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ABSTRACT

Group imbalance has been a known problem in empirical risk minimization (ERM),
where the achieved high average accuracy is accompanied by low accuracy in a
minority group. Despite algorithmic efforts to improve the minority group accuracy,
a theoretical generalization analysis of ERM on individual groups remains elusive.
By formulating the group imbalance problem with the Gaussian Mixture Model,
this paper quantifies the impact of individual groups on the sample complexity, the
convergence rate, and the average and group-level testing performance. Although
our theoretical framework is centered on binary classification using a one-hidden-
layer neural network, to the best of our knowledge, we provide the first theoretical
analysis of the group-level generalization of ERM in addition to the commonly
studied average generalization performance. Sample insights of our theoretical
results include that when all group-level co-variance is in the medium regime and
all mean are close to zero, the learning performance is most desirable in the sense of
a small sample complexity, a fast training rate, and a high average and group-level
testing accuracy. Moreover, we show that increasing the fraction of the minority
group in the training data does not necessarily improve the generalization perfor-
mance of the minority group. Our theoretical results are validated on both synthetic
and empirical datasets such as CelebA and CIFAR-10 in image classification.

1 INTRODUCTION

Training neural networks with empirical risk minimization (ERM) is a common practice to reduce the
average loss of a machine learning task evaluated on a dataset. However, recent findings (Blodgett
et al., [2016} |Tatmanl |2017; [Hashimoto et al.| |2018; [Buolamwini & Gebru, [2018;[McCoy et al.,[2019;
Sagawa et al.,|2020; [Sagawa* et al.,|2020; Mehrabi et al.,|2021) have shown empirical evidence about
a critical challenge of ERM, known as group imbalance, where a well-trained model that has high
average accuracy may have significant errors on the minority group that infrequently appears in the
data. Moreover, the group attributes that determine the majority and minority groups are usually
hidden and unknown during training. The training set can be augmented by data augmentation
methods (Shorten & Khoshgoftaar, 2019) with varying performance, such as cropping and rotation
(Krizhevsky et al., [2012), noise injection (Moreno-Barea et al., [2018)), and generative adversarial
network (GAN)-based methods (Goodfellow et al., 2014} Bowles et al., 2018} [Radford et al., 2016).

As ERM is a prominent method and enjoys great empirical success, it is important to characterize
the impact of ERM on group imbalance theoretically. However, the technical difficulty of analyzing
the nonconvex ERM problem of neural networks results from the concatenation of nonlinear func-
tions across layers, and the existing generalization analyses of ERM often make overly simplistic
assumptions and only focus on the average generalization performance. For example, the neural
tangent kernel type of analysis (Arora et al., 2019} |Allen-Zhu et al.|[2019bfa; |Cao & Gu} 2019} Chen
et al.l 2020; Du et al., |2019; Jacot et al., 2018 [Zou et al., [2020; |[Zou & Gul, 2019)) linearizes the
neural network around the random initialization to remove the nonconvex interactions across layers.
The generalization bounds are independent of the feature distribution and cannot be exploited to
analyze the impact of individual groups. [Li & Liang|(2018) provides the sample complexity analysis
when the data comes from the mixtures of well-separated distributions but still cannot characterize
the learning performance of individual groups. Another line of works (Du et al., 2018a; Ghorbani
et al.,|2020; |Goldt et al.,|2020; Li & Liang} 2018} [Mei et al.,[2018; Mignacco et al.| 2020} |Yoshida
& Okada, [2019) considers one-hidden-layer neural networks because the ERM problem is already
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Figure 1: Group imbalance experiment. (a) Binary classification on CelebA dataset using Gaussian
augmentation to control the minority group co-variance. (b) Test accuracy against the augmented
noise level.

highly nonconvex, and the analytical complexity increases tremendously when the number of hidden
layers increases. In these works, the input features are usually assumed to be i.i.d. samples drawn
from the standard Gaussian distribution, and this data model cannot differentiate the majority and
minority groups.

Contribution: To the best of our knowledge, this paper provides the first theoretical characterization
of both the average and group-level generalization of a one-hidden-layer neural network trained by
ERM on data generated from a mixture of distributions. This paper considers the binary classification
problem with the cross entropy loss function, with training data generated by a ground-truth neural
network with known architecture and unknown weights. The optimization problem is challenging
due to a high non-convexity from the multi-neuron architecture and the non-linear sigmoid activation.

Assuming the features follow a Gaussian Mixture Model (GMM), where samples of each group are
generated from a Gaussian distribution with an arbitrary mean vector and co-variance matrix, this
paper quantifies the impact of individual groups on the sample complexity, the training convergence
rate, and the average and group-level test error. The training algorithm is the gradient descent
following a tensor initialization and converges linearly. Our key results include

(1) Medium-range group-level co-variance enhances the learning performance. When a group-
level co-variance deviates from the medium regime, the learning performance degrades in terms
of higher sample complexity, slower convergence in training, and worse average and group-level
generalization performance. As shown in Figure[T(a), we introduce Gaussian augmentation to control
the co-variance level of the minority group in the CelebA dataset 2015). The learned
model achieves the highest test accuracy when the co-variance is at the medium level, see Figure[T(b).
Another implication is that the diverse performance of different data augmentation methods might
partially result from the different group-level co-variance introduced by these methods. Furthermore,
although our setup does not directly model the batch normalization approach (loffe & Szegedy} 2013}
[Bjorck et al.| 2018}, [Chai et al.} 2020} [Santurkar et al}, [2018)) that modifies the mean and variance
in each layer to achieve fast and stable convergence, our result provides a theoretical insight that
co-variance indeed affects the learning performance.

(2) Group-level mean shifts from zero hurt the learning performance. When a group-level mean
deviates from zero, the sample complexity increases, the algorithm converges slower, and both the
average and group-level test error increases. Thus, the learning performance is improved if each
distribution is zero-mean. This paper provides a similar theoretical insight to practical tricks such as
whitening [LeCun et al.| (1998), subgroup shift (Koch et all} 2022} [Ma et al} 202T]), population shift
iswas & Mukherjee, 2021} |Giguere et al.|[2022) and the pre-processing of making data zero-mean
ecun et al.| [1998)), that data mean affects the learning performance.

(3) Increasing the fraction of the minority group in the training data does not always improve its
generalization performance. The generalization performance is also affected by the mean and co-
variance of individual groups. In fact, increasing the fraction of the minority group in the training
data can have a completely opposite impact in different datasets.
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2 BACKGROUND AND RELATED WORK

Improving the minority-group performance with known group attributes. With known group
attributes, distributionally robust optimization (DRO) (Sagawa* et al., 2020) minimizes the worst-
group training loss instead of solving ERM. DRO is more computationally expensive than ERM and
does not always outperform ERM in the minority-group test error. Spurious correlations (Sagawa
et al.,2020) can be viewed as one reason of group imbalance, where strong associations between labels
and irrelevant features exist in training samples. Different from the approaches that address spurious
correlations, such as down-sampling the majority (Japkowicz & Stephen, 2002} Haixiang et al.|[2017}
Buda et al., 2018)), up-weight the minority group (Shimodairal |2000; Byrd & Lipton, [2019), and
removing spurious features (Garg et al., 2019} [Elhabian et al.,[2008; Zemel et al., [2013)), this paper
does not require the special model of spurious correlations and any group attribute information.

Fairness in machine learning has received a lot of interest recently (Barocas & Selbst, [2016), and a
substantial body of work has been developed to enhance the fairness under various notions (Dworkl
et al., 2012} [Feldman et al.l 2015; [Hardt et al.| [2016; [Kleinberg et al., [2017; |[Kearns et al., [2018};
Chen et al., 2018} Makhlouf et al.||2021} |L1 et al., 2021). For example, DRO maximizes the welfare
of the worst group, satisfying the fairness notion of (Rawls, |[2001)). Different from the majority of
these works, this paper solves ERM directly without group attribute information. Moreover, this
paper focuses on characterizing the generalization performance of ERM as a function of the input
distribution but does not attempt to evaluate fairness across groups.

Generalization performance with the standard Gaussian input for one-hidden-layer neural
networks. (Brutzkus & Globerson, 2017; Du et al.,[2018b; |Ge et al., 2018; [Liang et al., 2018} |Li1 &
Yuan, |2017; Shamir, [2018}; [Safran & Shamir, 2018} |Tianl 2017) consider infinite training samples.
(Zhong et al.,|2017bga) characterize the sample complexity of fully connected neural networks with
smooth activation functions. |[Zhang et al.|(2019; 2020b) extend to the non-smooth ReL.U activation
for fully-connected and convolutional neural networks, respectively. [Fu et al.| (2020) analyzes the
cross entropy loss function for binary classification problems. |[Zhang et al.[|(2020a) analyzes the
generalizability of graph neural networks for both regression and binary classification problems.

Theoretical characterization of learning performance from other input distributions for one-
hidden-layer neural networks. [Yoshida & Okada (2019)) analyzes the training loss with a single
Gaussian with an arbitrary co-variance. Mignacco et al.|(2020) quantifies the SGD evolution trained
on the Gaussian mixture model. When the hidden layer only contains one neuron, Du et al.| (2018a)
analyzes rotationally invariant distributions. With an infinite number of neurons and an infinite input
dimension, [Mei et al.| (2018)) analyzes the generalization error based on the mean-field analysis for
distributions like Gaussian Mixture with the same mean. |(Ghorbani et al.| (2020) considers inputs with
low-dimensional structures. No sample complexity is provided in all these works.

Notations: Z is a matrix, and z is a vector. z; denotes the i-th entry of z, and Z; ; denotes the (i,4)-th
entry of Z. [K] denotes the set including integers from 1 to K. I; and e; represent the identity
matrix in R9*¢ and the i-th standard basis vector, respectively. d;(Z) denotes the i-th largest singular
value of Z. The matrix norm || Z|| = §1(Z). f(z) = O(g(x)) (or Q(g(x)), O(g(z))) means that
f(z) increases at most, at least, or in the order of g(z), respectively.

3  PROBLEM FORMULATION AND ALGORITHM

We consider the classification problem with an unbalanced dataset using fully connected neural
networks over n independent training examples {(x;, y;)} Y, from a data distribution. The learning
algorithm is to minimize the empirical risk function via gradient descent (GD). In what follows, we
will present the data model and neural network model considered in this paper.

Data Model. Let € R¢ and y € R denote the input feature and label, respectively. We consider
an unbalanced dataset that consists of L (L > 2) groups of data, where the feature « in the group [
(I € [L)) is drawn from a multi-variate Gaussian distribution with mean p; € RY, and covariance
3, € R4¥4, Specifically,  follows the Gaussian mixture model (GMM) (Pearsonl, |1894; Titterington
et al.l [1985 [Hsu & Kakade| 2013} [Vempala & Wang| [2004; [Moitra & Valiant, [2010; |Regev &
Vijayaraghavan, [2017), denoted as @ ~ Zf:l NN (g, 3;). N € (0,1) is the probability of

sampling from distribution-/ and represents the expected fraction of group-/ data. Zle A =1
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Group [ is defined as a minority group if A; is less than 1/L. We use ¥ = {\;, i, X, VI} to denote
all parameters of the mixture model’'} We consider binary classification with label y generated by
a ground-truth neural network with unknown weights W* = [wj, ..., w}] € R*X and sigmoid

activatiorﬂ function ¢(a) = o=y Where

K
P(y = 1|z) = H(W*,x) := % > o(w; ). (1)
j=1

Learning model. Learning is performed over a neural network that has the same architecture as
in , which is a one-hidden-layer fully connected neural networkﬂ with its weights denoted by
W € R¥X_ Given n training samples {x;, y; }", where z; follows the GMM model, and y; is
from , we aim to find the model weights via minimizing the nonconvex empirical risk f,,(W') as

n

. 1
nglﬂéngKfn(W) = ﬁgg(wawmyl% (2)

where {(W; x;, y;) is the cross-entropy loss function, i.e.,
(Wimi,yi) = —yi - log(H(W, 2i)) — (1 — yi) - log(1 — H(W, x;)). 3)
Note that for any permutation matrix P, W P corresponds permuting neurons of a network with

weights W. Therefore, H(W,x) = H(WP,x), and f,(WP) = f,(W). The estimation is
considered successful if one finds any column permutation of W*.

The average generalization performance of a learned model W is evaluated by the average risk

f(W) = IE‘17""2111:1 AlN(Hl,El)K(W; Zi, yl)a (4)
and the generalization performance on group [ is evaluated by the group-/ risk
FIW) = Eanr(u 20 (W5 i, 4i). )

Training Algorithm. Our algorithm starts from an initialization W, € R4*X computed based
on the tensor initialization method (Subroutine [T|in Section and then updates the iterates W;
using gradient descent with the step sizeE] 1o- The computational complexity of tensor initialization
is O(Knd). The per-iteration complexity of the gradient step is O(Knd). We defer the details of
Algorithm|[T]in Section B]of the supplementary material.

4 MAIN THEORETICAL RESULTS

We will formally present our main theory below, and the insights are summarized in Section .1} For
the convenience of presentation, some quantities are defined here, and all of them can be viewed

as constant. Define o, = maxle[L]{HElH%}, Omin = minle[L]{HEl_lﬂ’%}. Let 7 = Zmax, We

min

assume 7 = ©(1), indicating that o,,,x and o, are in the same order. Let §;(W*) denote the i-th

largest singular value of W*. Let k = (?;((VV‘(,?), and define n = Hlel ;;((VV‘(;)) .

'In practice, ¥ can be estimated by the EM algorithm (Redner & Walker} [1984) and the moment-based
method (Hsu & Kakadel2013). The EM algorithm returns model parameters within Euclidean distance O((%)%)
when the number of mixture components L is known. When L is unknown, one usually over-specifies an estimate
L > L, then the estimation error by the EM algorithm scales as O((%) 1 ). Please refer to (Ho & Nguyen, [2016;
Ho et al.| [2020; | Dwivedi et al., [2020akb) for details.

“The results can be generalized to any activation function ¢ with bounded ¢, ¢" and ¢”, where ¢’ is even.
Examples include tanh and erf.

3 All the weights in the second layer are assumed to be fixed to facilitate the analysis. This is a standard
assumption in theoretical generalization analysis (Zhang et al.,[2019; [Fu et al., 2020} [Zhang et al., 2020a).

4Algorithmemploys a constant step size. One can potentially speed up the convergence, i.e., reduce v, by
using a variable step size. We leave the corresponding theoretical analysis for future work.
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Theorem 1. There exist ¢y € (0, i) and positive value functions B(¥) (sample complexity parameter),

q(U) (convergence rate parameter), and E,,(V), E(V), (V) (generalization parameters) such that
as long as the sample size n satisfies

n > ng = poly(ey *, k,n, 7, K, 61 (W*))B(¥)dlog” d, (6)
we have that with probability at least 1 — d—1°, the iterates {W;}1_, returned by Algorithmwith
step size 1y = O(( Zlel Al + 113 ||%)2) 71) converge linearly with a statistical error to a

critical point W,, with the rate of convergence v, i.e.,

||Wt—ﬁ\7n\|FSv(\I/)t||WO—WnHF—i-%\/dKlogn/n, @)
v(0) =1 - K %), (8)

where £ > 0 is the upper bound of the entry-wise additive noise in the gradient computation.

Moreover, there exists a permutation matrix P* such that
The average population risk f and the group-1 risk f; satisfy

F < E(W) - poly(r,n,, 51(W*))@(K%(1 +¢)-/dlog n/n) (10)

i < &) - poly(rs,n, 7,6, (W) (K3 (1 + €) - /dlogn/n) )

The closed-form expressions of B, q, £, £, and &; are in Sectionof the supplementary material and
skipped here. The quantitative impact of the GMM model parameters ¥ on the learning performance
varies in different regimes and can be derived from Theorem|[I] The following corollary summarizes
the impact of ¥ on the learning performance in some sample regimes.

Table 1: Impact of GMM parameters on the learning performance in sample regimes

32; changes Ay changes, constant || ; ||'s, equal ||z [|’s
2 changes o 2 2.
=0l = o(1) 1= = 20) IS0 = ofin | 1%l = ofiax
_3 3 8 1 __ew
B(¥), sample compl. nse | O(IB]~%) oIz %) ooyl DBl | o(gisn) | o-20,
— — 3 —O(—>t —_eo(—1 D — D
conv. rate v (W) o< —q(¥) 1—o(I=®) 1-O () | 19 ||ul|\2+1) O(1xy) 1- ()
Ew(OLWn =W Plr | OW-6(IZ®) | OW/T=) O+ Il Olipte) O+ VD)
£(W). average risk f om-eU=®) | o=l o +llml® | o) oM - 5
£1(¥), group-Lrisk f; om-e(=®) | o=l O +lwml®) | Olybs) O + VD)

Corollary 1. When we vary one parameter of group | for any | € [L] of the GMM model ¥ and
fix all the others, the learr/li\ng performance degrades in the sense that the sample complexity n.,
the convergence rate v, |W,, — W*P|| g, average risk | and group-l risk f; all increase (details
summarized in Table[I)), as long as any of the following conditions happens,

(i) | X1 || approaches 0;  (ii) || 3| increases from some constant;  (iii) || || increases from 0,

2

(iv) \; decreases, provided that || X;|| = o2, i.e., group | has the smallest group-level co-variance,

min’
where || 3;|| are all constants, and ||p;|| = |5 for all i, j € [L].
(v) \i increases, provided that || 2| = 02, i.e., group | has the largest group-level co-variance,
where || X || are all constants, and ||p;|| = ||| for all i,j € [L].

To the best of our knowledge, Theorem|I| provides the first characterization of the sample complexity,
learning rate, and generalization performance under the Gaussian mixture model. It also firstly
characterizes the per-group generalization performance in addition to the average generalization.

