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Abstract

Asynchronous federated learning (AFL) has become increasingly popular and crucial for
scalable, privacy-preserving machine learning across diverse and distributed edge devices.
However, a fundamental challenge in FL is the staleness of client updates, which can de-
grade global model accuracy and slow down convergence as clients operate and communicate
independently. Existing AFL methods typically address this issue by down-weighting stale
updates, but outdated client information may still persist in the global model over time.
In this paper, we propose MR.AsyncFL, a fully AFL framework based on model replace-
ment. Upon receiving a new local model from a client, the server replaces that client’s
previously cached contribution in the global model with the updated one, preserving the
invariant that the global model remains a convex combination of the most recent available
client models. To support this mechanism, we propose a recursive weight update scheme
that preserves normalization in a lightweight and fully asynchronous manner. We further
provide a convergence analysis for MR.AsyncFL under bounded staleness and client partic-
ipation assumptions, and derive an O(T’l/ 4) convergence rate under a specific parameter
scaling. Experiments on CIFAR-10 and CIFAR-100 under both IID and non-IID settings,
with and without staleness thresholds, show that MR.AsyncFL consistently outperforms
representative asynchronous baselines, such as FedAsync, TWAFL, and Rolling FedAvg,
while maintaining strong robustness under severe staleness and system heterogeneity.

1 Introduction

Massive amounts of data are continually generated by various devices, sensors and mobile applications across
the Internet. At the same time, privacy regulations and rising public concern about data misuse have made
it untenable to centralize sensitive data. Federated learning (FL) has emerged as a promising solution
that trains machine learning (ML) models collaboratively across a network of clients while keeping raw
data local (McMahan et al., 2016). By exchanging only model updates instead of raw data, FL mitigates
privacy leakage and reduces communication burden. This privacy-preserving paradigm has already seen wide
adoption in sensitive domains such as smart-healthcare systems (Wu et al., 2020) and autonomous driving
applications (Chen et al., 2015) where personal data must not be disclosed. Similar opportunities are being
explored in internet-of-things (IoT) and smart-city contexts, where FL enables decentralized model training
on distributed sensors and devices (Ma et al., 2025; Pandya et al., 2023).

As FL scales to larger and more diverse networks of mobile phones, edge devices and organizational silos, the
underlying infrastructure becomes highly heterogeneous. Clients vary widely in computation power, storage,
energy consumption and connectivity. Their datasets are often non-independent and identically distributed
(non-IID). Most FL algorithms adopt a synchronous federated learning (SFL) framework, such as FedAvg,
in which the server broadcasts a global model, selected clients perform local training, and the server waits
for all selected clients to upload their updates before aggregation. In such synchronous systems, clients with
limited computing power, unstable connectivity, or temporary unavailability become stragglers. Since the
server cannot proceed to the next round until updates from all selected clients are received, these slower or
offline clients delay the entire training cycle. Consequently, faster clients remain idle, and overall training
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speed is constrained by the slowest participant, resulting in poor resource utilization and prolonged training
times.

Asynchronous federated learning (AFL) addresses this bottleneck by eliminating strict synchronization at
the aggregation stage. Rather than waiting for all selected clients, the server updates the global model
upon receiving each client update, thereby preventing stragglers from delaying system-wide progress. By
decoupling client updates from strict synchronization, AFL drastically and dramatically reduces waiting time
and better utilizes available client resources.

However, the flexibility of AFL introduces a fundamental challenge: staleness. Because local training on
clients and global aggregations on the server occur independently, the slow clients may have been training
over a long period of time using an outdated global model that had been updated multiple times by faster
clients’ local updates. Consequently, the server may receive updates computed from stale models from the
slow clients. Aggregating such outdated gradients can destabilize training, introduce inconsistent model
updates, and degrade final accuracy. The timing of aggregation introduces a trade-off in client model
staleness. Fully AFL can accelerate global model convergence by immediately incorporating updates, but it
increases staleness, which may amplify training bias and risk divergence. In contrast, SFL eliminates staleness
by waiting for all selected clients before aggregation, but this improves consistency at the cost of lower
resource utilization and longer overall training time. Designing aggregation algorithms that can robustly
handle staleness is therefore a central challenge in asynchronous federated optimization (Singh & Adhikari,
2026). To address this challenge, we introduce MR.AsyncFL, an asynchronous federated learning framework
based on model replacement. Our proposed solution is designed to counteract the detrimental impact of
staled updates. By incorporating mechanisms that adaptively account for update freshness, MR.AsyncFL
enhances training stability, accelerates convergence, and improves final model accuracy in environments with
heterogeneous client and network conditions. The main contributions of this paper can be summarized as
follows:

e We propose MR.AsyncFL, a novel AFL framework that introduces a stale-model substitution
paradigm for asynchronous aggregation. In contrast to existing asynchronous methods that mainly
attenuate stale updates through temporal decay or staleness-aware weighting (Xie et al., 2019; Chen
et al., 2019; Zhu et al., 2022), MR.AsyncFL uses each newly uploaded local model in two occasions:
first, it is used to replaces the same client’s previously cached stale contribution, and second, it
participates in the aggregation step that produces the next global model. This design reduces the
lingering effect of outdated information and helps mitigate staleness-induced drift over time.

o We design a recursive weight normalization scheme that dynamically adjusts each client’s contribu-
tion based on its update delay and participation history. The proposed scheme maintains normal-
ization without requiring additional buffers or optimizer-specific modifications, enabling stable and
efficient integration of stale-model replacement in fully asynchronous settings.

« We establish a convergence guarantee for MR.AsyncFL and show that it achieves an O(T~/4) rate
under certain assumptions.

e We conduct extensive experiments on benchmark datasets under both IID and non-IID settings,
with and without staleness-threshold mechanisms. The results demonstrate that MR.AsyncFL con-
sistently achieves faster convergence and higher accuracy compared to representative asynchronous
FL baselines, validating both the effectiveness and practical advantages of the proposed framework.

2 Related Work

2.1 Staleness-Aware AFL via Weight Aggregation

In Xie et al. (2019), the authors proposed an asynchronous optimization scheme in which the server performs
an immediate aggregation upon the arrival of an update from a client. To mitigate staleness, their method
applied a staleness-aware hyperparameter during aggregation, blending the previous global model with the
new local update using a simple weighting mechanism. However, its treatment of staleness remains coarse,
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since stale updates are only softened through weighting rather than being explicitly corrected or removed.
Subsequent works either generalized or refined this idea. TWAFL (Chen et al., 2019) applied time-decay
functions with exponential decay to the aggregation update rule, aiming to deal with the staleness issue.
WEKAFL (Zhou et al., 2022b) went further with a two-stage K-async design that selects gradients with
consistent descent directions, clips large-norm gradients, and adjusts the learning rate according to the least
staleness. In WKAFL, the two-stage K-async design, gradient clipping, and the staleness-aware learning-rate
adjustment are further combined with exponential staleness weighting and momentum to improve robustness
on non-IID data. The drawback, however, is the added algorithmic complexity and tuning burden, which
may reduce practicality in large-scale asynchronous deployments. FedACA (Zhou et al., 2022a) adopts an
“informative update” policy in which a client sends in updates only when its model has changed significantly
and the server weights update by a time-related factor. This can reduce unnecessary communication and
prioritize more meaningful updates, but its effectiveness depends on the quality of the triggering criterion and
it still relies on weighting-based handling of delayed information. TimelyFL (Zhang et al., 2023b) addresses
a different but related issue by improving fairness through wall-clock time control and adaptive workload
assignment, enabling slower devices to participate more regularly. While this improves inclusiveness, its focus
is primarily on participation fairness rather than directly resolving the fundamental effect of stale updates
once they are incorporated into the server model. Overall, these methods improve asynchronous FL from
different perspectives, including staleness control, communication efficiency, and fairness. Nevertheless, they
largely remain within a weighted-aggregation framework, where stale information is moderated rather than
explicitly replaced or removed.

