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Sample Complexity Bounds for
Learning High-dimensional Simplices in Noisy Regimes

Amir Hossein Saberi! Amir Najafi’> Seyed Abolfazl Motahari® Babak H. Khalaj '

Abstract

In this paper, we find a sample complexity bound
for learning a simplex from noisy samples. As-
sume a dataset of size n is given which includes
i.i.d. samples drawn from a uniform distribution
over an unknown simplex in RX where samples
are assumed to be corrupted by a multi-variate
additive Gaussian noise of an arbitrary magnitude.
We prove the existence of an algorithm that with
high probability outputs a simplex having a ¢
distance of at most € from the true simplex (for
any € > 0). Also, we theoretically show that in
order to achieve this bound, it is sufficient to have
n > (Kz/sz) eQ(K/SNRz) samples, where SNR
stands for the signal-to-noise ratio. This result
solves an important open problem and shows as
long as SNR > Q (K'1/2), the sample complexity
of the noisy regime has the same order to that of
the noiseless case. Our proofs are a combination
of the so-called sample compression technique in
(Ashtiani et al., 2018), mathematical tools from
high-dimensional geometry, and Fourier analysis.
In particular, we have proposed a general Fourier-
based technique for recovery of a more general
class of distribution families from additive Gaus-
sian noise, which can be further used in a variety
of other related problems.

1. Introduction

Many practical problems in machine learning and data
science can be naturally modeled by learning of high-
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dimensional geometric shapes from a given set of unla-
beled data points. In particular, learning of simplices from
randomly scattered points arises in many fields ranging
from bioinformatics to remote sensing (Chan et al., 2009;
Schwartz & Shackney, 2010; Satas & Raphael, 2017). A
simplex is defined as the set of all convex combinations of
K + 1 points in R¥, for K € N. Formally speaking, our
problem can be stated as follows: assume n i.i.d. samples
are drawn from a uniform measure over an unknown sim-
plex in R, Also, each sample is assumed to be corrupted
by an additive multi-variate white Gaussian noise with a co-
variance of 021 i « i, for an unknown o. In this regard, the
main question that we try to address in this paper is: How
large n needs to be in terms of parameters such as K, o,
SNR and etc., such that the true simplex can be consistently
approximated with an arbitrarily high probability?

Learning of simplices is a well-studied task. Due to its prac-
tical importance, many heuristic algorithms are proposed to
solve this problem in different scenarios such as noisy and
sparse cases. In this paper, we focus on the theoretical as-
pects of this research area which still contains several open
problems. There exists at least one efficient algorithm for
learning of simplices that comes with a theoretical guarantee
(see Section 1.1), but still suffers from a very large sample
complexity, e.g., it requires n > () (K 22). In a concurrent
line of work, researchers work on deriving information-
theoretic bounds on the sample complexity of this problem
irrespective of their time and memory complexity. Recently,
optimal information-theoretic sample complexity bounds
are derived for the noiseless case where Maximum Likeli-
hood Estimator (MLE) is used. The output of MLE for this
problem is the minimum volume simplex which contains all
the samples which runs in exponential time'. Najafi et al.
(2021) proved that MLE is a PAC-learning algorithm for
finding a K-simplex with an asymptotically decreasing To-
tal Variation (TV) distance from the true one. They showed
that a maximum of () (K 2/ 5) (Logarithmic terms are ig-
nored) samples are sufficient to estimate the true simplex up
to a TV distance of ¢ > 0. However, the noiseless case is
unrealistic since we do not have access to clean data in real-

'Finding a polynomial algorithm with provable guarantees that
comes with a reasonable dependency on K is still an open problem.
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world situations. On the other hand, the minimum-volume
inclusive simplex which is proposed by Najafi et al. (2021)
is no longer a valid solution when samples are noisy, since
the corrupted samples are not necessarily contained inside
the true simplex.

In this work, we aim at finding the information-theoretic
sample complexity of learning simplices in noisy regimes.
Mathematically speaking, we assume samples are generated
according to the following equation:

yz:V¢z+zl ) 7;:17"'7”7 (1)

where V' is a K x (K +1) matrix that includes the vertices of
the true simplex St as its columns. Each ¢»; € R¥ is drawn
from a uniform Dirichlet distribution and z; € R¥ are sam-
pled from a multivariate Gaussian distribution N (0, 021 ).
We tackle the task of estimating the true simplex via an
exponential-time estimator S = S (y,.,,). In particular,
we prove that having at most 2 (K2 /?) HE/SNR?) hoisy
samples from a K -simplex is sufficient to estimate the sim-
plex with a /5-distance of at most ¢, for any € > 0. Here,
SNR denotes the ratio of the signal, i.e., maximum standard
deviation of the uniform measure over St, to the standard
deviation of the noise per component, i.e., o. This result
solves one of the main open problems in this area and could
justify an interesting previously observed phenomenon in
practice: Almost all heuristic algorithms perform close the
noiseless case as long as SNR is larger than a presumably
sub-linear function of dimension K. However, they experi-
ence a sudden decline in performance as SNR is decreased
further from that point.

Our approach to prove the above-mentioned bound has four
main steps. 1) We find a ball in R” which with high proba-
bility contains the true simplex. 2) This ball is then quan-
tized through covering with enough isolated points. Each
K + 1 combination of such points forms a candidate sim-
plex, and consequently a candidate density to approximate
the true simplex. As long as the covering is accomplished
with a sufficiently high precision, we prove the existence
of at least one candidate that has a small TV-distance from
the main simplex. 3) In the next step, we choose a noise-
corrupted density, i.e., the convolution of a uniform measure
over a candidate simplex with Gaussian distribution, from
the candidate set such that, with high probability, it has
a small TV distance from that of the true simplex. This
can be done using some aspects of the so-called “sample
compression” technique. 4) In the final step, we propose a
novel Fourier-based technique to show that as long as the
noise-smoothed versions of any two simplices are close to
each other in TV-distance, their underlying simplices are
also close to each other in the sense of ¢5-distance.

1.1. Related Works

We categorize the existing works based on their focus, which
could be either the efficiency of the proposed algorithms, or
the fundamental sample complexity of the problem irrespec-
tive of its time complexity. In the former, the main purpose
is mostly to provide a heuristic solution with promising re-
sults in practice. However, papers in the latter category aim
to find fundamental and information-theoretic limitations
for the problem. In the remainder of this part, we review a
number of works from both categories.

Anderson et al. (2013) proved that by having 2 (K 22)
noiseless samples, one can estimate the true simplex via
an polynomial-time algorithm. The core idea is to utilize
the third moment and local search techniques from Indepen-
dent Component Analysis (ICA) research. To the best of our
knowledge, finding polynomial-time algorithms with a more
relaxed dependence to K is still an open problem. Concur-
rently, Najafi et al. (2021) proved that sample complexity
of the MLE in noiseless case is € (K?/e), where ¢ is the
permissible TV-distance of the output of the algorithm from
the true simplex. Since MLE in this case runs in exponential
time, they also provide an alternative heuristic approach as a
practical surrogate to MLE, which still does not come with
arigid theoretical guarantee.

Theoretical attempts to tackle this problem in the noisy
setting is limited to the work of Bhattacharyya & Kannan
(2020). Their work is also based on the sample compression
technique, originally used in the seminal work of Ashtiani
et al. (2018) in learning high-dimensional Gaussian mixture
models. Bhattacharyya & Kannan (2020) prove that a noisy
simplex can be learned using (2 (K 2) samples only if there
exists at least one sample near each vertex of the simplex. In
fact, this is a very strong assumption, and a back of the enve-
lope calculation shows that one needs around €2 ((1/e)%)
samples to guarantee the occurrence of this event.

From a practical point of view, several heuristic methods
have been introduced so far in order to deal with real-world
problems in bioinformatics, hyper-spectral imaging and etc
(Piper et al., 2004; Bioucas-Dias et al., 2012; Lin et al.,
2013). In hyper-spectral imaging, one aims at finding the
distribution of the constituent elements in an area by exam-
ining remote hyper-spectral images. Each pixel in such an
image can be thought as a random convex combination of
a finite set of fixed prototypes which correspond to pure
elements that exist in that region. Therefore, the problem
of finding constituent minerals would natural translate into
estimating an unknown simplex from a set of presumably
uniform samples (Ambikapathi et al., 2011; Agathos et al.,
2014; Zhang et al., 2017). Learning of simplices in bioin-
formatics usually arises in the study of complex tissues. A
complex tissue is composed of multiple cell-types —a group
of cells with similar characteristics— such as blood, brain,
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or even tumor cells (Tolliver et al., 2010; Zuckerman et al.,
2013). Bulk data from complex tissues, such as gene expres-
sion level vectors, can again be modeled by convex com-
binations of its constituent cell-types. In this line of work,
researchers aim at finding the structure of tissues through
studying the state of cell-types, which again leads into learn-
ing a high-dimensional simplex (Shoval et al., 2012; Korem
et al., 2015).

The rest of the paper is organized as follows: In Section 2,
we formally define the problem and present our notation
and definitions. Our main theoretical results as well as the
algorithm that achieves our bounds are discussed in Section
3. Finally, Section 4 concludes the paper and presents some
suggestions for future works.

