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ABSTRACT

Increasing volumes of data and models in the machine learning demand efficient
methods. Distributed optimization addresses these challenges, for instance, by
utilizing compression mechanisms, that reduce the number of bits transmitted.
One of the known techniques, that diminish the dimension of the database are
Johnson-Lindenstrauss (JL) mappings, that benefit from the ease of implementa-
tion. Unlike the usual sparsification techniques, they preserve the scalar product
and distances between the vectors, which is beneficial for advanced distributed
machine learning problems, such as byzantine-robust learning, personalized and
vertical federated learning. In this paper, we close the gap and connect JL Trans-
forms with optimization algorithms and demonstrate, that we can compress com-
munication messages with them. We also validate our theoretical results by the
conducted experiments.

1 INTRODUCTION

In recent years, the increasing scale of data and computational demands in machine learning
(Kairouz et al., 2021)) has necessitated the development of distributed optimization (Tang et al.
2020), which tries to minimize the global model:

1 M
min {f(l’) = M;ﬁ(z)}, e9)

with f;(x ni Z al),bl),

where f; stands for the loss of the device ¢, depending only in its local data {af , bZ} _y n; for
local dataset size and g for the model with parameters x. Employed methods enable efficient train-
ing across multiple nodes, reducing computation time and handling large-scale problems that are
infeasible for single-machine processing. However, distributed optimization introduces challenges
such as communication bottlenecks, synchronization overhead, and bandwidth limitations, which
can significantly hinder performance (L1 et al.|[2019).

To overcome the issues of high communication costs in distributed optimization, various compres-
sion techniques have emerged as effective solutions (McMahan et al., 2017} |Alistarh et al [2017).
These methods reduce the volume of transmitted data while retaining essential information, enabling
efficient training without significantly hindering convergence. Common approaches include quanti-
zation (Yu et al.,|2019), which reduces numerical precision and sparsification (Wangni et al.| [2018),
which transmits only the most significant components. The choice of communication strategy de-
pends on the specific distributed learning framework (Vanhaesebrouck et al., [2017). In classical
distributed optimization, workers may transmit either compressed gradients (Alistarh et al., [2017)
or some sequences, based on gradients, proposed to correct compression artifacts over the iterations
(Karimireddy et al., 2019; Richtarik et al., |2021), (Mishchenko et al., [2024). In both cases, final
gradient estimation, that is used to perform the optimization step, is an average of some compressed
vectors.

However, several setups are based on interconnections between the gradients, rather than the mean.
For instance, in Byzantine-robust optimization (Karimireddy et al., 2021, where workers can be
categorized as either honest or Byzantine, attempting to disrupt the convergence process by sending
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poison messages. One of the approaches to overcome this difficulty is to assign coefficients to clients
based on their reliability (Cao et al., 2020), using these trust scores to perform gradient steps. This
can be done by comparing the scalar product between the gradient of the whole model and the local
ones (Yan et al.| 2023} [Molodtsov et al.| [2025). The motivation is to exclude the clients, whose
gradients are not co-directed with the average one. Hence, the step is the following:
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where fj is a function, located on a trusted device. Therefore, if we add the compression in the
byzantine setting, it should preserve the scalar products to maintain the reasonable assigning trust
scores to the clients.

Another sphere of distributed optimization implementation is federated learning (FL) (Wen et al.,
2023)). In horizontal (personalized) FL, model is trained with similar features on multiple computing
nodes, thus, basic approaches are equivalent to the problem (McMabhan et al., 2017). However, as
this setup is characterized with highly heterogeneous and spread across the devices individual data,
more advanced methods can be interpreted as an ensemble of personalized local models (Smith et al.}
2017; |Hanzely et al., 2020), (Hanzely & Richtarik} 2020). In these approaches each participating
device updates its weights based not only on its own data, but also on interactions with other clients.
This can be formalized by penalizing the deviations of the local models’ states:
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where 7 is the average of parameters x1,...,x5s, which are stored on nodes locally. Though,

the first term can be minimized locally, to optimize the second one we need to communicate and
compute T. Hence, if we speak about reducing the communication cost, we need not to perturb the
lo-norm between the local states x,, and the global one = when we use compressed messages.

Besides horizontal FL, there is a vertical one (Liu et al.| | 2024), where the data is split across features,
instead of the samples, as in horizontal. Particularly, in the horizontal setup, we split the feature
matrix A by rows and end up with problems and (@). In vertical FL, we split it by columns —
A = [Ay,...,Ap] with A; € R™*™ and ) . n, = n. For the ease of notation let us consider
equation linear model in vertical setting:

M M
in [ Aizis b i(4),
1S 0) + St

with the parameter vector x is = (x1,...,x ) with z; € R™. We assume regularization function
7 to be separable — r(z) = >, ri(x;).
This problem can be rewritten with introducing new variables:

M M
ziglean l (Z; 245 b) + Z; Tz(zt) ( )
S.t. A;x; — 2z =0.

Distributed Alternating Direction Method of Multipliers (ADMM) is a popular solver for these prob-
lems due to its ability to decompose the optimization problem into subproblems that can be solved
locally with global consensus achieved by iterative updates. It was thoroughly investigated in (Boyd
et al.,2011), where a compound view on various distributional problem states was given. Moreover,
vertical FL scenario with ADMM solver was studied in (Xie et al., [2024)) and (Samra et al.,[2024).
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Update scheme can be written as:
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where Az- = - 377, A;zl. At every iteration each device sends A;z! to a server, and receives

Txt + ut — Z'. Lines , which is conducted on local devices, and (EI), which is done on server,
can be regarded as minimization problems with a square regularization term. Hence, if we compress
the messages between the server and the nodes, we need not preserve difference in /5-norm between
appropriate vectors.

Interestingly, highlighted methods rely on preserving the ls-norm similarity between vectors rather
than their exact values. Therefore, we might investigate compression operators, that do not dis-
turb the l5-norm. For instance, Johnson-Lindenstrauss (JL) Transforms (Johnson et al., |1984) are
effective, since they project high-dimensional vectors into a lower-dimensional space while approx-
imately preserving distances and scalar products. There is a deterministic way to compute this
transformation, however, we focus on a stochastic variation, moreover, when this transform is a
matrix, which elements are independent random variables. This is an effortless way to reduce the
problem’s dimension.

Dimensionality reduction techniques, particularly Johnson-Lindenstrauss Transforms, have signif-
icantly enhanced the efficiency of various modern applications. These mappings improve perfor-
mance in nearest-neighbour search (Kushilevitz et al., [1998)), (Andoni et al., 2015). Also, their
distributional properties can make random partitioning (Kleinberg), |1997) more effective than ba-
sic resizing. They are also valuable in linear regression (Heinze et al., 2016; [Thanei et al., [2017),
enabling approximate solutions with reduced computational and time costs. Additionally, JL Trans-
forms are helpful in clustering tasks (Tang et al., 2005} [Boutsidis et al., 2010), including Gaussian
mixtures (Dasguptal |1999; Urruty et al.,2007), subspace clustering (Heckel et al.,|2017), and graph
partitioning (Guo et al.l[2020). The inherent randomness in distributional JL. Transforms facilitates
differentially private algorithms (Upadhyay, [2014; [Sheffet, 2017), safeguarding training data. Fur-
thermore, they have demonstrated effectiveness in numerical linear algebra (Woodruff et al.,|2014),
such as low-rank approximations (Musco & Muscol [2020) and approximate matrix multiplication
(Sarlos}, [2006).

Though, JL Transforms are well-known for the scientific community, their applications to the dis-
tributed optimization and federative learning were lacking several vital properties. Mostly, they were
considered as unbiased sketching mechanisms (Song et al., | 2021} Shrivastava et al.,[2024; Dai et al.}
2019), where convergence in expectation was derived. Another works incorporated derandomized
JL Transforms (Acharya et al., 2019). However, setups in the highlighted works did not capitalize
preserving distances between vectors, which did not favour the usage of JL Transforms over the
sparsifications or sketchings.

