OPT2024: 16th Annual Workshop on Optimization for Machine Learning

High Dimensional First Order Mini-Batch Algorithms on Quadratic

Problems

Andrew Cheng ANDREWCHENG @ G.HARVARD.EDU
Harvard University

Kiwon Lee KIWON.LEE@MCGILL.CA
McGill University

Courtney Paquette COURTNEY.PAQUETTE @MCGILL.COM
McGill University

Abstract

We analyze the dynamics of general mini-batch first order algorithms on the /5 regularized least
squares problem when the number of samples and dimensions are large. This includes stochastic
gradient descent (SGD), stochastic Nesterov (convex/strongly convex), and stochastic momentum.
In this setting, we show that the dynamics of these algorithms concentrate to a deterministic discrete
Volterra equation W in the high-dimensional limit. In turn, we show that we can use ¥ to capture
the behaviour of general mini-batch first order algorithm under any quadratic statistics R : R% —
R (see Definition 6), including but not limited to: training loss, excess risk for empirical risk
minimization (in-distribution and generalization error.

1. Main

The structure of an optimization problem plays an important role in designing efficient algorithms.
A common structure, motivated by empirical risk minimization (ERM), is the finite sum, that is, an
optimization problem of the form

of 1
by {f(w) DY fi(w)}, (1)

where the functions f; : RY — R. Much has been written about the complexity for solving (1)
under various assumptions on f, such as smoothness and convexity [4, 6-11, 14, 15, 17-19, 23, 25,
31, 32].

Motivated in part by the rise in machine learning, weakening these assumptions, as many prob-
lems of interest are nonsmooth and nonconvex, have dominated current optimization research. This
has led to tight upper bounds on complexity that match the theoretic lower bounds for very general
finite-sum problems [3, 12, 13, 26], and yet in spite of this, there exists an enormous gap between
these theoretical guarantees and observed performance on machine learning problems. Indeed, even
in the smooth, convex setting, there is a missing component in our understanding of finite sum prob-
lems in machine learning. One possibility is simply the size of the finite sums. An overarching trend
in machine learning is to scale up the problem size, measured both by model complexity (parame-
ters) and data set size. In short, machine learning problems are high-dimensional.
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Beyond high-dimensionality, machine learning problems also tend to be stochastic: the data are
random, the learning algorithms are random, and the model initialization is random. This trifecta
of randomness combined with high-dimensionality may account for this missing structure from
optimization theory for machine learning.

This article develops a framework for first-order stochastic methods that incorporates high-
dimensionality for analyzing all first-order stochastic learning algorithms on an ¢?-regularized least
squares problem. The framework, first proposed for analyzing stochastic gradient descent (SGD) in
the “small batch regime” [29], imports mathematics ideas commonly used in random matrix theory.

1.1. Formal Setup and Assumptions.
To formalize the analysis, we define the ¢-regularized least-squares problem:

n
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The fixed parameter § > 0 controls the regularization strength and it is independent of n and d. We
focus on setups where the parameter choices n and d are large, but we do not require that they are
proportional. This is captured by Assumption 2.

Assumptions on Data. Moreover our results only gain power when one (and hence both) of these
parameters are large. The data matrix A € R™*? and the labels b may be deterministic or random;
we formulate our theorems for deterministic A and b in (2) satisfying various assumptions, and in
the applications of our theorems to statistical settings, we shall show that the random A and b (2)
satisfy these assumptions.

These assumptions are motivated by the case where the augmented matrix [A | b] has rows
that are independent and sampled from some common distribution. We also note that the problem
(2) is homogeneous, in that if we divide all of A, b, and N by any desired scalar, we produce
an equivalent optimization problem. As such, we adopt the following convention without loss of
generality.

Assumption 1 (Data—-target normalization) There is a constant C > 0 independent of d and n

such that the spectral norm of A is bounded by C' and the target vector b € R" is normalized so
that ||b]|?> < C.

More importantly, we also assume that the data and targets resemble typical unstructured high-
dimensional random matrices. One of the principal qualitative properties of high-dimensional ran-
dom matrices is the delocalization of their eigenvectors, which refers to the statistical similarity of
the eigenvectors to uniform random elements from the Euclidean sphere. The precise mathemati-
cal description of this assumption is most easily given in terms of resolvent bounds. The resolvent
R(z; M) of a matrix M € R4 is

R(z; M) = (M — 21)~! forz e C.

In terms of the resolvent, this is formally captured by Assumption 3.
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Definition 1 ((deterministic) Gradient-based method) A deterministic optimization algorithm
is called a gradient-based method if each update of the algorithm can be written as a linear com-
bination of the previous iterate and previous gradient. In other words, if every update is of the

form
k

Trp1 =0+ Y cnyV(xy), 3
3=0
for some scalar values cy, ;.

Examples of gradient-based methods include momentum methods [30], accelerated methods [27],
and gradient descent. Given any such (deterministic) gradient-based method, we can construct a
stochastic (mini-batch) version by approximating the full gradient V f(a;) with a stochastic ver-
sion. In particular, we choose a batch By C {1,2,...,n} of cardinality § uniformly at random
and approximate V f(x;) ~ ), B,V fi(z;). We focus on these stochastic algorithms. The result-
ing mini-batch, gradient based algorithms are considered in this work. Specifically, our goal is to
provide the (multi-pass) dynamics for any mini-batch version of the gradient-based methods on the
(?-regularized least squares problem (2).

