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Abstract

We consider a multi-armed bandit problem specified by a set of one-dimensional
exponential family distributions endowed with a multimodal structure. The
multimodal structure naturally extends the unimodal structure and appears to
be underlying in quite interesting ways popular structures such as linear or Lip-
schitz bandits. We introduce IMED-MB, an algorithm that optimally exploits the
multimodal structure, by adapting to this setting the popular Indexed Minimum
Empirical Divergence (IMED) algorithm. We provide instance-dependent regret
analysis of this strategy. Numerical experiments show that IMED-MB performs
well in practice when assuming unimodal, polynomial or Lipschitz mean function.

1 Introduction

We consider a variant of the stochastic multi-armed bandit problem when reward distributions
are single-parameter exponential families parameterized by their mean, and the mean, seen as a
function of the arms, is assumed multimodal with a bounded number of modes. Multimodality
being a qualitative rather than quantitative structural assumption (it involves comparison of
arms), its study is of special interest to practitioners, complementing more quantitative assump-
tions such as Linearity or Lipschitz continuity that are more brittle or hard to check in practice.
Multimodality is also appealing from a theoretical standpoint, as such structure presents non
trivial challenges. Furthermore, multimodality naturally generalizes the unimodal structure and
provides an appealing implicit view on the Lipschitz structure assumption (for which explicit
knowledge of the Lipschitz constant is not always available in practice), that both received in-
creasing attention in the recent years. This paper introduces, up to our knowledge, the first
theoretical study of stochastic multi-armed bandits with multimodal mean structure, providing
a novel algorithm together with both problem-dependent regret lower and upper bounds.

Structured bandits Following the now folklore terminology, by structure we mean that ob-
taining information about an arm may inform about another arm. This is mainly modeled by
assuming the means satisfy very specific properties: for instance the means form a bell curve
(unimodal bandits), the means are linearly dependent on a fixed number d of parameters (linear
bandits, with d the dimension), the means are continuous and the gap between two consecutive
arms is under control (Lipschitz bandits). The study of specific structured configuration sets
has received increasing attention over the last few years, motivated by the growing popularity
of bandits in a number of industrial and societal application domains. For instance, unimodal
structure naturally appears in contexts such as single-peak preference economics, voting theory
or wireless communications, and has been first considered in Yu and Mannor (2011) from a ban-
dit perspective, then in Combes and Proutiere (2014); Trinh et al. (2020); Saber et al. (2021)
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providing an explicit lower bound and corresponding algorithms. The linear bandit problem is
also one typical illustration (Abbasi-Yadkori et al. (2011); Srinivas et al. (2010); Durand et al.
(2017); Kveton et al. (2020)), see Lattimore and Szepesvari (2017) for a study of the lower bound
(and Degenne et al. (2020a) for the related pure- exploratlon setup). Lipschitz bandits were
studied in Magureanu et al. (2014); Wang et al. (2020); Lu et al. (2019). Bandits with groups
of similar arms are studied in Pesquerel et al. (2021). On the theoretical side, these specific
properties shape the means thus facilitating the location of the best arm, which translates into
smaller regret achievable by optimal algorithms.

Multimodal structure In bandit problems where the goal is mainly to focus on the best arm,
it is natural to consider a challenging setting with many local maximal means, which provides
a natural motivation for the multimodal structure (formally introduced in Section 2). Multi-
modal structure has been considered in several places in the literature: Multimodal optimization
problems (MMOPs) deal with optimatisation tasks that involve finding most of the locally (even-
tually globally) optimal solutions and possible approaches are approaches based on multi-armed
bandits like in Agrawal et al. (2021). In dynamic pricing, when customers’ sensitivity to prices
varies heterogeneously over different price ranges, multimodality in the reward function is often
observed, which is a common situation in practice, as mentionned in Wang et al. (2021) where
an algorithm achieving optimal worst-case regret is proposed under multimodal reward function
assumption. However, it appears that no instance-dependent bound has been suggested or ex-
ploited so far in the literature. Besides, the multimodal structure is underlying several structures
of interest (see Section 2 for details), like the linear structure or the Lipschitz structure (defined
below for completeness), that are more constraining and yield possibly computationally expen-
sive strategies to be exploited optimally. Hence considering a multimodal structure can be seen
as a relaxation of such problems, intermediate between considering no structure and a challeng-
ing one, and hence be appealing to the practitioner. We believe this provides a complementary
perspective and motivation on exploiting multimodality in stochastic multi-armed bandits.

Structure adaptive strategies In Graves and Lai (1997) a generic algorithm was proposed
to solve any structured bandit problems, with however prohibitive computational complexity.
In Combes et al. (2017), the generic 0SSB (Optimal Structured Stochastic Bandit) strategy is
introduced, stepping the path towards generic structure-adaptation. Although asymptotically
optimal, the algorithm comes with high computational cost. Inspired by combinatorial structures,
a relaxation of the generic constrained optimization problem was proposed in Cuvelier et al.
(2021), however at the price of trading-off regret optimality for computational efficiency. In
Degenne et al. (2020b), the authors explore an adaptation of KLUCB algorithm to structured set
of configurations. In Van Parys and Golrezaeciand (2020), the authors propose an approach based
on convex duality. In Dong and Ma (2023), the authors develop a generic approach for both
bandits and Markov Decision Processes. In all cases, the complexity of the lower bounds limit the
practical efficiency of structure exploiting algorithms to small number of arms (say |.A] < 500).

In this article, we follow the rich literature focusing on regret minimization strategies targeting
instance-dependent optimality in stochastic bandits. Another body or work focuses on proving
asymptotic Bayesian optimality or also asymptotic minimax optimality in the worst-case setting
rather than instance-dependent performance bounds, targeting order optimal rather than exact
optimal regret bounds. This is the case for example in Kleinberg et al. (2008),Bubeck et al.
(2008) and Foster et al. (2023) respectively introducing ZOOMING, HOO and E2D. In particular the
provided bounds on the regret are not instance-dependent and instance-dependent optimality
is not established for these algorithms. Such a worst-case setting is out of the scope of this paper.
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Outline and contribution After providing the formal setup (Section 2, 3), we derive in
Section 4 a regret lower bound for multi-armed bandits endowed with multimodal structure
(Corollary 1). We show in particular that, due to the quantitative nature of the structure, the
lower bound has an explicit form. This straightforwardly yields an algorithm exploiting this
structure, IMED-MB, introduced in Section 5.1. We show in Theorem 2 that IMED-MB optimally
exploits the structure when given the appropriate number of modes. The proof is non trivial and
resort to a careful study of boundary crossing probabilities adapted to the small sample regime
(Theorem 1), that is of independent interest. In Section 6, we report numerical experiments
confirming the practical efficiency of IMED-MB even when the number of arms become large and
illustrate the theoretical ratios between asymptotic optimal regrets depending on whether the
Lipschitz structure or the multimodal one is considered.

2 Setup and notations

Stochastic multi-armed bandits A bandit instance is specified by a set of unknown prob-
ability distributions v =(v,)aca, called a configuration, with means (p4(¥))ac.a. When there is
no possible confusion, the means are simply denoted (pg)aca. At each time ¢ > 1, the learner
chooses an arm a; € A, based only on the past. The learner then receives and observes a reward
X; € [b; B], with b, B € R, conditionally independent, sampled according to v,,. The goal of
the learner is to maximize the sum of rewards received over time (up to some unknown horizon
T), or equivalently minimize the regret with respect to the algorithm constantly receiving the
highest mean reward

T
R(v,T)=E, - X h * = a-
(v, T) Lzzl 1 t] where y” = maxp

Considering an horizon T > 1, thanks to the tower rule we can rewrite the regret as follows:

R(w,T) =Y AgE,[No(T)], with Ay = p* — pra, (1)

acA

where N, (t) :ZZ=1 I{as = a} is the number of pulls of arm a at time ¢. This problem received
increased attention in the middle of the 20" century, and the seminal paper Lai and Robbins

(1985) established the first lower bound on the cumulative regret, showing that designing an
algorithm that is optimal uniformly over a given set of configurations comes with a price : A
lower bound on the regret can be explicited for consistent algorithms (Definition 1). The study
of the lower performance bounds in multi-armed bandits successfully led to the development of
asymptotically optimal algorithms for specific configuration sets, such as KLUCB algorithm Lai
(1987); Cappé et al. (2013); Maillard (2018) for exponential families, or alternatively DMED and
IMED algorithms from Honda and Takemura (2011; 2015). Other main approaches to optimally
solve the stochastic bandit problem are Bayesian algorithm Thompson (1933) and algorithms
based on re-sampling methods, such as SSMC from Chan (2020) or RB-SDA introduced in Baudry
et al. (2020). Following e.g. Degenne et al. (2020b), we make the following simple parametric
assumption on the reward distributions.

Assumption 1 (One-dimensional exponential family distributions). For all v € D, v C P ==
{p(p), n €1}, where p(u) is a regular canonical exponential-family distribution probability with
parameter n(p) and density f(-, ) with respect to some positive measure X on R and mean
welCR. f(-,u) has the following shape:

fep) sz ha) exp(n(p) T(z) — A(p)) ,

where heRE, TeR® and A(u)zlog/ h(z)exp(n(p) T(z)) A(dz) are such that |A(u)] <oo.
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Remark 1. Assumption 1 allows us to benefit from the pleasant monotonic properties of the
Kullback-Leibler divergence for 1-dimensional exponential family distributions. Indeed, the lower
bound on the regret (Section /) shows that the Kullback-Leibler divergence plays a central role.

Multimodal setting We assume there exists an undirected graph G'= (A, E) whose vertices
are arms 4, and whose edges F modelize a proximity between the arms. G is assumed to be
known to the learner. We denote by V, ={a’#a: (a,a’) € E} the neighbours of arm a € A in graph
G=(A,E) and by Al ={a€A:Vad' € V,, i/, <pa} the set of arms with locally maximal means.
When there is no possible confusion A} is simply denoted A™. Intuitively, this graph-theoretic
definition enables to capture not only multimodal functions on R, for which A is totally ordered
and F contains arms and their successor, but also on R?. We assume that v C P = {p(u), p 1},
where p(u) is an exponential-family distribution probability with density f(-, ) with respect to
some positive measure A on R and mean p € I CR. P is assumed to be known to the learner
(Assumption 1). Thus, for all a € A we have v, = p(u,). We denote by M+ = | AT| the size of
subset A}. Importantly, we assume M7 is unknown to the learner. For v C P, we denote by
A*(v) =arg max p, the set of optimal arms of v. When there is no possible confusion A*(v) is
A

a€c
simply denoted A*. We assume there exists a* € A such that A* = {a*} (Assumption 2). In
particular, we have

{a*} = A* Cc AT. (2)

Finally, we denote by D¢p o) or Das+ (or simply D when there is no confusion) the structured

Mt
set of such multimodal-bandit distributions, and then Dgp+ = |J Dy

M=1
Assumption 2 (Unique maximums). We assume there exists ai,...,ap+ €A such that AT =
{ar,...;an+} and B> pa, > .. > pla,, | > Iél}ﬁr e >b. In particular, a; =a* and A*={a*}.

a

3 Multimodal and other structures

In this short section, we highlight some links between the multimodal structure and other well-
studied structures. We show especially that several classical structures induce a multimodal
structure with a natural control on M. Hence in such cases, exploiting multimodality can yield
a reduced regret, intermediate between that of the unstructured and fully structured case.