2. Notation and Definitions

We use the same notations as (Najafi et al., 2021). A K-
simplex is defined as the set of all convex combination
of K + 1 affinely independent points in R¥. Let V' =
[volvy| - Jvg] € REXE+D) be a matrix whose columns
represent vertices of the simplex, then K -simplex S can be
defined as

S{V¢‘¢€RK+1,¢>—O, ¢T11}.

Also, let us denote the set of all possible K -simplices in RX
by Si. We denote the uniform probability measure over
a simplex S by Pg, and its probability density function by
fs (z). Thus, fs (x) can be written as

1(xe€S)

fs(x) = VT(S)’

where Vol (S) denotes the Lebesgue measure (or volume)
of S.

The noisy simplex family, i.e., the class of distributions
formed by convolving uniform probability density function
over simplices in Sg by G, £ N (0, 02I), is denoted by
Gk, Mathematically speaking,

GK,oé{fS*Go"SGSK}v (2)

where * denotes the convolution operator. Obviously, the
distribution of input data points y; lie in Gk . With a
little abuse of notation, we use the term “class of simplices”
to both refer to Sk and also {fs| S € Sk} whenever the
difference is clear from the context. In a similar fashion, we
refer to G as the class of “noisy simplices”.

In order to measure the difference between two distributions,
we use both /5 and total variation distance. Consider two
probability measures P; and P, with respective density
functions f; and f,, which are defined over R, Then, TV

distance between IP; and Py can be defined as
1
TV (P1,Py) £ sup [Py (A) — Py (A)| = sl =fal,
AeB

where B is the set of all Borel sets in RX.

Definition 2.1 (PAC-Learnability of a distribution class in
realizable setting). We say a class of distributions F is
PAC learnable in realizable setting, if there exists a learning
method which for any distribution g € F and any ¢, >
0, outputs an estimator § using n > poly (1/€,1/6) i.i.d.
samples from g, which with probability at least 1—9 satisfies

g —gllrv <e. 3)

We also need to define a series of geometric restrictions
for the simplex in noisy cases. In fact, those simplices that
are significantly stretched toward on particular direction
can be shown to be more prune to noise than those with
some minimum levels of geometric regularity. We discuss
the necessity of such definitions in later stages. Similar to
Najafi et al. (2021), let us denote the volume of the largest
facet of a K-simplex (here, volume needs be calculated
in RE=1) by A.x (S), and the length of the largest line
segment inside the simplex (diameter) by Lax (S). In this
regard, we define the isoperimetricity of a K-simplex as
follow:

Definition 2.2 ((Q , 9_) -isoperimetricity of simplices). A K-
simplex S € Sk is defined to be (Q, 5) -isoperimetric if the
following inequalities hold:

Amax (S) < VOl (S)" %,
Lonax (S) < 0K Vol (S) .

The overall concept of isoperimetricity for simplices reflects
the fact that for a simplex to be (even partially) recoverable
from noisy data, it should not be stretched too much in any
direction or having highly acute angles. In other words,
sample complexity in noisy regimes is also affected by the
geometric shape of the underlying simplex.

Definition 2.3 (e-representative set). For any € > 0, we
say that a finite set of distributions G is an e-representative
set for a distribution class F, if for any distribution f € F,
there exists at least one g € G that satisfies

If —gllrv <e

Throughout the paper, we use bold lowercase letters to show
scalars, bold letters to show vectors and bold uppercase
letters to show matrices. We also use light uppercase letters
to show random variables and light lower case letters to
show realization of a random variable. In this paper and for
the sake of simplicity in notation, for any fixed 6,6 > 0,
whenever we say the class of simplices we actually mean
the class of (6, 6)-isoperimetric simplices.
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2.1. Problem Definition

In the first three parts of the paper, we aim at proving the
PAC-learnability of noisy simplices family G i . The final
part is devoted to showing that if two members in G
are close to each other, e.g., the true noisy simplex and its
consistent estimator, then the simplices are also consistently
close.

Based on definition 2.1, and in order to show that the class
of noisy K-simplices is PAC-learnable, one should find
an algorithm that for all fs * G, € Gk, any positive
g,0 > 0, and given a dataset D = {y,,y5, -+ ,y,} of
iid. samples drawn from fs * G, € Gk, as long as
n > poly (1/€,1/4), outputs a noisy simplex fg * G such
that

Pl (fs— fs) *Gollrv > €] <6. 4)

This is due to the fact that we assume samples to be drawn
from Ps and then are corrupted by an additive independent
zero mean Gaussian noise with a covariance matrix of o21.
Our ultimate goal in the first three parts of the paper is
the following: To derive explicit polynomial forms for the
lower-bound n > poly (1/¢,1og (1/4)), which (as we show
in Theorem 3.5) turns out to be
~[K? 1

n > [62 log 5} .
The final part is dedicated to show that as long as (with high
probability) (fz — fs) * G, < €, then we also have

Hfs - fSH2 < EGQ(ﬁX

where SNR £ (L0 (S) /K) /o denotes the signal-to-
noise ratio. It can be easily checked that based on the defini-
tion of a uniform Dirichlet distribution, £,,.x/ K represents
the maximum component-wise standard deviation associ-
ated to fs. This will prove our claims in Section 1.

3. Statistical Learning of Noisy Simplices

Before going through the details, let us first present an
sketch of proof for PAC-learnability of noisy simplices.

(Bounding the candidate set): In order to estimate the true
simplex from noisy i.i.d. samples, we first split our data
in half and use the first half to restrict the set of all K-
simplices in Sk to a bounded set SE which consists of all
the simplices that happen to entirely fall within a finite ball.
This way, we can eliminate very far candidates and thus
focus on simplices that are placed near the data samples. In
this regard, we construct a bounded version of Sg, denoted
by S, and prove that it includes (with high probability) the
true underlying simplex.

(Quantization): We quantize this bounded set and create
a finite e-representative set of K-simplices denoted by

/S\IQ = {&51,8s, -+ ,Sum} for M € N, such that for each
simplex S € SE, there exists some i € {1,2,---,M}

where |Ps, — Ps|l7v <e.

(Density selection): In this part, we use the second half of
data and try to choose the best simplex in Sﬁ. By the best
simplex, we mean the one with the minimum TV-distance
from the true simplex. We show that as long as the above-
mentioned sample complexity bound is satisfied, the output
of this selection procedure fall within a ¢ TV-distance of

fST * GU.

(Denoising): Finally, we show that estimating a noisy ver-
sion of a simplex leads to consistent estimation for the sim-
plex as well. This completes our proof.

3.1. Bounding The Candidate Set

In this part, we show how the first half of the dataset can be
utilized in order to bound the set of all candidate simplices
into a ball with a finite radius in R¥. This procedure is
crucial for later stages of the proof. In this regard, first let
us review the generation process of noisy samples y, for
i€ n]:

Yy~ fsrxGe = y=x+2,
:I::V‘Sd)a ¢NDiI'(171,~'-,1),
z~N(0,01), (5)

where V s denotes the vertex matrix for S.

The following lemma shows that having enough samples
from a noisy simplex fs * G, one can find a hyper-sphere
in RX which (with high probability) contains S.

Lemma 3.1 (Creating S¥). Suppose that we have a set of
ii.d. samples D = {y,,Ys, "+ , Yo } from fs * G, for
m € N. If m > 1000(K + 1)(K + 2)log &, then the true
simplex S with probability at least 1 — § is confined in a
K -dimensional sphere with center point p and radius R,
where R and p are defined as follows:

2m

1
R=8/(K+1)(K+2)D , p=5-3 vy, ©
i=1

and the variance of the noise can be upper-bounded as
02 < % = R,,, where D is defined as

1 m
D= om z; ||y2i - y2i—1||§'
i=

Proof can be found in Section B of the Appendix. This
way, the set Sg can be fixed. Next, we discuss how to
properly quantize this set in order to choose an appropriate
final candidate for the true simplex, denoted by S.
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3.2. Quantization

Let us call the hyper-sphere of Lemma 3.1 as CX(p, R),
which with high probability contains the true simplex. In
this part, we choose a set of points TL(CK(p,R)) =
{p1,Ps, - ,p,} inside this sphere such that for any point
x € CKX(p, R), there exists some i € {1,2,--- 1} such
that ||z — p, |2 < . We call T (CK (p, R)) a covering set
for CX(p, R). One way to construct such covering set is to
uniformly draw points from the sphere. We show that if the

number of drawn random points exceeds O (( 1+ 28) 2K>,

then with high probability, they form an e-covering set for
CE(p, R).

Suppose that we construct a random covering set as de-
scribed above and denote it with T.(C¥ (p, R)). Now, us-
ing each K + 1 distinct points in T.(CX(p, R)) we can
build a K -simplex. Assume we collect all such simplices in
a set called S(C¥ (p, R)), i.e.,

S(CX(p,R)) =

{S(ml,...,mK+1) x; € T.(CX(p,R)), i € [K + 1]}

K
Obviously, there exist at most (7<(%. +(’1”R))|) simplices in

S(CX(p, R)). The following lemma states that this set is a
sufficiently good representative for all (Q, 9) -isoperimetric
K-simplices inside C¥ (p, R).

