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Abstract
We study the theoretical properties of the interactive learning protocol Discriminative Feature Feed-
back (DFF) (Dasgupta et al., 2018). The DFF learning protocol uses feedback in the form of
discriminative feature explanations. We provide the first systematic study of DFF in a general
framework that is comparable to that of classical protocols such as supervised learning and online
learning. We study the optimal mistake bound of DFF in the realizable and the non-realizable set-
tings, and obtain novel structural results, as well as insights into the differences between Online
Learning and settings with richer feedback such as DFF. We characterize the mistake bound in the
realizable setting using a new notion of dimension. In the non-realizable setting, we provide a
mistake upper bound and show that it cannot be improved in general. Our results show that un-
like Online Learning, in DFF the realizable dimension is insufficient to characterize the optimal
non-realizable mistake bound or the existence of no-regret algorithms.
Keywords: discriminative feature feedback, interactive learning, mistake bound, teacher class

1. Introduction

In this work, we study the theoretical properties of the interactive learning protocol Discriminative
Feature Feedback (DFF) (Dasgupta et al., 2018). Classical learning protocols, such as Supervised
Learning (Vapnik and Chervonenkis, 1971), Online Learning (Littlestone, 1988) and Active Learn-
ing (McCallum and Nigam, 1998), involve interaction between the learner and the environment
that is based only on examples and labels. However, learning in real-world environments can in-
volve many other forms of interactions that provide rich feedback and can speed up learning. The
theoretical study of protocols with rich feedback can shed light on their properties.

The DFF learning protocol uses feedback in the form of discriminative feature explanations.
In this setting, the learner provides an example as an explanation for each of its predictions, and
the teacher provides the correct label and a feature explanation whenever the learner’s prediction
is incorrect. As an illustrative example, suppose the learner classifies a given image of an animal
as a zebra, and provides as explanation an image of a previously seen zebra. Then, the teacher
responds that the animal is actually a horse, and explains that unlike the example provided by the
learner, the animal in the new image does not have stripes. Thus, the provided feature discriminates
between the two examples and explains why they have different labels. This type of feedback has
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been successfully used in practical applications (e.g., Branson et al., 2010; Zou et al., 2015; Liang
et al., 2020).

The theory of DFF has been studied so far (Dasgupta et al., 2018; Dasgupta and Sabato, 2020;
Sabato, 2023) under a specific component model that assumes that the domain of examples is cov-
ered by a small number of subsets of examples that have the same label, and that each pair of
subsets with different labels can be discriminated by a single feature. Mistake upper bounds and
lower bounds have been obtained for this model. However, DFF has not been studied so far in more
generality.

In this work, we provide the first systematic study of DFF in a general framework that allows any
class of teachers. Here, a teacher defines both the true labeling function and the features that would
be provided for each possible pair of a new example and a previous example that is provided as
an explanation. Studying classes of teachers provides DFF with a framework comparable to that of
classical protocols such as Supervised Learning and Online Learning. We study the optimal mistake
bound of DFF in the realizable and the non-realizable settings, and obtain novel structural results,
as well as insights into the difference between Online Learning and settings with richer feedback
such as DFF.

Contributions We define the notion of a general teacher class for DFF, and present a new relevant
dimension of a teacher class, called DFFdim (Section 4). We show that this dimension characterizes
the optimal mistake bound of a teacher class in the realizable setting (Theorem 5), using a new
Standard Optimal Algorithm for DFF. We demonstrate the use of the DFFdim by analyzing a less
restrictive version of the component model of Dasgupta et al. (2018). We then study the relationship
between Online Learning and DFF (Section 5), by providing a two-way mapping between the two
settings that preserves important properties (Theorem 8, Theorem 9) and allows directly comparing
the mistake bounds of pairs of mapped problems. We use this to show a strong separation between
Online Learning and DFF: We show a teacher class with a DFFdim of 1, while the Littlestone
dimension of its Online Learning counterpart is infinite (Theorem 10).

Lastly, we study the non-realizable setting. We provide a mistake upper bound (Theorem 11)
via a simple standard algorithm that employs an optimal algorithm for the realizable setting as a
subroutine. This algorithm is quite general, and provides a mistake upper bound for a wide range
of natural interactive protocols (Theorem 12). We further show that this upper bound cannot be
improved for DFF with general teacher classes (Theorem 13). To prove this lower bound, we use
the idea of a secret-sharing scheme, a well-known tool used in cryptography (Shamir, 1979). We
construct a teacher class using a set of such schemes that depend on the provided explanation. From
this lower bound, we conclude that there are no general no-regret algorithms for DFF problems
with a finite DFF dimension. Nonetheless, we show that no-regret algorithms do exist for some
DFF teacher classes, and conclude that unlike Online Learning, the optimal non-realizable mistake
bound cannot be fully characterized using the realizable dimension. This raises an intriguing open
question regarding the relationship between the properties of an interactive learning problem and its
tolerance to teacher mistakes.

Our analysis and results for the DFF setting provide a glimpse into the intricate landscape of
learning using rich interactive learning protocols, which we hope will inspire further research.
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2. Related work

Interactive learning protocols are widely used in practical applications (see, e.g., Mosqueira-Rey
et al., 2022). For instance, Teso and Kersting (2019) use machine-generated explanations and cor-
rections by users. Feature feedback was proposed as an aid for learning as early as Croft and Das
(1990). Similar ideas have been applied in various applications (e.g., Raghavan et al., 2005; Druck
et al., 2008; Settles, 2011; Mac Aodha et al., 2018). Learning with explanations has also been stud-
ied for neural networks (Schramowski et al., 2020) and Large Language Models (Lampinen et al.,
2022).

The formal DFF protocol was first defined in Dasgupta et al. (2018). They further defined the
component model and showed an algorithm and a mistake bound for this model in the realizable
setting. Subsequently, Dasgupta and Sabato (2020) introduced a non-realizable version of DFF, in
which the teacher might not always adhere to the protocol. They presented a robust algorithm for the
component model, along with a mistake upper bound that depends on the number of rounds in which
the teacher deviates from the protocol. An improved algorithm for the non-realizable component
model was presented in Sabato (2023). Other types of feature feedback have been theoretically
studied in Poulis and Dasgupta (2017); Visotsky et al. (2019). More generally, Hanneke et al.
(2022) study an interactive setting in which the learner can make arbitrary binary-valued queries,
and Yadav et al. (2024) study auditing with explanations.

We note that the term “teacher” is also used in the Machine Teaching literature (see, e.g., Zilles
et al., 2008; Doliwa et al., 2014). However, our use of this term is unrelated to the Machine Teaching
paradigm.

3. Preliminaries

For an integer n, denote [n] = {1, . . . , n}. We assume a domain of examples X and a finite domain
of labels Y . In addition, we consider Boolean features, which are defined as functions ϕ : X →
{true,false}. For convenience, we sometimes use 1 to mean true and 0 to mean false.
Thus, we may say that ϕ(x) holds or that ϕ(x) = 1. Denote the negation of ϕ by ¬ϕ ≡ 1 − ϕ.
We denote the set of available Boolean features for a given learning problem by Φ. We generally
assume that Φ is closed under negation. In various contexts, we use ⊥ to represent a null element.
We assume ⊥ /∈ X ,Y,Φ. We use ‘·’ to represent an arbitrary value. For instance, (x, ·) represents
a pair with x as the first element and an arbitrary second element.

The Discriminative Feature Feedback (DFF) protocol (Dasgupta et al., 2018) is defined as fol-
lows. At every round t,

• A new instance xt arrives.

• The learning algorithm provides a predicted label ŷt, and an instance x̂t that was previously
observed with that label. This instance serves as the explanation for the predicted label: “xt
is predicted to have label ŷt because x̂t was labeled ŷt”.

• If the prediction is correct, no additional feedback is obtained from the teacher.

• If the prediction is incorrect, the teacher provides the correct label of xt, denoted yt, and a
feature ϕ ∈ Φ that explains why xt does not have the same label as x̂t. ϕ is satisfied by xt but
not by x̂t.
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It is further assumed that at least one fully labeled example is provided to the learner before the first
round, thus providing at least one possible response for the first prediction round. We call the fully
labeled examples given to the learner in advance the history, usually denoted H ⊆ X × Y .

Dasgupta et al. (2018) studied a specific component model for teachers, which assumes that the
true teacher is consistent with some unknown cover of the domain. Each subset in the cover is
called a component and all the examples in a given subset have the same label. It is assumed that the
teacher always provides a “discriminative” feature feedback ϕt: a feature that is satisfied by all the
examples in the component of x and is not satisfied by all the examples in the component of x̂. In
this work, we study a more general version of DFF, in which we allow any teacher class, an analog
to the hypothesis classes of standard supervised learning analysis. The teacher class defines a given
DFF problem. The component model is one such teacher class.

We first provide a general definition of a teacher. In the realizable setting, the true teacher
determines the feedback that would be provided to the learner in each round. Thus, the teacher
determines both the labeling function and the feature feedback function in any possible interaction
with the learner.

Definition 1 (Teacher) A teacher T over X ,Y,Φ is a pair (ℓ, ψ), where ℓ : X → Y is a labeling
function and ψ : X × X → Φ ∪ {⊥} is a feature feedback function, such that for all x, x̂ ∈ X , if
ℓ(x) ̸= ℓ(x̂) then ϕ := ψ(x, x̂) ∈ Φ. In addition, ϕ satisfies x and does not satisfy x̂.

A teacher class T over X ,Y,Φ is then defined as a set of teachers over X ,Y,Φ. We usually
assume fixed X ,Y,Φ, and omit the expression “over X ,Y,Φ” when clear from context.

The number of mistakes made by a DFF algorithmA in a specific run is the number of times its
label prediction was incorrect. Given a teacher class T and a history H , the worst-case mistake
bound of A over all possible input sequences, assuming feedback that is consistent with some
teacher in T , is denoted M(A, T , H).

Under this framework, the component model of Dasgupta et al. (2018) is a teacher class Tm
for m ∈ N that includes all teachers that are consistent with a component model that includes m
components. The analyses in Dasgupta et al. (2018); Dasgupta and Sabato (2020); Sabato (2023)
provide bounds on M(A, Tm, H) that depend on m for specific algorithms A. In this work, we
study the optimal mistake bound for general teacher classes.

4. The optimal mistake bound for realizable DFF

The VC-dimension (Vapnik and Chervonenkis, 1971) maps each hypothesis class to an integer that
characterizes the sample complexity of the optimal algorithm in the PAC setting. The Littlestone
dimension (Littlestone, 1988) provides the optimal mistake bound achievable in the Online Learn-
ing setting, using a shattered tree construction as a witness. We define the Discriminative Feature
Feedback Dimension (DFFdim) for a given teacher class, using a different tree construction, DFF
tree (DFFT), that aligns with the DFF protocol. We show that the dimension witnessed by a shat-
tered DFFT characterizes the optimal mistake bound for DFF learning. A main difference between
a Littlestone tree and the DFFT that we define is that in a Littlestone tree, the responses of the al-
gorithm do no need to be directly encoded, since they do not affect the teacher’s responses. This is
not the case in DFF, since a different explanation by the algorithm may lead to a different feature
response by the teacher. In particular, this means that unlike a Littlestone tree, in a DFFT multiple
paths from the root to a leaf can be consistent with the same teacher.
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A DFFT (see Figure 1 for an illustration, and Figure 4 below for a concrete example of a
shattered DFFT induced by a specific teacher class.) is a rooted tree that represents options for
interaction between the environment and the learner. In a DFFT, each node represents an action
by the environment, which includes the feedback from the teacher on the last prediction of the
learner, as well as the next example to be presented. The root node specifies only the first example
to be presented, without any feedback. Each node is of the form ⟨y, ϕ, x⟩, where y ∈ Y ∪ {⊥},
ϕ ∈ Φ ∪ {⊥} and x ∈ X ∪ {⊥}. Here, y and ϕ represent the teacher feedback for the latest
prediction of the algorithm, and x represents the next example. We use y = ⊥ if this is the first
round and there was no previous prediction. We use ϕ = ⊥ if this is the first round, or if the last
prediction of the algorithm was correct. We use x = ⊥ if this is the last round so no example comes
next.