Unimodal Structure The unimodal structure imposes by construction that M* =1, then
At = A* = {a*}. Hence the multimodal structure generalizes the unimodal structure from
Combes and Proutiere (2014). Let us remind that the graph-theoretic definition enables to
capture not only unimodality in dimension 1 (say A = {1,...,¢} and V,« = {a* — 1,a* + 1}),
but in higher dimension d as well, say A = {1,...,¢%}, and V,« = {a* — ¥, a* + *} 0.1,
which represents a discrete hypercube of width ¢, with E = {(a,d’) : |a — a’|€ {1,4,...,0¢71}}.

Discretized linear Structure For A > 1, let A = [0, A—1] index the discretisation of the
space X = {xa = a/A ,a € A} C [0,1], and E = {(a,d'): |a—d'| =1, a,a’ € A}. Let us

consider the linear function space Fg = < fg : x € X = 0Tp(x) ,0 € @} with parameter

space © = B(0,1) C R? of known dimension d and feature function ¢ : X — R?. The linear
structure further assumes that there exists a parameter 6 € © such that for all arm a € A, the
mean of v, is p, = fo(z,). Now, considering e.g. the trigonometric polynomial feature function
Ve € X,p(x) = (1,cos(2mx),sin(27x), . .., cos(2mpzx),sin(2wpx)), where d = 2p+1, it can be
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shown that v belongs to a multinomial structured set Dy,+, with M < p + 1 modes. Hence,
the multimodal structure can be used to approximate a trigonometric polynomial structure.

Lipschitz Structure The multimodal structure can also be used to approximate a Lipschitz
structure when A =[0,A—1], A>1, and p : a € A — p, is k-Lipschitz, where k is usually
assumed to be known. In the following, we focus on the case when Lipschitz constant k is
unknown and characterize the multimodality properties of an arbitrary Lipschitz configuration.
We refer to Bubeck et al. (2011) for a study in the worse case scenario of Lipschitz bandits
without the Lipschitz constant. For all a,a’ € A, | —par| < kla—a’|. In other words, there
a
exists (Uy)aeca C[—1,1] such that for all a>1, p, = po+k Y. U;. To give an illustrative example,

=1
let’s assume that (U, )qc4 are sampled from independent uniform distributions on [—1, 1]. Then,

1 can be seen as uniformly sampled in the set of k-Lipschitz functions on A with first term equal
to po. Considering neighbourhoods of the form V, = {a — 1;a+ 1} N A, the averaged number
of arms with locally maximal means for uniformly sampled k-Lipschitz means is

E[|Aj” =2 x0.5+0.25x (JA| —2) =0.5+0.25 A . (3)

Indeed, the probability of arm 0 and arm A — 1 being local maximums is P(A — 1 € A}) =
PO € Af) = P(uo = 1) = P(U; <£0) = 0.5, and for an arm a € A such that 0 < a < A — 1,
this probability is P(a € A}) = P(pa = pa—1 N pra = par1) = P(Uy = 0N Uypr < 0) = 0.25.
Equation (3) then suggests the choice M = [0.5 + 0.25 |A|] as an estimation of M for uniformly
sampled k-Lipschitz means. We note that M does not depend on Lipschitz constant & but only
on the number of arms.

4 Regret lower bound

In this section, we now introduce the instance-dependent lower bound on the regret of an algo-

rithm. In order to obtain non trivial lower bound on the regret we consider algorithms that are

consistent, in the classical sense (Hannan consistency), see e.g. Lai (1987):

Definition 1 (Consistent algorithm). An algorithm is consistent on the set D¢+ of multimodal

bandit configurations with at most Mt local mazimums if for all configuration v € D¢ pr+, for all
),

Te ’

In particular, for =1, the number of pulls of a sub-optimal arm by a consistent algorithm is at

most sub-linear in T, and actually polylogarithmic in 7', considering o — 0.

sub-optimal arm a¢ A* :=arg max g, for all «>0, lim E, [
acA T—0

We define for an arm a € A its sub-optimality gap A, = p* — i, and denote by V, its neigh-
bourhood. We derive from the notion of consistency an asymptotic lower bound on the re-
gret for multi-armed bandits endowed with a multimodal structure. Hereafter, we denote by

KL(ulp) :/log(f(x,u)/f(x,u’))f(x,u))\(dw) the Kullback-Leibler divergence between proba-

R
bility distribution »=p(p) and v’ =p(p'), for p, i’ €1. The first key result is the following.
Proposition 1 (Lower bounds on the numbers of pulls). Let us consider a consistent algorithm
on D+ and a configuration v €D+ . Then it must be that for all arm a € Af U Vs

lim inf E, [Na(T)] > 1 .
T—oo  log(T) = KL(pa|p*)
Now for a configuration v€Dgpr+—1, it must be that for all arm a#a*,
B NJT) 1
T—oo  log(T) = KL(palp*)
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Corollary 1 (Lower bound on the regret). Let us consider a consistent algorithm on Dgpr+.
Let v € Dgpy+. Then it must be that

A
Clp)= > Y ——"— . ifveEDy+,
R(v,T) ateA+ aefat oy, KL (1al*)
lim inf > HaFp™
T—oo log(T) i )
Qo(,u) = Z - ’LfI/E’DgMJr,l‘

a#a* KL(U@ ‘ M*)

The proof of Proposition 1 is provided in Appendix B. It is obtained by classical arguments for
structured bandits, resorting to a change of measure argument and appropriate identification of
a confusing bandit configuration in the multimodal structure. We refer the reader to Combes
et al. (2017) for generic lower bounds on the regret that are explicited for several structures other
than the multimodal one.
From this lower bound on the regret, an algorithm is considered (asymptotically) optimal on
D+, if for all configuration v € D+ with means p, lim sup M < C(w).

T—o0 log(T)
Remark 2 (Explicit complexities). We note that the quantity €(u) and €o(u) are fully ex-
plicit functions of p (it does not require solving any optimization problem) for single-parameter
exponential families. This useful property may not longer hold in general for arbitrary struc-
tures. Further, for Bernoulli distributions, a possible setting is to assume A\ = &g + 01 (with
80,01 Dirac measures), 1=(0,1) and for pe€(0,1), f(-,u)=: x€{0,1} > p®(1 — p)'=*. Then
for all p,p' € (0,1), KL(plp') = plog(p/p') + (1 —p)log((1—p)/(1—u')). For Gaussian dis-
tributions (variance o? =1), we assume X\ to be the Lebesque measure, 1 =R, and for u € R,
feop)="zreR — (@)—16—(.»5—#)2/2' Then for all u,p’ € R, KL(p|p') = (' —w)?/2. For
Ezxponential distributions, we assume A to be the Lebesque measure, I1=]0;4o00|, and for u>0,
feop)=:2>0 — e ™/ /. Then for all p, i >0, KL(ulp') =log(u'/p) +p/p' 1.
Remark 3 (Tight lower bound). Corollary 1 does not ensure that the stated lower bound on the
regret is tight. This is a consequence of Theorem 2 which ensures that there exists an algorithm
(IMED-MB) able to reach this lower bound. It is noticeable that €(u) does not involve all the
sub-optimal arms but only the ones in Ug+cay{a™} UVy+. This indicates that sub-optimal arms
outside of this set are sampled o(log(T')) times, which contrasts with the unstructured stochastic
multi-armed bandits.

5 Optimal algorithm for multimodal bandits

We start this section by introducing some convenient notations and discussing what can be
suitable for an optimal algorithm before introducing and defining the IMED-MB strategy.

Notations The empirical mean of the rewards from the arm a is denoted by [i,(t) =
S [{a,=a} Xs/Na(t) if No(t)>0, 0 otherwise. We also denote by f*(t) =max fo (t) and A*(t) =
ac

s=1
arg max i, (t) respectively the current best mean and the current set of optimal arms. We denote
acA
by @} an arm arbitrarily chosen in A*(¢). We denote by AT (t):={a€.A: Va' € Vy,Tia (t) <Tia(t)}
the set of arms with locally maximal empirical means. For all subset of arms A’ C A, we denote
by V.ar :=Ugae 4V, the set of neighbours of arms in A’. We recall that M T = | A™| is not assumed
to be known by the learner. In practice, the learner considers a positive integer M > 1 playing
the role of M. We will see the situation differs when M > M+ and M < M.
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5.1 The IMED-MB algorithm

Let us consider a non-decreasing function ®: neN — ®(n) €[0, co]. When ®(0) = oo, we simply
write ® = oo. For all arms a, a’ € A4 at time step t > 1, in order to test the inequality u, < fia (%),
we first introduce the dynamic quantity

° { Na(t) (KL(fta (t)|fta () AP(Na (1)) + log(Na(t))  if f1a(t) < fiar (t)

Ia a’ (t) - (4)

' log(N,(t)) , otherwise,
where KL(fiq ()|t () AP (N (t)) = min {KL(fq (8)|fia (1)) ; ®(Na(t))}, and with the convention
0xo00=0 and log(0) = —oco. We note that this quantity potentially increases when we pull arm a.
In our understanding, the greater this quantity, the more plausible the inequality p, < fiq () is.
This understanding is mainly base on Theorem 1 and the well-known monotonic properties of
the Kullback-Leibler divergence when assuming one-dimensional exponential family distributions.
The term ®(N,(t)) is introduced to control the term KL (i, (t)|fa (t)) when current mean fig(t)
is much smaller that p, (which may occur when N,(t) is small). Furthermore, for a current
optimal arm a* E.Z(t), we simply have Ig* w ()= log(NE* (t)) and Ij’/(;* (t) = I2(t), with

I3 (1) = No(t) min{KL (7o (6)|3* (1)) , ®(Na(t))} +log(Na(t)) - (5)
Note that (I2°(t)) are the IMED index from Honda and Takemura (2015). Thus, we abusively
refer to (I7(t)) as IMED indexes and simply denote 155, (t), I5°(t) as Ioqa (t), Io(t). We have in
particular,
If:a’ (t) < Ia’a’ (t) ) If(t) < Ia(t) .
We remind Indexed Minimum Empirical Divergence (IMED) is a bandit algorithm that has been

proven optimal for both the unstructured case (Honda and Takemura (2015)) and the unimodal
structure (Saber et al. (2021)).