Definition 2 (Mini-batch, gradient-based method) Given a gradient-based algorithm, we define
a stochastic optimization algorithm, called a mini-batch, gradient-based method, if at each update

one generated uniformly at random a batch B; C {1,2,...,n} and the update satisfies,
k
Th1 =m0+ Y kg Y Viilw)) “)
j=0 i€B;

for some scalars ¢ ;. Note that the scalars ¢y ; are general enough to allow for time-dependent
learning rates and momentum parameters.

We denote the proportion of the number of samples n relative to the size of the batch B; taken by
the mini-batch gradient-based method as the batch fraction,

¢ def M = é (3)
n n
Next, we introduce a natural comparison to the mini-batch algorithm whose iterates evolves as
k
Y1 = o+ (D e Vg, k=0, ©6)
j=0

where the y, iterates are initialized also at the point xg (i.e., yo = xo). The y, iterates are the
corresponding full-batch gradient-based method whose coefficients ¢y ; are scaled by the batch
fraction (.

Assumptions on xy. As for the initialization xy, we need to suppose that it does not interact too
strongly with the right singular-vectors of A. Formally, this is captured by Assumption 4. Note
that, as a simple but common initialization choice, Assumption 4 is surely satisfied for g = 0. In
principle, this assumption is general enough to allow &y which are correlated with A in a nontrival
way. However one common (nonzero) initialization scheme is to choose x( independent of (A, b).

Finally while we are not able to handle all statistics, we will be able to give descriptions for
quadratic statistics given by Definition 6.
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1.2. Main Theorem and Applications

One of our main results is a (non asymptotic) description of the training and population risk curves
of any mini-batch, gradient-based algorithm to deterministic functions whose accuracy improves
when the number of samples and features are large. Moreover, our analysis generalizes to generate
descriptions of these algorithms under any quadratic statistic R : R¢ — R (see Definition 6).
The result provides a unifying theory that holds for any gradient-based, mini-batch method (see
Definition 2). To do so, we will refer frequently to the empirical risk

e 1
L(@) = Az - b|*. %

In this section, we present the informal version of our main result and defer the formal version to
Theorem 7 in the appendix.

Theorem 3 ((Informal) Dynamics of Mini-Batch, Gradient-Based Methods) Suppose Assump-
tions 1, 2, 3, and 4 hold on the data matrix A, targets b, and initialization xo with o € (0,1/4).
Let R(-) be a quadratic statistic satisfying Assumption 5. Consider the iterates {x.}; generated
by a mini-batch, gradient-based algorithm (4) with batch size satisfying 3/n = ( for some { > 0.
For fixed T' > 0 there exists C > 0 such that for all ¢ > 0 there exists D > 0 satisfying

()~ ()] -

V() Y Lly,) + K(V2L)gur * U1y

de,
Q(t) :fR(yt) + K(V2R)o:t—1 * ¥o4—1

where K(M)g.1—1 * U1.4_1 denotes the convolution between K(M), a kernel dependent on a matrix

Pr [ sup < Dn™¢, )

0<t<T

where

€))

M evaluated at t points, and the previous values ¥o.¢_1 &« {T(0),...,¥(t—-1)}

Figure 1 illustrates capturing the training dynamics with ¥ (¢) under SGD+M [30] and Nesterov
acceleration [27]. Figure 3 illustrates €)(¢) capturing the in-generalization distribution risk (see
Sect. 1.2.2) under SGD+M.

Interpretation of Main Theorem. In the high-dimensional limit, ¥(¢) captures the dynamics
of L(x;). In particular, W(¢) can be viewed as a summation between two terms, £(y,), which
represents the deterministic behaviour of £ under the mini-batch algorithm (recall y, are the iterates
corresponding full-batch gradient-based method scaled by (), and a convolution term, X * W, which
represents the noise inherent in the algorithm (i.e., the kernel /C contains the noise information
generated by random batch sampling). Q(¢) captures the dynamics of the quadratic statistic R(t),
in the same manner.

Theorem 7 generalizes the findings of [21] which are restricted to SGD+M on the training loss
L to include all mini-batch first order algorithms and all quadratic functions R(-). Specifically,
since L£(x;) and R(x;) is captured by ¥(¢) and €2(¢) in the high-dimensional limit, respectively, we
can analyze W(t) and €2(¢) directly to analyze fundamental properties of any stochastic mini-batch
algorithm including but not limited to optimal batch-size, selection of optimal hyperparameters, and
convergence regimes. In the next sections, we give some motivating problem setups that illustrate
the versatility of our setup and some common statistics.
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SGD+Momentum Nesterov's Accelerated Method (Strongly Convex)
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Figure 1: Concentration of mini-batch algorithms on Gaussian random least squares prob-
lem. The 90th percentile confidence interval of various mini-batch algorithms are plotted
(shaded regions) with fixed ratio d/n. The figure demonstrates the loss £(x;) concen-
trates to the Volterra equation W(¢) (see Theorem 7). The hyperparameters are fixed at
momentum A = 0.8, learning rate v = 0.5, and batch fraction ¢ = 0.5 across the exper-
iments.