Lemma 3.2. For any e € (0, 1), denote the set of all pos-
sible K -simplices with the vertices in T _ac. (CE(p,R)) as

S(CX(p, R)). Then, the resulting set is an e-representative
set for all (Q, 9) -isoperimetric K-simplices in CX(p, R),
as long as we have:

Vol (S)/%
o= —-—,
50

The proof can be found in Section B of the Appendix. This
way, the finite candidate set S? can be formed and we can
jump to the next stage of our algorithm for finding a “good”
candidate for the true simplex.

3.3. Density Selection

We take advantage of the fundamental result in Devroye &
Lugosi (2012) which plays a central role in the remainder
of our derivations in this subsection. At this stage, we have
already created a finite set of representative simplices Sg
and set out to find the “best” simplex in this set. This can
be done using the following theorem:

Theorem 3.3 (Theorem 6.3 of (Devroye & Lugosi, 2012)).
Let F be a finite class of distributions consisting of M dis-
tinct members {f1, fa, -+, far}. Also, suppose we have

n > % i.i.d. samples from an arbitrary distribu-
tion g for some €,8 > 0. Then, there exist a deterministic
algorithm <f, which outputs a number j € {1,...,M}
satisfying the following inequality with probability at least
1—4:

i~ <3 i i — de.
1f; = gllrv <3 ie{1g{¥?$M}“fl gllrv +4e. (D)

Proof can be found inside the reference. Combining the
results of Theorem 3.3 and Lemmas 3.1 and 3.2, we can
present one of our main results as follows: The set of all
shape-restricted simplices in R” which entirely fall inside
a sphere with radius R is PAC-learnable:

Theorem 3.4 (PAC-Learnability of Simplices in CX (p, R)
Corrupted by Gaussaim Noise with Bounded Variance). As-
sume p € RX, and R, R,, > 0. Then, the class of (Q, é)—
isoperimetric K -simplices contained in the K-dimensional
hyper-sphere CX (p, R) and convolved with an isotropic
Gaussian noise N (O7 021), with o < R,,, is PAC-learnable.
Specifically, for some €, > 0, assume we have at least n
i.i.d. samples from a distribution fs x G, with o < R,, and
S € CX(p, R), where the the following bound is satisfied:

log BavE | o(K 1 1) log (1 + mmf”)
€ eVol(S) K

> 50
n > =

(®)
Then, there exists an algorithm </ whose outputs S.; and
0o satisfy the following inequality with probability at least
1—4:

||fS*GU_fS,Q¢ *Ga,d“TV SE' (9)

The proof can be found in Section A of the Appendix. Let
Gk, (p, R) represent the distribution set

{fS *GG‘S c CK (pvR)}

In an agnostic setting, so far we have actually proved
tNhat for any ¢, R,R,, > 0, p € RX, and having n >
Q (K?log R/€?) samples from “any” distribution in

U GK,U (pa R) )

o<Ry

there exists an algorithm .27 that outputs a simplex S
and noise standard deviation o, such that with a positive
probability we have

| fsi*Gron — f5* Gollpy

S 4 min ||f8* * GU* - fS * GO’HTV +67 (10)

s*cck(p,R)

o* <Ry
while the first term in the r.h.s. becomes zero in the realiz-
able case. Also, note that § which represents the regularity
level in the shape of simplices is also present inside the
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bounds. In fact, trying to learn a highly stretched simplex
from noisy data can become very tricky since even a small
amount of noise can shoot almost all the samples outside of
the simplex.

Another limitation of Theorem 9 is that it requires the sim-
plices to be inside an sphere of radius R. Using Lemma
3.1, we show that this is not an actual necessity. The fol-
lowing theorem completes our first main result in this paper,
which is the complete PAC-learnability of the class of noisy
simplices:

Theorem 3.5 (PAC-Learnability of Noisy Simplices in Gen-
eral). The class of (Q, é) -isoperimetric K -simplices which
are corrupted with Gaussian white noise, i.e.,

U GK,U

o>0

is PAC-learnable. In other words, assume n > 0) (K2 /52)
i.i.d. samples from a noisy simplex fs+ G, forany S € Sk
and o > 0, are given. Then, there exists an algorithm </
which outputs a noisy simplex fs_, * G,_, which with high
probability satisfies

||fSW*Gad_f$*Ga||TVS€- (11)
Proof of the above theorem can be found in Section A of
the Appendix. Obviously, the log R dependence inside the
sample complexity of Theorem 9 has been disappeared in
that of Theorem 3.5.

3.4. Denoising

So far, we have shown that for a simplex S € Si with some
levels of geometric regularity, one can learn fs * G, up to
an arbitrarily small error as long as n satisfies the bound
in Theorem 3.4. What remains to prove is that a consistent
estimation of fs * GG, leads to the same type of estimate for
fs as well. Our approach is based on showing the following
three important properties:

 The difference function between any two distinct and
geometrically regular members of { fs| S € Sk } cor-
responds to a low-frequency function, where “low-
frequency” refers to the Fourier domain. In other
words, it means that the majority of the energy of the
difference function lies in those regions of the Fourier
domain which are close to the origin.

* Being corrupted by an additive noise is equivalent to
convolving each fs with G,. Moreover, convolution
transforms into point-wise multiplication in the Fourier
domain.

* Finally, convolution with a Gaussian kernel G, pre-
serves the low-frequency parts of the difference func-

tion. Therefore, the two simplices remain distinguish-
able even after corruption via additive Gaussian noise.

Mathematically speaking, assume Sy, Sy € Sg are distinct
and have a minimum degree of geometric regularity, e.g.,
Limax (S;) is bounded for ¢ = 1, 2. Our aim is to show that
if fs, * G, and fs, * G, have a total variation distance of
at least € > 0, then the £5-distance between fs, and fs, is
also bounded away from zero according to a function of €, o
and the geometric regularity of simplices S; and S2. The
theoretical core behind our method is stated in the following
general theorem.

Theorem 3.6 (Recovery of Low-Frequency Objects from
Additive Noise). For K € N, consider a probability density
function family F which is supported over R¥. Assume for
sufficiently large oo > 0, the following bound holds for all
f,geF:

1 / 2 —1 2

Fir-gh@P e [ 1f -,
oS S za T ) Sy
where F {-} denotes the Fourier transform and ¢ is an
increasing function with ¢ (0) = 0 and continuity at 0. Also,
assume the probability density function ) (also supported
over RX) has the following property:

inf_[F{Q} ()| = n(a),

]l o <o

where 1 () is a non-negative decreasing function. Then,
there exists a non-negative constant C' where for any o, >
Oand f,g € F with || f — gl > €, we have

H(f _g) * QHQ > (271_)%/2 (ili]% n(a) 1— C(a—l)) 7

Proof. For the sake of simplicity in notations, let 7, G, Q :
RX — C denote the Fourier transforms of f, g and Q,
respectively. Due to Parseval’s theorem, we have

2 1 2
= —— |F =G|
If = all5 2K IF = Gll;

Also, due to the properties of the Fourier transform, which is
the transformation of convolution into direct multiplication,
one can write

F{f-9+Q}=Q2(F-9).

Thus, for sufficiently large oo we have:

n) " — )+ QU = |

R

> sz}'w—ng
>/”w|w<a| @) 1F (@) - G )|

Q) (F (@) ~ G @)

2 G ()2
>0 (O‘)/|w|x<af(“’) G (w)|

> 202 (a) [1 - (a_l)] ) (12)
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The above chain of inequalities hold for all &« > C, therefore
we have:

(7= 9)% Qs 2 75 swp () VT = (a7,

(2m)

which completes the proof. O

Theorem 3.6 presents a general approach to prove the re-
coverability of latent functions (or objects, which are the
main focus in this work) from a certain class of independent
additive noise distributions. This approach works as long as
the function class as well as the noise distribution are mostly
comprised of low-frequency components in the Fourier do-
main. For example, the Gaussian noise hurts low-frequency
parts of a geometric object far less than its high-frequency
details. More specifically, we prove the following corollary
for Theorem 3.6:

Corollary 3.7 (Recoverability from Additive Gaussian
Noise N (O7 021)). Consider the setting in Theorem 3.6,

and assume the noise distribution follows Q = N (0,0%I)
for 0 > 0. Then, as long as for f,g € F we have
lf — glly > € for some e > 0, we also have

I(f —9)*Qll, =

1 2
(zﬂexxz(ﬁ% 1_C<a>emm> /2> 1

Proof. The Fourier transform of Q = N (0, oI ) can be
computed as follows:

K
FLQH @) = [[F N (0,0%)} (wi) = 7 IB/2,

Also, it can be easily checked that

inf e lwl3/2 6702/2(a2+...+o¢2) — o K(ao)?/2.
lwll oo <

By subsititution into the end result of Theorem 3.6, the
claimed bounds can be achieved and the proof is complete.

O

In this regard, our main explicit theoretical contribution in
this section with respect to simplices has been stated in the
following theorem:

Theorem 3.8 (Recoverability of Simplices from Additive
Noise). For any two (9, Q) -isoperimetric simplices S1, Sy €
Sk, given that

| fs, * Go — fs, ¥ GollTv < €
for some € > 0, we have
I fs, = fsall2 < ce™(),

where SNR denotes the effective signal-to-noise ratio which
is defined earlier.

