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Abstract

Transfer reinforcement learning aims to derive a
near-optimal policy for a target environment with
limited data by leveraging abundant data from
related source domains. However, it faces two
key challenges: the lack of performance guaran-
tees for the transferred policy, which can lead
to undesired actions, and the risk of negative
transfer when multiple source domains are in-
volved. We propose a novel framework based
on the pessimism principle, which constructs and
optimizes a conservative estimation of the tar-
get domain’s performance. Our framework effec-
tively addresses the two challenges by providing
an optimized lower bound on target performance,
ensuring safe and reliable decisions, and by ex-
hibiting monotonic improvement with respect to
the quality of the source domains, thereby avoid-
ing negative transfer. We construct two types
of conservative estimations, rigorously character-
ize their effectiveness, and develop efficient dis-
tributed algorithms with convergence guarantees.
Our framework provides a theoretically sound and
practically robust solution for transfer learning in
reinforcement learning.

1. Introduction

Reinforcement learning (RL) aims to learn a policy that
optimizes an agent’s performance when interacting with
its environment. RL has achieved remarkable success in
areas such as game playing (Silver et al., 2016; 2017; Mnih
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et al., 2013), robotics (Nguyen & La, 2019; Liu et al., 2021)
or natural language processing (Sharma & Kaushik, 2017;
Uc-Cetina et al., 2023; Kirk et al., 2023a). These successes,
however, often depend on access to vast amounts of data,
which are critical for enabling agents to understand their
environments and develop effective policies. In domains
with limited data—due to high exploration costs or other
constraints—RL performance typically degrades. A promis-
ing solution is transfer learning (TL), which leverages more
data from related environments (source domains) to train
policies that can be transferred to target environments. We
focus on zero-shot transfer, where no target domain data is
available prior to deployment, and multi-domain transfer,
where multiple source domains are utilized.

Despite its potential, TL is often hindered by the Sim-to-
Real Gap (Salvato et al., 2021; Zhao et al., 2020), which
refers to performance degradation when transferring learned
policies from source to target domains. TL typically relies
on constructing a proxy to approximate target domain per-
formance and transferring the proxy’s optimal policy. While
successful when source domains closely resemble the target
domain (e.g., high-fidelity simulations), significant diver-
gence between the source and target domains—caused by
modeling errors, non-stationarity, or perturbations—Ileads
to inaccurate proxies and degraded transfer performance.

In multi-domain transfer, the presence of multiple source
domains introduces additional challenges, particularly nega-
tive transfer. Source domains that differ significantly from
the target domain can skew the proxy, resulting in overly
pessimistic or suboptimal policies that hinder the transfer
process if they cannot be identified and treated properly.

These challenges are critical in practical applications, where
ineffective policies may have severe consequences, such as
mechanical damage in robotics or traffic accidents in au-
tonomous driving. Existing TL methods, such as domain
randomization (DR) or imitation learning, lack systematic
guarantees for transferred performance, as they fail to es-
tablish a robust connection between the proxy and target
domain outcomes. To address these limitations, and inspired
by the effectiveness of pessimism principle in various RL
settings, particularly in scenarios where conservativeness is
advantageous, such as offline RL (Jin et al., 2020; Shi et al.,
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2022), we propose a novel framework that incorporates the
pessimism principle in proxy construction for TL. By using
a pessimistic estimation of target domain performance, our
approach ensures that transferred policies achieve satisfac-
tory outcomes while avoiding severe consequences from
overly optimistic actions. Our framework also mitigates
negative transfer in multi-domain settings. We rigorously
characterize the effectiveness of this approach and design
concrete algorithms with convergence guarantees. Our con-
tributions are summarized as follows.

Introducing pessimism principle in transfer learning.
We introduce the pessimism principle to transfer learning,
enabling the transfer of conservative yet effective policies
to the target domain. We characterize the framework’s ef-
fectiveness, showing that the target domain’s optimality gap
depends on the degree of pessimism used in proxy construc-
tion. This motivates the design of proxies with minimal but
sufficient pessimism, ensuring robust lower bounds on trans-
ferred performance and avoiding the severe consequences
common in other TL methods.

Construction of pessimistic proxy and design of concrete
algorithms. Leveraging the inherent pessimism in robust
RL frameworks, we construct pessimistic proxies by incor-
porating prior knowledge of domain similarities, such as
upper bounds on the distance between source and target
domains. We develop several proxy types, demonstrate
their effectiveness, and propose a distributed algorithm for
multi-domain transfer. This algorithm ensures convergence
and yields conservative but effective policies across diverse
source domains.

Design of proxy and algorithm to avoid negative transfer.
In multi-domain transfer, some source domains may signifi-
cantly diverge from the target, leading to overly pessimistic
policies if treated equally. We show that the pessimism prin-
ciple inherently mitigates negative transfer by improving
the proxy’s value without overly optimistic assumptions.
Building on this insight, we propose a refined proxy that
avoids negative transfer and design a convergent algorithm
to ensure effective policy transfer in such settings.

2. Preliminaries and Problem Formulation

Markov Decision Process. A Markov Decision Process
(MDP) serves as the standard framework for formulating RL.
An MDP can be represented by a tuple M = (S, A, P, r,7),
where S and A denote the state and action spaces, respec-
tively, P : S x A — A(S)! denotes the transition kernel,
and we denote the probability vector under (s, a)-pair by
P& r:S8x A—|[0,1] is the deterministic reward function,
and v € [0, 1] is the discount factor. At the ¢-th step, the
agent selects an action a® at state s¢, transitions to the next

1A(-) denotes the probability simplex defined on the space.

state s'*! according to the transition probability S‘l,,t , and

receives a reward r(s?, a').

A stationary policy 7 : & — A(A) maps each state to
a probability distribution over A, and w(als) gives the
probability of selecting action a at state s. The perfor-
mance of the agent following a policy is measured by the
expected cumulative reward, defined as the value func-
tion V5 of policy m with transition kernel P: V5 (s) £
Ep [Zfio yir(st,at)|s® = s,w] ,forall s € S. Alter-
natively, the cumulative reward can also be characterized
by the Q-function Q7% for all (s,a) € S x A defined as

Q}B(s,a)éEp[Zfiovtr(st,at)‘so =s,a’ =a,r|.

The goal of an MDP is to learn the optimal policy 7*:

7™ £ argmax V5 (s),Vs € S,
mell

which exists and can be restricted to the set of deterministic
policies (Puterman, 2014). The optimal value functions are
Vi £ max, VE =VE and Q% £ max, QF = QF .

Robust Markov Decision Process (RMDP). Robust RL
aims to optimize the performance under the worst case,
when the environment is uncertain, and it is generally for-
mulated as a robust MDP. The transition kernel in a robust
MDP is not fixed but lies in an uncertainty set P. In this pa-
per, we focus on (s, a)-rectangular uncertainty sets (Nilim
& El Ghaoui, 2004; Iyengar, 2005). Given a nominal kernel
Py, the uncertainty set P is defined as

P £ ®(s,a)€8><.z4pgv (D

where P¢ = {P? € A(S) : D(P?, (Py)%) < T'?}. Here,
D(-,-) is a distance metric between two probability distribu-
tions, and I'? is the radius of the uncertainty set, measuring
the level of environmental uncertainty.

The robust value function and robust Q-function of a policy
in a RMDP measure the worst-case performance over all
transition kernels in the uncertainty set:

VE(s) £ min VA (s), Qb(s,0) £ min QF(s,a). )

Then, the goal in the RMDP problem is to find the optimal
robust policy 7* that maximizes V5: m* £ arg max, Vg5,
Similarly, we denote V5 " and Q% by V5 and Q%.

The robust value function Q% (and the optimal robust value
function ()%, respectively) is the unique fixed point of the ro-

bust Bellman operator T™ (and the optimal robust Bellman
operator T, respectively) (Iyengar, 2005):

T"Q(s,a) = r(s,a) + yopa (Z 7r(a|~)Q(-,a)> , 3

acA
TQ(s,0) = r(s,) +7op: (maxQ(-a), &

20p (V) = minyep pV is the support function of V over P.
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2.1. Problem Formulation

The goal of zero-shot multi-domain transfer RL is to
optimize the performance under a target MDP M, =
(S, A, Py,r,v), from which no data is available. Instead,
there are K related source domains My = (S, A, Py, 7,7),
generating much more data. For simplicity, we consider the
case of identical reward. The only assumption is that, there
exists an upper bound I' > D(Py||Py), Vk, that is known
by the learner. This assumption is reasonable, as such infor-
mation is essential to achieve performance guarantee. And
even if in the worst-case, we can set I' = 1 (in total vari-
ation) to construct an (overly) conservative proxy, which
yet still avoids decisions with severe consequences in target
domain, preferred in transfer learning settings.

In this work, we consider a more challenging setting of
distributed, decentralized transfer learning with partial in-
formation sharing. Specifically, we consider a framework
in which a central server or global agent collects and ag-
gregates partial information (instead of all raw data) from
multiple source domains and distributes updated results back
to these domains. Each source domain then performs local
learning independently based on the received updates and
subsequently returns refined outcomes to the global agent.

A key aspect of this framework is its privacy-preserving
nature. The underlying environments or raw data from
the local domains are not directly shared with the central
learner. Instead, only aggregated or processed results are
exchanged, safeguarding the confidentiality of local data.
Additionally, there is no direct communication between
local domains, further ensuring data isolation and reducing
the risk of information leakage.

This setting is both practical and relevant to many real-
world applications where data privacy is a critical concern.
For example, in a ride-sharing platform like Uber, each
vehicle and its operational environment can be treated as
an independent source domain. A central server may aim
to optimize a global dispatching or pricing policy for a
new target region, such as a city where the platform is
expanding. However, individual vehicles interact with their
local environments independently and share only processed
insights—such as aggregated trip statistics or anonymized
performance metrics—with the server. This TL framework
hence ensures effective policy transfer while maintaining
the privacy of individual vehicle data.

3. Related Work

We briefly discuss the most commonly used transfer learning
approaches (see Appendix A for additional discussions).

Domain Randomization: Domain randomization (DR) is
widely used to reduce the Sim-to-Real Gap, by training

agents on randomized versions of the simulated domain
(Tobin et al., 2017; Vuong et al., 2019; Mehta et al., 2020;
Tiboni et al., 2023; Tommasi, 2023). By introducing de-
grees of variability in domain properties such as physics,
or object appearances, the agent aims to optimize the ex-
pected performance under a uniform distribution over these
environments. DR is expected to enhance the robustness
and generalizability of the learned policy so that it performs
well when deployed in the target domain. Although DR has
proven effective in many tasks (Shakerimov et al., 2023;
Niu et al., 2021; Slaoui et al., 2019; Jiang et al., 2023), it has
limitations when the domain shift is large or the target en-
vironment is significantly different from the simulated one,
in which case the randomized environments do not provide
enough information for the target domain. Furthermore, DR
generally lacks theoretical guarantees and justifications for
the performance in the target domain, except under some
strict assumptions about the structures of the underlying
MDPs (Chen et al., 2021; Jiang et al., 2022).

Multi-task Learning: Multi-task learning (MTL) is another
method that aims to leverage knowledge from multiple re-
lated tasks to improve learning efficiency and generalization.
Specifically, MTL aims to optimize a finite set of tasks si-
multaneously or to obtain a Pareto stationary point (Yang
et al., 2020; Wilson et al., 2007; Vithayathil Varghese &
Mahmoud, 2020; Teh et al., 2017). When the target domain
shares common properties with these source tasks, this in-
formation will be maintained during the optimization of all
source tasks and transferred. However, similar to DR, MTL
also suffers from insufficient theoretical justification, requir-
ing assumptions on the common representations of tasks.
Moreover, MTL cannot avoid negative transfer, where some
source tasks can be relatively distinct from the target task,
thus slow down transfer learning. Also, solving an MTL
problem can be difficult, due to the differences among the
tasks known as the gradient conflict (Wang et al., 2024e).

Representation Learning for Multitask RL: Represen-
tation learning aims to extract the shared structure across
multiple tasks, and utilize such a structure to reduce sam-
ple complexity in downstream tasks with similar features
(Teh et al., 2017; Sodhani et al., 2021; Arulkumaran et al.,
2022). Cheng et al. (2022); Agarwal et al. (2023); Sam
et al. (2024) investigated multitask representation learning
in an online RL setting, where the agent interacts with mul-
tiple source tasks to extract a common latent structure. Ish-
faq et al. (2024) proposed Multitask Offline Representation
Learning (MORL), which adopt the principle of pessimism
and learn a shared representation from offline datasets across
multiple tasks modeled by low-rank MDPs. However, these
methods rely on the assumption that all tasks share a low-
rank latent structure and that a common representation can
be learned and reused, which may not hold in practical
zero-shot transfer scenarios with large domain shifts.
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4. Pessimism Principle for Transfer Learning
4.1. Major Barriers in Prior TL Methods

Before developing our pessimism principle for transfer
learning, we first identify two fundamental limitations in
existing TL methods: (1) the lack of a clear connection
between the optimization proxy and the target domain
performance, and (2) the inability to identify and exclude
source information that may cause negative transfer.