1.2.1. TRAINING LOSS

Sample covariance matrices and generative models. A natural assumption under which the data
(A, b) satisfies Assumptions 1 and 3 is for sample covariance matrices and generative models. For
this, suppose & = 0is a d x d matrix with tr(3) = 1 and ||2|| < M/v/d < oo for some constant
M > 0. We construct the data (random) matrix A by setting A = Z+/3 where Z is an n x d
matrix of independent, mean 0, variance 1 entries with subgaussian norm at most M < co. We also
assume that n < Md. Finally, suppose that b satisfies the generative model, that is, b = A3+ n for
B3, 7 iid centered subgaussians satisfying ||b]|?> = R and ||| = R% for some R, R > 0. It follows
from Lemma 1.3 in [29] that the sample covariance matrix A and generative model b generated this
way satisfy Assumptions 1 and 3. Hence under these assumptions, we conclude:

Theorem 4 (Dynamics of training loss with sample covariance matrices and generative models)
Suppose (A, b) is a sample covariance matrix and generative model framework. Let 6 > 0 and x
is iid centered subgaussian with E [||zo||?] = R. Then for some & > 0, for all T > 0, and for all
D > 0, there is a C > 0 such that

pe( (%) - () 2 ) e

where W (t) and Q(t) solves (16) with R = 1| - — 8%

Figure 3 illustrate capturing the dynamics of training loss of various popular mini-batch algo-
rithms.
1.2.2. EXCESS RISK FOR ERM IN LINEAR REGRESSION

One standard linear regression setup supposes that A is generated by taking n independent d-
dimensional samples from a centered distribution Dy. Here a distribution is standardized if the
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distribution has mean 0 and expected sample-norm-squared equal to 1. Let the matrix 3¢ be the
d x d feature covariance matrix of Dy,

PN “E [aal], where a ~ Dy. (10)

Now suppose there is a linear (“ground truth” or “signal”) function § : R? — R which, for
simplicity, has 8(0) = 0. Since we are doing linear regression, we identify 3 with a vector using
the representation a — (BT a. We suppose that our data (a,b) is draw from a distribution D on
R? x R, with the property that

E[b|a] = B a, where (a,b)~D and a~ Dy.

Hence we suppose that [A | b] is a R"*¢ x R"*! matrix on independent samples from D. The iterate
from training «; represents an estimate of 3, and the population risk is

def

Riwo) & JE (- o ) |1,

where (a,b) ~ D and independent sample from generating the estimate x;. In this setting, the
estimate x; is generated from samples distributed as D and the population risk is evaluated with
a sample from the same distribution. We call this in-distribution. When the estimate is generated
from a different distribution than the evaluation of the population risk we call it out-of-distribution.

We can evaluate the population risk in terms of the feature covariance matrix X, and the noise

n? ) [(b— BTa)?] to give

R(we) = 31 + 5(8 - 20)T%4(8 - ). an

Here the sequence of iterates {x;}+>0 is generated from the mini-batch, gradient-based algorithm
applied to the /?-regularized least-squares problem (2).
In the case that (a, b) are jointly Gaussian, we may represent

a= 2}/22, b=pTa+nw, where(z,w)~ N(0I;®1).
This is to say that (a, b) come from a sample covariance with covariance 3 ¢ and generative model
with signal 3.
If D satisfies the the conditions of sample covariance matrices (with 3 = 3J¢), then the popu-
lation risk R is well-approximated by 2:

Theorem 5 Suppose (A, b) satisfy the sample covariance and generative model framework. Let
§ > 0 and x an centered iid subgaussian vector with E [||xo %] = R. Then for some ¢ > 0, for all
T > 0, and for all D > 0, there is a C > 0 such that

re( s | (R) - (i) o) <o

where U (t) and (t) solves (16) with R(x) the population risk defined in (11).

=

When the set-up is “in-distribution” and b follows the generative model, then n? = For

“out-of-distribution”, this is not the case. The noise n? # % as 7 represents the population noise.
For the sake of space, we will not include the out-of-distribution case, but note that it can be readily
addressed. One can also apply this set-up to Random features with the set-up based upon [2, 22].
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2. Appendix
2.1. Deferred Definitions

Definition 6 A function R : R — R is quadratic if it is a degree-2 polynomial or equivalently if
it can be represented by

1
R(x) = §£UTS$ +hlx +u, (12)

for some d x d matrix S, vector h € RY, and scalar u € R. We assume without loss of generality
that the matrix S is symmetric. For any quadratic, define the H?-norm:

def
IRIlm2 = [RO)] + [IVRO)[| + [[V*RI| = S]] + [ Al| + |ul.

We note that under Assumption 1 the empirical risk, f, will have bounded H?-norm. To execute
our exact dynamic of statistics, we require Assumption 5 on the quadratic in the same spirit as
Assumption 3.

2.2. Deferred Assumptions
Assumption 2 (Polynomially related) There is an p € (0,1) so that

dP < n <de.

Assumption 3 Suppose ) is a bounded contour in the complex plane enclosing [0,1 + || A||%] at
distance 1/2. Suppose there is an a € (0, ) for which

1. max max ]e;fFR(z;AAT)b’ < no—1/2
zeQ 1<i<n

2. max max \eiTR(z;AAT)ejT\ < p@o~1/2,
z€Q 1<i#j<n

3. max max ]e;fFR(z; AAT)ei — %trR(z; AAT)| < noo—1/2
z€Q) 1<i<n

We use the notation |Q| = max.cq |2(z)| which we assume is bounded independent of n and d.

Figure 2.2 illustrates that both CIFAR-5M and MNIST (with its 99.99 percentile outliers removed)
satisfy Assumption 3.