In this manuscript, we connect distributed optimization with the I property of JL Transforms, that
guarantees distances between vectors will not change drastically. Another important side effect of
this approach is the derived convergence with high probability. It assures, that the desired criterion
is satisfied with high confidence, rather than averagely.

Our contribution. In this work, we
e Compare JL mappings with sparsification compressors, such as random coordinates choice.

o Explore the application of JL Transforms to the aforementioned distributed and federated learning
scenarios, by modifying the existing algorithms.

e Demonstrate their effectiveness in reducing communication costs without compromising the con-
vergence on well-established benchmark datasets.

e Provide theoretical convergence rates for the adjusted methods.
e Validate our results with experiments.
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2  MAIN PART
2.1 NOTATION AND PRELIMINARIES

. def .
We use the standard Euclidean norm for vectors: ||z|| = (x, x)l/ ? 'z € R™. The objective func-
tional f : R™ — R is a differentiable function. Below we introduce all the definitions that are used
throughout the manuscript.

Definition 1 (Smoothness). Differentiable function f has L-Lipschitz gradient, i.e.
IVf(x) =Vl < Lz —yll Vo,yeR"
Definition 2 (Convexity). Differentiable function f is convex, i.e.
fy) = f(@) +(Vf(x),y —x), Vr,yecR"
Definition 3 (Strong convexity). Differentiable function f is u-strongly-convex, i.e.

1) 2 @)+ (Vf(@),y =) + Slly — ol ey e R

2.2 JL TRANSFORMS

Definition 4 (JL Transform (Johnson et al.,{1984)). For every €, € (0,1) there exists a stochastic
mapping h : R™ — R* is a JL Transform, i.e. Yu,v € R™

P (1= g)llu—vl* < [lh(u) = AP < 1 +e)lu—v|*] 21~
It turns out, that if the mapping is linear (e.g. multiplying by a matrix), JL Transform also preserve
the scalar products
Lemma 1. If h is a linear JL Transform, then,

P[[{h(u), h(v)) = (w,v) | <elull o] > 1—26, u,veR"

We analyze two linear types of JL Transforms — continuous and discrete ones.
Definition 5 (Gaussian JL matrix). Let S € R¥*™ and for all i € [k], j € [n] we have

(8], ~ N (o, i)

and i.id.. Given, ¢,6 > 0, if k > % logm, then S satisfy Deﬁnitionwith £,0 =
(Dasgupta & Gupta, |2003)).
Definition 6 (Rademacher JL matrix). Let S € R**™ and for all i € [k|, j € [n] we have
N e
t _ﬁ7 p= 1/25

and i.i.d.. Given, €,06 > 0, if k > % logm, then S satisfy Deﬁnitionwith €,0 #
(Achlioptas, |2003|).

!
i

Corollary 1. For arbitrary €, Gaussian and Rademacher JL matrix, we need k = © (loge%/é)

However, since we decrease the communications costs via the dimension reduction, one should be
able to decompress the vectors to iterate. We obstacle a mismatch between dimensions — x € R”,
whereas Sz € R*. To overcome this issue we have to invert the mapping efficiently. Therefore, we
introduce the operator

JLs(z) < ST Sa.
It is obvious, that JLg(x) € R™. It turns out, that for matrices introduced above, this operator
satisfy several condition.

Lemma 2 (Unbiasedness). For stochastic matrices S as in Deﬁnitions[ﬂ and [§] the operator JLg is
unbiased, i.e.

EJLg(z) =z, VzeR"
Lemma 3 (Variance). For Gaussian JL matrix Sgquss and Rademacher Sr,q, operator J Lg satisfy

following property:
B Lo 0 = () ol

4
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n+k—1 "
BN L)l = () el va e R

Proofs can be seen in Appendix.

In terms of Lemmas above, it can be seen, that operator JLg is similar to unbiased sparsification
compressor to some degree. Consider, for instance, Randk:

Clx) = %inei,

icS
where k € [n] and S C [n] is the k-nice sampling; i.e. a subset of [n] of cardinality %, chosen
uniformly at random. Vectors e, ..., e, are the standard unit basis vectors in R”. From the defini-

tion it can be noticed, that Randk sends k coordinates, instead of n, moreover, it is unbiased with
variance % (Beznosikov et al.,[2023)), as J Lg.

However, it can be shown, that these sparsifications do not preserve vector’s norm with high proba-
bility:

Example 1. Let C be a Randk compressor. Then, for any x € R"

o 1’ 2
eGP = 75 > a2
icS
We aim to analyze Definition [}
P[(1—¢)llu—v]* < [C(u) = C@)|I* < (L +¢)llu—wv]?].
For the sake of simplicity we assume the compressor is applied to vectors u and v with the same
seed. Therefore, we use linearity and rewrite this expression in the following way:

P(1 - )llu— o] < [Cu—v)|* < (1 +&)]lu—v]’],

or
e| et o)l _ <
[lu —wl|? -
As u,v € R" are arbitrary, we end up with
2
P [ ”C|(;”)2” - 1’ < E] , VzeR™ @®)

Below we consider various x and try to estimate the € and 6 for the Randk compressor.
Difx = (1,1,...,1) € R", then,
2 o 1’
lz]I" = n, lIC@)|" =+

As e € (0,1) is always less than %, the probability (@) is 0. And we are interested in taking small e,
since they mean smaller deviations in norm from considered vectors.

2Q)Ifx=(1,0,...,0) € R™, then

n? k
2 P=
lz]* =1, [Ic(@)]? = {’“2 "k

2

Since € € (0,1) is always less than 7=, the probability (@) is1— %
Overall, these examples demonstrate, that random sparsification cannot be described with € and 6
for any vector x, as it is required in Definition

The next lemma will be helpful in the high probability convergence analysis.

Lemma 4. For matrices S, as in Definition[d] the operator J Lg satisfy following property:
[ Ls(@)|* < (1 +€)?[l|
with probability 1 — 4.

As shown above, random sparsifications do not have this feature, therefore JL. Transforms are more
preferable in high probability analysis.

Further we adjust the existing methods to the proposed mappings. We may use the same matrix S
throughout the algorithm, or generate the new one at every iteration. In the latter option the same
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matrix is needed to be maintained at every computing device. This can be done by assigning the
same random variable generator to devices with the same initial seeds.

2.3 BYZANTINE ATTACKS

Various algorithms incorporate the gradient similarity in Byzantine-resilient optimization. We focus
on the algorithms Grad-BANT, inspired by (Yan et al., 2023). Method, described in (IZI), utilize
the idea of the trial function fy(z), which is stored on the server, which is an honest device. It
is evaluated on a data distribution, that matches the overall homogeneous distribution. It is not
vulnerable to adversarial attacks, hence can be trusted. Therefore, we compare our local gradients
to the gradient of the trial function, in order to decide to define the client as a Byzantine or not.

For more details one may look at Algorithm [I] where all the required steps are described.

This method heavily rely on the core idea of -
assigning trust scores to devices. At every it- Algorithm 1 Grad-BANT

eration we aggregate the devices’ gradients gf 1: Parameters: 2° € R", w? = 1/n, stepsize v,

(line [5), aiming to aggregate them and con- momentum 3 € [0, 1], smoothness constant L
duct a step (line [T2). However, since some 2. for¢t =0,1,...,7 — 1 do

of the clients may send corrupted gradients, 3. Generate S;; server sends z! to workers
we are interested in adjusting the contribution 4. for alli = 1,...,n in parallel do
coefficients for each worker at each step. If 5. gl? = Vfi(z?); send S; gf to server
(Vfo(zt), gty > &2[|g|/% the gradient does 6:  end for

not misdirect the overall gradient direction, 7 0! = (S;V fo(ws), Segl) — L2||ST Seal ||
hence it should be assigned some positive (040

. . . . . — t—1
weight. Otherwise, it should not be assigned & wi=(1-Pw; " + 5W
any weight at all. We ensure non-negativity ] . g=117510
) def o 9: if all [6}]o = O then

with [2]g = max{x,0} and normalize, in or- . . =1, B

- : 10: =1-B)w; + £
der to maintain the overall sum of weights. . v n

. . . 11: end if
If all gradients are not co-directed with the 12 L — gt AT Zn Tt il S,
main direction, we assign them equal weights, ‘ - TRt 2ui=1 10t >01Wi DtY;
in order to preserve convergence (line [10).
Adding momentum /3 makes our scheme more
stable, as it allows previous good gradients to influence the current step (lines [§] and [I0). Also, it
is applicable to strategies, where Byzantine agents mix poison messages with honest one, as we
maintain the impact of decent gradients and not include the corrupted ones.

