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ABSTRACT

We study online learning in constrained Markov decision processes (CMDPs) in
which rewards and constraints may be either stochastic or adversarial. In such
settings, [Stradi et al.| (2024b) proposed the first best-of-both-worlds algorithm
able to seamlessly handle stochastic and adversarial constraints, achieving optimal
regret and constraint violation bounds in both cases. This algorithm suffers from
two major drawbacks. First, it only works under full feedback, which severely
limits its applicability in practice. Moreover, it relies on optimizing over the space
of occupancy measures, which requires solving convex optimization problems,
an highly inefficient task. In this paper, we provide the first best-of-both-worlds
algorithm for CMDPs with bandit feedback. Specifically, when the constraints are

stochastic, the algorithm achieves 10) (v/T) regret and constraint violation, while,

when they are adversarial, it attains o (v/T) constraint violation and a tight fraction
of the optimal reward. Moreover, our algorithm is based on a policy optimization
approach, which is much more efficient than occupancy-measure-based methods.

1 INTRODUCTION

Most of the learning problems arising in real-world scenarios involve an agent sequentially interacting
with an unknown environment. Markov decision processes (MDPs) (Puterman, [2014)) have emerged
as the most natural models for such interactions, as they allow to capture the fundamental goal of
learning an optimal (i.e., reward-maximizing) action-selection policy for the agent. However, in most
of the real-world applications of interest, the learner also has to satisfy some additional requirements.
For instance, in autonomous driving one has to avoid crashing with other cars (Isele et al.,[2018)), in ad
auctions one must not deplete its allocated budget (He et al.| [2021), while in recommendation systems
offending items should not be presented to the users (Singh et al.,|2020). In order to capture such
requirements, constrained MDPs (CMDPs) (Altman, |1999) have been introduced. These augment
classical MDPs by adding costs that the agent is constrained to keep below some given thresholds.

Over the last years, online learning problems in episodic CMDPs have received a growing attention
(see, e.g., (Efroni et al. [2020) for a seminal work in the field). These are problems in which the
learner repeatedly interacts with the CMDP environment over multiple episodes. In such settings, the
learner’s goal is to minimize the regret of not always selecting a best-in-hindsight policy that satisfies
cost constraints, while at the same time ensuring that the cumulative violation of cost constraints does
not grow too fast over the episodes. Ideally, one would like that both the regret and the constraint
violation grow sublinearly in the number of episodes 7T'.

In online learning in episodic MDPs, two different assumptions on how rewards and costs are
determined at each episode are possible. They can be selected either stochastically according to
fixed (unknown) probability distributions or adversarially, meaning that no statistical assumption is
made. Very recently, Stradi et al.|(2024b)) proposed the first best-of-both-worlds learning algorithm
for online learning in episodic CMDPs. Such an algorithm is able to seamlessly handle stochastic
and adversarial constraints, achieving optimal regret and violation bounds in both cases. However, it
suffers from two major drawbacks. First, it only works under full feedback, meaning that the learning
agent needs to observe rewards and costs defined over the whole environment after each episode.
This is extremely unreasonable in practice, where only some feedback along the realized trajectory
is usually available. Moreover, the algorithm works by optimizing over the space of occupancy
measures, which requires solving a convex problem at every episode, an highly inefficient task.
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1.1 ORIGINAL CONTRIBUTIONS

We provide the first best-of-both-worlds algorithm for online learning in episodic CMDPs with bandit
feedback. This means that, after each episode, the algorithm only needs to observe the realized
rewards and costs along the trajectory traversed during that episode, as it is the case in most of
the real-world applications. Moreover, our algorithm is based on a primal-dual policy optimization
method, and, thus, it is arguably much more efficient than the algorithm by Stradi et al.|(2024b).

When the costs are stochastic, our algorithm achieves 19) (\/T) regret and constraint violation, while,

when the costs are adversarial, it attains O(+/T') violation and a fraction of the optimal reward. These
results match those of the full-feedback algorithm by |Stradi et al.[(2024b) and are provably tight.

We also analyze the performances of our algorithm with respect to a parameter p measuring by
“how much” Slater’s condition is satisfied. Specifically, if p is arbitrarily small, our algorithm can
still guarantee O(TB/ 4) regret and violation in the stochastic setting. Crucially, similarly to the
algorithm by Stradi et al.|(2024b)), ours does not require any knowledge of the Slater’s parameter p. In
order to attain the aforementioned result, we show that the Lagrangian multipliers are automatically
bounded during the learning dynamics, by employing the no-interval-regret property of our primal
and dual regret minimizers. Indeed, we develop the first algorithm for unconstrained MDPs with
no-interval-regret, under bandit feedback. This result may be of independent interest.

Finally, differently from Stradi et al.| (2024b), our algorithm can achieve (5(\/T ) regret and violation
in the adversarial setting, by using a weaker baseline that has to satisfy the constraints at every round.

1.2 RELATED WORKS

In the following, we highlight the works that are mainly related to ours. Due to space constraints, we
refer to Appendix [A]for a complete discussion about related works.

Online learning in MDPs has been widely studied both under stochastic settings (see (Auer et al.,
2008))) and adversarial ones (see (Neu et al.,|2010)). In adversarial settings, two feedbacks are usually
investigated. In the full-feedback setting, the reward function (or loss) is entirely revealed at the end
of the episode. In this case, Rosenberg & Mansour| (2019b) show that it is possible to achieve an
optimal O(v/T) regret bound. In the more challenging bandit-feedback setting, with rewards revealed
along the traversed trajectory only, Jin et al.|(2020) show that the optimal bound is still attainable.

As concerns MDPs with constraints, online learning has been studied mainly in the stochastic setting
(see [Efroni et al.| (2020) for a seminal work on the topic). As concerns adversarial settings, namely,
when the constraints are not assumed to be stochastic, there exists an impossibility result from|Mannor
et al.|(2009) that prevents from attaining sublinear regret and violation when the optimal solution is
computed with respect to a policy that satisfies the constraints on average. Thus, many works focused
on achieving (’)(\/T) regret and violation for adversarial rewards and stochastic constraints (see (Qiu
et al., 2020)) or non-stationary environments with bounded non-stationarity (see (Ding & Lavaei,
2023 Wei et al., 2023} |Stradi et al., [2024c)).

Recently, |Stradi et al.|(2024b) showed the first best-of-both-worlds (with respect to the constraints)
algorithm for CMDPs. Precisely, the authors propose a primal-dual algorithm that optimizes over the
occupancy measure space, under full feedback. When the constraints are stochastic, the algorithm

achieves O (v/T) regret and violation, both in the case in which rewards are adversarial and the one

where they are stochastic. Contrariwise, in the adversarial setting, the algorithms attains O(v/T)
violatios, and the no-a-regret property with @ = ¢/H+p, where p is a suitably-defined Slater’s
parameter. Notice that this result is in line with the best-of-both-worlds results in the single-state
online constrained settings, e.g., (Castiglioni et al., 2022b)).

2 PROBLEM SETTING
In this section, we describe the problem setting and the related notation.

2.1 ONLINE CONSTRAINED MARKOV DECISION PROCESSES
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We study online episodic constrained
MDPs (Altman, [1999) (CMDPs),
which are defined as tuples M = 1: fort=1,...,7do

(X,A,P, {Tt}tT—1 , {Gt}tT—1)~ Specif- 2: r¢+ and G are chosen stochastically or adversarially

Algorithm 1 Learner-Environment Interaction

ically, T is a number of episodes, with 3 The learner chooses a policy 7 : X X A—1[0,1]

t € [T] denoting a specific episode. 4: The state is initialized to =

X, A are finite state and action spaces, 5: forh=0,....,H —1do

respectively. P : X x A — A(X) © The learner plays an ~ m(-|zn)

is the transition function. We denote ~ 7* The learner observes 74 (n, an) and gi,i(zn, an)
by P(2'|z,a) the probability of go- forall i [m]

ing from state z € X to 2/ € X & The environment evolves to xj,+1 ~ P(-|xp, ap)

by taking action a € A. Notice that, % The learner observes w11

w.l.0.g., in this work we consider loop-

free CMDPs. Formally, this means that X is partitioned into H layers X, ..., Xz such that the first
and the last layers are singletons, i.e., Xo = {20} and Xy = {zp}, and that P(z'|z,a) > 0 only if
2’ € Xpy1and x € Xy, for some h € [0 .. H — 1]. We observe that any episodic CMDP with horizon
H that is not loop-free can be cast into a loop-free one by suitably duplicating the state space H
times, i.e., a state = is mapped to a set of new states (z, h), where h € [0 .. H]. {rt}thl is a sequence
of vectors describing the rewards at each episode ¢ € [T'], namely r; € [0, 1]X*Al. We refer to the
reward of a specific state-action pair z € X, a € A for an episode ¢ € [T] as r¢(z, a). Rewards may
be either stochastic, in that case r; is a random variable distributed according to a distribution R for
every t € [T, or chosen by an adversary. {Gt}tT:1 is a sequence of constraint matrices describing the
m constraint violations at each episode ¢t € [T'], namely G; € [—1, 1]IX*AX™ where non-positive
violation values stand for satisfaction of the constraints. For ¢ € [m], we refer to the violation of
the i-th constraint for a specific state-action pair x € X,a € A at episode t € [T] as g, ;(x,a).
Constraint violations may be stochastic, in that case G, is a random variable distributed according to
a probability distribution G for every ¢ € [T'], or chosen by an adversary.

In the online setting, the learner chooses a policy 7 : X — A(A) at each episode, defining a
probability distribution over actions at each state. For ease of notation, we denote by 7(-|x) the
probability distribution for a state « € X, with w(a|z) denoting the probability of action a € A.
In Algorithm [T] we provide the interaction between the learner and the environment in a CMDP.
Furthermore, we assume that the learner knows X and A, but they do not know anything about P.
Notice that the interaction between the learner and the environment is with bandit feedback, namely,
the rewards and the constraint violations are revealed for the traversed trajectory only.

Occupancy Measures Given a transition function P and a policy 7, the occupancy measure
¢ € [0,1]X*A%X| induced by P and 7 is such that, for all z € X, a € A, and 2/ € X,
with h € [0 .. H — 1], it holds ¢©™(z,a,2’) = P{x), = z,a, = a, 2441 = 2'|P,7} . Moreover,
we also define "™ (z,a) = 3, cx, 477 (z,a,2") and ¢"7(z) = 3,4 ¢ (2,a). Then,
following (Rosenberg & Mansour, [2019b), the set of valid occupancy measures can be characterized

as follows. Specifically, ¢ € [0, 1] IXXAXX] js a valid occupancy measure of an episodic loop-free
MDP if and only if the following conditions hold: () >_,cx, D aea 2owrex,,, €T a,2") =1

forallh € [0,..., H = 1}; (i) >open D wex, , 4@ 0, 2") =3 ex, | Daca (@', a, ) for all
hell,...,H —1]and € X}; and (iii) P? = P, where P is the transition function of the MDP
and P? is the one induced by ¢. Indeed, any valid occupancy measure ¢ induces a transition function
_ gq(z,a,z') — a(z,a)

P and a policy 79, defined as P4(z’|x, a) := oGy and w9 (alx) = O

2.2 OFFLINE CMDPs BASELINE

In the following, we introduce the offline CMDP optimization problem, which is needed to define a
proper baseline to evaluate the performances of online learning algorithms. Specifically, we introduce
the following linear program parameterized by a reward vector r and a constraint matrix G as follows:

-
L JmaXgeam) T4
OPT, g := { ‘L GTq <0, 1

where ¢ € [0, 1)¥*4l is an occupancy measure and A (M) is the set of valid occupancy measures.
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Furthermore, we state the following well-known condition on the offline CMDP problem.

