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Abstract

This paper serves as a user’s guide to sampling strategies for sliced optimal transport [

, ; , ]. We provide reminders and additional regularity results on
the Sliced Wasserstein distance. We detail the construction methods, generation time com-
plexity, theoretical guarantees, and conditions for each strategy. Additionally, we provide
insights into their suitability for sliced optimal transport in theory. Extensive experiments
on both simulated and real-world data offer a representative comparison of the strategies,
culminating in practical recommendations for their best usage.

1 Introduction

The Wasserstein distance is acclaimed for its geometric relevance in comparing probability distributions.

Having gathered a lot of theoretical work | , ; , ], it has also proved to be relevant
in numerous applied domains in the last fifteen years, such as image comparison | , ], image
registration | ) ], domain adaptation | ) |, generative modeling [
, : ; , ], inverse problems in imaging [ ,
] or topologlcal data analy51s [ , : , |, to name just a few. The

computational demands of the Wasserstein distance are, however quite high, since evaluating the distance
between two discrete distributions of N samples with traditional linear programming methods incurs a
runtime complexity of O(N3logN) | , ]. This computational burden has motivated the
development of alternative metrics sharing some of the desirable properties of the Wasserstein distance but
with reduced complexity.

The Sliced Wasserstein (SW) distance | ; , |, defined by slicing the Wasser-
stein distance along all possible directions on the hypersphere is one of these efficient alternatives. Indeed,
the SW distance maintains the core properties of the Wasserstein distance but with reduced computational
overhead. For compactly supported measures, Bonnotte | , | showed for instance that the two
distances are equivalent. Again, it has been successfully applied in various domains, such as domain adap-
tation [ , ], texture synthesis and style transfer | , ; ) 1,
generative modeling | , ; , ], regularizing autoencoders | ,

], shape matching | , ], and has even been adapted on Riemaniann manifolds | ,

].

The SW distance between two measures p and v can be written as the expectation of the one dimensional
Wasserstein distance between the projections of p and v on a line whose direction is drawn uniformly on the
hypersphere. It benefits from the simplicity of the Wasserstein distance computation in one dimension. In
practice, computing the expectation on the hypersphere is unfeasible, so it is estimated thanks to numerical
integration. The most common method for approximating the SW distance is to rely on Monte Carlo
approximation, by sampling M random directions uniformly on the hypersphere and approximating the
integral by an average on these directions. Since the Wasserstein distance in 1D between two measures of
N samples can be computed in O(N log N), computing this empirical version of Sliced Wasserstein has a
runtime complexity of O(M N log N). This complexity makes it a compelling alternative to the Wasserstein
distance, especially when the number N of samples is high.
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As a Monte Carlo approximation, the law of large numbers ensures that this empirical Sliced Wasserstein
distance converges to the true expectation, with a convergence rate of O(ﬁ) This convergence speed is
slow but independent of the space dimension. However, it is important to keep in mind that to preserve some
of the properties of the SW distance, the number M of directions should increase with the dimension. For
instance, it has been shown that for the empirical distance to almost surely separate discrete distributions
(in the sense that if the distance between two distributions is zero then the two distributions are almost
surely equal), the number of directions M must be chosen strictly larger than the space dimension |

’ }

Classical Monte Carlo with independent samples is not always optimal, since independent random samples
do not cover the space efficiently, creating clusters of points and leaving holes between these clusters. In
very low dimension, quadrature rules provide efficient alternative methods to classical Monte Carlo. On
the circle for instance, the simplest solution is to replace the M random samples by the roots of unity
{ei%F | 0 <k < M —1}: since the function that we wish to integrate is Lipschitz, this ensures that
the integral approximation converges at speed O(%) However, such quadrature rules are unsuitable for
high-dimensional problems, as they require an exponential number of samples to achieve a given level of
accuracy.

Another alternative sampling strategy is to rely on quasi-Monte Carlo (Q.M.C.) methods, which use deter-
ministic, low-discrepancy sequences instead of independent random samples. Traditional Q.M.C. methods
are designed for integration over the unit hypercube [0, 1]¢. The quality of a Q.M.C. sequence is often mea-
sured by its discrepancy, which measures how uniformly the points cover the space. A lower discrepancy
correlates with a better approximation, according to the Koksma-Hlawka inequality [ , ]
Examples of low-discrepancy sequences for the unit cube include for instance the Halton sequence [ ,

], and the Sobol sequence | , |, and different approaches have been investigated to project such
sequences on the hypersphere. While quadrature rules are recommended for very small dimensions (d = 1
or 2 for instance), Q.M.C. integration is particularly effective in low to intermediate dimensions. A variant
of low-discrepancy sequence is one where randomness is injected in the sequence while preserving its "low
discrepancy" property. Such a sequence is called a randomized low-discrepancy sequence, and this is the

foundation to randomized quasi-Monte Carlo (R.Q.M.C.) methods | , ]. Q.M.C. methods do not
only rely on low-discrepancy sequences, but can also use point sets of a given size directly optimized to
have low-discrepancy, such as s-Riesz point configurations on the sphere | , ]. However Q.M.C. and

R.Q.M.C. methods on the sphere have a strong practical downside: they suffer from the curse of dimension-
ality. Indeed the higher the dimension the harder it is to generate samplings with Q.M.C. and R.Q.M.C.
approaches. Moreover, the higher the dimension, the slower the convergence rate, and the more regular the
integrand needs to be to ensure fast convergence. The recent paper | , ] already proposes an
interesting comparison of such Q.M.C. methods to approximate the Sliced-Wasserstein distance in dimension
3, showing that such methods could provide better approximations that conventional M.C. in this specific
dimensional setting.

All the sampling strategies mentioned above are designed to provide a good coverage of the space. However,
they do not take into account the specific structure of the integrand, which is the Wasserstein distance
between the one dimensional projections of the two measures y and v. More involved methods to improve
Monte Carlo efficiency include importance sampling, control variates or stratification [

]. Such variance reduction techniques strategies can also be used in conjunction with quasi-Monte Carlo
integration. Control variates have been explored for Sliced Wasserstein approximation in |

] and | , ], showing interesting improvements in intermediate dimensions over classmal
Monte Carlo.

The goal of this survey is to provide a detailed comparison of these different sampling strategies for the
computation of Sliced-Wasserstein in various dimensional settings. It is intended as a user-guide to help
practitioners choose the appropriate sampling strategy for their specific problem, depending on the size and
dimension of their data, and the type of experiments to be carried out (whether or not they need to compute
numerous SW distances for instance). We will also look at the particularities of the different approaches,
some being more appropriate than others depending on whether a given level of accuracy is desired (in which
case an approach allowing sequential sampling is preferable to one requiring optimization of a point set) or,
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on the contrary, a given computation time is imposed. We will mainly focus on sampling strategies which
are independent of the knowledge of the measures p and v, such as uniform random sampling |

, ], orthonormal sampling | , ], low-discrepancy sequences mapped on the

sphere | , ; , ], randomized low-discrepancy sequences mapped on the spheres | ,

], Fibonacci point sets | , ] and Riesz configuration point sets | , ]. For the sake

of completeness, we also include in our comparison the recent approach | , ], which appears to

be the most efficient among recent control variates approaches proposed to approximate Sliced Wasserstein.