13: end for

In order to transfer less bits, we utilize the JL Transforms in the communication scheme. Therefore,
in order to match the dimensions we investigate (S;V fo(z*), S¢g?) (line[8). With high probability
it does not deviate too much from the exact scalar product, hence, does not disrupt the convergence.
In order to return to the initial dimension we invert mapping by multiplying it with S7 (line .
This approach prevents Byzantine agents from compromising the training process by transmitting
less bits.

In this setting, we need following property from local devices:

Assumption 1 (Data similarity). For distributed optimization local worker possess (01, 2)-data
similarity, i.e.

IVfila) = V@)|* <61+ 8&(IVf(@)]°, Yz eR™
The theoretical convergence bounds are the following:

Theorem 1. Let fy be L-smooth, convex, local datasets satisfy Assumptionwith 0o < %6, Ty =
argmin,, fo(x) and JL Transforms are applied. Then, with v < ﬁ after T iterations the following

holds:
0 —
min ||Vf(;(;t)||2 -0 (fo(x ) fo(CE*)) L +61> ’

1<t<T T

4log (2]\4;—1)T

with probability 1 — §, where k > R v

This correlates with the result without compression, achieved in (Molodtsov et al., [2025)), where

im _mi H|2 = o [ PeE)—foln))L
they clim iy, B|¥(a)]? = 0 (ED50NE 1),



Under review as a conference paper at ICLR 2026

Typically, employing an unbiased compressor operator with variance w > 1 introduces an additional
multiplicative factor of w (Mishchenko et al., |2019; |Gorbunov et al., 2021} [Tyurin & Richtarikl}
2022). For example, combining gradient descent with random coordinate selection increases the
overall complexity by a factor of <, since for the Rand-k compressor we have w = %. In contrast,
our analysis not only avoids this overhead but also provides high-probability guarantees, which are
particularly valuable as they reduce uncertainty.

2.4 PERSONALIZATION

In the personalization setting, we are dealing with (3). We stick to the formalization in (Hanzely
et al.| 2020), where the authors provide optimal algorithms in terms of the communications.

The idea is to regularize the deviation between -
the local model and the global one, that accu- Algorithm 2 APGD

mulates and averages the weights. This ap- 1. Parameters: y° € R*¢, 2° ¢ R"?, regularization ),
proach is similar to the FedProx algorithm strong convexity g

(L1 et all 2020). Every client conduct lo- :fort=0,1,...,7 — 1do

cal steps in order to obtain a reasonable so- Central server computes §* = - >°M o
lution for an intermediate problem (line [7). Send 7" to clients

After that, workers exchange their local states for all nodes i = 1, ..., M in parallel do

to compute the average and to proceed to the Set hi*(2) = fi(2) + 3(|Sez = 7|

next iteration (lines [ and [I0). This allows, to Using AGD find /1" s.t.

find optimum iteratively, taking into account R (2HY) < gy + min AT (2)

the average model’s state. One of the benefits z

A A S

of this algorithm is the suboptimal solution to 8 Generate Si+1
the local problem - we do not need the exact - Update
minimize{r, as it might not be achievable in pb- H1_ g o VA= Vi (@ — 2
servable time. However, we can conduct lim- L A+ I Ty Ti
ited number of local subsolver and still have a -
decent convergence. 10: Send y; " to server

11: end for

We utilize the JL Transforms in transmitting 7. end for
the models’ states, since we are interested in
the [o-difference between the aggregated con-
dition and the local one. Therefore, we trans-  Algorithm 3 AGD
mit significantly less bits and achieve follow-
ing theoretical bounds:

0

1: Parameters: ° = y° € R", step size y, momen-

tum S € [0, 1]

Theorem 2. Let functions f; be L-smooth, ji-  2: forj =0,1,...,Jdo
strongly convex and f; > 0 for alli. Let AGD ~ 3:  &/*' =27 =4V f(y’) ‘
. . R ¢ def 4 yJ+1 = It +5 (:L.J+1 _ xj)
with starting point y; be employed ~2for J = s. end for
LA Jog (1152L>\M2 (2% + 1) ,ﬂ) +
4 ’;\Ei_ti)) t iterations to approximately solve subproblem at iteration t and T iterations overall.

Define f, = argmin,, f(z) Then, we have

f@™)—f.=0 ((1 - ‘;)T (f(=%) - f*)>

4log 2A§T

e2/2—e3/3"

with probability 1 — §, where k >

This correlates with the result without compression, obtained in (Hanzely et al.,|2020), where they
achieve f(z7) — f, = O ((1 -VE )T (f(2%) — f*)) Moreover, in our results number of needed

local iterations (ZL Jt) does not differ from one, established in (Hanzely et al., [2020).

2.5 VERTICAL FL

The problem (@) is solved via the ADMM algorithm, which is based on augmented Lagrangian method.
We inspect the scaled version (Section 3.1.1 from (Boyd et al., 2011)) due to the ease of notation.
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Algorithm 4 D-ADMM

1: Parameters: Starting points #¥ € R, Vi € [M],z° € R™, u° € R¥, JL matrix S € RF*™,
2: fort=0,1,2,..., 7 —1do

2

N

—1
3:  Solvez'*! = arg Iélﬂl{l {l(Mz; b) + (Mp/2) HSz —Ar —ul

¢
Update u!*! = u! + Az — Szi+!

4:
—~t
5:  Send utt!, Az, 21 = §7'*! to nodes
6: for all nodes i = 1,2,..., M in parallel do
—t
7: Solve 2! ™! = arg min {n(x) + (p/2)||SAi(x — xt) — 21 4+ Az + ut‘HHz}
zERM
ST
8: Send A;z; = SA;xl to server
9: end for

1

~t+ 1 M _—
10: Aggregate Ax = 57 > Al
i=1

11: end for

Therefore, due to the choice of variables, each node can independently solve a minimization problem
(line[7), and exchange their solutions with the central server. After aggregating we are able to iterate
another descent (line [3) and update the dual variable (line ). To mitigate the communication costs
we use the JL mappings (lines[3] [8) , hence, the subproblems’ solutions do not differ much.
Theorem 3. Let functions | and r be convex. Define =% = L Zﬁl ok 7T = T+{-1 ZZ:O 7"
Zr = T%rl Zf:o zk al = T%rl Zf:o ub, F(z,z,u) = (—ATu, —u, Az — 2), (@, z.) - optimal
point and w,. - dual optimal point. Then, after T iterations Algorithm[] achieves
(@) +rED)) — (W) +7(20))
+ <(ET —xy, 20—z, Wt — u*), F(z*,z*,u*)>

_ O(IIJJO—%‘*2 + 1127 — 2® + uo—u*HZ)
- - ,

with probability 1 — 6.

These bounds coincide with the results from (He & Yuan, 2012), where no dimension reduction is
applied. This is achieved, as any JL Transform preserve the feasibility region with high probability.

3 EXPERIMENTS

In this section, we provide experimental results that validate the theoretical contributions of our
work. Specifically, we compare two variants of stochastic projection matrices: Gaussian and
Rademacher one.

