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Abstract

Order statistics (OS) and induced order statistics (I0S) arise whenever one sorts
the components of a random vector, ubiquitous in portfolio construction and im-
pact investing where assets are ranked by an impact factor and paired with re-
turns. Standard generators ignore the combinatorial constraints of sorted data.
We analyze neural OS generators through Schucany’s and Sukhatme’s probabilis-
tic representations, which serve as theoretical devices for deriving approximation
guarantees. We prove that ReLU networks with O(¢~21In(¢~1)) parameters ap-
proximate the OS of N i.i.d. uniforms within O(¢ln N) in expected L;. On
synthetic OS benchmarks, a simple MLP generator with global mean-scale nor-
malization and an OS-aware penalization term improves sortedness while trading
off distributional fidelity, outperforming vanilla baselines on ordering metrics.

1 Introduction

Generative modeling of sorted vectors is crucial when ranking is part of data generation. In sustain-
able and impact investing, assets are ranked by an impact factor (e.g., ESG scores) and paired with
performance metrics (e.g., returns) [Co and Zhang, PO71]. This yields data on the manifold of or-
dered vectors, yet common generators neither enforce nor exploit this structure, which can degrade
downstream tasks that rely on ranking and ordering [Grover efall, POTY, Prillo_and Fisenschlod,
o070).

We study neural generators for OS through classical probabilistic representations that make order-
ing constraints explicit. Using Sukhatmes construction concentrates approximation difficulty into
a single scalar inverse-cdf block, leading to near-optimal parameter growth in e 1. In contrast,
Schucanys multiplicative Markov recursion, while intuitive, requires learning /N coupled bivariate
updates and presents therefore higher complexity.

Beyond synthetic interest, the OS/IOS viewpoint is central to finance. Ranking assets by an impact
attribute induces a joint distribution over ranks and returns (the concomitants of order statistics)
that determines portfolio composition and performance. Lo and Zhang [2021]] formalize how the
correlation between an impact factor and residual returns controls whether impact tilts help or hurt
mean-variance efficiency, while Co“ef-all [2027] show that IOS with general copulas admit efficient
optimization formulas. In both cases, realistic simulation depends on respecting the sorted manifold
(for ranks) and its induced dependence with returns. Our theoretical insight on a structure-preserving
generator opens the door to theory-driven mechanisms for stress-testing I0S-based policies and for
evaluating how modeling choices affect dependence-sensitive metrics used by practitioners.

Contributions. (i) A theoretical analysis of neural OS generators via Schucany’s and Sukhatme’s
probabilistic representations; (ii) capacity bounds showing ReLU networks with O(e~2In(s71))
parameters achieve expected L; error O(eln N) for uniform OS; (iii) investigation into GAN per-
formance on synthetic OS data with a mean-scale preprocessing and an OS-aware penalization term
that improves sortedness with a trade-off against distributional fidelity metrics.
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2 Background

Let X1,..., Xy be ii.d. with cdf F, and denote by X1.5 < --- < Xpn.n the OS. For any F', OS
reduce to the uniform case by quantile mapping [David and Nagaraja, 2004, Ch. 2]:

(Xiny s Xnen) 2 (FYUrn), o, F7 (Unen)), Uy diid. Unif (0, 1). (1)
Hence it suffices to approximate the map from i.i.d. uniforms to their OS (Uy.n,...,Un.n). Two
classical representations guide us for designing the sampling algorithms:

Schucany recursion (uniforms). Order statistics of uniforms admit a top-down Markov property.
Conditionally on U, 1.y = x, the cdf of U,,.y on [0,z] is P(Upuny < y | Uns1:ny = ) =
(y/x)™, since it is the maximum of m i.i.d. uniforms on [0, z]. Hence the scaled ratio Uy,.n/x ~

Unif (0, 1). Let W, "% Unif(0, 1); then [Schucany, 1977]

UN:NZWI{/N, Unn =Un+1:n Wﬁl/m (m=N-1,...,1). )
This yields a recursive sampler for the full vector (Uy.y,...,Un.n); see Algorithm I in the ap-

pendix for the exact and NN-approximate versions used in our analysis.