The paper is organized as follows. Sec. 2 introduces some reminders on the Sliced Wasserstein distance
such as its definition and some regularity properties. Sec. 3 explores all the sampling methods considered
in this paper, hightlighting their theoretical guarantees, the conditions under which they can be used, and
identifying which methods suffer from the curse of dimensionality. Then Sec. 4 provides a comparison
of each sampling method’s experimental results on different datasets. Finally, in Sec. 5 we offer detailed
recommendations for choosing and using these sampling methods effectively in practice.

2 Reminders on the Sliced Wasserstein Distance

2.1 Definition

In the following, we write (- | -) the Euclidean inner product in R?, || - || the induced norm, S~! = {z €
RY | ||z|| = 1} the unit sphere of R%. For § € S¢~1, we write mp : R — R the map z +— (f]x), sq_1 the
uniform measure over S?~!. We also denote # the push-forward operation .

For two probability measures 1 and v supported in R?, the Sliced Wasserstein Distance between p and v is
defined as

SW3 (11, v) = Eggy(sa—1)) (W3 (mo#p, mo#v)] = /Sd*l W3 (mo#p, mo#v)dsa—1(0). (1)

This distance, introduced in [ , |, has been thoroughly studied and used as a dissimilarity
measure between probability distributions in machine learning | , ; ;

, ], and more generally as an alternative to the Wasserstein distance. Its snnphmty stems from
the fact that the Wasserstein distance between two probability measures in one dimension has an explicit
formula. Indeed, for two probability measures p; and ps on the line, the Wasserstein distance Wa(p1, p2)
can be written

1
W2(p1, pa) = / FON(t) - By (02, 2)

where I} and Iy are the cumulative distribution functions of p; and po, and Fl_1 and Fy L are their respective
generalized inverses (see | , ] Proposition 2.17). For two one dimensional discrete measures

N N
=+ kzl 6z, and po = % > dy, , this distance becomes

k=1
N
W (p1,p2) Z a(k) — y‘r(k)| (3)
N=
where o and 7 are permutations of [1, N] which respectively order the sets {z1,...,zx} and {y1,...,yn}

on the line.

1The push-forward of a measure p on R? by an application T : R* — R¥ is defined as a measure T#u on R¥ such that for
all Borel sets B € B(R*), T#u(B) = w(T~1(B)).
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(a) On the left, we can see the two discrete distributions p (blue points) and v (yellow points). On the right, we have
their projections mp#u (blue circles) and mp#v (yellow circles) along the direction 6. One then takes the increasing
ordering of mp#u and v, to obtain the corresponding matchings (green arrows) and computes the cost following
Eq. 3.
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(b) On the left, we have a plot of 0 — W3 (me#u, Te#v) in polar coordinates, with the distributions p and v from
Fig. 2.1a (top). The grey lines represent the angles where 8 — W3 (mwo#u, mo#v) is not differentiable, the magenta
line is the line of angle # = % and the blue dot is a specific value of W3 (me#p, me#tv) with the same angle. On
the right, we have a 1D plot of 6 — W3 (me#u, Te#v), here the hashed area represents SW3 (mu,v) and again the

vertical grey lines represent the values where 6 — W22(7r9#,u, mo#v) is not differentiable.

Figure 2.1: On the first row, Fig. 2.1a illustrates the computation of W2 (mg#u, me#v) for a fixed 6. On
the second row, Fig. 2.1b gives a geometrical illustration of SW2(u,v) with u, v taken as in Fig. 2.1a.

N
As a consequence, the Sliced Wasserstein distance between two discrete probability measures p = % > Ouy
k=1

N
and v = % kE by, on R? (i.e. with (zg)k=1.. N, (Yk)k=1...~ € R?) can be rewritten:
-1

N N
SW3 (11, v Z /S L (Tayt) = Yror20)) s Z /S . Yryoo 1y )2 dsa—1(0), (4)
k: k:
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where oy and Ty denotes respectively permutations which order the one dimensional point sets
((2k,0))k=1,..~ and ((yk,0))k=1,. n. Fig. 2.1 illustrates the computation of W3 (me#u, me#v) for two
discrete measures in two dimensions (Fig. 2.1a), and shows how this quantity varies when 6 spans [0, 27]
(Fig. 2.1b).

Since the permutations oy and 7y depends on the direction 0, the integrals in Eq. 1 and Eq. 4 do not have
closed forms. For this reason, practitioners rely on Monte Carlo approximations of the form:

1 N M
WZZ“%%(@ ~ Yra, (12 03))%, ()

k=1j=1
where 601, ...,0) are i.i.d. and follow a uniform distribution on the sphere. Classically, the convergence rate
of such Monte Carlo estimations to SW is O(ﬁ) [ , ]. In this context, it is

natural to question the optimality of sampling methods to approximate SW efficiently in different scenarios.

2.2 Regularity results on 0 — W2 (ma#u, mp#v)

The efficiency of sampling strategies used in numerical integration is highly dependent on the regularity of
the functions to be integrated. For this reason, in the following we give some properties of the function
(Fig. 2.1b):

f 00 W (mogtp, modtv) (6)
on the hypersphere S%~1. We first look at classical regularity properties of f. For simplicity, we assume that
our input measures u, v are discrete, following the notations introduced in Sec. 2.1.

Proposition 1 : f is continuous, piecewise C*° (Cpy,) and Lipschitz on Sd-1,

oEXN

N N
Proof. For discrete measures p = 3 kz;l 6z, and v = kzl 8y, on R f can be rewritten as
N
£(0) = min f,(0), where fo(0) => (z — yo()|0)>, (7)

k=1

where X is the set of permutations of [1, N]. We assume that the {z;} (resp. {y;}) are all distinct. In
the following, we study the regularity of f as a function of R? and deduce the regularity properties of its
restriction figa-1. Observe that each f, defines a quadratic function on R? and f, as a minimum of a finite
number of such functions, is continuous and also piecewise C* on R?. Since f is continuous on R?, its
restriction to S is also continuous. To show that this restriction to S~ is also in Cpw» it is enough to
observe that the set of points of R where f is not differentiable is included in the finite union of hyperplanes
(Ui,j Span(z; — :cj)l-) U (Uk,lSpan(yk — yl)l-), since these hyperplanes are the locations where the minimum
in Eq. 7 jumps from a permutation ¢ to another one (see Fig. 2.2 as an illustration of those hyperplanes).
Each of these hyperplanes intersect S¢~! on a great circle, and we call U the sphere minus this finite union of
great circles. The open set U (which is dense in S~1) can be written as the union (J}_, V} of a finite number
of connected open sets V;, such that on each V;, the permutation ¢ which attains the minimum in Eq. 7 is
constant and unambiguous. We write this permutation o;. On each Vi, fisi-1 = f5,ga-1, thus is C* on V
and its derivative can be obtained as the projection of V f,, on the hypersphere. For § € U, writing oy the
permutation which attains the minimum in Eq. 7 for the direction 6, this derivative can be written

N
Via-1f(0) =2 (Z ((@k = Yoo 1) |0) (T — Yorp (k) — (ke — yog(k)|0>29)> : (8)

k=1

Since these derivatives are upper bounded on the compact set S¥~1, it follows that f is also Lipschitz on
St

In the case where several x; (or y;) are equal, several of the functions f, coincide. For instance, if x1 = x,
the values of o(1) and ¢(2) can be exchanged without modifying f,. By eliminating all the redundant
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functions, we can make the same reasoning as before to show the same regularity results on f. In this case,
all the pairs (x;, ;) with 2; = z; should be removed when constructing the set of great circles dividing the
hypersphere. O

X1
X2
»n
y2

-10

Figure 2.2: Illustration of the open subsets (J4_, Vi and their intersection with the hyperplanes
(UijSpan(z; — 2;)*) U (UrSpan(yx — wi)*), in the specific case of two measures made of two diracs

2 2
1 . 1 .
W= 52(51, with z1,22 = (1,0,0)7,(0,-1,0)7 and v = 52% with y1,92 = (0,0,1)T,(0,0,—1)T.
The hyperplanes divide the sphere into the colored sections where oy and 7y are constant.

