Published in Transactions on Machine Learning Research (May/2023)

Personalized Federated Learning: A Unified Framework and
Universal Optimization Techniques

Filip Hanzely* fhanzely@gmail.com
Toyota Technological Institute at Chicago
Chicago, IL 60637, USA

Boxin Zhao* bozinz@uchicago.edu
Mladen Kolar mkolar@chicagobooth.edu
The University of Chicago Booth School of Business

Chicago, IL 60637, USA

Reviewed on OpenReview: https: //openreview. net/ forum? id= 1 1HM311XC/

Abstract

We investigate the optimization aspects of personalized Federated Learning (FL). We pro-
pose general optimizers that can be applied to numerous existing personalized FL objec-
tives, specifically a tailored variant of Local SGD and variants of accelerated coordinate
descent/accelerated SVRCD. By examining a general personalized objective capable of re-
covering many existing personalized FL objectives as special cases, we develop a compre-
hensive optimization theory applicable to a wide range of strongly convex personalized FL
models in the literature. We showcase the practicality and/or optimality of our methods
in terms of communication and local computation. Remarkably, our general optimization
solvers and theory can recover the best-known communication and computation guarantees
for addressing specific personalized FL objectives. Consequently, our proposed methods can
serve as universal optimizers, rendering the design of task-specific optimizers unnecessary
in many instances.

1 Introduction

Modern personal electronic devices, such as mobile phones, wearable devices, and home assistants, can col-
lectively generate and store vast amounts of user data. This data is essential for training and improving
state-of-the-art machine learning models for tasks ranging from natural language processing to computer
vision. Traditionally, the training process was performed by first collecting all the data into a data cen-
ter (Dean et al., 2012)), raising serious concerns about user privacy and placing a considerable burden on
the storage capabilities of server suppliers. To address these issues, a novel paradigm — Federated Learning
(FL) (McMahan et al., 2017} |Kairouz et al., |2021]) — has been proposed. Informally, the main idea of FL is
to train a model locally on an individual’s device, rather than revealing their data, while communicating the
model updates using private and secure protocols.

While the original goal of FL. was to search for a single model to be deployed on each device, this objective
has been recently questioned. As the distribution of user data can vary greatly across devices, a single model
might not serve all devices simultaneously (Hard et al., 2018). Consequently, data heterogeneity has become
the main challenge in the search for efficient federated learning models. Recently, a range of personalized FL
approaches has been proposed to address data heterogeneity (Kulkarni et al.l 2020]), wherein different local
models are used to fit user-specific data while also capturing the common knowledge distilled from data of
other devices.
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Since the motivation and goals of each of these personalized approaches vary greatly, examining them sep-
arately can only provide us with an understanding of a specific model. Fortunately, many personalized FL
models in the literature are trained by minimizing a specially structured optimization program. In this paper,
we analyze the general properties of such an optimization program, which in turn provides us with high-level
principles for training personalized FL models. We aim to solve the following optimization problem

M
1
min < F(w,B) = — m(Ww, Bm) ¢, 1
wﬁ{( §)i= 37 2 I ﬁ)} (1)
where w € R% corresponds to the shared parameters, 8 = (B1,...,B8y) with B8, € Ri= Vm € [M]
corresponds to the local parameters, M is the number of devices, and f,, : R%t4m — R is the objective that
depends on the local data at the m-th client.

By carefully designing the local loss f,(w, ), the objective (1)) can recover many existing personalized
FL approaches as special cases. The local objective f,, does not need to correspond to the empirical loss
of a given model on the m-th device’s data. See Section [2| for details. Consequently, (1) serves as a unified
objective that encompasses numerous existing personalized FL approaches as special cases. The primary
goal of our work is to explore the problem from an optimization perspective. By doing so, we develop a
universal convex optimization theory that applies to many personalized FL approaches.

1.1 Contributions

We outline the main contributions of this work.

Single personalized FL objective. We propose a single objective (1)) capable of recovering many existing
convex personalized FL approaches by carefully constructing the local loss f,, (w, 8,,). Consequently, training
different personalized FL models is equivalent to solving a particular instance of .

Recovering best-known complexity and novel guarantees. We develop algorithms for solving
and prove sharp convergence rates for strongly convex objectives. Specializing our rates from the general
setting to the individual personalized FL objectives, we recover the best-known optimization guarantees from
the literature or advance beyond the state-of-the-art with a single exception: objective with A > L/.
Therefore, our results often render optimization tailored to solve a specific personalized FL. unnecessary in
many cases.

Universal (convex) optimization methods and theory for personalized FL. To develop an optimiza-
tion theory for solving (|1f), we impose particular assumptions on the objective: u—strong convexity of F' and
convexity and (L%, M L”)-smoothness of f,, for all m € [M] (see Assumptions . These assumptions are
naturally satisfied for the vast majority of personalized FL objectives in the literature, with the exception of
personalized FL approaches that are inherently nonconvex, such as MAML (Finn et al.| |2017). Under these
assumptions, we propose three algorithms for solving the general personalized FL objective (|1)): i) Local
Stochastic Gradient Descent for Personalized FL (LSGD-PFL), ii) Accelerated Block Coordinate Descent
for Personalized FL (ACD-PFL), and iii) Accelerated Stochastic Variance Reduced Coordinate Descent for
Personalized FL. (ASVRCD-PFL). The convergence rates of these methods are summarized in Table |1} We
emphasize that these optimizers can be used to solve many (convex) personalized FL objectives from the lit-
erature by casting a given objective as a special case of , oftentimes matching or outperforming algorithms
originally designed for the particular scenario.

Minimax optimal rates. We provide lower complexity bounds for solving . Using the construction
of Hendrikx et al.| (2021), we show that to solve , one requires at least O (\/m log 6_1) commu-
nication rounds. Note that communication is often the bottleneck when training distributed and person-
alized FL models. Furthermore, one needs at least O (\/L“’ /plog 6_1) evaluations of V,F and at least

@ (\/Lﬁ/ulog 6_1> evaluations of VgF. Given the n-finite sum structure of f,, with (£*, M £?)-smooth
components, we show that one requires at least O (n +/nLv/ulog 6*1) stochastic gradient evaluations

with respect to w-parameters and at least O <n+ \/nLP/ulog 6*1) stochastic gradient evaluations with
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Table 1: Complexity guarantees of the proposed methods when ignoring constant and log factors.
#V.w/#V g : number of (stochastic) gradient calls with respect to the w/B-parameters. Symbol &, indicates
the minimax optimal complexity. Local Stochastic Gradient Descent (LSGD): Local access to B-minibatches
of stochastic gradients, each with o?-bounded variance. Each device takes (7 — 1) local steps in between the
communication rounds. Accelerated Coordinate Descent (ACD): Access to the full local gradient, yielding
both the optimal communication complexity and the optimal computational complexity (both in terms of
V. and Vg). ASVRCD: Assuming that f; is an n-finite sum, the oracle provides access to a single stochastic
gradient with respect to that sum. The corresponding local computation is either optimal with respect to
V. or with respect to V. Achieving both optimal rates simultaneously remains an open problem.

respect to S-parameters. We show that ACD-PFL is always optimal in terms of communication and local
computation when the full gradients are available, while ASVRCD-PFL can be optimal either in terms of
the number of evaluations of the w-stochastic gradient or the p-stochastic gradient. However, note that
ASVRCD-PFL cannot achieve optimal rate for both evaluations of the w-stochastic gradient and the -
stochastic gradient simultaneously, which we leave for future research.

Personalization and communication complexity. Given that a specific FL objective contains a pa-
rameter that determines the amount of personalization, we observe that the value of /L% /u is always a
non-increasing function of this parameter. Since the communication complexity of is equal to \/L¥/u
up to constant and log factors, we conclude that personalization has a positive effect on the communication
complexity of training an FL model.

New personalized FL objectives. The universal personalized FL objective (1) enables us to obtain a
range of novel personalized FL formulations as special cases. While we study various (parametric) extensions
of known models, we believe that the objective (1) can lead to easier development of brand new objectives
as well. However, we stress that proposing novel personalized FL. models is not the main focus of our work;
the paper’s primary focus is on providing universal optimization guarantees for (convex) personalized FL.

Despite the aforementioned benefits of our proposed unified framework, we acknowledge that this is neither
the only nor the universally best approach for personalized federated learning. However, providing a general
framework that can include many existing methods as special cases can help us gain a clear understanding
and motivate us to propose new personalized methods.

1.2 Assumptions and Notations

Complexity Notations. For two sequences {a,} and {b,}, a, = O(b,) if there exists C' > 0 such that
|an/by,| < C for all n large enough; a, = O(by,) if a, = O(b,) and b, = O(a,) simultaneously. Similarly,
ap = @(bn) if a, = O(b, log” by,) for some k > 0; a,, = (:)(bn) if a,, = @(bn) and b,, = @(an) simultaneously.
Local Objective. We assume three different ways to access the gradient of the local objective f,,,. The
first, and the simplest case, corresponds to having access to the full gradient of f,, with respect to either w
or By, for all m € [M] simultaneously. The second case corresponds to a situation where V f,, (w, 8,,) is the
expectation itself, i.e.,

VS (0, Bm) = Beep,, |V funlw, B3 €)] (2)



Published in Transactions on Machine Learning Research (May/2023)

while having access to stochastic gradients with respect to either w or (3, simultaneously for all m € M,
where f,,, represents the loss function on a single data point. The third case corresponds to a finite sum f,,:

L me,i(waﬂm)v (3)

i=1

fm(w, Bm) = n
having access to Vi fm,i(w, Bm) or to Vg fmi(w,By) for all m € [M] and i € [n] selected uniformly at
random.

Assumptions. We argue that the objective is capable of recovering virtually any (convex) personalized
FL objective. Since the structure of the individual personalized FL objectives varies greatly, it is important
to impose reasonable assumptions on the problem in order to obtain meaningful rates in the special cases.

Assumption 1. The function F(w, ) is jointly p-strongly convex for p > 0, while for allm € [M], function
Fm(w, B is jointly convex, L*-smooth w.r.t. parameter w and (M LP)-smooth w.r.t. parameter B,,. In the
case when p =0, assume additionally that has a unique solution, denoted as w* and * = (57,...,B%)-

When f,, is a finite sum , we require the smoothness of the finite sum components.

Assumption 2. Suppose that for all m € [M],i € [n], function fu, i(w,Bm) is jointly convex, L*-smooth
w.r.t. parameter w and (M LP)-smooth w.r.t. parameter B,

In Section [2| we justify Assumptions [1| and [2| and characterize the constants p, L*, L?, £*, £ for special
cases of (). Table 2] summarizes these parameters.

Price of generality. Since Assumption [l|is the only structural assumption we impose on , one cannot
hope to recover the minimax optimal rates, that is, the rates that match the lower complexity bounds, for
all individual personalized FL objectives as a special case of our general guarantees. Note that any given
instance of has a structure that is not covered by Assumption but can be exploited by an optimization
algorithm to improve either communication or local computation. Therefore, our convergence guarantees
are optimal in light of Assumption [I] only. Despite this, our general rates specialize surprisingly well as
we show in Section our complexities are state-of-the-art in all scenarios with a single exception: the
communication/computation complexity of .

Individual treatment of w and . Throughout this work, we allow different smoothness of the objective
with respect to global parameters w and local parameters §. At the same time, our algorithm is allowed
to exploit the separate access to gradients with respect to w and 3, given that these gradients can be
efficiently computed separately. Without such a distinction, one might not hope for the communication
complexity better than © (maX{Lw, L}/ ulog 6_1), which is suboptimal in the special cases. Similarly, the
computational guarantees would be suboptimal as well. See Section |2 for more details.

Data heterogeneity. While the convergence rate of LSGD-PFL relies on data heterogeneity (See The-
orem , we allow for an arbitrary dissimilarity among the individual clients for analyzing ACD-PFL and
ASVRCD-PFL (see Theorem m and Theorem . Our experimental results also support that ASCD-PFL
(ACD-PFL with stochastic gradient to reduce computation) and ASVRCD-PFL are more robust to data
heterogeneity compared to the widely used Local SGD.

The rest of the paper is organized as follows. In Section |2 we show how can be used to recover various
personalized federated learning objectives in the literature. In Section [3] we propose a local-SGD based
algorithm, LSGD-PFL, for solving . We further establish computational upper bounds for LSGD-PFL
in strongly convex, weakly convex, and nonconvex cases. In Section [d] we discuss the minimax optimal
algorithms for solving . We first show the minimax lower bounds in terms of the number of communication
rounds, number of evaluations of the gradient of global parameters, and number of evaluations of the gradient
of local parameters, respectively. We subsequently propose two coordinate-descent based algorithms, ACD-
PFL and ASVRCD-PFL, which can match the lower bounds. In Section [§land Section[6] we use experiments
on synthetic and real data to illustrate the performance of the proposed algorithms and empirically validate
the theorems. Finally, we conclude the paper with Section7} Technical proofs are deferred to the Appendix.

11t is easy to see that L% > L* > % and £P > LP > %
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2 Personalized FL objectives

We recover a range of known personalized FL approaches as special cases of . In this section, we detail
the optimization challenges that arise in each one of the special cases. We discuss the relation to our results,
particularly focusing on how Assumptions and our general rates (presented in Sections |3|and |4) behave
in the special cases. Table [2| presents the smoothness and strong convexity constants with respect to for
the special cases, while Table [3] provides the corresponding convergence rates for our methods when applied
to these specific objectives. For the sake of convenience, define

M
1
Fi(w, ) = 77 ;1 Frni(w, Bim)-
in the case when functions f,, have a finite sum structure .