10
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max entry of resolvent
S

102 103
samples (n)

—— CIFAR-10, slope = -0.28
CIFAR-10 RF, slope = -0.20
—— MNIST (99.99 percentile), slope = -0.35
—— MNIST RF (99.99 percentile), slope = -0.10
MNIST (full), slope = 0.06

Figure 2: Maximum off-diagonal entry of the resolvent for CIFAR-5M [24] and MNIST [20]
data sets with features d fixed (3072 and 784, respectively), varying samples n = 2* for
k = 5,6,...,12. Random features (RF) model was employed with ng = 2000. In the
MNIST (99.99 percentile) data set large resolvent outliers were removed; when outliers
not removed, MNIST data set does not satisfy the off-diagonal resolvent condition (As-
sumption 3 (ii)). For the other data sets, the off-diagonal resolvent condition is satisfied.

Assumption 4 Let Q) be the same contour as in Assumption 3 and let o € (0, i) Then

max max |e! R(z; AAT) Axg| < n®0~1/2,
2€Q 1<i<d

Assumption 5 (Quadratic statistics) Suppose R : R? — R is quadratic, i.e., there is a symmet-
ric matrix S € R¥™? g vector h € R%, and a constant u € R so that

1
R(x) = imTS:I: +hTx +u. (13)

We assume that R satisfies ||R|| gz < C for some C independent of n and d. Moreover we assume
the following (for the same ) and c) as in Assumption 3:

def
T=R(z2)-S-R
max max |e] ATATe; — Lt (ATAT)| < ||S||n®=Y2  where deﬁz) )
z,yeN 1<i<n R(Z) g R(Z;ATA)

(14)

2.3. Concentration:In-Distribution Generalization Error.

The following figure illustrates capturing the in-distribution generalization error.

11
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102 SGD+Momentum
H n=064
=256

B n=1024
n = 4096
- Generalization Risk Q

-

y

0 25 50 75 100 125 150 175 200
Iterations

Figure 3: Concentration of In-Distribution Generalization Error on Gaussian Data. The in-
distribution population risk concentrates around €2(¢) given by Theorem 5. We follow the
setup described in Section 1.2.2 with Gaussian data and with mini-batch gradient descent
with momentum [30].

2.4. Main Theorem and Proof

‘We now state the formal version of Theorem 3.

Theorem 7 ((Formal) Dynamics of Mini-Batch, Gradient-Based Methods) Suppose Assumptions I,
2, 3, and 4 hold on the data matrix A, targets b, and initialization xo with g € (0,1/4). Let R(-)

be a quadratic statistic satisfying Assumption 5. Consider the iterates {x+}3° , generated by a mini-
batch, gradient-based algorithm (4) with batch size satisfying B/n = ( for some ¢ > 0. ForT > 0,
there exists C > 0 such that for any ¢ > 0, there exists D > 0 satisfying

E(:m)) (‘If(t)> ¢
- > C(T)n
(=)~ (atn)] = e®
where C(T)) is a constant depending on T, independent of n and d. The functions V and ) are
given as

Pr [ sup < Dn~¢, (15)

0<t<T

K(t, k; V2L)U(k —1)

M~

U(t) = L(y,) +<¢(1 =)

e
||
—

(16)

Qt) = R(y;) + (1= ¢) p_K(t, k; VPR)U(k — 1)
k

Il
i

12
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with {y,} given in (6) and where we define the quantities for any d x d matrix M
1
K(t,k; M) = ﬁtr (Nt,k(H)MNt,k(H)ATA), t>0 and 0<k<t (17)

and where the sequence of polynomials { N}, ; } ke[0,00),j<k are defined recursively by

S CenHN;j(H) — cpj1, ifj=1,....k+1
Noo(H) =0 and Nyi1;(H) =Xk CeriHN;o(H), ifj=0 :
—Ch iy ifj=k+1

dof
where cy, j are the mini-batch coefficients and H 51 +ATA.

The proof of Theorem 7 consists of constructing two deterministic quantities W, and €2, such that
the difference with £(x;) and R(x;), respectively, can be expressed as a summation of error terms
that vanish in the high-dimensional limit. The proofs that these terms are small will be deferred to
the next section.

To begin, recall the iterates of any mini-batch gradient-based method under any quadratic func-
tion R(-) (Assumption 5), are expressed as

1
R(xy) = Qas;fs.mk +hlzy +u, (18)
where the matrix § € R%*? is symmetric, h € R is a vector, and u € R is a constant. Using some

simplifications, the iterates can also be expressed by

k

$k:yk+ZNk,j(H)Mj (19)
=0

where the iterates y,, satisfy y,,; = o + Z?:o Cer;V f(yy) and where we define M j
M; € E[ATP;(Azx;_, - b)|F;_1] - ATP; (Az;_, —b)
=CAT(Azx;_ 1 —b) - ATP;(Az; 1 - b)

def
where Pj 1 = g eie;-r
iEB]'

(20)

to be the martingale increment. The martingale incremrements represent a Doob’s decomposition
that allows us to handle the stochasticity generated from the mini-batches.

Since everything is evaluated at H = 61 + AT A, we will often suppress the H and write

Ny j &ef Ny, j(H). Moreover for any matrix M, we introduce N (M ; H) &ef Ni o (H)M Ny, (H).