Condition 1 (Slater’s condition). Given a constraint matrix G, the Slater’s condition holds when
there is a strictly feasible solution q° such that G ¢° < 0.

Notice that, in this work, we do not assume that the Slater’s condition holds. Indeed, our algorithm
still works when a strictly feasible solution does not exists. We refer to Section [2.4] for further details
on this. Finally, we define the Lagrangian function of Problem (T, as follows.

Definition 1 (Lagrangian function). Given a reward vector r and a constraint matrix G, the La-
grangian function L, ¢ : A(M) x RT — R of Problem (1) is defined as:

ﬁT,G(q’ )‘) = ,,,Tq - )‘T(GTq)

2.3 ONLINE LEARNING PROBLEM

As it is standard in the online learning literature (Cesa-Bianchi & Lugosi, 2006), we evaluate the
performance of learning algorithms by means of the notion of cumulative regret.

Definition 2. We define the cumulative regret up to episode T' as:
T
Rp:=TOPT,z— Y rlq"™,
t=1

Khere 7 = E,r|[r] if rewards are stochastic and z:: % Zle r¢ if they are adversarial, while
G = Eg~g|G] if the constraints are stochastic and G := % Zthl G, if they are adversarial.

We refer to an optimal occupancy measure, i.e., a feasible one achieving value OPT;. &, as ¢*. Thus,

we can rewrite the regret definition as Ry = ZtT:l gt — Ethl r] ¢t Notice that, in the
adversarial setting, the regret is computed with respect to an optimal feasible strategy in hindsight.
Indeed, an optimal solution is not required to satisfy the constraints at every episode ¢ € [T].

Next, we define the performance measure related to constraints: the cumulative constraint violation.

Definition 3. The cumulative constraint violation up to episode T is defined as:

Learning algorithms perform properly when they are capable of keeping both the quantities defined
above sublinear in 7', namely, Ry = o(T) and V = o(T).

For the sake of simplicity, in the rest of the paper, we will refer to ¢©>™ as ¢;, omitting the dependence
on transition unction P and policy 7.

2.4 FEASIBILITY

We introduce a problem-specific parameter of Problem , called p € [0, H], which identifies by
“how much” Slater’s condition is satisfied. Formally:

* when the constraints are selected stochastically, namely, they are chosen from a fixed
. . . —T
distribution, the parameter p is defined as p := maxgeca (ar) MiN;cpm) — [G q} 4
7
» when the constraints are chosen adversarially, namely, no statistical assumption is made,
the parameter p is defined as p := maxgea(ar) Minger) Mingepn) — (G q], -

Furthermore, we denote the occupancy measure ¢ € A(M) leading to the value of p by ¢°. Intuitively,
p represents the “margin” by which the “most feasible” strictly feasible solution (i.e., ¢°) satisfies
the constraints. Finally, we state the following condition on the parameter p, which will guide the
analyses of the performances of our algorithm.

Condition 2. It holds that p > T~ % H\/112m.
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Notice that, it is standard in the literature (see, e.g, (Efroni et al., 2020)) to assume that p is a constant
independent of T and directly include in the regret bound the dependence on 1/p. Nevertheless,
when p is too small, this could result in suboptimal regret bounds. In this paper, we take a different
approach by providing theoretical guarantees for any value of p.

3 A PoLICY OPTIMIZATION PRIMAL-DUAL APPROACH

In this section, we provide the description of our algorithm. We resort to a primal-dual formulation of
the CMDP problem, and we employ different regret minimizers to optimize over the primal space
(namely, the policy space) and the dual one (that is, the Lagrangian variables space). Furthermore,
our primal algorithm is based on a policy optimization approach. Thus, the learning update is not
performed over the occupancy measure space, but state-by-state along the MDP structure. This allows
us to avoid solving a convex program at each episode (as it is the case in the algorithm by (Stradi
et al., [2024b)). As concerns the dual, we employ online gradient descent (OGD). We remark that our
algorithm does not require any knowledge of the Slater’s parameter p. Indeed, as we further discuss
in the rest of this work, we can show that the Lagrangian multipliers are automatically bounded given
specific no-regret properties of the primal and dual regret minimizers.

3.1 META-ALGORITHM

In Algorithm 2} we provide the pseudocode of primal-dual bandit policy search (PDB-PS).

Algorithm 2 PDB-PS

Require: State space X, action space A, number of episodes T, confidence parameter ¢ € (0,1)

1: m(alz) + IT}\ V(z,a) € X x A

. = 1/41™ 1

2 A0 0T« 1LE 2K+ [0,TY4] ", n+ BIR(TATR T} VT

3: fort=1,...,7do

4: Play policy 7, observe trajectory {(z1,, an)}r—g , rewards {r¢(zs, an)}7—, and violations
{gei(xn, an)}i=y foralli € [m]
forh=0,...,H —1do

Ce(zh,an) < Do+ 20 Migei(Th, an) — re(zh, an)

Ti41 < FS—PODB.UPDATE({(wh, an) }r—o's {le(xhs an) } iy s Et)
>\t+1 — H)C [/\t + T]Zf;ol Gt [:Eh, ah]}

Lepr < 1+ | Aepallx
Et+1 < max {Et, 2Ft}

Y ® X

Algorithm 2] initializes the policy uniformly over the space (see Line[I). Moreover, the Lagrangian
variables are initialized as the zero vector, the loss scaling factor to 1, the loss range to 2, and, finally,

the dual space is instantiated as [O, TY 4] ™ (see Line . We underline that we force the dual space to

be bounded in [O, TY 4] " only to deal with degenerate cases where Conditiondoes not hold. When
Condition 2] holds, our algorithm guarantees that the Lagrangian variables are automatically bounded
during learning. Furthermore, the algorithm keeps track of the maximum loss range observed by the
primal algorithm =, up to episode ¢ € [T], since the primal regret minimizer needs to dynamically
update its belief on the loss range, in order to attain optimal regret bounds. The algorithm plays policy
m and observes the bandit feedback as depicted in Algorithm[T](see Lined)). Given the observed
feedback, PDB—P S builds a re-scaled Lagrangian loss for each layer h € [H] as:

li(xp,ap) =Ty + Z Aigei(xj,a;) — re(xj, a;). (2)

i=1

Notice that the loss built in Equation (2)) can been seen as the Lagrangian suffered by 7, for state-
action pair (x, a), scaled by I'; to guarantee that the losses are always positive (see Line @) This
loss is properly built to feed the primal policy optimization procedure. Moreover, we underline that
the feedback given to the primal algorithm encompasses the trajectory and the maximum loss range
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observed, besides the loss built in Equation (2). Policy 7 is returned by the primal algorithm
(Line[7). We refer the reader to the next section for further discussion on the primal optimization
algorithm. Algorithm [2updates the Lagrangian multipliers using an online gradient descent update

with loss — Ztho G¢[zn, an] in the bounded dual space [0, T/*]™ as:

H-1

A1 < e (A +1 Z Gilzn,an] |,
h=0

where Il is the euclidean projection over the space K and G|z, ap] is the m-dimensional vector
composed by the violations of any constraint for the state-action pair (zy,, a) (Line . Thus, the
current loss scaling factor is computed as I'y41 < 1 + [[A;41]]1 (Line[9). Finally, the maximum
observed loss range Z; 1 is updated as Z;1 1 + max {Z;, 2';11 } , since the range of losses observed
by the primal depends on the Lagrangian multipliers values (Line [I0).

3.2 PRIMAL REGRET MINIMIZER

In Algorithm 3| we provide the pseudocode of fixed share policy optimization with dilated bonus
(FS-PODB.UPDATE), namely, the update performed by the primal regret minimizer employed by
Algorithm 2] Algorithm [3] builds on top of the state-of-the-art policy optimization algorithm for
adversarial MDPs (see (Luo et al.||2021)), equipping it with a fixed share update (Cesa-Bianchi et al.}
2012). This modification allows us to achieve the no-interval regret property, which, to the best of
our knowledge, has never been shown for adversarial MDPs with bandit feedback. Thus, we believe
that the theoretical guarantees of Algorithm 3]are of independent interest.

Specifically, Algorithm [3|requires in input the trajectory traversed during the learner-environment
interaction, the incurred loss functions, and the maximum loss range observed for any ¢ € [T]F_]
During the first episode, the algorithm initializes the estimated transitions space as the set of all
possible transition functions (Line [2). Thus, at each episode the algorithm defines a dynamic learning
rate 7; ﬁa (Line, where = is the upper bound on the range of the loss functions up to ¢. This
is done to control the different scales of the loss, due to the Lagrangian multipliers choice of the dual
algorithm. Then, Algorithm [3|builds an optimistic estimator of the state-action value function as:

~ Ly,

) = : ]I/ b )
Qi(z,a) @) T +(z,a)
H-1

where I;(z,a) == I{z ), = x,a¢, = a} and Ly, == ijh l(z;,a;) is the loss incurred by the

algorithm at episode ¢ starting from layer h. Indeed, since G;(z, a) = maxp e7,tqﬁ T (x, a)and 0

is a positive quantity, Q:(x, a) results in an optimistic estimator of the state-action value function
(Line ). The optimistic estimator is employed to control the variance of the loss estimation and,
thus, in order to achieve high-probability results. Finally, notice that the state-action value function
(as the estimated one) is commonly used in policy optimization as it allows to optimize efficiently
state-by-state. In addition to the estimated state-action value function, Algorithm [3|defines a dilated
bonus similar to the one introduced by |Luo et al.| (2021)), which is then incorporated in the final
objective of the optimization update. The bonus is defined as:

1
Bi(z,a) = b(z) + (1 + H> ax E s f,a) B (o) [Be (@', a')]
where the term b;(z) depends on the uncertainty on the transitions estimation and the range of the
losses, while the term (1 + %) attributes more weight to the deeper layers, so as to incentivize explo-
ration (Line[5). The weights associated to any action are computed employing the so called fixed share
update (Cesa-Bianchi et al., | 2012)); specifically, the weights are computed as the convex combination

between the uniform weight and the solution to optimization step o wt(a\a:)e_"t(Qt(w’a)_Bt(w’a)).
The policy is simply computed as a normalization between weights (see Line [6). Notice that the

'Notice that, while the input of Algorithm may seem different from the standard bandit feedback received
in adversarial MDPs, this is not the case. Indeed, it is sufficient to set =; = 1 for all ¢ € [T7] to achieve the same
guarantees attained by AlgorithmE} in the Lagrangian formulation of CMDPs, in standard adversarial MDPs.