Proof is given in Section C of the supplementary document.
The core idea is to first showing that simplices, in general,
are low-frequency objects in the Fourier domain which holds
due to their convexity and simple geometric shape. More
specifically, Lemma C.3 shows that for a geometrically
regular simplex § € Sk, we have

1 ) 1 K
@m< /Mm 7155} @ = g0 (o)

for a sufficiently large o > 0, where constants in O (+) only
depend on regularity parameters of S. This inequality is triv-
ial when K = 1, since a one-dimensional simplex is a pulse
function whose Fourier transform is a sinc(z) = 324 for
some a > 0. However, showing this relation for larger val-
ues of K requires more mathematical effort which is already
carried out in the proof of Theorem 3.8. Furthermore, we
show a similar inequality holds for the difference of sim-
plices as well. This would ultimately enable us to use the
result of Corollary 3.7 to prove the main claim of the paper.

4. Conclusions

We present the first sample complexity bounds for consis-
tent learning of high-dimensional simplices in noisy regimes.
Formally speaking, we prove that given a sufficient amount
of noisy data, one can estimate the true simplex up to an
arbitrarily small /5-error. Also, a presumably optimal poly-
nomial dependence on a number of parameters, such as
dimension has been achieved which matches those of the
already-solved noiseless case. More interestingly, we have
found theoretical justification for an already observed phe-
nomenon in practice: The performance of most heuristic
methods in learning of high-dimensional simplices undergo
a rather sharp phase transition w.r.t. the noise power, where
for SNR > Q (K'/2) they behave almost identical to the
noiseless case, but their performance severely degrades
when SNR becomes smaller. Our proofs are based on a
number of recent techniques which have been previously
used on learning of Gaussian mixture models, a number of
tools from high-dimensional geometry and a novel Fourier-
based technique for denoising. The latter technique has
applications a broader spectra of problems where general
recovery of distribution families with certain low-frequency
properties from additive Gaussian noise is under question.
For future directions in this area, one can think of analyz-
ing this problem under a broader noise and distortion model
which might match the practice even more. Also, finding the
first non-trivial and amenable polynomial-time algorithms
for this problem is an interesting line of work which has
remained open until this day.
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A. Proof of Theorems

proof of Theorem 3.4. Suppose that S is a (Q , 67) -isoperimetric simplex in R® which is confined in a K -dimensional hyper-
sphere C¥ (p, R). From Lemma 3.2, we know how to build an e-representative set, for any e > 0, for all (¢, §)-isoperimetric

K-simplices in CX (p, R). Let us denote this set with §(CK (p, R)).

Now Consider the class of all isotropic Gaussian noise, A/ (O7 oI ) with o < R,,. We denote this class of distributions

with ¥ (R,,). Consider a set C;/’:/? = {0, F= %, .
o; € C;n\/? we put N (0, 021) in a set called N (R,,). From Theorem 1.1 in (Devroye et al., 2018) it can be shown that
MK (R,) is an e-representative set for M (R, ). According to the way we build N5 (R,,), we have | (R,,) | < M.
Now we build a set of noisy simplices as follows:

,Rn}, which —=-covers the interval [0, R,,]. Now for all

Cro(B Ra) 2 { fs (2) + Gy (2)|S € 8(C¥ (p, B)), Gy € RX (R, | (14)

Now for any density function fs (x) * G, (), where S € CX (p, R) and o < R,,, we can find some S* € S(CX (p, R)),
and G, € M (R,,) such that

| fs = fs+llTv <€,
||fo - GU*”TV <e,

fs* * GJ* € @K,U(R, Rn)
Now for the distance between fg. and fZ we have:

[ fs+ * Gor — fs % GollTv <||fs+ * Gor — fs+ x Gollry + ||fs+ ¥ Go — fs % GollTV
<NGor — Gollov + || fs+ — fsl|lTv
<2e. (15)

From the above inequalities it can be seen that for any density function fs * G, where S € cK (p, R) and 0 < R,,, there
exist some density function f* € S, (CK(p, R), R,) where || f* — fs * G, ||Tv < 2e. Therefore the set @K,G(R, R,)isa
2e-representative set for the class of K -simplices confined in a hyper-sphere with radius R which convolved with a Gaussian
noise with variance o < R,,. We show this class with

Gk,o (R, Ry) 2 {fs*Go| S €Sk,S € CX(p,R), 0 < R,} (16)

Assume that we have a set of i.i.d. samples from some distribution fs * G, € G (R, R,,). From Theorem 3.3, we know
that there exists a deterministic algorithm .o such that given

. log (3|G ko (R, Ry)|?/0)
= 262

ii.d. samples from fs * G, the output of the algorithm denoted by fs_, * G, with probability at least 1 — J, satisfies:

”fS;y*G(Tm*fS*GUHTvgzg Amin Hf*fS*GGHTV‘}’Zle
feGK.U(R7Rn)

< 6€ + 4e = 10e. (17)
For the cardinality of G k.o (R, R,) we have:

G0 (R, Ry)| =[S(C(p, R)|IN (R,,) |
R.VE

€

<[S(CX(p, R))| (18)
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And, according to Lemma 3.2 the followings hold for the cardinality of g(CK (p, R)):

‘§<0K(p7 R))‘ :(‘TK“ilfip’ R”\)

IN

oc (CX(p, R))

<<1 N Q(K; 1)R>K> o

K(K+1)
_ (1 N 2(K;1)R) . (19)

‘K-‘rl

IA

Now from 19 and 18 we have:

Gxo(R, Ry)| <

K(K+1)
Rn;/I? (1 L 2AK+ 1)R> . )

Qe
Then using 20 and 17, we can say that for any € 6 > 0, there exists a PAC-learning algorithm o/ for the class of noisy
(Q, 9)-isoperimetric K-simplices in Gk , (R, R,,), whose sample complexity is bounded as follows:
10R 10R, VK (K+1) 3
log +2(K+1)210g(1+7>+10g3

n > 50 5

€

lo g30Rn\F+2(K+1) log <1+ 100R§(K-&1-1))
€Vol(S) K

=50

> 1)

In other words, given that the number of samples n satisfies the above lower-bound, then with probability at least 1 — § we
have

1fsu * Goo — fs* GollTv <€
This completes the proof. Using simple algebra, the bound can be further simplified into n > O (If—; log %) which
completes the proof. O

proof of Theorem 3.5. From Theorem 3.4, we know that the class of (Q, 9) -isoperimetric K -simplices contained in the
K-dimensional hyper-sphere C¥ (p, R) and convolved with an isotropic Gaussian noise N (O, 021), with 0 < R,,, is

PAC-learnable, with sample complexity O (f—; log %), where € is defined accordingly. And from Lemma 3.1, we know

that if we have O (K 2) samples from a noisy simplex fs * G, we can find a K-dimensional sphere which with probability
at least 1 — §/2 contains the true simplex as long as the radius R of the sphere and the upper-bound of the noise variance
R, satisty

R <4VK <1 + d/) ds (22)
K+2 ds/O’
Rn§K3<1+K+2)U. (23)

Therefore, it can be shown that there exists an algorithm .o such that given 7 i.i.d samples from Gs with

log 30Rn\ﬁ +2(K + 1)2 log (1 + 1OOR§(K11)
eVol(S) K

n > 50 ) + 2000(K + 1)(K +2) logg

€2

9 1000( K +1)3/2 ( K+2)
log6/6 + (K + 2)*log (1 + EETTEY 2 1+ 3575 ) ds

=100
€2

K? K
= <e2 log e> : (24)
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the output of the algorithm fs_, * G, _, with probability at least 1 — ¢ satisfies

||fs.(71 * thg;/ — fs* GO‘”TV < e

It should be noted that R and R,, in (24) is already replaced with the bound in the r.h.s of (22) and (23). This way, the proof
is completed. 0

B. Proof of Lemmas

proof of Lemma 3.1. To find a K-dimensional sphere containing the true simplex, it suffices to find a point p inside the
simplex and an upper-bound R for its diameter, i.e., the maximum distance between two points in the simplex. Obviously,
this ensures that the K -dimensional sphere with center point p and radius R contains the true simplex. For the maximum
distance between any two points inside S € Sk, denoted by dgs, we have

ds = —
s = max |z —yl-

max |[|[Vso, — Vso,l-
b, ESK ”“' Y

— Vv - , 25
%g}jgsgll s (Pn — D) l2 (25)

where S& represents the standard simplex in R® and V' s denotes the vertex matrix of S (Equation 4 in the main paper).
Let 0max (S) denote the maximum singular-value for the matrix V' s, and assume v, be the unitary eigenvector that
corresponds to oy (S). To be more precise, let Vs = UX VT be the singular value decomposition of the vertex matrix.
Then, omax (S) refers to the largest singular value on the main diagonal of ¥, and v,y represents the corresponding
column in V. Then, for any point € R¥*!, one can write

9 2 2
IVsaly = Y52 [Uivial| =352 (Vie)

which results in the following useful inequality:
IV slly > omax (S) vy,

For ¢, # ¢y let T 2 (¢, — ¢,) /[ ||dp — ¢y ||,» and £ £ ||p,, — b, |, In other words, let 7 represent the unitary
direction vector for the difference, and ¢ to denote the corresponding length. In this regard, we have

z|.