Sukhatme representation (exponentials). IfY7,... Yy arei.i.d. standard exponentials, the spac-
ings of exponential OS are independent: with Zg.y = 0 and A; = Z;y — Z;_1.n, One has
A; ~ Exp(N — i+ 1) and the A; are independent. Therefore, writing A; = Y;/(N — i + 1)
with i.i.d. Y; ~ Exp(1), we obtain

I
Y,
Z’r“ = v , UT' =1 _Z’!‘!N, 3
:N ;ZlN—i—&—l :N € 3)

so generating exponential variables and forming weighted sums, followed by an exponential cdf,
yields uniform OS [Sukhafmé, 1937]. Using uniforms via the inverse cdf F'~!(u) = —In(1 — u)
gives the practical sampler; see Algorithm @ in the appendix.

Uniform OS facts. For U;.y < --- < Up.y with i.i.d. Unif(0,1): (i) each marginal is Beta,
Ur.v ~ Beta(k, N—k+1) with E[Uy.x] = 5%+ and Var(Up.n) = % (ii) the spacings
So=Ui.y —0,85; = Ui+1:N —Ugnyand Sy = 1 — Up.n are Dirichlet(l, ey 1), equivalently
S; = E;/ Z;V:O E; with i.i.d. exponentials F;; (iii) the joint density on the simplex 0 < u; <
-+« < upy < 1isthe constant N!.

3 Theory

We state guarantees for the two samplers referenced above; proofs are deferred to Appendix O.
Theorem 1 (Schucany-based generator). Let ¢ > 0. There exists a family of ReLU networks

{G%IET;N}lgrgN used in Algorithm @ such that, writing AV, = |(A]N_,»;N — Un_,.N|, one has
E AV, < ¢, and the total number of neurons satisfies
CSchucany (5) = Z 3 ( |7(2(7].\7Ujr)16)) —| + 1) +a hl( 8(?\5?2)2) + ca, (4)
i=1

for constants c1,co. The complexity grows as a polynomial of degree N in ¢ ™",

Theorem 2 (Sukhatme-based generator). With Algorithm O, there exist ReLU networks Fyn and
FN_N1 such that, writing AU,..n = |Up.ny — Ur.n

5

EAU.n < e[1+2) v, ®)
=1

i.e., the per-coordinate expected L error scales with a harmonic factor, and the neuron count obeys,
for some constant c:

Csukhatme(€) < ce?(2In(e™!) +1) +ce 'In(e™ ) (In(e™!) + Inln(e™") + 1),  (6)
with asymptotics Csukhatme(€) ~ 2ce 2In(e~!) as e — 0. For v = N, the error behaves like
eln N.



Discussion and intuition. The key advantage of the Sukhatme-based methodology is structural:
by mapping uniforms to exponentials and back, all nonlinear approximation is concentrated into two
scalar functions, F' and F~—!, reused across coordinates; the remaining computation is linear accu-
mulation with harmonic weights. Truncating the exponential tail and applying Yarotsky-type bounds
delivers a parameter count of order ¢ =2 In(¢~!), and the accumulated error across coordinates grows
with the harmonic series, yielding the € In N dependence. By contrast, Schucanys recursion com-
poses N bivariate maps and an approximate multiplication, so errors compound more severely and
capacity scales polynomially, of degree N, in ¢! with degree tied to dimension. Intuitively, con-
centrating difficulty into a single inverse-cdf block avoids learning many near-singular power maps
u!/™ and stabilizes training.