The following proposition will also be useful in the next sections.
Proposition 2 : f € H'(S%1), where, for o € N, the Sobolev space H*(S?™!) is defined as [Ichey, 19906]

HA(STY) = {h e IS | 9 € 12(s7),0 < |j] < a),
with j a multi-index and 97/ the partial mixed derivative of order |j| on S~

Proof. We have seen previously that f is continuous and piecewise C°°, piecewise quadratic to be more
precise. Thus its weak derivative is piecewise linear with discontinuities on a finite union of hyperplanes,
which is L2. O

3 Reminders on sampling strategies on the sphere and their theoretical guarantees

In this section, we present the different sampling methods for numerical integration on S~ considered in this
paper, before comparing them experimentally in Sec. 4. This paper addresses three main types of sampling:
random sampling, discrepancy-based sampling, and a control variate approach. The first type includes the
classical Monte Carlo (M.C.) method ([[Tammersley & Handscomb, 1964], [Lemieux, 2009]) on the sphere
and its variant called orthonormal sampling [Rowland et al., 2019]. The second one relies on a concept
called the discrepancy ([Lemicux, 2009],[Dick & Pillichshammer, 2010]) of a point set, which represents the
number of points in a unit of volume, and can be divided into two categories: low-discrepancy sequences (or
digital nets) and point sets (or lattices). The last type details a control variates method [Lemieux, 2009)]
using spherical harmonics [Miiller, 1998] for this purpose [Leluc et al., 2024]. We will also determine which
method, and under which conditions, is theoretically suitable based on the regularity properties established
in Sec. 2.2. Tab. 1 presents a taxonomy of all the sampling methods explored in this paper. It details
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which method’s convergence rate result is independent from the dimension (i.e. the dimension does
not appear in the asymptotic rate), which one can be computed incrementally (i.e. each sample can be
generated independently from the others), and which one can be computed and stored in advance.

Sampling types

Dimension independence

Incremental computation

Possible pre-computation

Random Sampling

Uniform Sampling
Orthonormal Sampling

X
X

X
X

X

™

Based on discrepancy

Riesz Point Set / Riesz Point Set Randomized x
Fibonacci Point Set / Fibonacci Point Set Randomized b
Sobol / Sobol Randomized mapped on S¢~! X X
Halton / Halton Randomized on S4~! X X
Control variates
Spherical Harmonics Control Variates X

Table 1: Taxonomy of the three types of sampling methods investigated in this paper.

3.1 Random samplings

We first explore classical strategies for randomly generating points on the sphere: uniform sampling |

, | and orthonormal sampling [ , ]. These strategies are the
most commonly used for estimating SW2, and their convergence rates do not depend on the dimension of
the input measures.

3.1.1 Classical Monte Carlo

The classical Monte Carlo method uses uniform random sampling to generate the projection angles. For
(Oar) aren- i.d. samples of s4_1 2, we write the Monte Carlo Estimator

M
1 . N
Xy = i Eﬁl f(6;) with M € N*. (9)

The law of large numbers ensures that X, converges a.s. to SWZ(u,v) = Egos, ,[f(0)] as M goes to
infinity. Moreover, the rate of convergence for this unbiased estimator is given by

N o B

where 0% = V[f(0)] = / F2(0)dsq_1(0) — SWi(u,v) < +oo. This convergence rate in Eq. 10 does not
Sd—1

(10)

depend on the dimension of the input measures. In order to derive confidence intervals for SW3(u,v), we
can rely on the Central Limit Theorem [ ) ] , which states that

M SWip.v)] ¢

o M —+oc0

N(0,1),

This allows us to compute confidence intervals for SWZ(u, ) by using the quantiles of the standard normal

distribution. This means that for M large enough, P (XM — SW2(u,v) € {— qu/_JT‘;“, Uqﬁ”}) v 1—
—+o0

o, with a in [0, 1] and ¢1_ /2 the quantile of level 1 —a/2 of N'(0,1). One strategy for choosing M is taking
M such that 28222 < ¢ with ¢ > 0 a chosen precision. The value of ¢ being unknown, a possibility is to

VM

plug a consistent estimator of o2, such as

| [
63 = i [Z f(6:)* — X]2\/I‘| .
=1

2In practice, to simulate a random variable  ~ Z/{(S‘Fl)7 one takes a normal random variable Z ~ N(0, I;) # 0 and chooses

0:H7§”~5d71[ ) ]
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[ ] provide an alternative criteria for choosing M, however it is quite impractical
as it requires to compute the Wasserstein distance between p and v.

3.1.2 Orthonornal sampling

A variant of the uniform sampling covered in Sec. 3.1.1 was introduced by | , ], which
presents a simple variance reduction method for the previous Monte Carlo estimator X, by sampling random
orthonormal bases. This method falls into a category known as stratification | , l.

Proposition 3 : Let X, be the classical Monte Carlo estimator (9) and let O(d) be the orthogonal group
in R%. For (Op)pen- ~ L{(O(d)), denoting 01, ...,0); all the columns of the matrices Oy, ..., , we have,

1 M
for Yar = - > F(6:)
i=1

VVIYu] < VV X

As a consequence, this method inherits the properties of classical Monte Carlo, with a rate of convergence
independent of the dimension of the input measures.

Remark 1 : Other fully random point processes on [0,1]? or S? suitable for Monte Carlo integration are
studied in the literature. Among them, we can mention Determinantal Point Process (DPP). Recent works,
such as | , ], have proposed DPP methods directly on the sphere S%. Unfortunately, due to
the lack of publicly available implementations, we could not experiment efficiently with these methods.

3.2 Sampling strategies based on discrepancy

We examine in this section two different types of deterministic sampling based on discrepancy: low-
discrepancy sequences (digital nets) and low-discrepancy point sets (lattices). They were developed to replace
random sampling, expecting to have a better convergence rate than the classical Monte Carlo method.

3.2.1 Low-discrepancy sequences

Quasi-random sequences, better known as low-discrepancy sequences (L.D.S.), are sequences mimicking the
behavior of random sequences while being entirely deterministic. To date, these sequences are only defined
on the unit hypercube [0, 1]%. We introduce below a first definition of discrepancy (| , 1,

, 2010]).