As discussed, most existing TL approaches optimize a prox-
imal objective function f(7) and deploy its optimal policy
in the target domain. However, there are limited guarantees
regarding the relationship between the proxy f(7) and the
target domain value function V3 , except under some strong
assumptions (e.g., (Chen et al., 2021)). Consequently, it is
unclear whether the optimal policy for f () will also per-
form well under P, leaving uncertainty in its performance.
Furthermore, when multiple source domains are available,
existing methods struggle to distinguish domains that are
more dissimilar to the target, often treating all domains
equally. This inability to prioritize relevant sources can lead
to negative transfer, where the knowledge transferred from
additional source domains hurt the performance of the target
domain instead of improving it.

As an example, in DR, the objective proxy is typically the
average performance E,,unir()[V5, ] over an index set
). As mentioned, this proxy often fails to accurately re-
flect the target domain’s performance in general settings.
It may overestimate the target performance, resulting in
an overly optimistic policy. Deploying such a policy in
the target domain can lead to suboptimal or even harmful
outcomes. Additionally, the uniform distribution used in
domain randomization cannot effectively exclude harmful
source domains, increasing the risk of negative transfer.

4.2. Pessimism Principle for Transfer Learning

Identifying these two limitations of prior works, we aim to
develop a more informative proxy that satisfies the following
objectives: (1). It establishes concrete connections to the
target domain performance, ensuring that optimizing the
proxy guarantees the target performance. (2). It ensures
the resulting policy remains conservative, thereby avoiding
undesired decisions and their associated consequences.

To achieve this, we propose the pessimism principle frame-
work, where we construct a conservative proxy f(m) <
V5, Vm, then we transfer its optimal policy 7 =
arg max, f(m). By optimizing this conservative proxy, we
guarantee an optimized lower bound on the target domain
performance, ensuring strong performance while mitigat-
ing potential negative outcomes. We then characterize its
effectiveness as follows (proof deferred to Appendix 4.1).

Lemma 4.1. (Effectiveness of Pessimism for Transfer Learn-
ing) Denote the level of pessimism of proxy f () by

"2 VE ~ f(rm) 2 0.

Then, the transferred policy m; = arg max, f(r) has the
following sub-optimality gap under the target environment:

Ve

L — Vi < lI¢) & max(™. ©)
The result demonstrates that optimizing a pessimistic proxy
guarantees the target domain performance in the worst-case
scenario, thereby avoiding undesired decisions—a feat that
is unattainable with prior transfer learning methods. More
importantly, the result establishes a monotonic dependence
between the sub-optimality gap and the level of pessimism:
as the level of pessimism ||¢™ || decreases, the transferred
policy achieves smaller performance gap. This observation
highlights a key advantage of the pessimism principle: an
automatic improvement from an enhanced proxy. As long
as the proxy remains conservative, a higher proxy value
directly translates into better performance, eliminating the
risk of overestimation as with previous methods.

Remark 4.2. As detailed in the methods presented later,
[€™|| can be controlled via the construction of local un-
certainty sets. Consequently, the suboptimality gap can
be bounded in terms of domain similarities, which is rea-
sonable and subject to the problem nature. Moreover, if
additional information becomes available (e.g., a small set
of target domain data or allowance of explorations), the
radii of the uncertainty sets constructed can be tightened,
leading to improved transfer performance.

In the following, we develop a robust RL based framework
to provide concrete answers for the critical questions:

How can we construct effective conservative proxies for
pessimistic transfer, and how can we further improve the
effectiveness by enhancing proxy values?

4.3. A Robust RL Based Pessimism Principle

Robust RL is inherently pessimistic when tackling envi-
ronment uncertainty. Specifically, when the environment
of interest lies within the defined uncertainty set, the ro-
bust value function naturally provides a conservative lower
bound on performance. This property inspires our studies
of robust RL in transfer learning, as constructing an uncer-
tainty set that includes the target domain is not challenging,
and thus we can obtain a conservative proxy. Generally,
the learner has some prior knowledge about the domain
similarities to motivate transfer learning, and such similar-
ities are usually captured in terms of the source and target
domain kernels. For instance, a common characterization
is the distance/divergence between the source and target
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kernels, e.g., (Qu et al., 2024). Based on this information,
an uncertainty set can be constructed to include the target
domain kernel, and result in its robust value function as a
conservative proxy.

In the case of multi-domain transfer, we similarly assume
that the distance between any source domain Py, k > 0
and the target domain P, is upper bounded by a known I':
D(Py, Py) <T3.

Remark 4.3. Generally, such knowledge can be obtained
through domain experts, or estimated from a small amount
of target data. Moreover, our method remains applicable
even without prior knowledge, by setting T to a known up-
per bound on distributional distance (e.g., total variation
between any two distributions is at most 1). While this
yields an over-conservative proxy, it still helps prevent sig-
nificant drops when no similarity information is available -
a guarantee that DR methods do not offer.

For each source domain P, we can construct a local uncer-
tainty set as P, = @, ,(Pr)%, with

(Pr)¢ = {a € A(S) : D(g, (Br)5) <T¢},

where I'? > I'. In this way, Py € P, and each ro-
bust value function is a conservative proxy: Vg <
Vi, Vk € K,Vm. It is then of great importance to uti-
lize these local uncertainty sets and robust value functions
to construct conservative proxies with high value, to en-
able effective transfer learning. Several potential straight-

forward constructions are as follows: (1). Robust DR:

/7™ A Zk};l ng. : . T
VT = ===—*; (2). Proximal robust DR: V757 where

(P) = {g€ AS): D (g, Pr = =22 <1} ).
Maximal robust value function: maxy ng; (4). Robust
value function of the intersected uncertainty set N (Py)2.

It can be shown that all of these proxies are conservative
estimations of V1§0 , however, none of these proxies can be
efficiently solved in a distributed setting. Specifically, (ro-
bust) DR is generally intractable and is approximated by a
proximal DR objective (Jin et al., 2022). Meanwhile, solv-
ing other proxies may require sharing local source domain
models or data, which is often impractical or undesirable in
a distributed setting. Therefore, we propose two conserva-
tive proxies based on robust RL, and show that they can be
efficiently optimized under the distributed setting.

Remark 4.4. Note that in certain cases, such as when the
prior knowledge used to constructed the uncertainty set is
inaccurate, our method may lead to conservative solutions
that could be outperformed by DR. Nonetheless, our main
contribution is to provide robust performance across all
scenarios. Considering the inherent necessaries of conser-
vativeness of robust transfer learning, such a guarantee is

3We assume a universal bound T" for simplicity, but our methods
can be directly extended to the case with different similarities I'y.

particularly valuable in safety-critical or high-stakes appli-
cations.

5. Averaged Operator Based Proxy

As discussed, while robust RL-based conservative proxies
are straightforward to construct, it is crucial to develop ones
that can be efficiently optimized in a distributed setting,
where each source domain avoids sharing its underlying
MDPs or raw data. Constructing proxies that rely on the un-
derlying environments, as discussed earlier, may be imprac-
tical due to data privacy concerns in distributed frameworks.

Inspired by distributed and federated learning, we propose
an operator-based proxy that enables the design of dis-
tributed algorithms where each local domain shares only
updated Q-tables instead of raw data. Specifically, we in-
troduce an averaged operator-based proxy, which extends
the design of vanilla federated learning to our pessimism
transfer learning framework.

5.1. Averaged Operator Based proxy

By definition (3), we denote the robust Bellman operators
for the k-th source domain by T7. Based on these, we
construct an averaged operator and our conservative proxy.

Lemma 5.1. Define the averaged robust Bellman operator
as T36Q(s,a) = & Zszl T7Q(s,a). Then, T} has a
unique fixed point Q' ;.

We use its fixed point to construct a conservative proxy,
named the averaged operator based proxy for any given pol-
icy m: Vig(s) £ 3 ,cam(als)Q%o (s, a). We first show
this proxy is indeed conservative.

Theorem 5.2. (Pessimism of the proxy) The averaged oper-
ator based proxy is conservative: Vi < Vi V.

The result indicates that the averaged operator based proxy
effectively adopts the pessimism principle and provide a
lower bound for the target domain performance.

Remark 5.3. The construction of the proxy is not an direct
extension of DR or multi-task RL. As mentioned, the DR
method optimizes V under the averaged environment P =

K
P . .
%. In the robust setting, its direct extension becomes

VZ, the proximal robust DR proxy in Section 4.3. Due fo
the non-linearity of robust value functions w.r.t. the nominal
kernel, V5 does not coincide with the fixed point of the
averaged robust Bellman operator, as in the non-robust
case. However, we can show that our averaged operator
based proxy is more effective than the robust DR.

We further provide the following result, indicating that for
the two most commonly used distance measures, V{ is
more effective than proximal robust DR.
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Proposition 5.4. If uncertainty sets are defined through
total variation or Wasserstein distance®, then Vg <Vio-

Remark 5.5. Notice that according to the proof of Propo-
sition 5.4, the result holds provided that opa —
%Zszl opya(V) < 0. In Addition, for l,-norm, the
support function has a duality: o(V) = max,{PV, +
f(T, Vo) } for some function f (Clavier et al., 2024). Thus
ope — £ S opye (V) = maxa {PV, + f(T,Va)} —
+ 22{21 maxa{PcVa + f(T',Va)} < 0, and the similar
result still holds.

The result shows that for the most widely used distance
measures, the averaged operator based proxy is less conser-
vative than the proximal robust DR, hence is more effective
and is more likely to result in a better policy, due to the
monotonic improvement property. It is then of interest to
design a concrete algorithm to optimize it, i.e., to obtain the
policy Ao £ arg max, Vig.

5.2. Efficient and Distributed Algorithm Design

Although T7%, is a contraction and V{5 can be estimated
exponentially fast, it can be impractical to estimate and
compare V{, over all policies to find the AO-optimal pol-
icy mao = argmax, V5. To efficiently optimize it, we
construct an averaged optimal Bellman operator as follows,
and develop fundamental characterizations for it and 7o .

Theorem 5.6. Recall Ty, being the optimal robust Bellman
operator for the k-th source domain as Equation (4). Define
the averaged optimal Bellman operator as

K
ThoQsa)2 Y TiQs.a)  ©
k=1

Then: (1). Tao is a contraction and has a unique fixed
point Qao; (2). Let w.(s) £ arg maxae 4 Qao (s, a), then
T, = arg maxy Vip.

The results imply that the optimal policy mao can be ob-
tained from the unique fixed point of the averaged optimal
Bellman operator, hence it suffices to learn Qoo by recur-
sively applying T oo. More importantly, due to the average
structure over every source domain, the global learner does
not require knowledge of each source domain, but only the
update from each source domain, and hence can be trained
in a distributed and efficient scheme. Specifically, each lo-
cal source domain maintains a local ()-table to capture its
Bellman operator, and sends the updated table to the global
learner. After an average aggregation over all domains, a
global Q-table is then sent back to each local domain.

In practice, the exact source domains may be unknown, but
extensive samples from them are available, as the source

4See Appendix D.3 for definitions.

domains are more free to explore. We hence assume that
each local source domain can obtain an unbiased estimate of
its robust Bellman operator: for any vector (), an unbiased
estimate ’i‘kQ is available to each local agent. This is a
mild assumption, as there are different ways to construct
an unbiased estimator of the robust Bellman operator, e.g.,
(Wang et al., 2023b; Kumar et al., 2023b; Yang et al., 2023;
Liu et al., 2022). We also note that due to the linear structure
of T A0, its unbiased estimation can be directly constructed
as the average of all local estimations as T AO = %
On the other hand, to further avoid extensive communica-
tion, the frequency of aggregation can be reduced. Specifi-
cally, we update the local estimation of each source domain
individually for E steps, and then aggregate all the domains
once. Such a learning scheme is also used in federated
or distributed learning, e.g., (Jin et al., 2022; Wang et al.,
2024b; Woo et al., 2023).

We then present our Averaged Operator based multi-domain
transfer (MDTL-Avg) algorithm as follows. The algorithm
consists of two parts: local update to the local optimum, and
global aggregation. Each local agent updates its own Q table
with its data, and after £ steps, a global aggregation unifies
all local Q tables. The convergence proof can be similarly
decomposed in to the local (controlled by the local Bellman
operator) and the global parts (controlled by aggregation).
As mentioned, our algorithm does not require the knowledge

Algorithm 1 MDTL-Avg and MDTL-Max Algorithms
1: Initialization: 0 < Q; < ﬁ,Vk =1,..K
2: fort =0,....,T —1do
3: fork=1,..,Kdo

4: Qr(s,a) < (1 = NQx(s,a) + \Tw(Qx)(s,a),
V(s,a) e S x A /Local Update/

5 end for

6: ift = 0(mod E) then

7: for s € S,a € Ado

8: For MDTL-Avg:

9: Q(s,a) ¢ 7 Y4y Qk(s, )

10: For MDTL-Max:

11: Q(s,a) <+ Max-Aggregation of {Q(s,a)}

12: Qr(s,a) < Q(s,a),Yk  /Synchronize/

13: end for

14:  end if

15: end for

of each source domain, but only an unbiased estimator of
the updated ()-table, which is more applicable under large-
scale environments and better preserve privacy. Moreover,
we reduce the aggregation frequency by E times, greatly
enhancing the communication efficiency.