0.86
>0.84
9
Cos2
5
Jo.s0

<
078
Soe | — gaussian, 2enl/ | — gaussian, k=7
© | +— rademacher, k=40 084 y +— rademacher, k=19
ZBo7a | rademacher, k=5 Bo.s2 |ff ra cher, k=7
S / ra 20 I}
>o072 randk, k=301 =080
0.70. 078
O B D B P b g b 0P 3 8 O o® g0 B o0 a0 e g0 O O 0 @ 0 0 0 O @S O
Communication Cost Communication Cost Communication Cost
(a) APGD on a9a dataset (b) APGD on w8a dataset (c) APGD on mushrooms dataset

Figure 1: APGD performance with JL Transforms

Byzantine-robust Optimization. Further we investigate the effect of the random projections in
the Byzantine setting on ResNet-20 training on CIFAR-10. We compare the Rademacher (6)
and Gaussian (3) JL matrices with Randk compression. At Figure ?? % stands for the fraction
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Comparison of GradBANT with different compressions Comparison of compressions with LabelFip attack

Rademaher, 70%
Gauss, 70%
PowerSGD
Randk, 70%

—— Rademabher, 95%
—— Gauss, 95% 03
—— PowerSGD

—— Randk, 70% 02
a0

Accuracy
Accuracy

Randk, 90%
Randk, 95%

0 5 o s 20 B3 30 35
# Communication rounds # Communication rounds

(a) No Attack (b) LabelFlip Attack

s 50 55 5 10 15 20 25 30 35 a0 as 50 55

Figure 2: Grad-BANT performance with JL Transforms

of compressed coordinates. Hence, our proposed methods not only outscores random coordinate
sketching, but also consumes 5 times less bandwidth. More experiments, including evaluating the
robustness against byzantine attacks can be found in Appendix.

Personalized Federated Learning. We evaluate the performance of personalized federated learning
using APGD with compressions, provided by JL projections. We demonstrate that dimensionality
reduction via JL Transforms improves convergence efficiency, enabling higher model accuracy with
much fewer transmitted bits. The number of clients M = 10.

Vertical Federated Learning. Last experiments demonstrate the performance of JL Transforms
in vertical FL, using a distributed ADMM method. We conduct experiments on the linear regression
problem: min,egn [f(z) = 3[|Az — b||*> + A||z||?]. We take mushrooms and phishing dataset
from LibSVM (Chang & Lin| [2011)) library and A = 1. We also compare the performance with
RandK operator and the scenario without any compressed messages.

Accuracy vs Communication (mushrooms) Accuracy vs Communication (phishing)

Accuracy

[ 200 400 600 800 1000 1200 1400 200 400
# Communication units (iter x k x node) # Communication units (iter x k x node)

Figure 3: D-ADMM performance with JL. Transforms.

REFERENCES

Jayadev Acharya, Chris De Sa, Dylan Foster, and Karthik Sridharan. Distributed learning with
sublinear communication. In International Conference on Machine Learning, pp. 40-50. PMLR,
2019.

Dimitris Achlioptas. Database-friendly random projections: Johnson-lindenstrauss with binary
coins. Journal of computer and System Sciences, 66(4):671-687, 2003.

Dan Alistarh, Demjan Grubic, Jerry Li, Ryota Tomioka, and Milan Vojnovic. Qsgd:
Communication-efficient sgd via gradient quantization and encoding. Advances in neural in-
formation processing systems, 30, 2017.

Zeyuan Allen-Zhu, Faeze Ebrahimian, Jerry Li, and Dan Alistarh. Byzantine-resilient non-convex
stochastic gradient descent. arXiv preprint arXiv:2012.14368, 2020.



Under review as a conference paper at ICLR 2026

Youssef Allouah, Sadegh Farhadkhani, Rachid Guerraoui, Nirupam Gupta, Rafaél Pinot, and John
Stephan. Fixing by mixing: A recipe for optimal byzantine ml under heterogeneity. In Interna-
tional Conference on Artificial Intelligence and Statistics, pp. 1232-1300. PMLR, 2023.

Alexandr Andoni, Piotr Indyk, Thijs Laarhoven, Ilya Razenshteyn, and Ludwig Schmidt. Practical
and optimal Ish for angular distance. Advances in neural information processing systems, 28,
2015.

Aleksandr Beznosikov, Samuel Horvéth, Peter Richtérik, and Mher Safaryan. On biased compres-
sion for distributed learning. Journal of Machine Learning Research, 24(276):1-50, 2023.

Christos Boutsidis, Anastasios Zouzias, and Petros Drineas. Random projections for k-means clus-
tering. Advances in neural information processing systems, 23, 2010.

Stephen Boyd, Neal Parikh, Eric Chu, Borja Peleato, Jonathan Eckstein, et al. Distributed optimiza-
tion and statistical learning via the alternating direction method of multipliers. Foundations and
Trends® in Machine learning, 3(1):1-122, 2011.

Xiaoyu Cao, Minghong Fang, Jia Liu, and Neil Zhengiang Gong. Fltrust: Byzantine-robust feder-
ated learning via trust bootstrapping. arXiv preprint arXiv:2012.13995, 2020.

Chih-Chung Chang and Chih-Jen Lin. Libsvm: a library for support vector machines. ACM trans-
actions on intelligent systems and technology (TIST), 2(3):1-27, 2011.

Xinyan Dai, Xiao Yan, Kaiwen Zhou, Han Yang, Kelvin KW Ng, James Cheng, and Yu Fan.
Hyper-sphere quantization: Communication-efficient sgd for federated learning. arXiv preprint
arXiv:1911.04655, 2019.

Sanjoy Dasgupta. Learning mixtures of gaussians. In 40th Annual Symposium on Foundations of
Computer Science (Cat. No. 99CB37039), pp. 634—644. IEEE, 1999.

Sanjoy Dasgupta and Anupam Gupta. An elementary proof of a theorem of johnson and linden-
strauss. Random Structures & Algorithms, 22(1):60-65, 2003.

Eduard Gorbunov, Konstantin P Burlachenko, Zhize Li, and Peter Richtarik. Marina: Faster non-
convex distributed learning with compression. In International Conference on Machine Learning,
pp- 3788-3798. PMLR, 2021.

Xiao Guo, Yixuan Qiu, Hai Zhang, and Xiangyu Chang. Randomized spectral co-clustering for
large-scale directed networks. arXiv preprint arXiv:2004.12164, 2020.

Filip Hanzely and Peter Richtarik. Federated learning of a mixture of global and local models. arXiv
preprint arXiv:2002.05516, 2020.

Filip Hanzely, Slavomir Hanzely, Samuel Horvéath, and Peter Richtarik. Lower bounds and opti-
mal algorithms for personalized federated learning. Advances in Neural Information Processing
Systems, 33:2304-2315, 2020.

Bingsheng He and Xiaoming Yuan. On the o(1/n) convergence rate of the douglas—rachford alter-
nating direction method. SIAM Journal on Numerical Analysis, 50(2):700-709, 2012.

Reinhard Heckel, Michael Tschannen, and Helmut Bolcskei. Dimensionality-reduced subspace
clustering. Information and Inference: A Journal of the IMA, 6(3):246-283, 2017.

Christina Heinze, Brian McWilliams, and Nicolai Meinshausen. Dual-loco: Distributing statistical
estimation using random projections. In Artificial intelligence and statistics, pp. 875-883. PMLR,
2016.

William B Johnson, Joram Lindenstrauss, et al. Extensions of lipschitz mappings into a hilbert
space. Contemporary mathematics, 26(189-206):1, 1984.

Peter Kairouz, H Brendan McMahan, Brendan Avent, Aurélien Bellet, Mehdi Bennis, Arjun Nitin
Bhagoji, Kallista Bonawitz, Zachary Charles, Graham Cormode, Rachel Cummings, et al. Ad-
vances and open problems in federated learning. Foundations and trends® in machine learning,
14(1-2):1-210, 2021.

10



Under review as a conference paper at ICLR 2026

Sai Praneeth Karimireddy, Quentin Rebjock, Sebastian Stich, and Martin Jaggi. Error feedback
fixes signsgd and other gradient compression schemes. In International Conference on Machine
Learning, pp. 3252-3261. PMLR, 2019.