max ||Vs (¢, — ¢y)H2 > Omax (S) max €|fvT 7| > Omax (S) max L. (26)

max
Py by €SE L] P=vVmax

Now we should find a lower-bound for maximum possible ¢ that can be achieved for some fixed direction 7 = vy,,x. To this
aim, assume the difference vector ¢,, — (],’)y starts from any arbitrary vertex, i.e., ¢, is a one-hot vector with K components
equal to zero and the remaining one equal to 1. In this regard, the minimum possible ¢ that can be achieved (minimum is
taken w.r.t. direction of the difference vector) occurs when the difference vector becomes perpendicular to its front facet.
Since all ¢ vectors belong to the standard simplex, such difference vectors can be easily shown to be of the form A with

Ai = 1 and Aj|j7$i = 71/K,

foranyi € 0,..., K. The {5-norm of all such vectors equals to y/1 + 1/K. Thus, we have

dS > \) %Jmax (S) > Omax (S) . (27)

Assume we have 2m i.i.d. samples drawn from a noisy simplex fs * G,, denoted by {y}ffl This way, we have
y, = Vs¢, + z;fori =1,...,2m, where ¢, represents the weight vector for the ¢th sample (drawn from a uniform
Dirichlet distribution), while z; ~ A (0, oI ) is an independently drawn noise vector. Let us define D as

1 m
D= %;”yzz —yzi_lllg- (28)
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To find an upper-bound for dg, it is enough to find a high probability lower-bound for D in terms of ds. To this aim, we
rewrite D as

1 m
D= — D N Vsta — Vsdyy + 22 — 2013
=1
LS Vst~ Vi il 4 2 e — 2o 2
2m pot 21 2:—1112 2m — 2 11— 2

+ m Z (Vs — VS¢2¢—1)T (z2i — 22i-1)

1=1
1 m 2 20_2 m _ _ 2
=5 ; Vs — Vsl + o ; [22i — Z2i-1l3
V2 & T, . .
IVENY (Vs — Vs, = o 1). 29
+ - ;( sPa; sPai1) (Z2i — Z2i-1) (29)

Let us denote the three terms in r.h.s. of (29) as I, IT and ITI, respectively. Also, we have Z; = z; /0. To find a lower-bound
for D, we should find respective lower-bounds for I, IT and I1I. First, let us discuss about (I):

1 m
I= 5 Z |V sa; — VS¢2¢71H§ = fvs (Drs oy o). (30)
i=1

For the term inside of the summation, we have

HVS¢2i - VS¢2¢—1||§ S d?SW 31

1202 . (S) 12d%
Var (||VS¢2i - VS¢2¢71H§) < K3 < KBS

(32)

From the above inequalities we can see that ||V s¢y; — Vs¢py;_1 |3 satisfies the Bernstein’s condition with b = 2d% (see

eq. 2.15 in (Wainwright, 2019)). Then (from proposition 2.10 in (Wainwright, 2019)) the following inequality holds with
probability at least 1 — 6/6, for any § € (0, 1):

4log 8 d?
st (¢17"' 7¢2m)2E[st (¢17"' 7¢2m)]2\/max{ Ogéa ; }'ﬂflOg67 (33)



Sample Complexity Bounds for Learning High-dimensional Simplices in Noisy Regimes

where for the expected value of the function f we have:

E[st (¢17"' ’¢2m)] -

QH
||M3

E[IVshy — Vs3]

2
%E[|V5¢ Vs¢'|3]
Ly [vs¢ Vo) (Ved - Vsd)]
—1E[(0-¢) VEVs (8- )]
[ (vsvs (@-8) (6-4)")]
~ 5T (VEVSE[(6-¢) (6-9)"])
K 1
1 T 1 -
=_Tr VSVS<K+1)2(K+2) : :
-1 -1

1
2(K + 1)2(K + 2

-1
-1

K

;T (VEVSs (K + DI -117))

- (£ +1)Tr (VEVS) - Tr (17VEVs1))

2(K + 1)2(K +2)

1 K 1 K+1 K 1 K+1
= V(i j) — —— ) Vs(i,j
2(K+2) ;K+1 j_zl S(’L?]) — K+1 ; S(/L?])
2
1 K 1 K+1 K+1
= Vv —_— Vs(i
2(K+2) ;K+1 = S(Zv.]> K+1 ; 5(%])
1 K 1 K E+1 2
= vV e Vst
2(K+2) ;K+1 = 8(27]) K+1 ]Zl 8(27.7)
1 K | K+l
— V 2
2(K+2)ZK+1 2, Vs(i.d)
i=1 Jj=1
K+1
= V
where ‘75 and ‘75 are defined as
Vs =[v1,v2, - ,VK41]
Vs =[0,v3 —v1,v3 — V1, - , VK41 — V1)
:[,ﬁlaﬁQa”' ;ﬁK+1]
S P Sri VD ST N D)
VS 1 ) ) y VK
K+1 K+1 K+1
:[615'62,"' 76K71~)K+1]7

(34)

(35)

(36)

(37)

And ‘7; is the jth column of V's. We know that the maximum distance between any two points inside a simplex is equal
to the length of the biggest edge of the simplex. Now without loss of generality suppose that vs and v3 are the vertices
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related to this edge (if more than one edge have the maximum length, suppose that, v5 and v3 are belong to one of them).
Therefore the length of the vector vs — v associated with the maximum distance satisfies the following
ds =[lvs — valf3
=||v5 — o|l3
<|vs3 + 92113 + 2[99l

<2 (||9sl3 + [19213) - (38)

Now the following inequality can be deduced from 34 and 38

1

From 33 and 39, it is easy to show that if we have 2m > 2000(K + 1)(K + 2)log ¢ i.i.d. samples from Ps, then with
probability at least 1 — g (for any 0 < § < 1), we have

d2
f(¢1a¢27"' 7¢2m) 2 v

T 8(K+1)(K+2) “0)

Next, we should find a lower-bound for the second term in the r.h.s. of 29, i.e., II.

In 29, z;s are drawn from a multivariate Gaussian distribution with mean vector 0 and covariance matrix ¢2I. Then,
2} = Z9; — Z9;_1 is also a zero-mean Gaussian random vector with covariance matrix I, and as a result ||2}||3 is a

Chi-squared random variable with K degrees of freedom. We know that a Chi-squared random variable with K degrees of

freedom is sub-exponential with parameters (2 VK, 4) and therefore 5 >~ | ||2}|3 is a sub-exponential random variable

with parameters (\/ K/m,2/ m). Then the following holds with probability at least 1 — ¢/6:

m m

1 | o 5K 6
P i— 22i—1ll2 =2 5= ) E|[[z2i — Z2i1])5) —/ —log
Qm;sz Z2i-1l3 _Qm; (122 — Z2i1l3) ——log
K KT
-2 m 0g5
>K K
=2 "\ 1000(K + (K +2)
K K -2
SO P (41)
2 2

Based on the above inequalities, we can give a lower-bound for the second term in the r.h.s. of 29:
202 O~ . _ 9 9
Il = %;Hzgﬁz%_luz > (K —2)o. (42)
Now to find a lower bound for D (S), we only need to give a lower bound for III, in the last inequality of 29. For this part

we have:

(2

T, _ ~
I = (VS¢2z‘ - VS¢’21‘71) (22i — Z2i-1)

S
M-

<
Il
—

(VS¢21‘ - VS¢2¢—1)T z;

<
Il
-

Il
25 =3 3
i

NE

92i,b2i—1 (zl{l’ 21{27 e )ng)’ (43)

-
Il
_
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where in the above equations we have:

T
E (9gisbai (75205 2")) =E (Visg; — Visg 1) E(2) =0. (44)
To find a lower bound for ITT we try to bound e, ¢,;_, (2/%, 2%, , 2/™) from below. To do so, we write the concentration
inequality for this function as follow:
)\g i i 221,222,---727{7”
oo . E¢2i;¢2i—1az; [6 2002 1( )}
P (g¢2i»¢'2i71 (Zz Y R0 s 5 ) > 6) < ohe
E(ﬁzi,szi—hz; [e’\9¢2iv¢2i—1(41@1{2"" ’Zi{m)}
- eAe
2 m
R L G |
= o : (45)
where g¢.,; ¢,;_, (%) is a lipschitz function with respect to z':
|92i.62i—1 (21) = Gdpaibain (22) | S (Vs = Vs 1 2ll21 — 22l2
< 2ds|lz1 — 22l (46)

From Lemma (2.27) in (Wainwright, 2019) we know that any L-lipschitz function of a Gaussian R.V. is sub-Gaussian. As a
result, we have

71 12 "m 7\'2 2 2
Ezi |:e)\g¢2i’¢2i—1(zi N AR )} < e%&. an
From inequalities 47, 45 and equation 43 we have:
)\2772,1%0.2
m Eg,, o {e o ] >
ov2 . Lream — s
P (2771 2911721‘,4)21‘—1 (ZZ) < 6) < I/\Ilzl{)l ehe <e *TisT. (43)
Then if we have 2m > 2000(K + 1)(K + 2)log ¢, i.i.d samples, then with probability at least 1 — g we have:
Li(qu-—qu- )" (22 — 22im1) > — rods (49)
gm £\ ST BTl AE T E = oy K+ 2)(K + 1)
Now from inequalities 40,42, 49 and equation 29 we have:
d% 9 mods
> + (K —2)o” —
8(K +1)(K +2) ( ) 20/(K +2)(K + 1)
2
d% dsv/m
= +|(ovVK —-2— —
8(K +1)(K +2) ( 40/(K +1) (K +2) (K —2)
d2
Cal (50)
1600 (K + 1) (K +2) (K — 2)
d 2 2 2
(K -2)0%+ [ 22— s o 51
(K =2) <1oﬂ 22/ (K + V(K 1 2) 200 1