We then develop the convergence analysis of Algorithm 1.
Theorem 5.7. Let £ — 1 < min%{ﬁ, %}, and \ =
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%. Run Algorithm 1 for T steps. If E[Ty] = Ty,

then it holds that

_ Zszl Qk

E
K

Qa0

~( 1 (E-1r
50<TK+T)'(7)

As the result shows, our algorithm enjoys a partial linear
speedup, implying the efficiency of our algorithm for multi-
domain transfer. The second term measures the trade-off be-
tween the convergence rate and communication cost, which
is also observed in federated learning (FL) with heteroge-
neous environments (Wang et al., 2024b). We note that
the convergence rate of our stochastic algorithm still en-
joys a partial linear speedup, which matches the minimax
optimal robust up to polylog factors (Vershynin, 2018). It
hence illustrates the efficiency of our algorithm, in terms of
convergence rate and communication cost.

Our algorithm design and convergence result thus provide
the first effective, efficient multi-domain transfer method
with a conservative lower-bound guarantee.

6. Avoiding Negative Transfer: the Minimal
Pessimism Principle

While our averaged operator-based method provides a con-
servative yet effective proxy for target domain performance,
it remains vulnerable to a key challenge in multi-domain
transfer: negative transfer. Similar to existing TL methods,
the averaged operator-based proxy treats all source domains
equally and cannot identify or down-weight the less relevant
ones. Inspired by recent advances in personalized FL (Ari-
vazhagan et al., 2019; Fallah et al., 2020; Deng et al., 2020;
Tan et al., 2022), the global learner should assign higher
weights to source domains that are more similar to the tar-
get domain. However, identifying these similar domains
without additional information remains challenging.

Our pessimism principle offers a solution to this problem.
As shown in Lemma 4.1, a less conservative proxy leads to
a better-performing policy. Intuitively, more distinct source
domains yield smaller robust value functions, allowing us
to assign higher weights to domains with higher robust val-
ues to prioritize the more relevant ones. A straightforward
proxy would be maxyex V5, , which uses the maximum
robust value function as the proxy. However, this approach
may not be computationally efficient in a distributed setting.
In this section, we propose a refined proxy that addresses
these limitations, achieving both higher effectiveness and
computational efficiency.

We define the minimal
and the optimal minimal pessimism operator
as  TEpQ(s,a) = maxyex TFQ(s,a), and
TvpQ(s,a) = maxpex TrQ(s,a), based on which

pessimism  operator

we define and characterize the minimal pessimism proxy.

Theorem 6.1. The following results hold:

(1) Both Ty p and Twp are vy-contractions, and have
unique fixed points, QYp and Qnip, respectively.

(2) For any policy m let Vip(s) =

Y acam(als)Qp(s,a), then V5 < WVip < Vg,
Moreover, V{y < Vyip.

(3) Let 7.(s) = argmaxgea Qup(s,a), then Qup =
Qi and T, = arg max, Qfp-

Similar to the previous section, our construction is based on
a minimal pessimism principle operator, which is shown to
be a contraction and admits a unique fixed point. Moreover,
our results imply that the proxy constructed is conservative,
and more importantly, it is better than the robust value func-
tion of any source domain and the averaged operator based
proxy. This hence avoids negative transfer by ruling out
the more conservative source domains. As discussed, this
less conservative proxy can result in a better estimate and is
more likely to yield a better transferred policy.

The third result implies a practical approach to optimize
Q% p. through obtaining the fixed point Q\ip of the optimal
operator T\p. As it is a contraction, recursively applying it
will converge to Q)7;p. Similarly, considering the partial in-
formation from each source domain, we design a distributed
algorithm to achieve the fixed point as Algorithm 1.

Notably, in MDTL-Max as Algorithm 1, the aggregation is
obtained through some function Max-Aggregation. When
each local Bellman operator is exact, i.e., ’i‘k = T}, we sim-
ply set Max-Aggregation of {Q;.}X | to be max;{Qy},
and the resulting algorithm will converge to Quvp (see The-
orem E.2). However, when each local operator is stochas-
tic, such an aggregation may result in biased estimation of
Ty\p. Specifically, even if ’i‘k are unbiased estimations, the
straightforward application of the maximum function results
in a biased estimation: E[max,cic Qr] # maxgex E[Qx].

To address this issue, it is essential to design an alterna-
tive maximal aggregation scheme that ensures convergence
despite the presence of estimation errors. We propose an ag-
gregation strategy to overcome this challenge. Specifically,
we adopt the multi-level Monte-Carlo method (Blanchet &
Glynn, 2015; Blanchet et al., 2019; Wang & Wang, 2022) to
construct an operator M e of the maximal aggregation
based on estimated local operators. We defer the detailed
construction to Appendix E.1.

Lemma 6.2. E[Mypac({Qr}E )] = maxiex E[Q4].

We hence constructed an unbiased estimation of the global
minimal pessimism operator, which can then be adopted to
implement MDTL-Max as Algorithm 1.

Remark 6.3. The MLMC module for MDTL-Max will in-
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crease the sample/computation complexity, which can be
viewed as the price of improving effectiveness. Never-
theless, it can be reduced along two potential directions:
One is to control the level number through techniques like
threshold-MLMC (Wang et al., 2024f). Although it results
in a biased estimation, the bias can be controlled and hence
still implies convergence (see Appendix B.4). Another one
is to relax the uncertainty set constraint. For example,
for total variation, the relaxation results in the solution
PV —T'Span(V) < o(V) (Kumar et al., 2023a), which
is much easier to compute and remains conservative. Re-
ducing the aggregation frequency is an alternative way to
reduce the computational cost, but also introduces a trade-
off in the convergence rate, as we will show in the following
results.

We can then incorporate such a multi-level Monte-Carlo
construction into Algorithm 1 as an unbiased update step.
We further characterize its convergence.

Theorem 64. Let E — 1 < mini{;L,%}, A =

T K
%, and adopt MLMC-Max-Aggregation. Then after

T steps,
~ 1 (E-1)T
< —_— | .
<o+ E510)

The result implies the convergence of our algorithm in a
more practical setting. More importantly, our algorithm
converges to a more effective proxy than the averaged one,
which potentially results in a better transferred policy due
to our pessimism principle. Also, our algorithm enjoys a
nearly optimal convergence rate, similar to Algorithm 1.

’E |:QMP — max Qk:|

7. Additional Discussion

In the previous sections, we demonstrated that our pes-
simism principle-based framework offers two key advan-
tages: (1) it guarantees a well-performing lower bound on
the target domain performance, avoiding severe undesired
outcomes, and (2) it establishes a monotonic relationship
between the pessimism level and transfer effectiveness, al-
lowing us to improve transfer performance and mitigate
negative transfer. In this section, we highlight two addi-
tional advantages: improved robustness and scalability.

Robustness. By optimizing a conservative estimation of
the target domain’s performance, our framework inherently
enhances the robustness of the transferred policy: it ensures
that the policy performs well even under model uncertainties
within the target domain, such as non-stationary parameters.
We show the following result to justify its robustness:

Proposition 7.1. There exists some connected uncertainty
set P such that Py € P, and VIQL > Vg > Viip = Vio-

This result implies that the proxies we construct are also

conservative bounds for the robust value function with re-
spect to some uncertainty set around Fy. As a result, the
transferred policy is guaranteed to perform well despite po-
tential uncertainties in the target domain, thereby enhancing
its generalizability against continuous perturbations of the
environment. Specifically, the policy will also perform ef-
fectively in environments similar to Py. We further validate
this robustness numerically in our experiments.

Scalability. Our proposed algorithms are scalable, enabling
effective transfer in large-scale problems. Firstly, our al-
gorithms can be implemented in a model-free manner to
enhance computational and memory efficiency. In particular,
any model-free algorithm for robust RL can be integrated
into the local update step in Algorithm 1. To demonstrate
this, we design a model-free variant of Algorithm 1 in Ap-
pendix G, accompanied by a convergence guarantee:
Theorem 7.2. (Informal) Denote the output of the algo-
rithms with suitable step sizes \ and total steps T by Q.
Let Ap := Quo — QT and A := Qup — QT for MDTL-
Avg and MDTL-Max, respectively. With probability at least
1 — 9, we have

(E-1r log SATK )
T(1-7)73  (1-4)3TK )

IAz]| < O (

Notably, while previous methods, such as DR, lack con-
crete algorithms, our approach is both effective and scalable,
offering a significant advantage.

Secondly, our method is not restricted to tabular setting, and
can be integrated with function approximation or policy gra-
dient. For example, when combine function approximation
for robust RL (Zhou et al., 2023) or robust policy gradi-
ent (Wang & Zou, 2022), the global step becomes parameter
aggregation as in (Jin et al., 2022).

8. Experimental Results

In this section, we aim to verify the effectiveness of our
pessimism principle, and its ability to avoid negative transfer.
More details and additional experiments results are provided
in Appendix B.

8.1. Effectiveness of Pessimism Principle for Transfer
Learning

We develop our simulation on the recycling robot problem
(Sutton & Barto, 2018; Wang et al., 2023b). In this problem,
a mobile robot powered by a rechargeable battery is tasked
with collecting empty soda cans. The robot operates with
two battery levels: low and high. It has two possible actions:
(1) search for empty cans; (2) remain stationary and wait
for someone to bring it a can. When the robot’s battery is
low (high), it has a probability of «(/3) of finding an empty
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can and maintaining its current battery level, receiving some
high reward. If the robot searches but does not find any,
it will deplete its battery completely and receive a large
penalty. If the robot chooses to wait, it will remain at the
same battery level and receive a relatively small reward.

In our experiments, we first compare our methods with
the non-robust corresponding methods, including proximal
non-robust DR and maximal aggregation algorithm (see
Algorithm 2). We run 5 trials with different random seeds
for each method and report means and standard deviations
of values over training steps in Figure 1. We use a constant
step size = 0.1, and total training steps 7' = 5000. We set
the target environment as o« = 3 = 0.1, pre-specified radius
of the uncertainty set R = 0.8. Then, we randomly generate
K = 7 distinct source domains with ay, B € [0.85,0.9]
to construct the uncertainty set. Other parameters £/ = 1,
and v = 0.95. As the results show in Figure 1-left, both of
the non-robust baselines achieve a low reward in the target
domain, as they are overly optimistic and decide to search
under both battery levels, whereas our pessimism principle
methods tend to wait conservatively, avoiding undesired
decisions and severe consequences.

Target Domain Performance Target Domain Performance with Model Uncertainty

[

— MDTLAVg
- MDTLMax
—— Non-robust DR
Non-robust MDTL-Max

Robust Value Function

Non-robust MDTL-Max

©_ ®
Time Step

@ %
Time Step

Figure 1. Recycling Robot Problem

To illustrate the robustness and generalizability of our meth-
ods against target model uncertainty, we evaluate the robust
value functions of the learned policies against an uncertainty
set centered at the target domain, which represents the worst-
case performance under the model uncertainty. Figure 1-
right shows that both of our pessimistic methods outperform
the non-robust baseline, indicating that our approach can
maintain a high performance, even with uncertainty or per-
turbations in the target domain. We also conduct an ablation
study to compare the robust value functions under different
target domain uncertainty levels in Appendix B.1, to further
illustrate the enhanced robustness of our approaches.

In summary, our method outperforms non-robust baselines,
achieving a 195.03% performance improvement in the tar-
get domain and maintaining a 15.95% improvement even
under uncertainty. The experiment results hence verify that
pessimism principle is more effective, especially when the
source domains are relatively distinct from the target do-
main, or when model uncertainty exists in the target domain.

8.2. Experiments on Negative Transfer

We further tested our MDTL-Avg and MDTL-Max algo-
rithms on FrozenLake Gym environments, aiming to vali-

date whether MDTL-Max can effectively mitigate negative
transfer. The FrozenLake Gym environment provides an
explicitly known transition kernel. This allows us to pre-
cisely control the distance between source domains and the
target domain, thereby offering more rigorous and inter-
pretable results. In this example, we manually perturb the
agent using total variation distances from the default model:
D = 10.01,0.02,0.3]. The source domain with D = 0.3
is intentionally designed to represent a domain that dif-
fers significantly to the target, potentially causing negative
transfer. For each algorithm, we run experiments across 10
random seeds. For each seed, the policy is evaluated over
10 independent episodes to compute the average return. As
shown in Figure 2, MDTL-Max effectively leverages the
most informative source domain, and hence avoids negative
transfer.

