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ABSTRACT

Causal discovery, the task of inferring causal structure from data, promises to
accelerate scientific research, inform policy making, and more. However, the
per-dataset nature of existing causal discovery algorithms renders them slow, data
hungry, and brittle. Inspired by foundation models, we propose a causal discovery
framework where a deep learning model is pretrained to resolve predictions from
classical discovery algorithms run over smaller subsets of variables. This method
is enabled by the observations that the outputs from classical algorithms are fast
to compute for small problems, informative of (marginal) data structure, and
their structure outputs as objects remain comparable across datasets. Our method
achieves state-of-the-art performance on synthetic and realistic datasets, generalizes
to data generating mechanisms not seen during training, and offers inference speeds
that are orders of magnitude faster than existing models.

1 INTRODUCTION

A fundamental aspect of scientific research is to discover and validate causal hypotheses involving
variables of interest. Given observations of these variables, the goal of causal discovery algorithms
is to extract such hypotheses in the form of directed graphs, in which edges denote causal relation-
ships Spirtes et al. (2001). In much of basic science, however, classical statistics remain the de
facto basis of data analysis Replogle et al. (2022). Key barriers to widespread adoption of causal
discovery algorithms include their high data requirements and their computational intractability on
larger problems.

Current causal discovery algorithms follow two primary approaches that differ in their treatment of
the underlying causal graph. Discrete optimization algorithms explore the super-exponential space
of graphs by proposing and evaluating changes to a working graph Glymour et al. (2019). While
these methods are quite fast on small graphs, the combinatorial space renders them intractable for
exploring larger structures, with hundreds or thousands of nodes. Furthermore, their correctness
is tied to hypothesis tests, whose results can be erroneous for noisy datasets, especially as graph
sizes increase. More recently, a number of works have reframed the discrete graph search as a
continuous optimization over weighted adjacency matrices Zheng et al. (2018); Brouillard et al.
(2020). Continuous optimization algorithms often require that a generative model be fit to the full
data distribution, a difficult task when the number of variables increases but the data remain sparse.

In this work, we present SEA: Sample, Estimate, Aggregate, a blueprint for developing causal
discovery foundation models that enable fast inference on new datasets, perform well in low data
regimes, and generalize to causal mechanisms beyond those seen during training. Our approach is
motivated by two observations. First, while classical causal discovery algorithms scale poorly, their
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bottleneck lies in the exponential search space, rather than individual independence tests. Second,
in many cases, statistics like global correlation or inverse covariance are indeed strong indicators
for a graph’s overall connectivity. Therefore, we propose to leverage 1) the estimates of classical
algorithms over small subgraphs, and 2) global graph-level statistics, as inputs to a deep learning
model, pretrained to resolve these statistical descriptors into causal graphs.

Theoretically, we prove that given only marginal estimates over subgraphs, it is possible to recover
causally sound global graphs; and that our proposed model has the capacity to recapitulate such
reasoning. Empirically, we implement instantiations of SEA using an axial-attention based model Ho
et al. (2020) which takes as input, inverse covariance and estimates from the classical FCI or GIES
algorithms Spirtes et al. (1995); Hauser & Bühlmann (2012). We conduct thorough comparison to
three classical baselines and five deep learning approaches. SEA attains the state-of-the-art results on
synthetic and real-world causal discovery tasks, while providing 10-1000x faster inference. While
these experimental results reflect specific algorithms and architectures, the overall framework accepts
any combination of sampling heuristics, classical causal discovery algorithms, and statistical features.
To summarize, our contributions are as follows.

1. To the best of our knowledge, we are the first to propose a method for building fast, robust,
and generalizable foundation models for causal discovery.

2. We show that both our overall framework and specific architecture have the capacity to
reproduce causally sound graphs from their inputs.

3. We attain state-of-the-art results on synthetic and realistic settings, and we provide extensive
experimental analysis of our model.

2 BACKGROUND AND RELATED WORK

2.1 CAUSAL GRAPHICAL MODELS

A causal graphical model is a directed, acyclic graph G = (V,E), where each node i ∈ V corresponds
to a random variable Xi ∈ X and each edge (i, j) ∈ E represents a causal relationship from
Xi → Xj . We assume that the data distribution PX is Markov to G,

∀i ∈ V,Xi ⊥⊥ V \ (Xδi ∪Xπi) | Xπj (1)
where δi is the set of descendants of node i in G, and πi is the set of parents of i. In addition, we
assume that PX is minimal and faithful – that is, PX does not include any independence relationships
beyond those implied by applying the Markov condition to G Spirtes et al. (2001). Causal graphical
models allow us to perform interventions on nodes i by setting conditional P (Xi | Xπi

) to a different
distribution P̃ (Xi | Xπi

).

2.2 CAUSAL DISCOVERY

Given a dataset D ∼ PX , the goal of causal discovery is to recover G. There are two main challenges.
First, the number of possible graphs is super-exponential in the number of nodes N , so causal
discovery algorithms must navigate this combinatorial search space efficiently. In terms of graph size,
the limits of current algorithms range from tens of nodes Hägele et al. (2023); Lorch et al. (2022) to
hundreds of nodes Lopez et al. (2022), where simplifying assumptions regarding the graph structure
are often made in the latter case. Second, depending on data availability and the underlying data
generation process, causal discovery algorithms may or may not be able to recover G in practice. In
fact, many algorithms are only analyzed in the infinite-data regime and require at least thousands of
data samples for reasonable empirical performance Spirtes et al. (2001); Brouillard et al. (2020). For
detailed discussion regarding the two main approaches to graphical causal discovery, see Appendix A.

Causal discovery is also used in the context of pairwise relationships Zhang & Hyvarinen (2012);
Monti et al. (2019), as well as for non-stationary Huang et al. (2020) and time-series Löwe et al.
(2022) data. This work focuses on causal discovery for stationary graphs.

2.3 FOUNDATION MODELS

The concept of foundation models has revolutionized the machine learning workflow in a variety
of disciplines: instead of training domain-specific models from scratch, we can query a pretrained,
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Figure 1: An overview of the SEA inference procedure. Given a new dataset, we 1) sample batches
and subsets of nodes, 2) estimate marginal graphs and global statistics over these batches, and 3)
aggregate these features using a pretrained model to obtain the underlying causal graph. Raw data are
depicted in green, and graph-related features are depicted in blue.

general-purpose “foundation” model Radford et al. (2021); Brown et al. (2020); Bommasani et al.
(2022). Recent work has explored foundation models for causal inference Zhang et al. (2023), but
this method addresses inference rather than discovery, so it assumes knowledge of the causal graphs.

3 METHODS

We present SEA, a framework for developing fast and scalable causal discovery foundation models.
Our framework combines global statistics and marginal estimates (the outputs of classical causal
discovery algorithms on subsets of nodes) as inputs to a deep learning model, pretrained to aggregate
these features into causal graphs (Section 3.1). As proofs of concept, we describe instantiations
of SEA using specific algorithms and architectures (Sections 3.2, 3.3). Finally, we prove that our
algorithm has the capacity to produce sound causal graphs, in theory and in our model (Section 3.4).

3.1 CAUSAL DISCOVERY FRAMEWORK

SEA is a causal discovery framework that learns to resolve statistical features and estimates of marginal
graphs into a global causal graph. The inference procedure is depicted in Figure 1. Specifically, given
a new dataset D ∈ RM×N faithful to graph G = (V,E), we apply the following stages.

Sample: takes as input dataset D; and outputs data batches {D0, D1, . . . , DT } and node subsets
{S1, . . . , ST }.

1. Sample T + 1 batches of b≪M observations uniformly at random from D.
2. Compute selection scores α ∈ (0, 1)N×N over D0 (e.g. inverse covariance).
3. Sample T node subsets of size k. Each subset St ⊆ V is constructed iteratively, with

additional nodes sampled one at a time with probability proportional to
∑

j∈St
αi,j (C.6).

Estimate: takes as inputs data batches and node subsets; and outputs global statistics ρ and marginal
estimates {E′

1, . . . , E
′
T }.

1. Compute global statistics ρ ∈ RN×N over D0.
2. Run causal discovery algorithm f to obtain marginal estimates f(Dt[St]) = E′

t for t =
1 . . . T .

We use Dt[St] to denote the observations in Dt that correspond only to the variables in St. Each
estimate E′

t is a k × k adjacency matrix, corresponding to the k nodes in St.

Aggregate: takes as inputs global statistics, marginal estimates, and node subsets. A pretrained
aggregator model outputs the predicted global causal graph Ê ∈ (0, 1)N×N .
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Figure 2: Aggregator architecture. Marginal graph estimates and global statistics are first embedded
into the model dimension, and 1D positional embeddings are added along both rows and columns.
These combined embeddings pass through a series of axial attention blocks, which attend to the graph
estimates and the global features. The final layer global features pass through a feedforward network
to predict the causal graph.

The aggregator’s architecture is agnostic to the assumptions of the underlying causal discovery
algorithm f (e.g. (non)linearity, observational vs. interventional). Therefore, we can freely swap out
f and the training datasets to train aggregators with different implicit assumptions, without modifying
the architecture itself. Here, our aggregator is pretrained over a diverse set of graph sizes, structures,
and data generating mechanisms (details in Appendix C.1).

3.2 MODEL ARCHITECTURE

The core module of SEA is the aggregator (Figure 2), implemented as a sequence of axial attention
blocks. The aggregator takes as input global statistics ρ ∈ RN×N , marginal estimates E′

1...T ∈
ET×k×k, and node subsets S1...T ∈ [N ]T×k, where E is the set of output edge types for the causal
discovery algorithm f . The output is a graph prediction Ê ∈ {0, 1}N×N , supervised by the ground
truth E. Our model is trained with cross entropy loss and L2 weight regularization. Please see
Appendix C.3 for details.

Our model was implemented with 4 layers with 8 attention heads and hidden dimension 512. Our
model was trained using the AdamW optimizer with a learning rate of 1e-4 Loshchilov & Hutter
(2019). Please see C.3 for additional details regarding hyperparameters.

3.3 IMPLEMENTATION DETAILS

We computed inverse covariance as the global statistic and selection score, due to its relationship
to partial correlation and ease of computation. For comparison to additional statistics, see D.4. We
chose the constraint-based FCI algorithm in the observational setting Spirtes et al. (2001), and the
score-based GIES algorithm in the interventional setting Hauser & Bühlmann (2012). For discussion
regarding alternative algorithms, see C.5. We sample batches of size b = 500 over k = 5 nodes each
(analysis in D.3).

3.4 THEORETICAL ANALYSES

Our theoretical contributions span two aspects.

1. We formalize the notion of marginal estimates and prove that given sufficient marginal
estimates, it is possible to recover a pattern faithful to the global causal graph (Theorem
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B.5). We provide bounds on the number of marginal estimates required and motivate global
statistics as an efficient means to reduce this bound (Propositions B.9, B.10).

2. We show that our proposed axial attention has the capacity to recapitulate the reasoning
required for this task. In particular, we show that a stack of 3 axial attention blocks can
recover the skeleton and v-structures in O(N) width (Theorem B.13).

Please refer to Appendix B for the formal theorems and proofs. Our proofs assume only that the
edge estimates are correct. We do not impose any functional requirements, and any appropriate
independence test may be used. We discuss robustness and stability in B.4.

4 EXPERIMENTAL SETUP

We pretrained SEA models on synthetic training datasets only and ran inference on held-out testing
datasets, which include both seen and unseen causal mechanisms. All baselines were trained and/or
run from scratch on each testing dataset using their published code and hyperparameters. We evaluate
our model across diverse synthetic datasets, simulated mRNA datasets Dibaeinia & Sinha (2020), and
a real protein expression dataset Sachs et al. (2005). We include details on synthetic data generation
in Appendix C.1 and Appendix D.2.1 (simulated mRNA).

4.1 CAUSAL DISCOVERY METRICS

Our causal discovery experiments consider both discrete and continuous metrics. In addition to
standard metrics like SHD Tsamardinos et al. (2006), we include continuous metrics, as neural
networks can be notoriously uncalibrated Guo et al. (2017), and arbitrary discretization thresholds
reflect an incomplete picture of model performance Schaeffer et al. (2023). For all continuous metrics,
we exclude the diagonal from evaluation, since several baselines manually set it to zero Brouillard
et al. (2020); Lopez et al. (2022).

SHD: Structural Hamming distance is the minimum number of edge edits required to match two
graphs Tsamardinos et al. (2006). Discretization thresholds are as published.

mAP, AUC: We compute the area under the precision-recall / ROC curves per edge and average over
the graph. The mean random guessing baseline depends on the positive rate.

Edge orientation accuracy: We compute the accuracy of edge orientations as

EdgeAcc =

∑
(i,j)∈E 1{P (i, j) > P (j, i)}

∥E∥
. (2)

Since this quantity is normalized by the size of E, it is invariant to the positive rate. In contrast to edge
orientation F1 Geffner et al. (2022), this quantity is also invariant to the assignment of forward/reverse
edges as positive/negative.

4.2 BASELINES

We consider several deep learning and classical baselines. The following deep learning baselines all
start by fitting a generative model to the data.