From the inequalities 51 and 50 it can be seen that if we have 2m > 2000(K + 1)(K + 2)log Y then the following
inequalities with probability at least 1 — §/2 give upper-bounds for the maximum distance between two points in the simplex
S, and the noise variance o

ds <4\/(K +1)(K +2)D = R. (52)

D
2<_—~ =R, 53
7 2K-3 &)
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In the same way we could also give an upper bound for D. The following inequalities hold with probability more than
1—0/2:

2 d
D<-—5_ 40K +2)+ TS
K +2 20,/(K +2)(K + 1)

ds 2
< | — + K+2
<\/K+2 7 >
2 K +2\?
ds (1+ i ) (54)

K +2 ds/o

=02 (K+2)(1+ dS/U)2 (55)
K+2)

Based on equation 52 and inequations in 54 and 55, we can give an upper bound for the radius R in 52 and noise radius R,,.
The following inequality holds with probability at least 1 — 4:

K+2
R§4\/K+1(1++) ds (56)
ds/o
K +2 ds/O’
< 1 .
Rn_K3(+K+2>U (57)

Now the only thing we should do is to find a point inside of the simplex. To do this we define a new statistic p as follows:

2m

2m 2m 2m
1 1 1 1
p—%g ml2"7’1/1_51‘/8¢l+z1VS<%2_51¢1>+2/]’n1_Elle+II (58)

=1

It is clear that ’I” is placed inside of the true simplex. So the distance between p and a point inside the main simplex can be
calculated as follows:

in||p -z, < 5
min [|p — x|, < (59)

1 2m
2 2%

2

. 2 . . . . . 2
In the above equation ﬁ 21:1 z;, 1s a zero mean Gaussian random vector with covariance matrix g—mI , therefore

I ﬁ S z;||3 is a chi-squared random variable with K degrees of freedom, and so we can write concentration inequality
for it:

2
2m
3
_ =z
2m 4 !
i=1 2

Then with probability at least 1 — § we have the following inequality:

K 2 ’77L2E2
~ 29 > €| <2 swen. (60)

P
‘ 2m

Ko? o2 2

i —z|2 < —1/2K log =

;négl”p zll> < 2m + m og5
Ko? 2

<

log 5 61)

Now if we have 2m > 2000(K + 1)(K + 2) log %, then we can rewrite the above inequality as follows:

. o < 2
rmnelgllp x|z < (62)

g
10vV10VEK + 2

As we mentioned earlier, the first part in the right hand side of the inequality 58 , ﬁ Zf;"l V s¢,, belongs to the interior of
the simplex. Then a K -dimensional sphere with radius R and centered at this point, with probability at least 1 — ¢ contains
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the simplex S. However, in the process of learning we do not have access to the noiseless data and thus cannot have such a

point as the center of the sphere. Let us show the distance between p and ﬁ Zf;”l V s with d. Then, it is clear to see that
the K -dimensional sphere with radius R + d and center point p, contains the sphere with center point at % fol Vso,

and radius R. So any simplex which is placed in sphere C¥ (51 Z?;”l V s¢,, R) is also placed in sphere C¥ (p, R + d).

So we conclude that if we have 2m > 2000(K + 1)(K + 2)log Y i.i.d. samples from G then the main simplex S with
probability more than or equal to 1 — § will be confined in a K -dimensional sphere with center point at p and with radius R:

vD
R=4/(K+1)(K+2)D+ —/—
VIEADE+DD + 0
1
<4/ (K+1)(K+2)D |1+
<4V ) ) < 160(K +2) K+1>
<8V(K +1)(K +2)D. (63)
This completes the proof. ]

proof of Lemma 3.2. Consider a (Q, 9_) -isoperimetric K -simplex S, which is bounded in a sphere C¥ (p, R). It is clear that

all vertices of this simplex {v1,...,vx1} are placed in CX (p, R). From the definition of Toee (CE(p, R)), we know

(013

Enk Assume for

that for each vertex of the simplex v;, there exists some v; € T o, (CK(p, R)) such that ||[v; — vz <

each vertex v; of S, we denote its closest point in T ac. (CK(p,R)) as

¥; = argmin {|vi — 02| D € T es (CE (p, R))} )
Using these points we make a new simplex S. Ttis clear that S belongs to S (CK (p, R)) Assume f5s and fg denote the

probability density functions that correspond to S and S, respectively. Then, the TV-distance between fs and fg can be
written and bounded as

TV (PS,Pg) = SIA}p PS (A) —P (A)

8

/ fs (x) — f5 ()
ze{z’:fs(x')>fg(x’)}

/m68§f8 (x) — fs(z) + (/me3m§fs (x) — f5 (:1:)> 1 (Vol (S) < Vol (g))

S/ Afs(m)—f§(m)+/ | fs(x) = fs(x)
zeS5-S zcSNS

Vol (S - §)

P 1 1

(64)

where S — 8 shows the set difference between S and S. Let us denote the two terms in the rh.s. of 64 as I and 1, respectively.
To find an upper-bound for the T'V-distance in 64 we find respective upper-bounds for I and II. In order to do so, first let us
discuss about I:

Vol (s - §)
I=—+—+—~ 65
Vol (5) ©5)
The distance between vertices of S and S are less than Kail, then the maximal difference set (in terms of volume) between

S and S can be bounded as follows: simplex has K + 1 facets, and the difference set that can occur from altering each of



Sample Complexity Bounds for Learning High-dimensional Simplices in Noisy Regimes

them is upper-bounded as < A; (S) x ae/(K + 1), wherei = 1,..., K + 1 denotes the facet index. This way, for I we
have:

K +1Vol(S)
< aeAmaz (S)
< aelVol ¥ | (66)

K+1 )
I S Z (673 Al (S)
i=1

where A;,q. (S) is the volume of the largest facet of S. In the final inequality of 66, we take advantage of the isoperimetricity
property of S. Next, we should find an upper-bound for the second term in the r.h.s. of 64, i.e., IT:

N1 1
1T = Vol (3 n S) ‘Vol & V@ ‘ 67)

To find an upper-bound for II we should find an upper-bound for Vol (§ ) To do so, we create a “rounded” simplex S”

which forms by adding a K -dimensional sphere with radius 7 = 25 to the original simplex S. It can be shown that Sis

definitely placed inside 8" and therefore Vol(S) < Vol(S™). In this regard, we have

PN 1 1
I = - N
I = Vol (s N s) ‘ WE ~ Vald)

< Vol(S) — Vol(S)
- Vol(S)

Vol(8™) — Vol(S)
- Vol(S)

& e ae \* 1
< A K +1)Cq
- (; K+1A (S)+ (& +1)C <K+1) ) Vol(S)
e e K 1
< K+1)—Anax K +1)C,
- <( * )K+1A ax (8) + (K +1)C (K+1> > Vol(S)
< 20elVol 7 (68)
K
where C, ( Kajl) is the volume of a K'-dimensional sphere with radius = 2. Now, using 66 and 68 we have
TV (Ps,Pg) < 3aefVol X < ge <e. (69)

From 69, it can be seen that for any (6, §)-isoperimetric simplex S which is bounded in a K -dimensional sphere C* (p, R),
there exists at least one simplex in g(CK (p, R)) within a TV-distance of € from S. Thus the proof is complete.

In the end, it is worth mentioning one possible method to build an e-covering set for a K-dimensional sphere CX (p, R).
Although there exists deterministic ways to build this set, an alternative approach is by uniformly sampling points from the
sphere. Consider an ¢/2-packing set with size L for the sphere. Based on the result of the “coupon collector problem” we
know that having L log(L) uniform samples from the sphere guarantees with high probability that there exists at least one
sample within a distance of €/2 from each element of the packing set. Therefore, the resulting samples are an e-covering set

- . e . 2K
for the sphere. Hence, the cardinality of an e-covering set built in this way is at most ( 1+ %) . O

C. Consistency Analysis

Assume S1,S» € Sk represent two arbitrary simplices in R¥. In this regard, let Ps, and Ps, denote the probability
measures, and fs, and fs, represent the probability density functions associated to &1 and Sa, respectively. Let us assume
that S1, S have a minimum degree of geometric regularity in the following sense.
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Definition C.1. For a simplex S € Si with vertices 0, ...,0k € R, we say S is (5\, A) -regular if
A S Amin (6) S )\max (@> S 5\3

where Apax (+) and Apin (+) denotes the largest and smallest eigenvalues of a matrix, respectively. Here, © represents the
zero-centerd vertex matrix of S, i.e.,
CE [0 — Og|--- 10Kk — O0].

This definition has tight connections to the previously used notion of (é , Q) -isoperimetricity which is already used in the
main body of the manuscript. In fact, it can be shown that £,,x = O (5\) and vice versa.

Our aim is to show that if the noisy versions of &1 and Sa, which we denote by fs, * G, and fs, * G, respectively, have a
maximum total variation distance of at least ¢ > 0, then the TV distance between Ps, and PPs, is also bounded away from
zero according to a function of €, o and the geometric reqularity of simplices S; and Ss. The theoretical core behind our
method is stated in the following general theorem.