2.2 Staleness-Aware AFL via Client Selection

A growing body of research addresses the staleness issue by intelligently controlling which clients are selected
to participate in each round (Xu et al., 2023). In other words, new client selection and scheduling strategies
are developed to limit staleness at its source while improving overall training efficiency. Hao et al. (2020)
proposed a semi-asynchronous protocol in which a selected subset of clients can upload their updates as
soon as they finish local training. To mitigate straggler effects, the server maintains a priority-based selec-
tion policy that favors clients with larger datasets and higher computing power, while a GAN-based data
expansion module is used to balance data volume between clients. This approach accelerates convergence
by smoothing out computational and statistical heterogeneity. Zhou et al. (2021) introduced TEA-Fed, a
hybrid AFL protocol that allows idle clients to proactively apply for training, with a server-side C-fraction
control to limit participation. To handle staleness, TEA-Fed incorporates a staleness-aware weighted ag-
gregation scheme and caches multiple versions of the global model for alignment. This design improves
update timeliness and leverages edge availability without centralized scheduling overhead. Zhu et al. (2023a)
formulates client selection in AFL as a multi-armed bandit (MAB) problem with fairness constraints. Their
FLACOS algorithm combines an upper-confidence-bound (UCB) policy with a virtual queue mechanism
to ensure that frequently overlooked clients are eventually selected, thereby balancing training speed and
long-term fairness. FLACOS guarantees sub-linear regret while reducing training latency significantly. Chen
et al. (2021) focused on heterogeneous IoT environments, where client capabilities and link conditions vary
widely. They propose a lightweight node-selection strategy that considers each client’s real-time availability
and resource conditions. By deferring low-quality updates and prioritizing reliable contributors, their ap-
proach improves convergence without requiring synchronization or complex correction mechanisms. Finally,
Lee & Lee (2021) addressed AFL in wireless networks by formulating it as an asynchronous learning-aware
scheduling (ALS) problem. To capture the trade-off between timeliness and staleness, the authors intro-
duced an effectivity score that penalizes outdated updates while rewarding fresh contributions. Using this
score, they designed dynamic scheduling policies using reinforcement learning and dynamic programming.
Their approach effectively reduces communication overhead and improves training robustness, particularly
in bandwidth-constrained environments. Overall, these methods show that client selection and scheduling
can reduce staleness indirectly by controlling which updates are generated and transmitted. Their main
strength is that they address staleness together with broader system concerns such as fairness, resource
heterogeneity, and communication efficiency. However, most of them do not directly correct the effect of
stale updates once those updates have already entered the aggregation process. As a result, they are best
viewed as complementary to, rather than replacements for, server-side staleness-handling mechanisms.
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3 MR.AsyncFL: Asynchronous Federated learning with Model Replacement

3.1 Problem Setup

We consider an AFL system consisting of a central server and N clients, indexed by i € [N] := {1,...,N}.
Each client ¢ possesses a private local dataset of size n; sampled from its local data distribution D;. The
local data is never shared outside the device. The central server maintains a global model w € R9.

The objective is to collaboratively learn a global model that minimizes the weighted loss across all clients:

N
min F(w) := ri Fy(w), 1
i, Plw) = 3w (1)
where r; = n;/ Zjvzl n; denotes the relative data size of client ¢, F;(w) = Eeup, [f(w; )] is the expected loss
over client ¢’s local data distribution, and f(w, &) is the loss function for model w on a sample data &.

3.2 System Overview and Communication Protocol

Our algorithm follows the standard AFL protocol, similar to FedAsync (Xie et al., 2019), where clients
communicate with the server independently upon completing their local updates. The protocol proceeds as
follows:

1. System Initiation: The server broadcasts the initial global model w(()g ) to a list of selected clients,
who in turn start a round of training using their local data and this global model.

2. Client-Side (Local) Update: After client ¢ performed local training on its private dataset using
stochastic gradient descent!, the updated local model will be uploaded to the server, which triggers
server’s t*" (a global event index?) round of aggregation. It is important to note that this local
training process may take unknown amount of time, during which the global model may have been
updated after one or more rounds of aggregation triggered by other client’s upload(s). A local model
on client ¢ after training can be expressed as:

w =w | —ng., (2)

where n > 0 is the step-size and g; is a local gradient, and critically, §; > 0 denotes the staleness
due to various delays in the system, such as communication overhead. In other words, the updated
model may be trained from an earlier round ¢ — §; — 1 instead of the last round ¢ — 1.

3. Model Exchange: Upon receiving client i’s model wt(i), the server enters round ¢, which triggers

an immediate broadcast of its latest aggregated global model wgi )1 to this client ¢ before executing

the stale model replacement and aggregation step for this event. We adopt this pre-aggregation (Liu
et al., 2024) design to speed up the next local training cycle. A natural alternative is a post-
aggregation design (Dai et al., 2023), in which the client instead receives the newly updated global
model, yielding a fresher initialization. In the situation that server-side aggregation latency is
negligible, the practical benefit of pre-aggregation in reducing waiting time becomes modest. As
this design choice is orthogonal to our main focus on the aggregation rule design, and it does not
affect the correctness analysis of the proposed solution, we leave the experimental comparison of the
two variants to the future work.

4. Server-Side (Global) Aggregation: After sending the global model to client 4, the server will
integrate wt(l) into the global model using our proposed update rule that is discussed in the next
subsection.

1We use one gradient step for a clearer exposition of our convergence result. Our proof can incorporate multiple steps easily.
2We want to emphasize that this index increases each time the server receives an updated model from a client.
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For theoretical analysis and practical application purposes, we assume that the staleness is bounded as §; < 7
for some constant 7 > 0. If a client has not uploaded to the server for more than 7 rounds, the server will
reset its training by sending the most recent available global model to it to conduct its local training from
that point on. This kind of bounded-staleness mechanism is commonly adopted in AFL to limit the adverse
effect of severely outdated models on convergence and model quality (Forootani & Iervolino, 2025; Nguyen
et al., 2022; Xu et al., 2024).

The proposed global update rule is the critical component of our proposed solution. For comparison purposes,
we list the server aggregation rules® proposed in FedAsync (Xie et al., 2019) below:

FedAsync: (9) = ’ywt( )1 +(1=yw t(i)y 3)

where v € (0,1) is the mixing coefficient or discount factor. v controls how fast the global model is moved
towards the updated local model. Our update bares some similarity to (3), but has a critical difference that
we discuss in the next subsection.

