/s)

For the private part, we set r = =555, to get:
log(d/s)log"/?(d log?(d
af sup E[R(T) > o P18/ 08" 2(d) 1o (d/s)
WEHPX EF € €

Combining these results, we get:
Rminimax () — () (max{slog?’/z(d/s)e_l, sMT log(d/s))

(b) For (e, d)-JDP, we construct p(e, d) such that any (e, 0)-DP algorithm is p-zCDP and thus

6?6 C ©F where the latter is the space of all p-zCDP estimators constructed using the entire
history H;_;. Other arguments are as before.
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Cumulative Regret for d=1000, K=2
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Figure 1: Regret in central setting. The synthetic instances are constructed as in |Ariu et al.[ (2020)
and the sparsity parameter is varied. We see that the regret behaves well across different values of
sparsity.

—F Federated Private ADMM
—F Private SGD

Objective function

1072 107t 10° 10t
Epsilon

Figure 2: Decrement in estimation error for distributed LASSO.

I Experimental Evaluation

The experiments are done on a MacBook Air with an Apple M1 chip, 16 GB memory and 10 core
CPU. All codes are written in Python3 using several open source packages. The running time for all
experiments ranges from less than a minute to a few hours. The code is available at: [this link.

I.1 Simulations with non-bandit feedback

We illustrate the performance of Algorithm [3|on a distributed LASSO problem, i.e., solving:
in o[ Az — b + sz
min — || Az — K|z
z 2n !

where, A € R"*P and b € RP is a vector of regression targets. We generate synthetic data by drawing
A as random vectors from p-dimensional sphere and 2 from uniform distribution with support size
10. Labels are then obtained by taking b = Ax + 1 where  ~ N(0,0.01) with n = 500 and p = 32.

The benchmark comparison is performed with scikit-learn and we obtain the best parameter using
cross-validation. We also compare our algorithm with ADMM with soft-thresholding (see (Cytfers
et al., 2023))) and DP-SGD where noise is added to the gradients. For both approaches, we tune
step-size and clipping threshold using grid search. These parameters are tuned on the smallest privacy
budget and used for all other values.

We report the objective function value on test set at the end of training and convert them to (¢, 0)-DP
for the sake of comparison with § = le — 6. Each user is randomly sampled with probability 10%.
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J Auxiliary Results

In this appendix, we provide a collection of existing results used in our proofs.

Theorem 6 (Fixed-point iteration|Combettes and Pesquet| (2021)). Assume that R is a T-contractive
operator with fixed point u. for T € [0, 1). Then there exists a learning rate Ny € (0, 1] such that the
iterates of Algorithm 1 satisfy:

B
€ (s - o P7] < (1- 57 D

where D = max |[ug — u*|| is the diameter of the domain, p is the dimension of u,* > 1 — 7 is the
variance of variance of gaussian noise and E|||e.||?] < &2 for some & > 0.
Theorem 7 (Laplace concentration |Cai et al.[ (2020)). Consider w € RE with W1, W, ..., W d
Laplace(\). For every C > 1, we have:
P(w]3 > kC?A?)
P(lwlloc > C?X\*log? k)

kexp(—C)

<
< exp(—(C —1)logk)
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