Each edge between a parent node and a child node is labeled by the prediction and the expla-
nation example that the algorithm selected as a response to the example in the parent node. Edge
labels are thus pairs (x̂, ŷ) ∈ X × Y , where ŷ is the prediction for the example in the parent node
and x̂ is the algorithm’s explanation for this prediction.

⟨⊥,⊥, x1⟩

⟨y1, ϕ1, x2⟩

⟨y(1)2 , ϕ
(1)
2 , x

(1)
3 ⟩ ⟨y(2)2 , ϕ

(2)
2 , x

(2)
3 ⟩

⟨y(1)3 , ϕ
(1)
3 ,⊥⟩ ⟨y(2)3 , ϕ

(2)
3 ,⊥⟩ ⟨y(3)3 , ϕ

(3)
3 ,⊥⟩ ⟨y(4)3 , ϕ

(4)
3 ,⊥⟩ ⟨y(5)3 , ϕ

(5)
3 ,⊥⟩ ⟨y(6)3 , ϕ

(6)
3 ,⊥⟩

(x0, y0)

(x0, y0) (x1, y1)

(x0, y0) (x1, y1)
(x2, y

(1)
2 )

(x0, y0) (x1, y1)
(x2, y

(2)
2 )

Figure 1: A shattered DFFT with history H = {(x0, y0)} and height 3.

Definition 2 (DFF tree) A DFF tree (DFFT) over X ,Y,Φ is a rooted tree in which the following
hold.

1. All nodes are of the form ⟨y, ϕ, x⟩ for y ∈ Y ∪ {⊥}, ϕ ∈ Φ ∪ {⊥} and x ∈ X ∪ {⊥}.

2. In the root node, y = ϕ = ⊥.

3. A node has x = ⊥ if and only if the node is a leaf.

4. Each edge is labeled by a pair (x̂, ŷ) ∈ X × Y .

5. For every non-root node ⟨y, ϕ, x⟩ with an incoming edge (x̂, ŷ), if y ̸= ŷ then ϕ ̸= ⊥.

A DFFT is not necessarily consistent with a given teacher class or history. A shattered DFFT,
which we define below, will allow us to define the DFF dimension of a given teacher class with
a given history. Denote parent and child nodes v1, v2 that are connected by an edge labeled e
by v1

e−→ v2. We say that a path from the root to a node in a given DFFT is consistent with
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a given teacher T = (ℓ, ψ) , if for every pair of parent and child nodes in the path of the form

⟨·, ·, x⟩ (x̂,ŷ)−−−→ ⟨y, ϕ, ·⟩, we have ℓ(x) = y and if y ̸= ŷ, ψ(x, x̂) = ϕ. We call every such pair
(x, y) on a given path a labeled example in the path.

Since a DFF algorithm can only provide examples that were previously observed, the definition
of a shattered DFFT takes into account the provided history, which is a non-empty set H ⊆ X × Y
of labeled examples. We say that a teacher T = (ℓ, ·) is consistent with a history H if for all
(x, y) ∈ H, ℓ(x) = y. We say that a teacher class T is consistent with a history H (and vice versa)
if there is at least one teacher in T which is consistent with H . Denote by TH the set of teachers
that are consistent with H in T . We can now define the notion of a shattered DFFT; See illustration
in Figure 1.

Definition 3 (Shattered DFFT) Let T be a class of teachers over X ,Y,Φ and let H ⊆ X ×Y be
a (non-empty) history that is consistent with T . A DFFT over X ,Y,Φ is shattered by T and H if
the following conditions hold.

1. For any node ⟨y, ϕ, x⟩ with an incoming edge (x̂, ŷ), y ̸= ŷ.

2. The outgoing edges of each non-leaf node v are labeled by exactly all the pairs (x, y) that
satisfy at least one of the following conditions:

• (x, y) ∈ H , or

• (x, y) is a labeled example in the path from the root of the tree to v.

3. Every path from the root to a leaf in the tree is consistent with at least one teacher from TH .

4. The tree is complete; that is, all paths from the root to a leaf are of the same length.

The height of the tree is the number of edges in any path from the root to a leaf, which is also
the number of examples in nodes along this path. We can now define the DFF dimension, DFFdim.

Definition 4 (DFFdim) Let T be a teacher class and let H ⊆ X × Y be a (non-empty) history
that is consistent with T . DFFdim(T , H) is the maximal integer d such that there exists a DFFT
of height d that is shattered by T and H .

The following theorem shows that the DFFdim of a teacher class T with a given history H
characterizes the optimal mistake bound for an algorithm for these T and H .

Theorem 5 Let T be a teacher class and letH ⊆ X×Y be a (non-empty) history that is consistent
with T . Then minAM(A, T , H) = DFFdim(T , H), where the minimum is taken over all deter-
ministic DFF algorithms. In particular, this minimum is attained by the DFF algorithm SOA-DFF
given in Alg. 1.

SOA-DFF (Alg. 1), which attains the optimal realizable mistake bound, is a Standard Optimal
Algorithm for DFF. Given a teacher class T , we denote its restriction based on a single round of
DFF interaction by T |(x,x̂,y,ϕ) = {T ∈ T | T = (ℓ, ψ) ∧ ℓ(x) = y ∧ ψ(x, x̂) = ϕ}. Given a
teacher class and a history, the algorithm selects in each round, out of its available responses (x̂, ŷ),
the response that in the worst case, would reduce the DFF dimension the most. The future DFF
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dimension is calculated with respect to the future history, which is updated based on the possible
teacher responses. For convenience, we define DFFdim(∅, H) = −1 for any history H . We prove
that every time a mistake is made, the DFFdim of the remaining teachers is reduced by at least 1.
Theorem 5 is proved in Appendix A.

We note that the DFFdim also characterizes the optimal mistake bound only for deterministic
algorithms. This is similar to the Littlestone dimension for Online Learning. In Filmus et al. (2023),
a version of the Littlestone dimension for randomized algorithm is proposed. We defer a similar
endeavor for DFF to future work.

Example: The DFFdim of a relaxed component model To demonstrate the usefulness of the
DFFdim, we analyze a relaxed version of the component model that was studied in Dasgupta et al.
(2018). In our setting, each component is defined via a conjunction of features that hold for all
examples in the component, as well as a common label. Unlike the component model of Dasgupta
et al. (2018), the relaxed version does not require the components to cover the domain. Examples
that are not covered are assumed to share a “default” label. In addition, the relaxed model does
not require the existence of a discriminative feature between pairs of components. In Appendix B,
we give a formal definition of the model and show that if there are R components with at most M
features in each conjunction, then the DFF dimension is at most RM , and this is tight for a natural
maximal case. This result provides an optimal mistake bound for this problem.

In the next section, we discuss the relationship between DFF and Online Learning.

5. Converting between DFF and Online Learning

What is the relationship between Online Learning and DFF? Intuitively, DFF is Online Learning
with the potential for a reduced mistake bound due to feature feedback. We now formalize this
correspondence and use it to derive a separation between the two settings. First, we define a mapping
from Online Learning problems to DFF problems and vice versa. An Online Learning problem can
be converted to an equivalent DFF problem by providing unhelpful feature feedback. In the other
direction, a DFF problem can be converted to an Online Learning problem, but the result may have
a higher mistake bound. The relationship in both directions is shown by comparing the Littlestone
dimension of the Online Learning problem to the DFF dimension of the DFF problem. We then
show an example in which the Online Learning version has an infinite Littlestone dimension, while
its DFF counterpart has a DFF dimension of 1.

We define the mapping OtD, which maps an Online Learning problem given by a hypothesis
class F ⊆ YX to a DFF problem given by a teacher class T and history H . The mapping defines

Algorithm 1 Standard Optimal Algorithm for Discriminative Feature Feedback (SOA-DFF)
1: procedure SOA-DFF(T , H)
2: V 1 ← T , H1 ← H
3: for t = 1, 2, . . . do
4: Receive xt
5: (x̂t, ŷt)← argmin(x̂,ŷ)∈Ht maxy ̸=ŷ,ϕ∈ΦDFFdim(V t|(xt,x̂,y,ϕ), H

t ∪ {(xt, y)}).
6: Predict ŷt and provide x̂t as an explanation.
7: Receive feedback yt and ϕt.
8: V t+1 ← V t|(xt,x̂t,yt,ϕt), H

t+1 ← Ht ∪ {(xt, yt)}
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explanations that do not divulge any additional information over the provided label. We further
provide the converse mapping DtO, and show that this recovers the Online Learning problem back
from a mapped DFF problem. Moreover, any DFF algorithm for the DFF problem OtD(F) can be
converted to an equivalent Online Learning algorithm that obtains the same number of mistakes, by
simply ignoring the explanations of the teacher and refraining from providing explanation examples.
We show that OtD preserves the optimal mistake bound of the problem by comparing the respective
dimensions. For a set of labeled examples S ⊆ YX , denote SX := {x | ∃y ∈ Y s.t. (x, y) ∈ S}.
We two mappings are defined as follows.

Definition 6 (Mapping from Online Learning to DFF) Given a hypothesis class F ⊆ YX defin-
ing an Online Learning problem, for any y ∈ Y let ⋆y denote a special example that is not in X .
Let H := {(⋆y, y) | y ∈ Y}, and define X ′ := X ∪ HX . Let the set of features over X ′ be
Φ := {I[x] | x ∈ X ′}, where I[x](x′) = 1 ⇐⇒ x = x′.

For any f ∈ F , define f ′ : X ′ → Y by f ′ := {(x, f(x)) | x ∈ X} ∪ {(⋆y, y) | y ∈ Y}.
Let ψf : X ′ × X ′ → Φ ∪ {⊥} be a feature feedback function defined as ψf (x, x

′) = I[x]. Let
Tf := (f ′, ψf ) be a teacher over X ′,Y,Φ. Define the mapping of F from Online Learning to DFF
by OtD(F) := (TF , H), where TF = {Tf | f ∈ F}.

The converse mapping, DtO, is defined next.

Definition 7 (Mapping from DFF to Online Learning) Given a DFF problem defined by a
teacher class T over X ,Y,Φ and a history H ⊆ X × Y , let X ′ = X \ HX . For a teacher
T = (ℓ, ψ) ∈ T , let fT := ℓ|X ′ . The mapping of the DFF problem (T , H) to Online Learning is
DtO(T , H) = F , where F = {fT | T ∈ T }.

First, we show that mapping from Online Learning to DFF and back recovers the original online
learning problem, thus proving that no information is lost in the mapping. The proof is provided in
Appendix C.

Theorem 8 For any hypothesis class F ∈ YX , we have DtO(OtD(F)) = F .

The next theorem shows that the Littlestone dimension of an Online Learning problem is equal
to the DFF dimension of its mapping to a DFF problem. In other words, the optimal mistake bound
of the problem is preserved by the conversion. Denote the Littlestone dimension of an Online
Learning problem F by Ldim(F). Note that since our problems can have more than two labels, we
use the multiclass Littlestone dimension, which is also witnessed by a binary tree (Daniely et al.,
2015). The theorem is proved in Appendix C. We give here a partial sketch.

Theorem 9 For any hypothesis class F ∈ YX , DFFdim(OtD(F)) = Ldim(F).