2As shown in (Jin et al.l 2020), q,(x, a) can be computed efficiently by means of dynamic programming.
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Algorithm 3 FS-PODB . UPDATE

Require: Trajectory {(xp, ap)}i=!, losses {£;(xn, an)}7—,, loss range upper bound =,
1: ift =1 then
2: Py < set of all possible transitions
. 1 1 1
¥ M spmeve T ovm T
4: Forallh=0,...,H — 1and (z,a) € X}, X A:

H-1
Lt,h — Z ﬁt(mj,aj)
Jj=h
~ Ly
r,a) +— ———I;(x,a),
Qt( ) Qt(%a) + t( )

where g, (z, a) == maxpp, qﬁ”” (z,a) and I¢(x, a) ={zyp = x, a1 = a}
5: Forall (z,a) € X x A:

3vH=E; + HE; (@t(%a) - gt(x,a)>
Gp(,a) +7

bt(.’b) < anm,(~|9c)

1
Bt(x, a) — bt(,T) + <1 + H) max Ex’Nﬁ(-‘m)a)EaNﬂt('|ml) [Bt(x/, a/)]
PeP;

where ¢ (2, a) == ming_, qﬁv’ft (z,a),and By(zg,a) =0foralla € A
6: Forall (z,a) € X x A:

wip(alz) < (1—o)w,(alz)e (@) -Be@a) o Z wy(a/|z)e e (Qe(@:a")=Bu(w.a")

g
|A‘ a’€A

w1 (alz)
Yaren Wer1(a|z)

7: Piy1 < TRANSITION.UPDATE({(xp, ah)}hHgol)

a1 (alx)

convex combination mentioned above is crucial to bound the regret for each interval (that is, to attain
the no-interval regret property). Indeed, it guarantees a lower bound for the value taken by the policy
in each available action at each episode, and, thus, for all intervals [t1, t2] C [T, it allows to find a
nice upper bound for the Bregman divergence D, (7 (+|a); 7, (-|a)), for all policies 7. Finally, the
estimation of the transitions is updated given the trajectory traversed in the MDP (Line [7). This
estimation is standard in the literature. Thus, we refer to (Rosenberg & Mansour, |2019b) for further
discussion on the use of counters and epochs to estimate a superset of the transition space P;.

3.3 NO-INTERVAL REGRET PROPERTY

When the Slater’s parameter p is known, the only necessary requirement for the primal and the dual
regret minimizers is to be no-regret. Thus, it is sufficient to bound the Lagrangian space so that
[IAll1 < O(#/p) to attain sublinear regret and violation. Nevertheless, knowing p is generally not
possible in real-world scenarios. In order to relax the assumption on the knowledge of p, we require
our primal and dual regret minimizers to have the no-interval regret propertyﬂ

First, we introduce the interval regret as follows.

Definition 4 (Interval regret). Given an interval of consecutive episodes [t1, ..., t2] C [1,...,T],
the interval regret with respect to a general occupancy q (and the associated policy ) and a sequence
of loss functions {€; }1_, with €, : X x A — [0, K], with K > 0, is Ry, +,(q) :== Ziitl 0] (gt — q).

3What we require is generally known in the literature as the weak no-interval regret property. For the sake of
simplicity, in our work, we introduce only the weak property.
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In the following, we omit the dependence on the general occupancy ¢ when it is clear from the context.
Thus, given Definitiond} we are able to introduce the no-interval regret property.

Definition 5 (No-interval regret property). An algorithm attains the no-interval regret property
when for any interval of consecutive episodes [t1, . ..,t3] C [1,...,T] and with respect to any valid

occupancy q (and the associated policy ), it holds Ry, 1, < (5(\/T)

Intuitively, the no-interval regret property guarantees a more stable learning dynamics over the
episodes. When full feedback is available, as for the dual algorithm, it is sufficient to employ OGD-
like updates to attain the desired result. This is not the case when the feedback is bandit. Nevertheless,
given that we use a policy optimization procedure and the fixed share update, we build the first
algorithm for adversarial MDPs with no-interval-regret. We state the result in the following theorem.

Theorem 3. Forany § € (0, 1), with probability at least 1 — 80, Algorithm FS—PODB attains:

A= — to — 1t
R 1, < (@ <:t1,t2\/f+ :tl’t22\/>Tl> ,

where the regret can be computed with respect to any policy function w : X — A(A).

Notice that, as it is standard for online learning algorithms, R;, ;, scales as the loss range, as shown
by the dependence on =, ,, that is, the maximum possible range of losses in the interval.

3.4 BOUND ON THE LAGRANGIAN MULTIPLIERS DYNAMICS

Next, we show that, given the no-interval regret property of the primal and the dual regret minimizers,
it is possible to show that the Lagrangian multipliers are automatically bounded during learning.
Notice that this bound is necessary since any adversarial regret minimizer needs the loss to be bounded
to achieve the no-regret property. Thus, since the rewards {r;}7_, and the constraints {G;}]_, are
assumed to be bounded for all episodes, the problem of bounding the loss suffered by the primal
algorithm becomes the problem of bounding the Lagrangian multipliers {\; }7_;.

Theorem 4. Under Conditionfor any § € (0, 1), with probability at least 1 — 116, it holds:
IAellh <A Vte [T +1],

112mH?
p?

where A =

The general idea behind the proof is to compare, for every interval [¢1, t2] C [T'], the upper bound to
— Z?:tl Kf ’th obtained through the regret of the dual algorithm with the lower bound to the same
quantity obtained through the primal interval regret, where we define the non-scaled Lagrangian loss
(£ as the vector composed by ££(z,a) = 37" A\.igr.i(z,a) — r(x,a) forall (z,a) € X x Aand
for all t € [T]. The resulting inequality leads, by contradiction, to the desired bound. In this sense, a
fundamental requirement for the proof is that the regret guarantees for both the primal and the dual
algorithm hold for all subsets of episodes.

4 THEORETICAL ANALYSIS
In this section, we prove the best-of-both-world guarantees attained by Algorithm [2]

4.1 STOCHASTIC SETTING

We first study the performance of Algorithm 2] when the constraints are stochastic.

In such a setting, our algorithm can handle two scenarios. In both of them, employing a primal-dual
analysis shows that both the regret and the violations are bounded with order (’)(\/T) times the
maximum value taken over all episodes of the Lagrangian multipliers, i.e. max;¢c(7)|[A¢[|1. In the first
scenario, Condition 2 holds and thus we can apply Theorem[d]to show that the Lagrangian multipliers
are bounded. In such a case, max;c[77||\¢[|1 can be easily bounded by A. When Conditions|2|does
not hold, we need to resort to the bound of Lagrangian multipliers derived by the instantiation of OGD

decision space, leading to 5(T3/ 4) regret and violations bounds.

Specifically, when Condition 2] holds, the Lagrangian multipliers are nicely bounded by A.
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Theorem 5. Suppose that Condition|2| holds and the constraints are generated stochastically. Then,
for any § € (0,1), Algorithm[2|attains:

RTg(b“(A\/T), VT§5<A\/T),

with probability at least 1 — 149 when the rewards are stochastic and at least 1 — 135 when the
rewards are adversarial.

When Condition [2does not hold, we can still use the bound forced by Algorithm [2]on the dual space.
Therefore, the Lagrangian multipliers are bounded by mT"/, leading to the following result.

Theorem 6. Suppose that Condition|2|does not hold and the constraints are generated stochastically.
Then, for any § € (0, 1), Algorithm|2|attains:

Ry <O <T3/4) V<O <T3/4) ,

with probability at least 1 — 116 when the rewards are stochastic and at least 1 — 105 when the
rewards are adversarial.

4.2 ADVERSARIAL SETTING

We then study the performance of Algorithm [2| when the constraints are adversarial. Notice that,
in such a setting, there exists an impossibility result from (Mannor et al.| 2009)) that prevents any
algorithm from attaining both sulinear regret and sublinear violations. Thus, best-of-both-worlds
algorithms in constrained settings focus on attaining sublinear violations and a fraction of the optimal
rewards (see e.g., (Castiglioni et al.,|2022b; |Stradi et al., 2024b))E]

In such a setting, we can show the following result.

Theorem 7. Suppose Conditionholds and the constraints are adversarial. Then, for any 6 € (0, 1),
AlgorithmP)attains:

T
erqtzﬁ( pH-OPTT’G), VTgé(A\/T),
t=1

p+
with probability at least 1 — 146 when the rewards are stochastic and with probability at least 1 — 136
when the rewards are adversarial.

4.2.1 A WEAKER BASELINE

In this section, we show that the impossibility result by Mannor et al.|(2009) can be circumvented by
adopting a different baseline in the regret definition. Precisely, we compute the weaker baseline as
the solution to the following linear program:

OPTW = manGA(]VI) ?Tq
s.t. G/qg<0 Vtell).
Notice that, in the previous sections, we allow the optimal policy ¢* to satisfy the constraints on

average, i.e., ZtT: 1 GtT q¢* < 0. In such a case, the set of feasible policies is much smaller than the
one associated with the weaker baseline, that is, when a feasible policy must satisfy the constraints at

each episode. Given the new baseline, we can rewrite the regret as Ry =T oPTY — Ethl 7] g
When the regret is computed w.r.t. the weaker baseline, we can recover the same theoretical results of
the stochastic setting. Precisely, when Condition 2 holds we have the following result.
Theorem 8. Suppose that Condition 2| holds and the constraints are generated adversarially. Then,
Sforany é € (0,1), Algorithmattains:

Ry <0 (MWT), V<O (AVT),

with probability at least 1 — 135 when the rewards are stochastic and at least 1 — 125 when the
rewards are adversarial.

4Attaining the no-a-regret property, that is, being no-regret w.r.t. a fraction of the optimum, achieving a
competitive ratio, and guaranteeing a fraction of the optimal rewards are used as synonyms in the literature,
since any of the aforementioned guarantees can be derived by the others.
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We conclude the section by analyzing the scenario in which Condition [2]does nor hold.

Theorem 9. Suppose that Condition |2|does not hold and the constraints are generated adversarially.
Then, for any § € (0,1), Algorithm 2| attains:

Ry <O (T3/4) Ve <O (T3/4) ,

with probability at least 1 — 120 when the rewards are stochastic and at least 1 — 116 when the
rewards are adversarial.

Intuitively, Theorems 8 and [9]can be proved by the fact that playing the optimal policy guarantees
small violations independently on the episode the optimum is chosen. This is not the case of the
stronger baseline, since playing the optimum in some episodes may lead to arbitrarily large violations.
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APPENDIX

The Appendix is structured as follows:

* In Section[A] we provide additional related works.
* In Section[B] we provide additional notation employed in the rest of the appendix.
* In Section |C| we provide the events dictionary.

* In Section[D]we provide the theoretical guarantees attained by Algorithm[3] Precisely, we
provide the complete version of the primal algorithm (see Algorithm [, and analyze the
related performances.

* In Section[E] we provide the theoretical guarantees attained by the dual algorithm.

* In Section[F} we provide the analysis to bound the Lagrange multipliers during the learning
dynamic.

* In Section [G| we provide the theoretical guarantees attained by Algorithm 2] when the
constraints are stochastic.

* In Section [H, we provide the theoretical guarantees attained by Algorithm [2| when the
constraints are adversarial.

* In Section[[|we provide the theoretical guarantees attained by Algorithm [2] when the con-
straints are adversarial and the baseline is computed w.r.t. the policies that satisfy the
constraints at each episode.

* In Section[J|we provide technical lemmas employed in our work.