Definition 1 : The discrepancy of a set of points P = {uy,...,up} in [0,1]? is defined as

PnI
Dy (P) = sup Cidar(
Iez

)

3

d
where | A| denotes the cardinal of a set A, A®¢ is the d-dimensional Lebesgue measure and Z = { [] [as, ;[ | 0 <
i=1

d
a; < b; < 1}. The star-discrepancy D3, (P) is defined the same way with Z* = { ][ [0,b;[ | 0 < b; < 1}.
i=1
We can now provide a definition of a Low discrepancy sequence (L.D.S.).
Definition 2 : Let (#,)men be a sequence in [0,1]¢. Denoting Pys = {u1,...,up} for any M € N*, u is

a L.D.S. if

DirPar) 522 0

The notion of discrepancy is important because it is related to the error made when approximating an
integral on the hypercube by its Monte Carlo approximation. This relation is made explicit by the Koksma-
Hlawka inequality ([ , L , L , ]). This inequality
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requires to introduce the notion of Hardy-Krause variation Vj, of a function h on [0,1]% [

], which is out of the scope of this paper, but can be broadly understood as a measure of the oscﬂlatlon
of h on the unit cube [0, 1]4.
Proposition 4 : Let h : [0,1]% — R have bounded variation Vj, on [0, 1]¢ in the sense of Hardy-Krause
[ ) ]. Then for {uy,...,un} a point set in [0,1]¢, we have

1Y - o
M;h(uk) /S h(z)dA®(z)

< VaDjy(us, ..., un). (11)

The proof of this inequality and basic results on discrepancy theory can be found in]

] and | ) ]. Eq. 11 shows that the absolute error made by the Monte Carlo
approximation is upper bounded by a term depending only on h and the star discrepancy. Compared to the
Central Limit Theoreom, this inequality is not probabilistic and not asymptotic, the bound being valid for
every M € N*. An important limitation is the term V}, which is impractical to compute directly. When
d = 1, this term is exactly the total variation of h, but in general, it is only upper bounded by the total
variation. In the case of our function f involved in the estimation of SW, V; < 400 holds since f is Lipschitz
continuous. Another limitation of the previous bound is that the rate of convergence of the star discrepancy

+; of a sequence is most of the time not explicit and difficult to compute [ , l.

Nevertheless, this proposition ensures that if the rate of convergence of the star discrepancy of a sequence is
better than O(ﬁ), for M large enough the approximation of the quasi Monte Carlo approximation using

this sequence will outperform the one of classical Monte Carlo.

In the following, we present two L.D.S. defined on the unit square [0, 1]d, and see how their star discrepancy
decreases with M. We then focus on practical methods to map these sequences from the hypercube to the
hypersphere S4~1,

3.2.1.1 Halton sequence

The Halton sequence (u;)ien € (RON [ , ] is a generalization of the von der Corput sequence
[ , ]. In the following, we write, for any integer ¢, ¢;(7) the coefficients from the expansion
of 7 in base b, and we define the radical-inverse function in base b as

+oo
¢p(i) =D a(ib "' VieN.
1=0
The Halton sequence in dimension d is then defined as

U; = (¢bl (Z)’ ey ¢bd, (Z))T’

where b; is chosen as the i-th prime number.

3.2.1.2 Sobol sequence

This sequence uses the base b = 2. To generate the j-th coordinate of the i-th point u; in a Sobol sequence
[ ) |, one needs a primitive polynomial of degree n; in Z/2Z[X],

X"+ aLanjil + a27an-7'72 + ...+ anj_LjX + 1.

This polynomial is used to define a sequence of positive integers (myg ;) by recurrence, with +z /57 the inner
law of Z/2Z:

2 n,;
My.j = 201 jMk—15 +z/22 272 jMg—2.5 tz/27 - - +z/22 2" Mk—n; j tz/22 Mi—n; j-
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The values my, j, for 1 < k < nj, can be chosen chosen arbitrarily provided that each is odd and less than
2% Then one generates what is called direction numbers:

Mk,
2k

Vk,j =

The j-th coordinate of u; is then obtained as
—+oo
wij =Y ck(i)v;.
k=1

3.2.1.3 Convergence rate of Halton and Sobol sequences Both sequences (Halton and Sobol) have
a star discrepancy which converges to 0 (which means that they are indeed L.D.S.). The convergence rate
is given by the following property | , 11 , I

Proposition 5 : Let (u,,)men- be either the Halton sequence or Sobol sequence in [0, 1]¢. Then for M > 1,
we have
log(M)?

Dis(ug,y .. upr) < eg 7

where c¢g4 is a constant that depends only on the dimension.

Thanks to Eq. 11, for any function h such that V}, < 400 (which is the case for our function f), this implies a

d
convergence rate of the Monte Carlo estimator using these sequences in O(%), which means O(M ~1+¢)
for every € > 0. This convergence rate is better than the one of classical Monte Carlo with i.i.d. sequences,
even if the rate of convergence slows down when the dimension increases, because of the term log(M)<.

Remark 2 : Observe that both for Sobol and Halton sequences, generating M values has a complexity in
O(Mlogi(M)), where b is the base (or smallest basis for Halton) chosen.

3.2.1.4 L.D.S. on the sphere

To our knowledge, there is no true L.D.S. on the unit sphere S%~! for d > 3, this question remaining an
active research area. Practitioners typically map L.D.S. from the hypercube to the hypersphere, using one
of the methods described below:

e Equal area mapping: this method is only defined for mapping points in the unit square to S2.
Denoting (21,22) € [0, 1[?, one gets a point u = ®(2721,1 — 225) on S? with:

@(n, B) = (V1= Feos(n), /T = Fsin(n). 8) . .5 € [0,1]. (12)

e Spherical coordinates: This method maps the points from an L.D.S. in [0,1]! to S~! by
using the spherical coordinates. Unfortunately, we found that the resulting sampling is usually not
competitive compared to other sampling methods.

¢ Normalization onto the sphere: An L.D.S. is generated in the d-hypercube [0, 1]¢ and mapped to
R? using the inverse cumulative distribution function of the standard normal distribution (separately
on each dimension). Then each point in the resulting sequence is normalized by its norm to map it
onto S41.

Specific case of S2.

In the specific case of S?, it has been shown by [ ] that if u is an L.D.S in [0,1]? and
® the equal area mapping defined in Eq. 12, the spherical cap discrepancy Dy, u (@(P)) (see definition 3
in the next section) of the mapped sequence is in O (W) However, their experiments showed that the

correct order seems rather to be O (logc(M)) for1/2<c<1.

M3/4

10
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3.2.2 Deterministic point sets on S%~!

This section details different methods to design well distributed point sets on S*~!. Contrary to the L.D.S.
defined above, these point sets are defined directly on the sphere, in order to be approximately uniformly
distributed on S?~!. To measure this uniformity, we can rely on the notion of spherical cap on the sphere:
a spherical cap of center ¢ € S¥~1 and t € [~1,1] is defined as

Cle,t) = {x € S¥1 | (z,c) > t}. (13)

In other words, a spherical cap is the intersection of a portion of the sphere and a half-space (see Fig. 3.1
for an illustration).

Figure 3.1: Illustration of a spherical cap on S2. The circle represents the intersection of the plane (z,c) =t
with the sphere, and the purple colored area is the cap C(c,t) as noted in Eq. 3.2.2.