2.1 Traditional FL

The traditional, non-personalized FL objective (McMahan et al., |2017)) is given as

min F'( Z I (4)

weR?

where f! corresponds to the loss on the m-th client’s data. Assume that f], is L’-smooth and u'— strongly
convex for all m € [M]. The minimax optimal communication to solve up to e-neighborhood of the

optimum is © (x/L’/,u’ log e_1> (Scaman et al.| [2018)). When f/ = %Z?ZI fin,;(w) is an n-finite sum
with convex and L£'—smooth components, the minimax optimal local stochastic gradient complexity is
© ((n—i— nﬁ’/u) log 6_1> (Hendrikx et all [2021). The FL objective is a special case of with

di = --- =dy = 0 and our theory recovers the aforementioned rates.

2.2 Fully Personalized FL

At the other end of the spectrum lies the fully personalized FL. where the m-th client trains their own model
without any influence from other clients:

min Fu m) 5
5, i Fran Zf (Bm) (5)

The above objective is a special case of with dyg = 0. As the objective is separable in f£1,..., By, we
do not require any communication to train it. At the same time, we need © ((n +/nL'/ ,u) log e_l) local

stochastic oracle calls to solve it (Lan & Zhou, 2018|) — which is what our algorithms achieve.

2.3 Multi-Task FL of |Li et al.| (2020)

The objective is given as

. I\* (12
L i Fur(®) MZ< 3 = W) 1?). (©

where (w’)* is a solution of the traditional FL in and A > 0. Assuming that (w’)* is known (which [Li
et al.| (2020) does), the problem @ is a particular instance of ; thus our approach achieves the optimal
complexity.

A more challenging objective (in terms of optimization) is the following relaxed version of @:

M
min <= 3 (AL (w0) + £ (B) + Allw = B ) ™)
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where A > 0 is the relaxation parameter, recovering the original objective for A — oco. Note that, since
A — oo, finding a minimax optimal method for the optimization of @ is straightforward. First, one has
to compute a minimizer (w’)* of the classical FL objective , which can be done with a minimax optimal
complexity. Next, one needs to compute the local solution £, = argming cga f7,(8m)+A|w* — B, ||?, which
only depends on the local data and thus can also be optimized with a minimax optimal algorithm.

A more interesting scenario is obtained when we do not set A — oo in , but rather consider a finite
A > 0 that is sufficiently large. To obtain the right smoothness/ strong convex1ty parameter (according to
Assumption |1 , we scale the global parameter w by a factor of M~ 3 and arrive at the following objective:

M
waﬁly-Ifl,iﬁriuele Farz(w, ) = % m=1 S22 o), (8)
where
Fnw Bm) = AJ1u (M 30) + £y (B) + 5B = M

The next lemma determines parameters pu, L*, L?, £%, £ in Assumption ! See the proof in Appendix

Lemma 1. Let A > 3\/(21/). Then, the objective is jointly (A\/(2M)) —strongly convex, while the
function fp, is jointly convez, (AL + X)/M)-smooth w.r.t. w and (L' + X)-smooth w.r.t. By,. Similarly, the
function fn, ; is jointly convex, (AL + X)/M)-smooth w.r.t. w and (L' + X)-smooth w.r.t. Bp,.

Evaluating gradients. Note that evaluating V., f,(z, ;) under the objective can be perfectly de-
coupled from evaluating Vg f.,(z, Bn). Therefore, we can make full use of our theory and take advantage
of different complexities w.r.t. V,, and Vg. Resulting communication and computation complexities for
solving are presented in Table

2.4 Multi-Task Personalized FL and Implicit MAML

In its simplest form, the multi-task personalized objective (Smith et al., 2017; Wang et al., |2018) is given as

min F]LIX M Z f ﬂm + Z ||6 ﬁmH2 (9)

where (3 = ﬁ Z%zl Bm and A > 0 (Hanzely & Richtarikl [2020). On the other hand, the goal of implicit
MAML (Rajeswaran et al.l 2019; Dinh et al., [2020]) is to minimize

i, Py MZ<H““( ) + 50 = %) ). (10

weRE

By reparametrizing , we can recover an objective that is simultaneously equivalent to both @D and .
In particular, by setting )
fm(wvﬂm) = fy/n(ﬁm) + )\||M7§w - 6m||2a

the objective becomes

M
min FM xa(w — + A M- 2 1
"B e FMx2(0 ) mZ: m(Bn) Z 1M~ 4w — B (11)
It is a sunple exercise to notice the equwalence of . ) to both @D and (|10 E| Indeed, we can always mini-

mize in w, arriving at w* = M2 3 B, and thus recovering the solution of ([9)). Similarly, by minimizing
in 8 we arrive at .

Next, we establish the parameters in Assumptions [T] and [2]

2To the best of our knowledge, we are the first to notice the equivalence of @D and .
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Lemma 2. Let i/ < \/2. Then the objective is jointly (' /(3M))-strongly convex, while fp, is (\/M)-
smooth w.r.t. w and (L' + X)-smooth w.r.t. 5. The function

Fni (W, Bm) = fri(Bm) + (A/2)IM 2w = By |*
is jointly convex, (A\/M)-smooth w.r.t. w and (L' + X)-smooth w.r.t. 5.

The proof is given in Appendix Hanzely et al.| (2020a) showed that the minimax optimal communication
complexity to solve ([9) (and therefore to solve and (11))) is © ( min(L’, \)/u log e’l). Furthermore,

they showed that the minimax optimal number of gradients w.r.t. f’ is © ((\/L’/u’) log 6’1) and proposed
a method that has the complexity © ((n +/n(L + )\)//J,') log e’1> w.r.t. the number of f;, .-gradients. We

match the aforementioned communication guarantees when A\ = O(L') and computation guarantees when
L' = O()\). Furthermore, when A = O(L'), our complexity guarantees are strictly better compared to the
guarantees for solving the implicit MAML objective directly (Rajeswaran et al.,[2019; Dinh et al., [2020).

2.5 Adaptive Personalized FL (Deng et al., |2020)

The objective is given as

M
1
min F == " ((1 = 0tm) B + o (W'™)), 12
it Papes(5) = 5 32 Sul(1=am)n -+ an(w') (12)
where (w')* = argmin,, cpa F'(w) is a solution to (4)) and 0 < a,...apn < 1. Assuming that (w’)* is known,
as was done in [Deng et al.| (2020)), the problem (12]) is an instance of ; thus our approach achieves the
optimal complexity.

A more interesting case (in terms of optimization) is when considering a relaxed variant of (12]), given as

M

min 2= > (A5 w) + F1u((1 = @) o + ) (13)

m=1

where A > 0 is the relaxation parameter that allows recovering the original objective when A — co. Such a
choice, alongside with the usual rescaling of the parameter w results in the following objective:

M
1
i F = — 14
w,ﬂl,.r?.l,lﬁ%ueﬂiid APFLQ(waﬁ) M;f(waﬂm)v ( )

where 1 1
Fw, B) = Afo (M~ 3w) + f1,((1 = ) B + € M),

Lemma 3. Let ayin == Milj<m<is O 0N Qmax = MaX] << Oy If

> 2 _ 2
A = 1§Hrlna§XM(3am + (1 Olm) /2)7

then the function Faprrs is jointly (u’(l — amax)Q/M) -strongly convex, ((A +a? )L’/M) -smooth w.r.t. w

and ((1 = aumin)*L' /M) -smooth w.r.t. 3.
The proof is given in Appendix [B-3]
2.6 Personalized FL with Explicit Weight Sharing

The most typical example of the weight sharing setting is when parameters w, 8 correspond to different
layers of the same neural network. For example, (1,...,08 could be the weights of first few layers of a
neural network, while w are the weights of the remaining layers (Liang et al.| [2020)). Or, alternatively, each
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of B1,...,Bn can correspond to the weights of last few layers, while the remaining weights are included in
the global parameter w (Arivazhagan et all 2019)). Overall, we can write the objective as follows:

min Fyg(w,B) = Z 11 ([w, Bml)s (15)

wGRd“’, m=1
/317"'aﬂlw GRdB

where d,, + dg = d. Using an equivalent reparameterization of the w—space, we aim to minimize
min  Fyge(w, ) =

w € R,
51,...,ﬁ1u€Rd'B

M_%w,ﬁm]), (16)

Ms

which is an instance of (@) with fo(w, 8m) = f1 (M~ 2w, B]).
Lemma 4. The function Fy g2 is jointly p'-strongly convex, (%)-smooth w.r.t. w and L'-smooth w.r.t. 3.

Similarly, the function f,, is jointly convex, (%)—smooth w.r.t. w and L' -smooth w.r.t. 3.
The proof is straightforward and, therefore, omitted. A distinctive characteristic of the explicit weight

sharing paradigm is that evaluating a gradient w.r.t. w-parameters automatically grants either free or highly
cost-effective access to the gradient w.r.t. S-parameters (and vice versa).

2.7 Federated Residual Learning (Agarwal et al., 2020)

Agarwal et al.| (2020) proposed federated residual learning:

M
1
w e Rdw, M m=1

617"'761\4 eRdﬁ

where (2%, 7)) is a local feature vector (there may be an overlap between 2 and z?,), A* (w, %) represents
the model prediction using global parameters/features, A%(j3,z2 ) denotes the model prediction using local
parameters/features, and (-, ) is a loss function. Clearly, we can recover with

Fn(w, Br) = LAY (M~ 2w, ), AP (B, 28)). (18)

Unlike the other objectives, here we cannot relate constants p', L', L’ to Fr, since we do not write f,, as

a function of f’m. However, it seems natural to assume L% (or LY 7)-smoothness of [(AY(w,z¥m),al)) (or
I(a®, AP (B, x2))) as a function of w (or B) for any af, 3:[5 yal xw . Let us define LY, Llﬁ% analogously,
given that [ has an n-finite sum structure. Assuming, furthermore that F' is p-strongly convex and f,, is

convex (for each m € M), we can apply our theory.

2.8 MAML Based Approaches

Meta-learning has recently been employed for personalization (Chen et al., [2018}; [Khodak et al., [2019} Jiang
et all [2019; Fallah et all |[2020; Lin et al.,|2020]). Notably, the model-agnostic meta-learning (MAML) (Finn
et al.l |2017)) based personalized FL objective is given as

rrérn Fyamr(w = Z w—aVf (w)). (19)

Although we can recover as a special case of (1)) by setting fo, (w, Bm) = fi,(w—aV f] (w)), our (convex)
convergence theory does not apply due to the inherent non-convex structure of . Specifically, objective

Faranr is non-convex even if function f/, is convex. In this scenario, only our non-convex rates of Local
SGD apply.
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Algorithm 1 LSGD-PFL

input Stepsizes {n; }r>0 € R, starting point w® € R, 9 € R for all m € [M], communication period 7.
for k=0,1,2,... do
if £k mod 7 =0 then
Send all wk,’s to server, let w = L Sk
Send w* to each device, set w® = wk, Ym € [M]
end if
for m=1,2,..., M in parallel do
Sample ﬂ“’m, e fgm ~ D,, independently
Compute gk, = & Zszl V fon(wk,, BE )
Update the iterates (wFF!, gF+1) = (wk  gEY —ny - gk,
end for
end for

3 Local SGD

The most popular optimizer to train non-personalized FL models is the local SGD/FedAvg (McMahan et al.,
2016} [Stich, |2019). We devise a local SGD variant tailored to solve the personalized FL objective (|1|) — LSGD-
PFL. See the detailed description in Algorithm Specifically, LSGD-PFL can be seen as a combination
of local SGD applied on global parameters w and SGD applied on local parameters 5. To mimic the non-
personalized setup of local SGD, we assume access to the local objective f,, (w, B;,) in the form of an unbiased
stochastic gradient with bounded variance.

Admittedly, LSGD-PFL was already proposed by [Arivazhagan et al.| (2019)) and [Liang et al.| (2020) to solve
a particular instance of . However, no optimization guarantees were provided. In contrast, we provide
convergence guarantees for LSGD-PFL that recover the convergence rate of LSGD when dy = dy = --- =
dyr = 0 and the rate of SGD when dy = 0. Next, we demonstrate that LSGD-PFL works best when applied
to an objective with rescaled w-space, unlike what was proposed in the aforementioned papers.

We will need the following assumption on the stochastic gradients.