DCDI Brouillard et al. (2020) extracts the underlying graph as a model parameter. The G and DSF
variants use Gaussian or deep sigmoidal flow likelihoods, respectively. DCD-FG Lopez et al. (2022)
follows DCDI-G, but factorizes the graph into a product of two low-rank matrices for scalability.

DECI Geffner et al. (2022) takes a Bayesian approach and extracts the graph as a parameter.

DIFFAN Sanchez et al. (2023) uses the trained model’s Hessian to obtain a topological ordering,
followed by a classical pruning algorithm.

AVICI Lorch et al. (2022) uses an amortized inference approach to estimate P (G | D) over a class of
data-generating mechanisms via variational inference.

The following classical baselines (ablations) quantify the causal discovery utility of our inputs.

INVCOV computes inverse covariance over 2000 examples. This does not orient edges, but it is a
strong connectivity baseline. We discretize based on ground truth (oracle) E.
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Table 1: Causal discovery results on simulated mRNA data. Each setting encompasses 5 distinct
scale-free graphs. Data were generated via SERGIO Dibaeinia & Sinha (2020).

N Model Hill coef. = 2.0, E = N Hill coef. = 2.0, E = 2N

mAP ↑ AUC ↑ EA ↑ SHD ↓ mAP ↑ AUC ↑ EA ↑ SHD ↓

10

DCDI-G 0.48 0.73 0.70 16 0.32 0.57 0.59 26
DCDI-DSF 0.63 0.84 0.81 18 0.44 0.64 0.64 26
DCD-FG 0.59 0.82 0.79 81 0.43 0.69 0.67 73
AVICI 0.58 0.85 0.81 6 0.22 0.44 0.36 17

INVCOV 0.25 0.44 — 13 0.33 0.54 — 22
CORR 0.44 0.89 — 9 0.35 0.67 — 20

SEA (FCI) 0.92 0.98 0.92 2 0.76 0.90 0.85 9

20

DCDI-G 0.48 0.86 0.90 37 0.31 0.65 0.72 55
DCDI-DSF 0.45 0.92 0.94 52 0.40 0.71 0.74 55
DCD-FG 0.34 0.87 0.66 361 0.36 0.77 0.67 343
AVICI 0.32 0.78 0.76 19 0.17 0.54 0.55 37

INVCOV 0.27 0.56 — 24 0.30 0.62 — 47
CORR 0.35 0.93 — 24 0.29 0.76 — 49

SEA (FCI) 0.54 0.94 0.83 17 0.50 0.85 0.78 31

Figure 3: Analysis. Left: Average wall time required to run each model on a single dataset. The
y-axis is plotted in log scale. Right: Performance of our model (FCI) vs. total dataset size. Error bars
indicate 95% confidence interval across 5 datasets of each setting. Dashed lines indicate the INVCOV
estimate on 500 points. We set batch size b = min(500,M) and node subset size k = 5.

FCI-AVG, GIES-AVG run the FCI and GIES algorithms, respectively, over all nodes, on 100 batches
with 500 examples each. We take the mean P ((i, j)) over all batches. This procedure yielded higher
performance compared to running the algorithm only once, over a larger batch.

5 RESULTS

We highlight our simulated mRNA experiments and analysis on synthetic settings. Full synthetic and
realistic experiments, as well as ablation studies, may be found in Appendix D.

We consistently outperform baselines on simulated mRNA data (Table 1). Furthermore, on a wide
range of synthetic datasets with N = 10, 20, 100, our model is orders of magnitude faster than other
continuous optimization methods (Figure 3). Finally, one of the main advantages of foundation
models is that they enable high levels of performance in low resource scenarios. Figure 3 shows
that SEA (FCI) only requires around M = 500 data samples for decent performance on graphs with
N = 100 nodes. This is in contrast to existing continuous optimization methods, which require
thousands to tens of thousands of samples to fit completely.
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6 CONCLUSION

In this work, we introduced SEA, a framework for designing causal discovery foundation models.
SEA is motivated by the idea that classical discovery algorithms provide powerful descriptors of data
that are fast to compute and robust across datasets. Given these statistics, we train a deep learning
model to reproduce faithful causal graphs. Theoretically, we demonstrated that it is possible to
produce sound causal graphs from marginal estimates, and that our model has the capacity to do so.
Empirically, we implemented two proofs of concept of SEA that perform well across a variety of
causal discovery tasks. We hope that this work will inspire a new avenue of research in generalizable
and scalable causal discovery algorithms.
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Philippe Brouillard, Sébastien Lachapelle, Alexandre Lacoste, Simon Lacoste-Julien, and Alexandre
Drouin. Differentiable causal discovery from interventional data, 2020.

Tom B. Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared Kaplan, Prafulla Dhariwal,
Arvind Neelakantan, Pranav Shyam, Girish Sastry, Amanda Askell, Sandhini Agarwal, Ariel
Herbert-Voss, Gretchen Krueger, Tom Henighan, Rewon Child, Aditya Ramesh, Daniel M. Ziegler,
Jeffrey Wu, Clemens Winter, Christopher Hesse, Mark Chen, Eric Sigler, Mateusz Litwin, Scott
Gray, Benjamin Chess, Jack Clark, Christopher Berner, Sam McCandlish, Alec Radford, Ilya
Sutskever, and Dario Amodei. Language models are few-shot learners, 2020.
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Alain Hauser and Peter Bühlmann. Characterization and greedy learning of interventional markov
equivalence classes of directed acyclic graphs. 2012.

Jonathan Ho, Nal Kalchbrenner, Dirk Weissenborn, and Tim Salimans. Axial attention in multidi-
mensional transformers, 2020.

Kurt Hornik, Maxwell Stinchcombe, and Halbert White. Multilayer feedforward networks are
universal approximators. Neural Networks, 2(5):359–366, 1989. ISSN 0893-6080. doi: https:
//doi.org/10.1016/0893-6080(89)90020-8.

8



Machine Learning for Genomics Explorations workshop at ICLR 2024

Biwei Huang, Kun Zhang, Jiji Zhang, Joseph Ramsey, Ruben Sanchez-Romero, Clark Glymour, and
Bernhard Schölkopf. Causal discovery from heterogeneous/nonstationary data with independent
changes, 2020.
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A RELATED WORK, EXTENDED

Discrete optimization methods make atomic changes to a proposal graph until a stopping criterion
is met. Constraint-based algorithms identify edges based on conditional independence tests, and
their correctness is inseparable from the empirical results of those tests Glymour et al. (2019), whose
statistical power depends directly on dataset size. These include the FCI and PC algorithms in the
observational case Spirtes et al. (1995), and the JCI algorithm in the interventional case Mooij et al.
(2020).

Score-based methods also make iterative modifications to a working graph, but their goal is to
maximize a continuous score over the discrete space of all valid graphs, with the true graph at the
optimum. Due to the intractable search space, these methods often make decisions based on greedy
heuristics. Classic examples include GES Chickering (2002), GIES Hauser & Bühlmann (2012),
CAM Bühlmann et al. (2014), and LiNGAM Shimizu et al. (2006).

Continuous optimization approaches recast the combinatorial space of graphs into a continuous
space of weighted adjacency matrices. Many of these works train a generative model to learn the
empirical data distribution, which is parameterized through the adjacency matrix Zheng et al. (2018);
Lachapelle et al. (2020); Brouillard et al. (2020). Others focus on properties related to the empirical
data distribution, such as a relationship between the underlying graph and the Jacobian of the learned
model Reizinger et al. (2023), or between the Hessian of the data log-likelihood and the topological
ordering of the nodes Sanchez et al. (2023). While these methods bypass the combinatorial search
over discrete graphs, they still require copious data and time to train accurate generative models of
the data distributions.

Finally, most similar to this work, amortized inference approaches Ke et al. (2022); Lorch et al.
(2022) frame causal discovery as a supervised learning problem within a class of data-generating
mechanisms. However, since they operate on raw observations, they do not scale to large datasets or
generalize well across different functional classes.

B PROOFS AND DERIVATIONS

Our theoretical contributions focus on two primary directions.

1. We formalize the notion of marginal estimates and prove that given sufficient marginal
estimates, it is possible to recover a pattern faithful to the global causal graph. We provide
lower bounds on the number of marginal estimates required for such a task, and motivate
global statistics as an efficient means to reduce this bound.

2. We show that our proposed axial attention has the capacity to recapitulate the reasoning
required for marginal estimate resolution. We provide realistic, finite bounds on the width
and depth required for this task.

Before these formal discussions, we start with a toy example to provide intuition regarding marginal
estimates and constraint-based causal discovery algorithms.

B.1 TOY EXAMPLE: RESOLVING MARGINAL GRAPHS

Consider the Y-shaped graph with four nodes in Figure 4. Suppose we run the PC algorithm on all
subsets of three nodes, and we would like to recover the result of the PC algorithm on the full graph.
We illustrate how one might resolve the marginal graph estimates. The PC algorithm consists of the
following steps Spirtes et al. (2001).

1. Start from the fully connected, undirected graph on N nodes.
2. Remove all edges (i, j) where Xi ⊥⊥ Xj .
3. For each edge (i, j) and subsets S ⊆ [N ] \ {i, j} of increasing size n = 1, 2, . . . , d, where

d is the maximum degree in G, and all k ∈ S are connected to either i or j: if Xi ⊥⊥ Xj | S,
remove edge (i, j).

4. For each triplet (i, j, k), such that only edges (i, k) and (j, k) remain, if k was not in the set
S that eliminated edge (i, j), then orient the “v-structure” as i→ k ← j.
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5. (Orientation propagation) If i→ j, edge (j, k) remains, and edge (i, k) has been removed,
orient j → k. If there is a directed path i ⇝ j and an undirected edge (i, j), then orient
i→ j.

Figure 4: Resolving marginal graphs. Subsets of nodes revealed to the PC algorithm (circled in row
1) and its outputs (row 2).

In each of the four cases, the PC algorithm estimates the respective graphs as follows.

(A) We remove edge (X,Y ) via (2) and orient the v-structure.
(B) We remove edge (X,Y ) via (2) and orient the v-structure.
(C) We remove edge (X,W ) via (3) by conditioning on Z. There are no v-structures, so the

edges remain undirected.
(D) We remove edge (Y,W ) via (3) by conditioning on Z. There are no v-structures, so the

edges remain undirected.

The outputs (A-D) admit the full PC algorithm output as the only consistent graph on four nodes.

• X and Y are unconditionally independent, so no subset will reveal an edge between (X,Y ).

• There are no edges between (X,W ) and (Y,W ). Otherwise, (C) and (D) would yield the
undirected triangle.

• X,Y, Z must be oriented as X → Z ← Y . Paths X → Z → Y and X ← Z ← Y would
induce an (X,Y ) edge in (B). Reversing orientations X ← Z → Y would contradict (A).

• (Y, Z) must be oriented as Y → Z. Otherwise, (A) would remain unoriented.

B.2 RESOLVING MARGINAL ESTIMATES INTO GLOBAL GRAPHS

B.2.1 PRELIMINARIES

Classical results have characterized the Markov equivalency class of directed acyclic graphs. Two
graphs are observationally equivalent if they have the same skeleton and v-structures Verma & Pearl
(1990). Thus, a pattern P is faithful to a graph G if and only if they share the same skeletons and
v-structures Spirtes et al. (1990).

Definition B.1. Let G = (V,E) be a directed acyclic graph. A pattern P is a set of directed and
undirected edges over V .

Definition B.2 (Theorem 3.4 from Spirtes et al. (2001)). If pattern P is faithful to some directed
acyclic graph, then P is faithful to G if and only if

1. for all vertices X,Y of G, X and Y are adjacent if and only if X and Y are dependent
conditional on every set of vertices of G that does not include X or Y ; and

2. for all vertices X,Y, Z, such that X is adjacent to Y and Y is adjacent to Z and X and
Z are not adjacent, X → Y ← Z is a subgraph of G if and only if X,Z are dependent
conditional on every set containing Y but not X or Z.

Given data faithful to G, a number of classical constraint-based algorithms produce patterns that are
faithful to G. We denote this set of algorithms as F .
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Theorem B.3 (Theorem 5.1 from Spirtes et al. (2001)). If the input to the PC, SGS, PC-1, PC-2,
PC∗, or IG algorithms faithful to directed acyclic graph G, the output is a pattern that represents the
faithful indistinguishability class of G.

The algorithms in F are sound and complete if there are no unobserved confounders.

B.2.2 MARGINAL ESTIMATES

Let PV be a probability distribution that is Markov, minimal, and faithful to G. Let D ∈ RM×N ∼
PV be a dataset of M observations over all N = |V | nodes.

Consider a subset S ⊆ V . Let D[S] denote the subset of D over S,

D[S] = {xi,v : v ∈ S}Ni=1, (3)
and let G[S] denote the subgraph of G induced by S

G[S] = (S, {(i, j) : i, j ∈ S, (i, j) ∈ E}. (4)
If we apply any f ∈ F to D[S], the results are not necessarily faithful to G[S], as now there may be
latent confounders in V \ S (by construction). We introduce the term marginal estimate to denote the
resultant pattern that, while not faithful to G[S], is still informative.
Definition B.4 (Marginal estimate). A pattern E′ is a marginal estimate of G[S] if and only if

1. for all vertices X,Y of S, X and Y are adjacent if and only if X and Y are dependent
conditional on every set of vertices of S that does not include X or Y ; and

2. for all vertices X,Y, Z, such that X is adjacent to Y and Y is adjacent to Z and X and
Z are not adjacent, X → Y ← Z is a subgraph of S if and only if X,Z are dependent
conditional on every set containing Y but not X or Z.