4 Experiments

Practical setup. We generate synthetic OS in dimensions d € {2, 3, 5, 10, 20, 50} from the uniform
distribution, which are the d largest components of a vector size N = 1,000 and train standard
MLP GAN/WGAN baselines [Goodfellow ef all, 2014, Arjovsky et all, Z017]. We do not instantiate
network architectures that hard-code the Schucany or Sukhatme constructions from Algorithms [-I;
those serve as theoretical devices to derive approximation guarantees. In practice, the generator and
discriminator are conventional MLPs trained on sorted data, with normalization and (optionally) an
order-statistics penalty.

Normalization scheme. To preserve the geometry of OS during training, we apply a global mean-
scale normalization to all coordinates: ¥ = s(x — &) with Z the dataset-wide mean. This stabilizes
optimization and leaves pairwise ordering unchanged, unlike per-coordinate min-max which can
break sortedness.

Metrics. We report six metrics grouped by what they measure: Distributional fidelity—(i) W1D:
mean 1-Wasserstein over marginals (sort both samples per coordinate and average absolute differ-
ences); (ii)) SWD: sliced 1-Wasserstein over random projections (100 slices). Dependence struc-
ture—(iii) Spearman: average absolute difference of pairwise Spearman correlations between real
and generated samples; (iv) AKE: Absolute Kendall Error, mean absolute difference between
descending-sorted samples. Ordering structure—(v) Sortedness: proportion of generated samples
that are fully monotone (descending); (vi) Softsortedness: average soft penalty for local order vio-
lations (lower is better).

Sweeps and selection. We tune hyperparameters with Optuna [[Akiba ef-all, POTY] using Sobol ini-
tialization and early stopping. Across dimensions and model families (GAN/WGAN/WGAN_OSP),
we sweep (log-uniform) learning rates, generator width/depth, batch size, discriminator steps, and
(for WGAN) gradient-penalty weight; for OSP (B) we place a log-uniform prior over A\ogp €
[10~%,1072]. Trials are evaluated on a validation split using W1D; we intentionally do not select on
Sortedness. We report metrics on the held-out test set from the best validation checkpoint, averaged
over 10 seeds.

Order-statistics penalty (Losp). To encourage the generator to emit sorted vectors, we add a
differentiable penalty on local order violations:

d—1

EQSP(G) = E, [dil Z (max{ G(Z)j — G(Z)j+1 +e, ()})2‘| ’ (7)

j=1
with small margin € > 0 (we use € = 10~%). The generator objective becomes
LEN = LEY + Xosp Losp(G), (®)

where ,Cj‘;d" is the GAN or Wasserstein WGAN generator loss, and Aogp is tuned. This penalty
is zero iff outputs are non-increasing coordinate-wise and increases quadratically with the size of
violations.

Findings. Adding Logp further increases Softsortedness/Sortedness in d € {2,10,20} with min-
imal impact on W1D/SWD. In particular, WGAN + OSP achieves the best structure-aware scores



while keeping Wasserstein metrics close to the unregularized WGAN; at low dimensions, vanilla
GAN can remain competitive on dependence metrics.

Additional qualitative pairplots for d € {2, 3,5} and d = 10 are provided in Appendix O (Figures [
and D).

WI1D SWD Spearman
GAN WGAN WGAN_OSP GAN WGAN WGAN_OSP GAN WGAN WGAN_OSP
dim dim dim
2 0341 0.328  0.486 2 0336 0.332 0475 2 153 1.18 1.17
5 022 0424 0251 5 0.204 0.396  0.251 5 0315 0.506 0.896
10 0.513 0363  0.488 10 0473 0356 0478 10 0452 0989 093
20 1.1 0.55 0.839 20 1.03 0526 0.815 20 0.391 0.935 1.33
50 233 1.13 1.1 50 216 1.1 1.02 50  0.713 2.02 1.65
AKE Sortedness Softsortedness
GAN WGAN WGAN_OSP GAN WGAN WGAN_OSP GAN WGAN WGAN_OSP
dim dim dim
2 1.79 1.84 1.92 2 94.8% 88.7%  98.3% 2 0.128 0.364  0.019
5 2.64 271 2.67 5 89.2% 76.6% 80.3% 5 0.033 0.19 0.193
10 359 356 3.66 10 56.3% 562% 99.4% 10 0.263 0.28 0.000692
20 495 5.05 4.93 20 4.0%  60.0% 93.5% 20 1.04 0.105  0.0102
50 794 808 795 50 00% 883% 749% 50 321 0.0807 0.0832