101 — MDTL-Avg
—— MDTL-Max

° o °
S & &

Target Domain Performance
o

o 25 50 75 100 125 150 175 200
Time Step

Figure 2. Negative Transfer under FrozenLake Gym environment

9. Conclusion

In this paper, we studied zero-shot transfer reinforcement
learning and identified two critical limitations of existing
methods: the lack of guarantees for the safety and per-
formance of transferred policies and the inability to miti-
gate negative transfer when multiple source domains are
involved. To overcome these challenges, we incorporate
a pessimism principle into TL to conservatively estimate
the target domain’s performance, and mitigate risk of un-
desired decisions. Our framework establishes a monotonic
dependence between the level of pessimism and target per-
formance, effectively addressing the two identified issues by
constructing less conservative estimations. We proposed and
analyzed two types of conservative estimations, rigorously
characterizing their effectiveness, and developed distributed,
convergent algorithms to optimize them. These methods are
well-suited for distributed transfer learning settings, offering
performance guarantees and privacy protection. Our frame-
work represents a foundational step toward zero-shot trans-
fer RL with theoretical performance guarantees, providing
a robust and practical solution for real-world applications.
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A. Additional Related Works

Imitation Learning and Policy Distillation: Imitation learning (IL) and policy distillation are extensively explored TL
techniques that enable an agent to learn from demonstrations or from simpler policies. In IL, an agent mimics expert
behavior through supervised learning, often using behavioral cloning or inverse RL (Hua et al., 2021; Desai et al., 2020;
Kim et al., 2023; Zare et al., 2024). Policy distillation transfers knowledge from a teacher policy to a student policy by
matching the teacher’s action distribution (Rusu et al., 2015; Yim et al., 2017; Yin & Pan, 2017; Traoré et al., 2019b;a). The
success of these approaches, however, rely on the assumption that the source domain’s expert or teacher policy is highly
aligned with the target domain, which may not always be the case.

Contextual Reinforcement Learning: In contextual reinforcement learning (cRL), the transition dynamics are assumed
to be governed by an underlying context (Hallak et al., 2015; Modi et al., 2018). This context can represent physical
properties—such as wind conditions (Koppejan & Whiteson, 2009) or the length of a pole in a balancing task (Seo et al.,
2020; Kaddour et al., 2020; Benjamins et al., 2022)—or more abstract features that characterize environment dynamics
(Biedenkapp et al., 2020). Kirk et al. (2023b) identify cRL as particularly relevant for studying zero-shot generalization
in RL agents. The cRL framework allows for a systematic and principled analysis of how agents adapt to environmental
changes by explicitly defining inter- and extrapolation distributions. Following the evaluation protocol introduced by Kirk
et al. (2023b), Benjamins et al. (2022) examined the generalization capabilities of various model-free RL agents on a
benchmark that incorporates different physical properties as context information. Their approach assumed a naive utilization
of context by directly concatenating it with observations. In contrast, Beukman et al. (2024) proposed a hypernetwork-based
method to enable adaptable RL agents. However, these approaches still fail to address the fundamental challenges discussed
earlier.

Federated Learning: FL is a decentralized RL approach that aims to optimize the overall performance of K agents (McMa-
han et al., 2017). In this setting, each agent performs local updates based on its own environment and periodically
communicates with a central server to aggregate the local models, without sharing raw trajectories with each other. While
FL has been extensively studied (Jin et al., 2022; Wang et al., 2024b; Woo et al., 2023; Khodadadian et al., 2022), existing
work focuses on optimizing the average performance across local environments, rather than addressing the more challenging
problem of multi-domain transfer. A fundamental challenge in applying FL to transfer learning lies in the nature of update
rules: standard FL methods rely on linear updates (non-robust operators), whereas our proposed methods involve non-linear
robust updates account for uncertainties.

Robust RL: Robust RL (Iyengar, 2005; Nilim & El Ghaoui, 2004) or DRO formulation (Wiesemann et al., 2014) offer
a pessimism principle and a robust framework for addressing environmental uncertainty, which optimizes the worst-case
performance within an uncertainty set of environments and can offer a theoretically sound lower bound on target domain
performance when the target domain lies within this set. However, its application in transfer learning has been under
explored, as robust RL often exhibits excessive pessimism, resulting in overly conservative policies for the target domain.
Recent advances have extensively studied robust RL as a standalone problem (Wang & Zou, 2021; 2022; Wang et al., 2023a;
Badrinath & Kalathil, 2021; Dong et al., 2022; Lu et al., 2024; Liu & Xu, 2024; Yang et al., 2021; Xu et al., 2023; Panaganti
& Kalathil, 2022; Shi et al., 2023; Wang et al., 2024a; Panaganti et al., 2022; Yang et al., 2022; Liu et al., 2023; Wang
et al., 2024c;d; Zhang et al., 2025), but its integration into transfer learning remains largely untapped. Leveraging robust RL
principles in transfer learning offers an opportunity to develop methods that are not only theoretically grounded but also
resilient to uncertainties in target domains. This proposal seeks to explore research directions that harness the strengths of
robust RL to create more effective, efficient, and reliable transfer learning frameworks.

B. Details on Experiments and Additional Experiments

All experiments are conducted on a MacBook Pro configured with an Apple M3 Pro chip, featuring a 11-core CPU and
18GB of unified memory, running macOS Sequoia 15.2. The experiments are performed using Python 3.12 in a Conda
environment. Major libraries used include NumPy 2.2.1.

The baseline algorithms we compared are presented as follows. Here, T}, is some unbiased estimation of the non-robust
Bellman operator T(Q) = ri + PrQ.
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Algorithm 2 Proximal Non-Robust DR and Non-Robust MDTL-Max Algorithms
1: Initialization: 0 < Q; < ﬁ,Vk =1,..K
2: fort=0,...,7T —1do
fork=1,..., K do
4 Vie(8) + maxgeq Qk(s,a),Vs € S
5 Qr(s,a) — (1 = NQi(s,a) + ATr(Qr)(s,a), ¥(s,a) € S x A /Local Update/
6:  end for
7.
8
9

if t = 0(mod E) then
for s € S,a € Ado
For Proximal DR:

10 Q(s,a) + = Zszl Qr(s,a)

11: For Maximal Aggregation:

12: Q(s, a) < Max-Aggregation of {Q;(s,a)}

13: Qr(s,a) < Q(s,a),Vk /Synchronize/
14: end for

15:  endif

16: end for

B.1. Ablation Study: experiments on different target domain uncertainty levels

To further evaluate the robustness of our methods, we conduct an ablation study analyzing the impact of different levels
of uncertainty. In this experiment, we systematically vary the test uncertainty set radius R and measure the optimal
performance in the worst case over these uncertainty sets for the learned policies. Four different methods (MDTL-Avg,
MDTL-Max, Non-robust DR, and Non-robust MDTL-Max) are evaluated across five levels of uncertainty, defined by the
uncertainty set radius {0.01,0.03,0.05,0.07,0.1}. All testing experiments are conducted for 3 times. We also provide an
optimal policy as a benchmark, which is trained on the target domain using non-robust vanilla value iteration (Sutton &
Barto, 2018). The means and standard deviations of robust values of each method are reported over training time steps.

Let’s conclude the ablation study before further analyzing the figures and tables: our ablation study provides empirical
evidence that our robust learning methods effectively mitigate the impact of target domain uncertainty. Specifically, our
approach achieves at least 15.95% and at most 151.36 % performance dominance over non-robust baselines in the target
domain under model uncertainty. Compared to the optimal policy, our method achieves at least 81.32% and at most 90.66 %
of the optimal performance under model uncertainty. These findings validate our pessimism principle, demonstrating its
effectiveness in handling domain shifts and model uncertainty.

Method Rtest =0.01 Rtest =0.03 Rtest = 0.05 Rtest =0.07 Rtest =0.1
MDTL-Avg 134.45 101.91 82.05 68.67 55.17
MDTL-Max 134.45 101.91 82.05 68.67 55.17
Non-robust DR 53.49 52.06 50.70 49.41 47.58
Non-robust MDTL-Max 53.49 52.06 50.70 49.41 47.58
Non-robust Single-learn Nominal 148.30 115.48 95.35 81.71 67.84

Table 1. Robot: Values of 5 Methods under Different Target Domain Uncertainty Levels

Table 1 provides a numerical comparison of the 4 methods across different uncertainty levels. Our methods consistently
outperform non-robust baselines across all uncertainty levels.
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Figure 3. Robot: Values of MDTL-Avg under Different Uncertainty Levels

Figure 3 shows the evolution of the robust value function for the MDTL-Avg method as the uncertainty level increases. The
results indicate that when the target domain uncertainty is low (Rt.s: = 0.01), the learned policy achieves high rewards.
However, as the uncertainty radius increases, the value function decreases, illustrating the inherent difficulty in handling a
more uncertain environment. Despite this, our method still maintains a significantly higher value compared to non-robust
baselines, confirming its adaptability to uncertainty.
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Figure 4. Robot: Values of MDTL-Max under Different Uncertainty Levels

Figure 4 presents the results for the MDTL-Max method, demonstrating a similar trend. While performance declines as
uncertainty increases, the robust approach still consistently outperforms the non-robust baselines. Notably, both robust
methods maintain high robustness under uncertainty, reinforcing the effectiveness of our pessimism principle.

B.2. Experiments on the HPC Cluster Management Problem

We also validate our methods in an HPC cluster management problem. Each time a new task is submitted, the HPC cluster
manager must decide whether to allocate it immediately or enqueue it for later processing. The HPC cluster operates in one
of three states: normal, overloaded, or fully occupied, depending on the number of active tasks. Under normal conditions,
allocating a task has a probability p of transitioning to the overloaded state while yielding a large reward. When the cluster
is overloaded, allocating a task has a probability ¢ of pushing the system into the fully occupied state, where only a small
reward is received. In the fully occupied state, all new tasks are automatically enqueued, and no further rewards are obtained.

In our experiments, we set the target environment parameters to p = ¢ = 0.9. To model distinct domains, we randomly
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generate ' = 7 source environments with py, g € [0.1,0.15], while keeping all other parameters the same as in the above
recycling robot problem. Specifically, we conduct 5 trials for each method using different random seeds, with a fixed step
size of 0.1, a total of 5000 training steps, a pre-defined uncertainty set radius of R = 0.8, £ = 1, and v = 0.95. The results,
presented in Figure 5, where our pessimistic methods consistently outperform the non-robust baselines in target domains,
both with and without model uncertainty. In summary, our method outperforms non-robust baselines, achieving a 183.28 %
performance improvement in the target domain and maintaining a 11.05% improvement even under uncertainty. This further
confirms the effectiveness of our approach.
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Figure 5. HPC Cluster Management Problem

Our ablation study highlights the substantial advantage of our approaches in handling different levels of uncertainty in
target domain. Across different levels of model uncertainty, our method consistently outperforms the non-robust baselines.
Specifically, our approach demonstrates a minimum improvement of 11.05% and a maximum of 141.29% over the best-
performing non-robust baseline in the target domain under model uncertainty. Moreover, when compared to the optimal
policy, our method retains at least 77.52% and at most 88.49 % of the optimal performance under varying uncertainty levels.
These results further reinforce the effectiveness of our approach.

Method Rtest =0.01 Rtest =0.03 Rtest =0.05 Rtest =0.07 Rtest =0.1
MDTL-Avg 224.09 169.85 136.75 114.45 91.95
MDTL-Max 224.09 169.85 136.75 114.45 91.95
Non-robust DR 92.87 90.44 88.12 85.92 82.80
Non-robust MDTL-Max 92.87 90.44 88.12 85.92 82.80
Optimal policy 253.25 198.42 164.75 141.89 118.62

Table 2. HPC: Values of 5 Methods under Different Uncertainty Levels

Table 2 presents a quantitative comparison of the four methods under varying levels of uncertainty. Our approach consistently
surpasses the non-robust baselines across all uncertainty settings.
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Figure 6. HPC: Values of MDTL-Avg under Different Uncertainty Levels

Figure 6 illustrates how the robust value function of the MDTL-Avg method evolves with increasing uncertainty levels. The
results show that when target domain uncertainty is minimal (Rs = 0.01), the learned policy attains high rewards. As the
uncertainty radius expands, the value function declines, reflecting the growing challenge of navigating a more uncertain
environment. Nevertheless, our approach consistently outperforms non-robust baselines, demonstrating its resilience in
adapting to uncertainty.
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Figure 7. HPC: Values of MDTL-Max under Different Uncertainty Levels

Figure 7 depicts the performance of the MDTL-Max method, revealing a similar pattern. Although the value function
decreases as uncertainty grows, the robust approach consistently surpasses non-robust baselines. Notably, both robust
methods exhibit strong resilience to uncertainty, further validating the effectiveness of our pessimism-driven strategy.

