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ABSTRACT

We study the gradient descent dynamics of deep scalar linear networks, f(x) =∏L
l=1 wlx, which enjoy exact time-course solutions for any integer depth. We

show that even in this minimal model, the optimal depth-wise learning rate scaling
depends on data, whereas data-agnostic scaling rules fail to transfer across depths.
Under the data-dependent optimal scaling, the learning dynamics is independent
of data and weakly dependent on depth, resulting in a constant linear convergence
rate across all depths including infinity. We further show similar data-dependent
effects in deep scalar linear networks with residual connections.

1 INTRODUCTION

The large scale of modern neural networks has been empirically shown to play a crucial role in the
rapid progress of deep learning models (Kaplan et al., 2020; Hoffmann et al., 2022). One essential
factor of the scale is depth. Thus, understanding how to enable hyperparameter transfer across depth
is critical for achieving predictable gains from scale. While existing literature on hyperparameter
transfer suggests that data-agnostic learning rate scaling can allow depth-wise transfer (Yang et al.,
2024; Everett et al., 2024; Noci et al., 2024; Bordelon et al., 2024b;a; Bordelon & Pehlevan, 2025),
we demonstrate that even in a minimal model class of deep scalar linear networks, the optimal
learning rate scaling is inherently data-dependent. We show that under the data-dependent scaling,
the learning rate transfers across depth, whereas data-agnostic scaling does not enable transfer.

We consider the simplest possible deep network, a depth-L scalar linear chain defined as

f(x;w) =

L∏
l=1

wlx, x, w1, · · · , wL ∈ R. (1)

Building on and refining analyses in prior work (Saxe et al., 2014; 2019), we write exact solutions
to the full gradient descent learning dynamics for any integer depth, expressed via special functions,
i.e. the hypergeometric function and the Lambert W function. Under the data-dependent optimal
learning rate scaling and a balanced initialization scheme, the gradient descent learning dynamics is
independent of data and weakly dependent on depth. This results in a constant linear convergence
rate across all depths, including the limiting case of infinite depth. Further, we extend the analysis to
deep scalar linear residual networks with block depth one and two, and find that the optimal learning
rate scaling for them is also data-dependent.

Related work. Jelassi et al. (2023) found that in deep ReLU networks with mean-field initialization,
the largest learning rate for which the changes in the pre-activations after one gradient descent step
remains bounded scales with depth L as L−3/2. Bordelon et al. (2024b); Bordelon & Pehlevan
(2025) obtained reduced learning dynamics and studied hyperparameters transfer in infinite-depth
linear residual networks in early training time, where the width and depth limits commute (Hayou
& Yang, 2023). Dey et al. (2025) demonstrated that deep residual networks with L−1/2 scaling can
achieve hyperparameter transfer but operate in a locally lazy learning regime, while a L−1 scaling
enables rich learning and depth-wise hyperparameter transfer. Complementing these findings, we
use a simple model class of deep scalar linear networks to demonstrate that the optimal learning rate
scaling is data-dependent.

The learning dynamics of deep linear networks enjoy a rich line of theoretical results (Baldi &
Hornik, 1989; Fukumizu, 1998; Saxe et al., 2014; 2019; Arora et al., 2018; Shamir, 2019; Lampinen
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A B C

Figure 1: The loss landscape of a scalar linear network has a sharper global minimum as the depth
L increases, requiring a smaller learning rate for stable gradient descent dynamics. (A) Plot of the
loss function L(w) =

(
1− wL

)2
/2 with different L. (B) Gradient descent trajectory of the total

weight wL using learning rates that scale as Equation (5) with τ = 1. The dynamics is stable. (C)
Same as panel B but with τ = 0.5, which is the threshold for stable gradient descent dynamics. The
dynamics exhibits oscillations.