Table 1: Metric mosaic across dimensions and models (bold = best per row). WI1D/SWD as-
sess distributional fidelity; Spearman/AKE capture dependence and rank-structure fidelity; Sort-
edness/Softsortedness measure compliance with the ordered structure. The OSP penalty improves
sortedness metrics at the cost of a trade-off with some fidelity metrics.

5 Discussion

Related work. Classical results on order statistics and concomitants underpin our approach [[David
and Nagarajd, 2004, David, Herbert A, T973]. In finance, IOS formalize impact-ranked portfolios
[Co and Zhang, POZT, Co'efall, P077], linking ranks to returns via copulas. Our generator targets the
OS manifold directly, leveraging exponential representations [Sukhafmel, T937] to obtain neural con-
structions with capacity guarantees. Differentiable sorting relaxations such as Graver ef all [P(IT9],
Prillo_and Fisenschlod [2020] also study learning with ranks.

Limitations. Our experiments address OS on synthetic data; we do not yet handle IOS, i.e., the
joint distribution of ranks and returns. The OSP term encourages intra-vector monotonicity but
does not capture cross-variable dependence needed for I0S. Applying the method to real impact-
investing datasets requires modeling factor-return dependence (e.g., learned copulas) and additional
preprocessing. The hyperparameter A\ogp controls a trade-off: higher values improve sortedness
metrics but can degrade distributional fidelity (W1D/SWD), as evidenced in Table [. Practitioners
must calibrate this parameter based on whether structural compliance or distributional accuracy is
more critical for their application. While our metrics are averaged over 10 random seeds, we report
point estimates without standard deviations or confidence intervals in Table [II; including uncertainty
quantification would strengthen the statistical validity of our comparisons.

Conclusion and outlook. We presented a theory-guided generator for OS, a practical normalization
that preserves geometry and a penalization term that encourages intra-vector monotonicity. Future
work includes IOS and applications to real data. A second direction is empirical validation of the
Schucany- and Sukhatme-based bounds (e.g., € In NV error growth; e~ 2 In(e~!) parameters) using
controlled architectures that mirror the theoretical constructions, feasible but currently tedious at the
granularity required.
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A Algorithms (Exact and NN-Approximate)

Algorithm 1: Sampling from order statistics Uy.y < - -+ < Upn.n (Schucany recursion)

Input :Learned functions GNY : [0,1] — R for r € [N]; N uniform samples U1, ..., Uy
Output:U;.nN, ..., Un.N
g 1/N,
Set Un.ny = UN )
for r < 1to N do
UNfr:N — G%JET;N(UNfrJrl:Ny Ur);
/! Exact: Un_pn & Un_rprnUp/ 77

return U,y and U,.y, for1 <r < N.

Algorithm 2: Sampling from order statistics Uy.y < --- < Upn. v based on (B)

Input :ReLU networks Fyy and Fq; N uniform samples Uy, ..., Uy
Output:ZAl:N, ey ZAN:N
Set UO:N =Uop.ny =0
for r < 1to N do
Z’I“:N < erl:N + w;
// Exact: Zpi1.ny & Zpn+ %gr)

return UT:N = FNN(ZT:N) and UT‘:N = F(ZTZN),fOV 1 <r< N.