* In Section[K] we provide auxiliary lemmas from existing works.

A RELATED WORKS

In this section we provide further discussions on the works closely related to ours. We first provide
some works in the field of unconstrained online MDPs (see (Auer et al., 2008} [Even-Dar et al., 2009;
Neu et al., 2010) for some initial results on the topic). The setting studied in these works generally
differentiates the problem based on the nature of the losses (either stochastic or adversarial), the
knowledge of the transition probability, and the nature of the feedback. Usually two types of feedback
are considered: in the full-information feedback model, the entire loss function is observed after the
learner’s choice, while in the bandit feedback model, the learner only observes the loss due to the
chosen action.

Azar et al. (2017) study the problem of optimal exploration in episodic MDPs with unknown
transitions, stochastic losses and bandit feedback . The authors improve the previous result by |/Auer
et al.| (2008)) designing an algorithm whose upper bound on the regret match the lower bound for this
class, @(\/T) Rosenberg & Mansour|(2019b)) studies the setting of episodic MDPs with adversarial
losses, unknown transitions, and full information feedback. In this case the authors present an online
algorithm exploiting entropic regularization and providing a regret upper bound of O(v/T'). The
same setting is investigated when the feedback is bandit by Rosenberg & Mansour| (2019a)) who attain
a regret upper bound of the order of @} (T3/*), which is improved by Jin et al.[(2020) by providing an
algorithm that achieves in the same setting a regret upper bound of O (/7). Finally, Luo et al.| (2021)
provide an optimal policy optimization algorithm for adversarial MDPs with bandit feedback.

In case of constrained problem, an fundamental result is presented by Mannor et al.| (2009), who
show that it is impossible to attain both sublinear regret and constraints violations when both the
losses and constraints are adversarial. To overcome such an impossibility result, [Liakopoulos et al.
(2019) study a class of online learning problems with long-term budget constraints that can be chosen
by an adversary and they define a new notion of regret. The new learner’s regret metric introduces the
notion of a K-benchmark, i.e., a comparator that meets the problem’s allotted budget over any window
of length K. |Castiglioni et al.|(2022a3b)) are the first to provide a best-of-both-worlds algorithm for
online learning problems with long-term constraints, being the constraints stochastic or chosen by an
adversary.

13
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Constrained problems have been also studied in the context of CMDPs; however almost all previous
works focus on the setting where the constraints are chosen stochastically. Wei et al.| (2018)) study
the case of episodic CMDPs with known transition proabability, full-feedback, adversarial losses
and stochastic constraints. The algorithm presented by the authors attains an upper bound both for
constraints violation and for the regret of the order of (7)(\/T) . Zheng & Ratliff] (2020) present, in
the setting of stochastic losses and constraints, where the transition probabilities are known and the
feedback is bandit, an upper bound on the regret of their algorithm of the order of (7)(T3/ 1), while the
cumulative constraint violations is guaranteed to be below a threshold with a given probability. [Bai
et al.[(2020) provide the first algorithm to achieve sublinear regret when the transition probabilities
are unknown, assuming that the rewards are deterministic and the constraints are stochastic with
a particular structure. [Efroni et al.| (2020) study the case where transition probabilities, rewards,
and constraints are unknown and stochastic, while the feedback is bandit. The authors propose
two approaches to deal with the exploration-exploitation dilemma in episodic CMDPs guaranteeing
sublinear regret and constraint violations. |Qiu et al.| (2020) provide a primal-dual approach based on
optimism in the face of uncertainty. This work shows the effectiveness of such an approach when
dealing with episodic CMDPs with adversarial losses and stochastic constraints, achieving both
sublinear regret and constraint violation with full-information feedback. |Wei et al.[(2023)), Ding
& Lavaei| (2023)) and [Stradi et al. (2024c) consider the case in which rewards and constraints are
non-stationary, assuming that their variation is bounded. Thus, their results are not applicable to
general adversarial settings. [Stradi et al.| (2024a)), in the setting with adversarial losses, stochastic
constraints and partial feedback, achieve sublinear regret and sublinear positive constraints violations.
Finally, |Stradi et al.| (2024b)) propose the first best-of-both-worlds algorithm for CMDPs, assuming
full feedback on the rewards and constraints.

B ADDITIONAL NOTATION

In the following section, we introduce some useful notation from policy optimization. First, we define
the value function V™ (x; f), for policy m, state 2 and generic function f that assumes values for each
state x € X and for each action a € A. Formally,

H
Vi) =E| Y flejapla ~wlle)a; ~ Pllajr,a0) |
j=h(z)+1
where h(z) is the layer h such that 2 € X},. Notice that the value function can be written using the

occupancy measure g™’ generated by the policy 7 and the transition probability P as : V™ (z; f) =
Yea q™F(x,a)f(z,a). We introduce also a Q-function of a generic function f as:

Q(I, a; .f) = f(I, a) + Ez’~P(~\a:,a) [Vﬂ(xl; f)]

Vﬂ(x; f) = an‘n-(~|9c) [Qw(l'v a; f)]

V™(zm; f) =0
In addition we will use the notation Q;(x, a) to indicate the Q-function computed with respect to the
function ¢4, i.e. Q(x,a;4;) .

C DICTIONARY

In the following, we provide the definition of different quantities which will be employed in the rest
of the appendix. This is done for the ease of presentation.
* Quantity £

1t2*
(ta —t1+1)

- 1 -
VT + UsEy, 1y ——= + UsZ4, 4, VT,

&L, = U124 1,OVT + UsZy, s

where:
2
- Uy =62 (M5
- U = 9H|X||A|
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- nggm(ng)

TIX[2/A]
30H2X|2\/2|A|1n (f)

- Uy
With probability at least 1 — 46 itholds R}, , < EF , Vi1, tp € [T]: 1<ty <ty <T
by Theorem 3]

¢ Quantity £ (0):

EP(0) =

A
H t’1||2 +D 77( t1+1)7

where:
2

H
- Dy = ™I,

3 (SIS

Itholds Rf ,,(0) < EP(0), V1, 1z € [T]: 1 <ty <ty < T by Theorem|l1]
* Quantity &7, :
&, =DBi/(ta—t1 +1),
where:
- By =2H/In(%).

Given age AM ) with probability at least 1 — ¢ it holds in case of stochastic constraints
2 “ (G q— G' q) < &F ,,. by Azuma-Hoeffding inequality.

* Quantity &/

.
1,t2°

EL = Fi/ (2 —t + 1),

where:

- Fy=Hy/2In (%).

With probability at least 1 — ¢ it holds t 0 2wale(z,0) — qi(w )) &l +,» and with

probability at least 1 — ¢ it holds t t wal@t(z,a) = Ti(z,a)) < &
Hoeffding inequality.

by Azuma-

1,t2°

* Quantity C:
C = 252|X||A|H

* Quantity D:

D = 84672mH?|X|?|A|
= 336mH|X|C.

D OMITTED PROOFS FOR THE PRIMAL ALGORITHM

In this section we study the guarantees attained by the primal procedure, namely Algorithm 4]
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Algorithm 4 FS-PODB

Require: X, A 0 = T C

I: Pq <+ set of all possible transitions
2: mi(alx) = ‘j“ V(z,a) € X x A
3. =g 1

4: v C\f
5. fort=1,...,7T do
6
7

8

Play 7, observe {(zn, an)}r =y, losses {£;(zn, az)} -, and Z;

1
< SHE,ovT
Forallh=0,...,H — 1 and (z,a) € X}, X A:

H-1
Lt,h = Z Et(xh,ah)
j=h

Ly,
Gy(z,a) +v

where ,(x,a) = Ipaxqﬁ”” (z,a) and I;(x,a) = {z, ), =z, a1 = a}.
PeP,
9: For all (z,a) € X x A:

Qi(z,a) = L (x, a),

3vHZ; + H=, (ﬁt(x, a) —q,(=, a))
4i(r,a) +~

bt(x) = anm(.‘z)

1
Bi(z,a) = bi(z) + (1 + H> maxBE , 501, o Bamm () [Bi(2',a")]
Pep,

where ¢, = min q ™ (z,a), and By(zp,a) = 0 for all a.
=t Pep,
10 For all (z,a) € X x A:

wii1(alz) = (1_U)wt(am)e*m(@t(w,a)*Bt(I a Z (a'|z)e (Qt(z,a')=Bi(z,a"))
a’€A

w1 (alz)
Y aren Wey1(a|w)

11: Pii1 %TRANSITION.UPDATE({(mh,ah)}fgol)

my1(alz) =

Theorem 10. For any § € (0, 1), AlgorithmH|attains, with probability at least 1 — 45 and for all
[tl, . ,tg] C [T]

DOTRC: szau—w (ale)) Q7 (2, @) — By(x.a))

=, 1,0(T) + Z V™ (205 by) + T Z Zq x)m(alx)By(x, a),

t=t1 t=t1 x,a

forallty,ty € [T]s.t. 1 <ty <ty < T and where Zy, 1, > maXycp, ... ¢,) MaXy o bt (T, ).

Proof. In the rest of the proof, we will refer as L; to max e[ maxpe(p) Lrp and Ly, 4, to
Max, c(r,, . +,) MaXpe (] Lir,p; therefore, by definition it holds L, < HE, forall ¢ € [T].

As a first step, we decompose ) ¢*(z) iitl Yoo (m(alx) — 7*(alz)) (Qff (x,a) — By(x,a)) in
three different quantities:

S0 @)Y Y (mlale) - 7 (ala)) (QF (w,a) — Bi(x,a))

t:tl a
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=Y @) Y Y (mlal2) =7 (ale)) (Qu(.0) - Bi(w,a)

@
+3 ¢ (@) _Z > mlale) (QF (v,a) ~ Qulx.a))
@
LY@ Y Y ) (o) - QF 5.0)).
®

which we proceed to bound separately.

Bound on (). The quantity of interest can be bounded after noticing that Algorithm [ employs a
slightly modified version of OMD. In fact, recalling the definition of 7;, we can write:

w1 (alz)
ar) = =———
’/Tt+1( | ) Za/ wt+1(a’|x)

(1 — o)wy(alz)e 7 (@e(ma)=Be@a) o T 2oarca wi (@) (@i(:a)=Bu(w.a))
Za’EA 'LUt(CL/|1‘)8_n"(@"(Z'ra/)_Bt(iE,a/))
7Tt(a|m)67”(@t(l‘7a)*Bt(w,a)) I

@) +o—.
S (e @ B T

=(1-o0)

wt(a|z)67"(@t<z’a)73t(I’a))

)@ B ) as T¢41(x, a). Thus,

From now on we will refer to @
o Tt(a

mi1(alz) = (1 — 0)Tpa(w,a) + ﬁ-

Calling 7(-) the negative entropy function defined as ¢ (7 (-|z)) = > m(a|z)In(r(a|z)), by
standard analysis (e.g. (Orabona) (2019)), it holds:

~ 1
Tip1(|x) = 7r(alrmgénAl(nA)za: (Qt x,a) Bt(a:,a)) m(alx) + ED¢(7T('|JS)§7Q('|1‘)),
where D, is Bregman divergence w.r.t. the negative entropy function t(-). Thus, for all 7(-|z) it holds
IO (@t(%a) - Bt(%a)> (m(alz) = Tepa (2, a)) + (VY (T (|2)) = Vo (mi(-|2)), w(-|z) —
Te11(-|z)) > 0. So, for all 7(+|x) the following holds:
n(Qi(,-) = Bila, ), mo(-|a) — 7(-|z)
= 0e(Qu(,) = By, ) + Ve Feir () = V(mi(-[2)), Fopa (|2) = 7(-[))
+m(Qu(, ) = Bi(, ), mi(-|2) = Fupa(-]2)
+ (VY (g1 (f2) = Vip(me(-f), w(-]x) = Teqa (-|2))
< e (@il ) = Bula,)) s milCla) = Froa (o)
+ (VY@ (7)) = Vo (mi(-|2)), m(-fe) = Tipa (f2))
< Dy (n(t|2); me(t[2) = Dy (w(-[2); Trpa () = Dy (Tega (-|2); me (- 2))
+0(Qi(w,) = Bi(e, ), mi () — Fopr ([2) &)
= Dy(alle)imC4a) — DylrCla)iFa () + L 3 (Qu(a0) = Bu(r.) mlale). &)

2
acA

)

17
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where Inequality (3) and Inequality (@) are based on the proofs of Lemma 6.6. and Lemma 6.9. in
Orabonal (2019)).