B.2.3 MARGINAL ESTIMATE RESOLUTION

We claim that given marginal estimates on sufficient subsets of nodes, it is always possible to recover
a pattern faithful to the entire graph. First we construct a mapping from marginal estimates to the
desired pattern, and then we provide tighter bounds on the number of estimates required.
Theorem B.5 (Marginal estimate resolution). Let G = (V,E) be a directed acyclic graph with
maximum degree d. For S ⊆ V , let E′

S denote the marginal estimate over S. Let Sd denote the
superset that contains all subsets S ⊆ V of size at most d. There exists a mapping from {E′

S}S∈Sd+2

to pattern E∗, faithful to G.

Theorem B.5 formalizes the intuition that it requires at most d independence tests to check whether
two nodes are independent, and to estimate the full graph structure, it suffices to run a causal discovery
algorithm on subsets of d+ 2.

We will show that the following algorithm produces the desired answer. On a high level, lines
3-8 recover the undirected “skeleton” graph of E∗, lines 9-15 recover the v-structures, and line 16
references step 5 in Section B.1.
Remark B.6. In the PC algorithm (Spirtes et al. (2001), B.1), its derivatives, and Algorithm 1, there
is no need to consider separating sets with cardinality greater than maximum degree d, since the
maximum number of independence tests required to separate any node from the rest of the graph is
equal to number of its parents plus its children (due to the Markov assumption).
Lemma B.7. The undirected skeleton of E∗ is equivalent to the undirected skeleton of E′

C∗ := {{i, j} | (i, j) ∈ E∗ or (j, i) ∈ E∗} = {{i, j} | (i, j) ∈ E′ or (j, i) ∈ E′} := C ′. (5)
That is, {i, j} ∈ C∗ ⇐⇒ {i, j} ∈ C ′.

Proof. It is equivalent to show that {i, j} ̸∈ C∗ ⇐⇒ {i, j} ̸∈ C ′

⇒ If {i, j} ̸∈ C∗, then there must exist a separating set S in G of at most size d such that i ⊥⊥ j | S.
Then S ∪ {i, j} is a set of at most size d+ 2, where {i, j} ̸∈ C ′

S∪{i,j}. Thus, {i, j} would have been
removed from C ′ in line 6 of Algorithm 1.

⇐ If {i, j} ̸∈ C ′, let S be a separating set in Sd+2 such that {i, j} ̸∈ C ′
S∪{i,j} and i ⊥⊥ j | S. S is

also a separating set in G, and conditioning on S removes {i, j} from C∗.
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Algorithm 1 Resolve marginal estimates of f ∈ F
1: Input: Data DG faithful to G
2: Initialize E′ ← KN as the complete undirected graph on N nodes.
3: for S ∈ Sd+2 do
4: Compute E′

S = f(DG[S])
5: for (i, j) ̸∈ E′

S do
6: Remove (i, j) from E′

7: end for
8: end for
9: for E′

S ∈ {E′
S}Sd+2

do
10: for v-structure i→ j ← k in E′

S do
11: if {i, j}, {j, k} ∈ E′ and {i, k} ̸∈ E′ then
12: Assign orientation i→ j ← k in E′

13: end if
14: end for
15: end for
16: Propagate orientations in E′ (optional).

Lemma B.8. A v-structure i→ j ← k exists in E∗ if and only if there exists the same v-structure in
E′.

Proof. The PCI algorithm orients v-structures i→ j ← k in E∗ if there is an edge between {i, j}
and {j, k} but not {i, k}; and if j was not in the conditioning set that removed {i, k}. Algorithm 1
orients v-structures i→ j ← k in E′ if they are oriented as such in any E′

S ; and if {i, j}, {j, k} ∈
E′, {i, k} ̸∈ E′

⇒ Suppose for contradiction that i→ j ← k is oriented as a v-structure in E∗, but not in E′. There
are two cases.

1. No E′
S contains the undirected path i− j − k. If either i− j or j − k are missing from any

E′
S , then E∗ would not contain (i, j) or (k, j). Otherwise, if all S contain {i, k}, then E∗

would not be missing {i, k} (Lemma B.7).
2. In every E′

S that contains i − j − k, j is in the conditioning set that removed {i, k}, i.e.
i ⊥⊥ k | S, S ∋ j. This would violate the faithfulness property, as j is neither a parent of i
or k in E∗, and the outputs of the PC algorithm are faithful to the equivalence class of G
(Theorem 5.1 Spirtes et al. (2001)).

⇐ Suppose for contradiction that i → j ← k is oriented as a v-structure in E′, but not in E∗. By
Lemma B.7, the path i− j − k must exist in E∗. There are two cases.

1. If i→ j → k or i← j ← k, then j must be in the conditioning set that removes {i, k}, so
no E′

S containing {i, j, k} would orient them as v-structures.
2. If j is the root of a fork i ← j → k, then as the parent of both i and k, j must be in the

conditioning set that removes {i, k}, so no E′
S containing {i, j, k} would orient them as

v-structures.

Therefore, all v-structures in E′ are also v-structures in E∗.

Proof of Theorem B.5. Given data that is faithful to G, Algorithm 1 produces a pattern E′ with the
same connectivity and v-structures as E∗. Any additional orientations in both patterns are propagated
using identical, deterministic procedures, so E′ = E∗.

This proof presents a deterministic but inefficient algorithm for resolving marginal subgraph estimates.
In reality, it is possible to recover the undirected skeleton and the v-structures of G without checking
all subsets S ∈ Sd+2.

Proposition B.9 (Skeleton bounds). Let G = (V,E) be a directed acyclic graph with maximum
degree d. It is possible to recover the undirected skeleton C = {{i, j} : (i, j) ∈ E} in O(N2)
estimates over subsets of size d+ 2.
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Proof. Following Lemma B.7, an edge (i, j) is not present in C if it is not present in any of the size
d+ 2 estimates. Therefore, every pair of nodes {i, j} requires only a single estimate of size d+ 2, so
it is possible to recover C in

(
N
2

)
estimates.

If we only leverage marginal estimates, we must check at least
(
N
2

)
subsets to cover each edge at

least once. However, we can often approximate the skeleton via global statistics such as correlation,
allowing us to use marginal estimates more efficiently, towards answering orientation questions.
Proposition B.10 (V-structures bounds). Let G = (V,E) be a directed acyclic graph with maximum
degree d and ν v-structures. It is possible to identify all v-structures in O(ν) estimates over subsets
of at most size d+ 2.

Proof. Each v-structure i→ j ← k falls under two cases.

1. i ⊥⊥ k unconditionally. Then an estimate over {i, j, k} will identify the v-structure.
2. i ⊥⊥ k | S, where j ̸∈ S ⊂ V . Then an estimate over S ∪ {i, j, k} will identify the

v-structure. Note that |S| ≤ d+ 2 since the degree of i is at least |S|+ 1.

Therefore, each v-structure only requires one estimate, and it is possible to identify all v-structures in
O(ν) estimates.

There are three takeaways from this section.

1. If we exhaustively run a constraint-based algorithm on all subsets of size d+ 2, it is trivial
to recover the estimate of the full graph. However, this is no more efficient than running the
causal discovery algorithm on the full graph.

2. In theory, it is possible to recover the undirected graph in O(N2) estimates, and the v-
structures in O(ν) estimates. However, we may not know the appropriate subsets ahead of
time.

3. In practice, if we have a surrogate for connectivity, such as the global statistics used in
SEA, then we can vastly reduce the number of estimates used to eliminate edges from
consideration, and more effectively focus on sampling subsets for orientation determination.

B.3 COMPUTATIONAL POWER OF THE AXIAL ATTENTION MODEL

Existing literature on the universality and computational power of vanilla Transformers Yun et al.
(2019); Pérez et al. (2019) rely on generous assumptions regarding depth or precision. Here, we
show that our axial attention-based model can implement the specific reasoning required to resolve
marginal estimates under realistic conditions.

We prove that three blocks can recover the skeleton and v-structures in O(N) width, and additional
blocks have the capacity to propagate orientations. We first formalize the notion of a neural network
architecture’s capacity to “implement” an algorithm. Then we prove Theorem B.13 by construction.
Definition B.11. Let f be a map from finite sets Q to F , and let ϕ be a map from finite sets QΦ to
FΦ. We say ϕ implements f if there exists injection gin : Q → QΦ and surjection gout : FΦ → F
such that

∀q ∈ Q, gout(ϕ(gin(q))) = f(q). (6)
Definition B.12. Let Q,F,QΦ, FΦ be finite sets. Let f be a map from Q to F , and let Φ be a finite
set of maps {ϕ : QΦ → FΦ}. We say Φ has the capacity to implement f if and only if there exists at
least one element ϕ ∈ Φ that implements f .

Theorem B.13 (Model capacity). Given a graph G with N nodes, a stack of L axial attention blocks
has the capacity to recover its skeleton and v-structures in O(N) width, and propagate orientations
on paths of O(L) length.

Proof. We consider axial attention blocks with dot-product attention and omit layer normalization
from our analysis, as is common in the Transformer universality literature Yun et al. (2019). Our
inputs X ∈ Rd×R×C consist of d-dimension embeddings over R rows and C columns. Since our
axial attention only operates over one dimension at a time, we use X·,c to denote a 1D sequence of
length R, given a fixed column c, and Xr,· to denote a 1D sequence of length C, given a fixed row
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r. A single axial attention layer (with one head) consists of two attention layers and a feedforward
network,

Attnrow(X·,c) = X·,c +WOWV X·,c · σ
[
(WKX·,c)

TWQX·,c
]
, (7)

X ← Attnrow(X)

Attncol(Xr,·) = Xr,· +WOWV Xr,· · σ
[
(WKXr,·)

TWQXr,·
]
, (8)

X ← Attncol(X)

FFN(X) = X +W2 · ReLU(W1 ·X + b11
T
L) + b21

T
L, (9)

where WO ∈ Rd×d,WV ,WK ,WQ ∈ Rd×d,W2 ∈ Rd×m,W1 ∈ Rm×d, b2 ∈ Rd, b1 ∈ Rm, and
m is the hidden layer size of the feedforward network. For concision, we have omitted the r and c
subscripts on the W s, but the row and column attentions use different parameters. Any row or column
attention can take on the identity mapping by setting WO,WV ,WK ,WQ to d× d matrices of zeros.

A single axial attention block consists of two axial attention layers ϕE and ϕρ, connected via messages
(Section 3.2)

hE,ℓ = ϕE,ℓ(h
E,ℓ−1)

hρ,ℓ−1 ←Wρ,ℓ

[
hρ,ℓ−1,mE→ρ,ℓ

]
hρ,ℓ = ϕρ,ℓ(h

ρ,ℓ−1)

hE,ℓ ← hE,ℓ +mρ→E,ℓ

where hℓ denote the hidden representations of E and ρ at layer ℓ, and the outputs of the axial attention
block are hρ,ℓ, hE,ℓ.

We construct a stack of L ≥ 3 axial attention blocks that implement Algorithm 1.

Model inputs Consider edge estimate E′
i,j ∈ E in a graph of size N . Let ei, ej denote the endpoints

of (i, j). Outputs of the PC algorithm can be expressed by three endpoints: {∅, •,▶}. A directed
edge from i→ j has endpoints (•,▶), the reversed edge i← j has endpoints (▶, •), an undirected
edge has endpoints (•, •), and the lack of any edge between i, j has endpoints (∅,∅).

Let one-hotN (i) denote the N -dimensional one-hot column vector where element i is 1. We define
the embedding of (i, j) as a d = 2N + 6 dimensional vector,

gin(Et,(i,j)) = hE,0
(i,j) =

 one-hot3(ei)
one-hot3(ej)
one-hotN (i)
one-hotN (j)

 . (10)

To recover graph structures from hE , we simply read off the indices of non-zero entries (gout). We
can set hρ,0 to any Rd×N×N matrix, as we do not consider its values in this analysis and discard it
during the first step.

Claim B.14. (Consistency) The outputs of each step

1. are consistent with (10), and
2. are equivariant to the ordering of nodes in edges.

For example, if (i, j) is oriented as (▶, •), then we expect (j, i) to be oriented (•,▶).

Step 1: Undirected skeleton We use the first axial attention block to recover the undirected
skeleton C ′. We set all attentions to the identity, set Wρ,1 ∈ R2d×d to a d× d zeros matrix, stacked
on top of a d× d identity matrix (discard ρ), and set FFNE to the identity (inputs are positive). This
yields

hρ,0
i,j = mE→ρ,1

i,j =



Pei(∅)
Pei(•)
Pei(▶)

...
one-hotN (i)
one-hotN (j)

 , (11)
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where Pei(·) is the frequency that endpoint ei = · within the subsets sampled. FFNs with 1 hidden
layer are universal approximators of continuous functions Hornik et al. (1989), so we use FFNρ to
map

FFNρ(Xi,u,v) =


0 i ≤ 6

0 i > 6, X1,u,v = 0

−Xi,u,v otherwise,
(12)

where i ∈ [2N + 6] indexes into the feature dimension, and u, v index into the rows and columns.
This allows us to remove edges not present in C ′ from consideration:

mρ→E,1 = hρ,1

hE,1
i,j ← hE,1

i,j +mρ→E,1
i,j =

{
0 (i, j) ̸∈ C ′

hE,0
i,j otherwise.