Proof [Sketch for the lower bound] Given a shattered Littlestone tree for F with height Ldim(F),
we construct Tr′, a shattered DFFT of the same height, by inductively mapping from nodes in Tr
to nodes in Tr′. For a node v in Tr′, N(v) denotes that the node in Tr that it was mapped from. Let
y1, y2 be the two outgoing edges from N(v) in Tr, and let x1, x2 be the respective examples in the
target nodes u1, u2 of these edges in Tr (see Figure 2). In Tr′, we set the target of each outgoing
edge (x̂, ŷ) to a node ⟨y1, I[x], x1⟩ if ŷ ̸= y1, and to ⟨y2, I[x], x2⟩ if ŷ = y1. We prove that this
inductive construction results in a shattered DFFT.
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x

N(v)

x1

u1 = N(v′)

x2

u2 = N(v′′)

y1 y2

⟨·, ·, x⟩

. . . . . .

v

⟨y1, I[x], x1⟩ ⟨y2, I[x], x2⟩

(x̂, ŷ), ŷ ̸= y1 (x̂, y1)

v′ v′′

Figure 2: Illustrating the construction of Tr′ in the proof of Theorem 9

Using the mappings defined above, we can compare the optimal mistake bound of a DFF prob-
lem with the one of its Online Learning equivalent, in which no explanations are provided. A
strong separation between the two settings is demonstrated by the following example, in which the
DFFdim is 1, while the Littlestone Dimension is infinite. Moreover, this example has an infinite
Littlestone tree, implying that an adversary can force the algorithm to make a mistake in every round
in an infinite sequence of rounds (see Bousquet et al., 2021). In Dasgupta et al. (2018), the power
of DFF compared to standard Online Learning was discussed in the context of computational com-
plexity and CNF formulas. The example and theorem below provide a clear statistical separation.

We use the following natural feature construction: Let X = {0, 1}N, and define the Boolean
function fn by fn(x) := x(n). Set Φ := ∪n∈N{fn,¬fn}. F‘or vectors in {0, 1}N, we use an
overline to indicate infinite repetition, so that 0̄, 1̄ are the all-zero and all-one vectors, and 01 is a
vector of alternating coordinate values.

Example 1 Let Y = {0, 1} and let X ,Φ be the natural feature construction defined above. For
any n ∈ N, define a teacher Tn = (fn, ψn), where

ψn(x, x
′) :=


fn fn(x) = 1, fn(x

′) = 0

¬fn fn(x) = 0, fn(x
′) = 1

⊥ otherwise

Let the teacher class be T = {Tn | n ∈ N}. Define H = {(0̄, 0), (1̄, 1)}.

Theorem 10 For T , H as defined in Example 1, Then DFFdim(T , H) = 1 while
Ldim(DtO(T , H)) =∞. Moreover, there exists an infinite Littlestone tree for DtO(T , H).

Proof Let X ′ = X \ {0̄, 1̄}. Let F := DtO(T , H). Then F = {fn|X ′ | n ∈ N}. To see that
Ldim(F) = ∞, consider a complete binary Littlestone tree constructed as follows: Set the root
node to x = 01. The rest of the tree is constructed inductively, as follows. For a given node v,
let (x1, y1), . . . , (xt, yt) be the sequence of labeled examples in the path from the root to v. Let
Av := {n | ∀i ∈ [t], xi(n) = yi}. Set the example in node v to some x such that x(Av) = 01. It
can be seen by induction that for each v, |Av| =∞. Therefore, for any path from the root to a leaf
v, any fn for n ∈ Av is consistent with the labeled examples on the path. It follows that there exists
a Littlestone tree of any finite size for F , as well as a Littlestone tree of infinite depth.

To show that DFFdim(T , H) = 1, it suffices to provide a deterministic algorithm that makes at
most a single mistake, since clearly no algorithm for this problem has a mistake upper bound of 0.

9
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Consider the algorithm that always predicts the label 0 with the explanation 0̄, until it makes the first
mistake on some example. The true label of the example is 1, and the feature feedback provided by
the teacher for this example is the true labeling function. Thereafter, the algorithm predicts using
the true labeling function and does not make any more mistakes. This completes the proof.

6. DFF in the non-realizable setting

The previous sections discuss DFF in the realizable setting, in which the feedback provided to the
algorithm is assumed to be consistent with one of the teachers in the teacher class. Previous works
(Dasgupta and Sabato, 2020; Sabato, 2023) studied a non-realizable setting for the original com-
ponent model of Dasgupta et al. (2018), and provided mistake upper bounds. In the non-realizable
setting, it is assumed that the feedback provided to the algorithm is consistent with one of the teach-
ers in the teacher class, except for at most k ∈ N rounds, in which the feedback might have a
different label and/or a different feature feedback than prescribed by the teacher. This behavior is
called an exception from the protocol. Rounds with an exception are called exception rounds. We
call the setting with up to k exception rounds the k-non-realizable setting. Here, we provide new
bounds for general teacher classes for this setting.

In Online Learning, the k-non-realizable setting is equivalent to assuming that at most k of the
labels provided by the environment are different from those of the true labeling function. For an
Online Learning problem with a hypothesis class F , the optimal mistake bound assuming at most
k label errors is k + Θ

(√
k · Ldim(F) + Ldim(F)

)
, where the upper bound is obtained by a

randomized algorithm (Filmus et al. 2023, following Ben-David et al. 2009; Alon et al. 2021).
The apparent similarity of DFF to Online Learning, as discussed in Section 5, may lead to

the expectation that the dependence on k in mistake bounds for DFF would be similar to that of
Online Learning. However, we show that this is not the case. We obtain a mistake upper bound
of O(k ·DFFdim(T , H)), using a simple deterministic algorithm for the k-non-realizable setting.
We then show that this upper bound cannot be improved for general DFF problems, even with a ran-
domized algorithm, assuming a mild version of adversarial adaptivity that holds also for the Online
Learning bound mentioned above. We conclude that unlike Online Learning, a no-regret algorithm
for general DFF problems with a finite dimension does not exist in this setting. Moreover, again
unlike Online Learning, the dependence of the optimal mistake bound on k is highly dependent on
the DFF problem, raising a new open question regarding the factors that control this dependence.

The mistake upper bound for the k-realizable setting is obtained using the simple Agnostic
Standard Optimal Algorithm A-SOA-DFF listed in Alg. 2. This algorithm runs the SOA-DFF al-
gorithm that is meant for the realizable setting, and restarts it whenever it makes more mistakes than
the realizable mistake upper bound. Denote by ML

k (A, T , H) the worst-case number of mistakes
made by a DFF algorithm A for T , H on a sequence of L rounds in the k-non-realizable setting.

Theorem 11 For any teacher class T and history H , and for any L ∈ N, if DFFdim(T , H) = d
then

ML
k (A-SOA-DFF, T , H) ≤ (k + 1)d+ k.

Proof Call each sub-sequence of the run between initializations of SOA-DFF a “run segment”. In
each run segment, SOA-DFF makes d + 1 mistakes. Let N be the total number of run segments.

10
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Algorithm 2 Agnostic Standard Optimal Algorithm for DFF (A-SOA-DFF)
1: procedure A-SOA-DFF(T , H)
2: Initialize SOA-DFF(T , H) and set M ← 0.
3: for t = 1, 2, . . . do
4: Receive xt and provide it to SOA-DFF; Get output (x̂t, ŷt) from SOA-DFF.
5: Predict ŷt and provide x̂t as an explanation.
6: Receive feedback yt, ϕt and provide it to SOA-DFF.
7: If ŷt ̸= yt, M ←M + 1.
8: If M = DFFdim(T , H) + 1, re-initialize SOA-DFF(T , H) and set M ← 0

Then the total number of prediction mistakes made by the algorithm is at most N(d+1)+ d. Since
the realizable mistake bound of SOA-DFF is M(SOA-DFF, T , H) = d, all teachers in TH are
inconsistent with all of theN run segments. Therefore, any such teacher is inconsistent with at least
N rounds in the whole run. If there are at most k exceptions during the run, it follows that N ≤ k.
Thus, ML

k (A-SOA-DFF, T , H) ≤ k(d+ 1) + d = (k + 1)d+ k.

We note that the upper bound in fact holds for a wide range of interactive prediction protocols,
of which DFF is but one example. We provide a formal statement and proof of the following result
in Appendix D.

Theorem 12 (Informally) For any “natural” interactive protocol with a realizable mistake upper
bound of d, there is an algorithm that obtains a mistake upper bound of at most (k + 1)d + k for
any run with at most k exception rounds.

We further show that the upper bound of Theorem 11 is tight, by proving a nearly matching
lower bound. The lower bound holds also for randomized algorithms with a mildly adaptive adver-
sary. In general online prediction problems, an oblivious adversary fixes the sequence of loss func-
tions in advance, while an adaptive adversary decides on the loss function in each round based on the
algorithm’s actions in the previous rounds (Arora et al., 2012). However, in Online Learning, both of
these adversaries obtain the same optimal mistake bound of k +Θ

(√
k · Ldim(F) + Ldim(F)

)
,

using the same randomized Weighted Majority algorithm of Littlestone and Warmuth (1994). In
the lower bound below, we consider a DFF version of the adaptive adversary, which fixes the label
and the feature feedback function ahead of each round based on the algorithm’s actions in previous
rounds. The effect of other types of adversaries on the optimal mistake bound of DFF is an intrigu-
ing question that we leave for future work. Below, ML

k (·, ·, ·) denotes the expected mistake bound
of a randomized algorithm, under a worst-case adaptive adversary.

Theorem 13 Let X = N, Y = {0, 1}, Φ = {0, 1}X , H• = {(2, 0), (1, 1)}. Let d ≥ 2. There is a
teacher class T d such that DFFdim(T d, H•) ≤ d and for any k ≥ 1 and L ≥ 4(k + 1)d, for any
algorithm A (including randomized algorithms)

ML
k (A, T d, H•) ≥ (k + 1)d− k − 2.

Taken together with Theorem 11, we conclude that the optimal mistake bound for a general teacher
class with a DFF dimension of d in the k-non-realizable setting is (k + 1)d ± Θ(k). In addition,

11
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this implies that no-regret algorithms for the general DFF problem do not exist for d ≥ 3: for
k = L/(4d)− 1, we obtain a regret bound of ML

k (A, T d, H•)− k ≥ (k + 1)d− 2k − 2 = Ω(L).

While Theorem 13 shows that the mistake upper bound of Theorem 11 is tight, it does not
show a lower bound that holds for all DFF problems. We observe that unlike Online learning, in
DFF the dimension that characterizes the realizable mistake bound is insufficient to characterize
the mistake bound in the non-realizable setting. To demonstrate this, consider an Online Learning
problem F ⊆ YX with Ldim(F) = d and its DFF counterpart (T , H) := OtD(F). By Theorem
9, DFFdim(T , H) = d. The optimal mistake bound for the DFF problem is the same as that of is
Online Learning counterpart, k+Θ(

√
kd+d)≪ Θ(kd), implying also the existence of a no-regret

algorithm. As a different example, consider the component model of Dasgupta et al. (2018). They
show that the realizable mistake bound for this model with m components is O(m2), and this is
shown to be tight in Dasgupta and Sabato (2020). It follows that the DFFdim of this problem is
d = Θ(m2). On the other hand, there exists an algorithm for this problem in the k-non-realizable
setting with a mistake bound of O(m2 +mk) = O(d+

√
dk) (Sabato, 2023), giving yet a different

dependence on k. However, no matching lower bound has been shown. These examples raise an
interesting open question: which properties of a DFF problem determine the dependence of its
optimal k-non-realizable mistake bound on k.

The proof of Theorem 13, provided in Appendix E, employs a teacher class that satisfies the
following: If the algorithm provides the same 1-labeled example as an explanation on d different
rounds, for examples whose true label is 0, then it obtains d feature feedbacks, that together perfectly
identify the true labeling function. However, it is impossible to obtain any information on the
true labeling function (beyond the information provided by the label feedback) with fewer than d
feature feedbacks that were provided for the same explanation. Moreover, it is impossible to obtain
such information by combining feature feedbacks provided for different explanations. In addition,
the environment can provide feedback in a way that makes it impossible to distinguish between
exception and non-exception rounds. In this problem, the environment can cause the algorithm to
repeatedly use examples provided in exception rounds as explanations. These examples are actually
labeled 0, but are provided to the algorithm with label 1 in an exception round, thus the provided
feature feedback when they are used as explanations is uninformative. However, the algorithm
cannot identify this before d mistakes have already been made for each of these k explanations.