To the best of our knowledge, there is no equivalent to the Koksma-Hlawka inequality for the sphere in full
generality [Brauchart, 2011]. A sequence of points {u,, } on S¢~1 is said asymptotically uniformly distributed
on S?1 if for every spherical cap C, the proportion of points inside the cap, converges to the measure of
the cap sq4—1(C). It can be shown that this assumption is equivalent to assume that for every continuous

function h, the Monte Carlo approximation 2 Zkle h(uy) converges to Egs,_, [h(0)].

In order to get a non asymptotic notion of the uniformity of a point set on S, we can rely on different
notions of spherical cap discrepancy on the sphere, defined as follows.

Definition 3 : The spherical cap max-discrepancy of a point set Pys of size M is defined as [Marzo & Mas,

2021]:
Py ndCiet
Doz (Par) = sup {‘lMJW()' - Sd—l(C(Ca t))'} :
ceSd—1 te[—1,1]
The spherical cap La-discrepancy of a point set Pys of size M is defined as [Brauchart, 2011]:
2 ! ‘PM N C(Ca t)| 2
Dy, (Py) = / / — si-1(C(c,t))| dsq—1(c)dt 3,
-1 Jsd-1

where C(c, t) is a spherical cap of center ¢ and height ¢.

Again, the idea is to compare the proportion of points in P, that fall inside a spherical cap with the measure
of the cap. This comparison is done for all possible caps on the sphere, and D,,,, represents the worst error
over all possible caps, while Dﬁz represents the average squared error over all possible caps.

11
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When using Q.M.C. on the hypersphere to approximate the integral of functions h, another notion often
used in the literature is the worst-case (integration) error (W.C.E.) on a Banach space of functions, which
is the largest possible error made by the method on the space. For instance, on H*(S4~1),

Definition 4 : For Py = {u1,...,up}, fora € N

M 1
WCE(PM,HO‘(Sd‘l)) = M Z () — m/sm h(w)dsg_, (w)].

hEHO‘ Sd 1)

Under some regularity condition, a sufficient and necessary one being o > 1 —|— L for H*(S71),

[ ] show that optimizing the spherical cap Lo-discrepancy is equwalent to optimizing the W.C.E.
thanks to the Stolarsky’s invariant principle | , ]. In the case of our function f, we have seen
that f is regular enough in the specific case of S!, since f € H*(S') with @ = 1 = 1 4+ 1. However in
dimension larger than 3, this result does not hold anymore since f does not belong to any Sobolev space
H*(S%) with o > 1.

3.2.2.1 Fibonacci point set on S?
Denoting ¢ the polar angle and x the azimuthal angle forming the geographical coordinates (¢, x),
retrieve the Cartesian coordinates (x,y, z) using the spherical coordinates (see Fig. 3.2 for an illustration).

oting the golden ratio, the m-th point u,, = (©Ym, xm) of the Fibonacci point set is given by
Noting ¢ = 145 the gold h h f the Fib i poi is given b

2m
m = arccos | ———— |,
14 oM + 1
m = 2mmrd >

It is a simple and efficient way, convergence rate wise, to generate points on S? for the quasi-Monte Carlo
method but it is only defined on S%2. The complexity of the generation is linear in M, and according to
[ , ], the corresponding convergence rate for the W.C.E. and the Ly-spherical cap discrepancy is
in O( Mﬁ 7). For an extensive list of other popular point configurations on S?, see | , ]

z 1

x = sin(¢@)cos(x),
v = sin(@)sin(y),
z=cos(y)

Figure 3.2: Illustration of the spherical coordinates in R? for points on the sphere S2.

3.2.2.2 Equi-distributed points generated by the discrete s-Riesz energy

Another classical way to define equi-distributed point sets on the hypersphere is to rely on optimization. In
such methods, the point set Pj; is defined as the minimizer of a certain energy functional Ej,

* e .
Py = argmin  Fg(uy,...,upn).
’u.l,...,’lL]\/IESd71

12
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The most common energy functional is the s-Riesz energy, which is defined as follows.

Definition 5 : For s > 0 and Py = {u1,...,un} a set of points on S¢~1, the s-Riesz energy of P is defined
as 1

YL s

— [lus — w4

1
> log———— if s =0,
—

The resulting point set is called a minimal s-energy configuration. Minimising F is non trivial, the functional
being not convex, and the problem becomes more complex when the dimension increases. Minimal energy
configuration points for F; are called Fekete points and it is known that for 0 < s < d, these sets are
asymptotically uniformly distributed with respect to the normalized surface measure sy_;, which means
that Monte Carlo estimates using the Fekete points converge to the integral against sq—1 | ,
]
The spherical cap Ls-discrepancy of a point configuration is minimal if and only if the sum of distances in
the configuration is maximal. This would correspond to maximizing a s-Riesz energy for s = —1 | ,
]. However, the link between the configurations of minimal s-Riesz energy and the max or Ly discrep-
ancies of these configurations is in general not straightforward, see | ) I [ ) 1,
[ , ]. For 0 < s < d, and Py a minimizer of size M of the Riesz s-energy on S?~!, the authors of
[ , | show that

Dynae(Par) S O (max (M~ 757, A~ ate59 ) )

This implies that Dy, (Par) W) 0, but the speed of convergence degrades with the dimension d, which
—+o0

means that the uniformity of these configurations is likely to suffer from the curse of dimensionality. Fig. 3.4

shows an example of s-Riesz points and Fibonacci points on S? with 500 points.

Remark 3 : Since computing Riesz point configurations involves optimization (with a non linear complex-
ity), the time needed to generate those points can be impractical. Note that generally the generation of the
s-Riesz configuration points has a runtime complexity of O(T'M?), where T is the number of iterations of
the optimization loop.

In the specific case of S!, the Fekete points are unique up to a rotation, and are the M-th unit roots (see
[ , | and see Fig. 3.3 for an illustration):

{ezi’?” |k:0,...,M71}.

This explains why for 2D discrete measures, a uniform grid on S! gives better results than any other sampling
method for computing SWZ, as we will see in Sec. 4.

3.2.3 Random Quasi Monte-Carlo

The principle of Randomized Quasi-Monte Carlo (R.Q.M.C.) methods is to reintroduce stochasticty in
Q.M.C. sequences. Indeed, Q.M.C. methods such as the ones described in Sections Sec. 3.2.1 and Sec. 3.2.2
are deterministic. For a given M, the estimator given by one of these methods is always the same. As such,
we cannot easily estimate the error or the variance of the Monte Carlo approximation. Besides, while results
such as the Koksma-Hlawka inequality ensures that they converge at a certain rate, the different quantities
involved in the inequality are much more complex to estimate than the one involved in the Central Limit
theorem. Random Quasi-Monte Carlo methods were especially designed to recover this ability to estimate
the error easily. These sequences are usually defined on [0, 1]9.

Definition 6 (| , ]) + Let {@;}i>1 be a sequence of points in [0,1]%. It is said to be suitable for
R.Q.M.C. if V4, @t; ~ U([0,1]?) and if there exist a finite ¢ > 0 and K > 0 such that for all M > K,

log®(M)

P | D3 (Py) < c i

=1, where Py = {t1,...,4p}

13
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—— Unit circle
@ 10 Unity roots

~0.25

-0.50

~0.75 4

~1.00 -

Figure 3.3: Plot of the 10-th unity roots, i.e solutions to the equation z'° = 1.