No structure exploitation Following IMED algorithm (for unstructured bandits), one would
naturally pull, at time step ¢, arm a;+1 = @y, the arm with minimal IMED index

@, € argmin{I®(t):a € A} (arbitrarily chosen). (6)
The shape of IMED indexes ensures that log(Ng, () < I2 (t) g[i{ (t)=log(N-=, (t)), which implies

Na(t) < No(t),  Va" e A*(1). (7)

o

Given Proposition 2, by pulling arm @; at each time step ¢, IMED ensures that the current optimal

arms in A*(t) are generally well estimated. Thus, IMED can be interpreted as firstly, properly

estimating the mean of current optimal arm @y (in other words, making sure that p*(t) = pi~, ()
t

gets closer to p-, ), secondly, efficiently testing the inequalities 1, < 1i*(t). Interestingly, a simi-
t

lar approach could be used to test p, < fi~ () by using I(‘f’;;+ (t) quantities for a* € AT (t),a €V, .

Structure exploitation If the multimodal structure is not considered, arm @; with minimal

IMED index may be seen as the current most informative arm. However, regarding the lower

bound on the regret for multimodal structure (Corollary 1), the current most informative arm
should rather be

@ € argmin{I®(t) :a € AT (t)U VZ+(t)} (arbitrarily chosen), (8)

where A+ (t) is the set of arms with locally maximal empirical means, truncated at the M largest
locally maximal empirical means (In particular |A*(¢)]< M). For convenience, we introduce

AM () = AT () UV 3, - (9)
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Structure exploitation plus second-order exploration In order to minimize the unwanted
effects from a bad identification of locally optimal arms (when A*(¢)#.47), we allow a second-
order exploration outside of AM (t). This motivates the introduction of the following structured
indexes for arm a € A,
I2(t if a € AM(t
M = o (t) ,if a € AY() (10)
W(I2(t)) , otherwise,

where ¥ is an increasing function such that x < ¥(z) for z € R, and the associated arm with
minimum index,
M CrTM (4
a;’ € argmin{I) (t):a € A}. (11)

In particular, a} =@, if I, (t) = 1%1’ (t), aM = @, otherwise'.
t t

Algorithm 1 IMED-VMB
1: Input graph G, positive integer M, functions ¢, ¥
2: Pull arbitrarily a; € A
3: fort=1..,7T—1do

5 if ‘AJF(t) <M then >>> NO STRUCTURE EXPLOITATION
6: Pull Ai4+1 = [ (Eq (()))

g else > > > STRUCTURE EXPLOITATION
9: Pull a;; = aM (Eq. (11))

10: end if

11: end for

The IMED-MB algorithm We finally define IMED-MB as follows: if ‘.Z“‘(t)‘ = M, it exploits

the multimodal structure while allowing second-order exploration outside AM (t), that is, pulling
arm @ with minimum structured index. Otherwise, ‘ﬁ“‘(t)‘ < M and IMED-MB simply pulls
arm a; with minimal IMED index. IMED-MB algorithm is summarized in Algorithm 1.

5.2 Well-designed concentration of measurement

In order to provide a regret analysis, one challenge is to ensure that IMED-MB does not confused
a sub-optimal but locally optimal arm with the best arm during exploitation phases. Intuitively,
such challenge does not appear when M™ = 1 because the structure is then unimodal and the
best arm is the unique arm with both globally and locally maximal mean. We solve this challenge
by proposing a regret analysis in two distinct stages. We first provide (in Appendix C.3) upper
bounds on the numbers of pulls of sub-optimal arms that are not locally optimal. Then, we
benefit from the following inequalities, IL(t) < Ny (t) ®(Ny(t)) + log(N4(t)) for a € A, to upper
bound (in Appendix C.4) the numbers of pulls of locally optimal arms.

Furthermore, this proof process in two stages requires refined concentration of the empirical
means to ensure IMED-MB is asymptotically optimal. Interestingly enough, the introduction of
function ® also guaranties stronger control of the e-deviation from below of empirical mean fi, ()
when N, (t), the number of pulls arm a € A, is relatively small. This is explained by additional
term exp(—my, KL(ue—¢|pte)) in the right side of the concentration inequality of Theorem 1

Indeed, if aM ¢ AM (t) then for a ¢ AM (1), ¥ (I;I’M (t)) <w(12(1)) and 1%, (t) <IE (1), while for a€ AM (1),
t t

I;I’M t)<T (I;I)M) <IZ2(t). This implies that arg min I} (t) Narg min I2 (¢) # 0 when arg min I (¢) N AM (t) = 0.
t t acA acA acA
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log(n) — loglog(n)
®(log(n))

is equivalent to ® = oo, one would get m,, = 1 hence no refined concentration. Now by classic

time-uniform concentration (Proposition 2 in Appendix), the e-deviation from below of empirical

mean fi,(¢) is under control when the number of pulls of arm a is greater than f,.(n) =

(log(n) + 2loglog(n)) /KL (e — €|pa), for n > 3. More precisely,

below, where m, = 1A crucially depends on ®: Without function ®, which

1

Pu(zlt =1, {Na(t) P fa,e(n)} n {ﬁa(t) < fa — 5}> < m

)

where gsm < o0o. This is the reason why Theorem 1 focuses on the regime N, (¢) < f,.-(n)
nz

that corresponds to the case when estimation of means is little accurate.

Theorem 1 (Boundary crossing probabilities). Let ® be non-negative non-decreasing function
such that ®(log(n)) > 1 forn > 18. For all arm a€ A, €>0, n>18 such that n > e M,,, we have

P < 3t > 1, {fta(t) <pa—c} N{l < No(t) < Mp}N )
AN (KL(fa(t)| e —€) AR (Na(t))) +1og(Na(t)) 2 log(n)}

< g, <ar,ye (14 log(My, /my,) log(n/M,)) My, n~texp(—my, KL(ttq —€|1ta)) 5

log(n) — loglog(n)
®(log(n))

A proof of Theorem 1 is provided in Appendix F.

log(n) + 2loglog(n
and My = fq.(n) = i{i(u —elp )( )

where m,, = 1 A

Remark 4. Stronger control of the deviations of the empirical means are generally obtain by
considering, for & > 0, log(-) + & loglog(-) exploration terms in the indexes instead of more
intuitive log(-) exploration terms (the latter being known for providing better performance in
practice), where & can be large to provide theoretical guaranties for structured bandit algorithms
(for instance in Magureanu et al. (2014), & is set equal to 3| A| + 1). Thus, Theorem 1 provides
an interesting alternative to (at least theoretically) speed up the concentration of empirical means
without additional loglog(-) exploration terms.

5.3 Asymptotic optimality of IMED-MB algorithm

We precise the conditions of asymptotic optimality under IMED-MB algorithm in Theorem 2. We
show that the lower bound on the regret from Corollary 1 is reached under IMED-MB algorithm,
which proves both this lower bound is tight and IMED-MB is asymptotically optimal.

Theorem 2 (Asymptotic optimality). Let us consider a configuration v € Dyr+ such that |A}|=
M™ with means . Let us consider functions ® and ¥ such that 1 < ®(log(n)) < loglog(n), for
n > 18, and ¥(x) > max {x;exp(x®)}, for x = 0 and some fized constant o > 1. Then, for any
M>1 (even if M # M), under IMED-MB algorithm,

if M > M+,
7 " Va # a*, limsu E, [Na(T)] < 1
C O T1og(T) S KL(palpt)
* if M < M+,
: Ey [Na(T)] . E,[N,(T)) 1
Va ¢ AUV 4+, limsu <0, Ya €V, +, limsu < .
¢ AL TP Tlog(T) AL TP Tlog(T) KL(ptalp)

In particular, under IMED-MB algorithm,
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A,

()= > i M=M",
R(V7 T) ateAt ae{a+}uva+KL(,ua|M )
lim sup < HaFp*
T— o0 log(T)
A, . .
S =Y i if M> M+

- a#a* KL (Mam*)

A proof of Theorem 2 is provided in Appendix D, and a more precise finite time analysis is
provided in Appendix C.

Handling of structure misidentifications When parameter M is not equal to the number of
local maximums M T, that is the proxy for the number of local maximums is imperfect, Theorem 2
shows that, when M > M™ IMED-MB is never worse than the unstructured setting (and it is
optimal when M = M), while when the number of local maximums is under estimated, that is
M < M™, the main risk is then to confuse a sub-optimal but locally optimal arm in A} — {a*}
with the best arm. We conjecture that second order exploration is crucial to avoid as best as
possible such misidentifications by potentially revealing unexpected local maximums. A precise
quantification of this phenomenon would be the subject of future work.

6 Numerical experiments

For all the experiments, we assume that for all arm a € A, v, is a Gaussian distribution with
unknown mean f, € R and known variance 02 = 0.25. We assume A = [0;499] and V, =
{a—1;a+1}NA, for a € A. All the regret curves are obtained from 10 runs. The deciles are
represented with dotted lines. The horizon time is T = 10°. At each run, each algorithm starts
by pulling each arm once. IMED-MB is systematically compared to KLUCB. IMED-MB(M = ...)
is IMED-MB algorithm with ¥ = oo while IMED-MB(M = ...,exp) is IMED-MB algorithm with
U = exp(-). We note that ¥ = oo and ¥ = exp(-) are the two extreme functions for which
IMED-MB algorithm is proven asymptotically optimal (Theorem 2). For these two choices of U,
IMED-MB seems to perform similarly in practice when the algorithm starts by pulling each arm
once. For all the experiments, we set ® = 0V log(:). We illustrate the performance of IMED-MB
for the unimodal, the polynomial and the Lipschitz structures. We refer to Section 3 where the
links with the multimodal structure are established.

Unimodal structure In Figure 1-(a), we compare IMED-MB algorithm to 0SUB from Combes
and Proutiere (2014), an optimal algorithm for unimodal bandits. One observes that IMED-MB
shares similar practical performance with 0SUB.

Polynomial structure In Figure 1-(b), we randomly generate a configuration p with poly-
nomial structure (left) such that | A} | =3, that is, dimension d=2 x (|]4}| — 1)+ 1 =5, and
compare (right) IMED-MB algorithm to LinUCB, the popular algorithm for linear bandits.
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Figure 1: a) (Top) Unimodal structure, b) (Middle top) Polynomial structure, ¢) (Middle bottom)
Lipschitz structure not knowing k nor M ™, d) (Bottom) Lipschitz structure knowing both k and
M. Plot of cumulative regrets averaged over 10 runs, with mean and deciles.
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Lipschitz structure We assume that k = 0.01. We sample (U, )sc 4 from independent uniform
distributions on [—1;1], then set o = 0.1 x Uy and, for a>=1, pg = pia—1 + k x U,. In Figure 2,
we represent with box-plots the number of local maximums for 1000 random configurations (left)
and the corresponding ratios between asymptotic optimal regrets depending on the structure that
is considered (right). We show in particular that, for such configurations, the ratio between the
asymptotic optimal multimodal and Lipschitz regrets is, in average, approximately equal to 1.8.
This is intuitive, since multimodal structure is less constraining than Lipschitz structure. These
asymptotic optimal regrets are computed assuming both perfect knowledge of A7 and Lipschitz
constant k. In Figure 1-(c), we illustrate the practical performance of IMED-MB for a particular
random configuration. Its parameter M is set equal to [0.5 + 0.25 |A|] = 126. In Figure 1-(d), we
compare IMED-MB algorithm to CKL-UCB for smaller number of arms and smaller horizon (to limit
calculation times). CKL-UCB is a bandit algorithm specific to the Lipschitz structure introduced
in Magureanu et al. (2014). In this experiment (Figure 1-(d)), IMED-MB perfectly knows the
numbers of local maximums and CKL-UCB perfectly knows the Lipschitz constant k.

o

o
140 4 7§7

IS

130 4

~

I 2 T

110 4

o OOC}

T 03 T T T
number of local maximums no str/Lipschitz no str./Multimodal Multimodal/Lipschitz

Figure 2: Number of local maximums for 1000 random Lipschitz configurations (left) with Lip-
schitz constant k& = 0.01 and the corresponding ratios between asymptotic optimal regrets de-
pending on the structure that is considered (right).