Additionally we can show that forallt € [T']: Dy (7(-|z); ¢ (-|z)) — Dy (7 (-|2); T (-|x)) < oIn(]A]).
Indeed,

Dy ((a); me(|2)) — Dy (x([z): o |2)
= Dy (Cla); (1= o)) + on ™) = Dy (w(Je); Tl fo)
< oDy (r(2); 7™ ) — oDy (x(-|o); Fa((]))

< o In(|4]),
where the last inequality holds since Dy, (7 (-|x); 7 (-|)) > 0 and

Dy(r(fa);n™) = > w(ale) In (W)
acA AT (
< Z (alx)In < . ! )
acA T( | )
= Zw(a|x) In (JA])

a€cA

— In(|4]).

Notice that with we refer as 7T to the vector strategy in [0, 1]/l with all elements equal to ‘—

Moreover we bound Dy, (7 (-|x); 7y, (|x)), since my, (a|z) = (1 — o)my, (alz) + o(ﬁ) > 747> 88

follows:
Dy(me)im, (1)) = 3 w(efe)ln (;;( <|T)>>
< Z; m(alz) In (M(am)
< 3wl m('f')

Putting everything together we have that:

®=3"0"@) Y. Y (mlale) - 7*(al)) (Qs(w, ) ~ Bi(w,a))

t=t1 a

I ( mCfa)omy () | ™ (Delati m<|x>>D¢<w<~|z>;m<-x>>>>

Mty tety 1 Nt Nt+1

+ Z q( Z i (@t(x7 a) — By(z, a)>2 me(alx) (52)

Y@ (Dw@r(wx);ml(wx» .S <Dw<w<-|x>;m<~|x>>n—tD¢<w<~|x>;a<-x))))

"t t=t1+1

+Zq Z o (@t($7a)_Bt($7a))27ﬁ:(a|$) (5b)

t=tq

18
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ta

In (@) L T In(|A]) +3 ¢ (@)

M (A 2
< Nty Nty - t:zt:l ) (Qt(x, a) — By(z, a)) m¢(alx)
In (JA|T) 1n(\A| )
N, Nt Z Z ( — By(x, a)) m(alz),

where 0 = %, Inequality 1) holds by Inequality (4) , Inequality holds since ﬁ > % for all

t € [T, and Inequality (5c)) holds since 1, < n; for all ¢ in [t + 1,. .., ¢2]. Focusing now on the
last part of the right term, with probability at least 1 — 2 the following holds:

Z Zq Z Tt (@t(x, a) — By(x, a))2 m(alx)

t=t1

<Z77tzzq ) (a|x)Qu(, a) +Zm22q w)my(alz) By(, a)? (62)

t=ty t=t1

2
Lth

—ZmZZq x)my a|xm z,a +Znt22q x)m(a|z)By(x, a)?
t=t1 t=ty
(6b)
Liy b ZmLtZZ il j_'x L{z,a) Zmzzq (alz)Bi(z,a)
t=t1 7 @z, a) t=t1
(6¢)

Vi (alz T, a L HT?
—ZHLt1t2ZZZq . | Qt( ) +,y ;17t21n< ) >

=4 G;(z,a) +v qu(z,a) +~

+ Z e Z Zq (a|z) By (z, a)2 (6d)

t=t1

=N ’Yfltl ts HT?
< J 2 1
353 ¢ @mlalo) (qt@,amw : n(a

t=t1 x a
Z ZZq x)m(alz)Bi(z, a) (6e)

ttlwa

’yEtl,tg Bt(l’,a) ’yEtl,tQ HT2
fZZZq x)m(alx) (Q(qt(x,a)—&-'y)Jr Vi >+ 5 In )

t=t1 * «a

where Inequahty . 6a) holds since &— b)? < 2a? + 202, for all a,b € R, Equality ( . 6b) holds by
6¢

definition of Q(x,a), Inequality (6¢) is motivated by the fact that Lip < Ly, 4, by its definition,
Inequality . 6d) holds with probability at least 1 — § by applying Lemma@] and taking o (z,a) =

qafajra)(ig) qai?a):;)(if) < % and considering that by definition 7,Z; = 3%, and finally

Inequality holds since g, (z,a) > qi(z,a), V(z,a) € X x A,Vt € [t1 ...ts] with probability
at least 1 — 0 by Lemma[I2]and by Lemma 6] Setting v = 21, H=,, we can conclude that, with
probability at least 1 — 24, (D is bounded as:

4HE7§1 to h’l(|A|T) HE’tl to <HT2> 2 < ’}/Etl to Bt(x,a))
: + = In + alx : + .
v L 2. 2 2w @mleln) 5 T "o

t=t1 = a

since

Bound on 2. To bound 2) we employ the same approach as in (Luo et al.| 2021)). First we define
Yias Y = > > q*(z)m(alx)Q(x, a), for all t € [T]. Now since Z?:tl Y; is a martingale
sequence , we apply Freedman’s inequality. First notice that under the event P € P;(t) for all
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te [T

E[Y?] <E, (qu*@)m(am@t(w,a))
(qu*m ) (zzq omel)n(e, >)]

= HE, ZZq (a|z)Q¢(x, a)2‘|
L3
_ HZZq x)my(alx) mqt(x,a)

HI?
< | ——
XS mtaln)

Thus, thanks to Lemma , since |Y;| < H sup,, ./  Qi(z,a) < Jit

holds simultaneously for all 1,9 : 1 <t; <t < T

HIL2 HLy, ., T2
)PP UL a@a fo (6)

2 4=t; = a 7

ta

D (Eyi] - V) < Lh’

t=t1

We notice also the following result with probability at least 1 — § for all ¢ € [T7:

qu z)m(al)Q¢(z, a) — E[Yy]

_qu Jmi(ale)Qul@,a) = ZZ‘I )me(alz)@Q (:c,a)]
S vomten a2

qt(x’a) + 7
G(z,0) — qi(w,a) + 7
<22 demel H“t( )
—_ (qt(%a)*gt(%a))Jr’Y
<zzqﬂmui( L )

Finally we can bound (2) with probability at least 1 — 24 as follows.

®=> ¢ Z > mlale) (QF(z.a) ~ Qulx.a))

t=t1 a

= Z(Et[Yt Y:) + Z (ZZQ x)me(alz)Qi(z, a) — E[K])

t=t1 t=t1

<3 TS sz, (MDA S, (1)

t=t1 = a qt(x,a)+'7 v

Bound on 3). With probability at least 1 — 24 it holds:

®=2 0w 305 (el (Qule.0) = Q7 (w0)) < Potteyy (H(STQ) ,

t=t; a 2y

by Corollary
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Conclusion of the proof Finally we notice that, with probability at least 1 — 44, we have the
following result.

doa (@)Y Y (mlalz) — 7 (ale)) (QF (z,a) — Bi(w,a)) = D+ @+ O

t=t1 a
H=, HT? 6H?Z,, 4 H|A|T?
< 1,02 1 1,02 1
=7 n( I A G
2 E¢(3vH + H(qy(x,a) — q,(z,a)))
* t\ 07 qi\ T, q ) Bt(x,a)
+ q* (z)m(alx) = = + :
t; ; 4z, a) + H
This concludes the proof. O

Theorem 3. For any § € (0, 1), with probability at least 1 — 89, Algorithm FS—-PODB attains:

~ [ _ _ to — 11
Ry v, <O <:t1,t2ﬁ+ Ztl,t2ﬁ> ;

where the regret can be computed with respect to any policy function 7w : X — A(A).

Proof. By means of Theorem[I0]and by Lemma[7] we have that with probability at least 1 — 44:

HE HT? 6H2E H|A|T? 2
Ri,tg <~ 2tl’t2 111( ; ) + fytl’tz 111( |5| ) +3ZVﬂt($0;bt)-
t=t1

We can bound Zle V™ (20; by ), with probability at least 1 — 44, as:

to
Z V™ (205 br)

t=t1

- 2 HEi(q,(r,a) —q,(x,a H=,
= quptﬂrt(x’a) ( (q ( J Qt( ) +3 7)

gi(x,a) +

t=t1 x,a

SR (@(,0) =~ g,2.0) + )

t=t1 x,a

ta
<3 ST HE (G, (2, a) - q,(2,0)) + 3F4, 7 H(tz — t1 + 1)|X]|4]

t=t1 x,a

H|X T|X[2|A
< 4H?Z,, 4,|X|?( /2T In (") + 65t1,t2H2|X|2\/2T|A In (';")

1)
+ 354, VHI XAl (t2 — t1 + 1),

where the second inequality holds under the event q’3 ™ (x,a) < @z, a)forall (z,a) € X x Aand
for all ¢ € [T] and the last inequality uses Lemma Thus, with probability at least 1 — 86, it holds:

Riﬂfz
H= HT? H?= HIA|IT? TIX|2|A

<yt + S B 4] + 302, ¢, H?|X|?[2T|A|In TIXPIA| +

2 5 ~ 5 ’ 5

+ 9Et17t2’yH|X||A‘(t2 — tl —|— 1)
HZ,, , HT? . H|A|T?
< L2 ] 6H"= CvT1
< QCﬁ n( ; ) + t1,to \F n ;
(ta —t1 +1)

_ T|X|?|A] _
+30:t1¢2H2|X2\/2T|A|1n(6 +9H|X||A|Z4, 1, VT
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- = (2=t +1) = 1 -
= U1Z4, 4,CVT + UsEy, 1, N + U3:‘t1,t207\/T + UsZe, 1, VT
= 5£,t2’
which concludes the proof. O

E OMITTED PROOFS FOR THE DUAL ALGORITHM

Theorem 11. When employed by Algorithml 2| online projected gradient descent (OGD) attains:

to
A A
RY () =Y (A=x)" ZGt (zn,an) H t1277 I3 + 2(t 5 —t1 + 1)mH?>.
t=t,

Proof. We proceed to prove the theorem following (Orabona, [2019)). Indeed, it holds:

ta
RPN =Y (A=x)" ZGt T, an)

t=t1

JIAe, = M3 AH S
T "ZHZGwh,ath

t=t; h=0
Ai, — A . ’
S” f1 HZ UZZ<ZGm$h,ah>
t=t1 i=1
< ||)‘f1 >\H2 77 Z mH?
t t1
[Ae, — /\Hz n 2
<1 24 —(tg—t 1)ymH*~.
< 5 + 2( 2 —ti +1)m
This concludes the proof. O

Lemma 1. When employed by Algorithm 2} online projected gradient descent (OGD) guarantees for
allt € [T):
estlls = IAells < mHD.