3.3 Client Contribution and Global Update

The protocol described in Section 3.2 follows the standard asynchronous FL pipeline. It highlights a key

challenge: the uploaded local model wgi) is generally stale, since it was trained from an earlier global

model wgi )5t_1 rather than the most recently aggregated global model wgg_)l. In conventional asynchronous

aggregation, such stale updates are typically incorporated into the latest global model through staleness-
aware weighting or decay, thereby weakening, but not removing the influence of outdated information. This
motivates our design with a different perspective: when client ¢ communicates again, its newly uploaded local
model can be viewed as a fresher replacement for its previous stale contribution on the server. Based on this
intuition, MR.AsyncFL does not merely attenuate the effect of stale information; instead, it directly replaces
the stale client-side contribution with the newly arrived one, so that outdated information is removed rather
than continuously carried forward in the aggregation process.

Client Contributions to the Global Model To achieve the aforementioned goal, we need to investigate

the composition of global model. At any round ¢ > 0, when client i uploads an updated model wgi), the
server-side’s global model can be viewed as a cached mixture:

N
= 3 i, o
Jj=1

(J)

where ¢;”/; > 0 denotes the coefficient assigned to client j in the global model, and wt 1 denotes the most

recent Cached local model from client j on the server. The client weight c,(gj )1 indicates how much the

client contribute to the global model and thus satisfies Z;V 1 cg )1 1 throughout the training. For the

(@) (@) (@) (@)

communicating client ¢, the cached stale model corresponds to w; s , i.e., wy 2y = w2y =+ = w; 5, since
there was no update from client ¢ during this period.

If we want to remove client i’s old contribution, we need to replace it with the newly uploaded model, yielding

B8, om0, e, + ®
Based on this, our update to the global model is then
MR.AsyncFL:  w'® =@, + (1 — y)w” (6)
=y + (1=l e, (w0l -, (7)
= e+ (3, 1) ®
Jj#i
3In the original paper, FedAsync is more generally written as wig) =(1- at)w§9)1 + atwi ), where ay = a(dy +1)7% is

staleness-aware. Here, o and a are tunable hyperparameters. Eq. (3) uses the equivalent notation 74 = 1 — a¢, and corresponds
to the constant-mixing case when ~; is treated as fixed over time.
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Compared to FedAsync (Xie et al., 2019) (i.e., Eq. (3)), our update completely cleanses the old contribution
of the participating client and replaced it with the most recent model. To see it more clearly, by expanding
Eq. (3), we can see that FedAsync only decays the old contribution rather than removing it

Fedasyne: uf? = 3 el%ywily + (=i ©
= Z el w4+ e wfs, + (1= uf? (10)
JFi

since wg R s, 1s outdated and the old contribution 'yc( Y w§ R 5, remains after the update. In contrast, our update

has an additional term based on model difference as shown in Eq. (7), which removes the contribution of
the outdated model completely. To do so, we would need to keep the cached old models, which incurs a
memory cost. In practice, various techniques can be used to lower the memory cost on the server side, such
as using compressed (e.g., with low-precision) models (Li et al., 2023; Shah & Lau, 2023; Zhu et al., 2023b)
and grouping clients into representative clusters (Briggs et al., 2020; Huang et al., 2023). We leave this for
future engineering endeavors.

Recursive Weight Update From Eq. (8), the clients coefficient are updated after incorporating w( ),
The updated global model can still be written as a weighted combination of the most recently cached chent

models, namely,
N
j=1

where c(J ) are the new weights and other clients’ cached models remain unchanged wt( D = wt(] ,Vj #1i. By
comparing (8) with (11), we can see that the recursive update of the client weights is obtained as

©)] ©
ey J# 1

Cg']) = E)l ) ) (12)
vctl—i—(l—q/), j=1.

The initial values are set to be c(()] ) =1 /N. Other initial values can still work and this choice is mainly
for the ease of theoretical analysis. Eq. (12) has a simple interpretation. For the non-participating clients
j # 1, the importance will be discounted by - as they are now one step older or staler. The participating
client ¢ will still be first discounted by ~, but also receive a bonus (1 — ) due to its recency. Moreover, the

normalization of the weights is preserved over time: Given }_;_, CEJ_) 1 = 1, we have

N
Zcij):ZwE])l—kvcg)l—i— _’YZCEJ)I-F v) = 1. (13)
= i
This property is important because it guarantees that the server model remains a convex combination of
the cached client models. Consequently, the aggregation rule does not introduce unintended scaling effects
into the global iterate, and the update remains consistent with the normalized weighted averaging commonly
used in federated optimization (Tedeschini et al., 2025).

In summary, after each communication event, the server replaces the stale cached model of the communicating
client with its newly uploaded local model. This representation makes the contribution of each client explicit
and provides a convenient basis for deriving the recursive weight update.

3.4 Algorithm Summary

Figure 1 illustrates the general procedure of MR.AsyncFL with three devices. Whenever a client finishes
local training, it uploads its trained local model to the server and downloads the latest global model. At
each aggregation round, the server performs the aggregation step (8) using three elements: (a) the current
global model at hand, (b) the newly received local model from the client that just finished training, and (c)
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Figure 1: This figure demonstrates a toy running example of three clients in a timeline for MR.AsyncFL.
The intensity of the color for each block represents the recency of the local model stored in server memory
for a particular client: freshly updated models are shown with more vivid colors, while fading colors indicate
increasing staleness as local training proceeds without new uploads. At the very top, the global model
memory is shown, which is overwritten after every aggregation event. The figure further illustrates the
MR.AsyncFL update procedure: whenever a client completes local training, it uploads its updated model
to the server. The server aggregates using (a) the current global model, (b) the newly received local model,
and (c) the most recently saved local model from the same client. Notably, Device 3 and Device 1 rejoin in
subsequent rounds, and their previous local models are directly retrieved from the server’s memory without
needing to request this information from the clients. This mechanism is crucial for realizing the model-
replacement in our proposed update equation, enabling precise staleness compensation in asynchronous
aggregation.

the most recently saved local model from the same client. In this example, Device 3 (yellow) finishes its
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training quickly from t+ 2 to ¢+ 3, thus participates consecutively. Notice that its previous local model wﬁi)g

is used by the server for the aggregation step at time ¢ 4+ 3. A similar situation occurs at time ¢ + 4, where
Device 1 (green) uploads wiﬁl, and the server uses Device 1’s previously saved local model, wgl), for the
current round’s update. This highlights the necessity for the server to maintain and reuse the latest local
models received from each device, as these may be required for future aggregation steps depending on the
order and timing of client participation.