Now using (19), we get an expression for the quadratic statistic R as follows:

13
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N)M—t

t T t
(Z Nt,k;Mk> (V*R) (Z Nt,kMk>

R(zt) = R(y,) + VR(y,) (Z NtkMk>
k=1

k=1
= R(y:) + VR(y:) <2NtkMk> ZMthk R)Np i, M,

+ Z Mkth,kl(V R)Ny oy M.
k1>k2
(2D
Here we decomposed the Hes51an term, V2R, into two terms. The first term is the “on dlagonal”
term, that is, when M and M 1 have the same index in the two summations. When M . and
M, ; have different indices, we put them into the off-diagonal term. Next we introduce notation to
simplify the computations. In particular, we define

w, € Az, — b and wy; = (Azy —b); fori=1,....n,

to be an entry of the empirical loss function.

We are now going to identify the leading order behavior of R(x;). For this, we will see that the
gradient term (VR) and the off-diagonal term are of lower order in comparison to R (y,). They will
be shown to vanish as d — oo. As such we denote these two terms as error terms,

def
EV(R) € VR(y,) <Z N; kMk> (22)
k=1
gtv2_off def Z Mkl Nt 1 (v R)Nt kngQ (23)
k1>ko

The exact statement and subsequent proof that these terms are small can be found in Proposition 2.1
and Proposition 2.3, respectively.

For the “on-diagonal” Hessian term, there is a component of it which survives the limit in n. To
isolate this component, we must expand the on-diagonal term using the definition of M. We defer
this computation until Section ?? as it is quite involved. As such, we write this term as an error term
plus its leading behavior:

2 ~
fZMk N (V2R)N, s M), = ZZ C=¢7, <ANt,k(V2R§ H)AT) wi_
20D " (24)
+ £7DiE(R).

Here the error term is given by

t
2_Dia ef 1 T °
gy Piag(Ry & 5 > M N (VPR)N i M,
(25)
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The statement and proof that &, v "Diag () vanishes in d is defered to Proposition 2.2.
Using (26), we write the risk as

1 t n C CQ ~ .
5 kzl 21 tr (AN, (V2R H)AT ) wi_ o6

+EV(R) + £ PRE(R) 4+ £V -OM(R).

2.1 2
The terms, & (R), Stv Piag(R), and £Y 7OM(R), are error terms that vanish when n or d is suffi-
ciently large. We often will drop the R in the definition of the error terms when it is clear.
In order to prove Theorem 7, we require a discrete version of Gronwall’s inequality, a proof of
which can be found in [16].

Lemma 8 (Discrete Gronwall Inequality) Ler £(k) and K(k) be non-negative, non-decreasing
sequences and F (k) be a non-negative sequence defined for k = 0,1,2,.... For any T > 0,
suppose the sequences satisfy

F(T) < ET)+K(T) Y F(k), 27

0<k<T
and F(0) < £(0). Then for any T > 0,
F(T) <&(T)+T-ET)K(T)exp (T - K(T)). (28)

Now we are ready to prove our main result, Theorem 7, for the dynamics of any mini-batch
gradient-based method. Recall the vector w; = Ax; — b and empirical loss function

1
L(z) = 5| Az — b

It will be convenient to work with a stopped process based on the stopping time 1J:

9 L inf{t > 0« [Jwy|| > n®} (29)

for some # > 0 to be determined. We define the stopped process of the iterates and the residual
vector to be ot ot
:Bf = xiny and 'wf = wipnyg t > 0.

We will first prove that Theorem 7 holds for the stopped process a:f . Then we will remove the

stopping time ¢ and get the result for the entire sequence x;.

15
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Proof [Theorem 7] Let {V; 1, } be the noise polynomial that corresponds to the mini-batch gradient-
based iterates x; (see Definition 2). Throughout the proof, we will suppress the H = AA” + 41,
use Ny, = Ny (H), and let Nt,k(M; H) =N, ,(HYMN,;(H) forall t > 0.

First we show that the stopped process ! under the empirical loss is close to the stopped process
under W(t), that is, £(z?) is close to W(t A ¥9). For this, we apply (26) replacing R with £ and set
t — (t A9), so that

t/\19 n

Lia]) = kzgz Lt (AN u (VL AT )l 0

+EY (L) + EY SR (L) + £VLOM(L).

From now on we suppress the argument of Nt,k, that is, we write Nt,k = Nnk(VQE; H).
Comparing the two processes, we have

tAY

D (= (NI B VL) (k- 1)

k=1

L(z?) — (t w)‘ <

tAY n

—;zz“‘

2) AN— AT 9 2
tr (tAD k) (Wk_1,4)
k=1 (=1

V2.Di 2 (3D
t/\19 {"’ ‘gt/\ﬁ lag ‘ ‘ thﬂOff ‘

tAY

< (¢~ D IKEAD K VL) - |L(@fy) — ¥ (k= 1) A )|
k=1

V2-Di 2
T |eSa ()] + || + X O]
where in the last inequality, we used the fact that £(x})) = 3| w?Y||* and the kernel K(¢AD, k; M) =
Ly (AN,W%(M; H)AT) . In particular, we obtain

max \c(a;?) —W(tA 19)\

T
< -2 o2
- Z <(C C )0<S<I}}%}ik<s "C(S A 19’ R 197 v E) ‘) (O?ESXk

+ max (]SW )\+‘5X19D1ag(g)‘ ‘EXZOtf(ﬁ)D.

0<t<T
(32)
We define the following terms in order to rewrite (32) in a recursive form
F(T) def Ogltag% L’(acf) — \I/(t AN ’19) , cc:(j"7 E) def max ‘gt/\ﬁ ‘ + ’55\19])%(5)‘ + EXZOH(E)

def
and ,C(T L) (C B C2)0<5<H%a0}ik<s

/C(sw,mﬁ;v%)'.