Proof. Tt holds:

H-1
SR P TP S i )

h=0
H-1
< max {0, At +1 Z Gt,i(Th, ah)}
h=0
H-1
< max {0, Ati+1 Z 1}
h=0
= )\t,i + nHa
which concludes the proof when we take the sum over all i € [m]. O

F ANALYSIS ON LAGRANGIAN MULTIPLIERS

Lemma 2. The loss given to the primal algorithm at episode t € [T, which is defined as
bi(z,a) = Tt + 3 icpm Aigti(®,a) — 1¢(x,a), is such that, considering the Lagrangian loss
function (F (x,a) = Zie[m] Aigi(x,a) — r(z, a), it holds:

g —a7) =00 (@ — "),
and additionally, £ assume values in the bounded interval [0, Z;].
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Proof. By simple computation, it holds:
g —a) =00 (@ —q7)

= (ZFt(Qt(axa) — " (z,a)) + Y Y Migeilz,a) (@@, a) — " (z,a))

z,a i€[m] z,a

_ Zrt(m7a)(qt(l‘, Cl) - q*(x,a))>

z,a

= D D Aignilz, a)(@lw,a) = ¢* (2, a)) = Y iz, a)(a(e, @) = ¢" (2, a))

iclm] ©.a z,a
=Y Tilg(x,a) - ¢ (z,a))
T (H - H)
=0,
where the last steps hold since I'; is a constant and by the definition of valid occupancy measures.
In addition it holds:
C(m,a) =T+ Y Migri(e,a) = re(z,a) = 1T+ [ Mlli— Y Ai—1=0,

i€[m] i€[m]
and similarly,
lbi(z,a) =T, + Z Aigri(x,a) —r(z,a) < Ty + Z A =142|N) <&
i€[m] i€[m]
This concludes the proof. O
Theorem 4. Under Conditionfor any ¢ € (0, 1), with probability at least 1 — 119, it holds:
At <A Vte[T+1],

112mH?

where A = 2

Proof. Let M > 1 be a constant. By absurd suppose 3ts € [T] s.t.

2HM 2HM
Vi<ty [Mlhi<—5— A fAutalh > — (M
p P
and let t; <ty s.t.
2H 2H

At -1l < ~ AN Vit <t <ts M1 > e

By construction 1 < 22 < ||\]|; < 2HM forall t; <t < t5, and it holds if n < —7:

2H 4H
[Aeillt < [Aey=alls +mnH < v +mnH < e 8)
Notice also that by construction, calling A¢, 1, = max;e, .. 4,]]|A¢[l1, it holds:
2HM 4HM
1< Xy tn ST AN S VIS <7, 9)

In the stochastic setting the following holds by Azuma-Hoeffding inequality with probability at least
1—¢:

Z )\TG;rqo > Z /\TG q )\tl t25t1 to

t=t1 t=t1

23



Under review as a conference paper at ICLR 2025

> )\tl,tz (t2 -t + ]-)p - )‘t17t2gg,t2
> (t2 -t + 1)2H - /\t1,t2gg,tz7

where &7, = Bi\/(t2 —t1 +1) = 2H/In (7°/5)/(t2 — t1 + 1). Instead, in the adversarial

setting, it holds:

ta to m
S NG =S a6l
t=t1 t=t1 i=1
to m
>p Z Z Aty
t=t; i=1
ta
=pr Z [[A¢ll2
t=t;

> (ty —t1 + 1)2H.

Generalizing the result, it holds, both for the stochastic and the adversarial setting, the following

inequality with probability equal to 1 in the adversarial case and with probability at least 1 — ¢ in the
stochastic case:

to
ST NGIq° > (ta =ty + 1)2H = My, 1,6,
t=t1
Thank to this result we can find a lower bound for — :itl (f ’th with probability at least 1 — 96 in

the stochastic setting and with probability at least 1 — 8¢ in the adversarial case, employing Theorem|3]

to ta to
L o o L, o
> T => ([ = ANTG ) =D 5 (4 — o)
t=t1 t=t, t=t1
t2 t2
>3 NG =D 0 @ -) (10)
t=t, t=t1
>2H(ty —t1 + 1) — My 1, €04, — EF 4 (11)

where Inequality holds since 7, ¢° > 0, for all ¢ € [T'], and Inequality is derived using the
bound on the primal interval regret given by Theorem |3[and defined as Etlf +, and by Lemma

At the same time, it is possible to define also an upper bound for the same quantity — Ziitl ff ’th
with probability at least 1 — 24:

tz t2
> 5T =Y la— N Gla)
t=t1 t=t1
to ta H-1 to H-—1
<Y H-> MN(Gla =) Gelawn,an) + > (0= M) D> Gilwn, an)
t=t, t=ty h=0 t=t, h=0

ta
< H(tg—t1+1) + My ty Z Z Gi(z,a)(L(z,a) — qe(z,a)) + Stlf,tz(

t=t1 z,a

S ‘E[(t2 - tl + 1) + )\tl:tZET]fll,tQ + 55,152 (9)7

where &' = Fi\/(ta —t1 +1) = Hy/2In(T°/5)\/(t2 —t1 + 1) and EP(0) = Dlw +

2
Don(ta —t1 + 1) = %H’\t;HQ + mTI_IQT](tQ — t; + 1). Thus, combining the two bounds we get

with probability at least 1 — 104 in the adversarial case and 1 — 114 in the stochastic case the
following bound,

0)

2H(t —t1+ 1) — Myl g, — EL 4y S H(tz —t1 + 1) 4+ My &L 4, + EF 1, (0),
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which can be reordered as
‘IL‘I—(t2 - tl =+ 1) < >\t1 tzgtl to + )\t17t25t1 to + gt? t2( ) + gtlj to*
We recall here the definitions of the bounds £, , &} ;,, €, (0) and EF .

&, =Bi(ta—t1+1),

where By = 2Hy/In (TTQ)

where Fy = Hy/21n (%2).

Ey =F1/(ta —t1 + 1),

H/\tll\z

&P .,(00=D + Don(ta —t1 + 1),

2
where Dy = %, Dy = mf .

— — to—t1+1 - 1 _
55,:&2 = Ulztl,tQCﬁ—i— UQ.:tl’tz(ch\/lTW) + UB:tthCi\/T + U4:4t17t2\/f,
where Uy = 6H?In (H‘AT‘TQ), U = 9HIX||Al, U3 = Zn (HTTZ)) and Uy =

30H2|X|2\/2|A| In (P,
Thus, we can write:

—t1+1
H(to —t1+1) <Ay (Fi + Bi)/(t2 —t1 + 1) +U2~t1,tz !

VT
@ ®
= 1 -
=+ U3:t1,t2 Tﬁ + Ul‘:t],tgc\/T_F Dg?’](tg — tl + 1)
®
3 ©,
A
+D H t1H2 +U4—4t1’t2\/f
n ——
> @

©
To conclude the proof by absurd it is sufficient to prove that all (), @), 3), @), (3, (6), (7) are smaller or

equal to M, with at least one being strictly smaller.
Prove (D < H(tz;tIH) Iftn < 14m(F1}&-Bl)\/T’ then (D < M holds. Indeed:
H(to —t1+1) HM (120)
7 Tp%mn
> Qi)IiM(Fl—irBl)\/f (12b)
> Ay o (Fir + BOVT (12¢)

> Myto (F1 + B1)Vite —t1 + 1,
where Inequahty (12a) holds by Lemma [TT} Inequality is equivalent to condition n <
i (7).

W and Inequality (12c) is true by Assumption I

Prove ) < M IfC > 56 Af\[j% holds, then ) < M also holds. Indeed:

H(t, —t1 +1)
7

(13a)

4HM — 1
> 9, ( ) to — 11 +

p? CVT
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to —t1 + 1
> U22(1 + )\thfa)ci\/f (13b)
. to —t1 +1
> UaZ4, 4, Ciﬁ’ (13¢)
where Inequality l| is equivalent to the condition C' > 56;‘2/[—[]\/%, Inequality 1| holds by
Inequality (9) and Inequality (13c) is true since Z¢, 1, < 2(1 4 Ay, z,)-
Prove 3) < H(tr?tlﬂ) Ifn < 5g£3 holds then also 3) < M holds. Indeed:
H(to —t1+1 HM
te—titl) (14a)
7 Tp2mn
4HM 1
> Us2—5——+= (14b)
P OVT
1
> Us2(1 + )\tl,tz)ﬁ (14c)
_ 1
> UsZy, ¢, Tﬁ7 (14d)
where Inequality lb hold by Lemma , Inequality li holds if condition n < 5%;{33 holds, and

Inequality and Inequality (I4d) follow the same reasoning as Inequality (I3b) and Inequality
(13¢).

H(ta—t1+1
Prove @ < (271 ) Ifr]SSGmUllcﬁ

Hit,—ti+1)  HM
7 Tp2mn

4

> U,2 H;WC\/T (15)
P

> U12(1+ Ay 0, )OVT

> U1Ey, 4,CVT,

holds then also @) < M holds. Indeed:

where Inequality holds when condition 1 < also holds, and the rest of the inequalities

1
7 ) 56mU; CVT
follow a similar reasoning to the one used to bound (3.

Prove (5) < M It is immediate to see that if n < 7—152 holds, then it holds also that:

H(to —t1 +1
@:Dgn(tg—tl—‘rl)g(zfl).

Prove (6) < Htz—t1+1) _7t1+1)

If the condition M > 112D; Hm is satisfied than the inequality (&) < M holds too. Indeed:
H(tQ — 11+ 1) HM

16

7 Tp?mn (162)
16H? 1

> Di—5—— (16b)
P n
2

n

s p,PulB

where Inequality holds by Lemma [T1] Inequality (I6b) holds when the condition M >
112D, Hm is satisfied and Inequality holds by Inequality (8).
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Prove () < 7H(t2;t1+1)

If the condition n < W is satisfied then (7) < w also holds. In fact
H(to —t1+1) HM
- > 702mn (17a)
4HM
> U2 7 VT (17b)

> Us2(1 + Ay 1,)VT
> Uy, 4, VT,

where Inequality 1] holds by Lemm and inequality lb holds if condition n < m
mUy
also holds.