Algorithm 1 MR.AsyncFL: Asynchronous Server and Client Procedures

Require: Mixing parameter v € (0,1), N clients
1: Client Side Procedure:

For each client i, run asynchronously:

while Client ¢ is available do

At time t — ¢, download latest global model wt(z )5

1 from server

Perform local training with Eq. (2) (possibly over many server events) to obtain wiz)
At time ¢, upload wt(z) to server

end while

Server Side Procedure:

Initialize wég) and set c(()j) + 1/N,Vj

while server is running do

—
=

Upon receiving upload wt(i) from client ¢

11:

12:  Retrieve wt(i) 5 # Previously stored local model for client 4
13:  Update global model wég) using Eq. (8)

14:  Update weights cgi) and C,Ej) for j # i using Eq. (12)

15:  Store wt(i) as latest model from client ¢

16: t<+t+1

17: end while

Algorithm 1 formalizes the asynchronous operation of MR.AsyncFL, where both clients and the server
proceed independently. Rather than relying on fixed rounds or global synchronization, clients update at their
own pace and the server integrates incoming updates immediately upon arrival. To manage staleness, the
server tracks the last received model from each client and computes a model difference relative to the previous
upload. This design enables stale-aware aggregation without maintaining large control buffers or requiring
optimizer-specific mechanisms. The recursive weighting scheme naturally balances client contributions over
time and ensures that the protocol remains lightweight and easy to integrate into existing AFL systems.

4 Convergence Analysis

In this section, we establish the convergence properties of our algorithm. All proofs are deferred in the
appendix. We start with the assumptions.

Assumption 1 (Objective Properties). The global objective F : R? — R is bounded from below (i.e.,
F(w) > F*,Yw) and L-smooth: ||VF(u) — VF(v)|| < L||lu — v|| Yu,v.

Assumption 2 (Stochastic gradient). With filtration {F,}i>0, the realized client update satisfies

g =VEF W ) +¢  E[E|F1]=0. (14)

Assumption 3 (Bounded Staleness). The staleness is bounded by 6; < 7 where T > 0 is a finite positive
integer.

These are standard assumptions in AFL (Forootani & Iervolino, 2025; Nguyen et al., 2022; Xu et al., 2024).
Assumption 3 indicates that a client should respond to the server in at most 7 rounds. Otherwise, it will be
reset and start training using a more recent global model as mentioned in the previous section.
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Assumption 4 (Participation Probability). The participation probability of client i is r;. The mazimum
of these probabilities is bounded by r € [1/N,1). Specifically, using 1; € {0,1} to indicate whether client i
participates in round t, we have r; = E[13}] < r, Vi, t.

This assumption helps us analyze the upper bound of the client weights as seen later in Lemma 1, which is
critical in deriving the final convergence rate.

Assumption 5 (Bounded Local Update). For any client and t, the local gradient update is bounded
lgell < G. (15)

This assumption is not strictly necessary and can be replaced by a different one on the variance of the
gradient (Nguyen et al., 2022; Xu et al., 2024). However, it simplifies the analysis and makes the final bound
less cluttered.

Assumption 6. The discount factor vy and participation bound r satisfy p = 47%[(1 — )% + +*r] < 1.

This final assumption ensures a contraction property in the proof. A similar assumption can be found in
FedAsync (Xie et al., 2019).

Our proof heavily rely on a decomposition of the global model update:
Ay = w? —wf?, (16)

=(1-79) (wig)a, 17 wgg)l) + chz)l (wgg)& 1 wtgl)é,) 9t(1)77g (17)

where 9,@ =01-7)+ ’ycg )1 The proof starts with the L-smoothness of the objective function

E [F (wt(-"))} <F (wt@l) [(VF (wt )1) Ay ’ ft_l} n gE (1A | Foa].- (18)

Term A Term B

We will bound Term A and Term B, and apply telescoping sum to get the final result. When it is clear from
the context, we will ignore the condition on the filtration F;_; and explicitly mention it when necessary. We
start with several supporting lemmas.

Since the client weight are updated by Eq. (12), it would be non-trivial to see if some client can have a
dominating contribution/weight that is close to one. The following lemma answers this question and ensures
that the weight is bounded by 7.

Lemma 1 (Bound for Client Weight). Under Assumption 4, the expected client weight is bounded by
E {cgi)} < r. Moreover, E {(cgi))ﬂ <r:

With this lemma, we can now derive upper bounds for (the average of) Term A and Term B respectively
with the following lemmas:

Lemma 2 (Bound for Term B of (18)). Under Assumptions 3 to 6, we have

T

Z [1A] < Can?, (19)

4G*? ((1—7)2 +2’yr>

— > 0.

where Cp =
Lemma 3 (Bound for Term A of (18)). Under Assumptions I to 6, we have
T

_ Cu
%Zm[vp(wgga) ag) = [P | S - ZE[HVF I, (20)

where Cyy, = T72CA.
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With Lemmas 2 and 3, we are ready to show the main convergence result.

Theorem 1 (Convergence). Under Assumptions 1 to 6, we have

i (F(wf?)-F 1—y+2
i 4 * —yt2r
min, B [||VF(w§Z)1)\|2} <1 — +Cy [2 +?L?| + G2+ LCan | . (21)
Furthermore, by choosing
1 2 1 )
U—ﬁ7 T_N’ ’Y—l—ma T =N~7,

we obtain a convergence rate of O(T’l/‘L).

This theorem shows that, with a reasonable participation (r = 2/N) and sufficient training (T = N?), the
minimum expected gradient on the iterates decays at a rate of O(T’l/ 4).

Comparison to FedAsync. Our convergence analysis shares an important similarity with FedAsync (Xie
et al., 2019) in that both proofs initially contain a non-vanishing residual term caused by asynchrony and
staleness. In our case, this error floor arises through the participation-related term r, which appears in the
bound of our Theorem 1; however, under the large-scale cross-device FL regime, this floor can be driven to
zero by choosing r = 2/N and allowing the effective client population N to grow with the training horizon T,
e.g., through the scaling T = N2. This is particularly natural in open cross-device federated systems, where
the client pool can be very large and new clients may join over time. By contrast, the FedAsync analysis
removes its residual term by requiring the minimum number of local updates per client, Hp,i,, to grow with
T at a rate of Hy, = TY®. The bound in their Theorem 1 contains residual terms proportional to 1/Hpin,
so asymptotic vanishing relies on increasingly large local computation on each participating device. While
mathematically valid, such a condition is less well aligned with practical cross-device FL, where clients are
typically resource-constrained and only available for short, intermittent local training sessions. From this
perspective, our scaling assumption is better matched to the intended deployment regime of large, dynamic
cross-device federated learning, whereas the FedAsync condition places the asymptotic burden on ever-longer
local training.

5 Experiments

5.1 Experimental Setup

We conduct experiments on the CIFAR-10 and CIFAR-100 datasets (Krizhevsky et al., 2009), both widely
adopted benchmarks in image classification and FL research. CIFAR-10 consists of 60,000 color images of
size 32 x 32 pixels, evenly distributed across 10 classes, with 50,000 images for training and 10,000 for testing.
CIFAR-100 shares the same image size and total number of samples, but spans 100 classes with 600 images
per class (500 for training and 100 for testing), making it a substantially more challenging benchmark due
to its larger label space and higher inter-class similarity.