Assumption 3. Assume that the stochastic gradients wam(w, Bm,C) and ngm(w,ﬁm, ) satisfy the fol-
lowing conditions for all m € [M], w € R% and 3,, € R :

vafm(w7 ﬂmv C) = wam(w, 5771)7
EV g fn(w, By ) = Vg frn(w, Bum),
E(|V w fn (W0, By ) = Voo frn (w0, B |I> < 02, and

M
EY Ve (W, Bm: Q) = Vi fm(w, ) |* < Mo,

m=1
Let

K -1 K
@",5") = (Z(l nu)’”) D (=) (W, BY).

k=0 k=0

We are now ready to state the convergence rate of LSGD-PFL.
Theorem 1. Suppose that Assumptions[1] and [ hold. Let ny, =n for all k > 0, where 1 satisfies

1 1
0<np<ming —r, ——-——— .
= {4L/3 8\/36(7—1)Lw}

10
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M
Let 2 = +; Zl |V fin(w*, B*)||? be the data heterogeneity parameter at the optimum. The iteration com-
=

plexity of Algom'thm to achieve IEf(EK,BK) — f(w*,5*) <eis

5 1rn.eu<(LB,7'Lw)jL o? +T\/L“’(CerUQBl) '
I MBue p €

The iteration complexity of LSGD-PFL can be seen as a sum of two complexities: the complexity of minibatch
SGD to minimize a problem with a condition number L? /i and the complexity of local SGD to minimize a
problem with a condition number L™ /u. Note that the key reason why we were able to obtain such a rate
for LSGD-PFL is the rescaling of the w-space by a constant M -3, Arivazhagan et al.| (2019) and [Liang
et al.| (2020), where LSGD-PFL was introduced without optimization guarantees, did not consider such a
reparametrization.

We also have the following result for weakly convex objectives.

Theorem 2. Suppose that the conditions of Theorem |1l hold. Let u = 0. The iteration complexity of
Algom'thm to achieve Ef(EK,BK) — flw*,p*) <eis

~ [ max (L?,7L™ 2 7/ LY ({2 + 02B~1
o [ e ( ), & TVIE Y
€ M Be €2

The proofs of Theorem [I] and Theorem [2| can be found in Section The reparametrization of w plays a
key role in proving the iteration complexity bound. Unlike the convergence guarantees for ACD-PFL and
ASVRCD-PFL, which are introduced in Section [} we do not claim any optimality properties for the rates
obtained in Theorem [I] and Theorem [2} However, given the popularity of Local SGD as an optimizer for
non-personalized FL models, Algorithm [I]is a natural extension of Local SGD to personalized FL models,
and the corresponding convergence rate is an important contribution.

3.1 Nonconvex Theory for LSGD-PFL

To demonstrate that LSGD-PFL works in the nonconvex setting as well, we develop a non-convex theory for
it. Therefore, the algorithm is also applicable, for example, for solving the explicit MAML objective. Note
that we do not claim the optimality of our results.

Before stating the results, we need to make the following assumptions, which are slightly different from the
rest of the paper. First, we need a smoothness assumption on local objective functions.

Assumption 4. The local objective function fn,(-) is differentiable and L-smooth, that is, ||V fum(u) —
Vi m @) < Lllu—v| for all u,v € R%o+dn and m € [M].

This condition is slightly different compared to the smoothness assumption on the objective stated in As-

sumption [I] Next, we need local stochastic gradients to have bounded variance.

Assumption 5. The stochastic gradients wam(w, Bm»C), V,gfm(w, Bm, C) satisfy for allm € [M], w € R%,
Bm € Rim:

2

E¢ (11 fon (10, s ) = Vo fun (0, ) I2] < CLlI Va0, B P + T
~ 2
Ec (118 fm(w, B, €) = Va fnlw, Bu)|I?] < Coll Vs fon (w0, )2 + 7,

for all m € [M], where Cy,Cs,0%,03 are all positive constants.

This assumption is common in the literature. See, for example, Assumption 3 in [Haddadpour & Mahdavi
(2019). Note that this assumption is weaker than Assumption We also need an assumption on data
heterogeneity.

11
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Assumption 6 (Bounded Dissimilarity). There is a positive constant A\ > 0 such that for all w € R% and
Bm € Rém m € [M], we have
2

M

1

iV Z ||me(wvﬁm)H2 <A +U?lif'
m=1

1 M
s me(waﬂm)
upy

This way of characterizing data heterogeneity was used in |Haddadpour & Mahdavi| (2019)) — see Definition
1 therein. Given the above assumptions, we can establish the following convergence rate of LSGD-PFL for
general non-convex objectives.

Theorem 3. Suppose that Assumptions [{{f hold. Let mi, = n, for all k > 0, where n is small enough to
satisfy

C
—1+nLA (Ml +Co + 1> + ML (1 — 1)7(Cy +1) <0. (20)
We have
K—1 M 2
k
k=0 =1
[ m= 1fm aﬁ?n)_f*} I3 Cl o ) 2 2
UK +n MJF 2+ O—d’f—i_m—i_g
27252(7 — 1)2
+ L2 (r — 1)2(Cy +1) + LTI Ulg r
where w* == 7 Z%Zl wk is a sequence of so-called virtual iterates.

The following assumption is commonly used to characterize non-convex objectives in the literature.

Assumption 7 (u-Polyak-Lojasiewicz (PL)). There exists a positive constant p > 0, such that for all
w € R and B, € R m € [M], we have
2

1 M
ar vfm(wvﬁm
op

>u< mewﬁm —f>.

When the local objective functions satisfy the PL-condition, we obtain a faster convergence rate stated in
the theorem below.

Theorem 4. Suppose that Assumptions hold. Suppose ni, = 1/(u(k + BT+ 1)), where B is a positive

constant satisfying
2)\L ([ C 2L2M\(Cy + 1
o {2 (00, 1) BACLHD )
po \M Iz

1
2

and T is large enough such that

7_>\/max{2L2)\ C1+1)/u?)el/B — 4, O}
- B2 — (2L2A\(C1 +1)/u2)e?

Then

2L%(tr — 1)°K 2
e CICERE

+
LE(K+287+2) [ , (C1 of | 03

17 D fm (W 80) = 7

m=1

The proofs of Theorem [3and Theorem [4] can be found in Appendix [B.7]

12
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3.2 Proof of Theorem [Il and Theorem

The main idea consists of invoking the framework for analyzing local SGD methods introduced in |Gorbunov
et al.| (2021)) with several minor modifications. In particular, Algorithm [I{is an intriguing method that runs
a local SGD on w-parameters and SGD on f-parameters. Therefore We shall treat these parameter sets
differently. Define Vj, == 47 Z%:l |w® — wk,||? where w* == - Zm L wk, is defined as in Theorem

The first step towards the convergence rate is to figure out the parameters of Assumption 2.3 from |Gorbunov
et al.| (2021)). The following lemma is an analog of Lemma G.1 in |(Gorbunov et al.| (2021)).

Lemma 5. Let Assumptions and@ hold. Let L = max{L",L?}. Then, we have:

M
% > Vwfm(wh,, BE)I? < 6L™ (f(wh, BE) — f(w®, B)) + 3(L")*Vi + 32, (21)
m=1

and
2

vafm wh,, B, Z V5 fun(why, B5)|° < AL (f(wh, BE) = f(w", B°))+2(L")? Vi (22)

The proof is given in Appendix [B.4] Using Lemma [5] we recover a set of crucial parameters of Assumption
2.3 from |Gorbunov et al.|(2021).

Lemma 6. Let gfv’m = (g% )1.q, and ggm = (grk;L)(do+1)i(d0+dm)' Then

M
]\14g::l]Ellgfi,mll2 < 6LV (f(w*, Bh) — f(w", B7)) + 3(L¥) Vi + 2= = +3< (23)
and
L i 2 202
E Mﬂ;%m +mn;\!9§,m|| <AL (f(,Bh) = f(w' 8) +2(LY) Vi + 0 (24)

The proof is given in Appendix Finally, the following lemma is an analog of Lemma E.1 in [Gorbunov
et al.| (2021)) and gives us the remaining parameters of Assumption 2.3 therein.

Lemma 7. Suppose that Assumptions[1] and[3 hold and

1
n< m.
Then
w . —k-1 1 ¢ —k-1 k pk * g w 7,2 . —k-1
2L kzzo(lfnu) EVkéng:O(lfw) EF(w", %) = F(w", %) + 21" Dn kZ:O(lfnu) , (25)
where

o2
D =2e(r — 1)1 (3(3 + ) :
B
The proof is given in Appendix With these preliminary results, we are ready to state the main conver-

gence result for Algorithm
Theorem 5. Suppose that Assumptions[1] and[3 hold and the stepsize n satisfies

1 1
0<np<ming —r, ——-—— .
= {4L/3 8\/36(7—1)Lw}

13
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Define

K 1K
(@<, 5") = (Z(l - W)_H) > (=)™ W, 5Y),

k=0 k=0
* M *
g0 2w’ — w4 SN 188 — B
n
202 2
0 = ﬁ +8L%ne(r — 1) (3(3 + ;) .
Then, if u > 0, we have

—_— 7K * *

Ef(@",B") — f(w",5) < (1 —nw)" @ + 71, (26)

while, in the case when p =0, we have
0

The proof follows directly from Theorem 2.1 of |(Gorbunov et al.| (2021), once the conditions are verified, as
has been done in Lemma[5} Lemma [f] and Lemma[7] Theorem [I]and Theorem [2] then follow from Corollary
D.1 and Corollary D.2 of |Gorbunov et al|(2021).

4 Minimax Optimal Methods

We discuss the complexity of solving in terms of the number of communication rounds required to reach
an e-solution and the amount of local computation, both in terms of the number of (stochastic) gradients
with respect to global w-parameters and local S-parameters.

4.1 Lower Complexity Bounds

We provide lower complexity bounds for solving when f,, is a finite sum . We show that any algorithm
with access to the communication oracle and local (stochastic) gradient oracle with respect to the w or §
parameters requires at least a certain number of oracle calls to approximately solve .

Oracle. The considered oracle allows us at any iteration to compute either:

o Vo fm,i(Wm, Bm) on each device for a randomly selected i € [n] and any wy,, Bm; or
o Vg fm,i(Wn,Bm) on each device for a randomly selected i € [n] and any wy,, Bm; or
o the average of w,,’s alongside broadcasting the average back to clients (communication step).

Our lower bound is provided for iterative algorithms whose iterates lie in the span of historical oracle queries
only. Let us denote such a class of algorithms as A. In particular, for each m, k we must have

B € Lin (B, Vi fon (wp, By -+ Vg fon (wp ' B 1)
and
wy, € Lin (w®, Vo fon (W5, B0 -+ Vo fon (wi ' B, QoK)
where
M
Q" = | {0 VoS (s 80)s -, Vo S ), 80}
m=1
with [(k) being the index of the last communication round until iteration k. While such a restriction is
widespread in the classical optimization literature (Nesterov, |2018; [Scaman et al., [2018; [Hendrikx et al.,

2021; Hanzely et al., |2020a)), it can be avoided by more complex arguments (Nemirovskij & Yudin) 1983}
Woodworth & Srebro| 2016} Woodworth et al., |2018)).

We then have the following theorem regarding the minimal calls of oracles for solving .

14
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Algorithm 2 ACD-PFL

input0<9<1,77,1/>0,w2:w26RdO, o ﬁ R for 1 <m < M.
for k=0,1,2,... do
whtl = (1 - 9)w + Owk
for m=1,. M 1n parallel do
ﬂk+1 ( 0) y,m + eﬂz,m

end for
‘= 1, with probability p,, = %
a 0, with probabilit - VIP
’ P Y P8 = L vie
if ¢ =0 then
w};‘l‘l whtt — Llw ﬁ M Vo fm(w k+1»5k+1)

wht = i (wh J”Ww’“rl T o Toms VaFm(wht 55D)

for m =1,..., M in parallel do
B = 1+1m/ (BZm + B3 1)

end for
else
form=1,... M in parallel do
Bytn = ﬂ’““ 75V fm (WET, BEEY)
end for
k1 _ 1 k+1 k+1 k+1
Bz = o ( m Wz = Jmervie Ve fmwa T B ))
k= (k)
end if
end for

Theorem 6. Let F satisfy Assumptions and [3  Then, any algorithm from the class A re-
quires at least Q(\/L¥/ploge™t) communication rounds, Q (n + /nLv/ulog 6_1) calls to V,-oracle and

Q (n +/nLf/ulog 6_1) calls to Vg-oracle to reach the e-solution.

The proof is given in Appendix[B:8 In the special case where n = 1, Theorem [f] provides a lower complexity
bound for solving with access to the full gradient locally. Specifically, it shows both the communication

complexity and local gradient complexity with respect to w-variables of the order 2 (, / LTw log %), and the

local gradient complexity with respect to S-variables of the order (2 ( LTB log %)

4.2 Accelerated Coordinate Descent for PFL

We apply Accelerated Block Coordinate Descent (ACD) (Allen-Zhu et all |2016; Nesterov & Stichl 2017
Hanzely & Richtarik, [2019) to solve . We separate the domain into two blocks of coordinates to sample
from: the first one corresponding to w parameters and the second one corresponding to 8 = [81, B, - . ., Bu]-
Specifically, at every iteration, we toss an unfair coin. With probability p,, = v/ L¥ / (\/ﬁ +VLB ), we com-
pute V., F(w,3) and update block w. Alternatively, with probability ps = 1 — p,,, we compute VzF(w, 3)
and update block 8. Plugging the described sampling of coordinate blocks into ACD, we arrive at Algo-
rithm Note that ACD from |Allen-Zhu et al.| (2016) only allows for subsampling individual coordinates
and does not allow for “blocks.” A variant of ACD that provides the right convergence guarantees for block
sampling was proposed in [Nesterov & Stich| (2017)) and |[Hanzely & Richtarikl (2019).

We provide an optimization guarantee for Algorithm [2]in the following theorem.

Theorem 7. Suppose that Assumption[d] holds. Let

/02 T Ay —
v= a 0= et V, andn=0"".