Theorem C.2 (Recovery of Low-Frequency Objects from Additive Noise). For K € N, consider a probability density
function family % C M (RK ) i.e., a subset of distributions supported over R . Assume for sufficiently large o > 0, the
following bound holds for all f,g € F:

1

oK F w)—F )2 a~ ! _ 27
a L, @ -Fe@rsce) [ 15

where F {-} denotes the Fourier transform, and ( is an increasing fuction with ¢ (0) = 0 and continuity at 0. Also, assume
the probability density function Q € M (RK ) again for a sufficiently large o« > 0 has the following property:

inf_[|F{Q} ()] = n(a),

[ [PSNCY

where 1) (-) is a non-negative decreasing function. Then, there exists a non-negative constant C where for any o, > 0 and
f,9 € Fwith || f —gl|ly > e, we have

€

I =9+ Q> 5 (sup (@) V=Tl ).
(2m) a>C

with x denoting the multi-dimensional convolution operator.

Proof. For the sake of simplicity in notations, let F,G, Q : RX — C denote the Fourier transforms of f, g and Q,

respectively. Due to Parseval’s theorem, we have

1
(2m)"

If = gll; = 17 = Gl5-

Also, due to the properties of the Fourier transform, which is the transofrmation of convolution into direct multiplication,
one can write

F{f-9+Q}=Q2(F-9).

Thus, there exists universal constant C' > 0 such that for any @ > C:

(QW)KII(f—g)*QHg:/ 1Q (W) (F (w) = G ())I” (70)

REK

> QwQ}'w—gw2
/Mga' (@) |F (@) — G )|

2 Gl
>0 <a>/|w”oo<a|f<w> G (w)|

> 202 (a) [1 - (a_l)] )
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The above chain of inequalities hold for all o > C, therefore we have:
€
(2m)

which completes the proof. ]

I(f = 9)Ql5 >

K sup 77(04) 1- C(a_l)a (71)
a>C

Theorem C.2 presents a general approach to prove the recoverability of latent functions (or objects, which are the main
focus in this work) from a certain class of independent additive noise. This approach works as long as the function class as
well as the noise distribution are mostly comprised of low-frequency components in the Forier domain. For example, the
Gaussian noise hurts low-frequency parts of a geometric object far less than its high-frequency details. More specifically, we
prove the following corollary for Theorem C.2:

Corollary C.3 (Recoverability from Additive Gaussian Noise N (0,0%I)). Consider the setting in Theorem C.2, and

assume the noise distribution follows Q = N (0,0%I) for o > 0. Then, as long as for f,g € F we have || f — g||, > ¢ for
some ¢ > 0, we also have

I(f—9)*Qlly > % (Sup 1-¢ (i)eK(mfm)

(2m a>C

Proof. The Fourier transform of Q@ = N (0, 0%I) can be computed as follows:

K
FAQ} ) = [[F N (0,07)} (wi) = e7 Il (72)

Also, it can be easily checked that

inf e lwl3/2 — 6—02/2(a2+...+a2) — ¢ K(a0)?/2.
el o <o
By subsititution into the end result of Theorem C.2, the claimed bounds can be achieved and the proof is complete. O

In this regard, our main explicit theoretical contribution in this section with respect to simplices has been stated in the
following theorem:

Theorem C.4 (Recoverability of Simplices from Additive Noise). For any two (X, A)-regular simplices Sy, Sy € Sk with
A A > 0, given that

1
Drv (Bsyucy P, = 5 [ I(fs. = fo) +Gal < =

for some € > 0, where G, (for o > 0) represents the density function associated to a Gaussian measure with zero mean and
covariance matrix ofazIKxK inRE je, N (0, O'QI). Then, we have

DTV (Psl s Psz) S geQ( SI\JII;Z ) R

where SNR £ % denotes the effective signal-to-noise ratio, which is the ratio of the standard deviation of a scaled uniform
Dirichlet distribution to that of the noise, per dimension.

Proof. Proof is based on properties of the Fourier transforms of simplices S; and Ss. For K € N, and any integrable
function f : RX — R, the Fourier transform of f, denoted by F {f} (w) : RX — C is defined as follows:

F{f}(w) 2 / f(@)e @ =da. (73)
xERK

Throughout this proof, for S € Sk, let us denote by Fs the Fourier transform of fs, i.e., the uniform proability density

function over S. Also, the inverse Fourier transform which recovers fs from Fg can be written as

1

T o

fs (x) /GRK Fs(w) e’ @,
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In this regard, let Ak represent the standard simplex in R® which means a K-simplex with 8y = 0 and ® = I. We begin
by deriving a number of useful properties for A i through the following lemmas.

Lemma C.5. Let Za, (w1,...,w;) : RF — C for k € [K] represent the Fourier transform of fa, in R¥. Also, we have
wip 2 (w1, ... ,wk). Then, the following recursive relation holds for k > 1:
k .
I, (W) = o [?Ak_l (Wik—1) — € “*Fa,_, (W1 — Wy oo, W1 — wk)] )

Proof. Forany (1,...,2;) € Ag, Let Z; 2 21 + ... + x; fori € [k]. Then

1-Z4 1—Zk_1 .
T, (wig) / / / Kle it twse) qpy  day (74)

1—Zk_o . 1-Zk 1 X
— / .. / kle~Hwizit . twp—12k-1) / e "“rThdry | doy ... dog_1,
0 0 0

where a uniform probability density function over A, has been assumed to be fa, (z) = (k)1 (x € Ay) for all x € R”,
due to the fact the Lebesgue measure (or volume) of the standard simplex is 1/k!. Since we have

1-Zg 1
e*iwkibkdxk — 1 (1 _ efiwk(lfzk,l))
0 ZOJk ’

the Fourier transform can be rewritten as follows:

k 1-Zg_2 )
Fa,, (wig) :m / = / (k- 1)!6_1(“’111+"'+“’“*1r’“*1)dxl coodag_q

oWk 1—-Zk 2
/ / kE—1)! He iwi—w)i | oy L dag g

= [yﬁk L (Wiik—1) — MkyAk 1( l_wkv'--awkfl_wk)]v (75)
’ka

which completes the proof. O

Lemma C.5 gives us a recursive procedure to produce the Fourier transform, or derive usefull properties for K -dimensional
standard simplex through tools such as induction. The following lemma establishes a relation between the Fourier transform
of the standard simplex and that of an arbitrary simplex in Sx with a non-zero Lebesgue measure.

Lemma C.6. For a simplex S € Si with vertices 0y, . .., 0 and a reversible zero-translated vertex matrix ©, we have

Fs (win) = e @i Fy (GTWI:k) :
Proof. Let fs : RE — R denote the probability density function associated to S. Then, it can be seen that

Is (@) = det( )

In this regard, one just needs to write down the definition of Fourier transform for simplex S and utilizes the change of
variables technique as follows:

———fax (@7 (z—0))), VxeRE

Fs (wik) = / fs (x1:x) efiwi’cml:’“d;l:l coodag (76)
RK
= ; fA (@71 (a: — 00)) 67iw’£km1:kdzl .odxg
det (®) Jpx *°F
= ¢~ iwixbo fag (Uix) e~ WOk L duy,
RK
= efiw?:kGOg‘AK (@Tw1:k> ) 77

Therefore, the proof is complete. O
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In the following lemma, we show that the uniform measure over the standard simplex Ay corresponds to a low-frequency
probability density function. This would be the first step toward using Corollary C.3, in order to prove Theorem C.4.

Lemma C.7 (Low-Pass Property of Ag). There exists a universal constant C' > 0, such that for « > C and K € N the
uniform probability density function over A, i.e., fa, : RE — R>o, is a low-frequency function in the following sense:

Vol(AK)/ _ ) <K>
YollBk) F <o(2), 78
(2m)™ ||w\|m2a| ac WP =015 79

where by ||w|| ., we simply mean max;¢ g |w;l.

Proof. Proof is based on the direct analysis of the Fourier transform of fa,, which we denoted as .%a,. (w). We take
advantage of the fact that the K'-dimensional unit hypercube [0, 1]K can be thought as the union of K'! properly rotated and
translated versions of A .

Mathematically speaking, assume the ordered tuple of unit axis-aligned vectors E = (1y,...,1k), where 1, for i € [K]
denotes the one-hot vector over the ith component. Then, let V,..., Vg € REXK pe the set of orthonormal matrices,
where each matrix transforms E into one of its K'! possible permutations, i.e.,

(Vily,...,Vilg) = (1101',17 . '71pi,K) , p; € Perm ([K]).

In this regard, we already know that there exist K! corresponding vectors b, ...,bg1 € RX, such that the following
combined probability density function

K!
1
K! Zf(vi[AK+bi]) =[Ok (719)
Ti=1

where f,. denotes the pdf over the K -dimensional unit hypercube. Also, it should be noted that any two distinct summands
in (79) have an empty overlap. In fact, each V; [Ax + b;] represents a translated and rotatated version of the standard
simplex Ag.