Sai Praneeth Karimireddy, Lie He, and Martin Jaggi. Learning from history for byzantine robust
optimization. In International conference on machine learning, pp. 5311-5319. PMLR, 2021.

Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization. arXiv preprint
arXiv:1412.6980, 2014.

Jon M Kleinberg. Two algorithms for nearest-neighbor search in high dimensions. In Proceedings
of the twenty-ninth annual ACM symposium on Theory of computing, pp. 599-608, 1997.

Eyal Kushilevitz, Rafail Ostrovsky, and Yuval Rabani. Efficient search for approximate nearest
neighbor in high dimensional spaces. In Proceedings of the thirtieth annual ACM symposium on
Theory of computing, pp. 614-623, 1998.

Tian Li, Anit Kumar Sahu, Manzil Zaheer, Maziar Sanjabi, Ameet Talwalkar, and Virginia Smith.
Federated optimization in heterogeneous networks. Proceedings of Machine learning and sys-
tems, 2:429-450, 2020.

Xiang Li, Kaixuan Huang, Wenhao Yang, Shusen Wang, and Zhihua Zhang. On the convergence of
fedavg on non-iid data. arXiv preprint arXiv:1907.02189, 2019.

Yang Liu, Yan Kang, Tianyuan Zou, Yanhong Pu, Yuanqin He, Xiaozhou Ye, Ye Ouyang, Ya-Qin
Zhang, and Qiang Yang. Vertical federated learning: Concepts, advances, and challenges. IEEE
Transactions on Knowledge and Data Engineering, 36(7):3615-3634, 2024.

Brendan McMahan, Eider Moore, Daniel Ramage, Seth Hampson, and Blaise Aguera y Arcas.
Communication-efficient learning of deep networks from decentralized data. In Artificial intelli-
gence and statistics, pp. 1273-1282. PMLR, 2017.

Konstantin Mishchenko, Eduard Gorbunov, Martin Takac, and Peter Richtarik. Distributed learning
with compressed gradient differences. 2019.

Konstantin Mishchenko, Eduard Gorbunov, Martin Takac, and Peter Richtarik. Distributed learning
with compressed gradient differences. Optimization Methods and Software, pp. 1-16, 2024.

Gleb Molodtsov, Daniil Medyakov, Sergey Skorik, Nikolas Khachaturov, Shahane Tigranyan,
Vladimir Aletov, Aram Avetisyan, Martin Tak4¢, and Aleksandr Beznosikov. Trial and
trust: Addressing byzantine attacks with comprehensive defense strategy. arXiv preprint
arXiv:2505.07614, 2025.

Cameron Musco and Christopher Musco. Projection-cost-preserving sketches: Proof strategies and
constructions. arXiv preprint arXiv:2004.08434, 2020.

Peter Richtérik, Igor Sokolov, and Ilyas Fatkhullin. Ef21: A new, simpler, theoretically better,
and practically faster error feedback. Advances in Neural Information Processing Systems, 34:
43844396, 2021.

Abdulaziz Samra, Evgeny Frolov, Alexey Vasilev, Alexander Grigorevskiy, and Anton Vakhrushev.
Cross-domain latent factors sharing via implicit matrix factorization. In Proceedings of the 18th
ACM conference on recommender systems, pp. 309-317, 2024.

Tamas Sarlos. Improved approximation algorithms for large matrices via random projections. In
2006 47th annual IEEE symposium on foundations of computer science (FOCS’06), pp. 143—152.
IEEE, 2006.

Or Sheffet. Differentially private ordinary least squares. In International Conference on Machine
Learning, pp. 3105-3114. PMLR, 2017.

Mayank Shrivastava, Berivan Isik, Qiaobo Li, Sanmi Koyejo, and Arindam Banerjee. Sketching
for distributed deep learning: A sharper analysis. Advances in Neural Information Processing
Systems, 37:6417-6447, 2024.

11



Under review as a conference paper at ICLR 2026

Virginia Smith, Chao-Kai Chiang, Maziar Sanjabi, and Ameet S Talwalkar. Federated multi-task
learning. Advances in neural information processing systems, 30, 2017.

Zhao Song, Zheng Yu, and Lichen Zhang. Iterative sketching and its application to federated learn-
ing. 2021.

Bin Tang, Michael Shepherd, Malcolm I Heywood, and Xiao Luo. Comparing dimension reduction
techniques for document clustering. In Advances in Artificial Intelligence: 18th Conference of
the Canadian Society for Computational Studies of Intelligence, Canadian Al 2005, Victoria,
Canada, May 9-11, 2005. Proceedings 18, pp. 292-296. Springer, 2005.

Zhenheng Tang, Shaohuai Shi, Wei Wang, Bo Li, and Xiaowen Chu. Communication-efficient
distributed deep learning: A comprehensive survey. arXiv preprint arXiv:2003.06307, 2020.

Gian-Andrea Thanei, Christina Heinze, and Nicolai Meinshausen. Random projections for large-
scale regression. Big and Complex Data Analysis: Methodologies and Applications, pp. 51-68,
2017.

Alexander Tyurin and Peter Richtdrik. Dasha: Distributed nonconvex optimization with commu-
nication compression, optimal oracle complexity, and no client synchronization. arXiv preprint
arXiv:2202.01268, 2022.

Jalaj Upadhyay. Randomness efficient fast-johnson-lindenstrauss transform with applications in
differential privacy and compressed sensing. arXiv preprint arXiv:1410.2470, 2014.

Thierry Urruty, Chabane Djeraba, and Dan A Simovici. Clustering by random projections. In Ad-
vances in Data Mining. Theoretical Aspects and Applications: 7th Industrial Conference, ICDM
2007, Leipzig, Germany, July 14-18, 2007. Proceedings 7, pp. 107-119. Springer, 2007.

Paul Vanhaesebrouck, Aurélien Bellet, and Marc Tommasi. Decentralized collaborative learning of
personalized models over networks. In Artificial Intelligence and Statistics, pp. 509-517. PMLR,
2017.

Thijs Vogels, Sai Praneeth Karimireddy, and Martin Jaggi. Powersgd: Practical low-rank gradient
compression for distributed optimization. Advances in Neural Information Processing Systems,
32,2019.

Jiangiao Wangni, Jialei Wang, Ji Liu, and Tong Zhang. Gradient sparsification for communication-
efficient distributed optimization. Advances in Neural Information Processing Systems, 31, 2018.

Jie Wen, Zhixia Zhang, Yang Lan, Zhihua Cui, Jianghui Cai, and Wensheng Zhang. A survey on
federated learning: challenges and applications. International Journal of Machine Learning and
Cybernetics, 14(2):513-535, 2023.

David P Woodruff et al. Sketching as a tool for numerical linear algebra. Foundations and Trends®
in Theoretical Computer Science, 10(1-2):1-157, 2014.

Chulin Xie, Pin-Yu Chen, Qinbin Li, Arash Nourian, Ce Zhang, and Bo Li. Improving privacy-
preserving vertical federated learning by efficient communication with admm. In 2024 IEEE
Conference on Secure and Trustworthy Machine Learning (SaTML), pp. 443-471. IEEE, 2024.

Cong Xie, Sanmi Koyejo, and Indranil Gupta. Zeno: Distributed stochastic gradient descent with
suspicion-based fault-tolerance. In International conference on machine learning, pp. 6893-6901.
PMLR, 2019.

Haonan Yan, Wenjing Zhang, Qian Chen, Xiaoguang Li, Wenhai Sun, Hui Li, and Xiaodong Lin.
Recess vaccine for federated learning: Proactive defense against model poisoning attacks. Ad-
vances in Neural Information Processing Systems, 36:8702-8713, 2023.

Yue Yu, Jiaxiang Wu, and Longbo Huang. Double quantization for communication-efficient dis-
tributed optimization. Advances in neural information processing systems, 32, 2019.