(VL7 + VD7) 2
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The iteration complexity of ACD-PFL is
O ( (Lw +Lﬁ)/uloge_1> :

The proof follows directly from Theorem 4.2 of |Hanzely & Richtarik| (2019). Since V., F(w, ) is evaluated
on average once every 1/p,, iterations, ACD-PFL requires O («/L“’ /ulog 671) communication rounds and

O (\/L“’ /plog e’l) gradient evaluations with respect to w, thus matching the lower bound. Similarly, as

VgF(w,B) is evaluated on average once every 1/pg iterations, we require O (\/Lﬁ/p log 6*1) evaluations

of VgF(w, 8) to reach an e-solution; again matching the lower bound. Consequently, ACD-PFL is minimax
optimal in terms of all three quantities of interest simultaneously.

We are not the first to propose a variant of coordinate descent (Nesterov,[2012) for personalized FL.|Wu et al.
(2021)) introduced block coordinate descent to solve a variant of formulated over a network. However,
they do not argue about any form of optimality for their approach, which is also less general as it only covers
a single personalized FL objective.

4.3 Accelerated SVRCD for PFL

Despite being minimax optimal, the main drawback of ACD-PFL is the necessity of having access to the
full gradient of local loss f,, with respect to either w or § at each iteration. Specifically, computing the full
gradient with respect to f,,, might be very expensive when f,, is a finite sum . Ideally, one would desire
an algorithm that is i) subsampling the global/local variables w and S just as ACD-PFL, ii) subsampling the
local finite sum, iii) employing control variates to reduce the variance of the local stochastic gradient (Johnson
& Zhang] [2013; Defazio et al.,[2014), and iv) accelerated in the sense of |[Nesterov| (1983)).

We propose a method — ASVRCD-PFL - that satisfies all four conditions above, by carefully designing
an instance of ASVRCD (Accelerated proximal Stochastic Variance Reduced Coordinate Descent) (Hanzely
et al., [2020b|) applied to minimize an objective in a lifted space that is equivalent to . We are not aware
of any other algorithm capable of satisfying i)-iv) simultaneously.

The construction of ASVRCD-PFL involves four main ingredients. First, we rewrite the original problem
in a lifted space, which corresponds to the problem form discussed in [Hanzely et al. (2020b). Second, we
construct an unbiased stochastic gradient estimator by sampling coordinate blocks. Next, we enrich the
stochastic gradient by control variates as in SVRG. Finally, we incorporate Nesterov’s momentum. We
explain the construction of ASVRCD-PFL in detail below.

Lifting the problem space. ASVRCD-PFL is an instance of ASVRCD applied to an objective in a
lifted space. We have that
min F(w,B) = min {P(X) =F(X)+v¢(X)},
wERY, B ER4m Yme[M] X1, € RM*nxdo
X[2,m,:] € R"X9m vm ¢ M

where
n

M
F(X) = 32 30 (23 fs (K11 m ] X2,m, )

=1
and
0 ifm,m' €[M],j,j €n]: X[1,m,j] =X[1,m, 5], X[2,m,j]=X[2,m,]]

oo otherwise.

P(X) =

Variables X[1,m, j] correspond to w for all m € [M] and j € [n], while variables X[2,m, j] correspond to S,
for all j € [n]. The equivalence between the objective and the objective in the lifted space is ensured with
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the indicator function (X ), which forces different X variables to take the same values. We apply ASVRCD
with a carefully chosen non-uniform sampling of coordinate blocks to minimize P(X).

Sampling of coordinate blocks. The key component of ASVRCD-PFL is the construction of the unbiased
stochastic gradient estimator of VF(X), which we describe here. We consider two independent sources of
randomness when sampling the coordinate blocks.

First, we toss an unfair coin (. With probability p,, we have ( = 1. In such a case, we ignore the
local variables and update the global variables only, corresponding to w or X[1] in our current notation.
Alternatively, ¢ = 2 with probability pg := 1 — p,,. In such a case, we ignore the global variables and update
local variables only, corresponding to 5 or X[2] in our current notation.

Second, we consider local subsampling. At each iteration, the stochastic gradient is constructed using VFj

only, where Fj(w, ) == 2%21 fm,j(w, Bm) and j is selected uniformly at random from [n]. For the sake of
simplicity, we assume that all clients sample the same index, i.e., the randomness is synchronized. A similar
rate can be obtained without shared randomness.

With these sources of randomness, we arrive at the following construction of G(X), which is an unbiased
stochastic estimator of VF(X):

GO m. 7] — 4 7 Vel (X [Lm ) X[2,m, 7)) i ¢ = Land 7 =

0 € R otherwise;

LV s L (X [Lm, '), X[2,m,§]) ¢ =2and j = j;

G(X)pv m»jl} =
0 € Rdm otherwise.

Control variates and acceleration. We enrich the stochastic gradient by incorporating control variates,
resulting in an SVRG-style stochastic gradient estimator. In particular, the resulting stochastic gradient will
take the form of G(X) — G(Y) + VF(Y), where Y is another point that is updated upon a successful toss
of a p-coin. The last ingredient of the method is to incorporate Nesterov’s momentum.

Combining the above ingredients, we arrive at the ASVRCD-PFL procedure, which is detailed in Algorithm 3]
in the lifted notation. Algorithm [4] details ASVRCD-PFL in the notation consistent with the rest of the

paper.

The following theorem provides convergence guarantees for ASVRCD-PFL.

Theorem 8. Suppose Assumptions[1] and[3 hold. The iteration complezity of ASVRCD-PFL with
1 1 1

2 77 max{2u, 4601 /n}’

v=1- 61 = min 1 numa 19—2 and —L
- T 1= 23 1 X 27p ) pw*[:ﬁ_kcw

o (s +y/ier+£0iom ) loge ).

where p is the frequency of updating the control variates.

18

The communication complexity and the local stochastic gradient complexity with respect to w-parameters
of order O ((n + \/W) log e’1>, is obtained by setting p = £/ ((£L* + £7)n). Analogously, setting
p=LA/((LY + LP)n) yields the local stochastic gradient complexity with respect to S-parameters of order
(@] ((n + \/W) log e’1>. In contrast with Theorem (6] this result shows that ASVRCD-PFL can be

optimal in terms of the local computation either with respect to S-variables or in terms of the w-variables.
Unfortunately, these bounds are not achieved simultaneously unless £, £? are of a similar order, which we
leave for future research. The proof is given in Appendix Additional discussion on how to choose the
tuning parameters is given in Theorem [0
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Algorithm 3 ASVRCD-PFL (lifted notation)

input 0 < 6,60, <1, n,v,7v>0,pe(0,1), Y’ =2°= X0,
for k=0,1,2,... do
X*=0,2% +0,VF + (1 — 6, — 0,)YF
g* = G(X*) — G(V*) + VF(VF)
YE+L = proxnw(X’“ _ 77gk:)
ZF =vZF + (1 —v)XP + L(YR - YF)

Y*  with probability p
VE  with probability 1 — p

Vk+1 —

end for

5 Simulations

We present an extensive numerical evaluation to verify and support the theoretical claims. We perform
experiments on both synthetic and real data, with a range of different objectives and methods (both ours
and the baselines from the literature). The experiments are designed to shed light on various aspects of the
theory. In this section, we present the results on synthetic data, while in the next section, we illustrate the
performance of different methods on real data. The code to reproduce the experiments is publicly available
at
https://github.com/boxinz17/PFL-Unified-Framework.

The experiments on synthetic data were conducted on a personal laptop with a CPU (Intel(R) Core(TM)
i7-9750H CPUQ@2.60GHz). The results are summarized over 30 independent runs.

5.1 Multi-Task Personalized FL and Implicit MAML Objective

In this section, we focus on the performance of different methods when solving the objective . We
implement three proposed algorithms — LSGD-PFL, ASCD-PFIEL and ASVRCD-PFL — and compare them
with two baselines — L2SGD+ (Hanzely & Richtarikl 2020)) and pFedMe (Dinh et al., [2020). As both
L2SGD+ and pFedMe were designed specifically to solve , the aim of this experiment is to demonstrate
that our universal approach is competitive with these specifically designed methods.

Data and model. We perform this experiment on synthetically generated data which allows us to properly
control the data heterogeneity level. As a model, we choose logistic regression. We generate w* € R? with
i.i.d. entries from Uniform[0.49,0.51], and set B}, = w* + AB%, € R% where entries of Aj3¥, are generated
i.i.d. from Uniform[u,, — 0.01, gy, + 0.01] and w,, ~ N(0,07) for all m = 1,2,..., M. Thus, o, can be
regarded as a measure of heterogeneity level, with a large o, corresponding to large heterogeneity. Finally,
for each device m = 1,2,..., M, we generate x,,;, € R? with entries i.i.d. from Uniform[0.2,0.5] for all
i=1,2,...,n, and ym,; ~ Bernoulli(p,,;), where p,,; = 1/(1 + exp(B% xm.;)). We set d = 15, n = 1000,
M =20, and let op, € {0.1,0.3,1.0} to explore different levels of heterogeneity.

Objective function. We use objective with f! (B) being the cross-entropy loss function. We set
X = oy - 1072, so that larger heterogeneity level will induce a larger penalty, which will further encourage
parameters on each device to be closer to their geometric center. In addition to the training loss, we also

record the estimation error in the training process, defined as || — w*[|2 + M, |8 — 85112

Tuning parameters of proposed algorithms. For LSGD-PFL (Algorithm , we set the batch size to
compute the stochastic gradient B = 1, the average period 7 = 5, and the learning rate n = 0.01. For p,,
and pg in ASCD-PFL (Algorithm [5) and ASVRCD-PFL (Algorithm [4)), we set them as p,, = £/(L + L)
and pg = 1 — py,, where £ = \/M and L? = (L' + \)/M. We set L' = max;<m<r1<i<n ||%m.i|*/4. For
n,02,7,v and 6; in ASVRCD-PFL, we set them according to Theorem @ where £ = 2max{L" /py, L’ /ps},
p = pw/n, and p = i/ /(3M). We let i/ be the smallest eigenvalue of = 2%21 r o exp(B xm.i)/ (1 +

3ASCD-PFL is ASVRCD-PFL without control variates. See the detailed description in Appendix
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Algorithm 4 ASVRCD-PFL

input 0< 61,05 <1, n,v,v>0,p€e(0,1), p
0, ERIm for 1 <m < M.
for k=0,1,2,... do
wh = 01wk + Gowk + (1 -0, — 02)wy
for m=1,..., M in parallel do
b = 018 o+ 0285 oy + (1= 01— 02) B},
end for

c (0,1)7 P =

1
Sample random j € {1,2,...,n} and { = ¢

0
y,m

1 0

0 _ 0 _ .0 d
= Pw, Wy = wy = w, € R,

with probability p,,

2, with probability pg

1 1 M . ) M
oo M;wam,j(wx’ﬁL Z

9ge = m=1
F(w}, 8Y) if ¢ =2
wy = wi =gy,
Wbt = vt (1= ut + 2wk )
Wil — w;j, with probability p
wk,  with probability 1 — p
for m=1,..., M in parallel do
3 Vo fm(ws, 85 ) =1
Gm = ' 1
pﬁM (Vﬁfm J( ﬁvﬂi,m) - vﬂfmyj(wﬁvﬂf,m» + Mvﬁfm(wﬁv /Bfm) if (=2
6k+1 =Bk 779;3 -
ﬂk+1 — V/Bz m (1 — l/) (ﬂg]ijrrzl — Pg, m)
ﬁk—H _ §7m, with probablhty p
57m7 with probability 1 — p
end for
end for

exp(ﬂ,’fn—'—xm,i))2xm,ix;hi. The n,v,v,p in ASCD-PFL are the
min{0.8,1/n}. In addition, we initialize all iterates at zero for

same as in ASVRCD-PFL, and we let 6 =

all algorithms.

Tuning Parameters of pFedMe. For pFedMe (Algorithm 1 in [Dinh et al.| (2020)), we set all parameters

according to the suggestions in Section 5.2 of Dinh et al.| (2020). Specifically, we set the local computation
rounds to R = 20, computation complexity to K = 5, Mini-Batch size to |D| = 5, and n = 0.005. We also
set S = M = 20. To solve the objective (7) in [Dinh et al| (2020), we use gradient descent, as suggested in

the paper. Additionally, we initialize all iterates at zero.

Tuning Parameters of L2SGD+. For L2SGD+ EL we set the stepsize n (the parameter « in [Hanzely &
Richtarik| (2020)) and the probability of averaging p,, to be the same as in ASRVCD-PFL and ASCD-PFL.

We also initialize all iterates at zero.

4 Algorithm 2 in [Hanzely & Richtérik| (2020)
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Figure 1: Comparison of various methods for minimizing . Each experiment was repeated 30 times, and
the solid line represents the average performance, while the shaded region indicates the mean + standard
error. We set the communication period of LSGD-PFL at 5, while other methods synchronize based on the
corresponding theory. The first row shows the training loss, and the second row shows the estimation error.
The different columns correspond to varying heterogeneity levels, which are parameterized by op,. As op
increases, the heterogeneity level also increases.

Th 0.1 0.3 1.0
Algorithm
LSGD 260.98 256.16 237.18
ASCD 98.79  51.71 14259
ASVRCD 47.94  97.61 274.60
pFedMe 399.33 37042 370.35
L2SGDplus 25.83  47.50 182.29

Table 4: The average wall-clock running time in seconds over 30 independent runs when solving the objec-
tive . Each entry in the table reports the average time for 1,000 communication rounds. We ignore any
additional communication costs that might occur in practice.