16
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Rewriting (32) in terms of these quantities gives the recursive form that resembles Gronwall in-
equality:

F(T)<E(T;L)+ Y K(T; L)F( for T > 0. (33)
0<k<T

Note that {F/(T') : T € N}, {€(T; L) : T € N}, and {K(T;L) : T € N} are non-negative
sequences. Moreover £(T'; £) and K(T'; £) are non-decreasing in 7', and

F(0) = [£(zo) — ¥(0)] = 0 < £(0; £).
Thus, the assumptions of Lemma 8 hold and we have that

F(T)<&(T;L)+T-E(T; L)K(T) exp (T - K(T; L)) 34
< C(T; L)E(T; L),

where C(T'; £) is a constant independent of n and d. Now we show that the term £(T'; £) is small

as n,d — oo. This is done by applying Proposition 2.1, Proposition 2.2, and Proposition 2.3. Given

some o € (0,1/4), we assign values of o, ’, 0,7, and ¢ so that each of the terms in E(T'; L)

becomes vanishingly small as n, d tend to infinity. Specifically, we assign the following values

def g | 1 def 00 3 & def Q0 7
= 4+ = = 24 = sV, -
2 'y YT a1 e D
S (35)
e 1 —%—Fi and et 0 —a
“a\"1 ") T
Using these values for Proposition 2.1, Proposition 2.2, and Proposition 2.3 yields
E(T; L) dﬁf max ‘gt/\ﬂ‘ + ’gthﬁDlag ’ tVAZOff‘
V2-Diag V2-0ff (36)
<
g el + gma €757+ ma, |5

< C(T; L)n~°¢ W.0.p.

for some ¢ > 0. Hence, we have the first result (for the stopped process), that is, with overwhelming
probability

< : ¢
i |L(x)) — T AY)| < C(T; L), (37)

for some constant ¢ > 0 and C'(T’; £) which is independent of n and d.

17



HIGH DIMENSIONAL FIRST ORDER MINI-BATCH ALGORITHMS ON QUADRATIC PROBLEMS

We repeat the argument for the statistic R. Using (26), with the stopped process ¢ — t A ¢ and
the definition of {2 (15) on the stopped process, we observe

tAY

QtAD) — R(:cf)‘ <3¢ -AK (D) — ks VR) T(k — 1)

n _ 2 5
Z (CTLC) tr (ANt/\ﬁJCAT) (w}z_l’g)Z’
k=

V2-Di 2 (38)
+ €% (R)| + €72 (R)| + |50 (R)

%tr (Nt/\ﬁ,kATA) ‘ ' ‘W((k —HAI) - E(SB}Z_Q‘
ER R + |50 R)| + |75 (R)|

where we used the fact that £(z}) = 1||w?||* and N, P BN, k(V?R; H). Taking the supremum
on both sides yields,

tAD
1 -
_ | < ’ _ 19) 1 T
max. |t A1) R(wt)) < guax [W(tA9) — L(a) ; i (NMMA A)
V2-Diag ‘ ‘ V2-0ff )
+ s [E50(R)]| + e €757 (R)| + e |€75°"(R)

tAD

< C(T; L)n"¢
<C(T;L)n (nax { ;

1 ~
(39)

Here we used (37) with some ¢ > 0. By the assumptions on the data matrix A, we have that
%tr (Nt/\qukATA is bounded independent of n. Therefore, we just need to show that the error

term £(7; R) vanishes as n,d — oo. This follows exactly the same proof as £(7'; £). Using the
same values for o, o/, 0,7, and 0 as in (35) and replacing £ with R in Proposition 2.1, Proposi-
tion 2.2, and Proposition 2.3, we have that

E(T;R)<C(T,R)n"¢ w.op

for some ¢ > 0 and constant C'(T'; R) independent of n and d.
Hence we have shown, with overwhelming probability,

max (Q(tA9) —R(x?)| < C(T; L;R)n~° (40)

0<t<T

for some constant ¢ > 0 and constant C'(7’; £; R) which is independent of n and d and only depends
on [ AlL, B, o, R, 7. ¢, T, €2

To finish off the proof, we now show that the stopping time satisfies ©} > 1" with overwhelming
probability. For sufficiently large n, by the definition of the stopping time, the fact that £(x;) =

18
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2, and using the constant ¢ > 0 in (37) yields

3w,

Pr(9>T)>Pr ( max ‘E(w?) W(tA 19)\

n? — max \Il(t)>
0<t<T

1
2 0<t<T

n? — max U(t)

1
2" T osier ) (41)

>1—Pr <0r£tanT (z(m}?) U(tA 19)(

>1-Pr < max (ﬁ(mf) — Wt A 19)( > n_c)
0<t<T
>1-Dn ¢
for some constant ¢ > 0 where the last line follows from the result of (37). We note that Jmax U(t)

is independent of n and d and the maximum is taken over a finite set so the maximum is finite.
Using (37) and (41), we get

Pr < max |£(z) — U(t)| > n—0> —Pr < max |L(x) — U(t)| (Ls1y + Lw<ry) > n_c>

0<t<T 0<t<T

<Pr <01%1t2%>% |L(x) — W (t)| 1p<ry > n_c> +Pr ( max ‘[,(:cf) — Ut A 19)‘ > n_c)