& Ganguli, 2019; Gidel et al., 2019; Advani et al., 2020; Huh, 2020; Gissin et al., 2020; Tarmoun
et al., 2021; Atanasov et al., 2022; Braun et al., 2022; Shi et al., 2022; Zhang et al., 2024; Dominé
et al., 2025; Xu & Ziyin, 2025; Watanabe et al., 2026). Saxe et al. (2014; 2019) solved the learning
dynamics of deep linear networks with aligned small initial weights and white input covariance,
showing that depth slows down learning in the case of learning with ℓ2 loss and the infinite-depth
network incurs a finite decay in learning speed relative to the shallow network. Here we build on and
refine these results by incorporating input correlations, expressing solutions via special functions,
and choosing variables that reveal data-independent learning dynamics, and connect these results to
the modern literature on hyperparameter transfer.

2 LEARNING DYNAMICS WITH OPTIMAL LEARNING RATE SCALING

Let {xn, yn}Nn=1 be a training set. The gradient flow dynamics of the depth-L linear chain in Equa-
tion (1) trained with ℓ2 loss, L = 1

2N

∑N
n=1(y − f(x))2, is given by

ẇl = −η
∂L
∂wl

= η

(
µyx − µxx

L∏
i=1

wi

)∏
i ̸=l

wi, (2)

where µyx = 1
N

∑N
n=1 ynxn, µxx = 1

N

∑N
n=1 x

2
n are moments of the dataset, and η represents

the learning rate. The continuous-time gradient flow dynamics captures the behaviors of gradient
descent under a stable learning rate where the dynamics does not diverge or sustainedly oscillate
(Cohen et al., 2025). We consider the stable regime of gradient descent learning in this paper. Here
we present a self-contained exposition that builds on Saxe et al. (2014; 2019), incorporating several
refinements.

The dynamics in Equation (2) admits a well-known conservation law (Fukumizu, 1998; Saxe et al.,
2014; Du et al., 2018) between any pairs of weights, d

dt

(
w2

l − w2
l′

)
= 0. If we assume all initial

weights are positive1, wl(0) > 0 ∀l, we can use the conservation law to reduce the L-dimensional
dynamics in Equation (2) to an one-dimensional ordinary differential equation about w1

ẇ1 = η

(
µyx − µxx

L∏
i=1

√
w2

1 + ci

)
L∏

i=2

√
w2

1 + ci, where cl = wl(0)
2 − w1(0)

2. (3)

We further assume that the initial weights of all layers are equal, wl(0) = w1(0) ∀l. This is motivated
by the fact that we typically want all layers to participate in learning in a balanced way. Due to the
conservation law, the weights that are initialized equal will remain equal throughout training. With
the equal initial weight assumption, the dynamics in Equation (3) simplifies to

ẇ1 = η
(
µyx − µxxw

L
1

)
wL−1

1 . (4)

Maximum stable learning rate. When we increase the depth of the linear network, the global min-
imum of the loss landscape becomes sharper, as shown in Figure 1A. The second-order derivative,
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i.e. the sharpness, at the global minimum is S = µxxL
(

µyx

µxx

)2−2/L

. A sharper minimum requires
a smaller learning rate for gradient descent dynamics to be stable. In particular, the learning rate
should satisfy: 0 < η < 2/S. Hence, the maximum stable learning rate scales as

η = τ−1 1

µxxL

(
µyx

µxx

)−2+2/L

, (5)

where τ ∈ (0.5,∞) is the time constant. The gradient descent dynamics exhibits oscillations when
τ ≤ 0.5, as shown in Figure 1C. Equation (5) shows that even in this minimal setup, the scaling of
the maximum stable learning rate is data-dependent, with implications on hyperparameter transfer
that we will examine in Section 3.

Dynamics with maximum stable learning rate. We now analyze the gradient flow dynamics with
the maximum stable learning rate. We are interested in how the total weight evolves to approach the
target weight over training. We thus study the dynamics of the ratio between the total weight and
the target weight, α(t) = w1(t)

Lµxx/µyx, which evolves as

τα̇ = α2−2/L (1− α) . (6)

By using the maximum stable learning rate scaling and tracking the relative total weight rather than
weights of individual layers, we obtain an ordinary differential equation (6) that is independent of the
data statistics and weakly dependent on the depth L, i.e. through the factor α2−2/L. The dependence
on L weakens as L increases, since limL→∞ α2−2/L = α2.