Figure 3.4: Tllustration of s-Riesz points (on the left) and Fibonacci points (on the right) on S2, with 500
points for both configurations.

M
1
Denoting X s = i Z h(i;) the empirical estimator of Eg., , [h(6)], the assumption @; ~ U([0, 1]%) implies
i=1
that X is unbiased. Besides, the previous inequality implies that if {@;};>1 is suitable for R.Q.M.C., then
2d
the variance of X is bounded by ¢*V}? logM#. For functions A such that Vj, < oo, this yields a convergence
rate in O( log?(M) /M ), similar to the one of low discrepancy sequences.

Once a randomization method is chosen (such that it provides suitable R.Q.M.C. sequences), the process

can be repeated several times to obtain K independent random estimators X3i,,... X of Egs, ,[R(0)].

K
1
The agregated estimate Xy g = e Z XE has a variance decreasing in O(logd(M)/(MK_1/2)). One of
k=1
the key advantages of this approach is that this variance (or confidence intervals) can be estimated by the

empirical variance of the K independent estimators.

There are several ways to generate sequences from low discrepancy sequences on [0,1]? in order to make
them suitable for R.QQ.M.C.. One of the most simple methods consists in applying the same random shift U
to all points in the sequence, and taking the result modulo 1 componentwise [Lemieux, 2009]. More involved
methods, such as Digital shift or Scrambling, are described in [Lemicux, 2009] and [Owen, 2019].

However, to the best of our knowledge, there is no proper R.L.D.S. on the sphere, as stated by Nguyen
et al. [2024]. In practice, R.L.D.S. on the unit cube are mapped onto the sphere by the methods described
in paragraph 3.2.1.4. Another possibility, as done in Nguyen et al. [2024], is to generate a random rotation
matrix and apply it directly on point configurations on S~1, such as the ones described in Sec. 3.2.2.

14
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3.3 Variance reduction

All methods described so far are based on the idea of generating points on the sphere in such a way that
these points are sufficiently well distributed to be used for Monte Carlo integration, and ideally yield faster
convergence than M.C. with i.i.d. sequences. These point sequences or point sets are defined independently
of the function to be integrated.

More involved approaches, such as importance sampling or control variates, use the knowledge of the function
to be integrated to improve Monte Carlo estimators by decreasing their variance. Recently, two control
variates based methods have been developped to estimate the Sliced Wasserstein distance. A control variate
is a centered random vector Y € RP, easy to sample, with finite second moments. Assume we want to
estimate Egs, ,[f(0)]. Writing 6;,...,0 i.i.d. samples of § ~ U(S?!) and Y1,...,Yy M independent
copies of the random centered vector Y, we consider the following estimator

1 M
a7 20 — 5TV,
=1

where § € RP is a constant vector to be determined. The variance of this estimator is proportional to
Var(f(0) — pTY). It follows that if we write 8* the parameter minimizing this variance, then the pair
(E(f(9)), 8*) is solution of the least square problem

min _E[(f(0) — ¢~ BTY)?]

(¢:B)ERXRP

An empirical version of this quadratic problem on a sample (61,...,0) writes

(E(f(0))pr, Bar) = argmin [|F —¢1y — Y53 (14)

¢,BERXRP

where F = (£(6))._, ,,»1w=(....,)T eRM and Y = (YT) _, ,, € RM*P,
Recently, [ ] introduced a Sliced Wasserstein distance estimation using Gaussian control
variates and [ ] developped a method using spherical harmonics control variates. We focus
only on [ | here, since their method yields much better experimental results. In their
work, [2024] chose Spherical Harmonics | , ] as control variates. Spherical harmonics

are functions which form an orthonormal basis (¢;) of the Hilbert space L?(S%~! s4_1). In this setting,
the random variable Y is thus chosen as Y = (¢:(6))i=1,...p, with 6 ~ sq_1. In practice, the number p

is chosen as p = Ly q = ZN(d, 21), the number of spherical harmonics of even degree up to 2n, with
1=1
N(d,n)=(2n+d— 2)% the number of spherical harmonics of degree n in dimension d.

[ ] then compute the solution (SHCVy; ., Bar) of (14) on a sample (61, ...,6x) and use the
control variates estimator SHCVy, ,, as estimator of the (squared) Sliced Wasserstein distance.

They prove the following convergence property.

Proposition 6 : Let u, v be two discrete measures in R? with finite moments of order 2 and let d > 2. For

any sequence of degrees n = (nps)as such that ny = 0<M1/(2(d1))> as M — +o0, we have

1
‘SHCVJ\%I,n(NaV) - SW;(%”)‘ =0p <n]\/[1/2) 5 (15)
where the notation X,, = Op(a,,) means that the sequence f—n is stochastically bounded 3.

Notice that since ny; = 0<M1/(2(d1)) ), in high dimensions d the global convergence rate is similar to that

of the classical Monte Carlo method described in Sec. 3.1.1.

3The notation X,, = Op(a,) means that for all € > 0, there exists finite & > 0 and N > 0 such that P[|X,| > Kan] < € for
alln > N.
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4 Experimental results

This section presents experimental results from all the different sampling strategies presented in Sec. 3, on a
variety of datasets. To provide representative results, we select datasets spanning a range of dimensions going
from 2 to 28 x 28. Those include a toy dataset and three "real-life" ones. We first present results on Gaussian
mixtures in the following dimensions {2, 3,5, 10, 20, 50}, the six ground truths (true distances) are estimated
using 10® projections. Secondly, we show some dimensionality reduction results on 12 different datasets of
persistence diagrams (for the case of 2 dimensional discrete measures). Then we show some convergence
results in the specific case of measures in 3 dimensions. Specifically, we compare different estimations of the
Sliced Wasserstein distance between 3D point clouds taken from the ShapeNetCore dataset, see | ,

]. Finally we compare different dimensionality reduction results on the MNIST dataset [ ) ]
For the experiments on the Gaussian mixtures we compare the listed strategies with the following sampling
numbers {100, 300, 500, 700, 900, 1100, 2100, 3100, 4100, 5100, 6100, 7100, 8100,9100,10100}. Otherwise, we
use the following sampling numbers {100, 1100, 2100, 3100, 4100, 5100, 6100, 7100, 8100, 9100, 10100}. Tab. 2
displays the acronyms of all the sampling methods compared in the following experiments. For each sampling
method from Tab. 2, there are two variants finishing with the term "Area Mapped" and two variants finishing
with the term "Normalized Mapped". The first one means that we applied the equal area mapping detailed
in paragraph 3.2.1.4. The second one means we normalize each point generated by those methods, this
normalization method is also detailed in paragraph 3.2.1.4.

Name Legends
Riesz Randomized R.R.
Uniform Sampling U.S.
Othornormal Sampling 0O.S.
Halton Area Mapped H.AM.
Halton Randomized Area Mapped H.R.AM.
Halton Normalized Mapped H.N.M.
Halton Randomized Normalized Mapped H.R.N.M
Fibonacci Point Set F.P.S.
Fibonacci Randomized Point Set F.R.P.S.
Sobol Area Mapped S.A.M.
Sobol Randomized Area Mapped S.R.AM.
Spherical Harmonics Control Variates S.H.C.V.