B.3. Experiments on Dynamic Vehicle Routing Problem

We further implemented our proposed method in a real-world problem: DVRP, to further validate the proposed method.
DVRP extends the classic vehicle routing problem by incorporating dynamic elements such as real-time customer requests,
and environmental uncertainty, making it more representative of practical logistics and mobility applications. In our
experiments, we consider multiple objectives that reflect both operational efficiency and service quality. Specifically, we
aim to minimize overall routing cost, enhance route smoothness by reducing unnecessary detours and zigzag patterns, and
improve stability by minimizing abrupt changes in planned routes caused by re-routing in highly dynamic environments.
These objectives are crucial in real-world deployments where balancing efficiency and robustness is essential.
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Method Route Distance | | Route Smoothness 1 | Route Stability 1
MDTL-Avg (ours) 4.01+0.3 51.76 £ 1.96 0.63 + 0.08
MDTL-Max (ours) 4.01 £0.27 52.46 +1.45 0.68 £ 0.07
Non-robust DR 4.53 + 0.52 50.32 £ 1.35 0.55 + 0.08
Non-robust Single-learn | 5.20 £ 0.58 50.70 £0.54 0.40 £0.03

Table 3. DVRP: Results of 4 Methods. |: smaller is better. 1 larger is better

Table 2 presents the performance of four methods evaluated on DVRP. Our proposed approaches, MDTL-Avg and MDTL-
Max, consistently outperform the baselines across all considered objectives. In terms of Route Distance, both MDTL-Avg
and MDTL-Max achieve the lowest average values (4.01), indicating high efficiency in minimizing total travel cost.
Regarding Route Smoothness, MDTL-Max achieves the best performance (52.46), suggesting it can effectively reduce
unnecessary detours and zigzag behaviors in dynamic environments. Finally, Route Stability, which measures the resilience
of planned routes under dynamic re-routing, is significantly higher in both of our methods, with MDTL-Max achieving the
highest score of 0.68, demonstrating its robustness to environmental changes.

B.4. Experiments on Biased Aggregation

The unbiased assumption made in MDTL-Max is to facilitate the convergence analysis. Nevertheless, our convergence
results can still be extended to the case that the existing bias can be controlled, e.g., the bias introduced by the max
aggregation can be controlled through techniques like threshold-MLMC (Wang et al., 2024f). On the other hand, even if
there is bias, as long as the expected proxy is still pessimistic, our transfer learning framework and pessimism guarantees
still hold. This indicates that our methods are robust to the bias.

To illustrate this, we develop an experiment on Cartpole to show the effect of bias. As shown in Figure 8, even if there is
bias, our proxy is still conservative and our pessimism framework outperforms the baseline, and are hence robust.

Target Domain Performance

2001 —— Small Bias
—— Large Bias
1751 —— Non-robust DR

Average Accumulated Reward

0 250 500 750 1000 1250 1500 1750 2000
Number of Episodes

Figure 8. Effect of Aggregation Bias for MDTL-Max

B.5. Additional Experiments on Negative Transfer

We further tested our MDTL-Avg and MDTL-Max algorithms on two additional environments, aiming to validate whether
MDTL-Max can effectively mitigate negative transfer. For the CartPole Gym environment, we treat the default environment
as the target domain and introduce Gaussian perturbations to the pole length in three source domains, with variances of 0.01,
0.02, and 0.03, respectively. For the recycling robot problem, we set most of the source domains with « € (0,0.1) and
B € (0,0.1), in which the optimal policy should be waiting. We add another source domain with o« = § = 0.9, in which the
optimal policy should be searching. As shown in Figure 9 and 10, MDTL-Max effectively leverages the most informative
source domain, and hence avoids negative transfer.
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Figure 10. Effect of Negative Transfer under Recycling Robot

B.6. Comparison to Related Robust RL Approaches

Note that our methods are based on distributionally robust RL, where our uncertainty set is constructed to account for
the potential distributional shift. We thus compare our proposed methods with other related robust RL approaches. We
numerically verify that our methods enjoy both convergence and performance guarantees, and present the results under the
recycling robot environment, where we use adversarial action-robust RL (Tessler et al., 2019) and distributionally robust
RL (Panaganti & Kalathil, 2022) as baselines.

As shown in Table 4, although adversarial robust and distributionally robust RL outperforms non-robust methods, their
performance remain significantly inferior to ours.
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Method Riest =0.01 | Riest =0.03 | Riest =0.05 | Riest =0.07 | Riest = 0.1
MDTL-Avg (ours) 134.45 101.91 82.05 68.67 55.17
MDTL-Max (ours) 134.45 101.91 82.05 68.67 55.17
Adversarial Robust RL 61.06 58.10 55.39 52.92 49.58
Distributionally Robust RL 53.86 53.12 52.41 51.71 50.70

Table 4. Robot: Robustness comparison of 4 Methods under Different Target Domain Uncertainty Levels

C. Theoretical Proof for Lemma 4.1
Proof. Denote the optimal policy of f by 7¢. Note that

VB, = Vi,
=Vg, —f@)+  f@) = f(rg)  + flmp) = VE)
N————’
<0,as mp=arg max, f(7) <0, as f(-rr)gV};'O
<VE — (). (10)
O
D. Theoretical Proofs for Averaged Operator Based Transfer
In this section, we provide the proofs of the theoretical results for the averaged operator based transfer method.
D.1. Proof of Lemma 5.1
Recall that the robust and optimal robust Bellman operators for agent k are defined as
T7Q(s,a) =7(s,a) + 70, (V), (1D
where V (s) = > . 4 m(als)Q(s, a). Since T}, is a y-contraction for any k € K, then for some @ and ()2 we have
K
s us 1 s T
[TRoQ1 — TRoQ2| < It Z ITEQ1 — TE Q2| < v[|Q1 — Q2]|- (12)
k=1

Hence T7, is also a y-contraction and has a unique fixed point Q7 , which completes the proof.

D.2. Proof of Theorem 5.2

In order to verify that V{, is a lower bound on V5 we proceed as follows. Let V{5 (s)
Py € Py, we have

=D acaT(a|s)Qio(s,a), since

K
U ,-Y a U
QAO(Saa) QPO s,a) ? Za(m VAo (PO)SVPO

1 ay,m o
=1 (Kza(m)fz(‘/ﬁo) - (Po)sVAO> +(P0)s (Vo = Vi)

<0+7(R)i(Vio = VA,)- (13)
Consequently,
Vio(s) = VB (s) = > w(als)Qho(s,a) — Y w(als)QF, (s, a)
acA acA
= (als)(Qho(s,a) — QF,(s,))
acA
<v(F7)s(Vio — VE,), (14)
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where (F()s is the s-entry transition kernel induced by 7 under Fy. Let Po = ((F)sy, s (B )s)s, )T be a transition
matrix, and consider entry-wise relation, we have

Vio — Vi, <7Po(Vio — V&), (15)
and hence
(I =~Po)(Vio — V) < 0. (16)
Note that (I — yPg) ™t = I +vPg + +*P3 + ... exists and has all positive entries, we thus obtain
Vio = VB, < (T =9Pg)) "0 =0, (17)

which completes the proof.

D.3. Proof of Proposition 5.4

For two distribution p, ¢ € A(S), total variation is defined as D(p, ¢) = %||p — ¢||1, and Wasserstein distance is defined as
D(p,q) = inf ,erp,q) (Ex,yyop[(X — Y)])#, where I'(p, ¢) is the set of all couplings of p, g.

We have

Qﬂﬁ(sva) - QXO(‘Sva) (]8)
1
=052 (VB) =73z D 0Py (Vio) (19)
k=1
~y K
= EZ(U@(V%) — o(prye (Vio)) (20)
k=1
~y K
=K > (0p:(VE) = 0(prye (VE) + o(prye (VE) = 0piye (Vo). 21
k=1

For any vector v and total variation distance, it holds that

K
1 _ 1
opa (V) — 7 Z o(pye (V) = m(?,X{P’Ua —TSp(va)} — 7 Z m(?X{PkVa —T'Sp(va)}
=1 k=1
K
< max{Pv, — I'Sp(v,)} — %max {Z Py, — FSp(Ua)}
k=1

=0; (22)

Similarly, for Wasserstein distance, it holds that

e Z 7P (V) = iup{ AT+ 3 Plo) o) + Md(s,)'))
- = Zsup{ AT - Z Py (s 1nf (y) + Md(s, 1))}
A>0 =
<su )\Fl + P(s) inf (v(y) + Ad(s, !
sup{~ Ee;s ) inf (v(y) + Ad(s,)")}
—sup{=AI" + 3} P(s) inf (v(y) + Ad(s,y)")}
A0 s€S €s
—0. (23)

The remaining proof follows similarly as Theorem 5.2.
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D.4. Proof of Theorem 5.6
The contraction property of T 5o follows similarly as Lemma 5.1.
For policy 7. (s) £ arg maxae 4 Qa0 (s, a), we have
5 K
ThoQao(s,a) =r(s,a) + Ve > o max Qao(s,;a) = TaoQaro(s,a) = Qao(s;a). (24)
k=1
Hence Q0 (s, a) is also the unique fixed point of T, moreover, V{5 = Vao.
For any k € IC, denote the worst-case kernel of V¢ in Py, by P,é, ie.,
O(Py)e (VAQ) = (PIQ)ZVA(), V(s,a) eS x A (25)

Since Voo = max,e4 Qao(s, a), it holds that

Vio(s) = Vao(s) < Y w(als) (QRo(s,a) — Qaols, a))

acA
K
'Y 7
=Y w(als EZ P2 (Vio) = o(pye (Vao))
acA k=1
K
< Y mlals) = Y (POEVS = (PDEVao). 26)
acA k=1

Let k = arg maxgex Y acam(als)y(Py)e(Vitp — Vmp) and P, = > aca(als)y(P7)s, we obtain

[

K
Vio(s) = Vao(s) < ) m(als) 2 Y ((PL)Vio — (Fi)iVao)
pa

acA =1
£ 7P, (Vio = Vao), @7
and hence by noting that (I — 7]5)*1 has all positive entries we have
(I —vP)(Vio — Vao) <0, (28)

which implies that max, V{, < Vao. On the other hand, since V¢, = Vao and max, V{, > V5, together with the
upper bound it follows that max, V,{;, = Vao. Note that Vao(s) = max,c4 Qao(s,a), hence arg max, Vi, = 7,
which completes the proof.

D.5. Proof of Theorem D.1

We first show the convergence of Algorithm 1 with the accurate operator to illustrate the efficiency of our algorithm design.
Theorem D.1. Let E — 1 < min %{ﬁ, +} and X = %. If Ty, = Ty, it holds that

(
ZkK1 @l o 5 (1 N UF) _ (29)

||QA0 TR T

In this proof, we first assume that £/ — 1 < i_—; and A < % to establish the general convergence rate, which is independent
of K. Then we prove that carefully selected £/ and A can balance each term in the convergence rate to achieve partial linear
speedup.

Denote Q' and Q%! the values of Q and Q, at iteration ¢ + 1. Since T}, = T}, we have
41 _ 41
Q=+ Z Q;

k=1

1 K
2 2 (L= 2)Q + Al +yop, (V) (30)
k=1
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where V/(s) = max,e 4 Q% (s, a). We also denote the value function associate with Qa0 by Vao = max,c4 Qao(s, a).
We define the iteration error as A*T! := Qa0 — Q'T1, additionally, A® := Qa0 — QV. The iteration error then takes the
following form:

At-i—l _ Q AO — QH—I

=% Z Qao — (1 = NQk + A(r +70p,(Vi))))

K
1
A (Qao — Q) + MQao — 7 —yop, (V)
k:l
M =
= ( f ; 0Py, VAO — 0Py (th))
1 K ,
= (- )t“AOﬂA; (1-X ?;(UPk(VAO) = op, (Vi)- 3D
By taking the [,,-norm on both sides, we obtain
t K '
A < (1= N FHA% + A D> - Z op, (Vao) apk(v,;))H. (32)
i=0 k:
Since 0 < Q0 < - the first term in (31) can be bounded as
1
(1— )t HAOH < (1—/\)t+1m. (33)

To bound the second term in (31), we divide the summation into two parts. Define the most recent aggregation step of ¢ as
x(t) ==t — (¢t mod E). Then for any SFE <t < T, we have

t

> A=N"y

K
Z op. (Vao) UPk(sz))H
k=1

, K
=0
x(t)—BE K _ t K _
= > (1= Z op (Vao)—op, (Vi) + Y. (1=1)""\y Z op, (Vao) C’Pk(Vé))H
i=0 k=1 i=x(t)—BE+1 k=1
v : N s ,
S 177(1 _ A)t—X(t)‘f‘BE_"_. Z (1_)\)t_l)\»y ‘K Z(Upk (VAO)_UPk (VkZ))H . (34)
i=x(t)—BE+1 k=1

Before proceeding with the proof, we introduce the following lemma to bound the second term in (34). The proof of this
lemma can be found in Appendix D.6. We define Al := Qa0 — @ the local iteration error of agent k. We also define

T(pyya(v) == + ZkK o(p,)e (v) for any vector v.