0<t<T
< Dn~°¢
(42)
for some constants D and ¢ > 0 that are independent of n and d. This shows
< —C
qmax  [U(t) — Lz)] <7
holds with overwhelming probability. Similarly, by replacing £ with R, we can show
_ < np~¢
qmax (1) = R(xy)| <n
holds with overwhelming probability which gives us what we need. |

2.4.1. CONTROLLING THE MARTINGALE ERRORS

Th . Vv oV?-Diag Vv2.0ff . .

e martingale errors &, &, ,and &, , (22), (23), and (25) respectively, arise due to the
randomness in the algorithm itself. These errors are small, in part, because the left-singular vector
matrix of A is delocalized (Assumption 3). Estimating that the error generated by these martingales
requires some substantial build-up (Section 2.4.2). For reference, the three martingale errors are

&Y = VR(y,)" (ZNtkMk>

gy-oft _ Z M Ny i, (V2R)N, 1, My, 43)
k1>k2
V2 -Diag _ C CQ
ZMthkMk—*ZZ t[‘(AN(tk)A )wk 1,00
k=1 ¢=1
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where we write Ny, ; &ef Ny, j(H) and Ny &ef Nk (H)(V*R)Ny . (H). The incremental martin-
gale M (20) is
M; =(AT(Az;_ 1 —b) — ATP;j(Az;_1 - b). (44)

where P; is a random projection matrix.
Throughout this section, we normalize our data matrix A so that it has row sum equals 1, namely

without loss of generality. In order to control the fluctuations of these martingales, we will need to
make an a priori estimate that effectively shows that the iterates remain bounded. Thus, we recall
the introduction of a stopping time, for any fix 8 > 0, by

Jp = inf {t >0 ||lwe > ne}, where w; = Ax; — b.

The choice of 6 will be determined later, and as such, we simplify notation by & Jy. It will be
convenient to work under the stopped processes, :13}59 = xpg9 and w}? = WipY-

In what follows, we will prove three propositions (stated below) showing that each of the mar-
tingale error terms in (43) are small starting with Stv .

Proposition 2.1 For all o/ > «aqg + 0, the following holds with overwhelming probability

\Y4 o'—1/2
max | <n . 46
OStST’ t/\ﬂ‘ = ( )

In Section 2.4.4, we will show that the on-diagonal error term is small. This will involve using
the key lemma.

Proposition 2.2 (On-diagonal error term small) Ler o € (0, 1/4) as specified in Assumption 4.
For any a, o, and 0 satisfying 0 < 0 < o/ — aand ap + 0 < o < o' we have

V2 —Diag 2a’—1/2
< .
[nax 1€ | <C(T)n w.o.p

for some constant C(T') that is independent of n and d.

Finally, in Section 2.5, we show that the off-diagonal error term is small.

Proposition 2.3 For all « and § such that ag+ 60 < o« < < 1/4and 0 < 0 < % — 0 and for any
n satisfying 0 < n < § — o we have that the quadratic-off-diagonal term satisfies

v2-0 -
Jnax, ‘Etw ﬁ‘ = O(T) - n®9*n w.o.p., 47)

for some constant C(T) > 0 that is independent of n. and d and only depends on ||Q||, || AT A||, ~
and T.
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2.4.2. GENERAL MARTINGALE RESULTS

Proposition 2.4 (Resolvent and Bounded Entries) Fix a constant T > 0. Suppose Assump-
tions 3 hold for the closed, bounded contour ). For any o > ag + 0,

max max max |el R(z; AAT)w?| < C(|9],||ATA||, T)n*"1/?
0<t<T 2€9) 1<i<n

(48)
and max max |el R(z; AAT)Ax?| < C(|9), |AT A||, T)n~"1/2
0<t<T 1<i<n
with overwhelming probability (conditioned on Fy ), where C'is constant depending on |||, AT A|,

and time T, but independent of n and d.
We immediately get a consequence which yields a bound on the individual entries of w?.

Lemma 9 (Coordinates are Small in n) Suppose the assumptions of Proposition 2.4 hold with
some T > 0. For all o > oy + 0,

max max |e] w?| < C(|Q,||ATA|, T)n*"1/2
0<t<T 1<i<n

and max max |ef Ax?| < C(|9Q], | AT A, T)n*1/?
0<t<T 1<i<n

(49)

with overwhelming probability (conditioned on JFy).

Proof [Proof of Lemma 9] From Cauchy’s integral formula, we express the ¢-th entry of Aals};’1 and
w?, respectively, as

-1 Q
lef Ax?| = ’% el R(z; AAT)Ax? dz‘ < 1 max max eiTR(z;AAT)Aa:f‘
2wt Jq 21 1<i<n 2€Q (50)
-1 ]
T, 9| _ Tp(,. Ty, 0 < A Tp(,. T 19’
le; wy| 57 ﬁzez R(z; AA" Ywy dz‘ < op fDax max|e; R(z; AA" Ywy
The result then immediately follows after applying Proposition 2.4. |

Before showing the proof of Proposition 2.4, we state a Bernstein-type concentration result for
sampling without replacement. This result says the randomness from mini-batch sampling does not
deviate too much from the “expectation”. It will be used to show Proposition 2.4.