Results. The results are summarized in Figure We observe that our general-purpose optimizers are
competitive with L2SGD+ and pFedMe. In particular, both ASVRCD-PFL and L2SGD+ consistently
achieve the same training error as the other methods, which is well predicted by our theory. Although
L2SGD+ is slightly faster in terms of convergence due to the specific parameter setting, it is not as general
as the methods we propose. Furthermore, we note that the widely used LSGD-PFL suffers from data
heterogeneity on different devices, whereas ASVRCD-PFL is not affected by this heterogeneity, as predicted
by our theory. The average running time over 30 independent runs is reported in Table [4

20



Published in Transactions on Machine Learning Research (May/2023)
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Figure 2: Comparison of the three proposed algorithms — LSGD-PFL, ASCD-PFL, and ASVRCD-PFL —
when minimizing . Each experiment is repeated 30 times; the solid line represents the mean performance,
and the shaded region covers the mean + standard error. We set the communication period of LSGD-PFL
to 5, while other methods synchronize according to their respective theories. The first row represents the
training loss, and the second row corresponds to the estimation error. Different columns indicate various
heterogeneity levels, parameterized by o5,. The heterogeneity level increases with oy,.

5.2 Explicit Weight Sharing Objective

In this section, we present another experiment on synthetic data that aims to optimize the explicit weight
sharing objective . Since there is no good baseline algorithm for this objective, the purpose of this
experiment is to compare the three proposed algorithms: LSGD-PFL, ASCD-PFL, and ASVRCD-PFL.

Data and Model. As a model, we choose logistic regression. We generate w* € R% with i.i.d. entries
from N(0,1), and 3%, € R% with i.i.d. entries from Uniform[u,, — 0.01, t,,, + 0.01], where fi,,, ~ N(0,07)
for all m = 1,2,..., M. Thus, o, can be regarded as a measure of the heterogeneity level, with a large
op, corresponding to a high degree of heterogeneity. Finally, for each device m = 1,2,..., M, we generate
X, € RYTd with entries i.i.d. from Uniform[0.0,0.1] for all i = 1,2,...,n, and ym; ~ Bernoulli(p,, ),
where p,; = 1/(1 + exp((w*T, B2 )%xm.i)). We set d, = 10, d; = 5, n = 1000, M = 20, and let o}, €
{5.0,10.0,15.0} to explore different levels of heterogeneity.

Objective function. We use objective (11]) with f/ (8,,) representing the cross-entropy loss function. We

set A = 04,1072, so smaller heterogeneity levels will induce a larger penalty, encouraging parameters on each

device to be closer to their geometric center. In addition to the training loss, we also record the estimation
: . . 12 M A |2

error during the training process, defined as || — w*|[* + >, _1 [|Bm — B5|1%

Results. The results are summarized in Figure[2] When examining the training loss, we observe that ASCD-
PFL drives the loss down quickly initially, while ASVRCD-PFL ultimately achieves a better optimum. This
suggests that we can apply ASCD-PFL at the beginning of training and add control variates to reduce the
variance at a later stage of training, thus combining the benefits of both algorithms. Both ASCD-PFL
and ASVRCD-PFL perform much better than the widely used LSGD-PFL. When analyzing the estimation
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Th 50 100 150
Algorithms
LSGD 238.01 237.67 234.33
ASCD 17.00 16.55  16.46
ASVRCD 923.35  22.12 2351

Table 5: The average wall-clock running time in seconds over 30 independent runs when solving the objec-
tive is presented. Each entry of the table reports the average time for 1,000 communication rounds. We
ignore any additional communication costs that might occur in practice.

error, we observe that when the heterogeneity level is small, there is a tendency for overfitting, especially
for ASCD-PFL; and when the heterogeneity level increases, there is less concern for overfitting. In general,
however, ASCD-PFL and ASVRCD-PFL still achieve better estimation error than LSGD-PFL. The average
running time over 30 independent runs is reported in Table

6 Real Data Experiment Results

In this section, we use real data to illustrate the performance and various properties of the proposed methods.
In Section [6.1] we compare the performance of the three proposed algorithms. In Section[6.2] we illustrate the
effect of communication frequency of global parameters for ASCD-PFL and demonstrate that the theoretical
choice based on Theorem [J] can generate the best communication complexity. Finally, in Section we
show the effect of reparametrizing w for ASCD-PFL.

6.1 Performance of the Proposed Methods on Real Data

We compare the three proposed algorithms — LSGD-PFL, ASCD-PFL (ASVRCD-PFL without control
variates), and ASVRCD-PFL — across four image classification datasets — MNIST (Deng, 2012), KMIN-
IST (Clanuwat et all 2018), FMINST (Xiao et al., |2017)), and CIFAR-10 (Krizhevsky, |2009) with three
objective functions , , and . As a model, we use a multiclass logistic regression, which is a single-
layer fully connected neural network combined with a softmax function and cross-entropy loss. Experiments
were conducted on a personal laptop (Intel(R) Core(TM) i7-9750H CPUQ2.60GHz) with a GPU (NVIDIA
GeForce RTX 2070 with Max-Q Design).

Data preparation. We set the number of devices M = 20. We focus on a non-i.i.d. setting of McMahan
et al|(2017) and Liang et al. (2020) by assigning K classes out of ten to each device. We let K = 2,4,8
to generate different levels of heterogeneity. A larger K means a more balanced data distribution and thus
smaller data heterogeneity. We then randomly select n = 100 samples for each device based on its class
assignment for training and n’ = 300 samples for testing. We normalize each dataset in two steps: first, we
normalize the columns (features) to have mean zero and unit variance; next, we normalize the rows (samples)
so that every input vector has a unit norm.

Model. Given a grayscale picture with a label y € {1,2,...,C}, we unroll its pixel matrix into a vector
x € RP. Then, given a parameter matrix © € RPXY | the function f/ (-) in , (11)), and is defined as

[r(©) =lcE (s(Bz);y),

where ¢(-) : RE — R¥ is the softmax function and Icg(-) is the cross-entropy loss function. In this setting,
the function f] (+) is convex.
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Figure 3: The real data experiment results for K = 2. Different rows
functions, and columns correspond to different datasets.
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Figure 4: The real data experiment results for K = 4. Different rows orrespond to different objective
functions, and columns correspond to different datasets.
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Figure 5: The real data experiment results for K = 8. Different rows
functions, and columns correspond to different datasets.
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Personalized FL objectives. We consider three different objectives:
1. the multitask FL objective (§)) with A = 1.0 and A = 1.0/K;
2. the mixture FL objective (11, with A = 1.0/K; and
3. the adaptive personalized FL objective , with A = 1.0 and a,,, = 0.05 x K for all m € [M],

where K is the number of labels for each device. When computing the testing accuracy, we only use the local
parameters. Note that the choices of hyperparameters in the chosen objectives are purely heuristic. Our
purpose is to demonstrate the convergence properties of the proposed algorithms on the training loss. Thus,
it is possible that a smaller training loss does not necessarily imply better testing accuracy (or generalization
ability). How to choose hyperparameters optimally is not the focus of this paper and requires further
research.

Tuning parameters of proposed algorithms. For LSGD-PFL (Algorithm [1f), we set the batch size to
compute the stochastic gradient B = 1 and set the average period 7 = 5. For p,, in ASCD-PFL (Algorithm@
and ASVRCD-PFL (Algorithm [7)), we set it as p,, = £%/(L7 + L). For the objective Fyr2 in (§), we set
LY = (AL +X)/M and LP = L'+ ); for the objective Fyrxo in (11]), we set £* = A\/M and £# = L'+ ; for
the objective Fopprs in , we set L% = (A+max;<,<pr @2,)L' /M and LP = (1 —max; << am)2L' /M.
We set £’ = 1.0 for all objectives. We set p = p,,/n for ASCD-PFL and ASVRCD-PFL. For 7,0s,v,v and
01 in ASVRCD-PFL, we set them according to Theorem @ where £ = 2max{L"/pw, L’ /ps}, p = pw/n,
and pu = p'/(3M). We let ¢/ = 0.01. Since the dimension of the iterates is larger than the sample size,
the objective is weakly convex and, thus, u/ = 0. Therefore, our choice of i/ is aimed at improving the
numerical behavior of algorithms. The 7, v,v,p in ASCD-PFL are the same as in ASVRCD-PFL, and we
let # = min{0.8,1/n}. In addition, we initialize all iterates at zero for all algorithms.

Results. The results are summarized in Figure [3] Figure [d] and Figure [f] for K = 2,4,8 respectively.
We observe that ASCD-PFL outperforms the widely-used LSGD-PFL. We also observe that ASVRCD-PFL
converges slowly when minimizing the training loss. As we are working in the over parametrization regimes,
which makes p/ = 0, the assumptions of our theory are violated. As a result, it is more advisable to use
ASCD-PFL during the initial phase of training and use ASVRCD-PFL when the iterates get closer to the
optimum.

6.2 Subsampling of the Global and Local Parameters

We demonstrate that the choice of p,, based on Theorem@ specifically setting p,, = L¥/(L* +L?), results in
the best communication complexity of ASCD-PFL. More precisely, based on Theorem [9 we set the learning
rate ) = 1/(4£), where £ := 2max {£"/p,,, L? /ps}. The expressions of L and L for Frr2, Fux2, and
FAprro are stated in Lemma Lemma Lemma and also restated in the previous section, where £’ is 1
after normalization. We set p = p,,/n. We compare the performance of ASCD-PFL using the theoretically
suggested p,, with other choices of p,, € {0.1,0.3,0.5,0.7,0.9}. We fix those parameters that are independent
of py. See more details about the choice of tuning parameters in the previous section.

We plot the loss against the number of communication rounds, which illustrates the communication com-
plexity. The number of classes for each device is K = 2. The results are summarized in Figure [6] which
also includes the test accuracy. We observe that choosing p,, based on theoretical considerations leads to
the best communication complexity.

6.3 Effect of Reparametrization in ASCD-PFL.

We demonstrate the importance of reparametrization of the global parameter w by rescaling w by a factor
of M~2. We run reparameterized and non-reparameterized ASCD-PFL across different objectives and
datasets. We set the number of classes for each device K = 2. The results are summarized in Figure[7] For
the training loss, we observe that reparametrization improves the convergence of ASCD-PFL, except for the
APFL2 objective , where the non-reparametrized variant performs slightly better in three of the four
datasets. On the other hand, when considering the testing accuracy, reparametrization always helps improve
the results, indicating that reparametrization can help prevent overfitting. Based on the experiment, we
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Figure 6: Communication complexity for different choices of p,,. The theoretical choice based on Theorem@
can provide the best communication complexity. Specifically, the theoretical choice of p,, results in p,, = 0.5
for Fyrra, pw = 0.25 for Firxs, and p,, = 0.55 for Fapprs. Different rows correspond to different objective

functions, and columns correspond to different datasets.
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Figure 7: Effect of reparametrization of global space in ASCD-PFL. Reparametrization generally helps
achieve faster convergence in minimizing training loss and consistently improves testing accuracy. Different
rows correspond to different objective functions, and columns correspond to different datasets.
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Figure 8: Empirical exploration of the effect of A on the performance of the objective in .

suggest always using reparametrization to ensure the scale of the learning rate is appropriate for both global
and local parameters.

6.4 Potential Benefits of Extended Objectives

We empirically justify the potential benefits of our extended objectives. More specifically, we vary the
relaxation parameter A in ([7]) to show the change in performance. Since the multitask objective proposed
by [Li et al.| (2020) is equivalent to setting A — oo, our main interest is to explore whether a larger A always
implies better performance. We set K =4, n = 30, n’ = 100, M = 20, and A = 0.1. The remaining settings
are the same as in Section We vary A over the values {1.0,10.0,100.0}, and the resulting performance
is shown in Figure The plot shows that the performance slightly improves as A increases from 1.0 to
10.0, but then drops when A = 100.0. This result suggests that by selecting an appropriate A, it is possible
to achieve better empirical performance. Furthermore, although proposing new personalized FL objectives
is not the main focus of this paper, the above empirical result suggests the potential benefits of a general
framework.

7 Conclusions and Directions for Future Research

We proposed a general convex optimization theory for personalized FL. While our work answers a range of
important questions, there are many directions in which our work can be extended in the future, such as
partial participation, minimax optimal rates for specific personalized FL objectives, brand new personalized
FL objectives, and non-convex theory.

Partial participation and client sampling. An essential aspect of FL that is not covered in this work is
the partial participation or client sampling when one has access to only a subset of devices at each iteration.
While we did not cover partial participation and focused on answering orthogonal questions, we believe that
partial participation should be considered when extending our results in the future. Typically, when one
chooses clients uniformly, the theorems in this paper should be extended easily; however, a more interesting
question is how to sample clients with a non-uniform distribution to speed up the convergence. We leave
this problem for future study.

Minimax optimal rates for specific personalized FL objectives. As outlined in Section [1.2] one
cannot hope for the general optimization framework to be minimax optimal in every single special case.
Consequently, there is still a need to keep exploring the optimization aspects of individual personalized FL
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objectives as one might come up with a more efficient optimizer that exploits the specific structure not
covered by Assumption [I] or Assumption

Brand new personalized FL objectives. While in this work we propose a couple of novel personalized
FL objectives obtained as an extension of known objectives, we believe that seeing personalized FL as an
instance of might lead to the development of brand new approaches for personalized FL.