All experiments are carried out in a FL setting with N = 30 clients. We include both IID and non-IID
settings because they reflect two complementary regimes for evaluating asynchronous federated learning.
The IID case serves as a controlled setting in which client distributions are well aligned, making it easier to
isolate the effect of asynchronous aggregation and staleness. The non-IID case, on the other hand, better
reflects practical FL. deployments and is substantially more challenging, since stale updates may also be
biased toward client-specific data distributions. For the IID scenario, the training data is randomly shuffled
and equally partitioned among all clients, ensuring each client receives a balanced mixture of all classes.
For the non-IID scenario, we employ a Dirichlet distribution-based partitioning strategy (Hsu et al., 2019),
which allocates each client a proportion of data from each class drawn from a Dirichlet distribution with
concentration parameter set to 0.5. This value is commonly adopted in FL literature to create a moderate
degree of statistical heterogeneity across clients.
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We further consider experiments both without a maximum staleness bound and with a maximum staleness
bound. The former serves as a harsher empirical stress-test, in which algorithms must cope with arbitrary
highly stale updates and the effectiveness of their aggregation rules becomes especially important. The latter
reflects the bounded-staleness regime commonly adopted in practical AFL systems, where excessively out-
dated updates are discarded and clients are resynchronized with a recent global model. Studying both cases
allows us to evaluate MR.AsyncFL both in a theory-aligned setting and in a more challenging unconstrained
setting, thereby illustrating not only its behavior under bounded staleness, which is assumed in our analysis,
but also its empirical robustness when such constraint is removed.

5.2 Model Setup

We use PyTorch to implement the local models for the clients. The local and global model architecture closely
follows the design specified in Zhang et al. (2023a) and is based on ResNet18, a widely adopted convolutional
neural network for image classification tasks in FL research. ResNetl8 is chosen for its favorable trade-
off between representational power and computational efficiency, with skip connections that enable stable
training on both IID and non-IID data. The architecture consists of an initial convolutional layer with
64 channels, followed by batch normalization and ReLU activation, and four sequential residual layers with
channel sizes of 64, 128, 256, and 512. Each residual block includes either an identity shortcut or a projection
shortcut when the input and output dimensions differ. The final layers perform global average pooling and
map the output classes using a fully connected layer. All experiments were conducted on multiple virtual
machines, each configured with high-performance GPUs, including Nvidia Titan V, RTX 3060, and RTX
4090 models, all operating under Ubuntu 24.04.

5.3 Baselines

We compare the proposed method against three representative AFL baselines:

FedAsync (Xie et al., 2019) performs an immediate update of the global model upon receiving a local
model from any client, combining the previous global model and the new local model using a fixed or
staleness-adjusted step size.

TWAFL (Chen et al., 2019) employs a rolling average approach: at each global update, it takes the weighted
average of every client’s latest local model, rather than only combining the previous global with the incoming
update. The aggregation weights are computed based on the staleness of each local model. This method
generalizes rolling FedAvg by explicitly accounting for client staleness in the weighting scheme.

Rolling Fed Avg is the staleness-agnostic version of TWAFL, aggregating the latest model from every client
using uniform (or sample-size based) weights, but without any adjustment for staleness. Rolling FedAvg can
be seen as the base of TWAFL, where all clients contribute equally regardless of the delay or frequency of
their updates.

5.4 Results and Analysis

Each algorithm is evaluated with its best-performing hyperparameters found through systematic experimen-
tation. For FedAsync, the update follows a staleness-aware rule in the original paper, which achieves the
best overall results in our experiments. Their mixing coefficient is computed as v; = 1 — a(d; + 1) ™% where
a,a are hyperparameters. The optimal values determined in our experiments are @ = 0.1 and a = 0.5,
and these are applied consistently across all plots. We also experimented with a constant-mixing version
of FedAsync, but its performance was generally worse than the staleness-aware setting with a = 0.1 and
a = 0.5; therefore, we report the stronger staleness-aware variant throughout. For TWAFL, we tune the
temporal decay factor, and the best performance under IID data without a maximum staleness threshold
is obtained with an effective decay coefficient of 0.5. As shown in Figure 2, MR.AsyncFL achieves optimal
performance at v = 0.8. Among the four values we tested, performance consistently improves as « increases;
this trend is qualitatively aligned with our theoretical analysis, which considers a regime where v — 1 as
T increases. Rolling FedAvg, in contrast, does not include any tunable staleness or decay hyperparameters,
as it aggregates client updates without regard to their staleness. In Figures 3 through 10, the shaded re-
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gions represent the standard deviation over three runs with different random seeds, where the randomness
arises primarily from the asynchronous client participation order, which can significantly affect AFL training
dynamics.

CIFAR-10 Figure 3 presents the global accuracy curves for all four algorithms under IID data without any
maximum staleness threshold. In this setting, TWAFL achieves its best performance with a decay coefficient
of 0.5. The results show that MR.AsyncFL attains the highest global accuracy, followed by TWAFL and
FedAsync, while Rolling FedAvg lags significantly behind due to its inability to handle staleness.

Figure 4 shows the results for the same algorithms and IID data, but with a maximum staleness threshold set
to 20 global timestamps. TWAFL achieves its best results with decay coefficient set to 0.6 in this scenario.
The performance ranking remains the same, with MR.AsyncFL maintaining its lead, followed by TWAFL,
then FedAsync, and finally Rolling FedAvg. However, the global accuracy values are noticeably higher for
all methods, and the training curves are smoother compared to Figure 3. This improvement is due to the
prevention of highly outdated client updates from being included in the aggregation process.

Figure 5 considers the non-IID data and a maximum staleness threshold of 20. For TWAFL, the optimal
value for its decay coefficient is 0.4 in this setting. Rolling FedAvg continues to operate without any stal-
eness or decay parameters. Under these conditions, all algorithms experience reduced global accuracy and
increased fluctuation, reflecting the greater difficulty of learning from heterogeneous data. The gap between
TWAFL and FedAsync narrows, indicating that TWAFL is more sensitive to the effects of non-1ID data.
MR.AsyncFL, while still the top performer, also shows a reduction in accuracy compared to the IID cases.
Rolling FedAvg remains the lowest-performing algorithm, which is consistent with its lack of any staleness
control.

Figure 6 considers non-IID data with a maximum staleness threshold of 20. For TWAFL, the optimal
value for its decay coefficient is 0.4 in this setting. An interesting observation is that TWAFL exhibits a
much larger performance drop in the non-IID setting when the maximum staleness threshold is removed,
compared with the corresponding IID case shown in Figure 3 and 4. A plausible explanation is rooted in
the temporally weighted aggregation mechanism of TWAFL, which down-weights stale updates but does
not, explicitly discard them. Under non-IID data, stale local models are not only outdated but also more
strongly biased toward client-specific distributions. As a result, when no staleness threshold is imposed,
the aggregation becomes more sensitive to the coexistence of highly stale updates and recently arrived
but distribution-skewed client models, leading to larger fluctuations and lower final accuracy. By contrast,
in the IID case, client updates are more statistically aligned, so the absence of a staleness threshold is
less detrimental. This interpretation is also consistent with the original TWAFL paper, which notes that
temporally weighted aggregation may introduce fluctuations because some high-quality local models can
receive insufficient weight in certain communication rounds.