Conclusion We have considered the multimodal structure for stochastic multi-armed bandits
and introduced IMED-MB algorithm, an adaptation of the IMED algorithm for the considered struc-
ture. We naturally discuss several situations depending on the knowledge on M ™, the number
of modes of the means. When M™ is assumed to be known to the learner, IMED-MB is proven
to be asymptotically optimal according to the lower bound on the regret (Theorem 2). When
M is unknown, IMED-MB still seems to perform well in practice even only partial guaranties
are provided in this case : IMED-MB algorithm may confuse a local maximum with the best arm
when M < MT and interpolates with the unstructured setup when M > M*. Our experi-
ments show that an appropriate estimation M of M can yield significantly better performance
in finite time e.g. for the Lipschitz structure (Figure 1-(c)). The quantitative analysis of the
phenomenon is the subject of future work. Finally, we point out that IMED-MB is a relatively
simple algorithm, easy to implement” for common distributions (Remark 2), whose analysis in
finite time is mainly based on simple algorithm-based empirical bounds (Appendix C.1) and a
carefully-designed concentration tool (Theorem 1) of independent interest.
Acknowledgements This work has been supported by the French Ministry of Higher Edu-
cation and Research, the Hauts-de-France region, Inria, the MEL, the I-Site ULNE regarding
project RPILOTE-19-004-APPRENTF, the Inria A.Ex. SR4SG project, and the Inria-Kyoto Uni-
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A Table of notation

T is the horizon time

A is the set of arms

V,, is the neighbourhood of arm a

v is a configuration (v,)qec4 of one-dimensional exponential family distributions
D is the set of configurations v, known to the learner

Le is the mean of distribution v,, unknown to the learner

AT is the of arms with locally maximal means, unknown to the learner
M™ is the number of maximums, possibly unknown to the learner

Dy is the set of configurations v with M maximums

D¢ is the set of configurations v with at most M maximums

a* is the best arm, that is, the arm with maximal mean

w* is the mean of distribution v«

A, is the gap between the means of arm a and the best arm

¢, is a minimal gap defined in Equation (32)

k, is a minimal KL-gap defined in Equation (33)

KL(p|y') is the Kullback-Leibler divergence between configurations v, v’ with means p, .
a; is the arm pulled at time step ¢

X is the reward at time step ¢ sampled from v,

b is a lower bound on the rewards (X;)

B is an upper bound on the rewards (X;)

N,(t) is the number of pulls of arm a at time step ¢

1iq(t) is the empirical mean of arm a at time step ¢

1*(t) is the maximal empirical mean at time step ¢

Vzl\*(t) is the set of arms with maximal empirical mean at time step ¢

ay is an arm in .,Zl\*(t) with maximal empirical mean at time step ¢

.,Zl\Jr(t) is the set of arms with locally maximal empirical means at time step ¢, truncated at the
M largest locally maximal empirical means (|A™(¢)|< M)

TM . . T+ . . . =R
AM(t) is the set of arms in AT (¢) or in their neighbourhoods VA+(t)

x Ay is the minimum between z and y.
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z Vy is the maximum between x and y.
® is a non-decreasing non-negative function such that I, (£) < N, (t)®(N,(t))+1log(Na(t))
U is a non-decreasing non-negative function such that x < ¥(z)

ky A ®(n)
B +2,) N

@ is the function : n > 0 — min {n;nKL
KL(b|u') = lim KL(sls)
pn—b

, where for all u' € (b;B),
(n)}

F is the function : n > 0 — en®(n)+log(n)

I<I>

a,a’

(t) is a dynamic quantity introduced in order to tests the inequality p, < fig’(t)
I®(t) is equal to T ‘I’E* (t) and tests the inequality u, < * (%)
a,ay

I>(t) denotes I?(t) when ® = oo and is equal to IMED index I,(t)
I,(t) is the IMED index of arm a at time step ¢

a; is an arm with minimal index I% (t) on A

@; is an arm with minimal index Ig (t) on AM(t)
t

a}’ is an arm with minimal structured index I, (t) on A
t
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B Proof of Proposition 1

Proof. Let us consider a sub-optimal arm a # a*. If v € Dy,+, we further assume that a € AT U
V 4+. The proof consists in used Lemma 1 below from Garivier et al. (2016) with configuration
v and the most confusing configuration v(®)(g) for £ >0, with means u(*) (), where

ha! ifd #£a
Va' e A, P (e) = {

(12)
u*+e ifad=a.

Note that the set of optimal arms for the most confusing configuration v(*) reduces to the single-

Mt
ton A* (1/(“)) = {a} and that the most confusing configuration (%) (¢) still belongs to |J Dy,

M=1
that is u(® () also has at most M+ local maximums. An illustration with an example is provided
in Figure 3.

=k 2 strict local maximums
\ =i~ global maximum
\ W =k confusing configuration of arm 2
. ' confusing configuration of arm 8

(=T 2
=
(S
w4
-~

T T T T T T T T T T T T T
5 6 7 8 9 10 11 12 13 14 15 16 17
Arm

Figure 3: Illustration of confusing configurations for arms 2,8 € A" U V4 + when M+ = 3,
At ={2;714}, A=[0;17], and V, = {a — 1;a+ 1} N A, for a € A.
Let us consider the random variable Zp =N, (T)/T €[0,1]. Then Lemma | below implies

> By [Nar (1) KL(ptr |1 (6)) = KU [Z7][Eyor (o) [Z1]) (13)
a’€A

Since for all a’ #a we have the equality of means p = ,ul(;) (e) and since ,uga)(e) = p*+e, previous
Equation (13) rewrites

E, [No(T) KL(ol i +€) > KI(E, [Z7)|E, o (o) [Z1]) - (14)
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From there, what remains of the proof is classic. For instance, the reader can refer to the proof
of Theorem 1 in Garivier et al. (2016).

veDy
Since we consider a consistent algorithm on Dy, and { ¢ A% (1) , the averaged number of pulls
a¢ A*(v
of arm a for configuration v is sub-linear and
lim E,[Z7] = lim E,[N,(T)]/T =0. (15)
T—o0 T—0
l/(a) (S D]\/j
Since we consider a consistent algorithm on Dj; and , the averaged number
{a}=A*(v\9(e))

of pulls of arm « for configuration v(* is linear and

A By o [Zr] = Im By o [Na(T)]/T = 1. (16)
By combining Equation (15) and (16), we have in particular when 7" tends to oo that
K, (21,0 Z]) v o8 ( 7 a7)
v 4T [y () (e) [4T T oo og 1_ ]EV(Q)(E)I:ZT:I .

Note that the right term of the last equation can be rewritten as follows,

log . = log r zlog(T>, Va > 0.
1 —E, @ [Zr] > Ey @ (o)) [Nar (T)] o(1*)
a’g A (vl@)(e)) (18)
18

In particular, by combining previous Equation (18) and Equation (17) we get the following

asymptotic result,
KI(E, [Z7][Ey o) (o) [Z1])

li =1. 19
T log(T) (19)
We prove Proposition 1 by combining this last Equation (19) with Equation (14). O

Lemma 1 (Fundamental inequality). Let us consider a consistent algorithm on D. Then
for all configurations v,V € D with means u,pu’ € T4, for all horizon T > 1, for random
variable Zp with values in [0, 1],

Z Ey [No(T)| KL(pta|pe) = KUE,[Z7][Ew [Z7])
acA

where kl(p|g) =plog(2)+(1—p) log(1=2) for p,q€[0,1].
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C  Finite time analysis

At a high level, the key interesting step of the proof is to realize that the considered algorithm
implies empirical lower and empirical upper bounds on the numbers of pulls (Section C.1). Then,
based on concentration tools (Theorem | and Proposition 2), the algorithm-based empirical lower
bounds ensure the reliability of the estimators of interest (Section C.2). Then, combining the
reliability of these estimators with the obtained algorithm-based empirical upper bounds, we
firstly obtain (Section C.3) upper bounds on the average numbers of pulls for locally sub-optimal
arms outside of AT, the set of local maximums. Then, we use these upper bounds and benefit
from the fact that the structure is well-estimated during exploration phases when parameter
M > M™ to secondly obtain (Section C.4) upper bounds on the numbers of pulls of arms in A™.
For clarity, several intermediate lemmas are presented with variants : no structure exploitation

when ‘.Z“‘(t)’ < M, no second-order exploration when ’A\“‘(t)) =M and a;y1 ¢ ﬁM(t), second-

order exploration when ‘ﬁﬂt)‘ = M and aiq € AM(t). This respects the structure of IMED-MB
algorithm and simplifies its analysis at the price of appearing redundant.

C.1 Algorithm-based empirical bounds

IMED-MB algorithm implies inequalities between the indexes that can be rewritten as inequalities
on the numbers of pulls. While lower bounds involving log(¢) may be expected in view of the
asymptotic regret bounds, we show lower bounds on the numbers of pulls involving instead
log(Na,,, (1)), the logarithm of the number of pulls of the current chosen arm. We also provide

upper bounds on Ny, () involving log(t).

Lemma 2 (Empirical lower bounds - no structure exploitation). Under IMED-MB, at each
step time t>1 such that ‘.Zl\“‘(t)’ <M (that is, when there is no structure exploitation), for
all ae A—{a}},

10g(Na,.., (t)) < Na(t) KL(fia (8)| " () A®(Na(t)) + log(Na(t)) (20)
N(lt+1 (t) < N;f* (t) ’ (21)

and,
KL (/‘/‘Zat+1 (t)|/\* (t)) A Q(Nat+1
KL®[7* (1) A @ (Na,pr (1))
)

min {Nat+l(t) ; Napyy () (1) } < N (1), (22)

where for all y' € (b; B), KL(bju')= limb KL(p|p).
—

Proof. For ae A—{a}}, by definition, we have I,(t) =N, (t)KL ({4 (t)|2* (t)) +1log(N(t)), hence
log(Na()) < I(t) < L(t).

This implies, since arm @; with minimum index is pulled when ‘j+ (t)‘ <M,

log (Na,., (1)) < T2, (1) = min T2(2) < 12 () = Na(t) KL(Ea (D] (1)) A (N (1)) +log(Na (1)),

which proves Equation (20). Similarly, we have

log (N

aen () T2 (6) = min I3 (1) < 2, (1) = log (N, (1))

Git1 a’eA ay
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which implies in particular,
log (Nat+1 (t>) < log (NE: (t)) .
By taking the log™!(-), we prove Equation (21).