Lemma D.2. Ift mod E = 0, then H% 5K (o5, (Vao) — op, (v,g))H < ||AY|. Otherwise,

K

1

K Z(Upk (Vao) —op, Vk
k=1

<HAW>H+2A Z Z HN

k=1t'=

t—1—x(t) &
amiin (V) ) o
o K h—1 (s,;?eang 0Pz (Vao) = (pyye (Vao)| (35)

where we use the convention that ZX(t) ! ’
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Then by Lemma D.2, (34) yields

t

S @=N"Ty

=x(t)—BE+1

< Xf: (1= | [|ax®

K
Z op, (Vao) O’Pk(sz))H
k:

d

=x(i)—BE+1
N K
t—1— X(z)
Ai —_
+ K P (s,cgleag{xfl |U(Pk . (Vao) O(py)a (VAO)|>
t E 1
_ t—1 (3) ) E-1
< 3 -t a kuﬂml_v | ,

i=x(i)—BE+1 k=1 j=x(t)

Furthermore, the local iteration error HA?c can be bounded using the following lemma. The proof of this lemma can be

found in Appendix D.7.
Lemma D.3. If A < £, then foranyt € [0,T — 1]

Ll < [ AXO] 4+ £ZLAE - DT
Then by Lemma D.3, we have

t

S -t S a

i=x(1)—BE+1 =1 ()
¢ i—1
<2/\27 1 — )\t <’ v Elf)
sy 3L a-xnT Y -
i=x(t)-fE+1 J=x(3)
672\2 )
<2E-1 ——(E-1)T. 37
=2 )x(t)f%%xgigt 1 7( ) (37)
By combining both bounds (36) and (37), we obtain
t K |
Z (1—A)iny Z op, (Vao) UPk(sz))H
i=x(t)-fE+1 K=
242
<~ max (E—1) max + M(E _ 1T
x(t)—BE<i<t x(t)—BE<i<t 1—~
t
; A
1 - A t72>\ L E' _ 1 F
+t Y. =N ~(B-1)
i=x(t)-BE+1
=l2aE-l A 4 T (6X2(E —1)2 + A(E — 1)L
Y(1+2XE-1) max + (63 (E - 1) + ME - 1)) (38)

Plugging the bound (38) into (34) then yields

t

> =Ny

=0

1 & .
Ve > (op, (Vao) — am(Vé))H
k=1

! t—x(t)+BE
< 1 )\ X + 1 + 2)\ E 1 max
T 11— ’Y( ) i ( ) x(t)*ﬁaESKt

17 7(6A2( 1)% + \(E — 1))T. (39)
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Consequently, the iteration error ||A“rl H can be bounded using (33) and (39) for all rounds ¢ € [0,T — 1]:

JATH ] < =N+ O

1+2ME -1 HAX(“
TALF2AE D) max .,

+ 17_27(6>\2(E 12+ AE - 1))

- 2
<y(1+2XE-1 T e Y
(12X ))x(t)?}fa}fxggt = 7( )
2
+ 17_—7(6>\2(E 12+ A(E— 1)L (40)
Letp:= (1 —A\)PE 4 "’ (6)\2( —1)2+ A\(E —1))T, then with the assumption \ < m, (40) can be written as
1+~y
A < —1 H . 41

H H 2 x@ H/I3E<L<t e S

Unrolling the above recursion L times with LSE <t < T — 1, we obtain

L-1
AtJrl < L HA)(('L) 2 %
H H = 2 ) X(wf?%gigt * 7,':0( 2 Ve
14 1 2
< ()" P (42)
2 11—y 1-—»v

By choosing 8 = |51/ Y52 L ). L =[/2L ] and t + 1 = T, (42) yields

1 147~.,,/2C 2 2 72
AT|| € ——(—)V1=r ——(1-NE 4+ ——6N(E-1)2+ANE-1)T
H ”—1—7( P (1_ (1= + (OB - 1+ A(E - 1)
S exp{—f\/ (1—+~ )\T}+ exp{ V(1 =)}
2 ? 2 2
+ ﬁ(G)\ (E-1)*4+XE-1)
< T exp{—ﬂ/ 1 —)AT} + ) (6A*(E —1)® + A\(E — 1))L. (43)
(43) reveals the effect of E and A on the convergence rate. Although E > 1 slows down the convergence, we can set
(F —1) < min i T } and A = %‘)%17(”)() to bring partial linear speedup with respect to the number of agents K.
Then (40) becomes
E-1)r
T < (
A7 O(m* - ) (44)

for T' > E, which completes the proof.

D.6. Proof of Lemma D.2
When ¢ mod E = 0, i.e., ¢ is an aggregation step, Q% = Q%, and the associate value functions V! = V}}, for any k and
k' € K. We denote V¢ = L 57 V!, then we have
1« 1«
% 200z (Vao) = opy)e (Vi) < e > e (Vao — V)
k=1 k=1
K

1 _
< e 22 Vo 7]

< [|Qao — QF|
. @
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For general ¢, we have

K K
1 1
K Z(Upk(VAO) - UP;C(th)) | K Z(Upk(VAO) — 0P (Vk:X(t)) + UPk(VkX(t)) - UPk(Vif))H
k=1 k=1
1 & 1 &
t t
< |l 2o (0p.(Vao) = op, (X)) + || 2 D (om () — apk.(v;))H
k=1 k=1
1 K
< A0+ % om0 = op () ‘
k=1
x(t) 1 = x(t) t
< x|+ = S| - |- (46)
k=1
For any state s, we have
Vi(s) — VX (s) = QL(s, a(s)) — QX (s,aX " (s))
(a)
< Qh(s,ak(s)) — QW (s, ak(s))
= Q}(s,ak(s)) — Q1 (s, ak(s)) + Q1 (s, ak(s)) — Q1 2(s, ak(s))
(47)

o QY (50l () - QX (s, al(s)).
where al,(s) = arg max,e 4 Q',(s, a) and inequality (a) holds because QX" (s, at (s)) < QX" (s,aX" (s)).

For each ¢’ such that x(¢) < t' < ¢, it holds that,

1 (5,04(5)) — QF (s (9)) = (1 = NQ (5,0h(5)) + A(r(s.0f(5)) 90 (V) = QF (5,04 (4))

W _AQL (s, a4 (s)) + MQaol(s, a(s)) — (s, al(s)) — V0 ko (Vao)

o (V)

+r s,a75 s)) +
(s,0k(s) +70

<2 Atl t (s — 0 t (s 4
<2\ H k ""Y/\(U(,pk):k(b)(vAO) U(Pk):k(b)(VAO)), (48)
where equality (a) follows from the average optimal Bellman equation. Thus,
t—1
Vis) =10 (s) < 30 QU (s ak(s)) — Qi (s a(5))
t'=x(t)
t—1
=2\ Y HAZ H FAME=1=x®)(o _ wty(Vao) =0 _ ur(Vao)). (49)
(Pr)s (Pr)s
t'=x(t)
Similarly, we have
t—1
Vi) =) = 0 (@ (s, (9) - @k (s, i (9)
t'=x(t)
t—1
>-2) Y HAZ H At -1 - X(t))(U(Pk)a;.(s) (Vao) — 5(Pk)a;<s>(VAO))- (50)
t'=x(t) : ’
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By plugging the bounds in (49) and in (50) back into (46), we obtain
1K
= > _(op(Vao) — op, (V1))

K
k=1

1 K
<ol + 22 e - w

<[lay t>||+2A Z Z 1AL

k 1¢'=x(t)

1 K

+A—1—x(t) max |o(p,)a(Vao) — o(p)e (Vao)l.

K s,a€ESXA
k=1
This hence completes the proof.

D.7. Proof of Lemma D.3
When ¢ mod E = 0, then A}, = AX(®) Whent mod E # 0, we have
Q= (1= NQ + A(r +yop, (V)
=(1=2Q; "+ AQao —r —70p, (Vao) + 1+ yop, (VI7H).

Thus

= (1= NAT 4+ X(ap, (Vao) — op,(Vao) + op, (Vao) — ap, (Vi)
t—
_ (1 . )\)th(t)AX(i) + '7)\ Z (1 - )\)tit/il(a"pk (VAO) —op, (VAO))
t'=x(t)

Al = (1= NA + M@, (Vao) = op (Vi)
1

+X DY (=N op (Vao) — op, (V])).
t'=x(t)

For any state-action pair (s,a) € S x A,

‘(1 ~NXOAXD (5 0)] < (1= A)X® ‘ AX(®)
Note that
YA Z (6P, (Vao) — op, (Vao)) <7 i /\ Z NI
t'=x(t) t'=x(t)
Y
L=~
forall (s,a) € S x A,t € [0,7 — 1] and k € K. In addition, we have
A S @0 on (Vao) —om, )] 94 3 (1 a Y
t'=x(t) t'=x(t)
By combining the bounds in (54), (55), and (56), we obtain
lag] < @ -2 |laxo) + 2 T AE = Dr 9 Z 1= N |ay

t'=x(t)

< (1= (=N FA ) O E - 1),

‘Ax(t)
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where the last inequality can be shown via inducting on ¢ — x(¢) € {0,--+ , E — 1}. When A < £,
A+ XD <1+ 0)E<1+1/B)F <e<3. (58)
Hence
A < ||ax@| + 3%@ —r, (59)

which completes the proof.

D.8. Proof of Theorem 5.7
. - - K T . o K E[Ty] .
Since E[T}] = T and Tao = =52+, it follows that E[Tyo] = =t=1——* = T 0. Then by replacing T}, and T'x0
with their expectation versions, the proof follows naturally as that in Theorem D.1, and is thus omitted.
E. Theoretical Proofs for Minimal Pessimism Principle

In this section, we provide the construction and proofs of the theoretical results for the minimal pessimism principle.

E.1. Multi-level Monte Carlo Operator Construction

We first generate N according to a geometric distribution with parameter ¥ € (0, 1). Then, we generate 2V ! unbiased
estimator ’i‘}c, i=1,.., 2N We divide these estimators into two groups: estimators with odd indices, and estimators with
even indices. We then individually calculate the maximal aggregation using the even-index estimators, odd-index ones, all
of the estimators, and the first one:

TFQ = Iga;x{T;;Q,i =2.4,.., 2N} (60)
TOQ = nllcagx{T;;Q,i =1,3,..,2NF 1}, (61)
TAQ = rr]ia;x{’i‘};Q,i =1,2,.., 2N}, (62)
TIQ = ml?x{’i‘,lc}. (63)

The multi-level estimator is then constructed as

A(Q)

Tuime@ = T'Q + ==, (64)
PN
where py = ¥(1 — ¥)N and
. TOQ +TF
AQ & i - TEETC (65)

E.2. Proof of Theorem 6.1

We first introduce some useful inequalities to extend the results in averaged operator based transfer to the max-aggregation
version.

Lemma E.1. For any vector sequences { X} and {Yy} with k € K, it holds that

1) maxpecx X — maxpex Vi < manGK(Xk — Yk),

2) || maxgex Xi — maxgex Yil| < maxgex || X5 — Y

’

3) maXger ||Xk — MaXkgeK ch” S QmaneK ||Xk||
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The proof of this lemma can be found in Appendix E.3.

Since T7, is a y-contraction for any & € KC, then for some ()1 and ()2, by Lemma E.1 we have

T Q1 — TEip@2| = | max TEQ: — max TEQs|
< T7Q, — TT
> Iglea%” k@1 k Q2|
<)@ — Q2| (66)

Hence T7;p is also a y-contraction and has a unique fixed point Qf;p. The claim for Typ can be similarly derived.

In order to verify that Vyp is a lower bound on V3 we proceed as follows. Let Vijp = > 4 7(a|s)Qp (s, a), since
Py € Py, we have

Qfie(5:0) = O (5:0) =1 (s otpyy2 (Kip) — ()26t ) +2(P:(VEip — V)

< 0+~(Po)s(Vip — V,)- (67)

Consequently,

Wip(s) = VA, (s) = > m(als)Qfp(s,a) — Y m(als)QF, (s, a)

acA acA
=Y w(als)(QRrp (s, a) — QF, (5,))
acA
<v(E)sWate — Vi), (68)

where (PJ)s is the s-entry transition kernel induced by 7 under Py. Let Py = ((P])s,, -, (Pf)
matrix, and consider entry-wise relation, we have

. )T be a transition

Vare — VB, < Po(Vaip — VEA), (69)
and hence
(I = +Po)(Viip — VF,) 0. (10)
Note that (I —yPo)~! = I + P + v?P3 + ... exists and has all positive entries, we thus obtain
Vitp = V&, < (I =7Pg)) 10 =0. (71)

The claim V5 < V{jp can be derived similarly.

For policy 7. (s) £ arg max,e 4 Qump (s, a), we have
TYipQup(s,a) =r(s,a) + ’yrglealé{(a(pk)g max Qump(s,a)) = TupQump (s, a) = Qump(s,a). (72)

Hence Qwip (s, a) is also the unique fixed point of T, moreover, Vyip = Varp.