12



Under review as a conference paper at ICLR 2026

A TECHNICAL STATEMENTS

Lemma 5 (Preserve of scalar product). If h is a linear JL Transform, then, with probability 1 — 26

we have
| {(h(2), h(y)) — (z,y) | < ellz] - |yl

Proof. 1f at least one of x and y is the O-vector, then this is trivially satisfied. If = and y are both
unit vectors then we assume w.l.o.g. that ||z + y||* > ||z — y||* and we proceed as follows:

4| (h(z), h(y)) — (z, ) | [P (z) + h(y)]1* = [[A(z) — h(y) — 4 (z,y) |
[(L+e)z+yll” = (1 =)z —ylI* —4(z,9) |
|4 (z,y) +e(lz +yl* + [z —yl?) — 4z, y) |
e(@llz|* +2[lyl1*)

= 4e.
Otherwise we can reduce to the unit vectors:

@ty el = (0 (55) o (25)) = el )| el

< el - llyll
As we twice use the property of the JL matrix, we have 1 — 24 probability. O

I VAN

Lemma 6. Ler S € RF*™ be a Gaussian JL matrix. Then,

EST Sz = z,
and
n+k+1
e e ER

Proof. We will start with the unbiasedness. If [S]; ; ~ A/(0, ), then,
k

[S7S)i; = > [STir[Slir
r=1
If ¢ # j, then, from independence we have

k
E[STSL'J' _ E Z N(Ov E) y =]

r=1
0, i# .
We use the fact, that N'(0, 1) = ﬁj\/(o, 1), and that EN(0,1)? = 1. Therefore,
1, 1=
E[STSlij =< . "
1575 {0, i # 7,
and EST Sz = 2.
For the variance bound we might write following:
n k
(ST Sz]; = > > [ j[S)jrxs,
j=1r=1
and

STSiU ZZ ZT jT zm[S]l mL Ll

3l rm
After taking the expectation, we will maintain terms with 1) i = j =landr =m, 2)i = j = [ and
r#m,3)j =1, r=mandi # j. Then,

k k
E[STSz]f = 32 EN(0, )%z Z ey = e,
r=1

r=1
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T 2 LA 11,2 k(k—=1) 2 _ k—1_2
(ST Sz]; 21 Z;é FEV: T T Ty = Ty,
r=1m=r
n k n
[STSzlf = 3 3 2525 = 2 27 = ¢zl — 427
Jj#ir=1 J#i

Summing over ¢ we achieve

3 k-1 n-1 n+k+1
EIST S22 = (2 2 _ 2
Is7sol? = (+ 2 + S ) el = (5 ) el

Lemma 7. Let S € R¥*" be a Rademacher JL matrix. Then,
ESTSz = z,

E|lS” Sa||? = (”*k“) JalP.

and

Proof. For the ease of notation we will introduce the notation

Rad (1/2) = {1’1 iZ 1?;

We will start with the unbiasedness. If [S]; ; ~ ﬁRad(lﬁ), then,

k
[STS)ij =Y _[S)in[S]

r=1

If ¢ # j, then, from independence we have
k
E Y tRad(1/2)?, i=j
r=1
0, i# .
We use the fact, that Rad(1/2)? takes values only equals to 1. Therefore,

1, 1=
B[S S5 = {0 i#]

E[STS];; =

and EST Sz = z.
For the variance bound we might write following:

n k
[STSa)i = Y [S1i.5[Srs,

j=1lr=1
and

STSx ZZ i 1515, 18T, m [S1mxj 1.

;L mm
After taking the expectation, we will maintain terms with 1) ¢ = j =l and r = m, 2)i = j = [ and
r#m,3)j =1, r=mandi # j. Then,

k k
E[STSz)? = 3 5ERad(1/2)%? = ¥ a? = 1a?,
r=1 r=1
T 2 g 11,2 _ k(k=1) 2 k—1_2
E[S Sz]i = FEli =T T2 Ui T TR T
r=1m=#r

n k n
BIS"Sal? = 3= 3 ot = 3 da? = HlolP - o
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Summing over ¢ we achieve

1 k-1 n-1 n+k—1
IS5l = (1 + S+ ) el = () el

k k k
O
Statement below is crucial for deriving convergence for proposed methods, since:
Lemma 8. Suppose we have events F, Es, ..., E, that holds with following probabilities:
P[E;] >1—4;,
Then,
PI(Ei|>1-> 4
i=1 i=1
Proof.
PIOE|=1-P|JE|>1-> PE]>1-) 4
i=1 i=1 i=1 i=1
O

Next lemma will be used in Byzantine setting:
Lemma9. Let S be a JL Matrix. Then,

15T Sz)|* < (14 2)?||=))?
with probability at least 1 — 0.

Proof. From JL property with probability 1 — § we have
(L= < [IS=]* < (1 + o)l
therefore, eigenvalues of ST'S are located in [1 — ¢, 1 + €]. On the other hand, we have
15T S]] < Tmaa(STS)l|]-

Since ST'S is symmetric, its singular values are the absoulte values of its eigenvalues, therefore,
Omaz(STS) <1+e. And

15T Sz||* < (1+&)?||||?

Next lemma will be useful throughout some theorems, allowing us to deal with norms:

Lemma 10 (Young’s inequality). Let x,y € R™. Then, for any o > 0 we have

1 «
< 2 Y2
(,9) < o llzl? + 5y
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B BYZANTINE ATTACKS

We follow the analysis given in (Molodtsov et al., [2025)), adjusting it to our needs. With the trial
function fy we introduce the server function f;. Note, that server is an honest device. Also, we
introduce the number ((NV), which reflects the relationship between f; and fj, where N is the size
of trial dataset.

Lemma 11. Suppose fy is L-smooth. Then for all x € X C R® with probability of at least 1 — 5
over a sample of size N, the following estimate, linking the trial function with the objective function
on the server, is valid:

IV A1(0) - Vh(a)l} < ¢ =6 ).

Proof. Given the norm inequality || - |lo < v/d - || - ||, We can recast the scalar product in the
following manner:

IVAi(@) = Vo@)3 < d- V") = Vo). ©)

To establish the uniform convergence of ||V f1(x) — V fo(z) ||io, we employ Theorem 5 from (?).
This theorem provides a bound on the ¢..-covering number of the function class F = {{ —
Vfi(z;€) | © € X}. Given that X resides within an ¢s-sphere, let us define it bound by S, the
covering number for X" using the Euclidean metric do(z;,2;) = ||z; — x;||2 is constrained as fol-

lows for d > 3:
g\ ¢
N(g,X,dQ)_O<d2 <€> )

In evaluating the covering numbers for JF under the /¢, metric, where
IV fi(zs;-) = Vi), = sup£|Vf1(a:i;§) — Vfi(z;;€)|, the L-smoothness property
facilitates the following assertion:

Vo, x5 € X = |V fi(zis) = V(e < IVfilso) = Ve )lly < Ll — 2]l
This indicates that an e-net for X" in dy space concurrently serves as an Le-net for F in d, space:
Ls\*
N(e,F,doo) < N(¢/L,X,ds) = O <d2 <€> ) .

Following this analysis, we derive an estimation consistent with the findings in (?):

~ (1
V(o) - Vh(o)l2 =05 ).
Defining the notation

def 7§
N)=0|—=
(=0 (5),
and substituting this into equation [9| concludes the proof of the lemma.

O

This lemma is technical in nature, and we significantly benefit from the assertion established in the
previous lemma. Ultimately, we derive an important estimate for the scalar product, which appears
in many subsequent proofs throughout this work.

Lemma 12. Suppose fy is L-smooth and Assumption|l| holds. Then for all x € R the following
estimate is valid:

! <Vfo(x)» " Zsz-<x>> < LIV + 7o)+ 5 (31 + RIS @I).