A core property of the construction above is the ability to perfectly describe the true function
using d items of information, while providing no information if there are only d − 1 items. We
achieve this via secret sharing (Shamir, 1979), an idea commonly used in cryptography. A secret-
sharing scheme allows representing a secret using a number of parts, such that only if a sufficient
number of the parts is known, the secret is revealed, and no information about the secret is revealed
from fewer parts.

More specifically, we employ a (d, n)-threshold secret sharing scheme (Shamir, 1979). This is
a mapping from a secret s to a set of n partial secrets s̄ such that having access to any subset of s̄ of
size at least d allows one to perfectly reconstruct s, and having access to only a subset of s̄ of size
d−1 or less does not reveal any information about the secret s. This scheme is based on Langrange’s
interpolation theorem (Lagrange, 1795). The latter states that any polynomial P of degree d − 1
can be interpolated when having access to d distinct evaluations ((x1, P (x1)), . . . , (xd, P (xd)))) of
the polynomial. Moreover, for any d distinct evaluations, there exists a polynomial P that satisfies
them. The full scheme is specified in Appendix E. We use this to construct the class T d for Theorem
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13, in which each possible explanation provides parts of a different secret-sharing scheme. The
construction and the full proof of Theorem 13 are provided in Appendix E.

7. Conclusion

In this work, we study Discriminative Feature Feedback in a general framework based on teacher
classes, and show new results characterizing its mistake bound in the realizable setting. We further
showed separation between DFF and Online Learning in the realizable case. Lastly, we showed that
unlike Online Learning, in DFF the optimal mistake bounds in the non-realizable setting exhibit a
rich behavior that depends on the specific teacher class. This presents an intriguing open question
regarding the interplay between rich feedback and robustness to deviations from the protocol, as
well as the challenge of characterizing this behavior based on properties of the learning problem.
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Appendix A. Proof of Theorem 5: optimal realizable mistake bound for DFF

Theorem 5 is proved via the following two lemmas.

Lemma 14 Let T ,H as in Theorem 5. There exists a DFF algorithm SOA-DFF such that
M(SOA-DFF, T , H) ≤ DFFdim(T ,H).

Lemma 15 Let T ,H as in Theorem 5. For any deterministic DFF algorithm A, M(A, T , H) ≥
DFFdim(T , H).

To prove Lemma 14, we first prove a structural property of the DFF dimension.

Lemma 16 Let T1, T2 be teacher classes such that T1 ⊆ T2. Let H1, H2 ⊆ X ×Y be (non-empty)
histories such that H2 ⊆ H1. Then DFFdim(T1, H1) ≤ DFFdim(T2, H2).

Proof Let Tr1 be a shattered DFFT for T1, H1 of height DFFdim(T1, H1). We construct a shattered
DFFT for T2, H2 of the same height, thus proving that DFFdim(T2, H2) ≥ DFFdim(T1, H1).

Tr2 is obtained by removing from Tr1 all edges (and the sub-trees descended from them) that
are labeled by (x̂, ŷ) ∈ H1 \H2, such that (x̂, ŷ) is not a labeled example in the path from the root
of the tree to the source node of the edge. We show that Tr2 is a shattered DFFT for T2, H2 and
that it has the same height as Tr1.

It is easy to see that property 1 (different labels) holds for Tr2, since it is a sub-graph of Tr1.
Property 2 (outgoing edges) follows by the fact that all remaining outgoing edges of each node
satisfy one of the conditions of this property, since H2 ⊆ H1. In addition, all required edges exist
in Tr2, since they all exist in Tr1 and are not removed. Property 3 (consistency with a teacher in
(T2)H2) follows from the same property in Tr1 for T1, H1, since every path from the root to a leaf
in Tr2 is also such a path in Tr1, and since T2 ⊇ T1 and H2 ⊆ H1.

Lastly, for property 4 (tree completeness), we show that since Tr1 is complete, so is Tr2.
Observe that by property 2 of Tr1 and since ∅ ≠ H2 ⊆ H1, every node in Tr1 has at least one
outgoing edge (x̂, ŷ) ∈ H2. Therefore, this node is a non-leaf in Tr2 as well. Thus, all remaining
paths from root to leaf in Tr2 are of the same length as they have in Tr1. It follows that Tr2 is also
complete. This also implies that Tr2 has the same height as Tr1.

To conclude, Tr2 is a shattered DFFT for T2, H2 and has height DFFdim(T1, H1). Therefore,
DFFdim(T2, H2) ≥ DFFdim(T1, H1).

We now prove the mistake bound of SOA-DFF.
Proof [Proof of Lemma 14] We show that for every round t in which SOA-DFF makes a mistake,

DFFdim(V t+1, Ht+1) < DFFdim(V t, Ht). (1)

It follows that SOA-DFF makes at most DFFdim(V 1, H1) = DFFdim(T , H) mistakes.
By Alg. 1, we have V t+1 = V t|(xt,x̂t,yt,ϕt) and Ht+1 = Ht ∪ {(xt, yt)}. Thus, by Lemma

16, DFFdim(V t+1, Ht+1) ≤ DFFdim(V t, Ht). It therefore suffices to show that the inequality is
strict. Let t be a round in which SOA-DFF makes a mistake. Assume for the sake of contradiction
that DFFdim(V t+1, Ht+1) = DFFdim(V t, Ht). By Alg. 1,

(x̂t, ŷt) = argmin
(x̂,ŷ)∈Ht

max
y ̸=ŷ,ϕ∈Φ

DFFdim(V t|(xt,x̂,y,ϕ), H
t ∪ {(xt, y)}).
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Let Ht = {(x̃1, ỹ1), . . . , (x̃n, ỹn)}. Then, for every i ∈ [n] there exist yi ∈ Y and ϕi ∈ Φ such
that yi ̸= ỹi and, denoting V t

i := V t|(xt,x̃i,yi,ϕi), H
t
i := Ht ∪ {(xt, yi)}, it holds that

DFFdim(V t+1, Ht+1) ≤ DFFdim(V t
i , H

t
i ) ≤ DFFdim(V t, Ht).

The first inequality follows from the choice of (x̂t, ŷt), and the right inequality follows from Lemma
16. By the assumption, the RHS and the LHS above are equal. Thus,

DFFdim(V t+1, Ht+1) = DFFdim(V t
i , H

t
i ).

For i ∈ [n], let Tri be a shattered DFFT for V t
i and Ht

i , with height DFFdim(V t
i , H

t
i ) =

DFFdim(V t, Ht). We construct a shattered DFFT for V t with history Ht with height
DFFdim(V t, Ht) + 1, thus contradicting the definition of DFF dimension.

The shattered DFFT, denoted Tr, is constructed as follows (see Figure 3 for an illustration).
The root of Tr is set to ⟨⊥,⊥, xt⟩. Its outgoing edges are set to edges labeled by (x̃i, ỹi) for all
i ∈ [n]. The target node of the edge labeled (x̃i, ỹi) is set to vi := ⟨yi, ϕi, xir⟩, where yi, ϕi are as
defined above and xir is the example at the root of Tri. The subtree descending from vi is set to be
identical to the subtree descending from the root of Tri.

⟨⊥,⊥, xt⟩

⟨y1, ϕ1, x1r⟩ ⟨yi, ϕi, xir⟩ ⟨yn, ϕn, xnr ⟩. . . . . .

Tr1 Tri Trn

(x̃1, ỹ1) (x̃i, ỹi)
(x̃n, ỹn)

Figure 3: The construction of Tr in the proof of Lemma 14

It is easy to verify that Tr is a DFFT of height DFFdim(V t, Ht) + 1. We now prove that it is
shattered by V t, Ht by verifying the properties in Def. 3. To show property 1 (different labels), let
u = ⟨yu, ϕu, xu⟩ be a node in Tr, and let its incoming edge be labeled e = (xe, ye). Property 1
requires that yu ̸= ye. If the source of this edge is the root node, then (xe, ye) = (x̃i, ỹi) for some i,
and yu = yi ̸= ỹi, satisfying the property. Otherwise, u is a node in one of the Tri, in which case
the property holds because Tri is shattered.

To show property 2 (edge labels), we first show that all outgoing edges satisfy one of the two
possible conditions for labeled edges. Consider an edge e in Tr labeled by (xe, ye) with a source
node v. If the edge is outgoing from the root, then by the construction of Tr, (xe, ye) ∈ Ht.
Otherwise, e is a an edge that in a sub-tree taken from Tri. Since Tri is a shattered DFFT, it
satisfies property 2, thus one of the two options hold:

• (x, y) ∈ Ht
i = Ht ∪ {xt, yi}. If (x, y) ∈ Ht, then the property holds for Tr using the first

case. Otherwise, (x, y) = (xt, yi). In this case, since the parent-child pair ⟨⊥,⊥, xt⟩ →
⟨yi, ϕi, xir⟩ are in the path from the root to v, the property is satisfied using the second case.
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• In Tri, these is a labeled example (x, y) in the path from the root to the node that was mapped
to v in Tr. From the construction, the same holds for v in Tr.

Property 2 further requires that the outgoing edges of each non-leaf node are all the possible
labeled edges according to the two conditions. For the root node, this holds since the outgoing edges
of this node correspond to all the labeled examples in H, and there are no other labeled examples
For a node that was mapped from some Tri (including its revised root), note that the only difference
in the set of possible outgoing edge labels is due to the example (xt, yi), which is a labeled example
that appears in the path to this node in Tr but possibly not in Tri. The property holds for this node,
because it holds for the mapped node in Tri with history Ht

i = Ht ∪ {(xt, yi)}.
Property 3 requires that each path from the root to a leaf is consistent with some teacher in V t

Ht .
Every such path in Tr is of the form ⟨⊥,⊥, xt⟩ − (x̃i, ỹi) → ⟨yi, ϕi, xir⟩ → p, where p is a path
in Tri from a child of the root to a leaf. Since Tri is shattered, there is a teacher from V t

i ⊆ V t
Ht

i
,

where Ht
i ⊇ Ht, that is consistent with the path ⟨⊥,⊥, xir⟩ → p. From the definition of Ht

i , it
follows that the same teacher is also consistent with the path in Tr. Lastly, for Property 4, it is easy
to see that since Tri are all complete trees, then so is Tr.

We have established that Tr is a shattered DFFT for V t and Ht. It follows that
DFFdim(V t, Ht) = 1 + DFFdim(V t

i , H
t
i ) for all i. This implies that DFFdim(V t, Ht) =

DFFdim(V t+1, Ht+1)+1, in contradiction to Lemma 16. Thus, the assumption is false and Eq. (1)
holds.

Lastly, we prove the second part of the theorem, Lemma 15, which states that any deterministic
DFF algorithms has a mistake lower bound of at least DFFdim.
Proof [Proof of Lemma 15] Let A a deterministic DFF algorithm. Let Tr be a shattered DFFT
for T with history H , with height d = DFFdim(T , H). We show that there exists a sequence of
examples and a teacher for whichA makes at least d mistakes, by traversing a path from the root of
Tr to a leaf and considering the interaction that it describes.

Denote the example at the root of the tree by x1. Having observed x1, the algorithm determin-
istically provides an explanation example x̂1 and a predicted label ŷ1, where (x̂1, ŷ1) ∈ H . Since
Tr is shattered by T , H , then according to property 2 in Def. 3, the root has an outgoing edge la-
beled (x̂1, ŷ1). Let v2 = ⟨y, ϕ, x2⟩ be the target node of this edge. Set the teacher feedback for the
algorihm’s response to the label y with feature feedback ϕ. By property 1, y ̸= ŷ1. Thus, A makes
a mistake in this round.