For any k € K, denote the worst-case kernel of Vip in Py, by P/, i.e.,
U(Pk)g(VMP) = (PIQ)I;VMP, V(&CL) eSS x A (73)
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Since Viip = maxge 4 Qe (s, a), by Lemma E.1 it holds that

Viip(s) — Vap(s) < > m(als) (QFp(s,a) — Qup(s, a))

acA

_[;4 m(als) (maXUPk)a(VMP) Iglea%U(Pk)g(VMP)>

< 3 el (ap((PO2VEe) — (Vo)

ac

<2;4 m(als Wmax((Pk) Vi — (Pr)sVap)

ac

_2;4 (als VmaX((Pk) (Vatp — Vp))- (74)
ae

Let P, = arg maxyex > acam(als)y(Py)e(Vitp — Vmp), we obtain
Vit (s) = Vare (s) < vPs(Wip — Vare), (75)

and hence by noting that (I — 7]5)_1 has all positive entries we have
(I = 7P)(Vip — Vup) <0, (76)

which implies that max, Vyjp < Vyp. On the other hand, since VM”}, = Vmp and max, Vyjp > VM”},, together with the
upper bound it follows that max, Vyjp = Vmp. Note that Viyp(s) = maxgea Qump (s, a), hence arg max, Vijp = 7,
which completes the proof.

E.3. Proof of Lemma E.1

The proof of the first two statements can be directly derived from reverse triangle inequality and Lipschitz continuity, and is
thus omitted. We now consider the third inequality.

Denote X }C the i-th element of X}, we have

X - r]?eauxX]C <0,V (77

which indicates that X;, — maxgex X is a vector with non-positive elements. Therefore
max || Xy — max Xg|| *maxmax|X,€ max X} |
keK kek keK kek

= max max(max Xk XL)
i keK kerx

= X! —min X}). 78
O X~ e X 7
We also have
X = Xil > in X7 |. 79
max || Xyl = max max | Xy| > max | min Xi| (79)
Hence for each 7,
X} in X} < X} in Xj| <2 Xl 80
R X = D X P X = 2] 0
By taking the maximum over ¢, we thus obtain
Xy — Xl = X} —min X}) <2 X 81
TR 1 = e Xl = e Xi = ynip Xi) < 2o Xl B

which completes the proof.
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E.4. Proof of Theorem E.2

Theorem E.2. Let E — 1 < min%{ﬁ, L}, and X = %, we set Max-Aggregation of Qy(s,a) to be

maxy, Q (s, a). If'i‘k = Ty, it holds that

S@(l (E—l)r) (82)

HQMP ~IRax Qu TR T

In this proof, we follow the same road map with Theorem D.1 based on Lemma E.1. we first assume that £ — 1 < Z;—;\’ and

A< % to establish the general convergence rate, which is independent of K. Then we prove that carefully selected £ and A
can balance each term in the convergence rate to achieve partial linear speedup.

Denote Qt“ and ijl the values of Q and ), at iteration ¢ + 1. Since T, = T, we have
At+1 _ t+1
O TR
= max((1 = )@ + A(r + 707, (Vi))), (83)

where V/(s) = max,e 4 Q% (s, a). We also denote the value function associate with Qup by Vip = max,e 4 Qup (s, a).
We define the iteration error as AT := Qyp — Q'Y additionally, AY := Qup — Q°. The iteration error then takes the
following form:

AtJrl _ QMP _ Qt+1

= I]ilea’%{(QMP — (1= N)Q% + X(r +r0p, (V)

= max((1 - )(Qup — Q) + A(Qup — 7 = 70p, (Vi)

= (1= VA" + A max(op, (Vie) — o7, (Vi)

t
= (1= A)HTA 44\ ;(1 — ) ?Ea%(apk (Vatp) — op, (V). (84)

By taking the [,,-norm on both sides, we obtain

¢
AT < (= )FHIAY 4+ A D (1= 2 max(op, (Vi) — apk<v,z>>‘| : (83)
i=0
Since 0 < Q° < ﬁ, the first term in (31) can be bounded as
1

(1 _ /\)t+1 HAOH < (1 _ /\)Hrli

= (86)

To bound the second term in (84), we divide the summation into two parts. Define the most recent aggregation step of ¢ as
x(t) ==t — (t mod E). Then for any SE <t < T, we have

t

> (-2 s(on, (hae)-or, (V)|

=0
x(t)—BE _ ‘ t . -
= Y N fton () -on VD¢ 30 =0 fas(on, (iae) o ()
=0 i=x(t)-BE+1
t
i t—x(t)+BE t—i i
= 1_7(1 -3 + ) (1= MHfglea%(ffpk(VMP)—Um(Vk))Ho (87)

i=x(t)—BE+1

Before proceeding with the proof, we introduce the following lemma to bound the second term in (87). The lemma can
be seen as a variant of Lemma D.2, and the proof can be found in Appendix E.5. We define A}, := Qup — Q% the local
iteration error of agent k. We also define (p, )a (v) := maxgex 0(p,)a (v) for any vector v.
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Lemma E.3. Ift mod E = 0, then |maxyex(op, (Vimp) — op, (V)| < ||AY]|. Otherwise,

t/
|

(om, (Vi) = om, (V)] < X

kek
t'=x(t)

At —1—y(t . — &¢pya 88
+ YA( x( ))(hs,aﬁ%}ig“b“’k)s(vhﬁp) Gepoa(Vap)|,  (88)

x(t)— 1
t/f

where we use the convention that

Then by Lemma E.3, (87) yields

t
>0 =0 mator, (Vi) - o ()
i=x(t)—BE+1 )

t
< Y ATy Ao
i=x(i)—BE+1

+2)\1nax Z HAJH

Mt —1—x(7 a —0 a
+YA( x(i)) (k’S)aQ%SXAU(Pk)S(VMP) U(m)s(VMP)|)

t
< 1— M)y D42 max AL —— . (89)
AN AX() A A )\1“]15 1
Y

i=x(3)—BE+1 J

Furthermore, the local iteration error ‘ Ai can be bounded using the following lemma. This lemma can also be seen as a

variant of Lemma D.3 and the proof of can be found in Appendix E.6.
Lemma E4. If\ < L, thenforanyt € [0,T — 1] and k € K, | AL < [|Ax® ]| + 2L CA(E =1L
Then by Lemma E.4, we have

t

Z (1—N)' 1)\72)\max Z HAJH

i=x(i)-BE+1 J=x(t
t
< 2)24 1— )i <H F)
S Y oy T -
i=x(t)-BE+1 J=x(4)
<2\ (E-1) max AXO| 4 ﬂ(E - 1)’ (90)
- X(H)=BE<i<t -~ '

By combining both bounds (89) and (90), we obtain

t

>0 =2 o, (Vi) — o ()
i=x(t)—BE+1
232
<5 max (F-1) max —|—M(E—1)ZF
x(t)—BE<i<t x(t)—BE<i<t -
t
(B
+ Y AN E -
i=x(t)—BE+1
= (1 +2\E — 1 AXO| 4 T (6)2(E - 1)2 + NE — 1))T. 1
VHAE-D) | max (¥ (B - 1 +AE - 1) o1
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Plugging the bound (91) into (87) then yields

t
>0 NNy fstom, () - o7 (V)|
=0
g} t—x(O)+BE x()
< 1 - A)X 14+ 20(E -1 A
< 1—w( A) + (1 + 2X( ))X(t)gaEXSig
2
1”_7(6A2(E— 1)% + A\(E — 1))T. 92)

Consequently, the iteration error HA”I H can be bounded using (86) and (92) for all rounds ¢ € [0,T — 1]:

t+1 oyl 1 g  Wt—x(t)+BE
2 < a - s -y

+ - (6A2(E 1)+ ME —1))T

(1 +2ME—1)) max HAX“) -

X(t)—BE<i<t

1+2ME -1 AX()
YIH2NE-D) max

2
———(1-\)PE
+1_7( A)

2
i 7(6/\2(E 12 4 A(E - 1)L 93)

+ 1
Let p := (1 —A)PE 4 ﬂ’ (6)\2 (E —1)2+ A\(E — 1)), then with the assumption A < m, (93) can be written as

Ja ) < T max

- 94
©(—BE<i<t e 64

Unrolling the above recursion L times with LSE <t < T — 1, we obtain

L—1
144 L7y
AT < ()" H )
2l < G O] D
14+~ 1 2
< . 95
< ( 5 )1_7+1_7p 95)

By choosing 8 = [ 1/ U527 ), L= [\/2L ] and t + 1 = T (95) yields

a7 < ﬁ<”%>“§+ = (130 AP O XE - i)
g exp{—f\/ (1—~ )\T}+ exp{ V(1 —9)AT}
2 g 2 2 _
+W(6/\ (E-1)+XE-D1)T
< T exp{—ﬂ/ 1—~ )\T}+ ) (6A*(E —1)* + A\(E — 1))L. (96)

(96) reveals the effect of  and A on the convergence rate. Although F > 1 slows down the convergence, we can set
(E—1) < min %{ﬁ, %}, and A = 41T°%17(TI)() to bring partial linear speedup with respect to the number of agents K.
Then (93) becomes

T (F-1r
HAH<0( +7ﬁ> 97)

TK

for T' > E, which completes the proof.
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E.5. Proof of Lemma E.3

When ¢ mod E = 0, i.e., t is an aggregation step, Qf, = Q%, and the associate value functions V! = V}}, for any k and
k' € K. We denote V' = maxyex V., then we have

max(o(p,)s (Var) = oz (Vi) < max(o(p,): (Var) = o(py)s (V1))
< -7
- Il?ealé( HVMP v
< HQMP -Q'
). o9

For general ¢, we have

xom, (i) = o, (V)| = |as(om, (hse) = a2, 07) + 02, (0) - a2, (7))
< rl?ea}é((apk (VMP) — Op, (ka(t))) H + Hll?ealé((o—pk (VkX(t)) — 0Py (th)) ‘
< 420 + |matom 72 - om0
x(t) x(t) gt
< || a0+ a2 - v | (99)
For any state s, we have
Vi(s) = Vi (s) = Qhls aly(s) — QX (5,01 (s))
(a)
< QL(s,al(s)) — QX (s,al(s))
= Qi(s,ak(s)) — Q) (s, k() + Q) ' (s, ak () — Q)% (s, ak(s))
Feo QXI5 al (5)) — QX (s, al(s)). (100)

where af (s) = arg max,ec 4 Q% (s, a) and inequality (a) holds because Q?g(t) (s,ak(s)) < Qf(t)(s, aﬁ(t) (s)).

For each ¢’ such that x(t) < ¢’ < ¢, it holds that,

1 (5,0h(5)) = QF (5.0 (9)) = (1 = NQ (5,04(5)) + A(r(s.0h(5)) +90 pr (V) = QF (5,04 (4))

—

a

= Q% (s,ak(5) + A(Quip (s, af () = 7(5,a}(5) =70t (Vare)

=

(Pr)s
(s ab(s) +90 o (V)
t -
<2A HAk +7>\(U(Pk)zg<s>(VMP) - U(Pk)zi(s)(VMP))7 (101)
where equality (a) follows from the average optimal Bellman equation. Thus,
t—1
Vi(s) = V(s < 37 (@i (s,ak(s) — QK (5, a4(9))
t'=x(t)
t—1
=20 3 ||AL]| A= 1 x0), g (Vi) =6 g (Am). (10D

t'=x(t)
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Similarly, we have

t—1

Vis) = VX Os) > 3 (@ (5,0 (s) — QL (s,

t'=x(t)

t—1
> 21 Y HAZ

(s)))

t—1—x(t —0 t (s . 1
+A( x( ))(U(Pk):ps)(VMP) U(Pk)Zk(°)(VMP)) (103)
t'=x(t)

By plugging the bounds in (102) and in (103) back into (99), we obtain

¢ (t)
o(m, (hae) = an ()| < Ay |-+ e[ 127 - 2
t—1
< Aol +2xmax > (AL
t'=x(t)
Tt =1 =x(1), | max lom): (Vae) = 6o (V)| (104)

This hence completes the proof.

E.6. Proof of Lemma E.4

Whent mod E = 0, then A}, = AX(Y), Whent mod E # 0, we have

Qk = (1= Q) +A(r +90p, (Vi)

=(1-2) +AMQup — 7 — vop, (Vip) + 7 + yop, (V). (105)
Thus
Al = (1= NAT + M (6p, (V) —op (Vi)
= (1= NA 4+ M (6, (Vie) — op, (Vap) + op, (Varp) — o (Vi)
t—1
= (1= N)XOAXE L yx N (1= N (6p, (Vp) — op, (Varp))
t'=x()
+X DY (=N op, (Vi) — op, (V). (106)
t'=x(t)
For any state-action pair (s,a) € S X A,
‘(1 ~NXOAXD (5, 0)] < (1= A)X® ‘Ax(t) (107)
Note that
YA Z N 6p, (Vire) — op, (Varp) <7 T Z NI
t'=x(t) LT
< ILA(E - 1)F, (108)
forall (s,a) € S x A, t € [0,T — 1] and k € K. In addition, we have
t—1
A Y o (Vi) —op (V)| <94 Y0 (1= 0 A (109)
t'=x(t) ’
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By combining the bounds in (107), (108), and (109), we obtain

t—1
el P et CCER VN 20D DGR Vi PV

t'=x(t)

< (1= (1= )N O [AXO| 4 (1432 XOTAE - 1), (110)
-7
where the last inequality can be shown via inducting on ¢ — x(¢) € {0,--+ , E — 1}. When A < £,
1+ XD <1+ NP <(1+1/E)F <e<3. (111)
Hence
1Ak < [|ax®| + 32— aE -1, (112)
-

which completes the proof.