Exact time-course solution. Equation (6) is a separable differential equation. By separating vari-
ables and integrating both sides, we obtain the solution of t in terms of α for any positive integer
depth L

t = τ
α

2
L−1

2
L − 1

2F1

(
1,

2

L
− 1;

2

L
;α

) ∣∣∣∣α(t)
α(0)

, (7)

where 2F1 is the hypergeometric function. For a general integer L, we cannot invert Equation (7)
to solve α in terms of time t due to the intractability of the hypergeometric function as a special
function. However, we can invert Equation (7) for several specific depths, L = 1, 2,∞, in which the
hypergeometric function reduces to elementary functions. Specifically, in the limit of infinite-depth
L → ∞, the dynamics of α is given by

τα̇ = α2 (1− α) . (8)

The solution to Equation (8) can be expressed as

α(t) =
1

1 +W0(eβ(t))
, where β(t) = − t

τ
+

1

α0
+ ln

(
1

α0
− 1

)
− 1, 0 < α ≤ 1. (9)

Here W0(·) is the principal branch of the Lambert W function. That is, y = W0(x) is the solution
to the equation yey = x with x ≥ 0. We provide the derivation for Equation (9) in Appendix B.4.

Initial plateau. For any depth L, the dynamics in Equation (6) has a stable fixed point at the global
minimum, α = 1. For deep networks, L ≥ 2, the network has an unstable fixed point at α = 0
in addition to the global minimum. If small initialization, the typical choice for feature learning
(Woodworth et al., 2020), is used, the learning dynamics exhibits an initial plateau (Saxe et al.,
2014; 2019), corresponding to slow escape from the zero fixed point. The duration of the initial
plateau T is approximately

T = τ ln
1

α(0)
, for L = 2; T =

τ

(1− 2
L )α(0)

1− 2
L

, for L ≥ 3. (10)

The plateau duration T increases when the depth L increases and when the initialization α(0) de-
creases, as shown in Figure 4. However, the plateau duration in the infinite-depth scalar linear
network remains finite, with an upper bound of T < τ/α(0).

Convergence rate. At the end of learning, the linear scalar networks with L ≥ 2 all converge to the
global minimum at a linear rate, according to the dynamics in Equation (6). That is, the total weight
α is ϵ-close to the global minimum, i.e. |1− α| < ϵ, after a time of order τ ln 1

ϵ .

3



162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215

Under review as a conference paper at SciForDL 2nd edition

A Deep scalar linear networks

With the optimal data-dependent scaling With data-agnostic scaling

B Deep scalar linear residual networks with block depth one

C Deep scalar linear residual networks with block depth two

Figure 2: Learning rates transfer under the optimal data-dependent scaling (left two columns), but
not under data-agnostic scaling (right two columns). The optimal scaling for deep scalar linear
networks, linear residual networks with block depth one and two are given by Equations (5), (28)
and (34); the relevant data-agnostic scaling is η ∝ L−1, 1, L, respectively. The loss values are the
training loss after 30 steps of gradient descent. The initial weight is set to wl(0)

L = 0.1 in linear
networks, and wl(0) = 0.01 in linear residual networks.

3 DEPTH-WISE LEARNING RATE TRANSFER

We now examine the implications of the data-dependent learning rate scaling on depth-wise hy-
perparameter transfer. We show the training loss after a fixed number of gradient descent steps in
Figure 2A when the learning rate is scaled as the optimal data-dependent rule in Equation (5) ver-
sus as a data-agnostic rule η ∝ L−1. As shown in Figure 2A, the learning rates transfer from a
shallower network to deep networks under the optimal scaling, but do not transfer under the data-
agnostic scaling. Specifically, the learning rate with L−1 scaling for a very deep network is too
small when µyx/µxx < 1, and too large when µyx/µxx > 1.