(13)

This yields (i, j) ∈ C ′ if and only if hρ,1
i,j ̸= 0. We satisfy B.14 since our inputs are valid PC

algorithm outputs for which Pei(∅) = Pej (∅).

Step 2: V-structures The second and third axial attention blocks recover v-structures. We run the
same procedure twice, once to capture v-structures that point towards the first node in an ordered pair,
and one to capture v-structures that point towards the latter node.

We start with the first row attention over edge estimates, given a fixed subset t. We set the key and
query attention matrices

WK = k ·


0 0 1

0 1 0
...

IN
−IN

 WQ = k ·


0 0 1

0 1 0
...

IN
IN


(14)

where k is a large constant, IN denotes the size N identity matrix, and all unmarked entries are 0s.

Recall that a v-structure is a pair of directed edges that share a target node. We claim that two edges
(i, j), (u, v) form a v-structure in E′, pointing towards i = u, if this inner product takes on the
maximum value 〈

(WKhE,1)i,j , (WQh
E,1)u,v

〉
= 3. (15)

Suppose both edges (i, j) and (u, v) still remain in C ′. There are two components to consider.

1. If i = u, then their shared node contributes +1 to the inner product (prior to scaling by k).
If j = v, then the inner product accrues −1.

2. Nodes that do not share the same endpoint contribute 0 to the inner product. Of edges that
share one node, only endpoints that match ▶ at the starting node, or • at the ending node
contribute +1 to the inner product each. We provide some examples below.

(ei, ej) (eu, ev) contribution note

(▶, •) (•,▶) 0 no shared node
(•,▶) (•,▶) 0 wrong endpoints
(•, •) (•, •) 1 one correct endpoint
(▶, •) (▶, •) 2 v-structure

All edges with endpoints ∅ were “removed” in step 1, resulting in an inner product of zero, since
their node embeddings were set to zero. We set k to some large constant (empirically, k2 = 1000 is
more than enough) to ensure that after softmax scaling, σe,e′ > 0 only if e, e′ form a v-structure.

Given ordered pair e = (i, j), let Vi ⊂ V denote the set of nodes that form a v-structure with e with
shared node i. Note that Vi excludes j itself, since setting of WK ,WQ exclude edges that share both
nodes. We set WV to the identity, and we multiply by attention weights σ to obtain

(WV h
E,1σ)e=(i,j) =

 ...
one-hotN (i)

αj · binaryN (Vj)

 (16)
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where binaryN (S) denotes the N -dimensional binary vector with ones at elements in S, and the
scaling factor

αj = (1/∥Vj∥) · 1{∥Vj∥ > 0} ∈ [0, 1] (17)

results from softmax normalization. We set

WO =

[
0N+6

0.5 · IN

]
(18)

to preserve the original endpoint values, and to distinguish between the edge’s own node identity and
newly recognized v-structures. To summarize, the output of this row attention layer is

Attnrow(X·,c) = X·,c +WOWV X·,c · σ,

which is equal to its input hE,1 plus additional positive values ∈ (0, 0.5) in the last N positions that
indicate the presence of v-structures that exist in the overall E′.

Our final step is to “copy” newly assigned edge directions into all the edges. We set the ϕE column
attention, FFNE and the ϕρ attentions to the identity mapping. We also set Wρ,2 to a d × d zeros
matrix, stacked on top of a d × d identity matrix. This passes the output of the ϕE row attention,
aggregated over subsets, directly to FFNϕ,2.

For endpoint dimensions e = [6], we let FFNϕ,2 implement

FFNρ,2(Xe,u,v) =

{
[0, 0, 1, 0, 1, 0]T −Xe,u,v 0 <

∑
i>N+6 Xi,u,v < 0.5

0 otherwise.
(19)

Subtracting Xe,u,v “erases” the original endpoints and replaces them with (▶, •) after the update

hE,1
i,j ← hE,1

i,j +mρ→E,1
i,j .

The overall operation translates to checking whether any v-structure points towards i, and if so,
assigning edge directions accordingly. For dimensions i > 6,

FFNρ,2(Xi,u,v) =

{
−Xi,u,v Xi,u,v ≤ 0.5

0 otherwise,
(20)

effectively erasing the stored v-structures from the representation and remaining consistent to (10).

At this point, we have copied all v-structures once. However, our orientations are not necessarily
symmetric. For example, given v-structure i→ j ← k, our model orients edges (j, i) and (j, k), but
not (i, j) or (k, j).

The simplest way to symmetrize these edges (for the writer and the reader) is to run another axial
attention block, in which we focus on v-structures that point towards the second node of a pair. The
only changes are as follows.

• For WK and WQ, we swap columns 1-3 with 4-6, and columns 7 to N + 6 with the last N
columns.

• (hE,2σ)i,j sees the third and fourth blocks swapped.

• WO swaps the N ×N blocks that correspond to i and j’s node embeddings.

• FFNρ,3 sets the endpoint embedding to [0, 1, 0, 0, 0, 1]T −Xe,u,v if i = 7, ..., N + 6 sum
to a value between 0 and 0.5.

The result is hE,3 with all v-structures oriented symmetrically, satisfying B.14.

Step 3: Orientation propagation To propagate orientations, we would like to identify cases
(i, j), (i, k) ∈ E′, (j, k) ̸∈ E′ with shared node i and corresponding endpoints (▶, •), (•, •). We use
ϕE to identify triangles, and ϕρ to identify edges (i, j), (i, k) ∈ E′ with the desired endpoints, while
ignoring triangles.

18



Machine Learning for Genomics Explorations workshop at ICLR 2024

Marginal layer The row attention in ϕE fixes a subset t and varies the edge (i, j).

Given edge (i, j), we want to extract all (i, k) that share node i. We set the key and query attention
matrices to

WK ,WQ = k ·


0 1 1 0 1 1
...

IN
±IN

 . (21)

We set WV to the identity to obtain

(WV h
Eσ)e=(i,k) =


...
...

one-hotN (i)
αk · binaryN (Vk)

 , (22)

where Vk is the set of nodes k that share any edge with i. To distinguish between k and Vk, we again
set Wo to the same as in (18). Finally, we set FFNE to the identity and pass hE directly to ϕρ. To
summarize, we have hE equal to its input, with values ∈ (0, 0.5) in the last N locations indicating
1-hop neighbors of each edge.

Global layer Now we would like to identify cases (i, k), (j, k) with corresponding endpoints
(•,▶), (•, •). We set the key and query attention matrices

WK = k ·


0 0 1
...

IN
IN

 WQ = k ·


0 1 −1 0 1 −1
...

IN
−IN

 .

(23)

The key allows us to check that endpoint i is directed, and the query allows us to check that (i, k)
exists in C ′, and does not already point elsewhere. After softmax normalization, for sufficiently large
k, we obtain σ(i,j),(i,k) > 0 if and only if (i, k) should be oriented (•,▶), and the inner product
attains the maximum possible value

⟨(WKhρ)i,j , (WQh
ρ)i,k⟩ = 2. (24)

We consider two components.

1. If the endpoints match our desired endpoints, we gain a +1 contribution to the inner product.
2. A match between the first nodes contributes +1. If the second node shares any overlap

(either same edge, or a triangle), then a negative value would be added to the overall inner
product.

Therefore, we can only attain the maximal inner product if only one edge is directed, and if there
exists no triangle.

We set Wo to the same as in (18), and we add hρ to the input of the next ϕE . To summarize, we have
hρ equal to its input, with values ∈ (0, 0.5) in the last N locations indicating incoming edges.

Orientation assignment Our final step is to assign our new edge orientations. Let the column
attention take on the identity mapping. For endpoint dimensions e = (4, 5, 6), we let FFNρ implement

FFNρ(Xe,u,v) =

{
[0, 0, 1]T −Xe,u,v 0 <

∑
i>N+6 Xi,u,v < 0.5

0 otherwise.
(25)

This translates to checking whether any incoming edge points towards v, and if so, assigning the new
edge direction accordingly. For dimensions i > 6,

FFNρ(Xi,u,v) =

{
0 Xi,u,v ≤ 0.5

Xi,u,v otherwise,
(26)
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effectively erasing the stored assignments from the representation. Thus, we are left with hE,ℓ that
conforms to the same format as the initial embedding in (10).

To symmetrize these edges, we run another axial attention block, in which we focus on paths that
point towards the second node of a pair. The only changes are as follows.

• For ϕE layer WK and WQ (21), we swap IN and ±IN .

• For ϕρ layer WK and WQ (23), we swap IN and ±IN .

• WO swaps the N ×N blocks that correspond to i and j’s node embeddings.

• For FFNρ (25), we let e = (1, 2, 3) instead.

The result is hE with symmetric 1-hop orientation propagation, satisfying B.14. We may repeat this
procedure k times to capture k-hop paths.

To summarize, we used axial attention block 1 to recover the undirected skeleton C ′, blocks 2-3 to
identify and copy v-structures in E′, and all subsequent L− 3 layers to propagate orientations on
paths up to ⌊(L− 3)/2⌋ length. Overall, this particular construction requires O(N) width for O(L)
paths.

Final remarks Information theoretically, it should be possible to encode the same information
in logN space, and achieve O(logN) width. For ease of construction, we have allowed for wider
networks than optimal.

On the other hand, if we increase the width and encode each edge symmetrically, e.g. (ei, ej , ej , ei |
i, j, j, i), we can reduce the number of blocks by half, since we no longer need to run each operation
twice. However, attention weights scale quadratically, so we opted for an asymmetric construction.

Finally, a strict limitation of our model is that it only considers 1D pairwise interactions. In the graph
layer, we cannot compare different edges’ estimates at different times in a single step. In the feature
layer, we cannot compare (i, j) to (j, i) in a single step either. However, the graph layer does enable
us to compare all edges at once (sparsely), and the feature layer looks at a time-collapsed version of
the whole graph. Therefore, though we opted for this design for computational efficiency, we have
shown that it is able to capture significant graph reasoning.

B.4 ROBUSTNESS AND STABILITY

We discuss the notion of stability informally, in the context of Spirtes et al. (2001). There are two
cases in which our framework may receive erroneous inputs: low/noisy data settings, and functionally
misspecified situations. We consider our framework’s robustness to these cases, in terms of recovering
the skeleton and orienting edges.

B.4.1 DATA NOISE

In the case of noisy data, edges may be erroneously added, removed, or misdirected from marginal
estimates E′. Our framework provides two avenues to mitigating such noise.

1. We observe that global statistics can be estimated reliably in low data scenarios. For example,
Figure 7 suggests that 200 examples suffice to provide a robust estimate over 100 variables
in our synthetic settings. Therefore, even if the marginal estimates are erroneous, the neural
network can learn the skeleton from the global statistics.

2. Most classical causal discovery algorithms are not stable with respect to edge orientation
assignment. That is, an error in a single edge may propagate throughout the graph. Empiri-
cally, we observe that the majority vote of GIES achieves reasonable accuracy even without
any training, while FCI suffers in this assessment (Table 4). However both SEA (GIES) and
SEA (FCI) achieve high edge accuracy. Therefore, while the underlying algorithms may not
be stable with respect to edge orientation, our pretrained aggregator seems to be robust.
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B.4.2 FUNCTIONAL MISSPECIFICATION

It is also possible that our global statistics and marginal estimates make misspecified assumptions
regarding the data generating mechanisms. The degree of misspecification can vary case by case, so it
is hard to provide any broad guarantees about the performance of our algorithm, in general. However,
we can make the following observation.

If two variables are independent, Xi ⊥⊥ Xj , they are independent, e.g. under linear Gaussian
assumptions. If Xi, Xj exhibit more complex functional dependencies, they may be erroneously
deemed independent. Therefore, any systematic errors are necessarily one-sided, and the model can
learn to recover the connectivity based on global statistics.

C EXPERIMENTAL DETAILS

C.1 SYNTHETIC DATA GENERATION

Synthetic datasets were generated using code from DCDI Brouillard et al. (2020), which extended the
Causal Discovery Toolkit data generators to interventional data Kalainathan et al. (2020).

The synthetic datasets were constructed based on Table 2. For each synthetic dataset, we first sample
a graph based on the desired topology and connectivity. Then we topologically sort the graph and
sample observations starting from the root nodes, using random instantiations of the designated causal
mechanism (details in C.1). We generated 90 training, 5 validation, and 5 testing datasets for each
combination (8160 total). To evaluate our model’s capacity to generalize to new functional classes,
we reserve the Sigmoid and Polynomial causal mechanisms for testing only.

We considered the following causal mechanisms. Let y be the node in question, let X be its parents,
let E be an independent noise variable (details below), and let W be randomly initialized weight
matrices.

• Linear: y = XW + E.

• Polynomial: y = W0 +XW1 +X2W2 + E

• Sigmoid additive: y =
∑d

i=1 Wi · sigmoid(Xi) + E

• Randomly initialized neural network (NN): y = Tanh((X,E)Win)Wout

• Randomly initialized neural network, additive (NN additive): y = Tanh(XWin)Wout + E

Root causal mechanisms, noise variables, and interventional distributions maintained the DCDI
defaults.