The next example in the sequence is set to x2, which appears in v2. This round and subsequent
rounds proceed similarly: by the definition of a shattered DFFT, any pair of explanation and label
provided by the algorithm is consistent with some outgoing edge of v2. The teacher feedback and
the next example are set by the target node v3 of this edge, causing the algorithm to make another
mistake. The run ends when reaching a leaf node. Since the height of Tr is d and Tr is complete
(by property 4), this results in a sequence of d examples, on whichAmakes dmistakes. By property
3, the feedback provided in this run is consistent with some teacher in T . This proves the claim.

Theorem 5 follows directly from Lemma 14 and Lemma 15.
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Appendix B. Example: The DFFdim of a relaxed component model

The following DFF learning setting is a relaxed version of the component model first studied in
Dasgupta et al. (2018). In our setting, each component is defined via a conjunction of features that
hold for all examples in the component, as well as a common label. In addition, the label 0 is
reserved for examples not in any component.

Example 2 (Relaxed component model) Let L,R,M ∈ N. Let X be an arbitrary set of exam-
ples, and let Φ ⊆ {0, 1}X be an arbitrary set of features that is closed under negation. For a set
S ⊆ Φ, we say that x satisfies S if

∏
ϕ∈S ϕ(x) = 1 and denote S(x) :=

∏
ϕ∈S ϕ(x). Define

Y = {0, . . . , L}. Each labeling function in the teacher class is defined by a collection of (at most)
R sets of features S1, . . . , SR ⊆ Φ, where each set is of size (at most) M . Given S = {S1, . . . , SR}
and a mapping q : [R] → [L], the label of an example x is q(j) if Sj(x) holds. If more than one
label satisfies this condition for any x ∈ X , then the labeling function for (S, q) is undefined. If no
j satisfies Sj(x) then the label of x is set to 0. Denote the labeling function for S, q by ℓS,q.

Let L := {(S, q) | ℓS,q is defined}. For any (S, q) ∈ L, we define the set of possible teachers
TS,q, by fixing their labeling function to ℓS,q, but allowing different feature feedback functions ψ.
The feature feedback function of each teacher in TS,q satisfies the following: There exists a mapping
S : X → S which selects the “primary” conjunction for each x with a non-zero label. Formally, for
each x such that ℓS,q(x) = i ̸= 0, there is some j such that S(x) = Sj , Sj(x) holds and q(j) = i.
Denote F (x) = {ϕ | ϕ(x) holds.} For a set A ⊆ Φ, denote ¬A = {¬ϕ | ϕ ∈ A}. Then the ψ
satisfies:

If ℓS,q(x̂) ̸= 0, ψ(x, x̂) ∈ F (x) ∩ ¬S(x̂). Otherwise, ψ(x, x̂) ∈ S(x) ∩ ¬F (x̂).

Note that this implies also that ψ(x, x̂) satisfies x and does not satisfy x̂, as required.
TS,q is the set of all teachers with labeling function ℓS,q and a ψ function that satisfies the

requirement above. The teacher class is set to T = ∪(S,q)∈LTS,q.

⟨⊥,⊥, 01⟩

⟨1, f2, 01031⟩

⟨1, f6, 01031071⟩ ⟨0,¬f4, 0101071⟩

⟨1, f14,⊥⟩ ⟨0,¬f10,⊥⟩ ⟨0,¬f10,⊥⟩ ⟨1, f12,⊥⟩ ⟨0,¬f8,⊥⟩ ⟨1, f12,⊥⟩

(0, 0)

(0, 0) (01, 1)

(0, 0) (01, 1)
(01031, 1)

(0, 0) (01, 1) (01031, 0)

Figure 4: An example of a shattered DFFT of height 3 for the teacher class of the relaxed component
model (Example 2) with L = 1, R = 1, M = 3, and H = {(0, 0)}.

The following result provides an upper bound on the DFFdim of any example of the form in
Example 2.
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Theorem 17 Given L,R,M ∈ N, X and Φ ⊆ {true,false}X , let T be defined as in Example
2. Let H = {(x0, 0)} for some x0 ∈ X such that T is consistent with H . Then DFFdim(T , H) ≤
RM .

To prove this upper bound, we use a slight variant of the algorithm provided in Dasgupta et al.
(2018) for the component model. The algorithm provided there assumes an initial arbitrary labeled
example. The algorithm maintains a list of conjunctions attached to previously observed labeled
examples. When a new example arrives, the algorithm finds a conjunction satisfied by the example
and outputs the labeled example associated with this conjunction. If the predicted label is incorrect,
the algorithm adds the negation of the resulting feature feedback to the conjunction of the labeled
example it used for prediction. If no existing conjunction matches the presented example, the al-
gorithm predicts using the default labeled example. If this prediction is incorrect, the algorithm
creates a new conjunction that includes only the provided feature feedback and attaches to it the
current example with its true label. The mistake bound of Dasgupta et al. (2018, Lemma 4) for this
algorithm is proved for the (original) component model, and provides a bound ofR′M ′, whereR′ is
the number of conjunctions created by the algorithm and M ′ is the maximal length of a conjunction
created by the algorithm. The proof for the relaxed version in Example 2 is almost identical. The
differences are minor, and are delineated in the proof sketch below.
Proof [Proof Sketch (Theorem 17)] The upper bound is obtained by showing the existence of a de-
terministic algorithm that obtains a mistake upper bound ofRM for the given type of DFF problem.
This is achieved by observing that the analysis that derives the mistake bound of the algorithm of
Dasgupta et al. (2018) for the component model can be easily adapted for examples of type Exam-
ple 2 as follows. The default labeled example assumed in Dasgupta et al. (2018) is replaced by the
single labeled example (x0, 0) ∈ H . Since a conjunction is never created for the default label by the
algorithm, this guarantees that all conjunctions created by the algorithm are assigned an example
that satisfies one of the conjunctions Sj and has a non-zero label. It follows from the definition
of ψ for teachers in T that all features added to conjunctions by the algorithm do belong to the
component S(x) of the example x attached to the conjunction: if the conjunction is pre-existing,
x = x̂ and the feature is from S(x̂), and if the conjunction is new then x = xt and the feature is
from S(xt). We conclude that the maximal length M ′ of a conjunction created by the algorithm is
M . In addition, the analysis of Dasgupta et al. (2018, Lemma 3) holds, showing that the number of
rules R′ is at most R. Thus, Dasgupta et al. (2018, Lemma 4) holds for Example 2 and provides a
mistake bound of RM .

Using the definition of DFFdim, we can further show that for a given choice of L,X , ϕ and H ,
the DFFdim for Example 2 is in fact equal to the worst-case RM , by constructing an appropriate
shattered DFFT. This can be compared to the lower bound provided in Dasgupta and Sabato (2020),
which is specific to the original component model and provides a lower bound equivalent toRM/16.
That proof used a probabilistic analysis, which we can now avoid thanks to our new DFFdim
construction.

Theorem 18 Set L = 1, and set X ,Φ to be the natural feature construction defined in Section 5.
For ϕ = fn or ϕ = ¬fn, call n the coordinate of ϕ. Call fn a positive feature and ¬fn a negative
feature. Let H = {(0̄, 0)}. Given R,M ∈ N, define S1, . . . , SR ⊆ Φ to be mutually exclusive sets
of positive features fn of size R. let T be as in Example 2. Then DFFdim(T , H) = RM .
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Proof The upper bound DFFdim(T , H) ≤ RM follows from Theorem 17. For the lower bound,
we construct a shattered DFFT of heightRM for T , H . Set the root node of the DFFT to ⟨⊥,⊥, 01⟩.
This node has a single child, with an edge labeled (0̄, 0).

We construct the rest of the tree inductively, such that in each path, each feature feedback is
different from the previous ones in the path, and also consistent with all previous example labels.
The sequence of features provided in each path from the root to a leaf determines S for a teacher
that is consistent with this path.

Let Av be the set of all i ∈ N such that for all labeled examples (x, y) in the path from the root
to v, x(i) = y. Formally, the inductive construction maintains the following properties for every
node v = ⟨·, ·, x⟩.

• If x ̸= ⊥, then for any y ∈ {0, 1}, |Av ∩ {i ∈ N | x(i) = y}| =∞.

• Let v1, . . . , vt = v be the nodes in the path from the root to v, and denote vi =
⟨yi−1, ϕi−1, xi⟩. Let Iv = (i1, . . . , it−1) be the coordinates of the features ϕ1, . . . , ϕt−1.
For any i ∈ [t− 1], let ri be the maximal integer which is smaller than i and divisible by M .
Then the following holds: ∀j ≤ ri, xi(ij) = 0, and ∀j ∈ {ri + 1, . . . , i − 1}, xi(ij) = 1.
In addition, for all j ∈ {i, . . . , t − 1}, xi(ij) = yi. For instance, if M = 3 and t = 10 then
x9(i1, . . . , it−1) = (0, 0, 0, 0, 0, 0, 1, 1, yi, yi).

These properties hold trivially for the root node. We inductively construct descendant nodes as
follows. Let v = ⟨·, ·, x⟩ be a node with outgoing edges and consider an outgoing edge from v
labeled (x̂, ŷ) where ŷ ∈ {0, 1}. Assume that the inductive hypothesis holds for v. We set the target
node of this edge to u = ⟨y, ϕ, x′⟩, where y = 1− ŷ and ϕ ∈ Φ, x′ ∈ X are defined below.

Let Āu := Au \ Iv. These are feature coordinates that do not appear in the path from the root
to v, whose value in all labeled examples on the path to u agrees with their labels. Note that Āu is
infinite, since Au = Av ∩{i ∈ N | x(i) = y} is infinite by the induction hypothesis, and Iv is finite.
Let i = min Āu. Then for any labeled example (x, y) in the path to u, x(i) = y. We set ϕ to fi if
y = 1 and to ¬fi if y = 0. Note that since fi(x) = x(i) = y, in both cases ϕ(x) = 1. In addition,
since (x̂, ŷ) is (0̄, 0) or a labeled example from the path to v, we have fi(x̂) = x̂(i) = ŷ = 1 − y.
Hence ϕ(x̂) = 0.

x′ ∈ X is defined as follows. Let t be the depth of u. Let Iu = (i1, . . . , it). If t = RM , we set
x′ = ⊥ and u is set to be a leaf node. Otherwise, set r ≤ t to be the maximal integer that is divisible
by M . Set x′(ij) = 0 for all j ≤ r, and x′(ij) = 1 for all j ∈ {r + 1, . . . , t}. For coordinates in
Āu \ Iu, set their values to 0 and 1 in alternating order, so that infinitely many of such coordinates
have a value of 0 and infinitely many of them have a value of 1. Other coordinates of x′ can have
arbitrary values. Define an outgoing edge from u for every pair (x̂, ŷ) in the labeled examples to u
or in H . An illustration of some of the construction of x′ is provided in Figure 5.

It can now be verified that the induction hypothesis holds for this construction: Au ∩ {i ∈ N |
x′(i) = y} is infinite from the choice of x′. The second property holds for x′ from the choice of x′,
and for other examples on the path from the inductive hypothesis and the choice of ϕ as agreeing
with all previous labeled examples.

To prove that the result is a shattered DFFT for T and H , it suffices to show that for any path
from the root to a leaf, there is a teacher in T that is consistent with this path. Let v be the leaf.
Partition Iv into R sub-sequences of size M , and define S = {S1, . . . , SR}, where Si includes the
positive features of the coordinates in the i’th set of the partition. Set q to the constant 1 function.
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(⊥,⊥, x1 = 01)
(0,0)−−−→ (1, f2, x2 = ⋆1 ⋆ 0 ⋆ 1)
(x1,1)−−−→ (0,¬f4, x3 = ⋆1 ⋆ 1 ⋆30 ⋆3 1)
(x2,0)−−−→ (1, f12, x4 = ⋆0 ⋆ 0 ⋆7 0 ⋆70 ⋆7 1)
(x3,1)−−−→ (0,¬f28, x5 = ⋆0 ⋆ 0 ⋆7 0 ⋆15 1 ⋆150 ⋆15 1) . . .