Next, one can see that

1 K! 1 K!
J:{I(' Zf(vi[AK+bi])} = E Z‘F{f(vi[AKeri])}
i=1 i=1

K!
S ez, (Vitw), (80)

i=1

1
T K!

where we have used the result of Lemma C.6. Also, note that V', 1 — V; for all 7, and V;w represents a permutation of the
components of w. As a result and due to the symmtery of the standard simplex A g and also the /,,-norm w.r.t. the ordering
of the edges, we have

|l @ = [ 1Fa Vel = [ (s w@P, vkl 6
lewll<a

lwl<e lwl<a

Now, using (79) we have:

/|w|<a

_ .
a —iw” (b;—b;)
jVZIAKJV‘;lAK‘ ‘6 I

2 | K
(K)? %-:/wnm

1 ) 1 1
= — % 1-— 10| —-). 82
= /MSQVAK ()| +( K!) (a) (82)

The latter term in the r.h.s. of (82) corresponds to the (K !)2 — K! summands for which we have i # j. In fact, if ¢ # j and
based on the fact that Fourier transform preserves inner product®, we have

K!

1

w7 2 F Uwviasn}
=1

/ ‘yViAKijAxe_Zw (bi—by)
]RK

- /RK fVi[AK+bi}ij[AK+bj] =0,

This is a direct result of the fact that Fourier transform is an “orthonormal” transformation.
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which holds since A; £ V; [Ax + b;] and Aj £ V; [Ak + bj] do not overlap with each other. However, when we add

the constraint ||w|| < «, we effectively take the integral over the hypercube [—c, o] instead of the whole R%. This
procedure is equivalent to the innner product of the two “smoothed” versions of fa; and fa; in the spatial domain. Here, by
“smoothed” we simply mean being convolved with a K -dimensional sinc function with parameter «, i.e.,

K .
. a sin (auz;)
sincgy, i () = H — .
SToaT

Hence, we have
/ |fA,ijAj| :/ [fa, *sincq, k] [fA]. * sinc%K] , (83)
|wl <« RE

which is at most O (1/«), since only the leakages that are due to sinc, x overlap with each other.

On the other hand, the Lh.s. of (82) represents the integration of the Fourier transform of O within [—c, a]K. Therefore,

we have
(27T)1KK! /|w|<a Fax @) 2 (2;) /|w||<a o @) =0 <i‘)
K S 2
Mo (L1 =]) -(2)
(1——1—0 1))K—O<i>
1-0 <K> (84)

where we have used Laurent series expansion for the integral of sinc function to derive the bound. Finally, noting the fact
that we have Vol (Ag) = 1/K, and also the Parseval’s theorem:

1 VOI(AK) B 1
(2m)K /RK| / fa (= " Vol2 (Ag) = VoI (Ax)

completes the proof. O

So far, we have managed to show that the standard simplex A is associated to a low-frequency PDF and thus would
preserve a minimum level of information even after getting corrupted by additive Gaussian noise. Using Lemma C.6, one
can simply extend this notion to any (5\, A) -regular simplex. Before that, let us also extend this notion of “low-frequency”
property to the difference function

fax — fa.(ak+b.)s (85)

where the linear transformation matrix A, and translation vector b, (for € > 0) are e-controlled perturbations that alter the
standard simplex with the following magnitude

Drv (Pag:Pa.(ax+b.)) = €
This task is more challenging since the difference PDF function in (85) can be both positive and negative, and in fact,
integrates to zero over R”. However, the following lemma states that such functions for any A, and b, are “band-pass” in

nature: even though in the Fourier domain they become exactly zero at the origin, they also become infinitesimally small in
terms of magnitude as one asymotitically increases ||w||

Lemma C.8 (Low-Frequency Property for Difference of Simplices). For € > 0, Assume the linear transformation matrix
A, € REXE ywhore A j = 6;; + O (g), with §;; denoting the kroecker’s delta function. Also, assume the translation vector
b. € RX where b; = O (¢). Let A . denote the simplex A, (A + by ), and assume the total variation distance between

Pay and Py, _ise. Then
' 1 / Ke
— T, — Fa H <0( )
@M Jjwlzall” 6 7 B

«

for sufficiently large o > 0.
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Proof. Based on Lemmas C.7 and C.6 and for sufficiently small ¢, we already know that both %A, and % Aj . are

low-frequency functions in the following sense: their normalized /5 energy outside of the hypercube [—c, a]K is at most
O (K/a). We also know that
: /
K
2m)" Jjwllza

due to the assumption of the lemma. However, in order to prove the < O (Ke/«) bound, we need to prove another
important property: that the energy distribution of the difference function is not significantly controlled by ¢, e.g., it does not
concentrate on high-frequency regions with |lw|| > O (1/e).

=0(e),

g\AKf‘g\A

K,e

Before going further into the mathematical details of the above statement, let us present a better view on the Fourier
transform of a simplex. We start this procedure with computing .#a .. In this regard, we show the following relation holds
fork e N:

—1

k
k' 7zw
Fae=g0_ (1-e™) wr H —w)| - (86)
(=1 VEA

Proof of (86) is by induction. Base: First, we show the equality holds for the simple case of k£ = 1. Step: Then, we prove
that for k > 2, if the relation holds for £ — 1, then it also holds for k.

Base For k = 1, it can be readily seen that a uniform measure over Ay is a unit pulse function over the interval [0, 1].
Therefore, the Fourier transform of fa, is already known to be a sinc function, i.e.,

1 ) 1 — e~ iw
Fa, )= / ey = (87)
0

()

which matches the formulation of (86) if one sets k£ = 1.

Induction step Assume (86) holds for £ — 1. By taking advantage of Lemma C.5, we have:

k —iw
Fa, —Wk (‘FAk (Wi wpm1) — e R FA L, (w1 — Wy e, WE— —wk)) (88)
-1
k—1
(k—1! k iw
=TT > (1—emr) WH wj — we)
=1 j£L
-1
k—1 k—1
—e (1 - e_l(w_wk)> (we = wi) [ (wj = wr)
=1 j#b
P Ry . . . -
:i—' Z (wi —we) (1 —€e7™) —wg (67 — e7™*)) |wewy, H — wy) (W — we)
=1 J#L
L= _ _ -t
:i—' Z (wk (1 — 67“"‘") — wy (1 — 67“”“ WpWp H — wy) (W — we)
(=1 Jj#L
-1
k—1 k ; k=1 k
k! . Kl (1 — emion 1
==y (1—e) Jwe [ ] (wj —we) —k<>ZH :
(3 — ; (3 WE — - Wi —wy
=1 J#L =1 j#t
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which again matches with the formulation of (86) and therefore completes the induction step. Here, for the last equality we
have used the following mathematical identity:

End of induction

-1

K K
K' —tw
Fax = Fap. ZFZ@*B ‘) weH(wj*we) (1 —re(w)), (89)
=1 P,

where

.
T 1 —e™w @ wy wj — wy
e (w) 2 e be —
1 — e—iwe wTagjl;[ZwT(aj—ag)
sy (wg/2+5$w/2) ) )
= 1 e : ) (90)
sin(we/2) 1+ (w/wr)" 8 ]1;[12 I

where a; denotes the ith row of A.. Also, we have assumed a; = 1; + d; with ||d;]| _ , 7 € [K] being upper bounded by
O (&) according to the definition of A.. It can be readily checked that 7, (w) = 1 + O (¢). Also, the multiplicative factors
that form 7, (w) are either not dependent on ||w/||, (dependence is only on the direction, and not the magnitude) or they
oscillate as a function of magnitude. This implies that ry (w) which appears solely due to the difference between the two
simplices does not behave differently in regions which are far from the origin or the areas in its vicinity.

Due to the above derivations, the difference function has a similar behaviour to that of .#a . (w) and thus we have

1 2 Ke
- <o(==2),
(2m)" /Hw|oo>a B < a )

which completes the proof. O

Fax — Fa,

€

With the help of Corollary C.3 and Lemmas C.6, C.7 and C.8, we can finally prove the claimed bound. Let simplex S; and
S5 to have the vertex matrices @4 and -, respectively. Also, we have already assumed

A S Amin (67,) ) )\max (81) S 5\ fori = 17 2.

Then, based on Lemma C.6 and for a sufficiently large o > 0, we have

[ imser=
llwll oo 2 llwll oo 2

1 / )
det (©) uwuwzxa‘ l

< \E'j;r();)o ()i()z) ! O

7 (o)

for ¢ = 1, 2. Therefore, Lemma C.8 would consequently imply the following relation for the difference function of the two
simplices:

1 K
(27T)K/| > |ﬂ51—932|2§0</\a) /]RK (f31_f82)2a 92)
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which facilitates the usage of our main general result in Theorem C.2, and more specifically Corollary C.3 which leads to
the following relation:

K 2
||(f81 - f$2) * GO’||2 > ||f51 — fszH2sup < 1—-0 (M>6—K(Uo¢) >

> |\fs, — fsull, e O (amnz), 93)

since o« > ) (K / 5\) guarantees that the 1.h.s. of the bound remains positive, while gives the minimum possible exponent (at
least order-wise) to the exponential term. Combining the fact £5-norm < ¢;-norm together with theorem’s assumptions, we
have

||(f81 - sz) *GUHZ < ||(f51 - sz) *GU“l < 2e.

Consequently, (93) implies the following upper-bound on the ¢2-norm of the difference PDF function fs, — fs, as follows:

Ifs, — fs, 1y < ee®(svmz),

and completes the proof. ]
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