*poly([[ e} is [[paal|* for [[per|| < 1. and [[gas]|*? for [|paal| > 1.
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4.1 THEORETICAL INSIGHTS

We summarize the crucial implications of Theorem [I|and Corollary[I]as follows.

(P1). Tralnmg convergence and generallzatlon guarantee. The iterates W converge to a critical

point W, linearly, and the distance between W, and W*P* is O(y/dlogn/n) for a certain
permutation matrix P*. When the computed gradients contain noise, there is an additional error term

of O(§+/dlogn/n), where ¢ is the noise level (£ = 0 for noiseless case). Moreover, the average risk
of all groups and the risk of each individual group are both O((1 + £)+/dlogn/n).

(P2). Sample complexity. For a given GMM, the sample complexity is @(dlog2 d), where d is
the feature dimension. This result is in the same order as the sample complexity for the standard
Gaussian input in (Fu et al.;2020) and (Zhong et al.,|2017b). Our bound is almost order-wise optimal
with respect to d because the degree of freedom is d. The additional multiplier of log? d results
from the concentration bound in the proof technique. We focus on the dependence on the feature
dimension d and treat the network width K as constant. The sample complexity in (Fu et al., 2020)
and (Zhong et al., 2017b) is also d - poly (K, log d).

(P3). Learning performance is improved at a medium regime of group-level co-variance. On the
one hand, when ||X;|| is (1), the learning performance degrades as || ;|| increases in the sense that
the sample complexity .., the convergence rate v, the estimation error of W*, the average risk f,
and the group-! risk f; all increase. This is due to the saturation of the loss and gradient when the
samples have a large magnitude. On the other hand, when || %;]| is o(1), the learning performance
also degrades when ||%;|| approaches zero. The intuition is that in this regime, the input data are
concentrated on a few vectors, and the optimization problem does not have a benign landscape.

(P4). Increasing the fraction of the minority group data does not always improve the general-
ization, while the performance also depends on the mean and co-variance of individual groups. Take

3|l = ©(1) for all group j, and ||| is the same for all j as an example (columns 5 and 6 of Table

. When ||X;|| is the smallest among all groups, increasing ; improves the learning performance.
When ||X;|| is the largest among all groups, increasing A; actually degrades the performance. The
intuition is that from (P3), the learning performance is enhanced at a medium regime of group-level
co-variance. Thus, increasing the fraction of a group with a medium level of co-variance improves
the performance, while increasing the fraction of a group with large co-variance degrades the learning
performance. Similarly, when augmenting the training data, an argumentation method that introduces
medium variance could improve the learning performance, while an argumentation method that
introduces a significant level of variance could hurt the learning performance.

(P5). Group-level mean shifts from zero degrade the learning performance. The learning
performance degrades as ||| increases. An intuitive explanation of the degradation is that some
training samples have a significant large magnitude such that the sigmoid function saturates.

4.2 PROOF IDEA AND TECHNICAL NOVELTY

Different from the analysis based on generalized linear models, our paper deals with more technical
challenges of nonconvex optimization due to the multi-neuron architecture, the GMM model, and a
more complicated activation and loss. The main idea of proof is to show that the nonconvex empirical
risk f, (W) in a small neighborhood around W* (or any permutation W* P) is almost convex with
a sufficiently large n. Then if W} can be initialized in any of these local regions, gradient-based
iterates can be proved to converge to W* (or W* P). The idea of tensor initialization is to first
find quantities (see Q; in (14) in the supplementary material) which are proven to be functions of
tensors of w; . Then the method approximates these quantities numerically using training samples
and then applies the tensor decomposition method on the estimated quantities to obtain Wy, which is
an estimation of W*. With a large number of training samples n, the estimation W, can be proved
to be in the local convex region. The full proof is in Section [D]of the supplementary material.

Our algorithmic and analytical framework is built upon some recent works on the generalization
analysis of one-hidden-layer neural networks, see, e.g., (Zhong et al., 2017b; |[Zhang et al.| [2019;
Fu et al., 2020; |[Zhang et al.| 2020a}; 2021b)), which assume that x; follows the standard Gaussian
distribution and cannot be directly extended to GMM. This paper makes new technical contributions
from the following aspects. First, we characterize the local convex region near W* for the GMM



Under review as a conference paper at ICLR 2023

model, while existing results only hold for standard Gaussian data. Second, new tools including
matrix concentration bounds are develped to explicitly quantify the impact of ¥ on the sample
comeplxity. Third, we design and analyze new tensors for the mixture model to initialize properly,
while the previous tensor methods in (Zhong et al.l 2017bj Zhang et al.||2019; [Fu et al.| |2020; Zhang
et al.,[2020a) utilize the rotation invariant property that only holds for zero mean Gaussian.

5 NUMERICAL EXPERIMENTS

5.1 EXPERIMENTS ON SYNTHETIC DATASETS

We first verify the theoretical bounds in Theorem 1|on synthetic data. Each entry of W* € R%*K
is generated from N(0, 1). The training data {x;, y;}? , is generated using the GMM model and
. If not otherwise specified, L = 2,d = 5, and K = Eﬂ To reduce the computational time, we
randomly initialize near W* instead of computing the tensor initializatiorﬂ

Sample complexity. We first study the impact of d on the sample complexity. Let p; = 1 in R?
and let o = 0. Let X7 = X5 = I. A\; = Ao = 0.5. We randomly initialize M times and let

Wém) denote the output of Algorithm [1|in the mth trail. Let W,, denote the mean values of all

W™, and let Viy = \/ Z%Zl ||wm — W,,||2/M denote the variance. An experiment is successful

if Viyy < 1073 and fails otherwise. M is set to 20. For each pair of d and n, 20 independent sets of
W* and the corresponding training samples are generated. Figure[2](a) shows the success rate of
these independent experiments. A black block means that all the experiments fail. A white block
means that they all succeed. The sample complexity is indeed almost linear in d, as predicted by (6).
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Figure 2: The sample complexity (a) when the feature dimension changes, (b) when one mean
changes, (c) when one co-variance changes.

We next study the impact on the sample complexity of the GMM model. In Figure[2] (b), 3; =
3, =TI, andlet py = p- 1, py = —1. ||ps]| varies from 0 to 5. Figure 2{b) shows that when the
mean increases, the sample complexity increases. In Figure|2|(c), we fix uy = 1, s = —1, and let
31 = 0?I and 3 = I. o varies from 107! to 10'. The sample complexity increases both when
|31 ]| increases and when || || approaches zero. All results match predictions in Corollary [}

Convergence analysis. We next study the convergence rate of Algorithm|[I] Figure[3[(a) shows the
impact of ||]|. A1 = X = 0.5, uy = —po = C - 1 for a positive C, and 3y = Xy = AT DA.
Here A is generated by computing the left-singular vectors of a d X d random matrix from the
Gaussian distribution. D = diag(1,1.1,1.2,1.3,1.4). n = 1 x 10%. Algorithmalways converges
linearly when ||t || changes. Moreover, as ||p; || increases, Algorithm|I]converges slower. Figure
E| (b) shows the impact of the variance of the Gaussian mixture model. A\; = Ay = 0.5, u; =1,
o =—1,%; =%y =% =0¢2- ATDA. n =5 x 10*. We change ||2|| by changing o. Among

Like Zhong et al.| (2017b); Zhang et al.| (2019); |[Fu et al.| (2020), we consider a small-sized network in
synthetic experiments to reduce the computational time, especially for computing the sample complexity in
Figure@ Our results hold for large networks too.

"The existing methods based on tensor initialization all use random initialization in synthetic experiments
to reduce the computational time. See|Fu et al.|(2020); Zhang et al.|(2019;|2020a; |202 1bga) as examples. We
compare tensor initialization and local random initialization numerically in Section[B.T|of the supplementary
material and show that they have the same performance.
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the values we test, Algorithmconverges fastest when ||X|| = 1. The convergence rate slows down
when ||X|| increases or decreases from 1. All results are consistent with the predictions in Corollary
m We then study the impact of K on the convergence rate. Ay = Ay = 0.5, u; = 1, py = —1,
31 =3=1. Figure(c) shows that, as predicted by , the convergence rate is linear in —1/K?2.
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Figure 3: (a) The convergence rate with different ;. (b) The convergence rate with different 3. (c)
Convergence rate when the number of neurons K changes.
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Figure 4: (a) The relative error of the learned model when n changes (b) The cross-entropy test loss
when the co-variance of the minority group changes. (c) The cross-entropy test loss when the mean
of the minority group changes.

Average and group-level generalization performance. The distance between ﬁ\/n returned by

Algorithmlﬂand W* is measured by ||W,, — W*||p. n ranges from 2 x 10% to 6 x 104, &, =
35 =91, py = 1, pp = —1. Each point in Figure ] (a) is averaged over 20 experiments of different
W* and training set. The error is indeed linear in /log(n)/n, as predicted by .

We evaluate the impact of one mean/co-variance of the minority group on the generalization. n =
2 x 10% Let \; = 0.8, A\ = 0.2, u; = —1, X7 = I. First, we let po = 1o - 1 and 3y = I. Figure
H] (c) shows that both the average risk and the group-2 risk increase as 15 increases, consistent with
(P5). Then we set o = 2-1, Xy = 03 - I. Figure (b) indicates that both the average and the
group-2 risk will first decrease and then increase as the o» increases, consistent with (P3).

Next, we study the impact of increasing the fraction of the minority group. g3 = po = 0. Let
group 2 be the minority group. In Figure[5](a), 31 = 10 - I and X5 = I, the minority group has a
smaller level of co-variance. Then when A, increases from O to 0.5, both the average and group-2
risk decease. In Figure[5](b), 1 = I and 33 = 10 - I, and the minority group has a higher-level of
co-variance. Then when )5 increases from 0 to 0.3, both the average and group-2 risk increase. As
predicted by insight (P4), increasing Ao does not necessarily improve the generalization of group 2.

5.2 IMAGE CLASSIFICATION ON DATASET CELEBA

We choose the attribute “blonde hair” as the binary classification label. ResNet 9 |He et al.| (2016))
is selected to be the learning model here because it was applied in many simple computer vision
tasks ' Wu et al.| (2018); |Dutta et al.[(2020). To study the impact of co-variance, we pick 4000 female
(majority) and 1000 male (minority) images and implement Gaussian data augmentation to create
additional 300 images for the male group. Specifically, we select 300 out of 1000 male images
and add i.i.d. noise drawn from A(0, 62) to every entry. The test set includes 500 male and 500
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Figure 5: The test loss (cross entropy loss) of synthetic data with different A, values. (a) Group 2 has
a smaller level of co-variance. (b) Group 2 has a larger level of co-variance.

female images. Figure|l|shows that when 52 increases, i.e., when the co-variance of the minority
group increases, both the minority-group and average test accuracy increase first and then decrease,
coinciding with our insight (P3).

Then we fix the total number of training data to be 5000 and vary the fractions of the two groups.
From Figure Ekaﬂ and (b), we observe opposite trends if we increase the fraction of the minority
group in the training data with the male being the minority and the female being the minority. This is
consistent with Insight (P4). Due to space limit, our results on the CIFAR10 dataset are deferred to
Section[A]in the supplementary material.
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Figure 6: The test accuracy on CelebA dataset has opposite trends when the minority group fraction
increases. (a) Male group is the minority (b) Female group is the minority

6 CONCLUSIONS, LIMITATIONS AND FUTURE DIRECTIONS

This paper provides a novel theoretical framework for characterizing neural network generalization
with group imbalance. The group imbalance is formulated using the Gaussian mixture model, and
this paper explicitly quantifies the impact of each group on the sample complexity, convergence rate,
and the average and the group-level generalization. The learning performance is enhanced when the
group-level covariance is at a medium regime, and the group-level mean is close to zero. Moreover,
increasing the fraction of minority group does not guarantee improved group-level generalization.

Our results are limited to one-hidden-layer neural networks for binary classification problems. One
future direction is to extend the analysis to multiple-hidden-layer neural networks and multi-class
classification. Because of the concatenation of nonlinear activation functions, the analysis of the
landscape of the empirical risk and the design of a proper initialization is more challenging and
requires the development of new tools. Like many existing works, our sample complexity analysis is
also based on the sufficient condition for training success, although it is already almost order-wise
optimal. Another future direction is to formally characterize the information-theoretic lower bound
of the sample complexity. We see no ethical or immediate negative societal consequence of our work.

8In Figure Eka), when the minority fraction is less than 0.01, the minority group distribution is almost
removed from the Gaussian mixture model in the analysis. Then the O(1) constants in the last column of Table
1 have some minor changes, and the order-wise analyses do not reflect the minor fluctuations in this regime.
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We begin our Appendix here.

Section[A]provides more experiment results as a supplement of Section 5]
Section [B]introduces the algorithm, especially the tensor initialization in detail.
Section [C|includes some definitions and properties as a preliminary to our proof.

Section [D] shows the proof of Theorem [I] and Corollary [I] followed by Section [E} [F, and [G] as
the proof of three key Lemmas about local convexity, linear convergence and tensor initialization,
respectively.

A MORE EXPERIMENT RESULTS

We present our experiment resultson empirical datasets CelebA (Liu et al.| [2015)) and CIFAR-10
E]in this section. To be more specific, we evaluate the impact of the variance levels introduced by
different data augmentation methods on the learning performance. We also evaluate the impact of
the minority group fraction in the training data on the learning performance. All the experiments
are reported in a format of “mean+2xstandard deviation” with a random seed equal to 10. We
implement our experiments on an NVIDIA GeForce RTX 2070 super GPU and a work station with 8
cores of 3.40GHz Intel i7 CPU.

A.1 TESTS ON CELEBA

In addition to the Gaussian augmentation method in Figure[7] (a) and Figure[T](b). We also evaluate
the performance of data augmentation by cropping. The setup is exactly the same as that for Gaussian
augmentation, expect that we augment the data by cropping instead of adding Gaussian noise.
Specifically, to generate an augmented image, we randomly crop an image with a size w X w X 3
and then resize back to 224 x 224 x 3. One can observe that the minority-group and average test
accuracy first increase and then decrease as w increases, which is in accordance with Insight (P3).
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Figure 7: The test accuracy of CelebA dataset with the data augmentation method of cropping.

A.2 TESTS oN CIFAR-10

Group 1 contains images with attributes “bird”, “cat”, “deer”, “dog”, “frog” and “horse.” Group 2
contains “airplane” images. In this setting, Group 1 has a larger variance. Because each image in
CIFAR-10 only has one attribute, we consider the binary classification setting where all images in
Group 1 are labeled as “animal” and all images are labeled as “airplane.” This is a special scenario
that the group label is also the classification label. Note that our results hold for general setups where
group labels and classification labels are irrelevant, like our previous results on CelebA. LeNet 5
Lecun et al.| (1998) is selected to be the learning model.

% Alex Krizhevsky, Vinod Nair, and Geoffrey Hinton. The CIFAR-10 dataset. www . cs . toronto.edu/
~kriz/cifar.html


www.cs.toronto.edu/~kriz/cifar.html
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Under review as a conference paper at ICLR 2023

We first pick 8000 animal images (majority) and 2000 airplane images (minority). We select 1000 out
of 2000 airplane images to implement data augmentation, including both Gaussian augmentation and
random cropping. For Gaussian augmentation, we add i.i.d. Gaussian noise drawn from A/(0, §2) to
each entry{ﬁ For random cropping, we randomly crop the image with a certain size w X w x 3 and then
resizing back to 32 x 32 x 3. Figure@ shows that when § or w increase, i.e., the variance introduced
by either augmentation method increases, both the minority-group and average test accuracy increase
first and then decrease, which is consistent with our Insight (P3).

Then we fix the total number of training data to be 5000 and vary the fractions of the two groups.
One can see opposite trends in Figure 0]if we increase the fraction of the minority group with the
airplane being the minority and the animal being the minority, which reflects our Insight (P4).
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Figure 8: The test accuracy of CIFAR-10 dataset with different data augmentation methods (a)
Gaussian noise (b) cropping.
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Figure 9: The test accuracy of CIFAR-10 dataset has opposite trends when the minority group fraction
increases (a) Airplane group is the minority. (b) Animal group is the minority.

B ALGORITHM

We first introduce new notations to be used in this part and summarize key notions in Table[2]

We write f(z) < (2)g(x) if f(z) < (>)O(g(x). The gradient and the Hessian of a function f(W)
are denoted by V f(W) and V2 f(W), respectively. A = 0 means A is a positive semi-definite
(PSD) matrix. A? means that A = (Az2)2. The outer product of vectors z; € R™, i € [l],
isdefinedas T = 2z, @ --- ® z; € R™*"*™ with T}, ...;, = (z1)j, ---(21);,- Given a tensor
T € R™X"2Xns and matrices A € RM >4, B € R"2Xd2 C € R"*9%  the (iy, 12, i3)-th entry of
the tensor T'(A, B, C) is given by

ny no nsa

§ E EEg,i’z,igAi’l,ilBi;,iQCig,¢3~ (12)
i iy i

1In this experiment, the noise is added to the raw image where the pixel value ranges from 0 to 255, while in
the experiment of CelebA (Figure[T] (b)), the noise is added to the image after normalization where the pixel
value ranges from O to 1.
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Table 2: Summary of notations

)‘la Hi, 217 le [L]

The fraction, mean, and covariance of the [-th component in the Gaussian
mixture distribution, respectively.

d, n, K The feature dimension, the number of training samples, and the number
of neurons, respectively.

w* W, W* is the ground truth weight. W, is the updated weight in the ¢-th
iteration.

fos fi 0 fn is the empirical risk function. f is the average risk or the population

risk function. £ is the cross-entropy loss function.