1€G

Proof. We commence by examining the difference V f(z) — V fo(x):

—y <Vfo(x>, =5 Vfi<x>> - 5 <Vf<x) V). 5> sz-<x)> —y <Vf<x), =3 V@)

1€G i€G i€g
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Next, we continue with further manipulations on the first term:
2

’Y<Vf( = Vfo(z vaz > < %va(x) )|? + GZVfl
zeg i€g
< 3 (IIVf(w) - VA + IV i) = Vholw)?)
2
éZVfi(x)
i€G
R S+ sl + 1| L v
LEg
and with the second term,
2
v<Vf<x>,éZVfi(x)> = i@ -1 S V@
1€G 169
2
1
+5 aé(vfi(x)—vf(x))
2
< —*HVf )|? - Zsz
zGQ
+%Z||<Vfi<x>—v fa)l?
i€G
2
< —2IVi@I? - ZVfZ
169
+3 (01 + V@)
0

Further we establish the descent lemma, that is used throughout the proofs for Grad-BANT for
convergence both in expectation and probability

Lemma 13. Let fy be L-smooth convex, then the following holds for the iteration of Grad—BANT:

2
fo(@™) < fo(ah) — % <Vf0(xt),2gf> + LQL]\f Z g l?.

i€g i€g

Proof. Actually, the update step of the Algorithm|[I]is given by:

n
t+1 _ t ot
T =T _WE ]I[0§>0]Wigi7
i=1
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where g! = STSV f;(z%) and Y7, w! = 1. Applying Jensen’s inequality for the convex function

ot — 100
fo and denoting w; = ST

folatth) = fo(zn:wf [xt—’ﬂ[epo]gﬂ)
i=1

< Y wifo (:vt - vﬂ[ag>o]gf)
i=1
= wafo (It - Vﬂ[e§>o]gf) + wafo (It - W]I[eg>o]gf)
i€B 1€G
< Y- Bt folat) + Y Bt fo (o — Mot )
i€B i€B
+3 (=Bt fo (21) + 3 8wt fo (o — g0t )
i€G i€G
= (1= B)fola") + Y Bty (2 = VMgsorat) + > paih (= = TMgzs019t ) -
i€B

In the inequality above, we make an estimation fj ([L’t — e >0 gf) < fo (x?), since the indicator

guarantees us that we do not increase the trial function fj by performing a step. By eliminating the
weights wf‘l accumulated from past iterations, we can rearrange the coefficients between Byzantine
and honest workers in such a way that honest workers have higher weights. To achieve this, we sort
the honest workers by increasing values of fy and assign them coefficients w; in decreasing order.
This permutation ensures that honest workers have higher weights and Byzantine workers have lower
weights. This operation is valid because if @w for some Byzantine worker is higher than for a honest
worker, then this Byzantine has a greater influence on fj, and changing the weights would worsen
the overall influence of these two workers. Therefore, with new weights {@!}7 ;:

fo@™h) < (1=8)fo(x +25@tf0($ —Vﬂ[et>o]gz)

P
+ ;Bﬁffo (' =1Lt 019!)

< (=Bl + ;ﬂ@tfo )+ ;Bwtfo (" - VH[0f>0]91>

= fo(z") + (1 - B) [fo(") ] + %;Bw [folz") = fo(a")]
305 [0 (o - vﬂ[9;>O]gf) ~ fola")] .

Let us assign the coefficient 1 to all honest workers. This procedure is also valid. We sorted the
weights and honest workers now have the greatest weights, thus, the sum of the coefficients of honest
workers is at least . Moreover, the honest workers with the stronger influence have the greater

weights which allows to equalize the total weight % between all G workers. Thus, we get
Jo(z™h) < fo(ah) + g Zg [fo (xt - 7]1[9§>0]9;‘5> - f()(xt)} :
i€

Now we can remove the indicator function because if g¢ minimizes the trial function, the indicator
equals 1. If g/ maximizes the trial function, the indicator excludes this gradient. However, we still
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account for it and maximize the trial function, thus:

fo(™) < fo(z) + % Z [fo (2" —g;) — fo(a")]

i€g
< fola') + % Z lfo(xt) =7 (Vfol(z"), i) + ||91||2 fo(a')
i€g
Ly*p 2
fola®) = 57 ( Vo), Yot ) + 557 D ot
i€G i€G

O

We are now ready to present final results for the convex case. Convergence in expectation is derived
as follows:
1

Theorem 4. Let fy be L-smooth, convex, and satisfy ! with 0y < 3, then, after T iterations of
Algorithm[I|with v < < hU=8%) the following holds:

oy
fo(a®) — fo(@*) 4M

T—
ZEHW P < T 3G T T HACN).
t=0

Proof. According to the Lemma equation [I3}

2
PG < olat) — 78 <Vfo<xt>,]\1429£> + LS ot

i€G i€G

N

fo(xt)vﬂ<Vfo MZSTSVJ%( )> LWZHSTSVL ()]’

i€G Y

G 1 Ly*B
= fo@') =87 <Vfo<xf>, & ;g sTSVfi<xf>> EE; (BRSOl
Taking the expectation of both sides of the inequality:

Efofa') — 8- 1 <Vfo S Vi >

169
2
o DS s

Efo(.’l?t+1)

N

2Mk =
MR B + D) - G s

210 (51 + VP L;Af,f”énwz

< ERE)+ D) - D vt + 20 6+ sl v 6h)?)
e LEIvAE) - >||2+L2A§2”G Vs

< Efo<xt>+$cuv PNV + 2207 6+ &IV FHIP)
2O (5, 4 VS )) + % V)P

S RS IR (R PN T
+% (3+ 2L22n> fyﬂGC( N).
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We first fix do < % Then by choosing v < %

bound:

and summing over the iterations, we get the

fo(2®) — fo(zs) 4M

T BG+361+4<( )-

1 T-1
T BV <
t=0

However, the main result is the derivation the convergence with high probability

Theorem 5. (Theorem I from Main Part) Let fqo be L-smooth, convex, and sansfy Iwzth 0o <

then, after T iterations of Algorithm[I|with v < % the following holds:

16’

- Z 19ty < 20— fole) )WTfO(x*)‘% +118; + 10C(NV),

with probability 1 — §, where the reduced dimension k = © (10‘%25#2]”/5).

Proof.
_ <Vf0(xt), 1ZSTSVfi($t)> <SVfo ZSsz >
G i€g ZEQ
< - <Vfo(wt), ” vaxt>> el Va5 SV
1€G ZEQ
2
< - <Vfo<xf>, é > Vfi(a:f)> + gnwo )2+ Z Vfi(x
i€G 1€Q
< <Vfo DA > IV + 5= S|V
7.69 169

INA
/\
<
E"

ED ST > + %Hwo(xt) VARG + %le(xt) il

ng

+ f||Vf D%+ JZ |V fi(a*

1€G

< <Vfo Zsz > + %C(N) + 355 (01 + 62|V £ ("))

'LEQ

+ —||Vf 92 + ,Z |9 fi(at
1€G
with probability 1 — 26.
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Using Lemma[9 we obtain

fol@'™h) < fo(xt)vﬂ’]\i<vfo ZSTSVL >> LyA e R A ACD]

zeg i€g

< fola') =B % <Vfo ng > ﬂ?’fq N)
(S
v 0% Gy s i) ) + D e s 2
o (T ) Bl
< flzh) — ﬂ (1 —5e —2Ly(1+¢)® — (3+2Ly(1 +¢)* +5¢) &2) |V £ (") ]?
+ 72?\4 (3+2Ly(1 + )2 +2¢) 6 + Wff (1 + 326) ¢(N)

We first fix 69 < E‘ Then, by choosing v < % and summing over the iterations, we
get the bound

Fo(z®) — fo(zy) 4AM
T Z”vf ) < 0()’}’TO()5G+H§1+10<( )
with probability 1 — 2T5 (M +1). Therefore, to satisfy probability 1 — ¢ we need to take dimension
E—© (10g2TM/6> O
= g2l M0,

€
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C PERSONALIZATION

Our analysis heavily relies on statements from (Hanzely et al., 2020). We derive necessary inequal-
ities for the case with JL Transforms.

Lemma 14. Define x* as following:

*

) A
v = argmin fi(:) + 5 2~y
Then, if  is an A-approximate solution to the subproblem in line 7 in Algorithm 2} then
% )\ % 2 )\8 % 2
hil@) = fila®) = 5 e —yl? < A+ 5o —
with probability 1 — 20.