Table 2: Descriptions of the acronyms used in the experiment discussion.

4.1 Implementation of the sampling methods

This section provides details on the implementations used for the sampling methods, and specifies how the
parameters are set. The implementations used are grouped and are available here https://anonymous.
4open.science/r/SW-Sampling-Guide-C157/READVME . md.

e Classical M.C. methods: For both methods we used python included functions to sample a
Gaussian variable and to sample orthogonal matrices in d dimension. For sampling orthogonal
matrices we use the following python library scipy.stats.ortho group https://docs.scipy.org/
doc/scipy/reference/generated/scipy.stats.ortho_group.html.

o Halton & Sobol sequences: In dimension 3 and less, we use python implementations from the
library scipy.stats.qmc. As for the parameters we set "scramble' to True to get the randomized
version. For high dimensions, we use [2024]’s implementation available here https:
//github.com/RemiLELUC/SHCV.

e Riesz point configuration: We implement a projected gradient descent method, where we choose
the number of iterations as T' = 10, the gradient step as 107!, and s = 0.1.

o Spherical Harmonics Control Variates: We use the implementation provided by
[ ], available in https://github.com/RemiLELUC/SHCV. They provide two possible functions
SHCV and SW__CV, both functions return a value of a SW estimate. These functions differ in
the way they implement the optimization of Eq. 14. Depending on the number of control variates,
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one of the functions is much more efficient than the other. For this reason, in our experiments, we
use both functions and always keep only the minimal error among the two.

4.2 Gaussian data

This part details the experiments on a toy dataset chosen because it is simple to replicate and simple to
understand. We compare different estimates of SW2(uq,vq) for d € {2,3,5,10,20,50}. We pick up
N

N
[ I’s setting, using pg = & Y. 0z, and vg = & > 6y, with z1,...,2n ~ N(2,X), y1,...,yn ~
,'_1 y—

1= i=1

N(y,Y), where N = 1000. The means are drawn as x,y ~ N(14,1q) and the covariances are XY =
DI I EyEZ where all entries of the matrices are drawn using the standard normal distribution. In Fig. 4.1,
we show convergence curves generated by all the different sampling strategies in all the dimensions listed
above. Fig. 4.2 reports the distance estimation error as a function of computation time (in seconds). In
both figures, both axes are log scaled. We can see in Fig. 4.1 that up to dimension 5, Q.M.C. methods
are preferable convergence wise, then the orthonormal sampling is preferable in dimension 20 and 50. In
contrast, we can see in Fig. 4.2 that for dimensions less than 10, the S.H.C.V. method has a better error,
with similar running time. For higher dimensions, however, the orthonormal sampling is much faster, for a
given error target.

Remark 4 : One may notice in Fig. 4.1b that both the S.H.C.V. method and the Q.M.C. method with the
s-Riesz points (R.R.) reach a plateau at around 10 projections. Our hypothesis is that both methods have
a better estimation of SW3 than the simple random sampling with 10® projections that we use as a ground
truth. We test this hypothesis in a simple case where SW2(u,v) can be computed explicitly. We define

= 1[0z, + 6,] and v = 3[6,, + 6y,], with 21,20 = (1,0,0)7, (0, —1,0)” and y1,y2 = (0,0,1)7, (0,0, —1)T

Simple computations yield SW3(u,v) = 2(”3;;@) Knowing the true value of SW3(u,v), we find that with
10* points, the Q.M.C. method with the s-Riesz points configuration and the S.H.C.V. methods already have
errors one order smaller that ones made by uniform sampling with 108 points.

Remark 5 : Note that for the running time curves, we do not include the s-Riesz points configuration
starting from the dimension 3 because it takes around 10? seconds to generate 10® points and 9 x 10? seconds
to generate 10* points. However, observe that those points, once generated, can be stored once for all to
compute other SW# distances or any other Monte Carlo estimation problems for functions defined on the unit
sphere. This means that these configurations should not be discarded by default. For practical applications
where the number of SW# distances to compute is large, the computing time for these configurations can
be factorized by the number of distances to compute and hence could become a negligible factor.

4.3 Persistence diagrams reduction dimension score

The goal of this section is to evaluate the relevance of the sampling methods studied in Sec. 3, in the
context of a concrete use case, involving two-dimensional real-life datasets. For that, we focus in this section
on persistence diagrams, a popular object used in Topological Data Analysis | ]
Persistence diagrams are data abstractions encapsulating the features of interest of complex input datasets
(e.g. scalar fields) into simple two-dimensional representations. Specifically, we consider an input dataset
represented as a piecewise linear (PL) scalar field, namely a function f : M — R defined on a PL (dp)-
manifold M with dyg < 3. Take a value a € R, we denote f~1 (a) = f~(] — 00,a]) the sub-level set
of f at a. While increasing a, the topology of f~1 (a) changes at the critical points of f in M. Those
critical points are classified by their index Z: 0 for minima, 1 for 1-saddles, daq — 1 for (daq — 1)-saddles
and dp for maxima. Following the Elder rule | ) ], a topological feature of f~ (a)
(connected component, cycle, void) is associated with a pair of critical points (¢, ¢’) such that f(c) < f(¢')
and Z, = Z,» — 1. This pair corresponds to the birth and death of the topological feature during the sweep
of the range from —oo to +00 by a, and it is called a persistence pair. As an example, when two connected
components of f:;o(a) merge at a critical point ¢/, the younger one (created last) dies to let the older
one (created first) live on. Then those persistence pairs are represented as 2D points where the horizontal
coordinate corresponds to the birth of a topological feature (noted b = f(c)) and where the vertical one
corresponds to its death (noted d = f(¢)). The lifespan of a feature is called persistence and is simply
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Figure 4.1: Comparison of convergence rate results for the studied sampling methods (Gaussian data,

Sec. 4.2).

encoded as b — d. This representation is called the Persistence Diagram, and its popularity in topological
data analysis is explained by its stability to the addition of noise. See Fig. 4.3 for a simple example of a
persistence diagram.

Remark 6 : Two persistence diagrams can have a different number of points, so to make it a balanced

transport problem one has to augment them. Formally, denoting d; =
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Figure 4.2: Distance estimation error as a function of computation time (seconds). Computation times
include the point generation as well as the SW3 distance approximation.

Ny Ny
diagrams, and noting A4, = N% Y Onn(an) Ddy = Niz >~ Ora(ys) their projections on the diagonal A, one
k=1 k=1

considers p = %[Nldl + NaAg,] and v = %[Ngcb + N1Ag4, ] as input measures with N = Ny + Na. Then
the Sliced Wasserstein distance can be used to compare persistence diagrams as detailed by Carricre et al.
[2017).
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Figure 4.3: A simple example of a persistence diagram issued from a gaussian mixture (left). On the right
you can see that the persistence diagram is stable to the addition of noise.