\Ij7 Omaxs Omin, T

U denotes our Gaussian mixture model (A, py, 2, V). Omax =

max;e {12112} min = minge {572} 7 = Gmax/Tmin-

6:(W?), m, K, i € [K]

0;(W™*) is the i-th largest singular value of W*. 7 and k are two
functions of W*.

p(u,0), T(¥), Dm (V)

These items are functions of the Gaussian mixture distribution ¥ used
to develop our Theorem|T}

v;, € v; is the gradient noise. ¢ is the upper bound of the noise level.

Q;,7=1,2,3 (Q;’s are tensors used in the initialization.

B(¥) A parameter appeared in the sample complexity bound (6).

v(T), q(P) v(W) is the convergence rate (7). ¢(¥) is a parameter in the definition
of v(0) ().

Ew(D), &, & Generalization parameters. &,,(¥) appears in the error bound of the

model (9). £(¥) and & (V) are to characterize the average risk (L0) and
the group-1 risk (TT), respectively.

The method starts from an initialization W, € R?*X computed based on the tensor initialization

method (Subroutine[T)) and then updates the iterates W; using gradient descent with the step size
7o- To model the inaccuracy in computing the gradient, an i.i.d. zero-mean noise {v;}?_, € R¥*XK
with bounded magnitude |(v;) ;x| < £ (j € [d], k € [K]) for some & > 0 are added in when
computing the gradient of the loss in (3).

Algorithm 1 Our proposed learning algorithm

1
1: Input: Training data {(x;,y;)}"_, the step size ny = O(( ZlL:l N[l + |37 ||)2)_1>’
the total number of iterations 7'
2: Initialization: W}, < Tensor initialization method via Subroutine[l]
3: Gradient Descent: fort =0,1,--- , 7 —1

n

1
= - C l irYi i
Wit1=Wi—no - ;ZI(V (W, i, y:) +vi)

13)

=W, —mno (Vf"(W) * % i%)
i=1

4: Output: Wp

Our tensor initialization method in Subroutine E] is extended from Janzamin et al.|(2014) and|Zhong
et al| (2017b)). The idea is to compute quantities (Q; in ) that are tensors of w; and then apply
the tensor decomposition method to estimate w; . Because @); can only be estimated from training
samples, tensor decomposition does not return w; exactly but provides a close approximation, and
this approximation is used as the initialization for Algorithm[I] Because the existing method on
tensor construction only applies to the standard Gaussian distribution, we exploit the relationship
between probability density functions and tensor expressions developed in Janzamin et al.|(2014) to
design tensors suitable for the Gaussian mixture model. Formally,

Definition 1. For j = 1,2, 3, we define

Qi =Epiyr anusnly (107 (@) VWp()], (14)
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where p(x), the probability density function of GMM is defined as

L
_d _1 1 _
p(x) = Z/\I(Qﬂ') 2%y 2 exp (— 5(ms —p)Z (2 — ) (15)
=1
If the Gaussian mixture model is symmetric, the symmetric distribution can be written as
L
3
Z)\l(/\/(ul,ﬁl)—i-./\/(—ul,ﬁl)) L is even
=1
T~ L1 (16)

)\1./\/(0, )+ i Al (N(/Ll, ) Jr./\/'(*/lll, El)) L is odd
=2

Q; is a jth-order tensor of w}, e.g., Q3 = + Zfil Bonst AN (s (¢ (w? " a)]w:®3. These
quantifies cannot be directly computed from (14 but can be estimated by sample means, denoted by

Qj ( = 1,2, 3), from samples {z;, y; }*_,. The following assumption guarantees that these tensors
are nonzero and can thus be leveraged to estimate W*.

Assumption 1. The Gaussian Mixture Model in (16)) satisfies the following conditions:
1. Q1 and Q3 are nonzero.
2. If the distribution is not symmetric, then Qs is nonzero.

Assumption |l|is a very mild assumptiorﬂ Moreover, as indicated in Janzamin et al.|(2014), in the
rare case that some quantities Q; (¢ = 1, 2, 3) are zero, one can construct higher-order tensors in a
similar way as in Definition |l{and then estimate W* from higher-order tensors.

Subroutine |1|describes the tensor initialization method, which estimates the direction and magnitude

of w},j € [K], separately. The direction vectors are denoted as w; = wj /|w}|| and the magnitude

[w} || is denoted as z;. Lines 2-6 estimate the subspace U spanned by {w},- - , wi, } using Q: or,

in the case that Q2 = 0, a second-order tensor projected by Q3. Lines 7-8 estimate w’; by employing
the KCL algorithm Kuleshov et al.| (2015). Lines 9-10 estimate the magnitude z;. Finally, the returned
estimation of W* is used as an initialization W/ for Algorithm[I] The computational complexity of
Subroutineis O(Knd) based on similar calculations as those inZhong et al.|(2017b).

B.1 NUMERICAL EVALUATION OF TENSOR INITIALIZATION

Figure [10| shows the accuracy of the returned model by Algorithm 1} Here n = 2 x 10°, d = 50,
K =2, A\ =X =05, =—0.3-1and puy = 0. We compare the tensor initialization with a
random initialization in a local region {W € R4K . ||W — W*||r < €}. Each entry of W* is
selected from [—0.1, 0.1] uniformly. Tensor initialization in Subroutine returns an initial point close
to one permutation of W*, with a relative error of 0.65. If the random initialization is also close
to W*, e.g., ¢ = 0.1, then the gradient descent algorithm converges to a critical point from both
initializations, and the linear convergence rate is the same. We also test a random initialization with
each entry drawn from N(0, 25). The initialization is sufficiently far from W*, and the algorithm
does not converge. On a MacBook Pro with Intel(R) Core(TM) i5-7360U CPU at 2.30GHz and
MATLAB 2017a, it takes 5.52 seconds to compute the tensor initialization. Thus, to reduce the
computational time, we consider a random initialization with e = 0.1 in the experiments instead of
computing tensor initialization.

C PRELIMINARIES OF THE MAIN PROOF

In this section, we introduce some definitions and properties that will be used to prove the main
results.

First, we define the sub-Gaussian random variable and sub-Gaussian norm.

"By mild, we mean given L, if Assumption 1 is not met for some Wy, there exists an infinite number of ¥’ in
any neighborhood of Wq such that Assumption 1 holds for ¥,
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Subroutine 1 Tensor Initialization Method
1: Input: Partition n pairs of data {(x;,y;)}?_; into three disjoint subsets Dy, Da, D
2: if the Gaussian Mixture distribution is not symmetric then
3:  Compute QQ using D;. Estimate the subspace U by orthogonalizing the eigenvectors with
respect to the K largest eigenvalues of @2
4: else ~ .
5. Pick an arbitrary vector a € R%, and use D; to compute Q3(I4, I, ). Estimate U by

orthogonalizing the eigenvectors with respect to the K largest eigenvalues of Q3(I, Iy, o).
6: end if
7: Compute R3 = Q3(U,U,U) from data set Dy
8: Employ the KCL algorithm to compute vectors {;};c(x), Which are the estimates of
{UTw;}X . Then the direction vectors {@; } X, can be approximated by {U#; }X .
9: Compute Q; from data set Ds.
10: Estimate the magnitude Z by solving the optimization problem

K
~ . 1, = — %2
%= arg min §HQ1 — jzzlajwj I (17)

11: Return: Use 2;U®; as the jth column of Wy, j € [K].

—Tensor initialization
—Random initialization, € = (.1

— Gaussian initialization from A/(0, 25)
0 500 1000 1500 2000
Number of iterations

Figure 10: Comparison between tensor initialization, a random initialization near W*, and an
arbitrary random initialization

Definition 2. We say X is a sub-Gaussian random variable with sub-Gaussian norm K > 0, if

(E[XP)?» < K\/pforallp > 1. In addition, the sub-Gaussian norm of X, denoted || X ||y, is defined
1 1

as || X ||y, = sup,>1 p~ 2 (E[X|P)?.

Then we define the following three quantities. p(u, o) is motivated by the p parameter for the
standard Gaussian distribution in [Zhong et al.| (2017b)), and we generalize it to a Gaussian with
an arbitrary mean and variance. We define the new quantities I'(¥) and D,,,(¥) for the Gaussian
mixture model.

Definition 3. (p-function). Let z ~ N (u, I;) € R% Define ay(i,w,0) = E., n(u;1)[¢ (0 - 2i)z]]
and Bq(i,w,0) = E., o nr(u, 1) [¢0"2(0 - )21, V q € {0,1,2}, where z; and u; is the i-th entry of z
and u, respectively. Define p(u, o) as

(o) = min {(6+1)(Bolisw.0) — aoli o)), Al o) - 258y
,o0) = min {(u3 i,u,0) — o, u,0)?), Ba(i,u,0) — —5——"—
P igeldi 0 0 0 2 w+1
Definition 4. (I'-function). With and k, 1) defined in Section[3] we define
L —1—-1 1
Al ||El | M 11
rw)=> i S (W)=t~ (19)
W= 2w o e e BT
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Definition 5. (D-function). Given the Gaussian Mixture Model and any positive integer m, define
D, () as
L

H.u’l” m
1 20
=2 Mgy 0

p-function is defined to compute the lower bound of the Hessian of the population risk with Gaussian
input. I' function is the weighted sum of p-function under mixture Gaussian distribution. This
function is positive and upper bounded by a small value. T" goes to zero if all ||p;|| or all o; goes to
infinity. D-function is a normalized parameter for the means and variances. It is lower bounded by 1.
D-function is an increasing function of ||y;|| and a decreasing function of ;.

Property 1. Given W* = UV € R¥¥F where U € R¥K is the orthogonal basis of W*. For
any p € R?, we can find an orthogonal decomposition of p based on the colomn space of W*, i.e.
u = pu + pu, . If we consider the recovery problem of FCN with a dataset of Gaussian Mixture
Model, in which ©; ~ N (up, X) for some h € [L], the problem is equivalent to the problem of
FCN with z; ~ N(puy,, Xn). Hence, we can assume without loss of generality that p; belongs to
the column space of W* foralll € [L].

Proof:
From (T)) and (3)), the recovery problem can be formulated as

. T
min g(W™* @i, yi)
For any x; ~ N (pn, 1), x; can be written as

T =2+ pUp
where z ~ N (0, X},). Therefore,

Wl =W (z+ ) =W (24 puy, + pu, ) = W (z+ puy,)

The final step is because W uy , = 0. So the problem is equivalent to the recovery problem of
FCN with x; ~ N(/.LUh, Eh).

Recall that the gradient noise v; € R¥*X is zero-mean, and each of its entry is upper bounded by
£>0.

Property 2. We have that ||v;|| F is a sub-Gaussian random variable with its sub-Gaussian norm

bounded bu v/ dK.

Proof:
Ellv;]|%)7 < (BVAKEP)r < eVdK 1)

We state some general properties of the p function defined in Definition [3]in the following.

Property 3. p(u,0) in Deﬁnitionsatisﬁes the following properties,
1. (Positive) p(u,c) > 0 for any u € R% and o # 0.

2. (Finite limit point for zero mean) p(u, o) converges to a positive value function of o as u;
goes 10 0, i.e. lim,, o p(u,c) := Cp(0).

3. (Finite limit point for zero variance) When all u; # 0 (i € [d]), p(%,0) co nverges to a
strtctly positive real function of w as o goes to 0, i.e. lim, 0 p(%,0) := Cs(u). When
= 0 for some i € [d], limy_,0 p(2,0) = 0.
4. (Lower bound function of the mean) When everything else except |u;| is fixed,
W*T

p(W o0 (W™*)) is lower bounded by a strictly positive real function,
Em(% o0 (W™*)), which is monotonically decreasing as |u;| increases.
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5. (Lower bound function of the variance) When everything else except o is

fixed, p(% o0 (W™*)) is lower bounded by a strictly positive real function,
L (# o0 (W™)), which satisfies the following conditions: (a) there exists (s > 0,

such that o 1£S(W’ odx (W™)) is an increasing function of o when o € (0,(y);

(b) there exists (s > 0 such that ﬁs(#‘;}iy o0 (W™)) is a decreasing function of o
when o € (s, +00).

Proof:
(1) From Cauchy Schwarz’s inequality, we have
]EziNN(ui,l) [¢/(U . ZZ)} < \/Eziwf\/(uq;,l) [¢/2 (U . ZZ)] (22)
EZi"’N('lML,l) [(725/(0' : Zl)zl \/EZ'LNN(ulal) [¢/2 (0 Z \/EZLNN(uZ71)[ ] (23)

= \/Ezle (wi, 1)[¢/2 g Zz \/ +1

The equalities of the and hold if and only if ¢’ is a constant function. Since that ¢ is the
sigmoid function, the equalities of (22)) and (23] cannot hold.
By the definition of p(u, o) in Definition 3] we have

Bo(i,u,0) — ai(i,u,0) >0, (24)
. 03(i,u,0)
Ba(i,u,0) — 211 > 0. (25)
Therefore,
plu,0) >0 (26)

(2) We can derive that
g ‘ 2.
l;mo(—Q + 1) (Bo (i, u,0) — (i, u,0))

; i — will?

2 +1)( / ¢?(0 - 2)(2m) "% exp(—

2 — uil|?

~ / #(0 - =) (2m) F exp(- a2 p2)

|2 1||2
2

[T
2 (2 )

27)
where the first step is by Definition[3] and the second step comes from the limit laws. Similarly, we
also have

_ f+ / (0 - 25)(2m) b expl(— / &0 z)(2m) "~} exp(~

hm (B2(i,u,0) — 2 1a§(i,u,a))
00 a2
:uhgo (0 - 2)z2 (277)’%cxp(—H : 2%” )dz;
P R PO CET
(o [ oo mztem e sy

(28)

[
2

/ §2(0 - )2(2m) " F exp(— / ¢ (o 20)22(2m) " exp(— 12

Since that (27) and (28) are positive due to Jensen’s inequality, we can derive that p(u, o) converges
to a positive value function of ¢ as u; goes to 0, i.e.

113%) plu, o) :=Cp(0o) (29)
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(3) When all u; # 0 (i € [d]),

1

(lli% (52(27 *,O’) - Lz n 1&%(27 Z?U))

. e 2 llzi — %117
= lim ¢ (0 2zi)z; (2m) 7 2 exp( 7= )dz;

o—0 00 2

H T % 2 2
— ¢ o 2)22(2m) T 2exp( )d Z)
Yt 1 2
u2 o2 2

. 2 ui o -1 [l — 1

:;IE})/ & (u; - ;) o Z(Qﬂuf) 2exp(—z2T)dx
u? o 1 x; — 12 2 u;
— uzi( gb’(uZ . xi)ﬁxf(Zﬂ'—Q) 2 exp(—%)dxi) 2= —ag;  (30)
S+1 Jooo o Uu; 275 o
2 2

_ 2 u; 1 / Ui \2

= I o) 5~ g (6 )

7 2
) M (1 - —)

= lim ¢ (u;) = (1 — —F—

o— 2 1+ %
=1

JIL%¢ ( )1+%§
=¢"% (u;)

The first step of (30) comes from Definition 3] The second step and the last three steps are derived
from some basic mathematical computation and the limit laws. The third step of (30) is by the fact
that the Gaussian distribution goes to a Dirac delta function when o goes to 0. Then the integral will
take the value when x; = 1. Similarly, we can obtain the following

. . 0. U
(111)1}) (/BO(ZJ ;70) - aO(Za ;70—))
o ui||2

= lim / (o - zi)(27r)—% exp(—ini g
=0 J_ 2 G1)

|| L Uy

— (/_O:O ¢ (0 z)(2m)" 2 exp(—lf")dzi)2
=¢"(u;) — ¢"(u;) = 0
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0
(}_il}r%) <%(ﬁ0(27 70) ag(% 770-))>
12
~tim (5( [ o waiane’) L exn( i il g,
oo 12
([ v ten- 1 hw)t)  w-os

—tiny ([~ oot Eexp(- 12Dy ot o - w2y, 2

o[ gaenod) ep(- L2l gy

. i 202 7
00 2

. / ¢'(xi)(27r02)7% exp(— Hxlzagl” (=07t + ||l — ui||20'72)d1‘i>
(9P (w) @ (i)
_3'%( —0 — 20/ (w) —0 )
= lim M = 400

o—0 o

Therefore, by L'Hopital’s rule and (1)), (32), we have
u? u u
lim(a—j2 + 1)(Bo (4, = o) —ap(i, —,0))

o—0 o
u? 0 L u . u (33)
= 1 50 8o ol 5 0) ~eolis 2.0)

Combining (33) and (30), we can derive that p(*, o) converges to a positive value function of u as o
goes to 0, i.e.