We further extend the analysis to deep scalar linear residual networks with block depth one (Borde-
lon et al., 2024b; Yang et al., 2024) and block depth two (Bordelon et al., 2024a; Dey et al., 2025),
defined as

fblock1(x;w) =

L∏
l=1

(
1 +

wl√
L

)
x, fblock2(x;w) =

L∏
l=1

(
1 +

w2
l

L

)
x. (11)

Their optimal learning rate scaling rules are calculated in Equations (28) and (34), which are also
data-dependent. Similar to deep scalar linear networks, the learning rates transfer under the optimal
data-dependent scaling, but does not under data-agnostic scaling, as shown in Figure 2B,C.

On the flip side, we note that the data dependence of optimal learning rate scaling is weak for large
L. Hence, transferring the optimal learning rate from an intermediate depth to large depth under
L−1 scaling may still suffice despite being suboptimal, whereas transferring the learning rate from
a small depth (e.g. L = 2, 4) to large depth would likely fail, as we can see from Figure 2.

In summary, we study depth-wise learning rate scaling in deep scalar linear networks, with and
without residual connections, and find that the optimal scaling for transfer is data-dependent.
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H. Larochelle, A. Beygelzimer, F. d'Alché-Buc, E. Fox, and R. Garnett (eds.), Advances in
Neural Information Processing Systems, volume 32. Curran Associates, Inc., 2019. URL
https://proceedings.neurips.cc/paper_files/paper/2019/file/0
1386bd6d8e091c2ab4c7c7de644d37b-Paper.pdf.

Pierre Baldi and Kurt Hornik. Neural networks and principal component analysis: Learning from
examples without local minima. Neural Networks, 2(1):53–58, 1989. ISSN 0893-6080. doi:
https://doi.org/10.1016/0893-6080(89)90014-2. URL https://www.sciencedirect.co
m/science/article/pii/0893608089900142.

Enric Boix-Adsera. On the inductive bias of infinite-depth resnets and the bottleneck rank, 2025.
URL https://arxiv.org/abs/2501.19149.

Blake Bordelon and Cengiz Pehlevan. Deep linear network training dynamics from random ini-
tialization: Data, width, depth, and hyperparameter transfer. In Aarti Singh, Maryam Fazel,
Daniel Hsu, Simon Lacoste-Julien, Felix Berkenkamp, Tegan Maharaj, Kiri Wagstaff, and Jerry
Zhu (eds.), Proceedings of the 42nd International Conference on Machine Learning, volume 267
of Proceedings of Machine Learning Research, pp. 4968–4997. PMLR, 13–19 Jul 2025. URL
https://proceedings.mlr.press/v267/bordelon25a.html.

Blake Bordelon, Hamza Chaudhry, and Cengiz Pehlevan. Infinite limits of multi-head transformer
dynamics. In A. Globerson, L. Mackey, D. Belgrave, A. Fan, U. Paquet, J. Tomczak, and C. Zhang
(eds.), Advances in Neural Information Processing Systems, volume 37, pp. 35824–35878. Curran
Associates, Inc., 2024a. doi: 10.52202/079017-1130. URL https://proceedings.neur
ips.cc/paper_files/paper/2024/file/3eff068e195daace49955348de9f8
398-Paper-Conference.pdf.

Blake Bordelon, Lorenzo Noci, Mufan Bill Li, Boris Hanin, and Cengiz Pehlevan. Depthwise hyper-
parameter transfer in residual networks: Dynamics and scaling limit. In The Twelfth International
Conference on Learning Representations, 2024b. URL https://openreview.net/for
um?id=KZJehvRKGD.
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NOTES

1. If the signs of the initial weights of each layer differ, the weights of some of the layers may change sign
during learning. The L-dimensional dynamics is still constrained by the conservation law to evolve on a one-
dimensional manifold, but we cannot write a one-dimensional differential equation to capture the full dynamics
without using piecewise functions.
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A ADDITIONAL RELATED WORK