• Root causal mechanisms were set to Uniform(−2, 2).
• Noise was set to E ∼ 0.4 · N (0, σ2) where σ2 ∼ Uniform(1, 2).

• Interventions were applied to all nodes (one at a time) by setting their causal mechanisms to
N (0, 1).

Ablation datasets with N > 100 nodes contained 100,000 points each (same as N = 100).

Table 2: Synthetic data generation settings. The symbol ∗ denotes training only, and † denotes testing
only. We take the Cartesian product of all parameters for our settings. (Non)-additive refers to
(non)-additive Gaussian noise. Details regarding the causal mechanisms can be found in C.1

Parameter Values

Nodes (N) 10, 20, 100
Edges N, 2N∗, 3N∗, 4N
Points 1000N
Interventions N
Topology Erdős-Rényi, Scale Free
Mechanism Linear, NN additive, NN non-additive, Sigmoid additive†, Polynomial additive†
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C.2 BASELINE DETAILS

We considered the following baselines. All baselines were run using official implementations
published by the authors. All deep learning models were run on a single V100-PCIE-32GB GPU,
except for DIFFAN, since we were unable to achieve consistent GPU and R support within a Docker
environment using their codebase. For all models, we recorded only computation time (CPU and
GPU) and omitted any file system-related time.

DCDI Brouillard et al. (2020) was trained on each of the N = 10, 20 datasets using their published
hyperparameters. We denote the Gaussian and Deep Sigmoidal Flow versions as DCDI-G and
DCDI-DSF respectively. DCDI could not scale to graphs with N = 100 due to memory constraints
(did not fit on a 32GB V100 GPU).

DCD-FG Lopez et al. (2022) was trained on all of the test datasets using their published hyperparam-
eters. We set the number of factors to 5, 10, 20 for each of N = 10, 20, 100, based on their ablation
studies. Due to numerical instability on N = 100, we clamped augmented Lagrangian multipliers µ
and γ to 10 and stopped training if elements of the learned adjacency matrix reached NaN values.
After discussion with the authors, we also tried adjusting the µ multiplier from 2 to 1.1, but the model
did not converge within 48 hours.

DECI Geffner et al. (2022) was trained on all of the test datasets using their published hyperparameters.
However, on all N = 100 cases, the model failed to produce any meaningful results (adjacency
matrices nearly all remained 0s with AUCs of 0.5). Thus, we only report results on N = 10, 20.

DIFFAN Sanchez et al. (2023) was trained on the each of the N = 10, 20 datasets using their
published hyperparameters. The authors write that “most hyperparameters are hard-coded into [the]
constructor of the DIFFAN class and we verified they work across a wide set of datasets.” We used
the original, non-approximation version of their algorithm by maintaining residue=True in their
codebase. We were unable to consistently run DIFFAN with both R and GPU support within a Docker
container, and the authors did not respond to questions regarding reproducibility, so all models were
trained on the CPU only. We observed approximately a 10x speedup in the < 5 cases that were able
to complete running on the GPU.

C.3 NEURAL NETWORK DESIGN

C.3.1 MODEL ARCHITECTURE

We expand upon the architecture details, described in Section 3.2.

Embeddings We project global statistics into the model dimension via a learned linear projection
matrix Wρ : R→ Rd, and we embed edge types via a learned embedding ebdE : E → Rd. To collect
estimates of the same edge over all subsets, we align entries of E′

1...T into E
′align
T ∈ ET×K

E
′align
t,e=(i,j) =

{
E′

t,i,j if i ∈ St, j ∈ St

0 otherwise
(27)

where t indexes into the subsets, e indexes into the set of unique edges, and K is the number of
unique edges.

We add learned 1D positional embeddings along both dimensions of each input,

pos-ebd(ρi,j) = ebdnode(i
′) + ebdnode(j

′)

pos-ebd(E
′align
t,e ) = ebdtime(t)

+ FFN([ebdnode(i
′), ebdnode(j

′)])

where i′, j′ index into a random permutation on V for invariance to node permutation and graph
size.1 Due to the (a)symmetries of their inputs, pos-ebd(ρi,j) is symmetric, while pos-ebd(E

′align
t,e )

1The sampling of St already provides invariance to node order. However, the mapping i′ = σ(V )i allows us
to avoid updating positional embeddings of lower order positions more than higher order ones, due to the mixing
of graph sizes during training.
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considers the node ordering. In summary, the inputs to our axial attention blocks are

hρ
i,j = (Wρρ)i,j + pos-ebd(ρi,j) (28)

hE
t,e = ebdE(E

′align
t,e ) + pos-ebd(E

′align
t,e ) (29)

for i, j ∈ [N ]2, t ∈ [T ], e ∈ [K].

Axial attention An axial attention block contains two axial attention layers (marginal estimates,
global features) and a feed-forward network (Figure 2, right).

Given a 2D input, an axial attention layer attends first along the rows, then along the columns. For
example, given a matrix of size (R,C,d), one pass of the axial attention layer is equivalent to
running standard self-attention along C with batch size R, followed by the reverse. For marginal
estimates, R is the number of subsets T , and C is the number of unique edges K. For global features,
R and C are both the total number of vertices N .

Following Rao et al. (2021), each self-attention mechanism is preceded by layer normalization and
followed by dropout, with residual connections to the input,

x = x+ Dropout(Attn(LayerNorm(x))). (30)

We pass messages between the marginal and global layers to propagate information. Let ϕE,ℓ be
marginal layer ℓ, let ϕρ,ℓ be global layer ℓ, and let h·,ℓ denote the hidden representations out of layer
ℓ.

The marginal to global message mE→ρ ∈ RN×N×d contains representations of each edge averaged
over subsets,

mE→ρ,ℓ
i,j =

{
1
Te

∑
t h

E,ℓ
t,e=(i,j) if ∃St, i, j ∈ St

ϵ otherwise.
(31)

where Te is the number of St containing e, and missing entries are padded to learned constant ϵ. The
global to marginal message mρ→E ∈ RK×d is simply the hidden representation itself,

mρ→E,ℓ
t,e=(i,j) = hρ,ℓ

i,j . (32)

We incorporate these messages as follows.

hE,ℓ = ϕE,ℓ(h
E,ℓ−1) (marginal feature) (33)

hρ,ℓ−1 ←W ℓ
[
hρ,ℓ−1,mE→ρ,ℓ

]
(marginal to global) (34)

hρ,ℓ = ϕρ,ℓ(h
ρ,ℓ−1) (global feature) (35)

hE,ℓ ← hE,ℓ +mρ→E,ℓ (global to marginal) (36)

W ℓ ∈ R2d×d is a learned linear projection, and [·] denotes concatenation.

Graph prediction For each pair of vertices i ̸= j ∈ V , we predict e = 0, 1, or 2 for no edge, i→ j,
and j → i respectively. This constraint may be omitted for cyclic graphs. We do not additionally
enforce that our predicted graphs are acyclic, similar in spirit to Lippe et al. (2022).

Given the output of the final axial attention block, hρ, we compute logits

z{i,j} = FFN
([
hρ
i,j , h

ρ
j,i

])
∈ R3 (37)

which correspond to probabilities after softmax normalization.

C.3.2 HYPERPARAMETERS

Hyperparameters and architectural choices were selected by training the model on 20% of the the
training and validation data for approximately 50k steps (several hours). We considered the following
parameters in sequence.

• learned positional embedding vs. sinusoidal positional embedding
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• number of layers × number of heads: {4, 8} × {4, 8}
• learning rate η = {1e− 4, 5e− 5, 1e− 5}

For our final model, we selected learned positional embeddings, 4 layers, 8 heads, and learning rate
η = 1e− 4.

C.4 TRAINING AND HARDWARE DETAILS

The models were trained across 2 NVIDIA RTX A6000 GPUs and 60 CPU cores. We used the GPU
exclusively for running the aggregator, and retained all classical algorithm execution on the CPUs
(during data loading). The total pretraining time took approximately 14 hours for the final FCI model
and 16 hours for the final GIES model.

For the scope of this paper, our models and datasets are fairly small. We did not scale further due
to hardware constraints. Our primary bottlenecks to scaling up lay in availability of CPU cores and
networking speed across nodes, rather than GPU memory or utilization.

We are able to run inference comfortably over N = 500 graphs with T = 500 subsets of k = 5 nodes
each, on a single 32GB V100 GPU. For runtime analysis, we used a batch size of 1, with 1 data
worker per dataset. Runtime could be further improved if we amortized the GPU utilization across
batches.

C.5 CHOICE OF CLASSICAL CAUSAL DISCOVERY ALGORITHM

We selected FCI Spirtes et al. (1995) as the underlying discovery algorithm in the observational
setting over GES Chickering (2002) and GRaSP Lam et al. (2022) due to its superior downstream
performance. We hypothesize this may be due to its richer output (ancestral graph) providing more
signal to the Transformer model. We also tried Causal Additive Models Bühlmann et al. (2014), but
its runtime was too slow for consistent GPU utilization. Observational algorithm implementations
were provided by the causal-learn library Zheng et al. (2023). The code for running these alternative
classical algorithms is available in our codebase.

We selected GIES as the underlying discovery algorithm in the interventional setting because a Python
implementation was readily available at https://github.com/juangamella/gies.

We tried incorporating implementations from the Causal Discovery Toolbox via a Docker im-
age Kalainathan et al. (2020), but there was excessive overhead associated with calling an R subroutine
and reading/writing the inputs/results from disk.

Finally, we considered other independence tests for richer characterization, such as kernel-based meth-
ods. However, due to speed, we chose to remain with the default Fisherz conditional independence
test for FCI, and BIC for GIES Schwarz (1978).

C.6 SAMPLING PROCEDURE

Selection scores: We consider three strategies for computing selection scores α. We include an
empirical comparison of these strategies in Table 5.

1. Random selection: α is an N ×N matrix of ones.
2. Global-statistic-based selection: α = ρ.
3. Uncertainty-based selection: α = Ĥ(Et), where H denotes the information entropy

αi,j = −
∑

e∈{0,1,2}

p(e) log p(e). (38)

Let cti,j be the number of times edge (i, j) was selected in S1 . . . St−1, and let αt = α/
√

cti,j . We
consider two strategies for selecting St based on αt.

Greedy selection: Throughout our experiments, we used a greedy algorithm for subset selection.
We normalize probabilities to 1 before the constructing each Categorical. Initialize

St ← {i : i ∼ Categorical(αt
1 . . . α

t
N )}. (39)
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where αt
i =

∑
j ̸=i∈V αt

i,j . While |St| < k, update

St ← St ∪ {j : j ∼ Categorical(αt
1,St

. . . αt
N,St

)) (40)

where

αj,St
=

{∑
i∈St

αt
i,j j ̸∈ St

0 otherwise.
(41)

Subset selection: We also considered the following subset-level selection procedure, and observed
minor performance gain for significantly longer runtime (linear program takes around 1 second per
batch). Therefore, we opted for the greedy method instead.

We solve the following integer linear program to select a subset St of size k that maximizes∑
i∈St

αt
i,j . Let νi ∈ {0, 1} denote the selection of node i, and let ϵi,j ∈ {0, 1} denote the se-

lection of edge (i, j). Our objective is to

maximize
∑

i,j a
t
i,j · ϵi,j

subject to
∑

i νi = k subset size
ϵi,j ≥ νi + νj − 1 node-edge consistency
ϵi,j ≤ νi
ϵi,j ≤ νj ,
νi ∈ {0, 1}
ϵi,j ∈ {0, 1}

for i, j ∈ V × V , i ∈ V . St is the set of non-zero indices in ν.

The final algorithm used the greedy selection strategy, with the first half of batches sampled according
to global statistics, and the latter half sampled randomly, with visit counts shared. This strategy was
selected heuristically, and we did not observe significant improvements or drops in performance
when switching to other strategies (e.g. all greedy statistics-based, greedy uncertainty-based, linear
program uncertainty-based, etc.)

D EMPIRICAL ANALYSES

D.1 ADDITIONAL RESULTS ON SYNTHETIC DATA

For completeness, we include additional results and analysis.

SEA significantly outperforms the baselines across a variety of graph sizes and causal mechanisms
in Table 3, and we maintain high performance even for causal mechanisms beyond the training set
(Sigmoid, Polynomial). Our pretrained aggregator consistently improves upon the performance of
its individual inputs (INVCOV, FCI-AVG, GIES-AVG), demonstrating the value in learning such a
model. In terms of edge orientation accuracy, SEA outperforms the baselines in all settings (Table 4).
We have omitted INVCOV from this comparison since it does not orient edges.

Table 5 compares the heuristics-based greedy sampler (inverse covariance + random) with the model
uncertainty-based greedy sampler. Runtimes are plotted in Figure 6. The latter was run on CPU
only, since it was non-trivial to access the GPU within a PyTorch data loader. We ran a forward pass
to obtain an updated selection score every 10 batches, so this accrued over 10 times the number of
forward passes, all on CPU. With proper engineering, this model-based sampler is expected to be
much more efficient than reported. Still, it is faster than nearly all baselines.