. u

;11)% p(;,a) = Cs(u). (34)
u2

When u; = 0 for some i € [d], limy—0(=5 + 1)(Bo(j, %,0) — a?(j, %,0)) = 0 by . Then from

the Definition 3] we have

lim p(2,0) =0 (35)
o—0 o
(4) We can define Em(%, o6 (W*)) as
(AW*)T Au . (AW*) T Av . L,
Lo(A2 ) 28 5 (W) = BT ) Y G5k (W) s v = u; forall
( o (W) oég(W™)) Uigmi]{p( 18 (W) oox(W7)) : vj = u; fora J#Z}
(36)
Then by this definition, we have
(AWH)T Au (AWH)T Au
0< Lyp(——tr—,00g (W) < p(-—r——~4——, 00 (W* 37
Meanwhile, for any 0 < u} < u?, since that [0, u;] C [0, u}], we can obtain
(AW*)T Au (AW*)T Au
m\™ ¢ /yxre\ 5 * w;=u Z m\™T ¢ /yxr=\ 6 W* w;=ur 38
Ll O W Wl > LSS oo (W) OB

Hence, Em(%, o0 (W™*)) is a strictly positive real function which is monotonically de-
creasing.
(5) Therefore, we only need to show the condition (a).
When (W*"u); # 0 forall i € [K],
w*Tuy

lim p(

S WJCSK(W*)) = Cs(u) > 0. (39
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Therefore, there exists (s > 0, such that when 0 < o < (s,

wW*Tu . Co(W* ")
p(WMﬂ;K(W ) > — s (40)
Then we can define
w*Tu Cs(W*Tu) ,
_— N = = 41

such that a‘lﬁs(%,a(h{(w*)) is an increasing function of o below

*Tu %
P(%»U@K(W )

When (W*"u); = 0 for some i € [K], then

w*Tu
li _ N =0. 42
Sy o ey 7ok (W) =0 (42)
We can define
W*Tu W*T’U
s(——=—, 00k (W*)) =0 - i ——— 00 (W) : v; forall 7 # 14
£y kW) = i (o5 s o0 (W) 0y - uj forall  # i
(43)
Then,
wW*Tu w*To
1L (e ) = i _ *Y) :v; = u,; forall § )
Ty V) = i (P e oS ) s = orall
44)
For any 0 < u} < u} < (y, since that [u}, {s| C [u}, (5], we can obtain
W*Tu W*Tu
—1 * o < -1 B —— * ¥ 4
o L (05 W’ 00K (W) lw=u, <0 Es(aéK(W*)’U(SK(W N lwi=u 45)

Therefore, we can derive that 0! £ (2% S (W*) , 00k (W™*)) is monotonically increasing. Following

the steps in (4), we can have that 0~ £, <ﬁ;‘/*)’ 00 (W™*)) is a strictly positive real function

which is upper bounded by p(W, oo (W™)).
In conclusion, condition (a) is proved.
For condition (b), since that (; > 0, p(
obtain

W o0 (W™*)) is continuous and positive, we can

* 1
W" o oW >0 (46)

p(O'(sK(VV*)7 o=(s

Then condition (b) can be easily proved as in (4).
We then characterize the order of the p function in different cases as follows.

Property 4. To specify the order with regard to the distribution parameters, p(u, o) in Definition
satisfies the following properties,

1. (Small variance) lim,_,o+ p(u,0) = O(c?).
2. (Large variance) For any € > 0, lim,_,o p(u,0) > O(=5m).

IuH

3. (Large mean) For any € > 0, lim,_, p(u,0) > O(e™ )W

10
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Proof:
(1

Bo(i,u,0) — ap(i, u 0)2

zw/\/(u 1)[¢/ (0 Z)] (EzNN(u 1) U Z)D2

2 ~ow? _G-w?
/ 'crz dzf/qﬁaz > dz)?

t2 t4 5 1 (t—ue)?
-/ -5 . dt
/_ 00(4 TR e

2ro
© 1 2 1 (t=n)?
— -t — 4. dt
(/_00(4 16~ 96 )\/27r0 ’

1 1, 45 4 7 4 4
== — — 3 6
(16 32(;40 +0?) + 768(cr—|—ua +ptot)+--0)

(1 p2o? + 0% 3ot + 6pot 4+ ptot +oo)?
4 16 192
1 2 4
:@04 + H6Z +o(o*), aso—0T.

47

The first step of (@7) is by Definition 3] The second step and the last steps come from some basic

mathematical computation. The third step is from Taylor expansion. Hence,

lim, (8o, 7) — a0, u, o)) = —=o + L7 4 o(o)
1m —
popr oL U, T) T a0k, U, @ 1287 7 64 7

Similarly, we can obtain
) as(i,u,0)?
BZ(Zauva) //"2 ¥ 1

EZN / . 21\2
=E..xonl6 (0 2)22] ! N<0,;>2[Gi (0:2))

/ o 2)22 e (272u)2dz—#(/00 ¢ (0 2)2> ! 6_(272“)2612)2
= i Vo

t3 t° R R ok
— - _ - dt
/_00(40 60 " 960 ") ¢

2no

1 > ¢ 4 16 1 umee?
_u2+1(/,m(ﬁ_16a2+96o—2+"') ¢ t)”

2mo
—( 1+u?  30%+6p%0? + pto? +o)
16 32
1 (1 +u?  150% +45u2%02 + 15pu0? + pbo? PR
w4+1 4 32
9 33 o o2 13 4 o2 + L 6 2 2 +
— — —
=517 Teah T ke gghot Hole?), ase 0
Hence,
. 2 9
Jim (ol ) - 25T — Do o(02)
Therefore,
li i —
UH(I)l P(u J) 76[3]1,31175;;{( )}1280

11
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(49)

(50)
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(2) Note that by some basic mathematical derivation,
o0
1

o Lot [T 11 e,
¢ (0-2) e z ity me z

< 2/°° 1 1 7(z+\2m>2
—— —¢€ 4
- 0 16620-z /27T

oo (52)
— 162|M|U+2U2 / 1 e*‘(z+§g)2
8 o V2or
]. 2‘ 2 o 7&
= ———e M‘U+20 / e 2 dt
8v2m |p|+20
We then provide the following Claim with its proof to give a lower bound for (32).
t2 b
Claim: f‘f‘”a e~ T dt > e 2ulo—20"—kilogo for b > 1.
Proof: Let
o0 12 .
f(o) :/ e~ T dt — e 2nlo-20 ~klogo, (53)
|pul+20
Then,
! —202 kl —k _ 1,2
7'(0) = e (2u] + 40 + Z)o~H — 2em ), (54)

It can be easily verified that for a given || > 0, f/(c) < 0 when o is large enough if k; > 1.
Combining that lim, o, f(c) = 0, we have f(c) > 0 when o is large enough by showing the
contradiction in the following:

Suppose there is a strictly increasing function f(z) > 0 with lim,_,o, f(2) = 0 when z is large
enough. Then there exists xo > 0 such that for any € > 0, f(z) < e for z > zg. Pick e = f(zg) > 0,
then for z; > xo, f(x1) > f(xo) = €. Contradiction!

Similarly, we also have

/Oo ¢ (o 2) ! e~ Tdr = /OO : . 67(%2’”2 dz
—oo Vam €77 2\ 2r

1 1 (z—w)?
<2 ———e 2z dz
<2 S

oo
_ oo / 2.
0o V2m

2 o0 2
= 76|M|U+%U2 6_%dt,
v2m lul+o

_ CGHlplte)? (35)
2 z

and the Claim: ||

2
I(;OI-HT e~ 'Tdt < e~lnlo—30" k21087 for k) < 1 to give an upper bound for .
Therefore, combining (52} 53] and two claims, we have that for any € > 0,
1 1 1 1 > 1
82w okt 2w g2k ™ glte

(The above inequality holds for any 2k, > k; where ky > 1 and ko < 1.)

Bo(i,u,0) — ag(i,u,0)? > (56)

Similarly,
e 2 1 2 /OO 22 1 _e-w?
o-2)z e 2 dz = e ! ds
/;ood) ( ) \/% oo (ea.z+e—g.z +2)2 \/ﬂ
22 1 Gtlph?
22| gzt @ 57
- /0 166202 \Jor z (57)
1 5 [ 2
= ‘H‘U+2U / (t— 2 )2 77dt
e o)e
8\/% 2|pl+20
2
Claim: f\:OHQU(t —20)2e~ T dt > e2lnlo—20"~klogo i . 3.
Proof: Let
o0 t2
flo) = / (t— 20)2677dt _ e2lnlo—20"~kilogo (58)
|| +20

12
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oo

+2
(o) = 80/ e~ T dt + e 2mlo—207 (400 4 ko™ R 4 2uloh — 46_%“2). (59)
|pul+20

We need f/(0) < 0 when o is large enough. Since that f'(0) — 0, f”(0) — 0 when o is large, we
need (o) > 0 and f"’ (o) < O recursively. Hence,

F" (o) =e 2o =20% (6453 k1 1 96102 K1 1 16(3ky — 3+ p2)o R + 8u(—p® — 3 + 6ky)o M
+ 4k (31 + p2)o 1R L 2k (14 k) (p+2)0 2R

Fh (14 k) (2 + ko370 —16e724°) < 0

(60)
requires k1 > 3.
Similarly, we have

/Ooqé’( )% g <2/0@ Ll oe5g= 2 l‘fz/oo(t Ve~ T dt
o-2)z e~ zdz zée” 7Tdz = e2 —0)%e 2
oo V2T — Jo €77 \2m V2T .

(61)

22

2
and the Claim: [ (t — 0)%e”Zdt < e~ 7 ~%21°27_ Hence,

. as(i,u,0)? 1 1 2 1 1

— —_ = —— > — 62
Ba(i,u,0) p2+1 T 82rok w(p?+1) g2k N g3l (62)
(The above inequality holds for any 2ke > k1 where k1 > 3 and k2 < 3.)

Therefore, by combining (56)) and (62)), for any € > 0

1
lim p(u,0) > O(—). (63)

g —r00

(3) Let o be fixed. For any € > 0, following the steps in (2), we can obtain
e 1 Ge-w? /°° 1 1 _e-w?
oz e 2 dz = e 2 dz
/,OO v O e ERV 7

>2/°° 1 1 e_<z+\2m>2dz
- 0 16620-2 /271'
1 olujo+20? /Oc ~5 gt
= e e E
8\/% |p|+20
1 w2 1

e 2

> -
T 8V2m ptte

| e e s [ e
g-z (& z = (& E z
o Vor oo €7F+eTTE 422

>~ 1 1 (z=w)?
<2 ———e 2 dz (65)
A eo 2 /271.
2 % 1

(64)

Similarly,

e L
/_oocé (0-2)z me (66)

/: ¢ (o 2)2’2\/%76
ll]?

We can conclude that lim,,_, p(u,0) > @(e‘T)W.

Property 5. If a function f(x) is an even function, then

z—pu)? 2
< 2/>d2§ 2 u? 1

(67)

Em~./\/(y,,2) [f(.’I})] = ]E:cN%N(/J,,E)—&-%N(—/.L,E) [f(.’]))] (68)

13
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Proof:
Denote

9(2) = f@) a2~ exp(— (2 — )5 (@ — ) (69)

By some basic mathematical computation,
Ean(uz [f(2)] =/ dg(w)dw=/ / 9(x1,- -+, @a)dzy - dzg
xzEeR —00 —00

z/ / / g(x1, 20, ,xq)d(—x1)dxg - - - day

:/700.”/7009(_%1’%2'” s 2a)dzidry - - - drg (70)

= [ j@enisp)E en(—j e+ 03 @+ )

= EwwN(—u,E)[f(m)]
Therefore, we have

EmNN(u,E) [f(.’]))] = EmN%N(u,E)—&-%N(—u,E) [f(.’l))] (71)

Property 6. Under Gaussian Mixture Model = ~ Zlel NN (, X)) where 3, =
diag(o?,, - ,0%,), we have the following upper bound.

L
Epost aun(u,sn (@ 2)%] < (26 = 1) [u]|* > (el + 122 1) (72)
=1
Proof:
Note that

L L
Ty
EwalL:l NN (p1,20) [( Z AZE:DNN(ML ) [(u m 2t Z Al}EyNN(uTul uT3u) [y2t]a
=1 =1
(73)
where the last step is by that u'@ ~ N(u'p,u’ Zju) for x ~ N(u;, ;). By some basic
mathematical computation, we know

EyN.N'(uTul a3 [yQt]

> ( T T )2t 1 _(’yii“:“l)g
= y—u ptu ) ————e ' == dy
/ V2ruT 3u

/oo 2t ( ) 0 - 1 _(y71f‘r—rl"l)2
(') Py —u' )P ———=—=e = dy
V2ru T 3u

2\t o, 0 , pisodd (74)
(p>(u e (p— D(u"Zu)?, piseven

t
( >u P (p = D" Syl ?
0

p=

<20 = DN(fu " pu] + T Sruf )
1

<2t = DUl * (] + 1 2]%)*

where the second step is by the Binomial theorem. Hence,

Hrllﬂw

p=0

IN
[\

L
Epost o (uzn [ ®)*] < (26 = DUl P Y7 Ni(lpeall + 127 1) (75)
=1

14
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Property 7. With the Gaussian Mixture Model, we have

~

Eonsnt, anvu sy ll*] < d'(2t = 1)! Z (ol + 117 1) (76)

Proof:

Epost anum 23]
d
:E“”“Zle AN (11,20) [(Z x?)t]

=1

_Em'\’zl 1 Al-/\/'(/sz,El)[d ( J )t]

(-
a8,

1

.
Il

<o
~

xT

7

M&

<Eposst | AN Gzl

=1

)2
=d"! / = Hji + Hﬂ)m)‘y exp(—M)d@
Z;; V27aji 203; (77)

2t 0 k is odd
_gt—1 0, 2t—k )
S (PP D

i=1 j=1k=1

d L 2t
<dt—1 Qt )\ L |12t—k _k (2t —1 n
= ZZZ k gl 0; (2t i

i=1 j*l k=1

=d'~ 1ZZ>‘ ‘/‘JZH"JW (2t — !

i=1 j=1

L
<d'(2t =Y N(llull + =7 1)
=1

In the 3rd step, we apply Jensen inequality because f(x) = ! is convex when z > 0 and ¢ > 1. In the
4th step we apply the Binomial theorem and the result of k-order central moment of Gaussian variable.

Property 8. Under the Gaussian Mixture Model x ~ le‘:l NN (1, X)) where ) = A DA,
we have the following upper bound.

I
[l
Eyost sl @)% < @6— DUl S Ml + [SED* (78)
1=1
Proof:
If & ~ N(p, 30), then u'@ ~ N(u' py,u’ Zju) = N((Au) " Ay, (Ayw) T Di(Agu)). By
Property [6] we have

1
Eonn(u,z0 (@)% < (26 = DU |ul|** (||| + 1137 1) (79)
Then we can derive the final result.

Property 9. The population risk function f(W) is defined as
FW)=E, 5 N ) [/n(W)]

oyl 2N ) [ ZE w; «’Bz,yz} (80)
:EwNElL:I NN (1, 20) [e(W7 Zi, yz)]

15
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For any permutation matrix P, where {m(j )}]K:1 is the indices permuted by P, we have

1
HWP,x) =2 > ¢(w )

7™ (5)
K
1 81
j=1
=HW,z)
Therefore, ~ ~
fW) = f(WP) (82)
Based on (1) and (3), we can derive its gradient and Hessian as follows.
H(W;x,y) 1 y— H(W) -
e~ T REWI_mw)C @ o= (W) ®
?UW 2, y) T
—c . 4
H(W)>+y—2y H(W .
£ (W) = { wed (o] od' w0 it 97
ﬁqﬁ’(u)jm)qﬁ’(w?@ H2(W)(‘7{:I}IJ(W))2 - %Qh/l(w;rm) H(uy/)_(l_H(w))a J=1
(85)
Property 10. With D,,, (U defined in deﬁnition we have
(1) Dy (W) Doy (V) < Dy (V) (86)
(i0) (Dn(¥))* < D (V) (87)

Proof:
To prove , we can first compare the terms Y| \ia; S35, Aja? and YF | A;a?, where a; >

1,ie[Lland Y N =1.

L L L L L
Z )\laf’ — Z )\iai Z)\ia? = Z )\iai . (af — Z )\j&?)
i=1 i=1 i=1 i=1 j=1
L
i=1 <GS L
L
= Z)\iai ( Z Njai — Z Aja3)
i=1 1<G<L,j#i 1<G<L,j#i (83)
L
= Z)\iai . ( Z /\j(af — CL]Q))
i=1 1<G<L,j#i
= Z (/\LAJCLL(GIQ — a?) + )\,‘)\jaj (a? — af))
1<i,5<Lyidj
= Z >\¢>\j(ai — aj)Z(a,- + (lj) > 0
1<4,5<Lyidj

The second to last step is because we can find the pairwise terms \;a; - A\j(a — a7) and \;a; -
)\i(af — a?) in the summation that can be putted together. From l| we can obtain

L L L
i=1 i=1 i=1

16
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Combining and the definition of D, (V) in (5, we can derive (36).
Similarly, to prove 1i we can first compare the terms (Ziin M\;a;)? and Zle a2
a; >1,i€[Lland ) " A\ =1.

L L L L
Z /\ﬂlf — (Z )\iai)Q = Z /\iai . (Cli — Z )\jaj)
i=1 =1 i=1 j=1

L

_ Z Niai - (1= X)a; — Z Ajaj)

i=1 1<j<L j#i

:Z:mi.( Yooy Y Na)

1<G<L,j#i 1<G<L,j#i (90)

i=1
L
=> da (D0 Nlai—ay))

1<j<L,j#i

where

7

Z ()\i)\jai(ai — aj) —+ )\i)\jaj (aj — az))

1<i,j<L,i#j
= Z )\l)\j(al - aj)2 2 0
1Si7jSL7i¢j
The derivation of (90) is close to (88] By we have

Z)\al <Z)\a ©On

Combining (91) and the definition of D ) in (3)), we can derive (87).

D PROOF OF THEOREM [I]AND COROLLARY (1]

Theorem [I]is built upon three lemmas.

Lemma shows that with O(dK?® log® d) samples, the empirical risk function is strongly convex in
the neighborhood of W*.

Lemma [2] shows that if initialized in the convex region, the gradient descent algorithm converges
linearly to a critical point W,,, which is close to W*.

Rde

Lemma 3| shows that the Tensor Initialization Method in Subroutine initializes Wy € in the

local convex region. Theorem 1 follows naturally by combining these three lemmas.