Furthermore, since arm @; with minimum index is pulled when ’.Z* (t)‘ <M,

Nat+1 (t) KL (ﬁat+1 (t)|ﬁ* (t)) A @(Nat+1( )) + lOg( at41 (t))

= Iiﬂ(t)

< I

< Na() KL(za (8)[7(8)) A @(Na(t)) + log(Na(t)) -
Since ®(-) and log(-) are non-decreasing function either Ny, () < N,(t ) or KL(Ha, ., (t)|2*(t)) <
KL (i (8)[*(t)) < KL(b[p* (1)) (that is, 7% (t) > fla,,, (t) = fia(t) > b) an

<
Nayyr (8) KL (fia,y (1) (8)) A @(Nayy, (1)) < Na(t) KL(a (0] (1)) A @(Na(t))

which implies

KL (fa,.,, ()" (t) A ®(Na,., (1)) ) KL (fia,.., (0)]2* () A @ (Na,, (1))
KL(b[* (1) A ®(Na,, () " KL(fa(t)]1* (1)) A ®(Na(t))

Nat+1 (t)

Lemma 3 (Empirical lower bounds - no second-order exploration). Under IMED-MB, at each

step time t > 1 such that ‘.ZJF(t)‘ = M (that is, when there is structure exploitation) and

a1 €AM(t) (that is, there is no second-order exploration), for all a€ AM (t)—{ar},

log(Na,,, (t)) < Na(t) KL(fa (t)|3* (1)) + log(Na(t)) . (23)
N(lt+1 (t) < Ngt* (t) s (24)

and

KL(ZI’LHH( )| ( )) (Nat+1
KL [a*(t)) A ®(Na,, (1))

where for all y' € (b; B), KL(b|y' )* hm KL(u|u').

min {Nat+1(t) i Napyy () (1) } < N (1), (25)

Proof. A proof is obtained from the proof of Lemma 2 by replacing A by AM (t) and @; by
aM = G, (that is, the arm with minimum index on A by the arm with minimum index on

AM (¢)). O

Lemma 4 (Empirical lower bounds - second-order exploration). Under IMED-MB, at each

step time t > 1 such that ‘f?r(t)‘ = M (that is, when there is structure exploitation) and
arp1 ¢ AM(t) (that is, there is second-order exploration), for all a€ A—{at},

10g(Nay,, (t)) < Na(t) KL(fia (t)[*(t)) + log(Na(t)) (26)
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Nat+1 (t) < N’a\: (t) ) (27)
and,
. . KL (//’Zat+1 (t>|/\*(t>) A (b (Nat+1 (t))
min {Nat+1 (t) ’ Nat+1 (t) KL(b|ﬁ*(t)) A (b(NaH—l (t)) } ) Na(t) , (28)
where for all u' € (b; B), KL(b"“/):}}iﬂ, KL ().

Proof. A proof is obtained directly from the proof of Lemma 2 by noting that a} = @;. In
particular, for all a € A, I, (t) < IF(t). O

Lemma 5 (Empirical upper bounds - no structure exploitation). Under IMED-MB at each
step time t =1 such that ‘le\+(t)‘ <M (that is, when there is no structure exploitation),

Nay i () KL (ay, (03" (£)) AN® (Na, ., (1)) < log(t). (29)

Proof. From the definitions of the indexes, we have

I (1) <IE(t) < I~ (t).

at+1 ay ay
It remains, to conclude, to note that
Nayiy (t) min{KL (g, ,, (07 (1)) ; @ (Na,, (1) } < Lo, (1),

and
L~ (t) = log(N~, () < log(t) .

O

Lemma 6 (Empirical upper bounds - no second-order exploration). Under IMED-MB at each
step time t > 1 such that ‘A\Jr(t)‘ = M (that is, when there is structure exploitation) and

a1 EA\AI(t) (that is, there is no second-order exploration),

N(lt+1 (t) KL (ﬁat+l (t)|ﬁ* (t)) /\(I) (Nat+1 (t)) g IOg(t) . (30)

Proof. The same proof as that of Lemma 5 holds. O

Lemma 7 (Empirical upper bounds - second-order exploration). Under IMED-MB at each
step time t > 1 such that ‘ﬁ*(t)‘ = M (that is, when there is structure exploitation) and

at41 ¢/TM(t) (that is, there is second-order exploration),

N1 (8) KL (fay sy (1) () A®(Nayy, (8)) < U (log (1)) - (31)

Proof. From the definitions of the indexes, we have

w(12,,(0) <IE@) < B(0).
a; a;
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It remains, to conclude, to note that
Nat+1 (t) mm{KL (ﬁat+1 (t)‘ﬁ*(t)) 5 (I)(Nat+1 (t)) } < I;I>1,+1 (t) 9

and
I, (t) = 1og(NE* (t)) < log(t) .

C.2 Well-estimated means and structure

Before going further in the analysis, we inform the reader that sets &,(¢), &, (f,¢), K (¢) for
a€ A, f a function, € >0, used in this subsection are introduced and studied in Section E. We
further introduce the following notations before presenting the conditions of reliability of our
estimators.

1
u =3 (min ,u*—,ua> A ( min max ,ua+—,ua) A(B—p*)A (zréiﬂ,ua — b) (32)

a#ta* ateAt acV 4+
ky=1A gélarl KL(pa —eulp” +€,) A min KL(pa — €plpa+en) (33)
ateA
a€V, +
k, N ®(x)
tz > 0 mi ; K 34
prx mln{x xKL(bm* +5;t) /\q)(g:)} (34)

Lemma 8 (Well-estimated means). Under IMED-MB, for all 0 <e <eg,, at each time step
t ¢ 8at+1 (5) U 53: (5);

‘ﬁat+l (t) - /‘Lat+1 | <eg, (35)

<e. (36)

ﬁ:{: (t) - /’L/a\:

Proof. These inequalities are derived from the definition of £,(e) = &, (f, ¢) for a € A and identity
function f :  — x detailed in Equations (81)-(82)-(83) and the following empirical lower bound
from Lemmas 2-3-4,

N,

Q¢4

(1) < N (1),

O

Lemma 9 (Local maximum). Under IMED-MB, for all 0 < e <¢,, at each time step t ¢

5at+1(e)uég:(e) LJ K, (®,e4),
T ae,

ar e AT (37)

Proof. By contradiction: we assume ay ¢ A™.
Since t ¢ &,,,,(c) U &~ (¢), Lemma 8 implies the means of the current optimal arm is well
t

estimated, in particular
A() < g, +e (39)
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Since a5 ¢ AT and € < g, there exist an arm a € arg max p/, such that
a’ €V~
af

Falt) < B°(t) < sigy + < pa— s (39)
Furthermore, the empirical lower bounds on the numbers of pulls from Lemmas 2-3-4 imply
10g (Nayy, () < Nalt) KL(7a (O)]72* (1)) AB(Na (1)) + log(Na (1)) (40)

Noting that : p > fiq(t) — KL(4(t)|p) is an increasing function, by combining previous Equa-
tions (39)-(40) we obtain

108 (Navy (8)) < Na(t) KL(Ta(6)]1ta — =) AB(Na (1)) + log(Na(t)). (41)

Then, Equation (41) contradicts the assumption that ¢t ¢ |J K, (®,¢,), which ends the proof.
aceV~
o

K, (®,e,) is defined in Equation (84). O

Lemma 10 (Global maximum - no structure exploitation). Under IMED-MB, for all 0<e<
Eu, at each time step t¢ &€y, ,(e) U, (e) UK. (P, ) such that ‘Jzﬁ (t)’ <M (that is, when

there is no structure exploitation),
ay =a*. (42)

Proof. By contradiction: we assume a} # a*.

Since t ¢ &,,,,(¢) U & (¢), Lemma 8 implies the means of the current optimal arm is well
t

estimated, in particular

() < iy, e (43)
Since ay # a* and € < ¢,,
Falt) < (1) < pigy +2 < prar — 2. (44)

Furthermore, the empirical lower bounds on the numbers of pulls from Lemmas 2-3-4 imply
10g(Nay . (t)) < Na= (t) KL(fia ()| (t)) A@(Na(t)) + log(Na- (1)) - (45)

Noting that : p > fig+(t) — KL(fig+(t)|) is an increasing function, by combining previous
Equations (44)-(45) we obtain

IOg(Nat+1 (t)) < Na* (t) KL(ﬁa* (t)|/~ba _EM)ACI)(Na (t)) + log(Na* (t)) . (46)

Then, Equation (46) contradicts the assumption that ¢ ¢ K_.(®,e,), which ends the proof.
Ko+ (®,¢e,) is defined in Equation (84). O

Lemma 11 (Global maximum - second-order exploration). Under IMED-MB, for all 0<e<

Eu, at each time step t¢ &€, ,(e) U~ (e) UK. (P, ) such that ‘Jzﬂ(t)’ =M (that is, when

t+1

there is structure exploitation) and a1 %ﬁM (t) (that is, there is second-order exploration),

@ =a*. (47)




RLJ | RLC 2024

L |

Proof. The same proof as that of Lemma 10 holds. O

Lemma 12 (Well-estimated means - no structure exploitation). Under IMED-MB, for all

O<e<ey, at each time stept ¢ |J E.(e)UE(p,e) UK, (®,e,) such that A\+(t)’ <M (that
acA
is, when there is no structure exploitation) and a;y1 # ay, for all a€ A,

Ha(t) — pal <e. (48)

Proof. From Lemma 8 and since t ¢ &, , (e) U&~, trir? the means of the current pulled arm and
Tt
the current optimal arm are well-estimated,

:u’at+1 - 6“ < ﬁat+l (t) < :uat+1 + 6“ ? (49)
Mgt* —&u < ﬁg; (t) < Mg; teu- (50)

From Lemma 10 and since t ¢ &,,,,(¢) U &, (e) UK. (®,€,), the current best arm is the best
t

arm, that is, @ = a*. Since a1 # @f, this implies
Hagyr —€p < ﬁat+1(t) < Hay, TEu < ILLE; —&u < ﬁa\; (t) < Mgt* +Epu- (51)
By combining previous Equation (51) and the monotonic properties of KL(:|-), we get
BuA® (Nay 1 (8)) < KL (fra s (8) iz (1)) A® (N3 (8) = KL (i, (D" () A® (Na, (1) (52)

where k,, is defined in Equation (33). From Lemmas 2- 3-4, we have the following empirical lower
bound on N, (¢),

(53)

| | KL (fa, (017 () A B (Nayy, ()
min {Nat+l<t) N TR0 7 (1) A @ (Ve (1) } < Nt

We note that KL(b|-) is a non-decreasing function on [b; B[. Then, Equation (51) also implies
KL (1)) < KL@|" +<,) (54)

By combining previous Equations (52)-(53)-(54), we have

ky N ®(Ng, ., (
P () =i {Nat“(t) Mo () RTG e i ef) A @((J\;)

@) } SR )