Table 6 and Figure 5 show that the current implementations of SEA can generalize to graphs up to 4×
larger than those seen during training. With respect to larger graphs, there are two minor issues with
the current implementation. We set an insufficient maximum subset positional embedding size of
500, and we did not sample random starting subset indices to ensure that higher-order embeddings
are updated equally. We anticipate that increasing the limit on the number of subsets and ensuring
that all embeddings are sufficiently learned will improve the generalization capacity on larger graphs.
Nonetheless, our current model already obtains reasonable performance on larger graphs, out of the
box.
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Table 3: Causal discovery results on synthetic datasets. Each setting encompasses 5 distinct Erdős-
Rényi graphs. The symbol † indicates that SEA was not pretrained on this setting. Runtimes are
plotted in Figure 3. Details regarding baselines can be found in C.2.

N E Model Linear NN add. NN non-add. Sigmoid† Polynomial†

mAP ↑ SHD ↓ mAP ↑ SHD ↓ mAP ↑ SHD ↓ mAP ↑ SHD ↓ mAP ↑ SHD ↓

10 10

DCDI-G 0.74 2.8 0.79 2.2 0.89 1.0 0.46 5.8 0.41 8.9
DCDI-DSF 0.82 2.0 0.57 3.0 0.50 4.2 0.38 6.3 0.29 11.2
DCD-FG 0.45 20.4 0.41 21.2 0.59 19.2 0.40 19.8 0.50 18.5
DIFFAN 0.25 14.0 0.32 13.6 0.12 21.8 0.24 12.0 0.20 15.0
DECI 0.18 19.4 0.16 13.8 0.23 16.2 0.29 13.9 0.46 7.8

INVCOV 0.49 11.0 0.45 11.4 0.36 13.6 0.44 11.4 0.45 10.9
FCI-AVG 0.52 10.0 0.38 8.2 0.40 9.8 0.56 9.1 0.41 10.0
GIES-AVG 0.81 3.6 0.61 6.0 0.71 4.8 0.70 5.9 0.61 7.1

SEA (F) 0.97 1.6 0.95 2.4 0.92 2.8 0.83 3.7 0.69 6.7
SEA (G) 0.99 1.2 0.94 2.6 0.91 3.2 0.85 4.0 0.70 5.8

20 80

DCDI-G 0.46 44.0 0.41 61.6 0.82 37.4 0.48 44.2 0.37 59.7
DCDI-DSF 0.48 41.2 0.44 60.0 0.74 28.4 0.48 43.6 0.38 57.6
DCD-FG 0.32 171.8 0.33 156.0 0.41 162.2 0.47 80.1 0.49 79.8
DIFFAN 0.21 127.2 0.19 153.6 0.18 144.6 0.22 116.8 0.18 157.1
DECI 0.25 87.2 0.29 104.4 0.26 79.6 0.31 71.0 0.43 58.9

INVCOV 0.35 94.2 0.27 107.8 0.30 100.2 0.34 91.7 0.32 94.4
FCI-AVG 0.30 75.8 0.31 80.2 0.30 74.4 0.41 72.3 0.34 76.6
GIES-AVG 0.41 70.0 0.44 75.2 0.46 67.4 0.50 65.6 0.49 68.1

SEA (F) 0.86 29.6 0.55 73.6 0.72 51.8 0.77 42.8 0.61 61.8
SEA (G) 0.89 26.8 0.58 71.4 0.73 50.6 0.76 45.0 0.65 60.1

100 400

DCD-FG 0.05 3068 0.07 3428 0.10 3510 0.13 3601 0.12 3316

INVCOV 0.25 557.0 0.09 667.8 0.14 639.0 0.27 514.7 0.20 539.4

SEA (F) 0.90 122.0 0.28 361.2 0.60 273.2 0.69 226.9 0.38 327.0
SEA (G) 0.91 116.6 0.27 364.4 0.61 266.8 0.69 218.3 0.38 328.0

Due to the scope of this project and computing resources, we did not train very “big” models in the
modern sense. There is much space to scale, both in terms of model architecture and the datasets
covered. Table 7 probes the generalization limits of the two implementations of SEA in this paper.

We identified that our models, trained primarily on additive noise, achieve reasonable performance,
but do not generalize reliably to causal mechanisms with multiplicative noise. For example, we tested
additional datasets with the following mechanisms (same format as C.1).

• Sigmoid mix: y =
∑d

i=1 Wi · sigmoid(Xi)× E

• Polynomial mix: y = (W0 +XW1 +X2W2)× E

We anticipate that incorporating these data into the training set would alleviate some of this gap (just
as training on synthetic mRNA data enabled us to perform well there, despite its non-standard data
distributions). However, we did not have time to test this hypothesis empirically.

DCDI learns a new generative model over each dataset, and its more powerful, deep sigmoidal flow
variant seems to perform well in some (but not all) of these harder cases.

Tables 8 and 9 report the full results on N = 100 graphs.

Tables 10 and 11 report our results on scale-free graphs.

D.2 ADDITIONAL REALISTIC EXPERIMENTS

We report results on the real Sachs protein dataset Sachs et al. (2005) in Table 12. The relative
performance of each model differs based on metric. SEA performs comparably, while maintaining
fast inference speeds. However, despite the popularity of this dataset in causal discovery literature
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Table 4: Synthetic experiments, edge direction accuracy (higher is better). All standard deviations
were within 0.2. The symbol † indicates that SEA was not pretrained on this setting.

N E Model Linear NN add NN Sig.† Poly.†

10 10

DCDI-G 0.74 0.80 0.85 0.41 0.44
DCDI-DSF 0.79 0.62 0.68 0.38 0.39
DCD-FG 0.50 0.47 0.70 0.43 0.54
DIFFAN 0.61 0.55 0.26 0.53 0.47
DECI 0.50 0.43 0.62 0.63 0.75

FCI-AVG 0.52 0.43 0.41 0.55 0.40
GIES-AVG 0.76 0.49 0.69 0.67 0.63

SEA (FCI) 0.92 0.92 0.94 0.76 0.71
SEA (GIES) 0.94 0.88 0.93 0.84 0.79

20 80

DCDI-G 0.47 0.43 0.82 0.40 0.24
DCDI-DSF 0.50 0.49 0.78 0.41 0.28
DCD-FG 0.58 0.65 0.75 0.62 0.48
DIFFAN 0.46 0.28 0.36 0.45 0.21
DECI 0.30 0.47 0.35 0.48 0.57

FCI-AVG 0.19 0.19 0.22 0.33 0.23
GIES-AVG 0.56 0.73 0.59 0.62 0.61

SEA (FCI) 0.93 0.90 0.93 0.85 0.89
SEA (GIES) 0.92 0.88 0.92 0.84 0.89

100 400
DCD-FG 0.46 0.60 0.70 0.67 0.53

SEA (FCI) 0.93 0.90 0.91 0.87 0.82
SEA (GIES) 0.94 0.91 0.92 0.87 0.84

Table 5: Comparison between heuristics-based sampler (random and inverse covariance) vs. model
confidence-based sampler. Details regarding the samplers can be found in C.6. The suffix -L indicates
the greedy confidence-based sampler. Each setting encompasses 5 distinct Erdős-Rényi graphs. The
symbol † indicates that SEA was not pretrained on this setting. Bold indicates best of all models
considered (including baselines not pictured).

N E Model Linear NN add. NN non-add. Sigmoid† Polynomial†

mAP EA SHD mAP EA SHD mAP EA SHD mAP EA SHD mAP EA SHD

10 10

SEA(F) 0.97 0.92 1.6 0.95 0.92 2.4 0.92 0.94 2.8 0.83 0.76 3.7 0.69 0.71 6.7
SEA(G) 0.99 0.94 1.2 0.94 0.88 2.6 0.91 0.93 3.2 0.85 0.84 4.0 0.70 0.79 5.8

SEA(F)-L 0.97 0.93 1.0 0.95 0.87 2.4 0.92 0.98 3.4 0.84 0.77 3.9 0.70 0.79 5.8
SEA(G)-L 0.98 0.93 1.4 0.94 0.91 2.8 0.91 0.94 4.0 0.88 0.84 3.6 0.70 0.80 5.8

10 40

SEA(F) 0.90 0.87 14.4 0.91 0.94 11.2 0.87 0.86 16.0 0.81 0.85 22.7 0.81 0.92 33.4
SEA(G) 0.94 0.91 12.8 0.91 0.95 10.4 0.89 0.89 17.2 0.81 0.87 24.5 0.89 0.93 29.5

SEA(F)-L 0.91 0.90 15.6 0.91 0.92 15.8 0.88 0.86 14.2 0.81 0.84 23.2 0.82 0.93 33.8
SEA(G)-L 0.93 0.91 13.4 0.91 0.93 10.4 0.88 0.85 16.2 0.79 0.83 25.5 0.90 0.94 28.3

20 20

SEA(F) 0.97 0.92 3.2 0.94 0.97 3.2 0.84 0.93 7.2 0.84 0.85 7.6 0.71 0.80 10.2
SEA(G) 0.97 0.89 3.0 0.94 0.95 3.4 0.83 0.94 7.8 0.84 0.83 8.1 0.69 0.78 10.1

SEA(F)-L 0.97 0.92 2.8 0.93 0.95 3.8 0.85 0.94 6.8 0.85 0.85 7.5 0.67 0.78 9.9
SEA(G)-L 0.97 0.90 2.6 0.94 0.98 3.4 0.83 0.97 7.0 0.84 0.84 7.9 0.67 0.79 10.6

20 80

SEA(F) 0.86 0.93 29.6 0.55 0.90 73.6 0.72 0.93 51.8 0.77 0.85 42.8 0.61 0.89 61.8
SEA(G) 0.89 0.92 26.8 0.58 0.88 71.4 0.73 0.92 50.6 0.76 0.84 45.0 0.65 0.89 60.1

SEA(F)-L 0.86 0.92 32.0 0.55 0.90 74.0 0.74 0.93 49.2 0.76 0.87 41.8 0.59 0.88 62.3
SEA(G)-L 0.89 0.92 28.4 0.58 0.89 71.6 0.75 0.92 49.4 0.75 0.85 45.7 0.65 0.88 60.6

(due to lack of better alternatives), biological networks are known to be time-resolved and cyclic, so
the validity of the ground truth “consensus” graph has been questioned by experts Mooij et al. (2020).
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Table 6: Scaling to synthetic graphs, larger than those seen in training. Each setting encompasses 5
distinct Erdős-Rényi graphs. For all analysis in this table, we took T = 500 subsets of nodes, with
b = 500 examples per batch. Here, the mean AUC values are artificially high due to the high negative
rates, as actual edges scale linearly as N , while the number of possible edges scales quadratically.

N Model Linear, E = N Linear, E = 4N

mAP ↑ AUC ↑ SHD ↓ EdgeAcc ↑ mAP ↑ AUC ↑ SHD ↓ EdgeAcc ↑

100

INVCOV 0.43 0.99 116.8 — 0.30 0.93 511.8 —
CORR 0.42 0.99 113.0 — 0.19 0.80 579.4 —

SEA (FCI) 0.97 1.00 11.6 0.93 0.88 0.98 129.0 0.94
SEA (GIES) 0.97 1.00 12.8 0.91 0.91 0.99 104.6 0.95

200

INVCOV 0.45 1.00 218.4 — 0.33 0.96 999.6 —
CORR 0.42 0.99 223.0 — 0.18 0.86 1183.5 —

SEA (FCI) 0.91 1.00 49.9 0.87 0.82 0.97 327.4 0.92
SEA (GIES) 0.95 1.00 35.4 0.91 0.86 0.98 271.9 0.92

300

INVCOV 0.46 1.00 308.3 — 0.35 0.98 1444.7 —
CORR 0.42 1.00 326.2 — 0.20 0.89 1710.4 —

SEA (FCI) 0.80 1.00 121.1 0.78 0.70 0.95 693.1 0.86
SEA (GIES) 0.88 1.00 88.9 0.84 0.78 0.96 556.1 0.87

400

INVCOV 0.47 1.00 417.7 — 0.36 0.98 1882.7 —
CORR 0.42 1.00 445.4 — 0.20 0.91 2269.3 —

SEA (FCI) 0.49 0.93 313.9 0.61 0.56 0.90 1103.1 0.75
SEA (GIES) 0.70 0.99 225.9 0.71 0.70 0.94 871.6 0.80

500

INVCOV 0.47 1.00 504.5 — 0.38 0.99 2299.8 —
CORR 0.42 1.00 543.3 — 0.21 0.93 2789.5 —

SEA (FCI) 0.27 0.90 757.6 0.51 0.29 0.86 1823.6 0.56
SEA (GIES) 0.41 0.98 485.3 0.57 0.48 0.92 1653.5 0.67

Figure 5: mAP on graphs larger than seen during training. Due to an insufficient maximum number
of subset embeddings, we were only able to sample 500 batches, which appears to be too few for
larger graphs. These values correspond to the numbers in Table 6.