Figure 5: An example of a path prefix starting from the root in the inductive construction of the tree
in the proof of Theorem 18, for M = 3. The symbol ‘⋆’ indicates an arbitrary Boolean
value. An overline indicates infinite repetition of the sequence under it.

Then from the second property of the induction hypothesis, it is easy to verify that ℓS,q(x) = y for
all labeled examples (x, y) in the path. Moreover, the feature feedback provided along the path is
consistent with some teacher in TS,q, since it satisfies the properties required from ψ in Example 2.
We have thus constructed a shattered DFFT of height RM for T , H .

Appendix C. Proofs of Theorems 8, 9: dimensions in online conversion

Proof [of Theorem 8] Denote (TF , H) = OtD(F). Then X ∩HX = ∅, and TF is a teacher class
over X ∪ HX ,Y and some Φ. Denote F ′ = DtO(TF , H). Then F ′ is a hypothesis class over
(X ∪HX ) \HX = X . Therefore, F and F ′ are both subsets of YX .

To show that F = F ′, let f ∈ F . By the definition of OtD, there is a teacher T = (ℓ, ψ) ∈ TF
such that ℓ|X = f . By the definition of DtO, it follows that there is some f ′ ∈ F ′ such that
f ′ = ℓ|X = f . It follows that F ⊆ F ′. Conversely, for any f ′ ∈ F ′, there is some T = (ℓ, ψ) ∈ TF
such that ℓ|X = f ′. It follows from the definition of OtD that there exists some f ∈ F such that
ℓ|X = f . Therefore, F ′ ⊆ F . It follows that F = F ′.

To prove Theorem 9, we first provide two lemmas. The first lemma shows that the mistake
bound cannot decrease by the conversion. The second lemma provides a lower bound for a mapping
in the converse direction.

Lemma 19 For any hypothesis class F ∈ YX , DFFdim(OtD(F)) ≥ Ldim(F).

Proof Denote (TF , H) := OtD(F). To prove the claim, we construct a DFFT for TF and H of
height at least Ldim(F).

Let Tr be a shattered Littlestone tree for F with height Ldim(F). This is a full binary tree with
internal nodes labeled by examples and We construct Tr′, a shattered DFFT of the same height, by
inductively mapping from nodes in Tr to nodes in Tr′. For a node v in Tr′, let N(v), which will
be defined inductively, be the node in Tr that it was mapped from.

Assume that Tr is of height at least 1, otherwise the statement holds trivially. The root node v′0
of Tr′ is set to ⟨⊥,⊥, x1⟩, where x1 is the example in the root node v0 of Tr. We set N(v′0) := v0.
Inductively from the root, for every node v = ⟨·, ·, x⟩ in Tr′ such that x ̸= ⊥, define outgoing edges
labeled by (x̂, ŷ) ∈ X × Y , for each possible pair as defined in Property 2 of Def. 3. Note that by
definition, there is always at least one such pair. Let y1, y2 be the two outgoing edges from N(v)
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in Tr, and let x1, x2 be the respective examples in the target nodes u1, u2 of these edges in Tr (see
Figure 2). Note that if u1, u2 are leaves in Tr then they are not labeled by an example. In this case,
set x1, x2 to ⊥. In Tr′, set the target of each outgoing edge (x̂, ŷ) to a node ⟨y1, I[x], x1⟩ if ŷ ̸= y1,
and to ⟨y2, I[x], x2⟩ if ŷ = y1. For each such node v′, we define N(v′) = ui for the appropriate
i ∈ {1, 2}. Note that more than one node in Tr′ can be mapped from the same node in Tr.

It is easy to verify that the resulting tree Tr′ is a DFFT, and that it satisfies the properties required
from a shattered tree. In particular, for every path in Tr′, there is a teacher in T that is consistent
with it: The sequence of labeled examples in each of the paths exists also as a path in Tr, therefore
there exists a function f ∈ F that is consistent with this sequence. The labeling function provided
by the teacher Tf ∈ T is thus consistent with the labels on the path in Tr′. In addition, by definition
of Tf and Tr′, the features in each node in the path are also consistent with Tf . Lastly, all teachers
in T are consistent with H , as required. Since Tr′ is a shattered DFFT with the same height as Tr,
we have DFFdim(OtD(F)) ≥ Ldim(F).

Next, we show lower-bound on the Littlestone dimension for the converse conversion.

Lemma 20 Given a teacher class T and a history H , let N be the number of labels from Y that
do not appear in any pair in H . Then

Ldim(DtO(T , H)) ≥ DFFdim(T , H)−N.

Proof Denote F := DtO(T , H). To prove the claim, we construct a shattered Littlestone tree for
F of height DFFdim(T , H) + |Y| − {y | (·, y) ∈ H}.

Let Tr be a shattered DFFT of height DFFdim(T , H). Assume that Tr is of height at least
1, otherwise the statement holds trivially. We construct a Littlestone tree Tr′ for F inductively, as
follows. For a node v in Tr′, let N(v), which will be defined inductively, be the node in Tr that it
was mapped from.

Label the root node u of Tr′ with the example in the root v of Tr. We setN(u) = v. Inductively
from the root, for a node u in Tr′ which was mapped from some v, consider the children of v in Tr.
If there are two child nodes of v with two different labels y ̸= y′, then arbitrarily select two such
nodes ⟨y, ϕ, x⟩ and ⟨y′, ϕ′, x′⟩ and set two outgoing edges from u labeled y and y′. Label the target
nodes of these edges by x and x′, respectively. If x, x′ = ⊥, then set the target nodes of the edges
to unlabeled leaf nodes.

If all the child nodes of v are labeled with the same label, arbitrarily select one of v’s child
nodes, and use its child nodes instead of v’s child nodes. This may be repeated, until a descendant
of v with two child nodes with different labels is found. After constructing the whole tree, prune
paths from root to leaf in Tr′ so that they all have the length of the minimal-length path, resulting
in a complete binary tree.

To verify that Tr′ is a Littlestone tree, note that each path in Tr corresponds to the labeling
function of some teacher in T , and therefore, by the definition of DtO, also to some function in F .
Moreover, the height of Tr′ is at least DFFdim(T , H) − N . This is because the only time that a
path in Tr is shortened by 1 for Tr′ is if all labels of a node v’s child nodes are the same label y.
However, by the definition of a shattered DFFT, this can only be the case if none of the outgoing
edges from v are labeled with y. This is only possible if y is not a label in H and also it is not in any
labeled example in the path to v. However, after one occurrence of the latter, y is now in a labeled
example in the path. Therefore, each label not in H can cause at most a decrease of 1 in the length
of the path. This completes the proof.
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Using the lemmas above, Theorem 9 can be easily proved.
Proof [Proof of Theorem 9] First, by Lemma 19, Ldim(F) ≤ DFFdim(OtD(F)). For the other
direction of the inequality, Let (T , H) = OtD(F). By the definition of OtD, all the labels
in Y appear in H . Therefore, by Lemma 20, Ldim(DtO(T , H)) ≥ DFFdim(T , H). Equiva-
lently, Ldim(DtO(OtD(F)) ≥ DFFdim(OtD(F)). By Theorem 8, DtO(OtD(F)) = F , hence
Ldim(F) ≥ DFFdim(OtD(F)).

Appendix D. A non-realizable mistake upper bound for general interactive protocols

We state and prove Theorem 21, stated informally above as Theorem 12. Theorem 21 is a general-
ization of the k-non-realizable upper bound of Theorem 11 to a wide range of interactive protocols.
We consider a general interactive prediction protocol in which each round t is of the following form:

1. The environment provides some xt;

2. The algorithm outputs zt;

3. The environment provides feedback wt.

We further assume some initial input I that is provided before the start of the first round, and a class
of generalized teachers T (not to be confused with the specific notion of teachers in DFF), whose
role is defined below. The protocol defines the following rules of interaction between the teacher
and the algorithm.

• The legal responses of the algorithm, given the example presented in the current round and the
run so far. Formally, given D = {I, xt, ((x1, z1, w1), . . . , (xt−1, zt−1, wt−1))}, the protocol
defines A(D), the set of values that the algorithm may provide as zt.

• For every possible teacher T , the protocol defines for each xt and zt which feedback values
wt are consistent with T .

Many interactive protocols fall under this definition, including, for instance, Online Learning, On-
line Selective Classification with Limited Feedback (Gangrade et al., 2021), bandit Online Learning
(Daniely et al., 2015), and learning with per-sample side information (Visotsky et al., 2019). In
particular, DFF is an instance of this general protocol, with I := H .

Theorem 21 is a generalized form of Theorem 11, which holds for interactive protocols as
defined above that satisfy the following natural assumptions. These assumptions hold for DFF, as
well as the other protocols mentioned above.

Assumption D.1 There exists a fixed known function that given (xt, zt, wt) for a given round t,
indicates whether the algorithm made a mistake in this round.

Assumption D.2 The outputs zt that the algorithm is allowed to provide if executed on a suffix of
another run, are a subset of those allowed in the original run. Formally, let t, l ∈ N such that t ≥ l.
Given I, {(xi, zi, wi)}i∈[t−1] and xt, let

D = {I, xt, ((x1, z1, w1), . . . , (xt−1, zt−1, wt−1))},
D′ = {I, xt, ((xl, zl, wl), . . . , (xt−1, zt−1, wt−1))}.

Then A(D′) ⊆ A(D).
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In a run with L rounds, the number of protocol exceptions is the size of the smallest subset
E ⊆ [L] such that the feedbacks wt for t ∈ [L] \E are consistent with some T ∈ T . Now, suppose
that there is an algorithm A for the given protocol and a functionM that maps teacher classes to
natural numbers, such thatA(T , I) makes at mostM(T , I) incorrect predictions in a run with zero
exceptions. In the case of DFF, A can be set to SOA-DFF and M(T , I) to DFFdim(T , I). To
handle exceptions, one can use the algorithm in GAA listed in Alg. 3, which is a general form of
A-SOA-DFF presented in Section 6.

Algorithm 3 Generic Agnostic Algorithm
1: procedure GAA(A, T , I)
2: Initialize A(T , I) and set M ← 0.
3: for t = 1, 2, . . . do
4: Receive xt and provide it to A; Record the zt provided by A.
5: Output zt
6: Receive feedback wt.
7: If (xt, zt, wt) indicate a mistake, M ←M + 1.
8: If M =M(T , H) + 1, re-initialize A(T , I) and set M ← 0

Theorem 21 If the interactive protocol satisfies Assumptions D.1 and D.2, then in a run with at
most k exceptions, GAA makes at most (k + 1)M(T , I) + k mistakes.

Proof First, observe that by D.1 A can use (xt, zt, wt) to identify mistakes. Moreover, if A is a
valid algorithm for the given interactive protocol, then under Assumption D.2 so is GAA(A, T , I).

Call each sub-sequence of the run between initializations of A a “run segment” and denote
d = M(T , I). In each run segment, A makes d + 1 mistakes. Let N be the total number of run
segments. Then the total number of mistakes made by the algorithm is at most N(d+1)+ d. Since
the realizable mistake bound of A(P ) is d, all teachers in T are inconsistent with all of the N run
segments. Therefore, any such teacher is inconsistent with at least N rounds in the whole run. If
there are at most k exceptions during the run, it follows that N ≤ k. Thus, GAA(A, T , I) makes at
most k(d+ 1) + d = (k + 1)d+ k mistakes.

Appendix E. Proof of Theorem 13: a non-realizable lower bound

In this section, we provide the full proof of Theorem 13. In Section E.1 we give background on
the secret-sharing scheme that we are using. We describe the construction of the teacher classes in
Section E.2. We prove an upper bound on the DFFdim of these classes in Section E.3, Lemma 22.
In Section E.4, we prove Lemma 23, which provides a lower bound on the mistake bound of any
algorithm on these classes. Theorem 13 directly follows from Lemma 22 and Lemma 23.