Since t ¢ E,(y, €) defined in Equations (81)-(82)-(83), previous Equation (55) implies

ma(t) _Ua‘ <g,

which ends the proof. O

Lemma 13 (Well-estimated means - no second-order exploration). Under IMED-MB, for all
0<e<ey, at each time step t ¢ |J Eu(e) U &u(p,e) UK, (®,e,) such that ‘./Z"’(t)‘ =M
acA

(that is, when there is structure exploitation), a;y1 e AM (t) (that is, there no is second-order
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exploration), and ayy1 # ar, for all ac AM(t),

[Fa(t) = pal <e. (56)

Proof. From Lemma & and since t ¢ &, , (e) U&~, toir? the means of the current pulled arm and
e
the current optimal arm are well-estimated,

Haryr — Ep < ﬁat+1 (t) < Hayyq + Eps (57)
/’LE: —&u < ﬁf{; (t) < :uf{: teu- (58)

From Lemma 9 and since t ¢ &, ,(e) UE~(e) U K (®P,e,), the current best arm is a locally
t a€V~
o
optimal arm, that is, a; € A*. Since a;11 € V2, , this implies
t

Pares — €p < Haysy (t) < fa, +eu < Foy —En < ﬁg: (t) < Moy + e (59)
By combining previous Equation (59) and the monotonic properties of KL(-|-), we get
kﬂ/\q) (Nat+1 (t)) < KL (ﬁat+l (t)’ﬁ;\: (t)) /\(I)(Nat-u (t)) =KL (ﬁat+1 (t)|ﬁ* (t))/\(I) (Nat+1 (t)) ) (60)

where k,, is defined in Equation (33). From Lemmas 2-3-4, we have the following empirical lower
bound on N, (¢),

(61)

i {N (0 Na,, ) s O O) 1 B (Nar, (1) } < (D).

KL I (1) A (Mo, (1)
We note that KL(b|-) is a non-decreasing function on [b; B[. Then, Equation (59) also implies
KL (8) < KL +2,) - (62)
By combining previous Equations (60)-(61)-(62), we have
R A ®(Nay ()
KL(b|p* +,) A ®(N,

at41

(IO(NatJrl(t)) = min {Nat+1 (t) ) Nat+1 (t) (t)) } < Na(t)' (63)

Since t ¢ &,(y, ) defined in Equations (81)-(82)-(83), previous Equation (63) implies

[Ha(t) = pal <e,
which ends the proof. O

Lemma 14 (Well-estimated means - second-order exploration). Under IMED-MB, for all

0<e<ey, at each time step t ¢ |J Eu(e) U &u(p,e) UK, (P,e,) such that ‘A\+(t)’ =M
acA

(that is, when there is structure exploitation), asy1 ¢ AM(t) (that is, there is second-order

exploration), and aiy1 # @y, for all a€ A,

[Fa(t) = pa| < €. (64)

Proof. The same proof as that of Lemma 12 holds. O
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Lemma 15 (Structure estimation - exploration). Under IMED-MB, for all 0<e<e,, at each
time step t ¢ |J Ea(e) U&ulp,e) UK, (®,e,) such that a1 # @y,
acA

a; =a*,

AT () = AT(M),

where AT (M {al, <+ Qmin(M, M) } C At. We refer to Assumption 2 for the definition
Of at, .. a]u+
Proof. 1t is a direct consequence of Lemmas 12-13-14. O

Lemma 16 (Structure estimation - exploitation). Under IMED-MB, for all 0 <e <¢g,, at
each time step t ¢ |J E,(e) U&u(p,e) UK, (P,e,) such that ay11 = @y # a*,
acA
a1 = ZL\: S A+ R
‘ﬂ(t)] - M
a* ¢ AM(1),

AT (t) = AT (M) #0,
where AT (M {al, . min(M,MJf)} C A". We refer to Assumption 2 for the definition
of ay, .. aM+

Proof. Since t ¢ &,,,,(e)U&~(e) U K, (®,e,), from Lemma 9 we directly have that af € A,
a€V~,

Since t & &,,,,(e) U & (e) UKL (P,ey) and af # a*, from Lemma 10 we directly have that

‘A-F(t)‘ = M. Furthermore, since t ¢ &,  (¢) U Sgt*’at“, Lemma 8 implies ﬁa* (t) is well-

estimated, which implies
//Za* (t) < //Z*(t) = 173; (t) < ME: +e& <o —Ev- (65)

Since : 12 fig (t) — KL(fIgx (t)|p) is increasing function, previous Equation (65) implies

I3.(t) = No-(t) KL(Far ()| 2% (£)) AP(Nos (1)) + log(Na- (1)) 66)
< Nax (8) KL(Far (8)|par —€4) NR(Nax (1)) + log(Nax (t)) -
Since t ¢ K. (®,¢,,) defined in Equation (81), previous Equation (66) implies
I3 (t) <1og(Na,,,) < argmin I7 (1), (67)

acAM (t)

which naturally implies a* ¢ AM(¢). This implies that a* ¢ AT (t) and AT (t) — AT (M) # 0,
since ‘A\“‘(t)’ =M and [AT(M) —{a*}| < M —
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C.3 Upper bounds on the numbers of pulls of locally sub-optimal arms

In this subsection, we mainly combine the results from Lemmas 15-16 of the previous section
and empirical upper bounds of section C.1 in order to obtain randomized upper bounds on the
numbers of pulls of arms outside of AT. We first introduce following subsets of time steps

Ue) = U &ale) Ualp,e) UK (D,,)
acA

U (e)={telU(e): azy1 =a}, YaeA.

(68)

From the definition of ¢ in Equation (34), we have p(z) < x for x > 0. Then, U(e) can be
simplify as follows

Ue) = U Ealp,e) UK, (D,ep) -
ac€A

The next lemma borrows elements of proof from Combes and Proutiere (2014) in the way of
providing upper bounds on the numbers of pulls involving the sizes of these (bad events) sets
(Uy), see Equation (69).

Lemma 17. Under IMED-MB, for all 0<e<g,, for all arm a ¢ AT, for all time step t > 1,
* if AT <M,

Nt) < (7L + el = ) A gl )y g e,
E,[Na(1)] < (<I>‘1(KL(ua el ) A @l(?fg(z))) Ve B+ 1,

x if |[AY| =M and a€V A+ (M)

Nalt) < (07 (KL +eln® = ) A gl )y e e,
E, [N, ()] < (<I>1(KL(ua +elit =€) A &i’i&» Vo (Makfgl* — HEL) + 1,

* otherwise, |AT|>M and a¢ AT UV 4+ 0y and

N0 < (07 KL+l = ) A s e ) Y G e+ (el 1,

E, [N, ()] < (qu(KL(ua + el — &)A @(q&ffﬁf%)) ) VKLEI:L; Sfy))_ 5Bl

where ®~1 : y > 0 — max{z>0:®(x) <y} (with the convention max® = 0) and
AT(M) = {a1,...,amin(v,m+) } (see Assumption 2).
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Furthermore, when 1 < ®(log(n)) < loglog(n) for n > 18, an upper bound on E[|U(e)|] is

1
E[lt(e)] < |[1+18V ¢ | Al +Z 24+ Z e~ P(MKLUpa—dua) 4

min KL(jtq — lfta) = = nlog®(n)

el H+KLU(ka—dka) Z (1 +log? (n))(log(n)+210g log(n))

_ 1+ K g —epa)/loglog(n) ’
= KL (e —¢|tta) S n tta—dltta)/log log(

where ¢ and U(e) = |J U,(g) are respectively defined in Equation (34) and Equation (68).
ac€A
In particular, E[|U(e)|] < oo, which implies U, (g) < oo almost surely.

Proof. We note that for an arm a € A, its number of pulls up to time step ¢ > 1 can be broken
down as follows,
No(t) = No(14) + No(t) — No(1a)
where 7, = max{s<t—1:a541 =a, t ¢Uy(e)} and Ny(t) — Nuo(7a) < [Ua(e)] + 1 . This
implies
No(t) < No(7a) + Uale)| + 1, (69)
and the upper bounds on the numbers of pulls are a direct consequence of Lemma 19.

We now prove the upper bound on E[|/(£)]] as a consequence of Lemma 24. Indeed, we just note
that

Ue) C I<el min KL (pq — wd)) U Eale,8) Uba(farre) | Ka (®,8) = Ealfac,e) = Tale),
acA acA acA

where Z(K) for K > 0 is defined in Equation 85 while f, -(-) and Z,(e) are defined in Lemma 24.

This implies

U(e)| < ‘I(e_l gg}} KL(Ma_EWa)) +Z 1€a (e, 5)‘+|ga(fa,sa 5)|+’K<; (@, 5)_5a(fa,8a €) _Ia(g)’ .

acA
(70)
The upper bound on E[|/(¢)|] is then proved by taking the expectation on both sides of previous
Equation (70) and applying Lemma 24. O

Lemma 18. We assume 1 < ®(log(n)) < loglog(n) for n > 18 and ¥~—1(log(t)) =
0 (log(t)). Then, under IMED-MB, for all arm a ¢ AT,

o0

* if |[AT| <M,

e Ne(D) 1
a.s. 1m su < R
Tosoe 10g(T) = KL(jialr*)

which implies

lim su w <E {limsu Na(T)] < 1
Ton log(T) [ roas log(T) ] = KL(ualu*)
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* if [AT|>M and a€Va+ (),

I N, (T) o 1
a.s. 1im su < R
Tosoe 10g(T) = KL(jtalr*)

which implies

o BN {l. Na(T)] 1
imsup ————— < E, |limsu < ,
TP Tog(T) T log(T) | = KL(pali*)

* otherwise, |AT|>M and a¢ AT UV 4+ (ar) and

No(T)
a.s. limsu <0,
T—)oop 1Og(T)
which implies
E, [N, (T N (T
limsupM <E, {limsup al )} <0,
T—o0 log(T) T—o00 log(T)

where AT(M) = {al, ... ,amin(M,Mﬂ} (see Assumption 2).

Proof. 1t is a direct consequence of Lemma 17.

Lemma 19. Under IMED-MB, for all 0 < e < ¢,, at each time step t ¢ U(e) such that
ag41 = a ¢ A+,
* if |[AT| <M,

. . log(t) log(t)
Ny (t) < ((I) (KL(pta +elp* —€)) A <I>(10g(t))> v KL(jtq + |p* — €) ’

* if [AT[>M and a€Va+ (),

No(t) < (q)l(KL(,Ua +elpt =€) A @t?fg(g))) v KL(/LGI(—)EE(ETL* —¢)’

* otherwise, |AT|>M and a¢ AT UV 4+ ar) and

L : ) )
00) < (71000 b =D gt ) ¥ Ry e =

where @71 : y>0+— max {x>0: ®(z) <y} (with the convention max() = 0) and AT (M) =
{al, .- -,amin(M7M+)} (see Assumption 2).
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Proof. Since t ¢ U(e) defined in Equation (68), t¢ &, (e)UE~ () U K5 (®,e,) and Lemma 9
¢ a€V~,

implies a; € A*. Since a;41 = a ¢ AT, this implies in particular a;+; # af. Then, since
tdU(e) = U Eule) U&(p,e) UK, (D,e,) and a1 # a;, Lemma 15 implies
acA

ar = a*, At (t) = AT(M).