Non-convex theory. In this work, we have focused on a general convex optimization theory for person-
alized FL. Our convex rates are meaningful — they are minimax optimal and correspond to the empirical
convergence. However, an inherent drawback of such an approach is the inability to cover non-convex FL
approaches, such as MAML (see Section , or non-convex FL models. We believe that obtaining minimax
optimal rates in the non-convex world would be very valuable.
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A Additional Algorithms Used in Simulations

In this section, we detail algorithms that are used in Section [5] We detail ASCD-PFL in Algorithm
ASCD-PFL is a simplified version of ASVRCD-PFL that does not incorporate control variates. SCD-PFL is
detailed in Algorithm[6] SCD-PFL is a simplified version of ASCD-PFL that does not incorporate the control
variates or Nesterov’s acceleration. SVRCD-PFL is detailed in Algorithm SVRCD-PFL is a simplified
version of ASVRCD-PFL that does not incorporate Nesterov’s acceleration.

Algorithm 5 ASCD-PFL

input 0 <6 <1, nv,7v>0,pe€(0,1), py € (0,1), pg =1 — pu, wS:wSGRdO, S,m: Y € RO for
1<m<M.
for k=0,1,2,... do
wh = 0wk + (1 — O)wk
for m=1,..., M in parallel do
end for

1 with probability p,,
Sample random j € {1,2,...,n} and { = With probability p

2 with probability pg

if ( =1 then
M
gfb = pwlM Zm:l Vo fm,j (w];’ﬁﬁ’m)
w2k gk

whtt = vk 4+ (1 — v)wh + %(w§+1 —wk)

whtl — w5> with probability p
v
w¥,  with probability 1 — p
else

for m =1,..., M in parallel do
gg,m = pglMVﬂfmJ(wlaf’ /6];,771)

k+1 _ gk _ k
ym — Mz.m 779[37m
B = Bt (L ) B T8 — )
k+1 _ ;m, with probability p
o f,m, with probability 1 — p
end for
end if
end for
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Algorithm 6 SCD-PFL

input 77>O,pwE(0,1),p@:1—pw,wOERd,B9nERdforlgmgM.
for k=0,1,2,... K —1do

1 ith probabilit
Sample random j,, € {1,2,...,n,,} for 1 <m < M and ¢ = With probability P

2 with probability pg

gt — d amr Xnia VS, (W, B) ¢ =1
w
0

if ¢ =2
whtt = wh — gl
for m=1,..., M in parallel do
0 if¢=1
bim =

AV Fm g (W, B) i ¢ =2
Br’?_l = ﬁfn - ngg,m
end for
end for

output w’, BX for 1 <m < M.

Algorithm 7 SVRCD-PFL

input 1 > 0, p, € (0,1), ps =1 — pu, p € (0,1), w) = wy VeRrd g0 =20

ym = m ERI for 1 <m < M.
for k=0,1,2,... K —1do

1 ith probability p,,
Sample random j,, € {1, cMm ) for 1 <m < M and ¢ = with probability p

2 with probability pg
gk — ﬁi%ﬂ vwfmyjm(wlycvﬁlye,m)+vwF(w5’55) lfC: 1

F(wy, BY) if (=2
k+1 _ , k k
wy - wy — NYw
Rl w]y“, with probability p
wy =

wk,  with probability 1 — p

for m=1,..., M in parallel do
ﬁvﬁf’m(ws,ﬁfﬂn)

k if¢=1

95,m .
pﬁlMA vﬁfmyjm (w];,/@f’yim) + ﬁvgfm( ’U’ﬂv m,) lf C — 2
ﬂk—H - ngﬂ m
5k+1 zlf’m, with probability p
57m7 with probability 1 — p
end for
end for

output w{f, Béfm for 1 <m < M.
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B Technical Proofs

Throughout this section, we use Iy to denote the d’ x d’ identity matrix, Oa; xay to denote the dy x dfy zero

matrix, and 1/, € RY to denote the vector of ones.

B.1 Proof of Lemmal]l

To show the strong convexity, we shall verify the positive definiteness of

A
V2 Eyra(w, B) — mId(MJrl)
AVF(w) + {514 —2r (1, ® L)
— A% (]—M ®Id) ﬁ([ ®Id +D1ag(V f1 ,61

Ay’ A A T
(S +A) L - %1M®Id )

) vzf]/V[(/BZ\/[))

- M
- A% (1y ®1g) (ﬁ-l— m @ 1g)
1 AMI"‘% - )\L]-L

M A R ®1a.
M — o rlm (5 +20) Inn

=M

Note that M can be written as a sum of M matrices, each of them having

Ap'+3 A
M i
M. — M3
m A (A_"_zul)
1
M3 2

asa (m+1)x
shall prove that the determinant is positive:

= () (3 +2) ) -5

as desired. Verifying the smoothness constants is straightforward.

B.2 Proof of Lemma

We have
!
V2Fyrra(w, B) — 3lijd(M+1)
_ Frla _Mg (13 ® L)
_1\;% (Iar ®1q) 35 (Im ® Ia) 4+ Diag(V2f{(B1), - .., V2 fi (Bum))
)\ ’
- (M_3M) La “37 (e 1)
T\ men) (%) Ine
1 A= % _M/\% 1;1
= M o ®14
Ay, ()\ + 2 ) I,
—M

Note that M can be written as a sum of M matrices, each of them having %

A
I
12

36

at positions (1,m), (m,1) and (% + %) at the position (m,m). Using the assumption '

A
- mId(M—H)

!

3MId(M+1)

— % at the position (1,1

(m + 1) submatrix and zeros everywhere else. To verify positive semidefiniteness of M,,, we

<(2/\) (; + 2;/) - /\2> >0

)
A
27
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it is easy to see that each of these matrices is positive semidefinite, and thus so is M. Consequently,
VEyrre(w,f)— Id(M+1) is positive semidefinite and thus Fyspro is jointly #17- strongly convex. Verifying
the smoothness conbtants is straightforward.

B.3 Proof of Lemma[3

Let xp, = (1 — an) B + M —3w for notational simplicity. We have

A2 ng—4 al o2 o am(lamzl
V2 o (w, Bm) = wY S (]\41 ) 5V (o) sV Im (@m)
L(M_%MVer/n(mm) (1- am) v2f7/n(33m)
AV PO ) Ona) L[ S i) )
=" T3 | am-an) M2 ® V= fr(Tm)
Odxa Odxd M LM%L (1 —am)?
2
A“/I 0 g, am(lflam)
. M Ld dxd + M M3 ®(,U/Id)
N <Od><d 0d><d> W (1—am)?
Ada?, am(1—am)
— M Mz
- 'LL A (1= ®Id
e G—an)’
=M,
Next, we show that
(l—am)2 0
A (28)
2

For that, it suffices to show that

which holds since

—am)? 1—ay, 2
det [ M, — (121\/1) 0 _ A+O‘$n*( 2 ) _ (1_0%)2_@371(1—0%)2
" 0 (=am)® | | M 2 M

. <2am> (1—an) _ad(—aw)? _

M
Finally, using M times, it is easy to see that

1- Omax 2
V2Esprra(w, B) = M/(T)Id(M-i-l)

as desired. Verifying the smoothness constants is straightforward.

B.4 Proof of Lemma

We have

M

M
Z |vwfm rrwﬁm H2 Z wfm rrwﬁm) - vwfm( m)||2

m=1

4 M
+ 17 2 IV fm (", B) = Vo fn (w, 871
m=1
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3 M
+ Hﬂ; IV fo (w0, 87

Then, using Assumption [I} the above display is bounded as

3L2 - k k12 6L - k k * * 2
m=1 m=1
=6L" (f(w",B),) — f(w*,5)) +3(L")*Vi, + 3¢,
which shows .

To establish (22), we have

2

1 M
# 3 2 [Vt )

1 M
Vi

Z IV o frn (W, BE) = Voo i (w", 85|

9 M
v Z IV 8 fom (i B) = Vg fom(w*, 57)|2

+15 Z 1V fon (wh,, B5) = Vo (w0, 8]
m=1

Then, using Assumption [I} the above display is bounded as

Q(Lw>2 U k k12 4L - k ok * Q% k gk * Q% w\2
S T k= whP 4 Y Dy (w85, (w8 = AL (F(wb, B) = f(w”,87) +2(L") V.
m=1 m=1

This completes the proof.

B.5 Proof of Lemma

Let us start with establishing . We have

M
i Z Ell g ml* = M Z (Ellgm — Vo fm (Wi, Ba)lI? + 1V fin (wr, B1) )

<

+ vafm(wﬁwﬁﬁl)ug

@] %L

Now follows from an application of . Similarly, to show , we have

1 < o u 2
m=1 m=1

2

1 1 M
=E| 57 2 @l = Valn(wh. Bu)| + |57 2 Vuln(wh. 6)
m=1 m=1
1 M
+— > (El|ghm — Vafm(wk, BE) 1%+ 1|V 5 fon (wh,, BE) ||)
m=1
2
o2 1 M &
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1

o? J kogh |2
+ 35+ 3 2 1Vefm(wn, B
m=1

MB  M?

Now follows from (22)), which completes the proof.

B.6 Proof of Lemmal7]

The proof is identical to the proof of Lemma E.1 from (Gorbunov et al., 2021)) with a single difference —
using inequality instead of Assumption E.1 from (Gorbunov et al.| |[2021). We omit the details.

B.7 Proof of Theorem [3 and Theorem [4

We start by introducing additional notation. We set k, = p- 7, where 7 € N* is the length of the averaging
period. Let k, = pr 4+ 7 —1=k,41 — 1 = vp. Denote the total number of iterations as K and assume that

K = kj for some p € NT. The final result is set to be that v = w’ and ﬁm = BE for all m € [M]. We assume

m
that the solution to is w*, 3%,..., 3%, and that the optimal value is f*. Let w® = ﬁ Z%:l wk for all k.

Note that this quantity will not be actually computed in practice unless k = k, for some p € N, where we

ko = wyy for all m € [M]. In addition, let €§, = {¢} &5 ..., €5} and &8 = {¢},€b,... €k}

Let Oy = (W)™, (B) )T, 05, = ((wh) T, (BE)T)T, 65, = (), (85) ") T and 6%, = ((w*)7,(85))T.
Let

have w

1_ .
I = 5V (W B €02), (29)
where
B
vfm(wﬁm ﬁ’)’j’ﬂ grljz) = Z vfm(wfm ﬁ;cw ;g,m)

j=1

We assume that the gradient is unbiased, that is,
E [gp] = Vfm(wh, Br.)-

Let

1 2 1 A
gfn,l = vafm(wzw 51{27 551)7 951,2 = Evﬁmfm(wfn» 571317 551)) (30)
so that g¥ = ((g%, )7, (g%, 5)T)T. We update the parameters by

(karj_17 Bﬁjl) = (wﬁm ﬁvliz) - nkgfn'

In addition, we define
1 & 1 <
k k k k k
h :Mzgm,la Vv :Mznwm_w ||2
m=1 m=1

Then w*+! = w* — nh* for all k.

We denote the Bregman divergence associated with f,, for 6,, and 6,, as
Dfm(emvém) = fm(em) - f(ém) - <vfm(§m>7 em - ém>
Finally, we define the sum of residuals as

1 1
k k * (12 § : Bk * (12 2 : nk * (12

m=1

and let 03, = ﬁ Z%ﬂ IV fo (0511

The following proposition states some useful results that will be used in the proof below. The results are are
standard and can be found in, for example, [Nesterov| (2018)).
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Proposition 1. If the function f is differentiable and L-smooth, then

L
f@ﬂ—fﬁ0—<vf@%$—y>§§ﬂ$—yW- (32)
If f is also conver, then
IVf(z) = Viy)|?* <2LDs(z,y) (33)
for all x,y.
For all vectors x,y, we have
2(z,y) < €llef* + €7 lyllP,  vE> 0, (34)
R STIRC R ST | 2
(@.9) = — el — Sl + gl — vl (35)
For vectors v1,va, ..., U, by the Jensen’s inequality and the convexity of the map: x — ||z||?, we have

1 |
*E vil| <
n

=1

1 — 5
= A7 36
I (36)

Next, we establish a few technical results.

Lemma 8. Suppose Assumptz'on holds. Given {0} ,,c(n, we have
15 fm<ék“>] S LS g
M m=1 " M m=1 e
1 & 1
S Tk <M mz::l wam(erkn)7 M mz::l wam(evkn)>

M
Mk A
- M <vﬁmfm(951)7 vﬁmfm<95n)>
m=1
U/%L k
+ B [0 ZE@ gk, 2l

where the expectation is taken only with respect to the randomness in &*.

Proof. By the L-smoothness assumption on f,(-) and , we have

A~

165 — 611,

m\h

fm(ésjl) - fm(éfn) - <me(éfn)7éfn+l Hk >
Thus, we have

2 2
A A A L ne L
Frn(B50) = Fon(B5) < =0T fon (85, B) = (¥ 5, (5, 9 2) + EIRH - T2 g )2,

which further implies that

1 M R
M Z fm(efn_‘—l)

m=1 m=
M M
1 Ak Nk k UI%L k| 2
Mmz:: wfm 6)m > Mmz:; V/Bm.fm gm,2> + 9 Hh H
2y M
Ml SN
+ B2 S ol

The result follows by taking the expectation with respect to the randomness in &*, while keeping the other
quantities fixed. O
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Lemma 9. Suppose Assumptions @ and@ hold. Given {6%,},.c(ar), we have

Ege [[Ih*]?] Z]Egk [lgn.21%]

2
(71 ‘72

(&1 kY2 4
< (= 1 § (0%

) ];4 3 vk

where the expectation is taken only with respect to the randomness in &F.