B Yarotsky’s Approximation Results

We recall the Sobolev norm || f{[yyn.o< (j0,1]4) = MaXp:|n|<n €88 SUPe(o17¢ | D™ f(x)| and the unit
class Fi, g = {f : || fllwn. < 1}.

Lemma 1 (Yarotsky| [2017], Prop. 3). For any M > 0 and ¢ € (0, 1), there exists a ReLU network
implementing X : R* — R such that: if |z|, |y| < M then |x(z,y) — xy| < e ifx = 0ory =0,
X (x,y) = 0. The depth and size are at most ¢ In(1/e) + co(M).

Theorem 3 (Yarotskyl [20177], Thm. 1). For any integers d,n and € € (0,1), there exists a ReLU
network of depth O(In(1/e + 1)) and size O(e=¥™(In(1/¢) + 1)) that approximates any f € F,, 4
within € in sup-norm.

C Proofs

C.1 Proof of Theorem 0

Let .
A‘/T = UN—’I‘ZN - UN—T!N' (9)

From the recursion and the triangle inequality,
AV, | < AV | UV ey (10)
er = sup  |GNN.n(ur,u) — Gy_pn (ur,uz)|. (11)

u1,u2€[0,1]

By induction,

INAES SN | (12)
=0 j=itl
Taking expectations and using E[UY/ (V=] = (N — j)/(N — j + 1) yields
"\ N-—r
E|AV,| < ) eimr—r (13)
i N



It remains to bound the terms ;. Write
GN—T"lN(uhuQ) = U ¢T(u2)a ¢T(u) = ul/(Nir) € CO’CT([Ov 1})7 CT" = ﬁ (14)

Approximate ¢, to accuracy £/2 by a piecewise-linear ReL.U network (triangular basis; cf. ATlonche
efall [2025], Lem. 8), using
3((2/e)V~"] 4+ 1) neurons. (15)

Approximate multiplication by x with accuracy /8, whose size is c; In(8/¢) + ¢ by Lemma [I.
Combining errors gives

sup |G%JXT:N(U1,1L2)—GN_T:N(ul,uQ)| < e (16)
u1,u2€[0,1]
Choosing (N 1)
—-r
g = —— L 17
€ r (N =) € a7

in (3) yields E|AV,| < e. Summing the network sizes over ¢ gives the stated complexity in
Theorem [I.

C.2 Proof of Theorem 2

Define the truncated inverse cdf

() = {—1n(1—u), 0<u<l-—eg,

ol
In(1/e), l-e<u<l

€

(18)

Then ¢ F-' € F ;. By Theorem B, there exists a ReLU network 1y x with size O(e~2(21In(1/¢) +
1)) such that, on [0, 1 — €],
e ot —nan ||, < €% (19)

Hence _
| Fo ' —nnn/el|l, < e onf0,1—¢], (20)

and we extend 7y v by setting its value to In(1/¢) on [1 — &, 1]. Splitting the integral shows

E|F~H(U) — v (U)| < 2. 1)

LetY; = nvn(Us) and Z,.y = >0, Yi/(N — i+ 1). Then

T
. 1
E\Z.N — Z,. < 2 _ 22
‘ N N| E;N_Z+1 (22)
For the forward map, define

. F(In(1/e) z)
F, = —— 2 ¢ Fi . 23
=(x) (1)) € (23)

By Theorem B, there exists a NN approximating F. with error ¢/In(1/e) using size
O(e7'In(1/¢)(In(1/€) + Inln(1/€) + 1)). Undoing the rescaling gives

IF = Fuxlls < € on[0,In(1/e)]. (24)
Using the 1-Lipschitzness of F' and the bound above yields

E|Upn —Unn| < ¢ +2627N_1
i=1

25
i+1’ 25

which is the claimed inequality. The total neuron count is the sum of the forward and inverse
approximators, giving the stated complexity and its asymptotics.

D Additional Figures



2, 3,5 (GAN).

Figure 1: Pairplot mosaic for dimensions d
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