Conclusion of the proof Thus, we have the following 3 conditions:
¢ First condition:
M >112D1Hm
1
= 112§H m
= 56Hm.
¢ Second condition:
M
O > 5640
PVT
M9H|X||A]
PVT

=56

¢ Third condition:

1 CcvT 1 H 1 }

< min ) ) ) )
= {14m(F1+B1)\/T 56mUs’" 56mU,CVT TD2’ 56mUs/T

Thus, we set M as M = 56Hm, and consequently, under Condition [2] we set C' = 252|X||A|H
since

C = 252/ X||A|H
> 252|X|A]
112mH? 1
> 252| X || A| ——— ——
P VT
(56 Hm)9H|X||A|
p*NT
OMH|X||A|
VT

Notice that the inequality is deduced directly by Condition |2} In factif p > T~ § H\/112m then it is
also true that

= 56

= 56

2
2mi <1k < VT
p
As a final remark, we choose 252| X ||A|H as value of C instead of the smaller value 252| X || A|,
which is useful for Lemmal6] Finally we study the condition on 7).

mm{ 1 VT 1 H 1 }
14m(Fy 4+ B)VT 56mUs’ 56mU,C/T 7D’ 56mUsv/T
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252| X ||A|HVT

>min{ T
14m<4H\/7>\F 56m (5 In (43-))

H
56m. (6H2 In (%)) (252|X||A|H) VT 7 (™55)

1 }
56m (30H2|X2\/2|A In (”f"‘)) VT
1
= AIXPT? 7
84672mH2| X |2|A| In (f) VT

Thus, the proof is concluded taking n = 84672mH2|X‘2‘A‘11n< ENESEEE ) 7T 0
LAlIX2TE

Lemma 3. If Condition2|holds, for all t € [T'] and for each constraints i € [m), it holds:
At > U‘A/t—l,i,
where YA/“ = Ztr=1 ZWI gri(z,a)l (z,a).

Proof. First observe that with £ = 1 we have that XA/t,U is the sum of zero elements and as such, it is
equal to zero. This means that for ¢ = 1 the inequality \; ; > nV;_1 ; is equivalent to

)\t,i Z 07

which is true by construction. We finish the proof by induction. Suppose A;; > 77‘7,5_1714 is true for a
t € [T], we show that it also holds for ¢ 4 1, indeed:

H-1
At41,; = max {)\t,i +n Z gt,i(xhaah)yo}
h=0

= max {)\t,i +7 Z gr.i(x, a)ly(z, a), 0}

z,a
> A+ 1Y gri(z, a)li(z, a)
> nVieri+1 th,i(x, a)li(z,a)
t—1 ’
=7 (Z gr.i(2, ) (x,a) + goi(x, @)l (x, a))
=1
¢
=0 Z Gr,i (1‘, a)Ht (Iv a)
T=1
= H‘Afm
This concludes the proof. O

Lemma 4. If Condition |2| holds, referring as i* to the element in [m] such that i* =
arg maX;e|,,] Zle [Gz—qp’mh , then with probability at least 1 — 6, it holds:

Vr < ‘7Tz + &L

Proof. We observe with probability at least 1 — §:
T

Vr = Z [GthPm]i*

t=1
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T T
=33 g (.0) (@rlw, @) — T, ) + 303 g1 (@, @)L ()

t=1 z,a t=1 z,a

T
< Z ng-* (z,a) (g(x,a) — Ii(z,a)) + ‘7T,i*

t=1 z,a
< E Vi
This concludes the proof. O

Lemma 5. When Condition[2|does not hold, with probability at least 1 — 106 in case of stochastic
costs and 1 — 90 in case of adversarial costs it holds for all i € [m):

‘7T,i <

Ui

Proof. Recall the definition of 17“ as 17}1 = Zj—:l vaa gt.i(z,a)li(x,a). We first focus on the
stochastic setting. Thus, with probability at least 1 — 4, it holds:
T T T
o o L, T/ o
Zn a0 — Z)‘;—G:(Zt =Y e =Y NG +d 5@ —a)
t=1 t=1 t=1 t=1
T . T
>3 NG ¢ - MrEF+> 0T (¢° —a)
t=1 t=1
T
> -mT3EF + > 007 (¢° — qr).

t=1

On the other hand, in case of adversarial constraints, it holds:
T T T
Sorla =Y MNGla= an *ZAIGMWZEF((J"*%)
t=1 t=1 =1 t=1

(0 — qv).

\Y
Mﬂ:

-
Il
—

Define a vector A € [O,Ti]"” as Xj = 0if j # 7 and Xj = T1if j = i. Simultaneously with
probability at least 1 — § it holds:

Zrt ac — Z ATGt qt

T
qt ZATZGt (z,a)l(z,a) —|—Z )\—)\t)TZGt(x,a)Ht(x,a) +)\17TSH
x,a t=1 T,a

M’ﬂ ] M’ﬂ

IA

L — Z)\TZGt (z,a)i(x,a) + ER (N )+mT45H
t=1

x,a

-
Il

1
< HT —TiVp,; +ER(N) + mT1E,

where in the first equality we used the definition of £L., in the first inequality we used the definition of
the dual space [0, T%]m to bound \; 7 as mT'%, and in the last inequality we used the definition of \.

We can then compare the lower and the upper bound for >/, 77 ¢ — S°7_, \] G g; obtaining the
following inequality, which holds with probability at least 1 — ¢ with adversarial constraints and with
probability at least 1 — 2§ with stochastic constraints:

T
~mT3EF + 3 07T (q° — qr) < HT — T4Vp; + ER(N) + mTH €L,
t=1
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from which we can write the following inequality that holds with probability at least 1 — 96 with
adversarial constraints and 1 — 106 with stochastic constraints:
TiVp; <mTi(ES + EL) + EF + ER(N) + HT. (18)

We proceed now to bound each element of the right side of the inequality.

To bound EF we use the fact that 2, 7 < (1 + A7) < (1 +mT'3) and the definition of 7 as
following:

VT 1
ER == UrCVT 4+ Uy~— + Us—— | + UsNT
T 1,T<1 QC 3C’\/T 4

H HT?
H|A|T2) 9H|X||4] 2 (T)

é 3
2(14+mT*)VT [ 1512H |X||A|1n< S 252H|X||A| = 252H|X||A|

2
+ ﬁ30H2|X|2\/2A|1n <T|Xg|A|>

H|A|T? T|X|2|A
< T3VT6056H>m|X||A|In ( | 5‘ ) - \/T30H2|X|2\/2|A| In (')

5
2 2
< T3VT6116 H?m|X|?|A| In <|X|2A|T>

%
S -
n
2
To bound EX (A X) we use Theorem |11} the fact that by its definition || X|2 = (T%> = /T, the

initialization of the dual A\; = 0 and the definition of 7 in the following way:
A — A3
2n
N 2
=—=+_-TmH
o 2"
T
YT STmH*
2n
- VT N mHQT 1
T 2 sa672mH? X |2/ A| In (AIXET) o7

\F\F\F
27727777

PO < + ngH2

We proceed to simply bound also mT'% (E§ + £J) through their definition:

mTi (ET —|—5T) mTt <2H”ln +H1/21n )

T
Ui
Finally we bound HT as HT < 7—‘7

I

IN

Thus, Inequality (T8) becomes

PN 1 ~ 4T  4AT+=
Vri < o (mTH(EF + €F) + €F + ER () + HT) < WT_ 41t
T1 Tin U]
which concludes the proof. O
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G ANALYSIS WITH STOCHASTIC CONSTRAINTS

Theorem 5. Suppose that Condition 2| holds and the constraints are generated stochastically. Then,
Sforany é € (0,1), Algorithmattains:

RTgé(Aﬁ), VT§(5(A\/T),

with probability at least 1 — 149 when the rewards are stochastic and at least 1 — 135 when the
rewards are adversarial.

Proof. With probability at least 1 — 124 it holds:

Vr < Vpe + € (19a)
1

< ;)\TJrl,i* + &t (19b)
1

< ;A + & (19¢)

where Inequality (19a) holds by Lemma 4] Inequality (I9b) holds by Lemma[3]and Inequality
holds by Theorem 4] Then, with probability at least 1 — 129 we observe that:

T T T T T
Sorlqg =Y rld" <> (e NGl e) =D (g = N Gla) + > NGl (@ - a)
t=1 t=1 t=1 t=1

t=1

T
<EP+EP(0) + M8 + ) NGl (20a)

t=1

T T
=P+ PO+ M + Y N (G -G+ YN T
t=1 t=1
<EP 4 EP0) + M rE + N EC (20b)
< &P+ EP(0) + AET 4 AEC, (20c)
where Inequality (20a) holds by Theorem [3|and by Theorem [IT] Inequality holds since in the

stochastic constraint case ZT: (Gy — G)T¢* < EC with probability at least 1 — § by definition of

€Y, and finally Inequality (20c) holds by Theorem @ Finally we observe that in the stochastic case
with probability at least 1 — §:

T
(T OPT.z— Y rth> _
t=1 t

Thus, if the rewards are stochastic with probability at least 1 — 144 it holds:

T
(g —q) <E
1

1
Rr < &P +EPWO) + A+ AEC + &7, Vp < 5A+£H
and if the rewards are adversarial with probability at least 1 — 134 it holds:
1
Ry < &P +EP(0) + AT+ AEY, Vp < 5A + &1

which concludes the proof. O

Theorem 6. Suppose that Condition|2|does not hold and the constraints are generated stochastically.
Then, for any § € (0, 1), Algorithm 2| attains:

Rp <O (T3/4) C Vr<O <T3/4) ,

with probability at least 1 — 115 when the rewards are stochastic and at least 1 — 106 when the
rewards are adversarial.
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Proof. Similar to the proof of Lemma3]it holds with probability at least 1 — 104:
T T T T T
dordqr =Y rld" <> (rf g =N Glg) =D (e =N Gla) + D NGl d —a)
t=1 t=1 t=1 t=1 t=1
T
<EPHEPO) + Ml + Y NGl g
t=1
T T .
=P+ EPO) + M + D N (G -G+ Y NG ¢
t=1 t=1
<EP+EP(0) + M€ + M€,
therefore with probability at least 1 —104 following the reasoning of Lemma|[3]it holds with adversarial
rewards:
T
> rlq>T OPT, 5 —mT/ e 4+ mT/e — £P(0) - €7,
t=1
and with stochastic rewards with probability ta least 1 — 114:

T
> rlq > T OPT. 5 —mT"EC + mT" e — P (0) — €7 — €.
t=1
Applying Lemma [5|to bound the constraints violation concludes the proof. ]

H ANALYSIS WITH ADVERSARIAL CONSTRAINTS
Theorem 7. Suppose Conditionholds and the constraints are adversarial. Then, for any 6 € (0, 1),
Algorithm D attains:

T
ZTtTQt >0 (pr : OPTT,G) . V<O (A\/T) ,
t=1

with probability at least 1 — 146 when the rewards are stochastic and with probability at least 1 — 136
when the rewards are adversarial.