This proving approach is built upon those in [Fu et al.|(2020). One of our major technical contribution
is extending Lemmas andto the Gaussian mixture model, while the results in |Fu et al.| (2020)
only apply to Standard Gaussian models. The second major contribution is a new tensor initialization
method for Gaussian mixture model such that the initial point is in the convex region (see Lemma 3).
Both contributions require the development of new tools, and our analyses are much more involved
than those for the standard Gaussian due to the complexity introduced by the Gaussian mixture
model.

To present these lemmas, the Euclidean ball B(W™*P*, r) is used to denote the neighborhood of
W* P*, where r is the radius of the ball.

B(W*P*,r) = {W ¢ R>*E . |W — W*P*|| <7} (92)
The radius of the convex region is

2_1 1 « 11
Caco+ Sia M b p (st b (W) 372

K2 (S Ml + U2 1D Sy Ml + 157 1)%)

r:=0 (93)

Bl
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with some constant C's > 0.

Lemma 1. (Strongly local convexity) Consider the classification model with FCN () and the sigmoid
activation function. There exists a constant C' such that as long as the sample size

L
_ 1 2
n>Creg? (O Ml + 1137 1))
=1

(XL: =t Wy -1 )*2 2 o
: D p( 1.0k (WHIZ172))  dK”log”d
= TR e (WS

Sor some constant C1 > 0, ¢g € (0, i), and any fixed permutation matrix P € RE*X ywe have for
al W e BOW*P,r),

L —1-1 * T
-2 < 5 W s
Q by, p Ok (W12 2)) - Ik
(55 oM e I I)
L 95)
< V2 u(W) < Co S il + 5717 - T
=1

with probability at least 1 — d—'° for some constant Co > 0.

Lemma 2. (Linear convergence of gradient descent) Assume the conditions in Lemmal|l| hold. Given
any fixed permutation matrix P € RE*X if the local convexity of B(W* P, 1) holds, there exists a
critical point in B(W* P, 1) for some constant C3 > 0, and €o € (0, 3), such that

W K5\, A +I=EN2a+ dl
T WPl < O VEL Nl + 122 1°0 +) )W>

L (D> W*Tp TR
AL L o (WH*)|| 2
Zl:l U (g p(éK(W*)Hzl—ll‘—%’ K( )” l || 2

(96)
If the initial point Wy € B(W* P, r), the gradient descent linearly converges to ﬁ\/n, ie.,
—1p-1 .7
- R G T R AL AT
W = Wil < (1 - RO ) IWo = Wols
K23y Ml + 1Z21D?
o7

with probability at least 1 — d~1°.

Lemma 3. (Tensor initialization) For classification model, with Dg(V) defined in Deﬁnition we
have that if the sample size
n > KEK*m12Dg () - dlog? d, (98)

then the output Wy € R&>K satisfies

* dlogn .
|Wo — W*P*|| < kSK® - 79/Dg (1) / ng W (99)

with probability at least 1 — n—s1) for a specific permutation matrix P* € RE*K,

Proof of Theorem
From Lemma[2]and Lemma 3] we know that if n is sufficiently large such that the initialization W}
by the tensor method is in the region B(W* P, r), then the gradient descent method converges to a

critical point W, that is sufficiently close to W*. To achieve that, one sufficient condition is

dlogn .
W™ P||

Wy — W*P*||p < VK||Wy — W*P*|| < kK3 - 76,/Dg (W) -

03€0F(\I/) (100)

2
O max

KE (o Ml + 157 104 S Al + 1271)%)

<

Al

18
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where the first inequality follows from ||W||p < VK ||W|| for W € R?*K the second inequality
comes from Lemma [3} and the third inequality comes from the requirement to be in the region
B(W*P,r). That is equivalent to the following condition

™~
N

L
0 >Coeg? 125121@4(2& i+ V1) 3 el + 127 1))
1=

’ (5 ( )) ( )F \II) Omax leg d

(101)

—

where Cy = max{Cy, C5?}. By Deﬁnition we can obtain

L

L
(3= Al + 1711 N (el + 127 1)%)
=1

N

< /Da(¥)Ds (V)05 (102)

From Property [T0] we have that

V' D4(V)Dg (V) Dg (¥

(103)
<V/D12(0)/D12(¥) = Dio(W)
Plugging (102)), (T03) into (I0T)), we have
n > Coey? - K2 KM (0maxd1 (W) 2712 (W) ~2 D1 (V) - dlog? d (104)

Considering the requirements on the sample complexity in (94 , and (104] - [T04)) shows a
sufficient number of samples. Taking the union bound of all the fallure probablhtles in Lemmam and
B3l (104) holds with probability 1 — d=10.

By Property 4, p(W—‘”l, Sk(WH)[1= 1~ 3) can be lower bounded by positive and

Sx(WHlI= "2
monotonically decreasing functions Lm(%7 5 (W*)|S71|~%) when everything
(W
else except |fi;(;| is fixed, or £, (%, Sk(WH)|1=,H~ 2) when everything else except
) Sr (WIS
|37 || is fixed. Then, by replacing the lower bound of p(#, Sxk(WH)||=;t |~2) with
K * !

|2
these two functions in I'(¥), we can have an upper bound of (0axd1(W*))2r120 (W) =2 D15 (),
denoted as B(7).

To be more specific, when  everything else  except |[f;)| is  fixed,
,CW(W,(SK(W*)HE Y|=2) is plugged in B(¥). Then since that D5(¥) and

m((m—%,dK(W*)HE Y|=2) are both increasing function of |fyeiy|, B(¥) is an
Sk (W)=

increasing function of |f1;;|.

When everything else except ||E || is fixed, if ||E | = Omax > (s, then 02, 712D15(¥) is an
increasing function of HEf || Since that L (W—”ll,;, S (W*)||Z; 1|7 2) is a decreasing
5K(W*)H2 I .
* T =
function, ES(W—’”J, Sk(WH)||= 1~ 3)~2 is an increasing function of |37]|. Hence,
S (WHIIZ |

B(¥) is an increasing functlon of ||2l§\| Moreover, when all [|[X?| < (s and go to 0, two

W—"'l, S (W)Y ~2)~2 and Dy (¥) will

decreasing functions of ||22H o —
S (WIZ |

maxﬂs (

1
be the dominant term of B(¥). Therefore, B(¥) increases to infinity as all |3 [|’s go to 0. In sum,
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we can define a universe B(¥) as:

B(¥)

—1—-1 *\ T ~ -2

o %112 12( L M= . (AW™) " iy ) #[|-1 1 )
(Omaxdt (W) Lt el — £ (oo 1 Ok (WOIRTIS)
-D12(W),if S is fixed

epy212 (Sl A= (AW iy T )—2
(o (W) (i, M2 Lo w5 ok WOIET2)
-D12(W),if M is fixed

N L \|=7Yt AWHT i N 11\ 72
(Omaxdn (W21 (g, 2B p( AW B 5 (w37 ~4))

2 ~1-3
Mmax N g (W) |20 2
-D15(W), otherwise

(105)
where L,,, L, and D1 are defined in (3§)), and Definition 3] respectively.
Hence, we have
n> poly(eo_l7 K, 1, TK)B(®) - dlog? d (106)
Similarly, by replacing p(LT’” S (W)=Y~ 2) with

—1,—L1>
S (W)=, 72

AWHT 4
Em((l—),f’l,ia
S (W) 172

Lo— Wt 5 (WHSY72) (or |5 Y|Le(— 2B 5 (W22
Gt S WIS ) Gor IS sty o (W) |57 )

6K(W*)H2f1|\_%) when everything else except |fi(;| is fixed, or

1
for || S, 1|71 > 1) when everything else except ||X7|| is fixed, lb can also be transferred
to another feasible upper bound. We denote the modified version of the convergence rate as
v=1- K~ 2¢(). Since that ¢(V) is a ratio between the smallest and the largest singular value
of V2 f(W*), we have ¢(¥) € (0,1). Hence, we can obtain 1 — K ~2¢(¥) € (0,1) by K > 1.

When everything else except |f1;(;| is fixed, since that E,”(%, Sk(WH)||I=;t —2)
K l

1
is monotonically decreasing and Zle M|l + [IB21)? is increasing as |fi ;| increases, v

1
is an increasing function of |f;(;)| to 1. Similarly, when everything else except ||X/ || is fixed

1
where |37 || > max{1,(,}, 1 +— decreases to 0 as || X;|| increases. We replace
- S sl +HI=2 D)2 -

— W e (WIS 72) by (| B L (— (W) |27 2) and
Pttt O (WIS ) by 5t e (W) 57 )
then

—1n— _ w*T N _1_1
[ [y [ [V e k(W57 E)
W T .
W (107)
! oy flsam = L
:ﬁs( . 1 7l’5K(W )”El 1” 2)
S (W13
is an decreasing function less than p(%, 6K(W*)||2l_1||’%). Therefore, v is an

1 b (W)
increasing function of |37 to 1 when ||X?| > max{1,({;}. When everything else except
1 * T 1
all [|X72] < (¢’s goto 0, all L %,6;( WH)||Z7 Y2 s will decrease and all
I/l < G s sk (W3
1=, 1~

S A(lsllee+I=2 )2

’s will decrease to 0. Therefore, v increases to 1.
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q(¥) can then be defined as
q(¥)

—1,—-1
=, "l (A w*)T
L 1 l 2]
Ez=1 /\l 7 Lm( 1

11—
nth Kk ( | 1 76K(W*)H21 1” 2)
S (WIS I
Q( T );
S sl +I=2 1D

if S is fixed

S Sk (W=7

Q( sgwH Izt "2 ),
i i\t(lluzl\ﬂlz? 2

if M is fixed and all |27 || < (o (108)

N Lo (— 2 S (W) 577 3) 4 Sy O, B0, W)
o] sgwH Iz 2 )

1ZLL:1 )\Z(HIMHJF”EF ?

if M is ﬁxed and one ||X2| > max{1, (s}

-t w*T . 1
SE M e Pl S (W17 2)

e S (w72
K i
Q( L % 2 )’
S Ul +I=2 1D

w* Ty,

otherwise

Wy = w* Ty, " 1)1
h A o, W) =\ B or (W)X, Note that here th
where (g, py, i, ) I R 2 P(6 (W*)HE e K ( i [ ) ote that here the

p(-) function is defined in Definition[3] £,,(-) and £ (+) are defined in (38) and (43), respectively.
The bound of ||W — W*P||p is directly from . We can derive that

L i
¢zjzm<uuj||+u2;||>2
L _71 —l i p’.} * _71 -1
Zj:l)\lej [ (5 (W*)iuz: ‘,;a(SK( )||EJ 172)
L Al + 1222

L —1)— W*T 1-1
Vi[> p(———B 6 (W= X5
ZJ:l l” j || p(5K(W*)||2 H_la K( )H H )

Eu(¥) = O( ) (109)

£(W) = O

) (110)

L 1 1
oS R o 1 e T NS
L 1 W*T[L' —1p—1
L NI (— Y s (W) ST
S M I 0 o e (W) |5 )
The discussion of the monotonicity of £, (¥), £(V¥) and & (V) can follow the analysis of ¢(0).
We finish our proof of Theorem 1| here. The parameters B(V), ¢(V), &,(¥), £(V), and &(¥) can

be found in[T05]} [T08] [[09] [T10} and[TTT] respectively.

Proof of Corollary [I}

The monotonicity analysis has been included in the proof of Theorem [I] In this

part, we specify our proof for the results in Table For simplicity, we denote
_ w* T * 1-3

1= 0l e S (WS ).

When everything else except ||X;]|2 is fixed, if ||| = o(1), by some basic mathematical

computation, then we have

E1(¥) = O

~
~

nse =Cocy” -1 1%1%“(2 (lfal + =71 oAl + 17 F1D%) (61 (W) Ds ()

1
( — )2 - dlog?d
S A

<poly(egt,n, 7,5, K, 851 (W*)) - dlog>d - O(\r,

1
I
IZE1°

(112)
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L ="
DY Pl
’U(\If) 1 Zl_l nK>

K2(2E, Ml + 1S21)?) (113)

Al 3
<1— —4——— 3
= K27’]:‘<&27'K®(|| l” )

5 L %
Wb < o VI Al + 120+ )\/dk;lm)

N W A=
e N P e (W) 11H,;75K(W )=t 2
. dlogn
S poly(n, i, 7, 0 (W) — ——K*(1+¢)-001 - =)

(114)
[iWy) = fiWy) — fl( W)
Ko
< ]E[Z M)T(wt(m - w/ﬁ)}

1 awk
< 1We = WP (| + 121]2)
S VAl + 155112 , [dlogn 115
S O(F e | + 12518 - et k2 1+ ) (1Y)
2= NlE g n
dlogn
n

1

S 1 ) vy 76 w* PRI SHIEY
< poly(n, s, 7, 0k (W™)) (1+H21H3)

———K*(14¢)-

N dlogn
< poly(n, ki, 7, 0k (W*))y | s

——K*(1+¢)-0(1) - o(|=?),

The first inequality of (I15)) is by the Mean Value Theorem. The second inequality of (113)) is from
Property [8] and the third inequality is derived from (96] [07). The last inequality is obtained by the
condition that | X;|| = o(1). We can similarly have

. K a(f(W, .
i) < B[ 52 ATE ey )]
dl
S poly(n, &, 7,6k (W7)) (;gan(l‘Ff) (lelllg) (116)
< poly(n, 7, S (W) | T2 K21 +.€) - 01) — O(IZ]?)

If [|3]]2 = Q(1), we have

Nse Npoly(eo 1, Ty Ky K 61(W*))-dlode-O(HEng) (117)
(@) <1 ——0(——) (118)
B G A IR A
—~ dlogn
|W,, = W*P*||p S poly(n, 7, k, 0 (W7™)) SEKE1+¢)-VIZ] (119)
_ dlogn
filW2) S poly(n, 7, 5, 85 (W) | S22 (14 €) - |24 (120)
= . dlogn 9
JWy) Spoly(n, 7, 5, 0g (W™))\ [ ———K=(1+&) - || 2| (121)
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When everything is fixed except ||p4;||, by combining and (T0T), we have

_ Ollpl®), i [l <1
nee < poly(egt,n, 7, K, K, 61 (W* ~dlog2d~{ - (122)
poly(eg W) Olwll), it ]l > 1
1 1
U)<1-— 12
A € P (12
T ok N dlogn s

IW,, - W*P* || S poly(n, 7, k, 55 (W*)) KE1+6)- (L4 ml) (124

- . dlogn
JiW) 5 poly(n, ., 01 (W) 2= K2(14€) - (1+ [|pu]]?) (125)

- . dlogn
F(W3) £ poly(, 7, , i (W) o K2 (1+6) - (L4 ) (126)

When everything else is fixed except A, Aa, - -+, Ar, where || 3] = Q(1), j € [L] and ||| =
l[eeill, 4,5 € [LLAT[[Za]] < 1351, 5 € [L], we have
3 1
(a1} + as\} +az\ + as\} + as)
T
(>imi Aies)?
as (127
L

(=1 Aips)?
Spoly(eg ' n, 5, K, 81 (WH)) - dlog”d - O((1+ N) ~?)

where a1 = ([|pal|+[[30]12) 2/ S|, as = (||m\|+\|21%||)8(2j¢z Al 1+ 125112)%)2 /12012,
as = (lmll/IB7 + DXl + U514 AUl + 1E5012)%) 7 +
(lesell + 1Z012)° Sy AUl 1125017 + 18 ax = 3, AUl l/IZ5012 + D0(leall +
IZal12)2( 0 A (gl + 1125020502, as = (S A lmgll + 1Z502)* 2100 X Ul +
|\Ej||%)8)% DAl Aj(”ﬂj”/”EjH% +1)6. The second step ofis by a; = O(as),i=1,2,3,4.

Nsc §p01y(6617 n, K, Ka 51(W*>) . d10g2 d-

SPOIy(€617n7 K/vKa 51(W*)) . d10g2 d-

1

|

|W,, — W*Pl|r < poly(n, &, ,7,61(W*)) - dlog”K%(Hg) (1+1\/A7) (129)
FW:) < poly(a e b (W) | L1 +0)- O 0) (130
FW0) < poty(o 7.0 (W) | S22 K249 0 ) 3D

If |3 > |1%;]l, j € [L], we can similarly derive that

3 1
(al)\l2 + a2 A} + azh + as\ + as)

Nse gpoly(egl, mn, K, Ka 61(W*)) : d10g2 d-

(1 Api)? (132)
<poly(eg L, K, 61 (W) - dlog? d - (O(1) ~ O((1+ \)™2))
vl — 1 g1 (133)

- K2nrKr?2 7 14 )\

W~ WPl < poly(a, 7,61 (W) - T KI (146 00+ VA) (34
Fi(W3) < poly(y, 5, , 7, 61 (W™)) - dlog”K%l +€)-0(1+VN) (135)
- dl (1
FW2) < poly(n, k7. 5:(W)) -y L2 k21 4 6 - 0(1) - 21y 136
n 1+ N
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E PROOF OF LEMMA [I]

We first state some important lemmas used in proof in Section [E.T|and describe the proof in Section
[E2] The proofs of these lemmas are provided in Section [E.3|to E];n sequence. The proof idea
mainly follows from |Fu et al.| (2020). Lemma [6|shows the Hessian V* f(W) of the population risk
function is smooth. Lemmalﬂlustrates that V* f (W) is strongly convex in the neighborhood around
JT Lemma shows the Hessian of the empirical risk function V2 f,,(W*) is close to its population
risk V2 f(W7¥) in the local convex region. Summing up these three lemmas, we can derive the proof
of Lemma([I] Lemma]is used in the proof of Lemma[7} Lemma3]is used in the proof of Lemma ]

The analysis of the Hessian matrix of the population loss in |Fu et al.|(2020) and [Zhong et al.[(2017b))
can not be extended to the Gaussian mixture model. To solve this problem, we develop new tools
using some good properties of symmetric distribution and even function. Our approach can also
be applied to other activations like tanh or erf. Moreover, if we directly apply the existing matrix
concentration inequalities in these works in bounding the error between the empirical loss and the
population loss, the resulting sample complexity bound is loose and cannot reflect the influence of
each component of the Gaussian mixture distribution. We develop a new version of Bernstein’s

inequality (see (208)) so that the final bound is O(d log® d).