E.1. Background: The secret-sharing scheme

The secret sharing scheme of Shamir (1979) works as follows: Let Fp denote the field of size p for
some prime number p, and consider a polynomial over Fp of degree d − 1 with coefficients in Fp,
P := (c0 +

∑
j∈[d−1] cjx

j) mod p. Given a secret s ∈ Fp, arbitrary coefficients c1, . . . , cd−1 ∈ Fp
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are selected, and we define c0 = s, so that P (0) = s. The partial secrets are then defined as
s̄ = {si}i∈[p], where si = (i, P (i)).

According to Lagrange’s interpolation theorem, the polynomial P can be reconstructed from
any d shares of the secret sij = (i1, zij ) for j ∈ [d] via the Lagrange interpolating polynomial:

P (x) =
d∑

j=1

zij
∏

l∈[d]:l ̸=j

x− il
ij − il

mod p.

Lagrange’s interpolation theorem states that this polynomial is the unique polynomial of degree
d−1 that satisfies ∀j ∈ [d]: P (ij) = zij . Once P is found, one can obtain the secret s by evaluating
P (0). However, for any set of d − 1 partial secrets si′1 , . . . , si′d−1

, and every s′ ∈ Fp, there exists a
polynomial P ′ with P ′(0) = s′ such that for all j ∈ [d− 1], P ′(i′j) = P (i′j). Thus, informally, it is
not possible to infer anything useful on s from d− 1 partial secrets. This mapping thus describes a
(d, p)-threshold secret sharing scheme.

E.2. Construction of the teacher class

Given a natural number d ≥ 1, we define the teacher class T d+1 as follows. Let the domain X = N
and the label set be Y = {0, 1}. Set the feature set to Φ = {0, 1}X . Partition the set X into mutually
exclusive sets Xi = [2i+1 − 1] \ [2i − 1], such that X =

⋃∞
i=0Xi. We construct a teacher class

that employs the secret-sharing idea described in Section 6 above. We define T d+1 by first defining
teacher classes T d

i for i ∈ N. For a given i, we define a class of labeling functions Fd
i . Then, for

a given f ∈ Fd
i , we define the set of all compatible feature feedback functions Ψf . We then define

T d
i = {(f, ψ) : f ∈ Fd

i , ψ ∈ Ψf}, and set T d+1 = ∪∞i=1T d
i .

The class Fd
i includes all the functions f : X → {0, 1} that satisfy the following:

• f(1) = 1

• For all x ∈ X \ (Xi ∪ {1}), f(x) = 0.

Thus, there is exactly one function in Fd
i for each possible labeling of Xi.

For a given f , we construct Ψf , the class of possible feature-feedback functions, such that the
Ψf are mutually exclusive over all f ∈ ∪∞i=0Fd

i for any i. To satisfy the construction properties as
described in Section 6, Let pi be a prime number such that pi ≥ |Fd

i | = 2|Xi|. We construct Ψf to
correspond to a (d, pi)-threshold secret sharing scheme for f ∈ Fi.

We first present the general form of the functions in Ψf , using secret-sharing polynomials. For
coefficients c̄ = (c0, . . . , cd−1) ∈ Fd

pi , define the secret-sharing polynomial of degree d − 1 over
Fpi , P

′[c̄] := (c0 +
∑

j∈[d−1] cjx
j) mod pi, whose secret is P ′(0) = c0. We then define a “shifted”

version of this polynomial, P [c̄] : Xi → X \ Xi, via

P [c̄](x) = 2i+1 + P ′[c̄](x− 2i + 1).

For given elements x1, . . . , xl ∈ X , denote by I[x1, . . . , xl] : X → {0, 1} the feature that holds
if and only if x ∈ {x1, . . . , xl}. Now, given a function ā : Xi × {0, 1} → Fd

pi , define the feature
feedback function ψf

ā : X × X → Φ by

ψf
ā (x, x̂) =

{
I[x, P [ā(x̂, f(x))](x) ] x, x̂ ∈ Xi

I[x] otherwise.
(2)
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Thus, the feature feedback function defines a separate secret polynomial for every x̂ and every label
of x, and provides an evaluation of this polynomial on x. Note that the first and second element
in the first case are never the same, since the shifted polynomials’ outputs are not in Xi. This also
implies that if x ̸= x̂ then ψf

ā (x, x̂) satisfies x and does not satisfy x̂, as required.
To define the set Ψf , we encode the hypotheses in Fd

i as numbers via a fixed bijective function
bi : Fd

i → Fpi . We then include in Ψf feature feedback functions that encode bi(f) in some of its
secret-sharing polynomials. The rest of the polynomials encode an arbitrary “fake” secret.

Ψf = {ψf
ā | ā : Xi × {0, 1} → Fd

pi , and ∀x̂ ∈ Xi, f(x̂) = 1⇒ ā(x̂, 0)(0) = bi(f).}.

Thus, for feature feedback functions in Ψf , a part of the secret bi(f) is revealed given x, x̂ if and
only if f(x̂) = 1 and f(x) = 0. The rest of the cases reveal evaluations of a “fake” polynomial that
does not encode the secret. We show below that this construction guarantees that the algorithm must
observe d true feature feedback responses for the same explanation x̂ to reveal any information on
f beyond the labels of observed examples.

E.3. Upper bounding the DFFdim of the construction

The following result gives an upper bound on the DFF dimension of the teacher classes defined in
the construction above. Recall that H• = {(2, 0), (1, 1)}, as defined in Theorem 13.

Lemma 22 Let i ∈ N. Suppose that H = {(x00, 0), (x10, 1)} for some x00, x
1
0 ∈ N such that H

is consistent with some teacher in Ti ⊆ T d+1 for some i ∈ N. Then DFFdim(T d
i , H) ≤ d and

DFFdim(T d+1, H) ≤ d+ 1. In particular, the history H• satisfies this for all i ∈ N.

Proof We prove the result for T d+1 by providing a deterministic algorithm for this class with a
mistake bound of d+ 1 in the realizable case. By Theorem 5, this implies that DFFdim(T d+1) ≤
d+ 1. We then show how to adapt the algorithm to obtain a mistake bound of d if the teacher class
is T d

i .
The algorithm for T d+1, denoted A, is provided in Alg. 4. The algorithm predicts 0 for any

unknown example until the first example with a label of 1 that is not x = 1 is observed (note that
if x10 ̸= 1, this occurs as soon as the algorithm starts). Denote the true teacher by T ∗ = (f∗, ψf∗

ā ).
Once n is defined, for any example with an unknown label, the algorithm predicts 1, using this first
example as explanation. It collects the partial secret obtained from the feature feedback for each
mistake, and after collecting d such parts, it reconstructs the true labeling function and uses it to
label all subsequent examples. We write “output (x,y)” to indicate that the algorithm predicts label
y with explanation x.

We now prove that this algorithm makes at most d+1 mistakes. First, the algorithm predicts 0 for
all previously unobserved examples (except for xt = 1) until making its first mistake. Therefore,
this mistake reveals an example xt ̸= 1 such that f∗(xt) = 1. In this round, the algorithm sets
x̂← xt and n is set such that x̂ ∈ Xn (line 9). It follows that f∗ ∈ Fn. Therefore, after this round,
the only unknown labels are of examples in Xn, and the algorithm makes mistakes only on such
examples.

Now, suppose that |R| < d and a new example xt from Xn is observed. The algorithm out-
puts (x̂, 1). If this is a mistake, then f∗(xt) = 0 and the algorithm received a feature feedback
ϕt = ψf∗

ā,x̂(x̂, xt) = I[x, P [ā(x̂, 0)](xt)] that provides an evaluation of P [ā(x̂, 0)] for an xt that has
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Algorithm 4 A Learning algorithm for T d+1, H = {(x00, 0), (x10, 1)}.
1: Initialize R← ∅. If x10 ̸= 1, set x̂← x10 and define n to the unique integer such that x̂ ∈ Xn.
2: for t = 1, ..., L do
3: if f̂ is defined then output (xf̂(xt)

0 , f̂(xt)).
4: else if xt = 1 then output (x10, 1).
5: else if there is a positive integer s < t such that xs = xt then output (xs, ys).
6: else if |R| < d then
7: if n is undefined then
8: output (x00, 0).
9: if mistake then set x̂← xt and define n to the unique integer with xt ∈ Xn.

10: else if xt ∈ Xn then
11: output (x̂, 1).
12: if mistake then
13: receive feature feedback I[xt, zt],
14: update R← R ∪ {(xt − 2n + 1, zt − 2n+1)}.
15: else (n is defined, xt /∈ Xn)
16: output (x00, 0).
17: If mistake, ignore feature feedback.
18: else (|R| = d)
19: Denote R = {(x̃1, z̃1), . . . , (x̃d, z̃d)}.
20: Define the polynomial P̂ via Lagrange interpolation:

P̂ (x) :=
d∑

j=1

z̃j
∏

l∈[d]:l ̸=j

x− x̃j
x̃l − x̃j

mod pn.

21: Define f̂ ← b−1
n (P̂ (0)).

22: Output (xf̂(xt)
0 , f̂(xt)).

never been seen before. At most d such rounds are possible. If |R| = d, then the algorithm uses the
d feedbacks received so far to reconstruct f∗. This can be done because R includes d distinct eval-
uations of the same polynomial P [ā, (x̂, 0)], where ā(x̂, 0) = bn(f

∗), since f∗(x̂) = 1. Thereafter,
the algorithm makes no more mistakes, since f̂ = b−1(P̂ (0)) = f∗ for P̂ = P ′[ā, (x̂, 0)]. Taking
everything together, we see that the algorithm can make at most d+ 1 mistakes.

To complete the proof, the above algorithm can be adapted for the teacher class Ti by initializing
n to i. In this case, the algorithm makes at most d mistakes since it does not make the mistake in
the round where n is set.

E.4. Lower-bounding the number of mistakes of the construction

In this section, we prove a worst-case lower bound for the number of mistakes any algorithm would
make when learning the class T d+1 defined in Section E.2, with the history H• = {(2, 0), (1, 1)}
defined in Theorem 13. This lower bound holds for adaptive adversaries. To make this pre-
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cise, we introduce our assumptions on the interaction between the algorithm and the adver-
sary below. We denote the sequence of interactions over the first t rounds of a run by St =
((x1, y1, x̂1, ŷ1, ϕ1), . . . , (xt−1, yt−1, x̂t, ŷt, ϕt)), where we denote ϕi = ⊥ whenever ŷi = yi. We
assume the following order of decisions by the algorithm and the adversary: In each round t, the
adversary first selects (xt, yt, ψt), where ψt : X ×X → Φ. The choice of this triplet can be depen-
dent on St−1. Then the algorithm selects (x̂t, ŷt), where its decision can depend on St−1, xt. Lastly,
ϕt = ψt(xt, x̂t) is presented to the algorithm. The algorithm can be randomized, thus (x̂t, ŷt) can
be drawn from a distribution that depends on St−1, xt.

Let L be an integer. For a sequence S := SL, S is said to be k-consistent with a teacher
T = (f, ψ) if there exists a set E ⊆ [L] such that |E| ≤ k and for all t ∈ [L] \ E, we have
f(xt) = yt, and if ŷt ̸= yt then ψ(xt, x̂t) = ϕt. For a given algorithm A and an adversary V ,
let ML(A, V,H) be the expected number of prediction mistakes made by A when interacting with
V over a sequence of length L. The expected worst-case number of mistakes of a randomized
algorithm A in the k-non-realizable setting for a teacher class T is defined as

ML
k (A, T , H) = sup

V ∈V(T ,A)
ML(A, V,H),

where V(T ,A) is the set of adversaries such that when they interact with A, with probability 1 the
generated sequence S is k-consistent with some teacher T ∈ T .