Proof. Thanks to Theorem 3], Theorem [T1)and Theorem [4] with probability at least 1 — 114 it holds
forall ¢ € A(P):

T
Tth - ZTtTQt
t=1 t=1
T T T
LT L, T
<D0+ T+ ) MNGla-> NGl
t=1 t=1 t=1 t=1

t=1 t=1

T T H—-1 T H—-1
SEF+Y MGIa+> 0-XM)T D Gilan.an) + Y A (Z Gi(n,an) — qut)
h=0 t=1 h=0
T m
<EL+ERO) +MrE + )0 Maglia

t=1 i=1

T m
SELHELO) +MrE + DD Naglia

t=1 i=1

T m
SEFHERO) +AE +D D Mgl

t=1 i=1
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Consider now the occupancy measure ¢ = z5—¢" + Hiﬂ)q". For all i € [m] and for all ¢t € [T7]:

given that g, ¢ < lg*|l < H, and a; ;q° < —p by definition of ¢° and by definition of p.
H
_ T % T o
qu Z(H+ riq +H+pnq>
H—|— Zrt q ’

since r,' ¢° > 0. Notice also that with adversarial rewards Zle r) ¢* = T - OPT, &, while with

stochastic rewards with probability at least 1 — ¢ it holds ZtT:1 rlqt>T- OPT;. 5 —£", by definition
of £ and OPT, = for stochastic rewards. By reordering the terms we get that with probability at

least 1 — 116
T T

orlaz gl Dol - £F £ (0) - AL

t=1
we can proceed to bound the regret in both cases: adversarial rewards and stochastic rewards.
With probability at least 1 — 116 with adversarial rewards it holds:

e q" _ZT;FCH

Ry =

Ta (H+ Srla - ef - cpw) - e

H I
Sm;nq + L+ ER(0) + AE

| A

2
5

H
gH—pT OPT, & + & + £ (0) + AE".

With stochastic rewards it holds with probability at least 1 — 116:

ant,m Zrtq —&F —€R(0) - AL,

and with probability at least 1 — 124:

Zrt @ > H &R —€R) — A" ¢

To conclude the proof we observe that following the analogous reasoning to Theorem [5]in case of
adversarial constraints it also holds with probability at least 1 — 126:

1
Vr < —A+ &L
n
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I ANALYSIS WITH RESPECT TO THE WEAKER BASELINE

In this section we will study the guarantees of Algorithm 2] when the regret is computed with respect
to a policy ¢* that respect the constraints at each episode, i.e. g, ¢* < 0 for all i € [m], for all
te[T).

Theorem 8. Suppose that Condition 2| holds and the constraints are generated adversarially. Then,
forany § € (0,1), Algorithm[2|attains:

RT§(5(A\/T), VTgé(A\/T),

with probability at least 1 — 135 when the rewards are stochastic and at least 1 — 120 when the
rewards are adversarial.

Proof. The violation can be bounded as in Theorem[5] Also similarly to Theorem [3it holds with
probability 1 — 12§

qu _Zrt g < — ZKLTQ*-FZKLT%—&-Z/\TGT * Z/\ Gl g
T
5511“3+ZO—>\t ZthU}uah +Z>\T<ZGt$h,ah G:%)
t=1

<&+ &R0 )+/\1T5H
< &R+ ER(0) + AL

Finally with stochastic rewards with probability at least 1 — 4:

T-OPT, & Z

Therefore, with adversarial rewards it holds with probability at least 1 — 124:
Ry <EP +P(0)+ AEY, Vi< %}A+8H,
and with stochastic rewards it holds with probability at least 1 — 134:
Rpr <EP +€P(0)+ AT+ &7, Vp < %A+5H,

which concludes the proof. O

Theorem 9. Suppose that Condition |2|does not hold and the constraints are generated adversarially.
Then, for any § € (0, 1), Algorithm|2|attains:

Ry <O <T3/4) . Vr<O <T3/4) ,

with probability at least 1 — 125 when the rewards are stochastic and at least 1 — 115 when the
rewards are adversarial.

Proof. The violation can be bounded thanks to Lemma [3} as in Theorem [f] To bound the regret,
notice that it holds with probability 1 — 9¢:

Zrtq _Zrt q < — ZKLTQ*‘FZKLT%-FZ)\TGT * Zx\ tht
T _ _
< EF + Z(Q - )" Z Gi(zh,an) + Z/\tT (Z Gi(xp,an) — Gtht)
=1 h=0 =1 h=0

< EF +E7(0) + A rE!
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< &R 1+ eR(0) + mT/1EN.
Finally with stochastic rewards with probability at least 1 — 9:

Therefore, with adversarial rewards it holds with probability at least 1 — 114:

4T
Rr < &P +EP(0) + mT*EY, Vr < ,
Ui
and with stochastic rewards it holds with probability at least 1 — 124:
47/

Ry < EP + EP() +mTie v &7, Vp < e

which concludes the proof.

J AUXILIARY LEMMAS

Lemma 6 (Adapted from (Luo et al., | 2021) Lemma C.4).
1

~ 1
nQi(x,a) < = AN mBy(r,a) < ST

2

Proof. Recall v = 2n, H=,. Thus, it holds:
T]t HEt 7775 HEt 1

?) < — S
ntQt(x’ a) - Yy QntHEt 2
and
3neHEyy +n:Z¢ H (G4 (x, a) — q,(x,a)) _ _
nebe(x,a) = — =t <3mEH +nH=Zp = 2.
qy(r,a) +
Finally,

"
1
n:Bi(z,a) < H <1 + H> ne sup by (', a’)

< 3H2y
=6H~y
6H
CVT
6H
252| X ||A|HVT
1

<
~ 42H
1

2H

IN

This concludes the poof.

Lemma 7 (Adapted from (Luo et al.,|2021), Lemma B.1). If the following inequality holds:

Y a @)Y Y (mlalz) — 7 (alx) (QF (z,a) — By(x,a))

f_t1 a

T)+ Z v (o5 b:) + Z Zq x)m(alz)By(x, a),

ttl ttlxa
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with By defined as

1
Bi(z,a) = bi(x,a)+ (1 + ) EJJNP(.W@)]EGINM(.‘%/) [Bi(2',a")] Vte€|[T],Vx € X,Va € A,

H
(22)
then it holds that:

to
Ry gy S o(T) 43 V™ (0;by).

t=ty

Proof. The proof is analogous to the one proposed by (Luo et al.; 2021), Lemma B.1, since the proof

is episode based and then the sum over ¢ is taken. O
Lemma 8 (Adapted from (Luo et all 2021), Lemma A.1). Let Fy,...,Fr be a filtration and
X1, ..., X1 be real random variables such that X, is F;-measurable, E[X;|F;] = 0, | X¢| < b for

allt € [T and Ziitl E[X?|F:] < Vi, 1, for some fixed Vy, 1, > 0 and b > 0 for every tq,ts € [T]
such that 1 < t1 < to < T. Then with probability at least 1 — 0 it holds simultaneously for all

[tla' . ;tQ] c [T]
to
Vit T2
X, < /2 41 p] — ).
Z t="7p + og<5>

t=t1

Proof. Forall ' € (0,1) by Lemma A.1 (Luo et al.,[2021) it holds:

& th,tz 1 /
P ZXt2T+blog 5)) <0

t=t;
It is sufficient to consider the intersection of all events for all possible intervals [t1, . .., t2], that are
less than T2,
S Vi 1 2
1,t2 !
P {ZXt2b+blog<6/>} < T?%.
t1,t2 t=t1
To conclude the proof we take & as T24". O

Consider a loss function f;(z,a) € [0,Z], forall t € [T],(x,a) € X x A, with Z > 0. Define

another function fvt € [0, Z]X*Al If we define the estimator ﬁ(:r, a) = % where
E[fi(z,a)] = fi(z,a), we can state the following result.

Lemma 9 (Adapted from (Jin et al.| 2020)). For every sequence of functions o, . . . oy such that
ar € [0, 2]X*Alis F, measurable for all t € [T, we have with probability at least 1 — & that
simultaneously for all t1,to € [T] such that 1 < t; <ty < T it holds:

to

S Y aulwa) (ﬁ(x,a) a:(2,) ft(:c,a)) <Hh (H(STQ) .

t=t1 x,a qt(x’ a‘)

Proof.

~ B ﬁ(m,a)]lt(sc,a)
) = )y
ﬁ(a:, a)HtEx, a)
T )+ By

L(z,a)Z  2y{

S ACROREEE

L(z,0)Z 2VHe

gy
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A I(z,a) fi(x, a)
< a1n (HMth(w,a)) .

For each layer h € [H] we define §t,h = ) seXy.acA (. a) fi(x,a) and Sen =

Z:L’EXh,,aeA at(x’ a)%ft(x’ a)'

Eifexp(Sen)] =E |exp | Y ay(@,a)fi(z,a)
z€Xp,a€A

zZ
<E |exp E ay(z, a)2— In (1 + 2y
Y

z€Xp,a€A

Ht(xa a)ﬁ(l‘, a)
th(m7 a’)

S]E H <1—|—Oét(l‘,a)ﬂt(x’a)ft(z,a)>

_weXh,aEA qt(‘r’ (l)
<1t Y a0 g
z€Xp,a€A qt(x7 CL)
< exp(St.n)
For each interval [t1,. .., t2] C [T] it holds:
to
- H o’
P Sth—=Sp)>In| = )| < —=.
INRNENE
Taking the intersection event for all intervals [t1, . .., t2] C [T]:
ta
~ H 50
P [ﬂ { > (Sen—Sen) = In (5,> } ST
tits S t=t
§=T2%,
and
¢
NP HT? )
P Sin— Sen) >1 < —.
Nz E-swzn ()} <7

Finally we take the sum over h € [H]:

P [i S aulw,a) (ﬁ(x,a) - mjft(m,a)> <Hhn (H?)] <5,

t=t1 x,a

This concludes the proof. O

Corollary 1. Given 6 € (0,1), it holds with probability at least 1 — 26 simultaneously for all
t1,ts € [T] such thatl <t; <ty <T:

S (fie) - o)) < Soin <H5T> |

t=t1 x,a

Lemma 10. Let {m;}]_, policies, then for any collection of transition PF € Pit) with probability
at least 1 — 29,

T

) HIX T|X|?|A
Z“qP,m - th ||y < 2H|X|2 9T In (||> + 3H|X|2\/2T|A| In <(l|>
t=1

0
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Proof. Tt holds:

T
> Mg — gy = ZZIqP’” z,0) = ¢ (2, 0))
t=1

t=1 z,a

<ZZZIqP“ «',a) — ¢ (2! a)|

t=1 z,a =z’

—ZZZIW «',a) — ¢ (2! a)|

z t=1z',a

H|X| T|X|2| A
< —
_% <2H|X| 2T1n( ; )+3H|X\/2T|A|ln< :
2
SXW@HW|2ﬂn<ﬁH)+Mﬂﬂ%HMW(Tu5m>>

by Lemma |13} taking the union bound over X (5’ = %) This concludes the proof. O

K AUXILIARY LEMMAS FROM EXISTING WORKS

Lemma 11 (Stradi et al,[(2024b) lemma D.2). Forn < ;g and 7 > 4, if [ Ay 1 > 257 and
A Il < % it holds:

to—t1 +1)> ——
( ) p>mn
Lemma 12 (Rosenberg & Mansour|(2019b)). For any 6 € (0,1)

2| Xn ()41 In (T‘XgllA‘)

|P(-|z,a) — P;i(-|z,a)|l; < max{1, N;(x,a)}

simultaneously for all (x,a) € X x A and for all epochs with probability at least 1 — 6.

Lemma 13 (Rosenberg & Mansour| (2019b)). Let {m;}1_, policies and let {P,}1_, transition
functions such that ¢"+™ € A(P;y)) for every t € [T|. Then with probability at least 1 — 29,

T

H T|X||A
> llg™™ — g™ < 2H|X |y 2T n (6) +3H|X|\/2T|A|1n ("')
t=1

4]
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