A diverse body of theoretical research has investigated neural networks in the limit of large depth, re-
garding their expressivity (Poole et al., 2016; Hanin, 2019), initialization scheme (Saxe et al., 2014;
Schoenholz et al., 2017; Xiao et al., 2018; Yang et al., 2024), the network output at initialization
(Hayou, 2023; Noci et al., 2023), the minimum-norm solution (Jacot, 2023; Boix-Adsera, 2025),
and formulations based on implicit layers (Amos & Kolter, 2017; Bai et al., 2019) and continuous-
depth limits (Haber & Ruthotto, 2017; Chen et al., 2018). Despite this progress, characterizing the
behaviors of such deep networks once gradient descent training begins poses a greater challenge. Ex-
act solutions for the full training dynamics have been derived for deep linear networks with aligned
small initial weights and whitened data (Saxe et al., 2014; 2019). For nonlinear networks, current
findings characterize the gradient descent dynamics over only one or several steps (Jelassi et al.,
2023; Hayou, 2023; Bordelon & Pehlevan, 2025; Bordelon et al., 2024a; Chizat, 2025), while the
full learning dynamics is generally intractable.

B DEEP SCALAR LINEAR NETWORKS

B.1 ADDITIONAL FIGURES

In Figure 3, we show the trajectories of the total weight with different depths and learning rates in
deep scalar linear networks. In Figure 4, we show the trajectories of the total weight and loss with
different depths and initialization in deep scalar linear networks.
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Figure 3: Dynamics of α(t) with different depths L and learning rates η. The learning rate η is
given by Equation (5) with τ−1 = 1, 1.5, 1.95, 2.05 for the four panels from left to right. When
0 < τ−1 ≤ 1, the gradient descent dynamics is monotonic and well described by the gradient
flow dynamics. When 1 < τ−1 < 2, the gradient descent dynamics is oscillatory but converging.
When τ−1 ≥ 2, the gradient descent dynamics is oscillatory and diverging. Here the initialization
is α(0) = 0.01. The data statistics are µyx = 1, µxx = 1.
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Figure 4: Dynamics of total weights (top row) and loss (bottom row) with different depths L and
initialization α(0). The learning speed decreases when the depth increases and when the initializa-
tion scale decreases. Here the learning rate η is given by Equation (5) with τ−1 = 0.1. The data
statistics are µyx = 1, µxx = 1.
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B.2 DERIVATION OF THE SHARPNESS IN EQUATION (5)

By differentiating the gradient in Equation (3) with respect to w1, we obtain the sharpness of the
loss landscape at which the weights in all layers are equal to w1

1

η

∂ẇ1

∂w1
= −µyx(L− 1)wL−2

1 + µxx(2L− 1)w2L−2
1 . (12)

The sharpness at the global minimum, denoted as S, is

S ≡ 1

η

∂ẇ1

∂w1

∣∣∣∣
w1=(

µyx
µxx

)
1/L

= µxxL

(
µyx

µxx

)2−2/L

. (13)

For L = 1, the sharpness depends only on the input variance, µxx, but not the input-output cor-
relation, µyx. For L ≥ 2, the sharpness depends on both the input variance and the input-output
correlation. We note that Equation (13) with µxx = 1 appeared in Saxe et al. (2014, Equation (41)).

Remark: When deriving the gradient descent dynamics, we calculate the negative gradient using the
original loss expression with L variables before substituting in the reduction w1 = w2 = · · · =
wL. Substituting in the equality before taking the gradient would yield the wrong gradient descent
dynamics. However, when calculating the second-order derivative, we differentiate the expression
in Equation (3), which is the gradient after substituting in the reduction w1 = w2 = · · · = wL.
Substituting in the equality after the double differentiation would yield the wrong sharpness metric.
This is because we want the sharpness of the loss landscape along the w1 = w2 = · · · = wL path,
not the sharpness along the w1 axis with the rest of the weights held fixed.