2 O'%

Ch
+(M+C2+1>szf+W+B

Cq
< et
A(M-i-Cz-l-l

Proof. Note that

Eer [[|R*]I?] = Egx

2 2

M M
(i) 1
= Eﬁk M Z (gvkn,l - wfm(ek )) Z wfm ek
m=1 m=1
M 2
(@) i)
= M2 ZE@ [Hgml Vo [ (0r) } Z
(i) 1 u i
_APEZQAVM<MW %)+ STODANALY
@) ¢ M | M
< 3 2 IVl mW+M§+EZ {SACATR
where (i) is due to gm 1 being unbiased, (ii) is by the fact that f’f,ég, ..., &%, are independent, (iii) is by
Assumption ' bl and (iv) is by . Similarly, we have
LM
Z gt [llgm.21°] Z Bt [lgm,2 = Vo Fm O] + 37 D 1V, Fm (05117
m=1

C 02 M
< ﬁ Z IV fm (05112 +5 Z IV g, (O
m=1 m=1

The lemma follows by combining the two inequalities. O
Lemma 10. Under Assumption[]], we have
1M - M
HMMZWM vaw>MZwmlvmww
m=1 m=1
v 2 M 2
|| 1 1 K mL?
) MZ szfm(em) +TV-
m=1 m=1

Proof. By , we have

w3l o)

m=1 m=1
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2 2

n 1 A n 1
_?k M Z vwfm(aﬁw) - ?k M Z vwfm(efn)
m=1 m=1
- ’
+ 27 Y (Vadw05) = Vudm(0))
m=1
2
_ e if:vf(ék iivf oF
2 M m=1 M m=1

where the last inequality follows from . We also have

— (Vg fm(6%), V5, fm (65)
— BNV fn B8P = TNV 5, fon O8I + SNV 5, fn (O) = V5, Fn (00

Thus,

15 (Vo Fn(05). V5, fn(01,) vaﬂmfm I vaﬁmfm (0511

n AL X
7 Z 1V6,, Fn(052) = Vo, i (0311

2 2

Combining the above equations, we have

1 X O T
— <M Z Voo fm (05), i > wam(97'2)> ki ZWﬁmfm( %) V6, fn (0F,)

2

<_7

5 MZmeek

Z 9105~ V10|

N 1o ol mzz &8 e

= vam m - Mmz::lvfm(am) + oM mz_:lnwm_w H
1 Nk 1 M ’ nkL2

_ - ok Nk~ k k

= M;vm(em) 5 Mmzilwm(em) + v

where (i) is by Assumption

Lemma 11. Under Assumptions[{] and[], we have

M M
_77k<]\14-mz_:1vwfm( ZV fm 9k > M Z(vﬁmfm( )7V5mfm(97k;l)>

m=1
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1 & 1 & ’ me L2
< _ - mék x| R S mek 7vk-
< w(MmZ_lww) f) MmZ:lVHm) + 5
Proof. The proof follows directly from Lemma [I0]and Assumption [7} O
Lemma 12. Suppose Assumptions@ and@ hold. For k, +1 <k < v,, we have
| M
k 2 t
E[VF] < A7 —1)(C +1 Z n’E HM lem(em)
kp m=
k—1 9 k—1
oi(r—1)
ot =1)(CL+1) Y ni+ 1T ni.
t=k, t=k,
Note that VF» = 0.
Proof. Note that w*r = wm for all m € [M]. Thus, for k, + 1 < k < v,, we have
2 2
k—1 k—1 k—1 k—1
[wh, = w*|? = ke =" mghy s — ™ =" k| =D gy — D> neh!
t=k, t=k, t=k, t=k,
Since
| M k=l k—1
i MeGma = D Ml
m=1t=k, t=k,
we have
1 1 M|kt k—1 2
M Z ||w,’§1 - wk||2 Y Z NeGpm1 — Z neh
m=1 m=1 ||t=k, t=kp
2 2 2
1Mkt k-1 M
S DL I DSETL ESTDS Z e 37)
M M
m=1 ||t=k, t=k, m=1
M k-1 M k-1
k—k, 5 T—1 9
<Y Y m <7 2 D nitlgmal
m=1t=k, m=1t=k,
Given {an}me[M], we have
M
o | 7 32 10halF] = 5 3 e skl
m=1
1 k kY < K
M Z ek “|gm,1 YV fn (03, H Z Vo fn (Ol
m=1
| M M
< 3 [+ VIR + ] 1 2 VA0
m=1
C’ +

Z IV £ (05112 +
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where the expectation is taken with respect to the randomness in &*. Thus, by the independence of

€W €@ ¢k and taking an unconditional expectation on both sides of , we have
k—1 M
EVH =(-1) Y nE [Egt [M > |g£n,1||2H
t=k, —1
2 ty)2 (r 1)‘7% = 2
< (T =1(C1+1) ZmE anme P+ >
kp t=kp,
< M7 —1)(C1 +1) Z mE HM Z V fm (65, ]
(r— 1 o2 ik
+ode(r = 1)(C1 +1) Z e el S
t=k, t=k,
where the last inequality follows Assumption [6] O
With these preliminaries, we are ready to prove Theorem [3] and Theorem [4
B.7.1 Proof of Theorem [3
Under Assumptions given {an}me[ w1, it follows from Lemmas @ that
1 & 1 &
E.on | — nk+1 = nk
M 2 M 2 9
ni 1 Hk ni 1 k nL”
< —== 0 - == 0 —V
<=5 a7 22 M) =3 |57 32 MmO+
M 2
+ 5 LA (M +Co+ 1) Mﬂ;fm(em)
1, Ch o? o3
+§77 L)\{(M+CQ+1) Jdlf+m+§ ,

where the expectation is taken with respect to the randomness in £*. Thus, taking the unconditional
expectation on both sides of the equation above, we have

1 - nk+1 1 - nk
+
SR ACUEES SACS]

m=1
M 2 M 9
n 1 Ak n 1 k nL k
< —ZFE ||— ——E |||-— —FE
M 2
2 Ch k
+ 5 LA (M +Cy + 1 H Z fm(0F)
1, Cy 2 03 ‘7%
Zn?L = 1 RS ST ]
+277 /\{<M+CQ+ )Udlf+MB+B

which implies that
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m=1 m=1
Up 1 M 1 M
k=k, m=1 m=1
vp M 2
< IS E || ful@h) (38)
B k=F, M = "

2
> fml(0))

7 C vp 1 Y
1

=k,
nLQ Up ) 1 ) c, 0.2 O'% Vp
— E —n°L — 1 — 4 = 1.
5 > [V]+2n A+t adlf+MB+B
k=kyp k=kp
By Lemma @, for all k, < k < v, we have that
k—1 2]
E[VF < P(r—1)(C1+1) Y E (6%,
k=k, |
2 9
-1
FPodelr — (@ 1)k~ k) + T
Up M 27]
<MP(r=1)(C1+1) Y _E Z Vfm(6F)
k=k L m
2 9
-1
b rfoelr 17200+ 1+ TACAE
Therefore, we have
L2 & ’
n
=8 S E[VF] < 2A77‘352(7*1 7(C1+1) Z E “| Z V fn (6F,) ]
k=k,
Up 372 2
372 n° Lot (T —
+ 2n L2062 (1 — 1) (C’1+1)k§; Lt
Combined with , we have
M
kp 1 - —
[Mme RS WAL ]
I3 1 M 2
n Hk
= ZE[ 17 2 IO ]
k=kp m=1
n Cy =
272 k
+2{ 1+77L)\(M+C2+1>+)\77L(T—1 cl+1}§; mzl m (0F)

vUp
MB B}Zl

1, o
i n3L%0% (1 —1)?

312
+ 77 L2c%(r —1)%(Cy +1) ;k: 1+ 5 2
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Since we require that

C
—1+nLX\ (Z\ll +Cy + 1> + 2L (r — 1)7T(CL 4+ 1) <0,
the equation above implies that
M M
| 3 ) - 3 3 sl

e (& i + 2+0—% 1
2" M P st 35 T B ~

)

<[-
\ME
=
D>

1 o 3L202(1 — 1)
+ o Lokt — DACL+1) Y 1+ ’7— Z 1.
k=k,

Since we have assumed that K = k5 for some p € N*, we further have

I
| =

=
| — |
=/~
Z

>

>

I

|
=/~
M=

>
=
=

I

= =
M7
S

e (G o) ez, 2L % 11371%1
" M 2 4T MB B K
p=0k=k,

1 v p—1 v
1 5 5 — L2003 (1 — 1)? 1 -

pOkk

2

e

+
SiES
@~

+
@]
N——

n K-1 1 M
= E|||—= Hk
e 2B |37 2 @)

1
+ innga(Qﬁf(T — 1)2(01 +1)+

1
+2n2L>\{<+02+1

P03 (r ~ 1)
2B

This implies that

| K1 | M 2
hk
% 2B |l37 22 fm(0n)
k=0 m=1
B[S @) -] pie - P
> 77K +77 M+ 2+ Udlf+m+§
PLo3(r — 1)
B

+ 2L (r — 1D2(CL + 1) +

and the proof is complete.
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B.7.2 Proof of Theorem [
By Lemmas @ and for k, +1 < k < v,, we have

E

jfZ)mwﬁw—fﬂ

C
_|_77k _1_|_7]k)\L (]\41+02+1>}E -— vam(esq)

k—1 2

+ By Y niE

t=k,

1 M
M m=1

where
A =1—nku,

1
B = 5’1%[12/\(7' — 1)(01 + 1), and

L? = o2(r—1) = 39
=" ot ey Y TS (39)

Let

2

9

and denote

2
ap L C o? o3
Chy = — {a§1f<Ml+C2+1>+MlB+BQ}.

Then
M k—1
ari1 < Agag + - (=14 Dng)er + By > mies+ ek,

t=k,

for all k, < k < wv,. Under the conditions on 5 and 7, by Lemmas [13|and @, we have

Vp vp—1 Vp
Ay, +1 < H Ay | ak, + ( H Ai) Ck + Co,- (40)
k=k, k=k, \i=k+1
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Let 23, = (k + b)?, where b = 37 + 1. Then

Z 1
Aknf = (1 — i) p(k +0)° = (1 - m)ﬂ(k +0) = plk+b=1)(k+b)? < plk+b—1)° =
and, thus,
vp—1 vp—1
77 U \izk+1 =kt 1 77“? L \izkt1 nk

Note that v, +1 = k,11. Plugging the above inequality into 7 we then get

P+l = p T Z 767?

Since we have assumed that K = k;, we thus have

Up

Vp—1

K—-1
ZK-1 Rup_1 1 Z 20 Z 2k
aK = P ak:ﬁ < ko kp_1 + —ct S FGO -+ niCk.

NK-1 Nvp_1 M1 =g 1

Since, for k, < k < v,, we have

nkL2 = ’7' — 1)
k= o2e(r—1)(CL+1) Z un T Z ne
k=k

P k=kp
2 2 2
N, L 2 Gy 01 03
JE= Y ) 1 2
+ 5 {O—dlf(M+CQ+>+MB+B}
nkﬁQLHTIF(T - 1)2 ) U%
S B Udif(cl + 1) + E

we also have

K-1

> L2 -1 2 2
zmgw{agif<cl+1>+g}zzkm

k=0 'k

Assume that &k = p7 4+ r, where 0 < r <7 — 1. Then
t
L_J T+b=pr+pr+1=0p+B)r+1>p7 >,
as we have assumed that § > 1. Thus

2<VjJr+b> >(p+B8)T+1+r=k+bd

and

Rk—1
Nk—1
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Next, note that
K-

=

2K

K—
Z k+b) < KK +2b) (43)
k=0 k=0

2p

I\H

Combining equations —, we have
M
K *
ElMme(om)f]
m=1
2L2 (r—1)2%K

(ij [sz’” () =1 + oy {”ﬁif(cl“”g}

LK(K +2 2
1 LK +67+){a§if< +C2+1>++}

4p?(K + pr)3 MB B
which completes the proof.
B.7.3 Auxiliary Results

We give two technical lemmas that are used to prove Theorem [

Lemma 13. Consider the sequence {ak}kpgkgup in the proof of Theorem that satisfies

k—1
ar+1 < Apag + %k(—l + Dny)er, + By Z ntes + ck,
t=k,

where Ay, By, and ci are defined in , Suppose the sequence of learning rates {ni} satisfies

M, < D7, (44)

2B, \
Mo,-1 = | D+ — ; (45)

A

-1
vp—1 Vp
2 (B’Up + Zj:kp+1 B Hi:j+1 Ai)
H;jikp-&-l A .