Across all figures, we emphasize that the results reflect careful hyperparameter tuning for each algorithm,
particularly for the staleness-related parameters. For FedAsync, we adopt a staleness function s, (¢t — 7) and
use the aggregation weight «; as described above, with o = 0.1 and a = 0.5 selected based on their empirical
performance. For TWAFL, we use decay coefficient of 0.5 for IID data without threshold, 0.6 for IID data
with threshold, and 0.4 for the two non-IID data scenarios. Rolling FedAvg does not require such tuning,
as it lacks any staleness-awareness by design. The application of a maximum staleness threshold universally
improves accuracy and convergence stability for all algorithms, though it does not alter their relative ranking.
Meanwhile, non-ITD data settings reduce accuracy and increase the sensitivity to hyperparameters, especially
for algorithms like TWAFL. The consistently poor performance of Rolling FedAvg across all scenarios further
highlights the necessity of staleness-aware aggregation in AFL.

CIFAR-100 To further evaluate the scalability and robustness of MR.AsyncFL, we extend our experiments
to the CIFAR-100 dataset, which is considerably more challenging due to its 100 classes and higher inter-
class similarity. This setting better reflects real-world FL scenarios with large output spaces and complex
distributions. To obtain more stable training behavior in this harder setting, we increase the total number
of FL. epochs from 1000 to 4000. Using the same four experimental settings as in the CIFAR-10 study, we
report results for IID data without a maximum staleness threshold (Figure 7), IID data with a maximum

12



Under review as submission to TMLR

Table 1: Global accuracy (%) across three seeds for each method (CIFAR-10). Entries are mean + std. Bold

indicates the highest mean accuracy per column.

No Stale Thres.

Stale Thres. = 20 No Stale Thres.

Stale Thres. = 20

Method (IID) (IID) (non-IID) (non-IID)

MR. AsyncFL 80.77 + 2.33 83.17 + 1.21 77.88 + 1.23 78.68 + 0.98
FedAsync 75.28 + 2.29 77.35 + 2.87 71.13 + 2.48 72.10 + 2.72
TWAFL 79.19 + 2.57 81.33 + 1.90 73.16 + 1.25 76.62 + 1.54
Rolling FedAvg ~ 53.70 + 2.39 53.70 + 2.39 48.68 + 2.09 48.68 + 2.09
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—— MR.AsyncFL (IID, no
—— MRAsyncFL (IID, 10 Ty, 3
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Figure 2: Global Accuracy Comparison of MR.AsyncFL under IID data distribution without maximum
staleness threshold for different decay parameters (CIFAR-10).

30 —— MR.AsyncFL (1D, 10 Tyqz)
—— TWAFL (IID, 10 7y0,)

—— FedAsyne (11D, 10 Tynqr)
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Global Accuracy
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Figure 3: Global Accuracy Comparison under ITD
data distribution without maximum staleness thresh-
old (CIFAR-10).

600 800 1000

0 200 400 il
Global Timestamp

Figure 4: Global Accuracy Comparison under IID
data distribution with maximum staleness threshold
of 20 global timestamps (CIFAR-10).

staleness threshold of 20 (Figure 8), non-IID data with a maximum staleness threshold of 20 (Figure 9),
and non-I1ID data without a maximum staleness threshold (Figure 10). Overall, the same qualitative trends
observed on CIFAR-10 remain consistent: MR.AsyncFL achieves the best performance across all settings,
the staleness threshold improves stability and final accuracy for all methods, and the non-IID setting remains
more challenging than the IID setting. As expected, the absolute global accuracies are uniformly lower than
those on CIFAR-10 because CIFAR-100 is a more difficult classification task.
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Figure 5: Global Accuracy Comparison under Figure 6: Global Accuracy Comparison under Non-
non-I1ID data distribution with maximum staleness IID Data Distribution without Maximum Staleness

threshold of 20 global timestamps (CIFAR-10). Threshold (CIFAR-10)
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Figure 7: Global Accuracy Comparison under IID Figure 8: Global Accuracy Comparison under 11D
data distribution without maximum staleness thresh- data distribution with maximum staleness threshold
old (CIFAR-100). of 20 global timestamps (CIFAR-100).

In addition to the global accuracy curves, we also report the mean and standard deviation of the final
accuracies across three random seeds in Table 1 for CIFAR-10 and Table 2 for CIFAR-100. These tables
provide a compact numerical summary of the best global accuracies obtained under each experimental setting.

Table 2: Global accuracy (%) across available seeds for each method (CIFAR-100). Entries are mean =+ std.
Bold indicates the highest mean accuracy per column.
No Stale Thres. Stale Thres. = 20 No Stale Thres. Stale Thres. = 20

Method (IID) (IID) (non-IID) (non-IID)

MR.AsyncFL 66.46 + 1.81 68.19 + 2.42 63.96 + 1.39 65.19 + 1.55
FedAsync 65.14 + 1.84 65.88 + 1.90 62.13 + 2.02 63.36 + 1.86
TWAFL 65.33 + 1.90 67.63 + 2.20 61.81 + 1.80 63.71 + 1.90
Rolling FedAvg ~ 40.22 + 2.20 40.22 + 2.15 38.48 + 2.20 38.48 + 2.15
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Figure 9: Global Accuracy Comparison under Figure 10: Global Accuracy Comparison under non-
non-I1ID data distribution with maximum staleness IID data distribution without maximum staleness
threshold of 20 global timestamps (CIFAR-100). threshold (CIFAR-100).

6 Conclusion

In this paper, we proposed MR.AsyncFL, a fully asynchronous FL framework that addresses stale updates
from slow clients through a stale-model replacement mechanism. Unlike conventional AFL methods that only
attenuate stale updates during aggregation, MR.AsyncFL replaces client i’s previously cached local model
in the server-side mixture with the new one, forming an adjusted intermediate model. It then combines this
intermediate model with the same newly uploaded local model to produce the next global model. This yields
a more faithful representation of the latest client state in the global model and provides an interpretable
weighted-mixture view of server aggregation.

Furthermore, to make this update practical in fully asynchronous settings, we introduced a recursive
participation-weight scheme that preserves normalization without requiring auxiliary buffers or optimizer-
specific modifications. We also provide a convergence analysis showing that, under bounded staleness,
MR.AsyncFL achieves an (’)(T‘l/ 4) convergence rate measured by the minimum expected squared gradient
norm over T iterations. Empirically, across CIFAR-10 and CIFAR-100 under IID and non-IID settings, with
and without staleness thresholds, MR.AsyncFL consistently achieved the best accuracy among the compared
asynchronous baselines, with particularly clear advantages in more challenging heterogeneous settings.
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A Proof of Lemma 1

Lemma 1 (Bound for Client Weight). Under Assumption 4, the expected client weight is bounded by
E [cgi)] < r. Moreover, E [(cgi))ﬂ <r:
Proof. The update of a client can be expressed as

e =7 +15(1-7). (22)

where 1% is an indicator function, indicating whether client ¢ participates in round ¢. For a client with
participation probability r; € [0, r], in expectation, it satisfies

E [cgi) .7-},1} = vcﬁ)l +7i(1—7). (23)
Keep expanding and take full expectation, we have
' ' t—1
E ] =4tef +ri(1 =) Y (24)
s=0
t
t (%) |
=v'cy’ +ri(l—7 25
R (25)
=r + Wt(c((f) —7ri). (26)
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There are two cases, if r; > céi) = 1/N, then (c(()i) — ;) is negative and E [cgi)] <r; <r. Ifr, <1/N, then

E [ng’)] =1 ="+ vtcéi) < 1/N < r by Assumption 4. Therefore, E [cy)} < r holds for all clients and
all time ¢.