Mei et al.[(2016) showed that the landscape of the empirical risk is close to that of the population
risk when the number of samples is sufficiently large for the special case that K = 1. Focusing on
Gaussian mixture models, our result explicitly shows how the parameters of the input distribution,
including the proportion, mean and, variance of each component will affect the error bound between
the empirical loss and the population loss in Lemma ]

E.1 USEFUL LEMMAS IN THE PROOF OF LEMMA [I]

Lemma 4.
k
B sty 3ty | (O 70 @ 6 (0 20))%] = plas, o) R (137)
i=1
where p(p, o) is defined in Deﬁnitionand R = (ry,---,71) € R¥™¥ is an arbitrary matrix.

Lemma 5. With the FCN model (1) and the Gaussian Mixture Model, for any permutation matrix P,
for some constant C15 > 0, we have we have
||V20(W,x) — V(W' x

)
EwNzlel NN (pr,30) [W¢W’S€%I()W*P,r) ||W _ WIHF i|

- (138)

<Chp-d?K Z/\z l[lloo + 1130])2 Z (Nlealloo + 11%201)*
=1 =1

Lemma 6. (Hessian smoothness of population loss) In the FCN model (1)), for some constant C5 > 0,
for any permutation matrix P, we have

IV2F(W) = V2 f(W*P)]|

L L 1
3 ) Lo . (139)
<Cor &3+ (S Al + 15 1)* 3o Al + 15 10°) W = W Pl

Lemma 7. (Local strong convexity of population loss) In the FCN model (] . for any permutation
matrix P, if ||[W — W*P||p < r foran ey € (0, 1), then for some constant Cy > 0,

4(1 — eo) 1= W o
76 W* by 2). T
K? l; R 2 p(éK(W*)HE;lH—% k(WIS 72) - L

. (140)

VW) = Ca- Y Il +B7) - Tax
=1
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Lemma 8. In the FCN model , for any permutation matrix P, as long asn > C' - dK log dK for
some constant C' > 0, we have

L dK logn
sup ||V fu(W) = V2F(W)|| < Cs - Y Mi( el + ISF 1) V) (4D

WEB(W=*P,r) —

with probability at least 1 — d='° for some constant Cg > 0.

E.2 PROOF OF LEMMA[I]
From Lemma[7|and[8] with probability at least 1 — d~*°,
V2 fu(W) = V2f(W) — HVQ fW) =V2f, (W) - T

= W 1yt
Lok (W92 2)) -1
~a(t5 Z e e UG )

1 dK logn
~0(Cs- S Al + 1= %) =22 - 1
=1

(142)
As long as the sample complexity is set to satisfy
dKlogn
Cor > Ml + 24y
=t 1 ; (143)
€0 171! W™ eyl —1
<=5 DN p( — Ok (WH)IE, 7 72) - 1
2; TR T (W32 :
ie.,
L . )
n2Crey” - (Y Ml + IZE11)?)
=t (144)

= W T S
. O (WHIZ, dK®log™d
(; e e T R VORI 1)

for some constant C; > 0, then we have the lower bound of the Hessian with probability at least
1—d 10

L —1)-1 «T
1-— 260 ||2 || W J75] 11
V2, (W) = Q AL (W= 2))-I (145
f ( ) — ( K2 ; l ’I]TKKJQ p(5 (W*)HE 1H_, ( )H l || )) ( )

By (T40) and (I4T)), we can also derive the upper bound as follows,
IV2 fa (W) < [IV2FW)|| + (V2 (W) = V2 F(W))|

L
1 1 dKlogn
< Cu- Y Mlllull 4 1272 1D 4+ Co - > Ml + 12 ||>2\/T (146)

1=1 1=1
L 1
< oy Nl +1I1B7 1)
=1
for some constant C'y > 0. Combining (145)) and (146)), we have

L —1-1 * 1
1—2e 3 W* " -1
Yl P L (WIS )

K2R e (we = .
; 1 (147)
V(W) = Co Y Nlllulloo + B21)2 - T
=1
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with probability at least 1 — d—10.

E.3 PROOF OF LEMMA [4]

Following the proof idea in Lemma D.4 of|Zhong et al.| (2017b), we have

k
B LN (1, 20)+ AN (— 1, 10) [(Z rix-¢'(o- fﬂi))ﬂ = Ao+ Bo (148)
i=1
k
Ao =By i N L)+ AN (— 1) ( Z riw ¢ (0 xi) - fBiBTT’z‘) (149)
=1
_ T / T
Bo = Ep o N (L) + AN (— 1) (Zrl (o 2)9 (0 -a1) 2T 7’1) (150)
il

In Ay, we know that EEN%N(M,Id)-‘r%N(—;L,Id)Ij = 0. Therefore, by some basic mathematical
computation,

k
T 2 2 T T
Ay = ZEmN%N(u,I,i)-&-%N(—;L,Id) [T’i (¢/ (o xi)(xi eie] +Y wixj(ee]
i=1 i

+ejel )+ Z ijxlejel—r))m]

J#L 1#£i

Ep i Gura Nt |11 (670 2) (eFee] + alese] ) )ri]
! i# (151)

I
E

<.
Il

I
M=

/2 21, T T
[EzN%N(p’Id)Jr%N(fu,Id)[(b (0 z;)z7]r; eie; r;
1

.
Il

2 2 TT
T Bt N 1)+ AN (-, 1) T B o AN (1, 1)+ AN (— ) [¢"(0 - 2i)]r; eje; T’?}

<
S

2

k
7"227;52(2.7 22 U) + Z Z r?jﬂ()(i, M, O')(l + ,U,?)

1 i=1 j#i

|
‘Mw

3

In By, oy (i, p,0) = B LN (e, )+ AN (— 1) (z;¢'(x;)) = 0. By the equation in Page 30 of Zhong
et al.|(2017b), we have

k
Bo =2 B i N L)+ IN (L) [T;r (¢'(U ~2i)¢ (0 - x1) (l‘feie? +ajere] +xivi(eie] +
il
ele?) + ijxlejelT + ijxieje; + Z Z xjxj/eje;))rl}
J#i J#l J#L G #4]

= Z riiriiaz (i, p, o )oo (L, py o) + Z rijrijao(i, , o)ao(l, g, o) (14 43)
il il
(152)
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Therefore,

k k
E : 7”’; E : / 2 2 a2( K, 0 )
AO + BO == (Tu + TZZCVO 7”’3 1 + Mz) - 7‘117
V1+u? ' Lt ug

i=1 I#i i=1

k k k
- Z ZrlQiQO(lv N7U)2<1 + :uzz) + ZriﬁQ(za N?U) + Z ZTEJBO(Z7N70)(1 + N?)

i=1 i i=1 i=1 j#i

i=1 j#i

E.4 PROOF OF LEMMA[3]
Following the equation (92) in Lemma 8 of [Fu et al.| (2020) and by (85)
K K
IV26W) = VW) <D 1€0(W) = (W) - [JaaT ||
j=11=1
By Lagrange’s inequality, we have

1E0(W) — &, (W) < (m}?X|Tj,k,l|) || - VE[|W — W||p

From Lemma[6} we know

max [Ty k| < Cr

By Property [/, we have

~

Eonst, an(unsyllll*]] < d'(2t = 1)! Z (lpaelloo + 130>

Therefore, for some constant C15 > 0

[V2(W) — V2(W)|
EENZLL:l /\ZN(IJ'MZI)[ sup

< K5E[||=|]?

5
<K:? dZAz 1]l + [[20]])? 3d22& [elloo + (121
=1 =1

|
Q
=
N
S8
[Nl
ﬁm

L L
D Mllalloe + 122002 Y- Nelpulloe + 12])*
= =1

E.5 PROOF OF LEMMA[6]

Leta = (af, - ,ax)" € R, Let A;; € R be the (j,!)-th block of V*f(W
V2f(W*P) € ]RdKXdK By definition,
V(W) - V2f(W"P \—ﬁ?xlzza Aja
j=11=1

27

zﬁrﬁ(mw,o) H”: N+ »> % (Boli, 1,0) = @i 1,0) ) (L4 12)

(153)

(154)

(155)

(156)

(157)

(158)

)_

(159)
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Denote P = (py,- -+ ,pr) € RE*X_ By the mean value theorem and ,

*f(W) _9*f(W*P)

_ _ ) . * . T
ijl - awjawl aw;kawl* - EENZle )\IN(;M,leId)[(gjxl(W) g],l(W P)) e ]
9&;.1(W')
= EmNZle AZN(Hlyzl)[Z < jgwk sw, — Wipy T]
k=1
K
=Epost anuoso D (T - @ wp — Wipy) - za ']
k=1

(160)
where W' = AW + (1 — v)W*P for some v € (0,1) and T} , is defined such that L(‘;V)

Tiik-x€ R?. Then we provide an upper bound for &;,1. Since that y = 1 or 0, we first compute the
case in which y = 1. From (85) we can obtain

7= ¢ (w] )¢ (W ) - iy J#l
(W) = K J H2 (W) . 61
(W) { et (w] @)¢! (w] @) - ety — 20wy @)y d=1 OV
We can bound ¢; ;(W') by bounding each component of . Note that we have
RIS _ 1w/ @)o(w] @)(1 - sw]@))(1-o(w @) _
2 (w; )¢’ (w; ) W) = K2 T (w2, @) <
(162)
1 e T 1 1 ¢(w] @) (1 - g(w] 2))(1 - 26(w] x))

where (162)) holds for any j,! € [K]. The case y = 0 can be cornputed w1th the same upper bound by
. 1 K
substituting (1—H(W)) = £ > ., (1— ( x)) for H(W) in and . Therefore,

there exists a constant Cy > 0, such that

1€ (W)] < Cy (164)

We then need to calculate T} ; ;.. Following the analysis of £; ;(W'), we only consider the case of
y = 1 here for simplicity.

-2
Tk = Wq&’(w’;rw)q’)’(w’lTa:)qS'(w'Zm), where 7,1, k are not equal to each other

(165)

- { wwn (W] @)¢ (W' @) (W' @) + g @ (W] @) (W), j#k
Jygk = o' w' @ .
T2) + i ¢ (W] @) (w'] @) — G G =k
(166)

ey (¢ (w
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a] Djiar =By st nusp Q] Tiik (@, wp — Wopy)) - (a 2)(a] @)
k=1

AN

K
Bons i, N0 Z E])_((m,wy — Wrpy) (a] @)(a] @))?]
k= k=1

k=1

K K
<\ Bamgte, w3 T2 J > VB~ Wop) )t -\ [Bl(a] @) (@] @)
k=1

K

K
<08¢EMLLI 0[S T2 $Z|wk—W*pk|%~||aj||§-||az||%
k=1

k=1

L
(S Nl + 157 1) Z (el + 1= 1)°)
=1

Al

(167)
for some constant Cg > 0. All the three inequalities of are derived from Cauchy-Schwarz
inequality. Note that we have

-2 , 2¢° (w] ®)(1 — p(w] x))*p(w) )(1 — p(w) ))
| Tty ¢/ (] )¢ (wi)| < A A
=2(1 — ¢(w; ©))*(1 — p(wy x)) < 2
(168)
e ) )0 (] @) (w] w)| < 2 (169)
3 Ui /
KZHQ(W)¢ (w;rm)¢ (wy, z)
< 3¢(w]'l'w)(1 - (b( J ))(1 - 2¢(wTw))¢<wk :l:)(l - ¢(w;—w)) ’ (170)
K2 wro(w] 2)p(w] x)
=[3(1 = 6(w] @) (1 - 26(w] 2))(1 - 6w/ 2))| <3
¢"(w]x)| p(w]x)(1 - p(w] x))(1 - 6p(w; x) + 66°(w] x))
KH(W ’ - ’ K(;S(w x) ‘ =1 a7
Therefore, by comblnlng (T63), (166) and (168) to (I7I), we have
T}, = T7x < C7Vj k€ [K], (172)

for some constants C7 > 0. By (159), (I60), (I67), (I72) and the Cauchy-Schwarz’s Inequality, we
have

IV2F (W) = V2 f(W"P)|

h
=~
Bl

<Cy O$K||W—W*P|\F(Z (sl + 171 o Nl + =2 D)

K K
ZZH%HzHaz\b
Jlall=1 4

L L 1
<Cy C$K~|IW—W*PIIF-(ZN(IIMIHIIEH\4ZN el + 157 1)) - (Znam)
= =1

NG

L
1
<Ci[CIC - |[W =~ WPl (ZAz lesall + 12 DTS Ml + 121)°)
=1
(173)

29



Under review as a conference paper at ICLR 2023

Hence, we have

IV2F(W) = V2 J(W*P)|

~

L 1
s . (174)
<G5 (S Ml + 157 1) >N (Ul + 127 1)) " IW = WPl
=1 =1
for some constant C5 > 0.
E.6 PROOF OF LEMMA[]|
From Fu et al.|(2020), we know
K 2
r * P * T
VIH(W'P) = H{fﬁ“lﬁ etz | (20 Wiy @)@l )@)) | - Lux
=1 (175)

o (w; @)a]2)) | - Tux

M=

.4
=i g B ol A ) [(

<.
Il
—_

witha = (a],--- ,a))" € R where P is a specific permutation matrix and {w*(j)}f(zl is the

indices permuted by P. Similarly,

N

27 * T2 7 * T
VW P) 2 ((max a7V FW)a) Tax % Ca- max Bt s | 207 y@)°] - Tan
j=1

K
= (Cy - max Ew~2f=1 NN (1,20) {Z(a;m)ﬂ ax

=1
lall =

(176)
for some constant C'y > 0. By applying Property [§] we can derive the upper bound in as

L

K
1
Ci Byt s | 2@ @] - Tue 2 Co- S Nl + 157102 Lo A7)
Jj=1 =1

To find a lower bound for (175)), we can first transfer the expectation of the Gaussian Mixture Model
to the weight sum of the expectatlons over general Gaussian distributions.

o (w; T w)(a] ) |

M=

thh:l1 Emwzle AN (e, 30) {(
1 (178)

o (w;Tw)a] ) |

M= 5

= min Z)\l]Ez~N(uz 20[(

llall=1

Il
—

J

Denote U € R%** as the orthogonal basis of W*. For any vector a; € R?, there exists two vectors
b; € R¥ and ¢; € R4 ¥ such that

a;, =Ub,+U,c; (179)
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where U, € R?*(4=K) denotes the complement of U. We also have U | | 1 = 0 by Property I
Plugging (T79) into RHS of (T78), and then we have

:cw./\f (1,%1) [(Za T - ¢ )) }

:EMNWEZ)[(Z (Ub; + U, c;) m~¢'(w;‘—r$)>2} —A+B+C

(180)

A:EENN(,LZZZ)[(ibiTUTm-¢’(ijw)>2} (181)

=1

C = Eamnun1) [z(icIUI 2o/ (w) ) (fjb? UTa-¢f(w)a))]

=1

M=

K
> Eanum) 26T UL @] Barsu 50 [pT U T - ¢/ w T2)¢/(wj T2)] - (182)
1y

I
-

o
Il

]~
M=

26T UL 1| Baniu, 3[BT U T - ' (w7 ") (w] )| = 0

W
Il
—

1J
where the last step is by UI p; = 0 by Property
K
* 1
B =Eanusy (el ULe - ¢/ (w; @)
i=1

=Epn (s (" 8)?] by defining ¢ = Zgb w'z)e; e R K ands = U x

i=1

K
Z E[t7s7] + > Eltit;sis;]

1 i#£]

-
Il

K

K d
= E[t Z UL)ioh, + (ZEV?](UIM)? + Y Eltit; (U] )i - (UIHl)j)
i=1 - =1 i;éj
d-K d d
=E[) Z(UL)kulk] +E[(t"U | ) Z t; - Z UL)hoir]
=1 k=1 =1 k=1

(183)
The last step is by UI ;= 0. The 4th step is because that s, is independent of ¢;, thus E[¢;t;s;s;] =
Eftit;]E[s;s;]

{ (Ulll’l) (U w)j, ifisj
U )} +Zk VU5, ifi=j

2
Since (Zf rix-¢(o- xl)) is an even function for any r; € R%, i € [k], so from Property
we have

k k
Earnr (30 [(Z T:$'¢/(U'$i))2} = B N (1, 20+ IN (— i 20) {(Z Tinﬂ'W(U'mi))Q} (185)
i=1 =1

Combining Lemma 4 and Property [5] we next follow the derivation for the standard Gaussian
distribution in Page 36 of Zhong et al.[|(2017b)) and generalize the result to a Gaussian distribution
with an arbitrary mean and variance as follows.
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1 [ 2 1
(Dbl =z 2) [exo (= 5IB7 1z~ U i) dz

H[(6TvTs 0/ (s0) Jexp (— SIS IV s — U7 ) [aet (v ds

1y 2 = s = VTUT 2
2 biTVTTs~¢’(si) exp _ = Py ldet(vH|ds
(> ) o (- B U gy
k
K - T . 1 . 2
> [em o s (6T WIS o G WO - 90) |
T i=1
g — \/H2f1”W* M||2
S (W= 1K .
exp (- S0 ) eVt % o (W) dg
_ ||2l_1H_1E =z bT TT(s * / 2—1 7l6 * )2
= e, Ea | (T VE Sk (W) 8 (15 R0k (W) - )
=1
o W

S0k (W)l b

e S T (W)

(186)

The second step is by letting z = Uz ~ N (U ", U'SU), y ' U'S; 'Uy < |Z;Y|y]?
for any y € R¥. The third step is by letting s = V' T 2. The last to second step follows from

=— 85  whereg~N LT’” , I'y) and the last inequality is by Lemma 4
I i ) 9N G Ty ) ArEE Y
Similarly, we extend the derivation in Page 37 of |[Zhong et al.[(2017b) for the standard Gaussian
distribution to a general Gaussian distribution as follows.