Proof. Define z§
A
vy = argminfi(z)+ ) 52— Syl
Then, we have
hae) - file) — Dt — gl < (mm gy - ALED e y||2)

2 2
Al — A
+ (e + 25D s =l - ) = S e = o).

We can bound the first term:
— AM1+e)
hi(a) - filwy) - 2
where the inequality holds with probability 1 — d. Focusing on the second term we obtain

* * A *
25 — ylI* < ha(z) — fileh) — 5 1575 = SylI* < A,

* )\(1 _E) * 2 * A * 2
filat) + 2Dy — gl — fila?) - 5 e~y
* A * 2 * A * 2
< fi(xs)+§||5$s—5y|| - fi(z )—§||=’E -yl
* A * 2 * A * 2
< filz )+§||Sl" = SylI” — fil= )—§||$ -yl
)\(1 +5) « 2 )\ * 2 )\5 %
< S — gl - St -yl = Sl -l
The first and third inequalities hold with probability 1 — §, and the second one due to the definition
of minimum. 0

As f; > 0 then

A A
(o) = fita) = 5lle” P < A e (£ + e ol

hilw) — (1+2) (mx*) e - y|2) N

Therefore, z is a A-approximate solution to a (1 + ¢) - (fi(2) + 5|z — y[|?). Consider F’ =
(14 ¢)F. Optimal point has not changed, therefore by minimizing F’ we will minimize F' as well.
In the literature the following result is obtained:

Theorem 6 ((Hanzely et al [2020)). Suppose, that f; is L-smooth and p-strongly convex for all i.
. 2

Let AGD with starting point y! be employed for J; o % log (1152L)\M2 (2% + 1) /f2> +

4 W(L+A)

A(p+A)
Then, we have

t iterations to approximately solve subproblem at iteration t and T iterations overall.

f@")— f. <38 (1 - ‘A‘)T (F(a®) - F.)

22



Under review as a conference paper at ICLR 2026

Since every f; was L-smooth and pu-strongly convex, f/ is (1 + €)L-smooth and (1 + ) u-strongly
convex. As the new problem is solved with new personalization level (14 &)\, number of conducted
local steps by AGD does not change. Therefore, we have

Theorem 7. (Theorem 2| from Main Part) Let functions f; be L-smooth, u-strongly con-

vex and f; > 0 for all i. Let AGD with starting point y! be employed for J; &

A(p+X)
problem at iteration t and T iterations overall. Then, we have

f@") = f.=0 ((1 - ‘;)T (f(=%) = f*)>

with probability 1 — §, where

2
ﬁTJr;\ log (1152L)\M2 (2% + 1) u2> + 4y BERN 4 terations to approximately solve sub-

2MT
410gT
T e2/2-e3/3

Remark 1. Assumption of f; > 0 is not crucial and restrictive, since one may consider f; + C,
where C' > — f;(x}), if the estimation of the minimum is known. Or, in most machine learning
problems, [ > 0, therefore no additional knowledge is needed.
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D ADMM

We consider ADMM with linear JL Transforms. First of all, we show, that applying these dimension
reductions do not change feasibility set with high probability. Then, we demonstrate, that

Lemma 15. If S is a JL Matrix, then ker S = {0} with probability 1 — §

Proof. According to Definition 4] we have
P [(1 —)|lz||? < ||Sz|* < (1 + 5)||x|\2} >1-4, VzeR™
Therefore, Vz # 0, then,
I1S2l* = (1 = e)]l=[* = 0
with probability at least 1 — §, and = ¢ ker S.

Lastly, 0 € ker S due to the linearity. O
Lemma 16. Algorithm[d]is the ADMM method for the problem
min [ Zi,b) + ri(x; 10
ninl(y  z,b) Z () (10)

s.t. SA;x; — Sz =0

Proof. According to section 8.3 from [Boyd et al.|(2011) Algorithm[d]can be rewritten as

i = argmin (rl(xl) + gHSA,»J:i — Szt + usz)
T
M M
2 = argmin (l (Z z,;;b) + Z gHSAiI§+1 — Szt + u1t||2>
z i=1 i=1
ultt = b SAIT - SRt
This update scheme is equivalent to scaled ADMM version, applied to O

From the the general ADMM convergence Boyd et al.|(2011) we have

l (sz,b) JrZr,(xf) — Dy,

K2

Lemma 17. With probability at least 1 — § problems (@) and (I0) have the same optimal value.

Proof. If pair (z;, 2;) is in feasible set of problem 10} then,

SAll‘l - SZ,' =5 (Alxl - Zl) = 0.
According to Lemma [15] ker S = {0} with probability at least 1 — ¢, hence 4;x; — z; = 0 and
(x4, 2;) is in problem (4) feasible set. On the other way, A;x; — z; = 0 implies SA;z; — Sz; = 0.
Therefore, with probability 1 — ¢ these sets coincide and

inf {l <Z Z, b) + 3 ri(@i) | SA; — Sz = 0} — inf {l (Z zb) 3 i) | Ay — 2 = 0} .
O
Theorem 8. (Theorem 5| from Main Part)

Proof. It remains to combine Lemma and Theorem 4.1 from |[He & Yuan|(2012).
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E ADDITIONAL NUMERICAL INFORMATION

E.1 PERSONALIZATION

We provide additional comparison of APGD method on datasets a9a, w8a and mushrooms. All
experiments are conducted on A100.

A9ATask, 10 clients, Proj: randk
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E.2 GraD-BANT IN DISTRIBUTED OPTIMIZATION

In the manuscript we also investigate the adversaries’ influence over the convergence process. We
consider such attacks, as Label Flipping and SignFlip. We define the number of Byzantine clients
as a percentage of the total number of clients (Figure 1). We train Grad—-BANT as well as existing
methods: Zeno (Xie et all, 2019), Recess [2023), FLTrust [2020), Centered
Clip (Karimireddy et al., 2021}, [Allouah et all, [2023), Safeguard (Allen-Zhu et all [2020) and basic
Adam (Kingma & Bal, 2014), which is not attack-robust.

Additionally, we compare Grad-BANT with PowerSGD |Vogels et al.| (2019), a well-established
benchmark in distributed optimization, utilizing communication compressions. We study its be-
haviour on training ResNet-18 on CIFAR-10.

At Figures[6a]and [6b] "Compression™ stands for the number of reduced information - "Compression”
90% stands for 10 times dimension reduction, while 50% only for 2 times. Appears, that more
aggressive reduction demonstrate better performance.
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Figure 4: APGD perfomance on LibSVM datasets
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Figure 5: Byzantine Attacks

26



Under review as a conference paper at ICLR 2026

1404

1405

1406 0.8
1407

1408 o7
1409
1410
1411
1412
1413
1414
1415
1416 0.21

Comparison of GradBANT with PowerSGD

o
o

2AVER

I
n

o
>

Accuracy

o
w

—— PowerSGD B
—— Compression 50% |
—— Compression 70%

1417 :
1418 Compression 90% |
| | | |

1419 0 5 10 15 20 25 30 35 40 45 50 55
1420 # Communication rounds
1421

1422 Comparison of GradBANT with PowerSGD
|

1423 ] ] |
PowerSGD
1424 owerSts

1425 Compression 50%
1426 Compress!on 70%
1427 Compression 90%

1428
1429
1430
1431
1432
1433
1434
1435
1436
1437
1438
1439
1440
1441

Loss

FVWwrpLoN®

eeoo0o000

o
w

10 15 20 25 30 35 40 45 50 55
# Communication rounds

Figure 6: Comparison with PowerSGD

1442 Further we compare different compression percentages and choice of random matrix influences the
1443 overall convergence. We analyze 70, 90 and 95 %. From Figure [7it can be seen, that Randk is
1444 consistently worse, than our proposed schemes.
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Comparison of GradBANT with Randk method, 70% compression
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Figure 7: Varying compression levels.
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F DECLARATION OF LLM USAGE

We employed Large Language Models to improve the clarity and style of the text.
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