Before going any further, we note that since ¢ ¢ U(e) and asy1 = a,a; = a*, t ¢ &,,,, () U&, ()
t
and Lemma 8 implies
Ha(t) < pate < p*—e < @*(t). (71)

x Case 1: |AT| < M
Then according to IMED-MB algorithm, ’/T* (t)’ = |AY| < M, a = a1 € A and the empirical

upper bound from Lemma 5 is satisfied,
Na(t) KL(1a (8)|12" () A®(Na(t)) < log(t) . (72)

From Equation (71) and the monotonic properties of KL(-|-), we have KL(pu,+e|lp*—e) <
KL(fig|fz*(t)). Then previous Equation (72) implies

No () KL(pq +-€| " =) AB(Nq (1)) < No(t) KL(7a ()| (1)) AP (Na(t)) < log(t) -

This implies

Na(t) < (<I>1(KL(ua + el =€) A log(t) ) Vi log(t)

P(log(t)) [t +elp* =€)

*x Case 2: |[AY| > M and a€Vy+ (M)

Then according to IMED-MB algorithm, | AT (t)‘ =AY (M)| =M, a=ai11 € Varm) = V;{Jr(t) C
AM (t) and the empirical upper bound from Lemma 6 is satisfied,
Na () KL(7a (O] (1) AD (N (1)) < log(t). (73)

From Equation (71) and the monotonic properties of KL(:|-), we have KL(u,+elu*—¢e) <
KL(fig|g*(t)). Then previous Equation (73) implies

No(#) KL (j1a-+l" —€) AB(N, (1)) < Na(t) KL (i (1) (1)) AB(N, (1)) < log(t).

This implies

No(t) < (q)_l(KL(ua +elpr —e)) A log(t) ) vV log(t)

®(log(t)) )~ KL(pa +elu* —e€)

* Case 3: |AT| > M and a ¢ AT UV 4+ (since it is assumed that a ¢ AT)
Then according to IMED-MB algorithm, ’.Z* (t)’ =[AT(M)| =M, a= a4 ¢ AT (M)UV A+ 01y =

AM (t) and the empirical upper bound from Lemma 7 is satisfied,

Na(t) KL(fia ()| (£)) A®(Na(t)) < " (log(t)) - (74)
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From Equation (71) and the monotonic properties of KL(:|-), we have KL(u,+elp*—e) <
KL(#q4|2*(t)). Then previous Equation (74) implies
Na(8) KL (st +elji” — ) AN (1)) < Na(t) KL (0 (0] (1) AB(Na (1)) < U7 (log(t)) -
This implies
) (0700 e’ ) A s ) ¥ R gy
O

C.4 Upper bounds on the numbers of pulls of arms in AT when M > |AT|

Interestingly enough, in order to obtain upper bounds on the numbers of pulls of arms in AT, we
use the proven upper bounds on arms outside of A™. This is key point of our proof technique.

Lemma 20. We assume M > |AY|. Then, under IMED-MB, for all 0<e <eg,, for all arm
a € A" — {a*}, for all time step t > 1,

. ) log(t) ¥ (log(1)
a0 25, (0 0L~ G G )Y R ey (4
b (7 L + el = ) A i ) v B4,

where where F : x>0 s e*®@+0e@) =1 .y >0 s max{z>0: ®(x) <y} (with the
convention max () = 0).
Furthermore, when 1 < ®(log(n)) < loglog(n) for n > 18, an upper bound on E[[U(e)|] is

1
2
nlog”(n)

e
E < 1418V 2 —@(n)KI pa—dpa)
[lL(=)] +18 iy KL o — el |A| +§4 +§>1e +
ac A nz

1K Lo —dta) (1+1og®(n)) (log(n)+21loglog(n))
Z KL(pta Z

— 1+KI(pta —dpta)/log log(n) ’
acA 5|Ma) n>18 n

where ¢ and U(e) = |J U,(g) are respectively defined in Equation (31) and Equation (68).
acA
In particular, E[|U(e)|] < oo, which implies U, (g) < 0o almost surely.

Proof. We note that for an arm a € A, its number of pulls up to time step ¢ > 1 can be broken
down as follows,

Na(t) _ N (max {Texploztatwn Texplm-ation )+Na(t) _ N (max {Teaploztatwn 7_e;cploration )7

ya rta
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where
ngploitation

rEIPIOTANON — oy (5 <t =15 a1 = 4, agys £ a7, ¢ Uale)},

Na(t> _ N (maX {Texploztatmn ,Texploration ) < |Z/[a(5)| 41,

’a

=max{s<t—1:as41 =a, asy1 =a;, t ¢ U,(e)},

This implies o
Na(t) < Na (Tswploztatzon) +N ( ewploratzon) + |u ( )| + 17

and the upper bounds on the numbers of pulls are a direct consequence of Lemma 22 and
Lemma 23.

We refer to Lemma 17 for a proof of the upper bound on E[U/(¢)]]. O

Lemma 21. We assume M > |AT|, 1 < ®(log(n)) < loglog(n) for n > 18, ¥~(log(t)) =
.0 (log(t)), and for all U > 0,
— 00

' (log(t))
( H(log(1)))

Then, under IMED-MB, for all arm a € AT — {a*},

)VKL‘P‘ (log(?)) )+U): o (log(t))

-1 *_
max F((@ (KL(pta +elp 5))/\ (o +elp* — € t—00

a’ $A+UVA+

i No(T) _ 1
a.s. limsu < ,
T Tog(T) ~ KL (jtal*)

which implies

hmsupw <E, {

N, (T)] 1
lim sup <
T— o0 10 ( )

Tooo 10g(T)] = KL(pta|p)’

where where F @ x>0 s e®®@+0e@) =1 1 ¢ >0 s max{z>0: &(x) <y} (with the
convention max () = 0).

Proof. Tt is a direct consequence of Lemma 20. O

Lemma 22. We assume M > |A"|. Then, under IMED-MB, for all 0<e<e,, at each time
step t ¢ U(e) such that a4 = a € AT — {a*} and ay41 # @}, it must be that

Na(t) < (<I>1(KL(ua el — o)) n —28) > Y log(t)

O(log(t)) ) KL(pa +elp* =)

Proof. Since t ¢ U(e) = | Eale) U&al(p,e) UK, (®,e,) and apq1 # af, Lemma 15 implies
acA

ar =a*, At (t) = AT (M).

Before going any further, we note that since ¢t ¢ U(e) and a;41 = a,a; = a*, thent ¢ &,,, () U
& (¢) and Lemma 8 implies
t

Ia(t) < pate < p*—e < @ (t). (75)
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x Case 1: M = | A"
Since ‘A\Jr(t)‘ = |AT(M)| = |AT| = M and according to IMED-MB algorithm, a;11 = a € AT C
AM (t) and the empirical upper bound from Lemma 6 is satisfied,

Na(t) KL (10 (8)|1" (8)) A®(Na(t)) < log(t) . (76)

From Equation (75) and the monotonic properties of KL(:|-), we have KL(p,+e|p*—e) <
KL(fig|fz*(t)). Then previous Equation (76) implies

Na(t) KL(pta+elp” =) AB(Na (1)) < Na(t) KL(fia (B3 () AN (£)) < log(t).

This implies

No(t) < (@%KL(MG +elpt =€) A (I)log(t) > Y log(t)

(log(t)) ) = KL(pa +elp* — )

* Case 2: M > | AT
AT (t)‘ = | AT (M)| < M and according to IMED-MB algorithm, a;,; = @; and the empirical
upper bound from Lemma 5 is satisfied,

Since

No(t) KL (B (0] (£) AR (N, (1)) < log(t) (77)

From Equation (75) and the monotonic properties of KL(:|-), we have KL(p,+elp*—e) <
KL(fig|p* (t)). Then previous Equation (77) implies

Na(#) KL (j1a-+2]" —€) AB(N, (1)) < Na(t) KL (i (1) (1)) AB(N, (1)) < log(t).

This implies

. . log(t) log(t)
Nalt) < (7 (KL + e — o)) 4 i) o

O

Lemma 23. We assume M > |A"|. Then, under IMED-MB, for all 0<e<e,, at each time
step t ¢ U(e) such that a1 = a € AT — {a*} and a;41 = a},

U1 (log(t)) )v U~ (log(t))
(U—1(log(t))) /)  KL(ua +elp* —¢)

where F @ x> 0 s e*®@H0e@) gng &1 .y >0 = max{2>0: &(x) <y} (with the
convention max () = 0).

N,(H)< max F(@l(KL(Ma—Fd,u*—E))/\(I)

a’@ATUV 44

+|ua<e>+1)

Proof. Since t ¢ U(e) = | Eu(e) U&ul(p,e) UK, (®,¢e,) and apy1 = @f, Lemma 16 implies
acA

A+(t)‘ — M, At(t) — AT (M) = AH(t) — At #£0.
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Since A*(t)— At # () is equivalent to AT (¢ )uv;w —ATUV 4+ # 0 and .Z"’(t)UV;ﬁ(t) = AM (1),

then there exists an arm a’ € AM(t) — AT UV4+. Since ‘ﬁ“'(t)‘ =M, at41 = af = a and
according to IMED-MB algorithm,

log(N,(t)) = log (Ng* (t)) =B M) =1I;,,0)= ng( )L?% () < I (t). (78)
t t a’” €AM (t

Furthermore, we have from the definition of the indexes
IE(t) < Nor (1) ®( Ny () + log(Nys (1)) (79)
where a’ ¢ AT U A. Then, previous Equations (78)-(79) imply

Na(t) <, ma F(Nor(1) (80)

where F : >0 — e*®@+108(#)  Then, we use the upper bounds from Lemma 17 and obtain

*(log(t)) U~ (log(t))
<b@ﬂ»)vKLma+sm*—@*V@@N+9-

N, ()< Fl{o YKL *
(05, s P((@ 00t o)

O

D Proofs of Theorem 2

Let us consider functions ® and ¥ such that 1 < ®(log(n)) < loglog(n), for n > 18, and ¥(z) >
max {z ;exp(x®)}, for > 0 and some fixed constant o > 1. Then, ¥~ !(log(t)) = .0 (log(t)),
— 00

for all U > 0,

~*(log(1))
( *(log(t)))

where F : >0 — e*®®)+108(®) and Theorem 2 is proven by combining Lemma 18 and Lemma 21.

-1(1o
VoD v) = o (osie),

F (@7 (KL (pq+elp*—
s F((@ 00t et g i

a’ ATV 44

E Non-reliable current means

In this section, we define and study relevant subsets of time steps for which the current mean
of a specific arm is not reliable. Note that the definitions and the stated properties of these
subsets of time steps are independent from the considered algorithms.