D.2.1 SIMULATED MRNA DATA GENERATION

We generated mRNA data using the SERGIO simulator Dibaeinia & Sinha (2020). We sampled
datasets with the Hill coefficient set to {0.25, 0.5, 1, 2, 4} for training, and 2 for testing (2 was default).
We set the decay rate to the default 0.8, and the noise parameter to the default of 1.0. We sampled
400 graphs for each of N = {10, 20} and E = {N, 2N}.
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Table 7: Generalization limits of our current implementations. Each setting represents 5 distinct
graphs. Our models were not pretrained on multiplicative noise, so they do not generalize reliably to
these cases. While much slower, DCDI variants learn the data distribution from scratch each time, so
they seem to perform well in some of these cases. We anticipate that training on multiplicative data
would alleviate this generalization gap, but we did not have time to test this empirically.

N E Model Sigmoid mix† Poly. mix† Sigmoid mix (SF)† Poly. mix (SF)†

mAP ↑ EA ↑ SHD ↓ mAP ↑ EA ↑ SHD ↓ mAP ↑ EA ↑ SHD ↓ mAP ↑ EA ↑ SHD ↓

10 10

DCDI-G 0.84 0.81 0.9 0.11 0.00 10.2 0.67 0.92 15.2 0.12 0.00 10.6
DCDI-DSF 0.96 0.91 0.3 0.39 0.32 7.3 0.81 0.98 13.6 0.39 0.36 9.8
DCD-FG 0.52 0.61 18.0 0.11 0.00 10.2 0.57 0.66 15.5 0.12 0.00 10.6
DIFFAN 0.14 0.31 19.9 0.11 0.09 14.0 0.10 0.22 17.8 0.11 0.14 17.2
DECI 0.17 0.43 19.1 0.11 0.07 14.1 0.20 0.53 15.0 0.12 0.06 13.6

INVCOV 0.34 0.51 12.1 0.18 0.51 16.4 0.31 0.56 11.4 0.16 0.50 16.1
FCI-AVG 0.56 0.54 9.1 0.11 0.00 10.2 0.53 0.52 8.1 0.12 0.01 10.6
GIES-AVG 0.91 0.88 3.1 0.22 0.38 10.2 0.93 0.88 2.3 0.22 0.37 10.6

SEA (FCI) 0.58 0.51 5.7 0.25 0.53 10.2 0.67 0.56 4.5 0.20 0.46 10.6
SEA (GIES) 0.41 0.39 8.1 0.18 0.51 10.2 0.48 0.48 5.4 0.21 0.46 10.6

10 40

DCDI-G 0.58 0.35 25.0 0.44 0.00 39.8 0.76 0.83 22.0 0.31 0.00 28.2
DCDI-DSF 0.79 0.46 12.2 0.48 0.09 35.6 0.92 0.88 15.8 0.35 0.07 26.4
DCD-FG 0.60 0.40 26.8 0.44 0.00 39.8 0.52 0.46 22.1 0.31 0.00 28.2
DIFFAN 0.38 0.32 31.8 0.40 0.32 30.0 0.26 0.30 35.0 0.28 0.29 29.3
DECI 0.46 0.39 27.5 0.43 0.03 39.5 0.35 0.51 24.9 0.30 0.05 30.1

INVCOV 0.48 0.51 38.7 0.48 0.54 40.3 0.40 0.51 32.5 0.34 0.48 38.2
FCI-AVG 0.44 0.18 39.7 0.44 0.01 39.8 0.43 0.30 25.2 0.32 0.01 28.2
GIES-AVG 0.43 0.37 38.2 0.50 0.48 39.8 0.48 0.45 22.8 0.36 0.39 28.2

SEA (FCI) 0.56 0.58 28.6 0.81 0.85 39.7 0.62 0.67 17.3 0.58 0.85 28.2
SEA (GIES) 0.58 0.65 30.2 0.80 0.86 39.5 0.64 0.69 16.7 0.60 0.81 28.2

20 20

DCDI-G 0.57 0.72 6.2 0.06 0.01 21.7 0.47 0.98 45.4 0.06 0.01 20.7
DCDI-DSF 0.91 0.94 1.1 0.21 0.46 34.6 0.56 0.97 40.6 0.29 0.80 83.0
DCD-FG 0.50 0.68 62.1 0.06 0.00 24.3 0.63 0.81 256.6 0.06 0.11 186.4
DIFFAN 0.08 0.26 47.5 0.06 0.15 51.5 0.08 0.30 42.6 0.06 0.22 53.7
DECI 0.17 0.58 38.0 0.06 0.05 36.0 0.18 0.60 32.9 0.06 0.03 38.9

INVCOV 0.31 0.59 22.3 0.09 0.52 35.9 0.24 0.44 24.5 0.07 0.50 35.4
FCI-AVG 0.64 0.69 17.4 0.06 0.01 21.3 0.58 0.66 15.3 0.06 0.00 21.0
GIES-AVG 0.82 0.75 8.5 0.15 0.44 21.3 0.83 0.78 7.8 0.12 0.42 21.0

SEA (FCI) 0.61 0.60 8.5 0.12 0.55 21.3 0.63 0.56 9.0 0.11 0.55 21.1
SEA (GIES) 0.41 0.48 13.0 0.11 0.55 21.6 0.50 0.49 12.3 0.11 0.52 21.3

20 80

DCDI-G 0.60 0.59 32.3 0.21 0.05 86.4 0.54 0.84 78.6 0.18 0.14 74.8
DCDI-DSF 0.89 0.81 8.4 0.24 0.25 102.3 0.65 0.89 60.1 0.27 0.60 201.6
DCD-FG 0.46 0.72 222.2 0.21 0.00 81.8 0.52 0.76 202.2 0.18 0.15 225.9
DIFFAN 0.18 0.30 151.1 0.19 0.31 130.8 0.15 0.30 137.0 0.16 0.31 127.9
DECI 0.31 0.43 70.5 0.20 0.03 89.0 0.25 0.41 66.5 0.17 0.02 79.0

INVCOV 0.30 0.51 98.1 0.22 0.51 115.4 0.27 0.53 89.1 0.19 0.49 108.1
FCI-AVG 0.37 0.30 76.0 0.21 0.01 79.3 0.38 0.34 59.6 0.18 0.01 66.5
GIES-AVG 0.54 0.64 68.4 0.23 0.37 79.3 0.55 0.65 50.7 0.19 0.36 66.5

SEA (FCI) 0.61 0.64 52.6 0.41 0.87 79.3 0.62 0.70 36.7 0.34 0.82 66.7
SEA (GIES) 0.53 0.64 58.1 0.43 0.86 79.0 0.59 0.74 41.4 0.35 0.82 66.8

These data distributions are quite different from typical synthetic datasets, as they simulate steady-
state measurements and the data are lower bounded at 0 (gene counts).
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Table 8: Causal discovery results on synthetic datasets with 100 nodes, continuous metrics. Each
setting encompasses 5 distinct Erdős-Rényi graphs. The symbol † indicates that the model was not
trained on this setting. All standard deviations were within 0.1.

N E Model Linear NN add. NN non-add. Sigmoid† Polynomial†

mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑

100 100

DCD-FG 0.11 0.75 0.12 0.71 0.18 0.73 0.20 0.72 0.06 0.60

INVCOV 0.40 0.99 0.22 0.94 0.16 0.87 0.40 0.97 0.36 0.90

SEA (FCI) 0.96 1.00 0.83 0.97 0.75 0.97 0.79 0.97 0.56 0.88
SEA (GIES) 0.97 1.00 0.82 0.98 0.74 0.96 0.80 0.97 0.54 0.85

100 400

DCD-FG 0.05 0.59 0.07 0.64 0.10 0.72 0.13 0.72 0.12 0.64

INVCOV 0.25 0.91 0.09 0.62 0.14 0.77 0.27 0.86 0.20 0.67

SEA (FCI) 0.90 0.99 0.28 0.82 0.60 0.92 0.69 0.92 0.38 0.80
SEA (GIES) 0.91 0.99 0.27 0.82 0.61 0.92 0.69 0.91 0.38 0.78

Table 9: Causal discovery results on synthetic datasets with 100 nodes, discrete metrics. Each setting
encompasses 5 distinct Erdős-Rényi graphs. The symbol † indicates that the model was not trained
on this setting.

N E Model Linear NN add. NN non-add. Sigmoid† Polynomial†

EA ↑ SHD ↓ EA ↑ SHD ↓ EA ↑ SHD ↓ EA ↑ SHD ↓ EA ↑ SHD ↓

100 100

DCD-FG 0.63 3075.8 0.58 2965.0 0.60 2544.4 0.59 3808.0 0.34 1927.9

INVCOV — 124.4 — 130.0 — 158.8 — 112.3 — 106.3

SEA (FCI) 0.91 13.4 0.90 34.4 0.91 47.2 0.78 40.3 0.69 59.2
SEA (GIES) 0.91 13.6 0.93 32.8 0.91 45.8 0.78 38.6 0.68 60.3

100 400

DCD-FG 0.46 3068.2 0.60 3428.8 0.70 3510.8 0.67 3601.8 0.53 3316.7

INVCOV — 557.0 — 667.8 — 639.0 — 514.7 — 539.4

SEA (FCI) 0.93 122.0 0.90 361.2 0.91 273.2 0.87 226.9 0.82 327.0
SEA (GIES) 0.94 116.6 0.91 364.4 0.92 266.8 0.87 218.3 0.84 328.0

D.3 TRADITIONAL ALGORITHM PARAMETERS

We investigated model performance with respect to the settings of our graph estimation parameters.
Our model is sensitive to the size of batches used to estimate global features and marginal graphs
(Figure 7). In particular, at least 250 points are required per batch for an acceptable level of
performance. Our model is not particularly sensitive to the number of batches sampled (Figure 8), or
to the number of variables sampled in each subset (Figure 9).

D.4 CHOICE OF GLOBAL STATISTIC

We selected inverse covariance as our global feature due to its ease of computation and its relationship
to partial correlation. For context, we also provide the performance analysis of several alternatives.
Tables 13 and 14 compare the results of different graph-level statistics on our synthetic datasets.
Discretization thresholds for SHD were obtained by computing the pth quantile of the computed
values, where p = 1 − (E/N). This is not entirely fair, as no other baseline receives the same
calibration, but these ablation studies only seek to compare state-of-the-art causal discovery methods
with the “best” possible (oracle) statistical alternatives.
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Table 10: Causal discovery results on synthetic scale-free datasets, continuous metrics. Each setting
encompasses 5 distinct scale-free graphs. The symbol † indicates that SEA was not pretrained on this
setting. Details regarding baselines can be found in C.2.

N E Model Linear NN add. NN non-add. Sigmoid† Polynomial†

mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑

10 10

DCDI-G 0.54 0.90 0.59 0.88 0.69 0.89 0.48 0.77 0.50 0.73
DCDI-DSF 0.70 0.92 0.71 0.88 0.36 0.83 0.46 0.75 0.49 0.76
DCD-FG 0.56 0.76 0.47 0.72 0.50 0.73 0.44 0.68 0.57 0.75
DIFFAN 0.25 0.73 0.15 0.66 0.16 0.62 0.31 0.75 0.24 0.63
DECI 0.17 0.65 0.17 0.67 0.20 0.72 0.27 0.73 0.49 0.82

INVCOV 0.38 0.57 0.26 0.50 0.29 0.52 0.27 0.46 0.08 0.13
FCI-AVG 0.56 0.80 0.51 0.80 0.43 0.74 0.60 0.82 0.34 0.68
GIES-AVG 0.87 0.98 0.61 0.94 0.69 0.94 0.75 0.96 0.71 0.91

SEA (FCI) 0.94 0.99 0.93 0.98 0.93 0.98 0.81 0.97 0.76 0.91
SEA (GIES) 0.95 0.99 0.94 0.98 0.92 0.98 0.85 0.98 0.74 0.90

10 40

DCDI-G 0.70 0.85 0.74 0.85 0.88 0.91 0.56 0.66 0.53 0.64
DCDI-DSF 0.74 0.87 0.73 0.84 0.71 0.90 0.56 0.69 0.51 0.63
DCD-FG 0.37 0.58 0.45 0.61 0.45 0.58 0.49 0.63 0.63 0.73
DIFFAN 0.29 0.50 0.25 0.38 0.28 0.46 0.31 0.53 0.27 0.44
DECI 0.30 0.51 0.41 0.65 0.33 0.51 0.38 0.60 0.59 0.77

INVCOV 0.36 0.48 0.34 0.49 0.37 0.48 0.39 0.54 0.26 0.34
FCI-AVG 0.47 0.64 0.41 0.60 0.40 0.58 0.48 0.64 0.41 0.59
GIES-AVG 0.43 0.68 0.43 0.63 0.44 0.61 0.49 0.69 0.59 0.71

SEA (FCI) 0.93 0.96 0.84 0.92 0.81 0.90 0.81 0.89 0.73 0.84
SEA (GIES) 0.92 0.96 0.84 0.93 0.83 0.90 0.79 0.88 0.78 0.87

20 20

DCDI-G 0.41 0.95 0.50 0.94 0.69 0.96 0.37 0.83 0.37 0.77
DCDI-DSF 0.48 0.95 0.55 0.93 0.33 0.90 0.37 0.79 0.35 0.82
DCD-FG 0.51 0.87 0.39 0.83 0.48 0.84 0.56 0.84 0.50 0.84
DIFFAN 0.27 0.80 0.11 0.65 0.11 0.66 0.26 0.77 0.12 0.69
DECI 0.13 0.69 0.15 0.71 0.15 0.73 0.15 0.71 0.25 0.79