Next, we derive a bound on the square of the weight ]E[(cgi))Q]. To do so, we first derive its variance and

add it to the square of the expectation. Given cgi_)l, c,(f) is Bernoulli with a gap of (1 —v) between the two

possible outcomes (see (12)). Thus, its conditional variance is
Ve | Fema] = i1 = ri)(1 = 7)%, (27)
which is a constant independent of cgijl. Then by the law of total variance,

Vet"] = EV(ef” | Fooa]] + VIE[e}” | Fia] (28)
(1 =) (1 =)+ Vyel?, +ri(1 — )] From (27) and (23) (29)
ri(1—r)(1—7)% + ’VQV[CEi_) ] Variance properties (30)

:’ri

Continuing the expansion gives

Vel = 92 V[e§"] + ri(1 = ri)(1 — 7)? zw (31)
s=0

= (1= m)(1 =) 11‘_12 (32)

_ ri(1 — Tz)(ll;z)(l — %) (33)

< ri(1 —171)%1—7) (34)

<ri(l—m). (35)

Note from (26) that E[cgi)] is monotonically increasing or decreasing in ¢ depending on whether ; < 1/N or
r; > 1/N, so max; ]E[cgl)] = max{1/N,r;}. Then

E[(c{”)?] = E[c¢}"]? + V[c{"] (36)
< max{1/N,r}> +r;(1 —ry) (37)

There are two cases, if r; > 1/N, the bound is
E[(cgi)f] <r24r(l—r)=r < (38)
If r; < 1/N, the bound is
El(ef”)?] < 5 +7:(1 7o) (39)

The RHS is a quadratic function of r;, and it is increasing in [0, 1/2] (thus increasing in [0, 1/N] since N > 2).
This means the maximum is achieved at r; = 1/N and the bound becomes

i 1 1 1 1
E[(c")?) < —+—(1l-<=)==< 4
P g+ 5 (1-5) =5 < (10)
due to Assumption 4. This finishes the proof and E[(cgi))Q] < r for all clients and all time ¢. O
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B Proof of Lemma 2

Lemma 2 (Bound for Term B of (18)). Under Assumptions 3 to 6, we have

!

Z AP < Can?, (19)

4G? <(177)2+2’yr>

— > 0.

where Cpa =

Proof. From the definition of A; (17) and triangle inequality
JA < (1=l —y = wiZll + e g, o = w2, 1+ 0 nllgel. (41)

For the second term on the RHS, it measures the deviation between w(g ) _, and wt(i) s,» which actually share

the same starting point wg_)&_ 5,_5 —1- That s, wt(_) 5, is obtained by local training from the last participation
=615, /

(at round t — d; as opposed to the current participation at round t) of client 4, taking a gradient step from

wt(g )5t 5ies, 1, while w(g ) _, is the global model updated from wt(g )5t7 5is,—1 by incorporating updates from

clients other than i (when client 7 is doing local training). Denote b; := d; + d¢—s, (i.e., how much we need to
trace back; the time pair (t —d;,t —b; — 1) is then analogous to (¢,t—d; — 1) in this client’s last participation).
We have

||wt(g)5t—1 wiz)étH < ||“’§g)6t—1 t(z)bt—1|| + Hwi"?st - wt(g)br—IH' (42)
= lwi, _, — w1+ nllge—s, |- (43)

Then
AN < (1= wls = w | +ve [wls, ) — w11+ el gis, || + 0700l (44)

Applying (a + b+ ¢+ d)? < 4(a® + b? + ¢ + d?), Assumption 5 and the triangle inequality gives
Al < 40 =),y = w3 1P+ 40ve ) e,y = w117 + 40yl 0)*G? + 467 n)*G?

(45)

5, 2 ,
2<Z||At—sll> +4(yei) <Z||At o sl) AP (2P )2+ (0))G2 (46)
s=1

Since each summation window contains at most 7 terms due to Assumption 3, using (i a;)*> <n), a?,
we obtain

St 2 Ot Ot
(Z IAtsH) <Y AP <7y A% (47)
s=1 s=1 s=1
be 2 by by
(Z IAtatsH) <b Yy [As P <Y 1A sl (48)
s=1 s=1

s=1

Plugging these to (46), taking full expectation with Lemma 1, we have

E[IladP] < 4(1-7) TiEnAt T+ 47r SOl A2+ 426 (v [(2)?] + B [01)Y)]) -

s=1
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Furthermore, from the definition of Ht(i),
N2
S e (G o

Using Lemma 1, E[ci?l] <rand E{(q@ﬂ } <r, so

E{(ﬁﬁi)ﬂ < (1= +27(1 = y)r+7r (51)

Therefore, the whole gradient-source term (i.e., the term involving G) in (49) can be bounded by
APG? (VPr+ (1 =)+ 29(L = y)r +7%r) = 49’G? (1 — 7)* + 2vr) . (52)

Summing over t gives

T

S R (1800 < 40 - 27 3 S EIA I + 42 Y SOElIA - P+ AT G (1= 1) + 297).

t=1 t=1 s=1 t=1s=1
(53)
For each double sum on the RHS, each term E[||Ag|%] for K = 0,...T appears at most 7 times. Hence,

STE AN < 472001 = )2 + 4% S E (A2 +4Tn? G (1 - 7)* + 24r). (54)

t=1

p

Since p < 1 by assumption, rearranging gives

T
(1= ) Y E[IA?) < 4T?G2((1 =) + 297) (55)
t=1
T AT QGQ((l— )2+ 2 r)
1 Ui v g4
. E A 2 < = 2
where
4G? ((1 —v)?% + 277“)
Ch = .
1—p
O
We also have the following corollary.
Corollary 1 (Bound on Average Global Drift). Under the same assumptions as Lemma 2, we have
1 X
= 2B [ — wf®s L |P] = Cur? (57)
=1

where Cy, 1= T2CA.

Proof. Using a similar argument, we have
St 2 Oy
oy = wi%s, I = (Z ||Ats||> <7 IA? (58)
s=1 s=1
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Taking expectation, summing over ¢ and noticing that each E[||A¢||?] appears at most 7 times, we have

T
2l ol — s 1P <7 S ElIA (59)
t=1
Then from Lemma 2,

T 2T
- Z Elllwy?) — w11 < 7 D ElIAP) (60)

et t=1
< 72Can? (61)
= Cyn? (62)
where Cy, := 72CA. O

C Proof of Lemma 3

Lemma 3 (Bound for Term A of (18)). Under Assumptions I to 6, we have

T
Z (vF (1)), A)]S{H;QWJWLQ o e - ZE[WF @@)IP], (20)
where Cy, = 72CA.