For all arm a € A and for all accuracy € > 0, let £F(f,e) be the set of times where the current
mean of arm a e-deviates from above while arm a has more pulls than any function f of the
current pulled arm,

ES(fe)={t€[1,T=1]: Nu(t) > f(Nars.s (1)), Fia(t) > pa +€} - (81)

We similarly define

5a_(fa5) = {t € [[LT—l]] : Na(t) = f(Nat+1(t)> , ﬁa(t) < Mo — 5} . (82)
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We also define

Ealfie) = EL(f,e) UES (fre). (83)
When function f is equal to idendity function, we respectively write £F (¢), €7 (g), and &,(¢)
instead of £ (f,¢), £, (f,¢€), and E,(f,¢€).

Definition 2 (KL-log deviation). Let ® be a positive non-decreasing function. For € >0, arm
a€ A shows (D,e7 »KL-log deviation at time step t =1 if the following conditions are satisfied

(1) fa(t) S pa—e
(2)  Na(t) KL(fiq(t)|pta —) A®(Na(t)) 4 log(Na(t)) = log(Na,,, () -

For all arm a€.A and for all accuracy € > 0, let K (@, ¢) be the set of times where arm a shows
(®, 7 }KL-log deviation, that is

(1) Ha(t) S pa—c¢
(2) Na(t) KL(ﬁa(t”Ua_s)/\q)(Na(t)) + log(Na(t)) = IOg(Nat+1 (t)) -
(84)

K, (®,¢e) = {t e, 7-1]:
Let us consider for K > 0,

(t) <17V

(85)

I(K) = {t >1: N, 108 (Nays (1)) +210g log (Nav., (1) } :

K

the subset of time steps for which the number of pulls of current pulled arm is relatively small.
Then, it can be shown that

1
I(K) C {t >1: N, (t) <18V K}.

We can now resort to concentration arguments in order to control the size of these sets, which
yields the following upper bounds.

Lemma 24 (Bounded subsets of times). Let f be a non-negative increasing function and ®
be a non-negative non-decreasing function such that 1 < ®(log(n)) < loglog(n) for n > 18.
For e>0, for ac A, for K >0,

E,[[Z(E))] < (1+18V K1) |A],

E, (|5 (f,0)]] Eu[|€x (f,0)]] <14 exp(—f(n)KL(ta —¢lpa))

n>1

_ 1
E,[[& ()], Evfl&s (e)]] < 1 — e—KUpa—dpa)’

3 B el KU pa—dha) (1—i—10g2 (n))(log(n)+2log log(n))
Eu[[Ka (2,€)=&q (faere) ~Tale)]] < KL (ta —€lpta) Z n1+KLpa—dpa)/loglog(n)

<00,
n>18

where fq,.(n) = %#ﬁf;m forn >e and Z,(e) = Z(e "KL (pa —¢lpta)).

Proof. We start by proving the upper bound on E,[|€, (f,¢)|]. The proof of the upper bound
on E,[|EF(f,€)]] is similar.
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For a € A and n > 0, we define 7,(n) = inf {t > 0: N,(t) = n} as the first time step arm a is
pulled n times, with the conventions N,(0) = 0, j1,(0) = 0. Then we write

€ (el < Zﬂ{f(NaHl(t))SNa(t)»:L\a(tKua—s}

>0

N

Z Z ]I{Nat+1 (t):n, f(n)gNa(t)v ;;a(t)gﬂa_f}

n>0 >0

= Z Zﬂ{t+1zrat+l(n+1), F)ENa(t), Ta(t)<pra—e} (since No,,,(t+1)=Na,,, (t)+1)

n=0t>0

= I ~ .
Z Z {t=ra, 1 (n+1)=1, F(N)<Na(t), pa(t)<pa—c}
n>0t>0

We note that for n > 0, since only one arm is pulled at each time step, the 7,(n + 1), for a € A,
are all different. Furthermore, if f(n) > 0, N,(¢t) > f(n) implies N,(t) > 1 and ¢ > 1. The last
upper bound on |[E; (f, )| then implies

€ (fe)] <1+ ZH{3t>1, F)SNa(®), R (t)<pa—e} (86)

n>1

Taking the expectation of Equation (86), it comes

E [ (F o] <1+ Pl |J  Fal®) <pa—c|. (87)
n>1 t>1
Nq(t)=f(n)

From Proposition 2, previous Equation (87) implies

E,[|€; (f,0)]] <14 exp(—f(n) KL(ka—¢lpa)) - (88)

n>1

We now show the upper bound on E, [|IC, (®,¢) — &, (fae &) — Za(e)]]-

Let t € K, (®,e)—&; (faer€) —Za(e). There exists an unique n > 0 such that t+1 = 7,,,, (n+1).
In particular, Ny, (t) = n.
Since t ¢ Z,(e), we have Ng,,,
n > eM,, with M, = f,.(n).
Since t € K (D,e) — &, (fare,€) then f,(t) < po — €, No(t) KL(fio(t)|pta—e) A P(NL(F)) +
log(Na(t)) > 10g(Na,,,(t)) and No(t) < faoe(Na, (), that is, Ha(t) < pa — e,
No(t) KL(71a ()| pta —€) NP (Ng (£)) 4 log(No () = log(n) and N, (t) < M, = fo.(n).

(t) > 18 and Ng,.,(t) > €fac(Nay,, (1)), that is, n > 18 and

Thus, the following inequality holds
|K;((I>7 6) - ga_ (fa,sa 5) - Ia(5)|

< DD Tmsis nzenaenl (4= Tapsa(n+1) =1, ;
n>0 t>0 Ha(t) < pa — ¢,

Nq(t) < Mn,
Na() KL (Ha(B)ltta — ) A (Na (1)) + log(Na(8) > log(n)
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which implies

|IC;((I)75) - 5(;(fa,aa5) —Za(e)|

89
S Z Lin>18, nzefumpl( o >1, fa(t) < pa —e, 1< Na(t) < Mp, (89)
n>18 Na(t) KL (fia (t)|tta — €) A ® (Na(t)) + log(Na(t)) > log(n).
Taking the expectation of Equation (89), it comes
E,[[Kq (®,6)=&5 (faer€) — Lale)]]
~ (90)
< > P U Na(®) KL (t)|1ta — ) A @ (Na(t)) + log(Na(t)) > log(n)
n>18 t>1
n>e fa(n) Toa ()< pta—c
1<Na (6 <M,

From Theorem 1, previous Equation (90) implies
By [[Kq (®,6) =& (farer€) — Zale)]

< Z e (1+ log(M,, /my)log(n/M,)) My n™" exp(—my, KL(ta —¢lpa))
n>18

nze fq(n)
My <Mp,

log(n) — loglog(n) log(n) + 2loglog(n)
and M,, = f,.(n) :=
»(iox(n)) ) = T )
that ®(z) < log(x) for z > 1, then m,, > log(n)/loglog(n) — 1 and
EIKG (®:6) &5 (faer€) = Zale)]]

where m,, = . Since it is assumed

el HKL(pa—dpa) (1 + logz(n)) (log(n) + 2loglog(n)) 1~ KLt —dlpa) /log log(n)
KL(pta — €|pta) n>18 n
1
where log®(n) n~KM#a—dra)/loglog(n) — exp (5 loglog(n) — logoi(;()n)KL(ua - 5|Ma)> = n_?oo(l)-
O
F  Concentration of measurement - Proof of Theorem 1
Proof. Let us consider t > 1 such that fi,(¢) < p, — € and
Na(t) KL(Ha|pta —€) NP (Na(t)) + log(Na(t)) = log(n) . (91)
This equation declines in broken down into two. Firstly, this implies
Na(t) ®(Ny(t)) + log(Ny(t)) = log(n) , (92)
which implies in particular
1 —logl
N, (t) > my, = 1 4 1280 — loglog(n) (93)

®(log(n))
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where m,, > 0 since it is assumed that n > 18 > e and ®(log(n)) > 1. Secondly, Equation (91)
implies

No(t) KL(fialpta —€) + log(Na (1)) > log(n). (94)

We note that the Kullback divergence coincides with the Bregman divergence in dimension 1
and apply the generalized Pythagorean theorem with convex compact set K = [[i4(t) ; pa — €]

KL(fa(t)|pta) = KL(11a (t)|2) + KL (il pa) (95)

where i,(t) € K and fi € argmin,, ¢ KL(p|pa). Since KL(:|uq) is a decreasing function on K,
then fi = p, — € and

KL(fa(t)|pta) 2 KL (110 (t)|ppa =€) + KL(pta =€l pta) - (96)

Then, by combining previous Equation (96) and Equation (94), it comes

KL (1)) ~ KLGra—elp) > E0LT) (o7
that is,
KL(Ra(t)la) > BN | ger ) | (98)

Na(t)

We now resort to peeling by considering the slices [m,b*;m, b1 for k € [0;k,], kn =
[log(M,, /m.,)/log(b)], b > 1, and apply Proposition 2. In particular, previous Equation (98)
now implies

- log(n/M,
H{mnbnga(t)gmnkarl}KL(,U/a(t)“'La) 2 H{mnbnga(t)gmnkarl} 4’”1( b/k+1 ) + KL(/,LG—E“,LG) 5
n

that is,
H{mnbnga(t)gmanl}KL(ﬁa(t)Wa) = H{mnbkgNa(t)gmanl}KL(MU‘?)W«I) (99)
where [, (t) < p(k) and KL(u(k)|pq) = % + KL(pq —¢|q). Proposition 2 now implies
N log(n/Ny(t
P, U KL > R K elu)
31 a
Ha(t)<pa—e
M b <N () Smn b1

log(n/My)
< Ipm,<or,y €xp (mnb’“ [W + KL (0 —€lpa)

log(n/M,)/b

= Ipn.<mn€” exp(—my, KL(pa —¢lpa)) -
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Thus we have shown that, for all b > 1,

P, U Na(t) KL(1a(t) ta—&) A (Na(t)) +1log(Na(t)) Zlog(n)
t>1
:;a (t)<pa—e
ISNG (1) <M,

" log(n/ N (1)
U KLl > 51

Ha(t)<pra—e
M <Na ()< M,

/N
~
<

+ KL (10 —¢ltta)

< ]I{mnéMn}(l + kn)e_ log(n/Mx)/b eXp(_mn KL(Ma_EWa)) .
< Ipm, <,y (1 + log (M, /my,) /log(b))e™ 1080/ Mu)/b exp(—my, KL(pta —¢|pta)) -

. _ o 1og(n/Mn)
We now set b =b,, = log(n/My) —1°

Furthermore, 1/log(b,) < log(n/M,), and

Then, since it is assumed that n > e M,,, we have b > 1.

e~ log(n)/b _
Thus we have shown that,
P, U Nao(t) KL(11a ()| e —€) AN®(No(t)) +log(No(t)) > log(n)
t>1
ﬁa(t)<ﬂa*5
1S Na (D)< Mp,

< g, <ar,ye (14 log(My, /my,) log(n/M,)) My, n~texp(—m, KL(tq —€|pta)) -

O

Proposition 2 (Time-uniform concentration). For all arm a€ A, for x <p,, m>1, we have

Pl |J Falt) <z | <exp(-mKL(2|p,)).
t>1
No(t)=zm