INVCOV 0.30 0.57 0.26 0.53 0.21 0.53 0.24 0.49 0.03 0.10
FCI-AVG 0.63 0.84 0.44 0.78 0.43 0.79 0.60 0.86 0.47 0.78
GIES-AVG 0.82 0.99 0.58 0.95 0.57 0.96 0.75 0.98 0.61 0.90

SEA (FCI) 0.95 1.00 0.91 0.98 0.87 0.98 0.84 0.98 0.70 0.92
SEA (GIES) 0.93 1.00 0.91 0.98 0.88 0.98 0.82 0.98 0.70 0.91

20 80

DCDI-G 0.62 0.88 0.61 0.89 0.76 0.94 0.44 0.76 0.36 0.60
DCDI-DSF 0.58 0.87 0.55 0.86 0.58 0.92 0.43 0.78 0.35 0.66
DCD-FG 0.38 0.70 0.30 0.69 0.48 0.80 0.48 0.75 0.53 0.73
DIFFAN 0.18 0.55 0.15 0.44 0.16 0.53 0.19 0.56 0.15 0.38
DECI 0.21 0.58 0.24 0.64 0.26 0.66 0.30 0.68 0.41 0.75

INVCOV 0.27 0.52 0.22 0.51 0.25 0.54 0.27 0.51 0.12 0.30
FCI-AVG 0.31 0.63 0.30 0.62 0.30 0.62 0.41 0.68 0.32 0.62
GIES-AVG 0.51 0.87 0.43 0.78 0.47 0.81 0.52 0.82 0.47 0.73

SEA (FCI) 0.92 0.98 0.64 0.89 0.71 0.90 0.73 0.90 0.59 0.81
SEA (GIES) 0.92 0.98 0.63 0.89 0.73 0.91 0.77 0.92 0.62 0.84

CORR refers to global correlation,

ρi,j =
E (XiXj)− E (Xi)E (Xj)√

E (X2
i )− E (Xi)

2 ·
√

E
(
X2

j

)
− E (Xj)

2
. (42)

D-CORR refers to distance correlation, computed between all pairs of variables. Distance correlation
captures both linear and non-linear dependencies, and D-CORR(Xi, Xj) = 0 if and only if Xi ⊥⊥ Xj .
Please refer to Sz’ekely et al. (2007) for the full derivation. Despite its power to capture non-linear
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Table 11: Causal discovery results on synthetic scale-free datasets, discrete metrics. Each setting
encompasses 5 distinct scale-free graphs. The symbol † indicates that SEA was not pretrained on this
setting. Details regarding baselines can be found in C.2.

N E Model Linear NN add. NN non-add. Sigmoid† Polynomial†

EA ↑ SHD ↓ EA ↑ SHD ↓ EA ↑ SHD ↓ EA ↑ SHD ↓ EA ↑ SHD ↓

10 10

DCDI-G 0.85 16.6 0.82 17.4 0.81 16.2 0.71 16.9 0.70 16.6
DCDI-DSF 0.89 16.2 0.75 15.4 0.78 16.8 0.80 18.1 0.77 18.0
DCD-FG 0.60 16.4 0.57 22.2 0.57 20.0 0.47 17.9 0.59 16.8
DIFFAN 0.55 9.2 0.49 14.6 0.36 11.6 0.59 7.7 0.42 14.8
DECI 0.51 17.4 0.55 17.4 0.58 12.0 0.62 12.6 0.74 8.2

INVCOV 0.60 9.8 0.54 12.0 0.54 10.8 0.40 11.9 0.14 17.4
FCI-AVG 0.62 8.4 0.51 7.8 0.45 8.0 0.61 9.2 0.34 9.6
GIES-AVG 0.83 2.2 0.60 6.0 0.75 4.2 0.72 4.9 0.73 5.7

SEA (FCI) 0.87 1.2 0.93 2.0 0.96 2.2 0.70 4.3 0.82 5.3
SEA (GIES) 0.85 1.4 0.96 1.8 0.94 2.0 0.86 3.4 0.83 5.0

10 40

DCDI-G 0.79 24.0 0.77 27.8 0.82 19.6 0.65 31.4 0.61 32.6
DCDI-DSF 0.84 22.8 0.78 24.4 0.83 20.4 0.71 31.6 0.62 33.3
DCD-FG 0.36 24.8 0.41 25.2 0.38 25.6 0.41 23.2 0.54 18.5
DIFFAN 0.40 29.8 0.28 37.0 0.38 32.6 0.45 28.0 0.33 32.7
DECI 0.43 27.8 0.66 22.6 0.48 28.6 0.52 22.2 0.66 13.3

INVCOV 0.42 36.2 0.50 35.2 0.48 39.2 0.59 33.7 0.34 50.8
FCI-AVG 0.33 23.8 0.28 27.2 0.25 27.6 0.36 26.1 0.24 27.3
GIES-AVG 0.46 21.8 0.50 24.4 0.48 25.2 0.52 22.7 0.64 22.5

SEA (FCI) 0.88 7.0 0.95 15.2 0.91 15.0 0.87 13.9 0.91 19.4
SEA (GIES) 0.88 6.6 0.98 14.0 0.88 14.4 0.87 14.1 0.93 19.1

20 20

DCDI-G 0.95 40.4 0.92 44.8 0.96 39.8 0.88 41.1 0.79 38.4
DCDI-DSF 0.95 40.4 0.92 42.4 0.90 42.2 0.84 41.1 0.83 49.3
DCD-FG 0.68 252.2 0.77 182.8 0.78 181.2 0.70 251.3 0.69 278.2
DIFFAN 0.67 23.6 0.40 42.2 0.42 34.0 0.59 22.6 0.50 46.8
DECI 0.50 42.0 0.54 43.0 0.57 40.0 0.51 34.7 0.65 25.3

INVCOV 0.54 20.6 0.54 24.8 0.52 26.6 0.50 23.9 0.13 38.2
FCI-AVG 0.67 13.8 0.52 17.4 0.53 17.8 0.65 16.7 0.50 18.9
GIES-AVG 0.82 6.4 0.71 12.6 0.68 13.2 0.75 11.4 0.73 13.4

SEA (FCI) 0.91 2.6 0.96 4.6 0.93 6.4 0.82 6.7 0.76 10.3
SEA (GIES) 0.85 4.0 0.95 3.6 0.93 6.2 0.80 7.9 0.82 9.9

20 80

DCDI-G 0.83 93.0 0.89 104.2 0.91 67.8 0.78 82.5 0.60 79.7
DCDI-DSF 0.84 103.2 0.85 94.8 0.89 63.8 0.78 84.4 0.64 82.6
DCD-FG 0.63 188.2 0.70 187.2 0.78 190.2 0.71 217.3 0.71 234.7
DIFFAN 0.42 110.6 0.30 144.6 0.40 118.8 0.41 99.7 0.21 149.4
DECI 0.33 72.2 0.48 81.4 0.48 67.0 0.50 60.4 0.58 47.2

INVCOV 0.50 85.4 0.48 94.2 0.53 86.6 0.51 87.2 0.33 116.8
FCI-AVG 0.26 58.2 0.22 58.4 0.26 55.0 0.37 59.3 0.23 62.9
GIES-AVG 0.65 48.4 0.71 53.6 0.68 48.0 0.64 53.6 0.61 54.9

SEA (FCI) 0.92 19.0 0.93 48.4 0.88 38.4 0.85 37.1 0.86 49.8
SEA (GIES) 0.92 17.6 0.93 49.2 0.89 37.2 0.88 35.1 0.89 48.1

dependencies, we opted not to use D-CORR because it is quite slow to compute between all pairs of
variables.

INVCOV refers to inverse covariance, computed globally,

ρ = E
(
(X − E (X))(X − E (X))T

)−1
. (43)

For graphs N < 100, inverse covariance was computed directly using NumPy. For graphs N ≥ 100,
inverse covariance was computed using Ledoit-Wolf shrinkage at inference time Ledoit & Wolf
(2004).
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Table 12: Causal discovery on (real) Sachs protein expression dataset. While INVCOV is a strong
baseline for connectivity, it does not predict orientation. The relative performance of the methods
depends on metric.

Model mAP ↑ AUC ↑ SHD ↓ EdgeAcc ↑ Time (s) ↓
DCDI-G 0.17 0.55 21.0 0.20 2436.5
DCDI-DSF 0.20 0.59 20.0 0.20 1979.6
DCD-FG 0.32 0.59 27.0 0.35 951.4
DIFFAN 0.14 0.45 37.0 0.41 293.7
DECI 0.21 0.62 28.0 0.53 609.7

INVCOV 0.31 0.61 20.0 — 0.002
FCI-AVG 0.27 0.59 18.0 0.24 41.9
GIES-AVG 0.21 0.59 17.0 0.24 77.9

SEA (FCI) 0.23 0.54 24.0 0.47 3.2
SEA (GIES) 0.23 0.60 14.0 0.41 2.9

Table 13: Comparison of global statistics (continuous metrics). Each setting encompasses 5 distinct
Erdős-Rényi graphs.

N E Model Linear NN add. NN non-add. Sigmoid Polynomial

mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑ mAP ↑ AUC ↑

10 10
CORR 0.45 0.87 0.41 0.86 0.41 0.85 0.46 0.86 0.45 0.85
D-CORR 0.42 0.86 0.41 0.87 0.40 0.87 0.43 0.86 0.45 0.89
INVCOV 0.49 0.87 0.45 0.86 0.36 0.81 0.44 0.86 0.45 0.83

10 40
CORR 0.47 0.53 0.47 0.52 0.46 0.52 0.48 0.53 0.48 0.54
D-CORR 0.46 0.53 0.46 0.51 0.46 0.54 0.48 0.53 0.47 0.54
INVCOV 0.50 0.57 0.48 0.52 0.47 0.53 0.47 0.50 0.48 0.52

100 100
CORR 0.42 0.99 0.25 0.94 0.25 0.93 0.42 0.98 0.35 0.91
D-CORR 0.41 0.99 0.25 0.96 0.26 0.96 0.41 0.98 0.37 0.94
INVCOV 0.40 0.99 0.22 0.94 0.16 0.87 0.40 0.97 0.36 0.90

100 400
CORR 0.19 0.80 0.10 0.63 0.14 0.72 0.27 0.84 0.20 0.72
D-CORR 0.19 0.80 0.10 0.63 0.14 0.75 0.26 0.84 0.21 0.74
INVCOV 0.25 0.91 0.09 0.62 0.14 0.77 0.27 0.86 0.20 0.67

Figure 6: Runtime for heuristics-based greedy sampler vs. model uncertainty-based greedy sampler
(suffix -L). For sampling, the model was run on CPU only, due to the difficulty of invoking GPU in
the PyTorch data sampler.
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Figure 7: Performance of our model (GIES) as a function of traditional algorithm batch size. Error
bars indicate 95% confidence interval across the 10 datasets of each setting. The global feature and
marginal graph estimates are sensitive to batch size and require at least 250 points per batch to achieve
an acceptable level of performance.

Figure 8: Performance of our model (GIES) as a function of number of batches sampled. Error
bars indicate 95% confidence interval across the 10 datasets of each setting. Our model is relatively
insensitive to the number of batches sampled, though more batches are beneficial in harder cases, e.g.
sigmoid mechanism with additive noise or smaller batch size.

Figure 9: Performance of our model (GIES) as a function of subset size |S| (number of variables
sampled). Error bars indicate 95% confidence interval across the 10 datasets of each setting. Our
model was trained on |S| = 5, but it is insensitive to the number of variables sampled per subset at
inference. Runtime scales exponentially upwards.
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Table 14: Comparison of global statistics (SHD). Discretization thresholds for SHD were obtained by
computing the pth quantile of the computed values, where p = 1− (E/N). Each setting encompasses
5 distinct Erdős-Rényi graphs.

N E Model Linear NN add. NN non-add. Sigmoid Polynomial

10 10
CORR 10.6±2.8 10.2±4.6 12.0±1.9 11.1±4.3 9.9±2.8

D-CORR 10.4±2.6 9.8±4.7 12.2±2.6 10.8±3.3 10.2±3.2

INVCOV 11.0±2.8 11.4±5.5 13.6±2.9 11.4±4.1 10.9±3.5

10 40
CORR 39.2±2.4 38.0±1.8 38.2±0.7 38.8±3.3 38.2±2.0

D-CORR 38.8±2.0 38.8±1.5 37.0±0.6 38.9±3.2 38.0±2.0

INVCOV 35.8±2.3 39.2±1.5 37.6±2.7 40.7±2.2 38.4±1.2

100 100
CORR 113.0±4.9 132.2±18.0 144.6±5.2 106.5±11.5 110.3±6.1

D-CORR 113.8±5.3 133.2±17.9 144.2±6.7 108.5±11.9 109.5±5.7

INVCOV 124.4±8.1 130.0±17.2 158.8±6.2 112.3±14.8 106.3±4.6

100 400
CORR 580.4±24.5 666.0±13.5 626.2±23.4 516.5±18.5 562.5±20.1

D-CORR 578.2±24.7 665.4±15.4 626.6±21.9 522.3±17.6 557.2±20.4

INVCOV 557.0±11.7 667.8±15.4 639.0±9.7 514.7±23.1 539.4±18.4
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