= W

. =20k (W) cl)?
PREE 1= 1720k (W)llel]

d
B = Z U.) zkalk]EmNN(m,El)[HtH ] > p(
k=1

UTKK2
(187)

Combining (I80) - (I83), (186) and (I87), we have

k —1-1 * 1
0 W™ 1
min E,. a, z-¢' (w' ' x))?| > 1%, O (WH|IZ !
0, Een o [ al w0/ (wi )] 2 S ploaro sy b (WIS,
(188)
For the Gaussian Mixture Model @« ~ ElL 1 N (i, ), we have
HI;HI:HEENZlelAI (m1,%0) {Za T (b ))}
(189)
=0 W 1
> /\1 p O (WH 2712
; e PG T R W OIS )
Therefore,
L 1 1 * 1
1% 1™ W™ IR
oy Lok (W12 2) -1,
R LN e O I .
i L ) (190)
<VEF(W*P) 2 Ca- Y Nl + I1ZF 1) - Tax
=1
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From (139) in Lemma 6] since that we have the condition [|W — W*P||p < r and (93), we can
obtain

IV2F(W) = V2F(W*P)]|

L
3 *
<Cs 3 (3 Ml + 157 1) SOl + 15 %) W — WP

=1 =1 (191)
L 1 1 * T
Rl W™ IR
k(W2 z),
N T KLl
where €y € (0, 1). Then we have
IV2FW)I| = V2 (W P)|| - V2 f(W) = V2 f(W"P)]|
4(1 — ) 1= W ey (192
> (W2 z
>~ g o e S VOIS
IV2F W) < [IV2F(WH)]] + (V2 f(W )—V2f(W*P)H
L 1 1 * T
1= 1" W™ -3
< -y Nl + =2 )2 +tm 2N — 0 (W%, 2])
5 Z 7w
L
SC Y Nl + 121D
I=1
(193)
The last inequality of l) holds since Cy - >, (|l + |1Z2])? = Q(max{||Z][}),
b L * * —1=41 max
e St A i e e WIS = opmeiBl) ana
Q(max; {||%]|}) > O(M) Combining ll and 1} we have
L 1-1 «T
1—60 13 1™ W* —1-1
A Se(WHS7Y 78 T
z_zl S s B
B . (194)
<V2 <Cy- Z)\l ||[L1H+Ul I
=1

E.7 PROOF OF LEMMA[§]

Let N, be the e-covering number of the Euclidean ball B(W™* P, r). It is known that log N, <

dK log(2) from |Vershynin|(2010). Let W, = {W, ..., Wy} be the e-cover set with N, elements.

Forany W € B(W*P,r), let j(W) = argmin ||[W — Wjw||r < eforall W € BIW*P, ).
JEN]

Then for any W € B(W* P, r), we have

IV2£n(W) = V2 F(W)

1 n
SEIIZ[V%(W;%) VA(Wjw); )]
(195)

+ HEmzl Nz VAW )] = Eg st 3 v,z [V AW 2))]|
Hence, we have

P sup  [[VEf(W) = VEFW)I| 2 1) < P(A) + B(B) +P(C)  (196)
WEB(W*P,r)
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where A;, B; and C; are defined as

t
Ar={ sup fHZv? W) — V2 Wiwy; )]l > 5} (197)
WeB(W=P,r)
_ - 2y _
5=yt I ;V Wiw)i) = Bt x50V A Wiwniol] > 3)
(198)
Cr :{WEIB%S(lVli]/E')*P,r) HEENZZ 1 NN (e, 2) [V Hw, W) & ;)|
. (199)
EmNZlL:lAlN(ul,zl)[V2£(W§$i)]|\ > g}
Then we bound P(A;), P(B;), and P(C}) separately.
1) Upper bound on P(B;). By Lemma 6 in|Fu et al.|(2020), we obtain
1 n
‘ ‘ﬁ Z VHW;2:) = Ey st 3 s VAW 2))] ‘
= o (200)
<2 sup <vv (=D VHW;2:) =Byt s VAW a:z->1>v> |
vevy i=1

where V1 is a 1-cover of the unit-Euclidean-norm ball B(0, 1) with log [V1| < dK log 12. Taking
the union bound over W, and Vi’ we have

t
P(By) SJP’( sup i > 7)
WeEW., vevy 6
3 1 & t
<exp(dK (log S log 12)) sup  P(]— Z Gi| > -
€ WGW@’UGV% n im1

n <
i=1
(201)

where G; <v7 (VW x;) — Eonsr Awml,zl)[W(W’wiﬂ”)> and E[G;] = 0. Here

v=(uf, - ,uy)’ €RIK,

M=

K
|Gi|:‘z

T T T T
[fj,l“j TT Uy — anzf:l /\LN(;LI,EZ)(nguj T Ul)] '
j=11

(202)

K
T T
(uj x)Q + ZEmNZle )\ZN(IJ'l’El)(uj w)z}

j=1 j=1

1 I

§09'|:

for some Cy > 0. The first step of (202)) is by (84). The last step is by (I64) and the Cauchy-Schwarz’s
Inequality.
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K
(?) Co-Epust anN(um) [(Z(u}x)ﬂl}

j=1

NE

E[|Gs*] <
!

|

T 32\
Bt AN (um) (U ®) )

M= I

1
K

{! .
(1?) Co - EmNZzL:1 NN (p1,20) [ Z R H(u;l'm)%,}
1 !

K
= = 6t 520

M-~ 5

l

T2\
EwalL:l /\l./\/'(y,l,El)(U’j .’13) )

-

1

J
K

j2 ! .
z)cg' Y e T Bt s (0] @)™

K
|
1 I+l =l Hj:l ! j=1

I
NE

l

K
T _\2\P !
' ( EENZLLzl ALN(ILbEl)(uj iIZ) > (203)

J=1

P

K !
=Cy - Z <Iz) (Z ]EwNZlel ALN(ML,EL)(U;I—:B)Q)
j=1

=1

us T.2\P7!
‘ (ZEm~zf:1 AN (50 (85 T) )
j=1
K P
.
= Co- (Y Epst iz (] @))
j=1

K L
1 p
< Co (0 1M 123 Ml + 157 1)2)
=1 =1

L
< Gy (- Ml + 157 1))
=1

where the first step is by the triangle inequality and the Binomial theorem, and the second step comes
from the Multinomial theorem. The second to last inequality in (203) results from Property 8] The

last inequality is because v € V1, 25{:1 ;]| = |Jv||* < 1.
— OPE[|G,|?
Elexp(6Gy)] = 1+ 0E(G,] + 3 2 ELG]
p=2 b
> |ed)P 12\
<13 00 (X Al + 1271)?) (204)
p=2 =1

L
1 2
<1+ Co - Je (30 Nllleull + I171)?)
=1

where the first inequality holds from p! > (£)? and (203), and the third line holds provided that

e|(P+1) L 1 p+1
Al - (S Ml + 1271)?) )
m>a§<{ [ed|P L 1 p 3 < 9 (205)
22l (o Al + I271D)?)
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Note that the quantity inside the maximization in (203) achieves its maximum when p = 2, because

1
it is monotonously decreasing. Therefore, |i holds if 6 < 27 Zlel N ([l + (122 1)2. Then

Y - G gt
]P’(% ;Gi > é) = P(exp(&i_ZIGi) > exp(%t)) <e T EE[QXP(GGi)]

(206)

L
1 2 nBt
< exp(Cro0n (D Nl + I1=F1)?) = ")

=1 6
for some constant Cg > 0. The first inequality follows from Markov’s Inequality. When 6 =
1
min{ ¢ ——, & ZIL:1 N ([lpeel] + 122 [1)?}, we have a modified Bernstein’s
12C10 ( Sl +I=2 )2
Inequality for the Gaussian Mixture Model as follows

n 2
IP)(l ZGi > %) < exp (max{ - Chont 1 27
n 4 L 2
= 144 ( i Ml + 127 1)?) 07
L
= Cun > Ml +15F )% - 1})
=1

for some constant C1; > 0. We can obtain the same bound for P(—= 3" | G; > £) by replacing
G; as —@G;. Therefore, we have

=1

1 < t Chont?
P(|HZGi|Zg)§2exp(max{— L 1om - 5
i=1 144( Nl 4+ 122 2)
2z Al + %21 208)
L
1
— Cun Y Ml + IZE ) - 1)
=1
Thus, as long as
L 1 dK log 37 4 1og 4 dK log 36 4 log 4
t > Co-max{)_ Nl + |27 ])? - b — - . (209)
s Ml + 127 1)2n

for some large constant Cg > 0, we have P(B;) < g.
2) Upper bound on P(A;) and P(C;). From Lemma|5] we can obtain

2 o 2117
WEBS(I‘;&PM Eprst anvu,s=) [V AIWijw): @) = Egosor s nv(u, s [V AW 2)]||

. sup HEmNElL:l NN (11,20 [V2Z(Wj(W); x)| — ]anzf:l NN (11,320 [Vzé(W§ x)|||
T WeB(W*P,r) |W — Wow|F

sup W — W w)llr
WEeB(W*P,r)

L L
3 5 1 1
< Crp-d2K2 | > Nllllloo + IZ2D2 D Milllpllos + 1571)* - €
=1

=1
(210)
Therefore, C; holds if
3 5 L 1 L 1
t>Cr-d? K2 | > Nllplle + B2 102> Mlllplloo + IZZ )4 - € (211)
=1 =1
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We can bound the A; as below.

- t
P =1 VWi i) — VAW )| > -
(WGBiqu*P,r) nH i:l[ ( J(W)’wl) Weedll= 3)

3 1, —
< E = 2 ) — 2 o
< Bt um |, s 2l Y[V UWiwyi )~V (W)l

— 3 2 . 2 .

= et |, S0 IV Wiawie) = VHW )|
VA(Wiiwy;xi) — V(W x;

E[ . IV2EWw); @) ( w)ll} .

<
WEeB(W*P,r) W — Wj(W)HF

| w

sup  [|W — Wjw|lr
WeB(W*P,r)

3.5 L 3 L 3
_ Cun KA Ml + 152102 S0 Ml + D
— t )
(212)
where the first inequality is by Markov’s inequality, and the last inequality comes from Lemma [5}
Thus, taking

C déKé\/ L % 2 L % 4
p s Cr2-d2KE s Alllllos + IZ21D? 22020 Milllplloo + I1271)* - €

213
5 (213)
ensures that P(A;) < $.

3) Final step

Let e = f - and § = d—19, then from

3 5 = 1
Ci2-d2 K2 \/Zle Ao HIZZ D2 2y Mlsilloo+IZ2 1D ndK

(209) and (Z13)) we need

L
1 1
t >max{m7 Ce - ZN(HMH +127 1)
=1

dKlog(36rnd275K%\/ZlL:1 Moo + 1122102 0 Ml allso + IB71)%) + log 2
TL b

1 1
dK log(36rnd % K% - % S Mllslles + 122102 20 Mo + IIZ2 1)) + 1og%}

1
SNl + 11Z2 )20
(214)

1
So by setting t = Zlel Nl + 1122 1)/ ‘mi#, aslongasn > C’' - dK log dK, we have

L
_ 1 dKlogn _
B(_sup [V (W) = VEFW)I = Co- D Al + 27 1)* == ==) < a7

WEB(W*P,r) =1
(215)

F PROOF OF LEMMA

We first present a lemma used in proving Lemma 2)in Section [FI]and then prove Lemma[2]in Section

[E2
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F.1 A USEFUL LEMMA USED IN THE PROOF

Lemma 9. Ifr is defined in for €0 € (0, 1), then with probability at least 1 — d'°, we hav

L
Swp VW) VI < Cos | KD Nl + 1202 T (146 216

WeB(W*P,r) —1
for some constant C13 > 0, where P is a permutation matrix.

Proof:

Note that V f,,(W) = V f,(W) + LS v V(W) =Vf(W)+E[y] = Vf(W). Therefore,
we have

sup  |[VL(W)=VFW)|l<  sup Han(W)—Vf(W)IIJrII%ZWII 17

WEB(W*P,r) WEB(W*P,r) P

Then, similar to the idea of the proof of Lemma we adopt an e-covering net of the ball B(W* r)
to build a relationship between any arbitrary point in the ball and the points in the covering set. We
can then divide the distance between V f,, (W) and V f(W) into three parts, similar to .
to can be derived in a similar way as to (199), with “V?2” replaced by “V”. Then we need
to bound P(A4}), P(Bj) and P(C}) respectively, where A}, B; and C| are defined below.

1w t
A=A swp [ VW) = VWi x| 2 5} (218)
wWeBW+pP,r) T 3
By={ sup Hl En:vg(W'(W);wi) —Eoos it anius) VEWiw)s i)l = E}
WeB(W=*Pr) T J w3ty AN (e, 3) J -3
219)
=i Bt [V Wiows )]
’ ‘ (220)
- Emzle AZN(;L,,E,)[VZ(W; z;)]|| > g}
(a) Upper bound of P(Bj). Applying Lemma 3 in|Mei et al. (2016), we have
1 n
||% z VIWjwys i) = B osor 3 vz [VEWiow)s 4]
=t . (221)
§2vseu‘£)1 <n z; VLW wy; ;) — EmNZlL:1 )\LN([LL,EL)[VE(WJ-(W);wi)]’ 'v> ’
2 1=

Define G = <v, (VEW,xi) —Eg 5ot AZN(M’EZ)[VE(WJBZ-)])) Here v € R?%. To compute
V(W , z;), we require the derivation in Property[9] Then we can have an upper bound of ((W) in

d(w] z)(1—p(w] x))

11 T —
‘ - xaw ? (w; w)‘ S T K Lewa =L y=1
CW)=0 1) T s e dwle) _ - (222)
‘? =) ¢ (W; w)‘ = TR L0-dwl ) = 1, y=0
Then we have an upper bound of G.
|G;| = CijTw - Em~ZLL:1 AN (p1,%0) [C’UTw]‘ (223)

T T
<|v $|+Em~zlexz/\/(m7zl)[|v x|]

2V f, (W) is defined as 2 S0 (VI(W, zi,y:) + v4) in algorithm
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Following the idea of qﬂ_ﬁp and qﬂ_ﬂp, andby v € V%, we have

L p
Bl < O (X Ml +1=71)%) ) (224)
=1
L 1
Elexp(6G7)] < 1+ 010 Y- Al + I1Z71)?) (225)
=1

where 1| holds if 8 < %\/Zle Ai(|leerll + [13%4]))2. Following the derivation of li and li

to (209)), we have

1 & t
P(|—- > =
(7262 g)

- (226)

Crant? 1
—— — —Cusny | S Ml +1I571)2 - t})
W4 Al + 157 )2 =

for some constant C4 > 0 and Cy5 > 0. Moreover, we can obtain P(B}) < g as long as

<2exp (max{ —

1 —_— o7
t > Cua-max{, | > N[l + 157 )2 ‘ :

— iy
= VEE Ml + ISF)2 - n
(227)

n

L \/dK log 18~ + log § dK log 8" + log %
(b) For the upper bound of P(A}) and P(C}), we can first derive
[|VEW ) — V(W' )|

EmNZlL:1 NN (e, =) sup HW — W" |F }

LWAW/'eB(W*P,r)
i (W) —¢(W")| - [[=||
SEpns AN (s Sub W —W/||p }

L WAW' eB(W*P,r)
maxi << {|€ (W)} - |2 PVE|[W - W||r

<E ' ~ ]
e AN (B -W#W’Z%I()W*P,r) W —W!|p

Cg-l\w\|2\/?|\W—W’HF]

<E [ su
= e AN B W#W’EJB%I()W*P,T) W —W'|[p

L
1
<Cy - 3VEd- S Mllllloe + 157 )2
=1
(228)
The first inequality is by (83). The second inequality is by the Mean Value Theorem. The third step is
by (I64). The last inequality is by Property[7] Therefore, following the steps in part (2) of Lemma 3]
we can conclude that C7 holds if

L
1
t>3Co - VEd- Y M(l|mlloo + IZZ])? - € (229)
I=1
Moreover, from (Z13) in Lemma(8] we have that
L 18Cy - VEd - 532y M|l + [ Za]) - ¢
- o

ensures P(A’) < 4. Therefore, let ¢ = 5 , 0 = d 10 and
(A1) < 3 18Co-VKd-3 11 Mi(llptlloo+[1Z1])2-end K

t= 013\/K Zlel A (|| ] + ||El||)2\/d1°%, ifn > C"” - dK log dK for some constant C"" > 0,
we have

B L dl
P( sup  [[Vfu(W)=Vf(W)|]) > C13- KZM(IIMIIHI&H)%/%§d*10

WEB(W*P,r) =1

t

(230)

(231)
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By Hoeffding’s inequality in[Vershynin| (2010) and Property 2} we have

1 — 1 dK logn
P(nZnuiuzcm-szl (ol + 132 )2y 2087
i=1

L

Sexp(=Chy - > Nl + 12711)
=1

K logn, (232)
dK &2

<d_ 10
Therefore,

sup  [|Vfu(W) = V(W)