IN

urs D+ (46)

Then

Vp vp—1 Vp
Appt1 < Ay | aw, + ( 11 Ai) Ch + Cu, -

k=k, k=Fk, \i=k+1
Proof. We start by noting that
" vp—1
Ayyr1 < Dy, + %(71 + Dy, )ey, + By, Z nﬁek + Co,

k=k,

vp—1
< Avpavp + va Z U/%ek + Co,,

k=k,,

where the last inequality is due to . Thus, we have

vp—1

§ 2
avarl S Avpa/vp + B'up nkek + Cvp
k=kp
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vp—2
= Avpavp + BUP Z nl%ek + 7712;19—16’01;—1 + Cvp
k=k,
" vp—2
—1
< Avp Avp—1av,9—1 + = (_1 + Dnvp—l)evp—l + va—l Z 7712&1@ + Cy,—1
k=k,
vp—2
+ By, | Y miex+1m5, 10,1 | +cu,
k=kp
A 2B _
= Ay Ay a1+ U_T [—1 T A"l} €op—1
Up
vp—2
+ (Avavp—l + va) Z nI%ek + (Avpcvp—l + Cvp) .
k=k,
By , we have
2B, _
~14 Dy + el <,
AV
Therefore,
vp—2
avp—o—l S Avavp_lavp—l + (Avavp—l + va) Z n]%ek + (Avpcvp—l + Cvp) .
k=k,

Under the assumptions on 7, repeating the process above, we have

VUp

Ay, +1 < H Ai | ak,+1
i=kp+1
Vp Up
+ H A; | Bg,1 + H A; | Bryyat 4+ 8y, By, 1+ B, | 0} ex,
i=kp+2 i=kp+3

vp—1 Vp

k=k, \i=k+1
Since -

akrﬂrl S Akpakp + 2p (_1 + anp)ekp + Ckp’

combining with , the final result follows. O

Lemma 14. Let 0 = (u(k + 87+ 1))~ where

2
5>max{2/\L(Ol—|—C'2—|—1>—2,2L /\(021+1)}.
p \M 7

and

_ [max {(2L2X(Cy + 1) /p2)el/P — 4,0}

T> :
B2 — (2L2A(Cy + 1)/p2)e?

Then the conditions in Lemma are satisfied for ny for all k > 0.

Proof. Let Ak and By be defined as in . Since Ay < 1 for all k, after p-th communication, for the right
hand side of , we have

-1

vp—1 Vp
2 (va + Zj:kp+1 B Hi:jJrl Ai)

D+ =
Hiikpﬂ A
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-1

(BUP+ZJ kp +ZB Hz j+1 )

<|D+ -
Hiikp-i-l A
vp—1 -1
< D " 2 (Bﬂp + Ej:kp+2 B H7 J+1 )
a [Ty, 12 A '
Thus, by induction, we have
-1
vp—1 Vp
2 (va + Ej:kpﬂ B Hi:j+1 Ai)
D+
Hz‘:kp-',-l A
-1
vp—1 Vp
D+ 2 (Bj + Zj:kp—'rQ Bj Hi:j+1 Ai)
- T2y, 42 A (47)
<(D+ 2B,,\"
< A,
<D™ !

As k increases, we have that 7 decreases, A increases, and By decreases. Thus, for 1 < k < K, we have

MKk SNg-1 < -+

- 2(By, + 352

< m1. On the other hand, we can lower bound the right hand side of as

k+1B H1 =j+1 )

I1

v

v

Y

If

Up ]
i=kp+1 A;

—1
Vp—
j=k +1
Up
Hi:k:erl
vp—1 Vp—J
2B, (1430 A )

T—1
A1

Up
i=j+1

Bl
Ay

2 (31 +> AK)

D+

D+

-1

231<1+Za k+1)
AT

)

D 2B1£7;—11) ’
+ AT

D+

(p+

n <

2By (1 — 1)
AT 1

(49)

then the conditions on stepsizes in Lemma [L3] are satisfied for all 7, by combining ([47)-(49). Thus, we only
need to show that is satisfied to complete the proof.

To that end, we need to have

QBl(Tf 1)
(D+ A_{_1> T1 S 1

Cy
= Ll — 1
<)\ <M+02+ >+

mL2X(7 —1)%(Cy + 1)
(1 =mp)mt

>7]1§1

o1
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(1 —mp)™ !

C
— AL <1 +Cy + 1) A —mp)™ L+ LA = 1)%(CL+1) < ;
M 1

To satisfy the above equation, we need

AL (S +Co+1) (1—mup)™ < (2p) 711 —mp)™
mL*A(T —1)%(C1 4+ 1) < (2m) M —mp)T

Note that i, = 1/(u(87 + 2)). Thus, to satisfy the first inequality in (50, we need

Cy 1
2\L | — 1)< — = 2).
A (M+C'2+ >_771 w(BT +2)

Since p(B7 + 2) > u(B + 2), the condition above follows if

Bz”f(ffﬂcgﬂ)?. (51)

Next, to satisfy the second inequality in , we need

MILPA(T —1)*(CL 4+ 1) < (1 —mp)™

2 _ 2 T—1
— 2L /\(Cl—|—1) T—1 BT+ 2 <1.
12 BT + 2 BT+ 1

Since

pr+2\7 1\ (r—1)/(Br+1)\" " r—1 N
<57+1) _(1+[37+1) _(1+ T—1 ) SGXP{BT+1}S€B,

2LANCy +1) [ 7—1\° 1
2 Br+2 es <1.

Let v = 2L2)\(Cy + 1)/u®. Then the above equation is equivalent to

we need

(5% — 1/8%)7'2 +2(8+ 1/6%)7' + (4 - 1/6%) > 0.
First, we let 2 — ve? >0 or equivalently
ﬂz - 2020 (C1 +1)
6% W2 .

Then we need 7 to be large enough such that

—2(6+ 1/6%) + \/4(6 + ue%)Q — max {4(52 - z/e%)(él - 1/6%),0}
) .

Since va? + b < |a| + /|| for any a,b € R, the left hand side is smaller or equal to

\/max {rel/f —4,0}  [max {(2L2A\(Cy + 1)/u?)el/P — 4,0}
g2 —ver B = QLA(Cy + D) u2)er

T >

|

3

koY

2(82 —ve

Therefore, we need

s \/max {(2L2A(C1 +1)/p?)el/P — 4,0} ) (53)

B2 — (2L2A\(Cy + 1) /p2)e?
The final result follows from the combination of (51])-(53). O
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B.8 Proof of Theorem

Nesterov’s worst case objective. (Nesterov), |2018) Let A’ : R® — R be the Nesterov’s worst case
objective (see), i.e., '(y) = 2y Ay — e] y with tridiagonal A having diagonal elements equal to 2 + ¢ (for
some ¢ > 0) and offdiagonal elements equal to 1E| The proof rationale is to show that a k-th iterate of any

first order method must satisfy ||3*|lo < k and consequently

k
* \/E_l ? *
ly* —y*)|? > (\/E+1 lly* |7 (54)

: max (A
where y* := arg min,cpe h'(y), £ = ’)\\?7((18.

Finite sum worst case objective. (Lan & Zhou) [2018) The construction of the worst case finite-
sum objectiv h:R>® — R h(z) = %2?21 hj(z) is such that h; corresponds only on a j-th block of the
coordinates; in particular if z = [z1, 22, ..., 2,]; 21, 22, ..., 2, € R we set h;(z) = h'(z;). It was shown that
to reach ||z% — 2*||? < € one requires at least <(n + 4 /”l—f) log %) iterations for £-smooth functions h; and

p—strongly convex h.

Distributed worst case objective. (Scaman et al., |2018|) Define

1
Gi(2) = 5 (erllelP + e (¢ = + 2T M)
1
95(2) = g5(2) = -+ = gy (2) = m (01||ZH2 + CQZTMQZ)
1 1 0 0
1 210 1o
where M is an infinite block diagonal matrix with blocks 01 1 0 and My =10 0 and
M,
00 0 O

c1,c2 > 0 are some constants determining the smoothness and strong convexity of the objective. The worst
case objective of [Scaman et al.| (2018) is now g(2) = 57 > _; g (2)-

Distributed worst case objective with local finite sum. (Hendrikx et al., 2021) The given con-
struction is obtained from the one of [Scaman et al. (2018) in the same way as the worst case finite sum
objective (Lan & Zhou, 2018) was obtained from the construction of Nesterov| (2018]). In particular, one
would set g, ;(2) = g,,(z;) where z = [21,22,...,2,]. Next, it was shown that such a construction with

properly chosen ¢y, co yields a lower bound on the communication complexity of order 2 (\/% log %) and

the lower bound on the local computation of order 2 ((n + 4/ %) log %) where L is a smoothness constant

of gm,;, L is a smoothness constant of gn,(z) = %2?21 g;(z) and p is the strong convexity constant of
M

9(2) = 37 Line1 I (2)-

Our construction and sketch of the proof. Now, our construction is straightforward — we set

fm(w, Brm) = g(w) + h(Bm) with g, h scaled appropriately such that the strong convexity ratio is as per

ﬂ

Assumption Clearly, to minimize the global part g(w), we require at least Q( m

log %) iterations
and at least 2 ((n +4/ "KTW) log %) stochastic gradients of g. Similarly, to minimize h, we require at least

Q ((n + ,/%) log %) stochastic gradients of h. Therefore, Theorem |§| is established.

5This is for the strongly convex case; one can do convex similarly.
6We have lifted their construction to the infinite-dimensional space for the sake of simplicity. One can get a similar finite-
dimensional results.
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B.9 Proof of Theorem [§

Taking the stochastic gradient step followed by the proximal step with respect to 1, both with stepsize n, is
equivalent to (Hanzely et al.l |2020Db)):

1 M M
+ . . = /
. ' wo =w =" Do Z wfm,j w Bm Mm: wfm,j m))
p pw . —&-VwF(wl,ﬂ)),
By = Bon = 24V fm0', B1,) (55)
w+:w—77v F( /5/)1
w.p. pg

B = B = 2 (1 (Vi Fong 0 B) = Vi o s (' 83) + Vi fn ', B1))
Let x = [w, f1,...,Bum], ' = [w', 51, ..., B)]. The update rule can be rewritten as

zt = —n(g(z) - g(a’) + VF(a')),

where g(x) corresponds to the described unbiased stochastic gradient obtained by subsampling both the
space and the finite sum simultaneously. To give the rate of the aforementioned method, we shall determine
the expected smoothness constant. To achieve that, we introduce the following two lemmas.

Lemma 15. Suppose that Assumptions[1] and[q hold. Then
El|(g(z) — g(«') + VF(2')) = VF()||* < 2LDp(z,y),

w B
where £ = 2max (L—, L—)
Pw’ Pp

Proof. Let dg :=>.""_ dp,. We have:

El(g(z) — g(a’) + VF(a")) = VF(x)||?
< Ellg(z) — (=)

; Z (Vw fmd w, B) — wam7j(w/7ﬂ1/n)) (=1
M
+ D8y Z D5 fomj (W, Bin) = P "V fon g (W', Br) [ | ¢ = 2
o 2
:p;lE ! Z wfm,j w, Bm) vwfm,j(w/7ﬂ;n)) |C =1
=1

+p5' MQ ZEHmeJ (w, Bn) = V fom g (W, B )7 | ¢ =2

N\ T pzt;lIdDXdO 0 /
=B @) = VEE)T (M, | ) - VEE)
() wo LB
< E4max (£ ) Dp,(z,2")
Pw Pp

Lv L8
= 4max <7 ) Dp(z,2'),

Pw PB

where (*) holds due to the (L%, £?)-smoothness of F; (from Assumption [2) and Lemma O
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Lemma 16. Let H(z,y) : R%=*9% — R be a (jointly) convex function such that
V2H(z,y) < L,I and ViH(a;,y) < LyI.

Then

L, I 0
V2H (z,y) <2 7" 56
(r,y) < <0 Ly1> (56)

and

Dy ((x,y), (=y))
L1 0

>
- 0 i1

N | =

(VH(z,y) — VH(z',y')) (é ) (VH(z,y) — VH(z',y')). (57)

Proof. To show , observe that

_ 2 R v 2
2 LII 0 _ VQH(I, y) — 2L1I zvm,xH(xv y) vx,yg(x, y)
0 LI fvy@H(x,y) 20,1 — V%yH(x,y)

N (vi,zmx,y) vz,yH@c,y))
~\-Vi,H(z,y) Vi H(z,y)
= Viny(w, _y)

= 0.

Finally, we note that is a direct consequence of and joint convexity of H. O

We are now ready to state the convergence rate of ASVRCD-PFL.
Theorem 9. Iteration complexity of Algorithm [3 with

1 1 B 1
— 77 max{2u, 4601 /n}’

1 16
v=1—~vu, and 01 =minq =, /numax 7,—2
2 2" p

8

Setting p, = Uﬁ% yields the complexity

1 Lv + LF 1
@ + BT log —
i €

Proof. The proof follows from Lemma [15|and Theorem 4.1 of Hanzely et al.|(2020Db]), thus is omitted. O

Overall, the algorithm requires

1 Lw + LB 1
of =+ (log > (pn + pu)
p ph €
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communication rounds and the same number of gradient calls w.r.t. parameter w. Setting p = 2%, we have

1 L 4 LB 1 1 Lw 4 LB 1
-+ — <log ) (on+pw) =2 -+ ——— | (log~ | pn
p Pl € p Pl €

=2|n+

which shows that Algorithm [3]enjoys both communication complexity and the global gradient complexity of

pn2 (LY + LP) (log 1)

order O ((n + "5> log %) Analogously, setting p = %ﬁ yields personalized /local gradient complexity of

12

order O ((n + \/?) log %)
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