B.3 DERIVATION OF OF THE TOTAL WEIGHT DYNAMICS IN EQUATION (6)

Using Equation (3), we obtain the dynamics of the total weight a = wL
1

ȧ = ηLa2−2/L (µyx − µxxa) . (14)

Equation (14) with µxx = 1 appeared in Saxe et al. (2014, Equation (15)). Substituting the learning
rate in Equation (5) into the dynamics of a, we get

τ ȧ =

(
µyx

µxx

)−2+2/L

a2−2/L

(
µyx

µxx
− a

)
. (15)

We denote the total weight divided by the target weight as α(t) = w1(t)
Lµxx/µyx, which represents

the relative portion of the target weight learned, with α = 1 being the global minimum. The
dynamics of α(t) is given by

τα̇ = τ
µxx

µyx
ȧ

=

(
µxx

µyx
a

)2−2/L(
1− µxx

µyx
a

)
= α2−2/L(1− α). (16)

We arrive at Equation (6) in the main text.

B.4 DERIVATION OF THE INFINITE-DEPTH SOLUTION EQUATION (9)

We here solve the learning dynamics with L → ∞, which is given by

τα̇ = α2 (1− α) . (17)

By separating variables and integrating both sides, we obtain∫ t

0

1

τ
dt′ =

∫ α(t)

α0

dα′

α′2(1− α′)
(18)

⇒ t

τ
=

(
− 1

α
− ln

(
1

α
− 1

)) ∣∣∣∣α(t)
α0

. (19)
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Equation (19) appeared in Saxe et al. (2014, Equation (17)). We rearrange Equation (19) and obtain

1

α(t)
− 1 + ln

(
1

α(t)
− 1

)
= − t

τ
+

1

α0
+ ln

(
1

α0
− 1

)
− 1

def
= β(t). (20)

Taking the exponential of both sides yields(
1

α(t)
− 1

)
e

1
α(t)

−1 = eβ(t). (21)

Because the principal branch of the Lambert W function, denoted y = W0(x), solves the equation
yey = x with x ≥ 0, we have

1

α(t)
− 1 = W0(e

β(t))

⇒ α(t) =
1

1 +W0(eβ(t))
, 0 < α ≤ 1. (22)

We arrive at Equation (9) in the main text.

C DEEP SCALAR LINEAR RESIDUAL NETWORKS WITH BLOCK DEPTH ONE

Figure 5: The loss landscape of scalar linear residual networks with block depth one. Similar to
the scalar linear chain in Figure 1, the sharpness of the global minimum increases with the depth L.

Specifically, the plotted curves are L(w) =
(
1− (1 + w/

√
L)L

)2
/2, with different L.
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Figure 6: Loss trajectories of deep scalar linear residual networks with block depth one with different
depths and initialization. Here the learning rate η is given by Equation (28) with τ−1 = 0.1. The
data statistics are µyx = 2, µxx = 1.

Consider a scalar linear residual network with block depth one defined as

f(x;w) =

L∏
l=1

(
1 +

wl√
L

)
x, x, w1, · · · , wL ∈ R. (23)

The 1/
√
L factor is a standard choice consistent with Bordelon et al. (2024b); Yang et al. (2024).

The gradient flow dynamics trained with ℓ2 loss is given by

ẇ1 =
η√
L

[
µyx − µxx

L∏
i=1

(
1 +

wi√
L

)]∏
i̸=l

(
1 +

wi√
L

)
. (24)

Similar to the deep scalar linear network, we make the assumption of having equal initial weight in
each layer, wl(0) = w1(0) ∀l, which will remain equal throughout training due to the conservation

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at SciForDL 2nd edition

law. With equal weight in each layer, the gradient flow dynamics reduces to an one-dimensional
ordinary differential equation

ẇ1 =
η√
L

[
µyx − µxx

(
1 +

w1√
L

)L
](

1 +
w1√
L

)L−1

. (25)

By differentiating the gradient in Equation (25) with respect to w1, we obtain the sharpness of the
loss landscape at which the weights in all layers are equal to w1

1

η

∂ẇ1

∂w1
=

1

L

[
−µyx(L− 1)

(
1 +

w1√
L

)L−2

+ µxx(2L− 1)

(
1 +

w1√
L

)2L−2
]
. (26)

The sharpness at the global minimum is

S ≡ 1

η

∂ẇ1

∂w1

∣∣∣∣
1+

w1√
L
=(µyx

µxx
)
1/L

= µxx

(
µyx

µxx

)2−2/L

. (27)

Hence, the maximum stable learning rate scales as

η = τ−1 1

µxx

(
µyx

µxx

)−2+2/L

, (28)

where τ ∈ (0.5,∞) is the time constant.