WEB(W*P,r)

L 1 dlo 1 &
1 gn
<Cia- \[ KD Ml + 12212 =25 + =3 |l
=1 i=1
L 1 dlogn 1 " (233)
<Cis- ([ KX Ml + B2 =22 + =3 wile
=1 =1

L
1 dlogn
§C13~\KZ)\1(|IM+||Ez2|)2\/ EE(14)

=1

F.2 PROOF OF LEMMA[2|
Following the proof of Theorem 2 in Fu et al. (2020), first, we have Taylor’s expansion of fn(ﬁ\/n)
Jn(Wo) =fa(W* P) + (V [o(W* P),vec(W,, - W"P))

1 - (234)
+ §vec(Wn — W*P)V2f, (W )vec(W,, — W*P)

Here W' is on the straight line connecting W* P and W,,. By the fact that fn( ) < fn(W*P),
we have

1 —~ —~ —~
§vec(Wn — W*P)V2f, (W )vec(W,, — W*P) < |V f,(W*P) vec(W,, — W*P)| (235)

From Lemma. [7]and Lemma 9] we have

1=t W I B 2
— O (WHIE72)[[W, — WHP|[
K2Z nTK K2 5 (W= 2 (236)

1 ey
givec(Wn — W*P)V2f, (W )vec(W,, — W*P)

and

‘an(W*P)Tvec(ﬁ/n - W*P)‘
<V (W*P)|| - [|[W,, — W*P||
<(IVfu(W*P) = VJ(W*P)| + |V f(W*P)|) - |W,, - W*P||r (237)

L
1 dlogn = .
OQ K Y Ml + 27 1)/ =221+ ) W = WP s
=1

The second to last step of (237] comes from the triang le inequality, and the last step follows from the
fact Vf(W*P) = 0. Comblmng 236) and (237, we have
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5 1
P KL Mgl + 5120+ 6 Tlogn
HWn—W P|F§O<ZL I W*T _ 1) n )

1=, 1—1
by oW
e P, 1 S W OIE

(238)

Therefore, we have concluded that there indeed exists a critical point W in B(W*P,r). Then we
show the linear convergence of Algorithm [I]as below. By the update rule, we have

Wipa — W, =W, — no(V fr (W) +

S|

ZVl =0V [l n))

= (1-m [ Prwen) o - W, Z%

where W (y) = YW, + (1 — )W, for v € (0,1). Since W () € BIW*P,r), by Lemma we
have

(239)

Hupin - I 2 V2 f,(W (7)) < Hypax - I (240)
R 1 L H27 H7 W*T/_Ll * 11—3 — .
where Ho,in Q(Kz DN P p(éx(W*)HE 3 Or(WHIZ, )) Hpax = Cy

S Nl + [Z1]])%- Therefore,

n

1
o o n
[Weir = Wallr = [T - 770/0 V(WO IWe = Wl lp + 22D vl

i=1

" (241)
< (1= moHusn) [We = Walle + 153 wile
By setting 1 = z-— = O(Zle Az(H;LH-FHEzH)z)’ we obtain
(Wit = Wl < (1 — 22855 1, — W, + "—Oinwup (242)
Hiax n

Therefore, Algorithm [I]converges linearly to the local minimizer with an extra statistical error.
By Hoeffding’s inequality in[Vershynin| (2010) and Property 2] we have

dK'1 2dK 1
P(, Z il =\ FERe) < exp(—- B S @ (243)

Therefore, with probability 1 — d~1° we can derive

o~ o~ Heoin — Hax dK logn
[Ws = Wl < (1— )| Wo — W, |p + —2x JE2 080 044y
Hmax Hmin n

G PROOF OF LEMMA 3]

We need Lemma[10]to Lemma|[T4] which are stated in Section|G.T} for the proof of Lemma([3] Section
[G.2] summarizes the proof of Lemma [3] The proofs of Lemma [I0]to Lemma [I2] are provided in
Section[G.3|to Section Lemma|[T3]and Lemma[I4]are cited fromZhong et al.| (2017b). Although
Zhong et al.|(2017b) considers the standard Gaussian distribution, the proofs of Lemma@] and@]
hold for any data distribution. Therefore, these two lemmas can be applied here directly.

The tensor initialization inZhong et al.|(2017b) only holds for the standard Gaussian distribution. We
exploit a more general definition of tensors from Janzamin et al.| (2014) for the tensor initialization in
our algorithm. We also develop new error bounds for the initialization.
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G.1 USEFUL LEMMAS IN THE PROOF

Lemma 10. Let Q- and Q3 follow Definition[l] Let S be a set of i.i.d. samples generated from the
mixed Gaussian distribution Zz L AN (g, Xy). Let Qg, Q3 be the empirical version of Qs, Q3

Q651 (W*)*d)

using data set S, respectively. Then with a probability at least 1 — 2n~ , we have

1Q2 — Qs S 1/ dk;g” 61 (W)2 - 75/ Dy (W) Dy (V) (245)

if the mixed Gaussian distribution is not symmetric. We also have

A dl
1Qs (L. Ta, ) = Qa(La, L )| €4/ - 81 (W*)2 -7/ Da(W)Da(¥)  (246)

for any arbitrary vector o« € R?, if the mixed Gaussian distribution is symmetric.
Lemma 11. Let U € E™X pe the orthogonal column span of W*. Let o be a fixed unit vec-
tor and U € R™X denote an orthogonal matrix satisfying |[UU" — UU || < 1. Define

Rs; = Qg(ﬁ, ﬁ, ﬁ), where Q3 is defined in Deﬁnition Let ﬁg be the empirical version of Rg
using data set S, where each sample of S is i.i.d. sampled from the mixed Gaussian distribution
Zlel NN (g, Xp). Then with a probability at least 1 — n= W) e have

logn

|Rs — Rs|| S 61(W*)? - (7°/Dg () - (247)

n

Lemma 12. Let @1 be the empirical version of Q1 using dataset S. Then with a probability at least
1 —2n~UD ywe have
dlogn

1@ — Q]| S (T2/D2(V)) -

Iiemma 13. (Zhong et al.|(2017b), Lemma E.6) Let Q2, Q3 be defined in Definition |l| and Qg,
Qs be their empzrlcal version, respectively. Let U € R>K be the column span of W*. Assume
||Q2— ol < I Qz Sfor non-symmetric distribution cases and ||Q3(1g, Iy, o) —Q3(1y, Iy, a)|| <
% for symmetric distribution cases and any arbitrary vector a € R®. Then after

T = O(log(%)) iterations, the output of the Tensor Initialization Method U will satisfy

(248)

n

|O0T —UuUT|| < ”QQ(Q?)Q”ﬂ, (249)
which implies
1Q2 — Qa]

(I - 00 Nw}]| S (2220 4 6)||w]]| (250)

0k (Q2)

if the mixed Gaussian distribution is not symmetric. Similarly, we have

1Qs(Ia, Is, @) — Q3(Iy, Iy, )|
6K(Q3(Ida Ida Ot))

00T -UU"|| £ +e (251)

which implies

1Qs(La, 1o, @) — Qs(Ia, 1a, )|
0k (Q3(1a, I, @)

if the mixed Gaussian distribution is symmetric.

Lemma 14. (Zhong et al.|(2017b), Lemma E.13) Let U € R4*K be the orthogonal column span
of W*. Let U € R¥™¥ pe an orthogonal matrix such that ||[UU T — UUT|| <m S %ﬁ or

f Let Q1 be defined
in Lemmaand Q. be its empirical version. If || Q1 — Q1] < 73]|Q1]] S 1@l

(I - 00 "w}|| < ( +e)||w; | (252)

eachi € [K), let ©; denote the vector satisfying ||0; — U Tw;*|| < 72 <

[y 1 = @] < ('K (1 + 72) + 62K ) [ | (253)
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G.2 PROOF OF LEMMA [3]

By the triangle inequality, we have

[w; = &0, = ||w] — l[w] || T%; + ||w; 105; - a,0%||
< ||w; = lhw; 0%, || + |11 1075; - &0,
< o |||y = 05| + 11w 1 - & || 1T
< [fwjll|[w;* = 00 w; + 00 w;* = 0| + ||llwj ]| - & ||[T%1

< 51(W*)(Hu‘;j* —UU "w;*

T, -~
+HU w; —vj

)+ 1w 11 - &

54)
From Lemma [10] Lemma[13] 65 (Q2) < 0% (W*) and 0k (Q3(I4, Is, @) S 6% (W™) for any
arbitrary vector o € RY, we have

. pa 08 71 1 *) 2
<1922 e S 7V D)
— \/@~ K270/ Dy (V) Dy ()

ij* ~UU "w;*

(255)

if the mixed Gaussian distribution is not symmetric, and

1Q5(Ia, I, @) — Q3(Ia, I, )| _ Jdlogn 5
. 0 (Qs(Ig, 14, ) - n K™ 77\ Da (W) Dy (V)
(256)

Hu‘:j* ~UU "w;*

if the mixed Gaussian distribution is symmetric. Moreover, we have

. . K3 A [K3logn
HUij*—”jH S627*||R3_R3||§’{2'(TGVDG(\P))' —== (257)

in which the first step is by Theorem 3 in|Kuleshov et al.|(2015)), and the second step is by Lemma
[T} By Lemma|T4} we have

[l = @] < (e K +92) + w2 K ) W7 (258)

Therefore, taking the union bound of failure probabilities in Lemmas [T0} [IT] and [T2] and by
Dy (0)Dy (V) < Dg(¥) from Property we have that if the sample size n > k8 K472 Dg() -
d log2 d, then the output Wy € R4*K gatisfies

dlogn .
IWo = W*|| S &K% - 70/ Do ()| =22 |W| (259)
=20t (W)

with probability at least 1 —

G.3 PROOF OF LEMMA [I0]

From Assumption|[T] if the Gaussian Mixture Model is a symmetric probability distribution defined in
(16), then by Definition[I} we have
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1Qs(I, I, ) — Q3<I Ia)

STES SRR SN IR TR RS
.(((w—uz)2—1)®3 (x—w)Z oz, )}(I,I,a) 260)
L

fE[y p(x Z 2r|%)) 2exp(—%(m7ul)2 Y — )

_1\®3
.(((az—ul)El N (@ — )= B8] )}(I,I,a)H
Following Zhong et al. (2017b), ® is defined such that for any v € R% and Z € R4 >,

do
v@Z:Z(vQ@zi@zi+zi®v®zi+zi®zi®v), (261)

i=1

where z; is the i-th column of Z. By Definition[I] we have

H [y -p(z)!

' (((w )= )T = (@ - “02_1)@2_1)} , I’a)H

<HZZL_1>\1(2WIEz|) s exp(—3(z — )T (@ — ) - ((w—uz)E1)®2(aT211(-’v—m))H
- S N2 )7 exp(— 3 (- p) B (@ - )

M2 Si)) 4 exp(—3 (2 — ) S (@ — )

g

T

< ||O’ T a)mwTH

min (

(262)
The first step of (262) is because (z — ;) %;)®? (" 2, (z — p1;)) is the dominant term of the entire
expression, and y < 1. The second step is because the expression can be considered as a normalized
weighted summation of ((z — p;)3;)%?(a’" ;' (x — w;)) and (z ")z " is its dominant term.

Define S,,(x) = (—1)™ V;%()z), where p(x) is the probability density function of the random

variable . From Definition|l] we can verify that
Q;,=Ely-Sn(x) je{1,2,3} (263)

Then define Gp; = (v, ([y; - S3(x:)](La, Ia, &) — E[[y; - S3(x:)](1a, I, @)]v)), where ||v|| = 1,
then E[Gp;] = 0. Similar to the proof of (202), (203), and (204) in Lemma(8] we have

1Gpil” S omm(@] @)@ v)” + Epist niu iz lomn(@] @)@ 0)?][" (264)

BIGH1") S (Banst ssy7at (@] @) (@] 0)?])"
<o nEmwzlelN(ul,Zz)[(wTa)Q]gEmNZleN(ML,EI,)[(:BT,U)‘l]g (265)

Do (V) Dy (0)"

IN

Elexp(0Gpi)] S 1+ f} CEICHIT < f} [e6]77%% (D (W) Da (V)%

= = PP (266)
S 1460272 Dy (W) Dy (W)
Hence, similar to the derivation of (206), we have
P(l znj Gp; > t) < exp ( — nt + Cygnb> (78 Dg(\I/)D4(\II))2) (267)
i3 I
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for some constant C;g > 0. Let 6 = L > and t = §2(W*) -

2016 (70y/D>(¥) Da(¥) )
(704/ D2 (V) Dy (W)) - 4/ ‘“(;Lg " then we have

1@ (L, L) = @ (Lo, Ty )| < 61(W*)? - (< /Do) Di(0)) - 8" (268)

—Q(sH(W*)d)

with probability at least 1 — 2n
If the Gaussian Mixture Model is not a symmetric distribution which is defined in (T6), we would
have a similar result as follows.

\|Q2—Q2||—H— - Se(a)] ~ Ely- So@)]| (269)

Hyl SQ(wZ ||N||0m1nK Z(bw xl 711: H (270)

Then define Gp; = (v, ([y; - Sa(x;)] — Ely; - Sg(:ci Jv)), where |[v]| = 1, then E[Gp]] = 0
Similar to the proof of (202), (203) and in Lemmal[g] we have

GRS |0 (@ 0)? + Epist | im0 [0min (@1 0)?]] 71)
E[GPi"] S (Bans b, N(ur, 50 [Tmin(®] ©)?])7 < 77 Do (W)P (272)
BlespoGr] <1+ Y- P <y —|69‘p74pD2( !

p=2 p' p=2 (273)

S1+6°7°Dy(0)?
Hence, similar to the derivation of (206), we have

1 n
IP’<7 Y Gp > t) < exp ( — 0t + Cy7nb? (T4D2(\1/))2) (274)
n
i=1
f tant C7 > 0. Let§ = ————t— and t = 63(W*) - (74 Da(0)) -/ %87 th,
or some constant C7 e e T an HW™) - (71Da (1)) o en
we have
dlogn

1Q2 — Q2| S 67 (W) - 7 Da(¥) - .

S/ TEE W) D)D)

—Q(5H(W*)d)

(275)

with probability at least 1 — 2n

G.4 PROOF OF LEMMA [T1]

We consider each component of y = 7 ZZ L o(w! ).
Define T;(x) : RY — REXKXK guch that

T;(z) = [p(w] ' @) - S3(2)|(U, U, U) (276)

We flatten T () : RY — REXKXE 3long the first dimension to obtain the function B;(x) : R? —

RE*E? Similar to the derivation of the last step of Lemma E.8 in Zhong et al.| (2017b), we can
obtain ||T;(x)|| < || Bi(x)||. By (260), we have

K
1Bi(@)[| < omin 32 Z w; ;) (U ) @77)
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Define Gr; = (v, B;(x;)) — E[B;(x;)]v)), where ||v|| = 1, so E[Gr;] = 0. Similar to the proof of

(202), (203) and (204) in Lemmal[8] we have

‘G?"1|p < ‘O—mm TﬁT;B)S —+ EmNzlel N(uz,Ez)[ar;?n(”TﬁTiB)?’Hp (278)
EHGT%V)] 5 (EENZZL:1 N(Mz,Ez)[ mm( TUT ) ])p S 7'6p DG(\I/)p (279)
P p-6p 2
Elexp(0Gr)] < 143 ZEICTI <y | 5= [e0Pr? Do(¥)
p=2 p p=2 p (280)

<14 6*(r"*/Ds(V))?
Hence, similar to the derivation of (206), we have

1 n
IP’(f S G > t) < exp ( — nt + Cy50? (78 Dﬁ(qf)f) (281)
n
i=1
for some constant Cjs > 0. Let = ——t—— and t = §2(W*) - (15/Dg(V)) - /2282,
’ . Cus (70 /Do) M- CEVDsn) -y
then we have
o) #\2 6 logn
[R5 — Rsl| S 61(W")* - (r°v/ Do (W) -/ — (282)
with probability at least 1 — 2~ (W™)),
G.5 PROOF OF LEMMA 2]
From Definition I, we have
~ 1 <&
11 - Qull = Hn;[% - Si(@)] ~Ely- Si(@)]|| (283)

Based on Definition[T}

H[y‘ : mv)]H < HZIL—I A2 [T, of) eXp(—*(«’B —u)E N - w) (2 — )2 H
l S ZlL (2 Hk:l oh)” 5 exp(—3 (e — ) S, Ha — w))

1
-2
SJH m1nKZ¢w wl

(284)
Define Gg; = (v, ([y; - S1(x;)] — E[[y; - S1(x;)]]v)), where ||v|| = 1, so E[Gg;] = 0. Similar to
the proof of , (203), and (204) in Lemmal8] we have
GailP S |omim (@ ) + Eonst  Nu,znlo Tonin (@] V)][ (285)
EGal") S (Bonst, im0 0mm @] 0))) < 7273/ D(0) (286)
— OPE[|Gq;|” o |ef|PTP Dy (W) %
E[GXP(HG(]Z)]S]-"‘Z [|'Q‘]§1_~_Z‘e|7— p2< )
e = p (287)

<1+ 6%(73/ Dy (V))?
Hence, similar to the derivation of (Z06), we have

]P’(% ; Gg; > t) < exp ( — 1Bt + Cyob (7> DQ(@))Q) (288)
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for some constant Cyg > 0. Let = ———Lt—— and t = (721/D3(¥)) - /15" then we
1 C1o(r2y/ D2 (@) ( 2(1) n

1@ - Qull S (~*V/Da(E) - " (259

with probability at least 1 — 2n,~ (),

have
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