We present dimensionality reduction results on 12 ensembles of persistence diagrams [Pont et al.,, 2021]
described in [Pont et al., 2022], which original scalar fields include simulated and acquired 2D and 3D
ensembles from SciVis constests [Organizers, 2004]. The dimensionality reduction techniques used are MDS
[Kruskal & Wish, 1978] and t-SNE [van der Maaten & Hinton, 2008] applied on distance matrices obtained
by the SW estimations between the persistence diagrams. For a given technique, one quantifies its ability
to preserve the cluster structure of an ensemble by running the k-means algorithm in the resulting 2D-
layouts. Then one evaluates the quality of the clustering with the normalized mutual information (NMI)
and adjusted rand index (ARI), which should both be equal to 1 for a clustering that is identical to the
classification ground-truth. Tab. 3 shows the average clustering scores of both MDS [[Kruskal & Wish, 1978]
and t-SNE [van der Maaten & Hinton, 2008]. First we take the average from distance matrices made by
each SW estimates on all sampling number {100, 1100, 2100, 3100, 4100, 5100, 6100, 7100, 8100, 9100, 10100} .
Then we average again over all the 12 different ensembles of persistence diagrams. One can see that all the
methods are quite similar. But overall the s-Riesz points configuration, which are just the M-th unity roots
up to a rotation, is slightly better.

Table 3: Average NMI and ARI scores for over all 12 ensembles of persistence diagrams.

Method MDS NMI | t-SNE NMI Method MDS ARI | t-SNE ARI
Riesz 0.74 0.65 Riesz 0.64 0.51
Uniform 0.74 0.59 Uniform 0.64 0.44
Orthonormal 0.75 0.63 Orthonormal 0.64 0.48
Halton 0.74 0.58 Halton 0.63 0.41

4.4 3D Shapenet 55Core Data

This part details convergence results on a 3D dataset commonly used as a benchmark when studying shape
comparison techniques. So as in [Nguyen et al., 2024] and [Leluc et al., 2024], we took three 3D point clouds
issued from the ShapenetCore dataset introduced by [Chang et al.; 2015]. Among the different shapes in the
dataset, we took one lamp, one plane and one bed; with all three of them having N = 2048 points. Fig. 4.4
displays the three datasets considered for this experiment.

Fig. 4.5 shows different convergence curves of Sliced Wasserstein estimates between the three point clouds.
As in Sec. 4.2, the methods dominating are the Q.M.C., R.Q.M.C. and S.H.C.V. methods, especially the
s-Riesz points configuration.

4.5 MNIST reduction dimension score

The goal of this section is twofold. First, it evaluates the practical convergence of the studied sampling
methods on real-life high-dimensional datasets. Second, it describes an application of the SW distance for
high-dimensional data, namely, dimensionality reduction. For this, we select the classical MNIST dataset
[LeCun, 1998]. To construct our dataset, we represent each digit image as a point in R%®*28. For each
class {0,1,2,3,4,5,6,7,8,9}, we select randomly 600 digit images and divide them into groups of 200. This
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Figure 4.4: The three point clouds taken from the ShapenetCore dataset (a plane, a lamp and a bed).
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Figure 4.5: Comparison of convergence rate results from the different sampling methods. The first plot shows
errors made with respect to the SW2 distance between a lamp and a plane. The second one is between a
plane and a bed. The last one corresponds to SW3 between a plane and a bed.

results in 30 point clouds of 200 points each, in R?8*28 with 10 ground-truth classes. Fig. 4.6 illustrates
the 30 x 30 matrix of S distances between all point clouds in the dataset. We use MDS and t-SNE to
produce 2D layouts from the distance matrices generated by the various sampling methods with different
sample sizes. We then apply a clustering algorithm to these 2D layouts and average the clustering scores
(NMI and ARI, see Sec. 4.3) on all sampling numbers for all the studied sampling strategies. Results are
provided in Tab. 4. In such high dimension (d = 784), we see that the performance of L.D.S. collapse, the
three sampling methods standing out being the s-Riesz points configuration, the uniform sampling and the
orthonormal sampling.
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Figure 4.6: Sliced Wasserstein distance matrix of our dataset using 10° projections. All 10 classes,
{0,1,2,3,4,5,6,7,8,9}, of 3 members each are well represented in the matrix.
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Table 4: Average NMI and ARI scores with standard deviation. Higher scores correspond to better clustering.

Method MDS NMI | t-SNE NMI Method MDS ARI t-SNE ARI
Riesz 1+0. 0.98 £ 2e-2 Riesz 1+£0. 0.95 + Te-2
Uniform 1+£0. 0.97 &+ 4e-2 Uniform 1+£0. 0.91 £ le-1
Orthonormal 1+0. 0.98 + 3e-2 Orthonormal 1+0. 0.94 + 8e-2
Halton 0.56 + 3e-3 0.54 + le-2 Halton 0.08 £ 2e-3 -0.01 £+ 1le-2
Halton randomized | 0.52 £ le-2 0.53 £ 2e-2 Halton randomized || 4e-3 + le-4 -0.01 + 3e-2
Sobol 0.52 £ 3e-3 | 0.53 & 1le-16 Sobol Te-4 £+ 1e-2 | -0.02 & 3e-18
Sobol randomized 0.52 £ 6e-3 | 0.53 + 1le-16 Sobol randomized 0.01 + 3e-3 | 0.53 £ 3e-18

5 Recommendation & conclusion

In this paper, we have studied several sampling strategies on the sphere for computing an approximation
of the Sliced Wasserstein distance. Regarding theoretical guarantees, this study highlighted the following
limitations: while i.i.d. or orthonormal sampling methods benefit from theoretical guarantees, L.D.S. such
as Halton or Sobol still lack guarantees on the sphere (these guarantees being only obtained for sequences on
hypercubes). As for deterministic point generation methods (like Riesz), the Sliced Wasserstein integrand
also lacks sufficient regularity to guarantee results in dimensions higher than 2.

While lacking theoretical guarantees, the experimental study still suggests that Q.M.C methods (L.D.S. or
s-Riesz points) provide better results in small to intermediate dimension, while having a similar convergence
rate to classical random sampling methods in intermediate to higher (for Riesz) dimensions. These results
seem to indicate that, while f is not regular enough for the convergence guarantees detailed in this paper,
there may be some non-proven convergence results requiring weaker regularity conditions that would be
applicable to SW.

The experiments also suggest that the S.H.C.V. method, while very competitive in intermediate dimensions, is
less efficient when d increases. This control variate methods has two main limitations. First, its computation
depends on the knowledge of u and v, which makes it impossible to store the projections to compute another
distance with different measures. Second, to our knowledge, there is no publicly available implementation
for spherical harmonics in high dimension.

Hence, based on the different experimental results provided in this paper, we make the following recommen-
dations:

o For small dimensions (less than 3), Q.M.C. methods such as s-Riesz points or L.D.S. mapped onto
the sphere are preferable,

o For high dimensions (greater than 20), the orthonormal sampling method emerges as the most
suitable choice,

o For intermediate dimensions (between 5 and 10), choosing an appropriate method should depend
on the experimental requirements. Spherical harmonics are an excellent option if computational
resources are limited and if the number of SW distances to be computed is low. However, it
is worth noting that other Q.M.C. strategies, being independent of the input measures, have the
advantage of allowing the generated points to be reused. This should be particularly beneficial when
a high number of projections is required and a large number of SW distances must be computed.
In such cases, we suggest to use s-Riesz points and to store the samples to factorize the computing
time across all experiments.
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