E.7. Proof of Theorem 6.4

Since E[T;] = T}, by Lemma 6.2 it follows that E[Tyryc] = Tap. Then by replacing T, and Typ with their
expectation versions, the proof follows naturally as that in Theorem E.2, and is thus omitted.
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F. Proof of Proposition 7.1

Proof. We show that ﬁf ‘P;. satisfies the condition. We denote the robust value function w.r.t. ﬂkK Pr. by VT, then we have
that

V= Ve = VUng(Vr%T) - 'ymkax ng (Vatp)
=y00p, (V) —vo0p, Vi) +v00p, (Viip) — Y max op, (Vaip)
> yoip, (VE) —voip, Vatp)s (113)

which is due to NPy, C Px. Thus

VA = Wip = v0ip, (VY) = v0fp, (Viip) = 7P/ (VT = Wiip), (114)

and thus
Ve = Vilp- (115)
O

G. Model-Free Algorithm Design and Analysis

We then develop studies for model-free setting. We will focus on /,-norm defined uncertainty set (Kumar et al., 2023b;
Derman et al., 2021):

Ps,a = {Ps,a + qg:q¢€ Q}a Q = {q € RS : ZQ(Z) = 07 Hq”a < FS@}’ (116)
where T', , is small enough so that P , + ¢ € A(S), Vg € Q.

For these uncertainty sets, their robust Bellman operator can be estimated through a model-free estimator. Specifically, for
any p, set

k(V) éRmeiﬁHwerHq, (117)

with ¢ = 1_% For popular choices of p, the optimization problem in (117) has a closed-form solution, specified in Table 5
(Kumar et al.p, 2023b). It then holds that

r(v)

max, v(s)—ming v(s)

2
2
2 V= (v(s) - et
S S
1 Z}(:;rl) 2] U(Si) — Zi:\_(S—&-l) 2] U(Si)

Table 5. Penalty term for /,,-norm uncertainty set

p
¢

Lemma G.1. (Theorem I in (Kumar et al., 2023b)) Let P, , be the uncertainty set defined using the l,-norm. For any
vector V, the following relationship holds:

op, (V) =PV — ksq(V), (118)
where k is defined as in (117).

With these results, we use the model-free estimator V'(s’) — I'x(V) to estimate the robust Bellman operator and design
model-free MTDL-Avg algorithm. The model-free variant of MDTL-Max can be designed similarly.

We then study its convergence.
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Algorithm 3 Model-Free MDTL-Avg
1: Initialization: Q* < 0
2: fort=0,...,7T —1do
3: fork=1,..,Kdo

4 for All s do

5: VE(s) < max, Q*(s, a)

6: for All a do

7: Take action a and observe the next state s'(s, a)
8: QF(s,a) « (1 = X\)QF(s,a) + A\e(r(s,a) + yVF(s'(s,a)) — YLr(VF))
9: Q% (s,a) + max{0,Q*(s,a)}

10: end for

11: end for

12:  end for

13:  ift = 0(modFE) then

14: Q(s,a) + &QTW,VS,G

15: QF(s,a) + Q(s,a),Vs,a,k

16:  end if

17: end for

Similarly, define

Api1 = Q" — Qut1, and A := Q" — Qo, (119)

where we denote Q3 by Q*.

Lemma G.2 (Error iteration). Foranyt > 0,

t

K
B < (L= )20 923001 = ) 2 S (M (V) — 0* (1)
i=0 k=1

t K
1
+yA) (1- A)HE > (P*VE - PFVE). (120)
=0 k=1
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Proof. The update of A4 is as follows:

At+1 = Q* - QtJrl

=% LS -t
k=1
K
k=1
K
:%Z(( (@ QF) + MQ" —r —yPVE +vs(VS)))

k=1
T = N =
— k * k k kysk ky/k
—(1—A)At+?2(a (V7)) =" (v ))+KZ(P Vit = PrVY)
k=1 k=1
1 K
= (1 =04, +7AZ (I=2A gZ(U’“(V*)*U’“(W“))
1=0 k=1
1 = ky/k ky/k
+w\21— Z(PV — PFVF).
k:l
O
Lemma G.3. It holds that
. 1
0<Qf(s,a) < T (121)
1
ok < — 122
HQ Qt || — 1 _ ’Y, ( )
1
[V —VEF| < = Vt>0,and k € [K]. (123)

Proof. Due to the update rule, QF > 0. On the other hand, if QF (s,a) = (1-X\)QF_,(s,a)+ (v (s, a)+7V," 1 (s'(s,a))—
ATw(VE,)), then

1
Q (5,0) < (1= M)Qf_1(5,0) + Ae(r(s,a) + VL1 (5'(s,a))) < . (124)
which is from introduction assumption on V£ < 1=
(123) then directly follows. O

Lemma G4. Ift mod E =0, then || % ZkK:l(ak(V*) — R (VE))|| < |A¢]|. Otherwise,
K
Z (VI
- t—1

< [Axwll +4r 5 Z Z IAGI+ A% ZmaX\ Y (0E)e (V) = asaV).
k: 1¢/=x(t) t'=x(t)

where we use the convention that ZX(t) ! ||A || = 0.
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Proof. Whent mod E = 0, i.e., i is a synchronization round, Q¥ = Qf/ for any pair of agents k, k¥’ € [K]. Hence,

K
1 *
|72 2 _(08a(V) = ol (V) (125)
k=1
1 & _
=3¢ 2 (8. (V") = oL, (V)] (126)
k=1
1 K
< EZ [V — Vi
k=1
<" —Q
= [ A]]- (127)
For general ¢, we have
1 K
I > (@ (V) = (v
k=1
1 K
= ||? Z(Uk(V*) - Uk(Vf(t)) + Uk(Vf(t)) — " (V) (128)
k=1
1 K K
< IIEZU'“(V*)—c7 Vi + 1= Z — " (V)
k=1 1
1 K
< Al + 1% D (@ (Vi) = (V)
k=1
< A ||+KZ|| v — Vil (129)
k=1

For any state s, we have

Vtk(s) - V;f(t)(s)

= Q7 (s,a£(s)) — Q5 (s, a5 () (), where a (s) = argmax,, Q (s, a’)
(a)
< Q1 (s,a; () — QY1) (s, a1 ()
= QF (s, af (5)) — QF_1(s, a7 (5)) + Q-1 (s,af (s)) — QF_5(s,af (s))
+ o+ Qx(t)+1(57 af(s)) - X(t)(57 af(s)) (130)

where inequality (a) holds because Q¥ ) (s, af(s)) < Q% (s, @}, (5)).

Now consider each ¢’ such that x(t) < ¢/ < ¢. If Q} . (s,af(s)) = 0, then

Qt’+1(s a’t( ) — Qt’(s at( ) = _Qt’(s at( ) < 2)‘”A -
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On the other hand, if Q. | (s, af (s)) # 0, it holds that

Qpy1(s,ai (5)) — Qb (s, a; (s))
= (1= NQY (5,07 (5)) + A(r(s, af (s)) + 7 (P*)g ab () (Vi) = 7 TR(VE) — Qpi (s, 0 (5))
= —AQF (5,47 (5)) + MQ" (5,01 () = 7(5,07 () = 1T a5(5) (V") +7(s, 05 (5))
FV(PE)s ap () (Vi) = ATR(VE))
= MAG +A(=1(Tga (0) (VF) + (0% i) (VF)
=0 () (V) (P ) g b () (Vi) = A TR(VE))
< 2MAL A0S ) (V) = T a5y (V)]

where the last inequality is from the fact that « is 1-Lipschitz (Kumar et al., 2023b).
Thus,

ViE(s) = Vi ()

Z Qt'+1 s at s)) — Qt/(s at( )

t'=x(t)
<2 Z JA% ]+ Z oF )0 (V) = 0y (V). (131)
t'=x(t) t'=x
Similarly, we have
Vi(s) — VX@)( s)
> 2A£/Z)IIA ||+wt§: o @) V) =T o (V)): (132)
Plugging the bounds in (131) and in (132) back into (128), we get

K

I D20~ o* (V)]

k=1

< 1Axwll+ 2 ZII v — Ve

<Ay | +22 Z Z 1A%

k 1t'=x
t—1

A Zm?‘XI > (@h e (V) = (V).

t'=x(t)

This hence completes the proof.

Lemma G.5. Choose A < +.

3
IAF] < 1 Ax |+ 7= AU = DE + 7y [ log (133)

Proof. Wheni mod E =0, then AF = A ;).
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When i mod F # 0,

AF
=Q - Q¥ (134)
Q- (( = NQ + A+ 501 (Vi) (135)
— (1= NAE, +A(a(V) — 1ok 1(V;’“_1>>) (136)
= (1= NAL + M@V = (Vi) (137)
= (1= NAL + M@V = ol (V) + 0l (V) — ol (ViEY)
i—1
= (1= N"A 0 +9A D (1= NTT (V) — o (V)
J=x(?)
A DY (=N o (V) = o (V). (138)
J=x(4)
We then bound the term Y\ ZJ w1 =) (@(V*) — gl (V*)). Note that
o(V*) = a5, (V*)
=a(V*) =" (V*) + " (V") = o (V)
r kyr* k *
< T—o + PV = P,V
r 1 SAKT
< 1 13
R e A (139)
where the last inequality due to Hoeffding’s inequality.
For any state-action pair (s, a),
(1= XN"OA oy (s, a) < (1= N[ A |- (140)
In addition, we have
i—1 .
[[7A Z ) I o (V) = af (VDI < yx Y (1= 0 |A. (141)
J=x(?) J=x(?)
Combining the bounds in (140), (139), and (141), we get
IAZ]
< @U= N OA |+ T ANE = D +9A > (- nal)
J=x(%)
SAKT
+ T /Alog . (142)
L—n
The remaining proofs similarly follows the one for Lemma D.3. O

Theorem G.6 (Convergence). Choose E — 1 < ;—1 and A < % It holds that
[Ar]| <

exp{—f\/ (1 —y)A\T'} —I—
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Proof. By Lemma G.2,

K

[Aera]l < (1 =N HAo] + Al Z (1- Z (V)
=0 k=
K
+ Al Z (1- Z (P*VF = PV,
k:
Since 0 < Qo(s,a) < f the first term can be bounded as
1
(1= Aol < (1 - A)t“ﬁ- (143)
To bound the term [|[yA Y°0_ (1 — AL o8 (aF(V*) — a* (V)]
For any SE <t < T, we have
t ‘ | X
> - N T Ml D (@ (V) =" (V)
i=0 k=1
x(t)—BE
= > =NV ZU (VI
i=0
t
+ Y =Nl ZU (VM)
i=x(t)—BE+1
t
B t—x(t)+BE t i k
< (11— N)tx — .
<75 + >« AHKZo (VO
i=x(t)—BE+1
By Lemma G 4,
1 X
Il D (V) = (V)
k=1
K t—1
< 1Axwll + 225 Z o lAabl+yr ZmaX\ Z Tea)v (V) = sa(VF)],
k: t'=x(t) t'=x(t)
hence
t
Y. =NVl ZU (VI
=x(t)—BE+1
t
< Y a-n- w(uA oI+l S Tk
i*x(t)—ﬁE—l—l k 1¢/=x(t)
+ A= Zmax| Z —537a(v*)>
J=x(4)
t
E—-1 1 SAKT
t—
< PPy zM(HA wll +22 4 Z Z |AF ||+7>\Fﬁ+17 (E —1)log ~— )
i=x(t)—BE+1 k 1t/=x(t)
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By Lemma G.5, we have that

t
S (-T2 Z 2 1Ak
t)—BE+1

i=x(t)— kla x (%)
t
6 SATK
2
D S Kzz(namu ey
i=x(t)—BE+1 k=1 j=x(i)
67)\ ) 122 SATK
<2\ (E -1 E—1)T+ —2(E—1)y/Al .
< 2My( )X(t)g}ggiﬁll 7( ) +1—7( )\/ Alog —

Similarly, we get the following recursion holds for all rounds 7":

[pavasy|
2 72
< — y T 1 E L L g)\2(FE—1)2 o
714 2X\(E -1)) X(t)ir/lgz%xﬁq 1Ayl + T 7(1 AP+ T 7(6)\ (E-1D*4+XE-1))T
WE=T ASE-1) 1 [} SATK
— 1 .
+c ( 1— 11—y 1 ,VE]V® 5

Similarly, choosing 3 = [ £/ (1_7)T =[/2L].t+1 =T, we get

IIATH
g( o eXp{—f\/ }+ ) (6X*(E — 1) + \N(E - 1))
S (E=DAYS  VE—1\ VA SATK
+c< T2 taoe +(1_ )2\@) log ——

O

Corollary G.7. Choose (E — 1) < min %{ﬁ, =} and X\ = 41;%17() Let T > E. Then with probability at least 1 — §
it holds that

Cy Cylog*(TK) E — 1 Cs3 log(TK) SATK
Ar| < I+ 1 .
L G () CE S I ERY. o il Al
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