To compare this model to the randomized model of Online Learning, note that DFF with un-
informative explanations is equivalent to Online Learning, as shown in Section 5. When apply-
ing the DFF adversary defined above to Online Learning via this mapping, this recovers Online
Learning with an adaptive adversary (as defined in Arora et al., 2012) who makes up to k label-
ing errors. An adaptive adversary for Online Learning obtains the same optimal mistake bound of
k+Θ

(√
k · Ldim(F) + Ldim(F)

)
as an adversary who fixes the sequence in advance, using the

Weighted Majority algorithm (Littlestone and Warmuth, 1994). Thus, our lower bound should be
compared to this lower and upper bound for Online Learning.

We prove the following lower bound for the k-non-realizable setting.

Lemma 23 Let k, d ≥ 1 and let L ≥ 4(k + 1)d. Let A be a (possibly randomized) algorithm.
Then

ML
k (A, T d+1, H•) ≥ (k + 1)d− 1.

We prove this result by presenting a strategy for the adversary V given a learning algorithm A,
as well as L and k. We then show that this adversary only generates sequences that are k-consistent
with T d+1, and prove a lower bound for ML

k (A, V,H•).
Given a sequence S, define the version space TS = {T ∈ T | S is (fully) consistent with T}.

For a given set of exception rounds E ⊆ [L], denote S\E = ((xt, yt, x̂t, ŷt, ϕt))t∈[L]\E . We further
denote SX := {xi}i∈[L]. Lastly, for a sequence S we denote the set of rounds in which the same
explanation x̂ is given for examples with the same true label y, and in which a feature feedback is
provided, by

R(S, x̂, y) := {t ∈ [L] | x̂t = x̂, yt = y and ϕt ̸=⊥}.
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The adversary V . Given A, k and L ≥ 2, the adversary V is defined as follows. Fix i := L.
V only presents examples xt from Xi, and the generated sequences will all be k-consistent with
teachers in T := T d

i . More precisely, V will be k-consistent with a teacher for which the exception
rounds are EL ⊆ [L], where Et for t ∈ [L] is defined inductively throughout the run. Set E0 := ∅.
Et for t ≥ 1 is defined inductively below. In round t, the adversary makes the following choices:

• xt := 2i + t.

• We now define the choice of yt and ψt. For y ∈ {0, 1}, denote the teachers consistent with
rounds not declared as exceptions so far, as well as with y as a label for xt, by

Ty = {T = (f, ψ) ∈ T | T ∈ T
S
\Et−1
t−1

and f(xt) = y}.

It will be apparent from the construction that T
S
\Et−1
t−1

= T0 ∪ T1 is non-empty for every t.

– If only one of T0, T1 is non-empty, the adversary selects yt such that Tyt is non-empty.

– Otherwise, it selects yt = y such that the probability that A outputs ŷt = y given St−1

and xt is smallest.

The adversary further selects some ψt such that (f, ψt) ∈ Tyt for some f .

• After observing (ŷt, x̂t), Et is set as follows: If |Et−1| < k and x̂t ∈ Xi and |R(St, x̂t, 0)| =
d then Et := Et−1 ∪ {s}, where s < t is the round such that x̂t = xs (note that since
i = L ≥ 2, x̂t ∈ Xi cannot have come from H•). Otherwise, Et := Et−1.

Note that since Et never decreases, and yt, ψt in round t are selected to be consistent with some
teacher in T

S
\Et−1
t−1

, it follows that T
S
\Et
t

is also non-empty. In addition, since |Et| never exceeds

k and T
S
\EL
L

is non-empty, it follows that only k-consistent sequences are generated using this

adversary.
To prove a lower bound on the number of mistakes that A makes when interacting with V , we

first prove that A can only have repeated a non-exception explanation for a true label of 0 for d or
more times after it has made at least (k + 1)d mistakes.

Lemma 24 Fix k, let L ≥ 2 and t ∈ [L]. Let S = St be a sequence generated by an interaction
between a learner A and the adversary V over t rounds, with history H• and exception rounds
E = Et. If there is an element xs ∈ S\E

X such that |R(S, xs, 0)| ≥ d, then the number of prediction
mistakes in S is at least (k + 1)d.

Proof Assume that the condition holds. Note that xs ∈ Xi. Since xs ∈ S\E
X , it follows that s /∈ E.

Let r be the first round in which |R(Sr, xs, 0)| = d. Then in this round, s was not added to Er. By
the definition of the adversary, this can only happen if |Er−1| ≥ k. Thus, |E| ≥ k. The number of
mistakes in S is at least | ∪s′∈E R(S, xs′ , 0)|. Moreover, R(S, x, 0) ∩ R(S, x′, 0) = ∅ for x ̸= x′.
Lastly, s′ ∈ E implies that |R(S, xs′ , 0)| ≥ d. Therefore, the number of mistakes in S is at least∑

s′∈E |R(S, xs′ , 0)|+ |R(S, xs, 0)| ≥ kd+ d = (k + 1)d.

Next, we prove that as long as no non-exception explanation has been used byA at least d times
for a true label of 0, the adversary can set the next label arbitrarily.
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Lemma 25 Fix k, let L ≥ 2 and t ∈ [L]. Let S = St be a sequence generated by an interaction
between a learner A and the adversary V over t rounds, with history H• and exception rounds
E = Et. If for all elements xs ∈ S\E

X we have |R(S\E , xs, 0)| < d, then for each y ∈ {0, 1}, there
is a teacher Ty = (fy, ψy) ∈ TS\E such that fy(xt+1) = y.

Proof Assume that the conditions of the lemma hold. The goal is to show that for any y∗ ∈ {0, 1}
there exists a teacher T ∗ = (f∗, ψ∗) ∈ TS\E such that f∗(xt+1) = y∗. As argued above, TS\E

is non-empty. In addition, by the definition of the adversary, SX includes only examples from Xi.
Also, Fi includes all labelings of Xi. Thus, we can find an f∗ that is consistent with any labeling of
x1, . . . , xt+1. Set f∗ ∈ Fi such that for all r ∈ [t] \E, f∗(xr) = yr, and for r ∈ E, f∗(xr) = 0. In
addition, f∗(xt+1) = y∗.

We have left to show that there exists some ψ∗ ∈ Ψf∗ such that for all r ∈ [t]\E and ϕr ̸= ⊥, we
haveψ∗(xr, x̂r) = ϕr. From the definition of Ψf∗ , it suffices to find a function ā : Xi×{0, 1} → Fd

pi

such that ψ∗ = ψf∗

ā satisfies the requirement, while also ∀x̂ ∈ Xi, f
∗(x̂) = 1 ⇒ ā(x̂, 0)(0) =

bi(f
∗).
Consider a round r with ϕr ̸= ⊥. If x̂r appears in H•, then x̂r /∈ Xi, therefore ϕr = I[xr]

regardless of the choice of teacher. Now, consider a round r ∈ [t] \ E in which x̂r ∈ Xi, and
observe that the value of ā affects ψf∗

ā (xr, x̂r) only via the value of ā(x̂r, f∗(xr)) = ā(x̂r, yr).
Therefore, we can set the value of ā(x̂, y) for each (x̂, y) ∈ Xi × {0, 1} separately, by making
sure ψf∗

ā (xr, x̂r) = ϕr for rounds r ∈ R(S\E , x̂, y). Note that all x̂ for which R(S\E , x̂, y) is
non-empty for some y ∈ {0, 1} are equal to xs for some s ∈ [t].

To set ā(xs, y) for non empty R(S\E , xs, y), we distinguish between two cases:

• s ∈ [t] \ E and y = 0. In this case, since s /∈ E, by our assumption, |R(S\E , xs, 0)| < d.
Thus, by Lagrange’s interpolation theorem, there exist coefficients c̄ ∈ Fd

pi such that c̄(0) =
P ′[c̄](0) = bi(f

∗), and for all rounds r ∈ R(S\E , xs, 0), P [c̄](xr) = x′r. Set ā(xs, 0) := c̄.
Then for all such rounds r,

ψf∗

ā (xr, x̂r) = ψf∗

ā (xr, xs) = I[xr, P [ā(xs, f∗(xr))](xr) ] = I[xr, P [ā(xs, 0)](xr) ] = ϕr.

• Otherwise (s ∈ E or y ̸= 0). From the definition of the adversary V , there exists some teacher
T ′ = (f ′, ψf ′

ā′ ) ∈ T such that for all rounds r ∈ [t] \ E, if ϕr ̸= ⊥ then ϕr = ψf ′

ā′ (xr, x̂r) =
I[xr, x′r] for some x′r ∈ [2i+1 + 1, 2i+1 + pi] and f ′(xr) = yr. Set ā(xs, y) := ā′(xs, y).
Then

ψf∗

ā (xr, xs) = I[xr, P [ā(xs, f∗(xr))](xr) ] = I[xr, P [ā(xs, y)](xr) ]

= I[xr, P [ā′(xs, y)](xr) ] = I[xr, P [ā′(xs, f ′(xr))](xr) ] = ψf ′

ā′ (xr, xs) = ϕr.

Lastly, for any x̂ such that R(S\E , x̂, y) is empty for both y ∈ {0, 1}, set ā(x̂, 0)(0) := bi(f
∗) and

set all other values arbitrarily. The resulting ψ∗ = ψf∗

ā outputs ϕr for (xr, x̂r) for every r ∈ [t] \E.
To verify that ∀x̂ ∈ Xi, f

∗(x̂) = 1 ⇒ ā(x̂, 0)(0) = bi(f
∗), first observe that if x̂ = xs for

some s ∈ E, then by the choice of f∗, f∗(x̂) = 0, thus the condition does not hold. In all other
cases, ā(xs, 0)(0) = bi(f

∗). The condition thus holds for ā, hence ψf∗

ā ∈ Ψf and the teacher
T = (f∗, ψf∗

ā )TS\E is consistent with all non-exception rounds [t] \ E.
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We can now prove the main lower bound.
Proof [of Lemma 23] By Lemma 24 and Lemma 25 in every round t until which the learner has
made (k+1)d− 1 or fewer mistakes, for each y ∈ {0, 1}, there is a teacher Ty = (fy, ψy) ∈ TS\Et

t

such that fy(xt+1) = y. In such a round t + 1, by the definition of the adversary V , A makes a
mistake whenever it selects the more likely label according to its own distribution in that round. The
probability that this happens in any specific round is at least 1/2. Let n := (k + 1)d. If the number
of such rounds is at least n then the number of mistakes is also at least n. The probability that there
are fewer than n such rounds is at most Pn,L :=

∑n−1
j=0

(
L
j

) (
1
2

)L. Therefore,

ML(A, V,H) ≥ n · (1− Pn,L).

We upper bound Pn,L using the standard binomial upper bound (see, e.g., Shalev-Shwartz and
Ben-David, 2014, Lemma A.5)

Pn,L = 2−L
n−1∑
j=0

(
L

j

)
≤ 2−L

(
eL

n− 1

)(n−1)

.

For L ≥ 4(k + 1)d > 4(n− 1) we can further simplify

Pn,L ≤ 2−4(n−1)2−(L−4(n−1))en−1

(
L

4(n− 1)

)n−1

4n−1

= (4e/24)n−1 · 2−(L−4(n−1))

(
L

4(n− 1)

)n−1

≤
(
3

4

)n−1

· (Ln−12−L) · (4(n− 1))n−12−4(n−1).

Since g(x) := xa

2x is a monotonously decreasing function in x ≥ 1 for every a ≥ 0 andL ≥ 4(n−1),
we have Ln−12−L ≤ (4(n− 1))n−12−4(n−1). Therefore, Pn,L ≤ (3/4)n−1. It follows that

ML(A, V,H) ≥ n− n(3/4)n−1.

Since x(3/4)x−1 < 2 for every x ≥ 1, we have n(3/4)n−1 < 2. Therefore,

ML(A, V,H) ≥ n− 1 = (k + 1)d− 1.

This completes the proof.
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