Proof. Applying (17) to the Term A.

Term A = (1 — 7)<VF(wt( 1) wig)&—l - wﬁg)l (63)
+E [<VF( (g) 1) VCE )1 (wt(g)é, 17 wi )6t) >} (64)
~E [(VF(wt@l), oﬁi)ngtﬂ (65)

For the first part (63), by Young’s inequality for inner product ({a,b) < %|lal|® + 5/b[|?,Va > 0), we can
choose a = 7 to get

n 1
(L= )(VF (i) w sy —wi?y) < (1-7) [QHVF(wﬁW +gplleis s =] (60)

For the second part (64), by choosing o = 1 we get

E [<VF(w§g)1) 70151)1 (wgg)é,—l wt(z)ét) >]

—E [1ef) (VP {), 0%, _, — )] (67)
< Bl (BIVFEI? + 5ol - wil IP) (68)

Moreover, from the proof of Lemma 2 (see (43)), we know that

w5,y — w5 12 < 2wy, — w12+ 202 ges, |1 (69)
§2||w§‘i)bt71 t(g)6t 1||2+277202- (70)

21



Under review as submission to TMLR

where the last step is due to Assumption 5. Therefore, (68) becomes

E [<VF(wt(g)1) ’chl)l (wgg)af 1

< e, (FIvF@@)P +

Combining the first and second parts gives (by

wgl)&) >}

1
5”wt@bt71 - wt 5t A+ 77G2> }

the definition of Gt(i) and Lemma 1)

(1- )<VF(wt D, “’t(g)at 1 wgg)1> +E [<VF(wt(g)1) v, (wt(g)a, L —w! )6,) >}

<E[fOTIVF@@)I?] + - 5wty -

For the third part (65), by the polarization identity (—{a,

E[(VF@?),0{"n9.)| = (Y F(w]
< 2[IVFi?) - VE(

— IVF(w{?)|? — ||

| /\

— IVF(w{?)|? — ||

By [la— 0] < 2[|a]|* + 2||b]|%, choosing a = VF(w(?; _

between the two gradients

20, VEw?s ) - E[0f]

'yr
w2+ ml @

b) = 3(lla —b]* — Jlal® -

(9) )H2

Wy 5,1

VF(wEg)ér_l) ||2] ]E[F)t(i)} Polarization

T

VF(w®; )||2]1E[9§”}. Assumption 1

IVF ()| < 2|VF (w5 _)I? +2|VE (s, ) — VFw?))|?

1
~IVEs, _DIP < =S IVF@)|? + [VF (s, ) = VE@w)]?

n n
— —5||VF<w£i>5,,_1>u2 < —IVF(wi?,

Plugging this into (75) gives

B (VP i), 67na0)] < |22 ul?)

nL?
I+ Tl s,y — w2

— w1

Combining the bounds on these three parts (plugging (72) and (79) to (63)), we have

lw®, — w2+

1—
Term A < —||w,”’ 5,1

+ L |wl?) —wls | -

+ L2 wl®) — w1 -

(9) (9) Hz +

g T,y — w5 |2 +1rG?
n i
HIVE @) PE;)

’y?“
;nwi‘i)bt,l —wl P+ G

n(l—1)
TIIVF(wt DI,

Wy, — 1_wt Jt 1||2‘i‘7777"G2

[b]2)), we have

(1) and Assumption 2

3 i
— LIVE@ )| El6)).

(71)

(72)

(73)

(74)

(75)

D),b= VF(wE'])(S - VF(w?,) offers a connection

(79)

(80)

(81)

where the last inequality is due to Ht(i) > 1 —. Finally, we sum over ¢ for Term A, in which case the sum of

w? b—1— W5 _1||* can be replaced by the sum of |

(9)

') —w 5,—1||? since the latter sum has more terms.
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Then we apply Corollary 1 to get

P2 e[ (). o) o

1—v+ 2fyr
< | g ZE[Hw(g’ — 0l 12] + - ZE[HVF @I, (83
T
1—y+2yr 2| Cw 2 n(1—1) (9) y||2
< |7 t=" ~w _ I
< { ; +77L} 7 +mrG T ;E[IIVF w; )| } (84)
which concludes the proof. O

D Proof of Theorem 1

Theorem 1 (Convergence). Under Assumptions 1 to 6, we have

s (F(uf?)-F
1—7v nT

1—v+2yr

5 + 2L | +yrG* + LCan | . (21)

Lmin_ E[IVF@{?)[?] < er [

Furthermore, by choosing

U:ﬁ7

we obtain a convergence rate of O(T‘1/4).

Proof. Applying telescoping sum to (18) (with iterative expectation/tower rule) and Lemmas 2 and 3, we
have

d 1 « 1 L«
7 2B [F (ul?)] < 7 D08 [P (wih)] + 7 B [0 (wih) o] + 2 2R LA 5)
t=1 t=1 t=1 t=1
< ;é]E [P (wf®)] + |72 LZ] CT
e - M iE [IVF )] + Loaw? (56)

Rearranging gives (note that F' is bounded from below by some value F* by Assumption 1)

(9)
Fwe” ) =F 11—y 2qr Cu
ZE[HVF DI < ( T) +[ S +nL2]T+WG2+LCM2. (87)

Each E [||VF(wt Dl } is bounded from below by mins—;, 7 E [||VF(wt Dl } hence

V

) T
M (‘J) 2 M . (q)
— ;u«: IVF@@I?] = T min_ [IVE@)|?] ;1 (58)
nl—v) .
= T2 min E[[VF(w{®)|?] (89)
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Plugging this back to (87) gives

F w(g)) _F
: @ 2] < 4 (0 * L—v+42yr 2| Cuw 2
,min_ E [||VF(wt,1)|| <7 7 + o L G LOan |, (90)
which completes the first part of the theorem.
By choosing n = ﬁ, the bound is simplified to
(9)
Flw - F 2
: (9) 2 < 4 ( 0 ) * _ L Cw 2 LCA
,min_ E[|IVF@{?)|?| < 1= - S Cull =y 2 + S G 2 | (01)
Then by choosing
2 1 9
T_Na ’7—1*m7 T = N~,
we have
_min_E [||VF(wt(ﬁ)l)||2} < 4T1/4((F(w59>) F)TY2 O (T4 4 2(1 — T4 (27 1/2))
FL2C, T + (1 — T~ Y4 r Y262 + LOAT*/?) (92)

— 4T/ ((F(w(()g)) — PV 4 Oy (T Y4 4 4T~ V2 — 473/4 4 277
+ (2772 = TG 4 LOAT1?) (93)
= 4<(F(w(()g)) ~FYTVA L Oy (1 4+ 4T YA 4TV 4 L2734
(2T~ — 27~V 4 LCAT_1/4). (94)
Note that for Ca,

4G? ((1 —7)? + 2’yr) 42

Ca = =
A 1—p 1—-p

(T—1/2 +2(1 - T—1/4)(2T—1/2)) = O(TV/?). (95)
Then C,, = 72Ca = O(T~1/?). Plugging these to (94) gives

min_ B [[|[VF())|?] = oT/4). (96)

,,,,,
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