As shown in Figure 2B, the optimal learning rate transfers under the data-dependent scaling in
Equation (28), but does not transfer under the data-agnostic constant scaling of η ∝ 1. Similar to
deep scalar linear networks without residual connections, we note that the data dependence of the
maximum stable learning rate is weak for large L in deep scalar linear residual networks with block
depth one, limL→∞ 2/L = 0. Thus, transferring the optimal learning rate from an intermediate
depth to infinite depth under the constant scaling is still justified, whereas transferring the learning
rate from a small depth (e.g. L = 2, 4) to infinite depth would likely fail, as we can see from
Figure 2B.

D DEEP SCALAR LINEAR RESIDUAL NETWORKS WITH BLOCK DEPTH TWO
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Figure 7: Loss trajectories of deep scalar linear residual networks with block depth two with different
depths and initialization. Here the learning rate η is given by Equation (34) with τ−1 = 0.1. The
data statistics are µyx = 2, µxx = 1.

Consider a scalar linear residual network with block depth two defined as

f(x;w) =

L∏
l=1

(
1 +

w2
l

L

)
x, x, w1, · · · , wL ∈ R. (29)

The 1/L factor is a standard choice consistent with Bordelon et al. (2024a); Dey et al. (2025). The
gradient flow dynamics trained with ℓ2 loss is given by

ẇ1 =
2ηw1

L

[
µyx − µxx

L∏
i=1

(
1 +

w2
i

L

)]∏
i ̸=l

(
1 +

w2
i

L

)
. (30)

Similar to the deep scalar linear network, we make the assumption of having equal initial weight in
each layer, wl(0) = w1(0) ∀l, which will remain equal throughout training due to the conservation
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law. With equal weight in each layer, the gradient flow dynamics reduces to an one-dimensional
ordinary differential equation

ẇ1 =
2η

L

[
µyx − µxx

(
1 +

w2
1

L

)L
](

1 +
w2

1

L

)L−1

w1. (31)

By differentiating the gradient in Equation (25) with respect to w1, we obtain the sharpness of the
loss landscape at which the weights in all layers are equal to w1

1

η

∂ẇ1

∂w1
=

2

L

[
−µyx

(
1 +

w2
1

L

)L−2(
2L− 1

L
w2 + 1

)
+ µxx

(
1 +

w2
1

L

)2L−2(
4L− 1

L
w2 + 1

)]
.

(32)

The sharpness at the global minimum is

S ≡ 1

η

∂ẇ1

∂w1

∣∣∣∣
1+

w2
1

L =(µyx
µxx

)
1/L

=
4

L
µxx

(
µyx

µxx

)2−2/L

w2

= 4µxx

(
µyx

µxx

)2−2/L
((

µyx

µxx

)1/L

− 1

)
(33)

Hence, the maximum stable learning rate scales as

η = τ−1 1

4µxx

(
µyx

µxx

)−2+2/L
((

µyx

µxx

)1/L

− 1

)−1

(34)

where τ ∈ (0.5,∞) is the time constant.

The scaling of Equation (33) with respect to L is not immediately apparent. To see its behavior with
large L, we Taylor expand Equation (33) around 1/L = 0, which yields

S =
4

L
µxx

(
µyx

µxx

)2

ln

(
µyx

µxx

)
+O

(
1

L2

)
. (35)

This shows that the sharpness at the global minimum decreases with L, scaling as 1/L. Therefore,
if we were to use a data-agnostic power-law scaling, the learning rate would scale with depth as
η ∝ L.

In Figure 2C, we compare the learning rate transfer between the exact maximum stable learning rate
scaling in Equation (34) and the data-agnostic scaling of η ∝ L. Similar to the cases with deep scalar
linear networks and scalar linear residual networks with block depth one, the optimal learning rate
transfers under the data-dependent scaling in Equation (34), but not under the data-agnostic scaling
of η ∝ L.
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