Proposition 2.5 (Bernstein concentration, Proposition 1.4 [5]) Let X = (x1,- - ,x,) be a finite
population of n points and X1, --- , Xg be a random sample drawn without replacement from X.
Let

a= min x; and b = max x;.
1<i<n 1<i<n

Also let

n

1 « 1
M—nz;%‘andUQ—nZ(%‘—M)Q
1=

i=1
be the mean and variance of X, respectively. Then for all € > 0,

1 5 Be?
g <5§X e ) =P (‘202 30— a>e> |
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We now prove the general bound on the entries of w?.
Proof [Proof of Proposition 2.4] For any fixed o > «g + 6, define an increasing sequence «(t)
where t = 0,1,...,T such that ap + 0 < a(0) < (1) < ... < (T) < . We will show for any
0<t<T
max max |e] R(z; AAT)w?| < C(|Q],||AT A, t)yn*H~1/2
zeQ 1<i<n (51)
and max max |e] R(z; AAT)Az?| < C(|9|, ||ATA|, t)n*®~1/2,
zeQ) 1<i<n
where C' is a constant depending on ||, || AT A
For ¢ = 0, a simple computations yield

, and ¢ but it is independent of n and d.

To(a A AT Vor?| — Tp(.. A AT _
rgeaélrg%iwi R(z; AA ywg| = max max |e; R(z; AA")(Axy — b)

< max max |e] R(z; AT A)Azo| + max max |el R(z; AAT)b|.
2€Q 1<i<n 2eQ 1<i<n
Therefore, for the wg term, the inequality (51) follows after applying Assumption 3 and Assump-
tion 4. By setting b = 0 in the inequality above, we get that (51) holds for A:Bg.
For 1 <t < 4, we prove by induction. We already showed that
max max le] R(z; AAT)wi| < C(12, | AT A],0)(nO~1/2),
ze 1<n
T (52)
and max max |e! R(z; AAT) Azl | < C(|Q), |ATA|,0)(n*0~1/2),
zeQ) 1<i<n
where C' is some function depending on |Q| and ||AT A||. From (??), the mini-batch gradient
method update gives, for ¢t > 1,

t—1 t—1
w) =wf + > ¢y s AATPrw] + 06> ey p Ay,
k=0 k=0
t—1 t—1
and Aa:f = A:cg + Z c(t_l),kAATPkng +6¢ Z c(t_l),kAw}z,
k=0 k=0

so by multiplying e! R(z; AAT) on both sides, we get

t—1
el R(z; AAT)w? = el R(z; AAT)w} + Z c(t,l)ykegﬂR(z; AATYAATPw!
k=0
t—1
+60) cup-1y el R(z; AAT) A,
k=0
t—1
and e/ R(z; AAT) Az} = e] R(z; AAT) Az + ) " c_1y el R(z; AAT)AAT Py w))
k=0
t—1
+60) cu-1y el R(z AAT) Ax).
k=0
(53)
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Now assume the induction hypothesis, that is, foreach 0 < ¢ — 1 < ¢

masc max [ef R(z AATJw] 1| < C(Q, AT All.7,t = 1)-n20D7172,

zE i<n

(54)

and  max max [e] R(z; AAT) A 1| < C(I9, AT Al 7.t 1) -no-D712,
FAS i<n

with overwhelming probability. From (53), let Y; do eTR(z AAT)AATPkH(Aa:k b). We

will use Bernstein-type inequality. Note that Y; ,, = ZEEB Xy,i,, where Xy ; k = ( TR(z AATYAAT), (Aa:Z—
b). Observe,

=Y X,p=—-e R(z;AAT)AAT
[k ”;:1 ik = 6 (% ) wy,
and
of 1
a,%d:fﬁ (el R(z; AAT)AAT)2(Az! — b)2 — 112

As for bounding p, observe

R(z; AAT)AAT = R(z; AAT)(AAT — 21+ 20)
=1+ 2R(z; AAT). )
By left multiplying ezT and right multiplying wZ, we get that

el R(z; AAT)w? = el w? + zel R(z; AAT)w!
so that by using the induction hypothesis, with z € €2, we have

1
ue < —191C(10), | AT Al K)n* 712 < o), |AT AL B2, wop.

For the constant, we abuse notation so that C(|Q2], |AT A||,t) = |9 o Jnax 1C’(|Q|, |ATA||, k).
<Sk<t—

We will use this sense for all constants below. As for o2, we have

1
op < , ax x{(e] R(z; AAT)AA")}}|| Az] — b|* + n( e/ R(z; AAT)AAT)?|(Az} — b)i|*.
1 1
E x{(ze R(z; AAT)eg) }HAack bH2 + ﬁ(l + ze;-rR(z; AAT)ei)2|(A:B}Z — b)i]2.
(56)

The last equality follows from (55). By applying Assumption 3,

@0=1/2 and  max max

ze€Q 1

1
el'R(z; AAT)e; — - tr(AAT)| < neo=1/2,
(57)

max max el R(z; AAT) j‘ <n
z€Q  i#j

together with the induction hypothesis and the definition of the stopping time ¥}, we have

1 _ 1, 50— a(k)—
o7 < C(I, I|AT Al 7. t) [nm@ao D201 (e(h 1)] — C(Ql, | AT A, 7, )n2 P2, wop.
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Here we used that ag + 60 < a(k). Let by, & max Xpip = max {(el R(z; AAT)AAT) (Ax) -
1<f<n 1<f<n

b)¢}. Again using (55), one equates by, as follows,

_ T A AT T, 9
by, = 11;1%)(71{ (e; I+ zR(2; AA"))es) ey wi}. (58)

We will bound ezzpw}z using the induction hypothesis (54). For the other term, we look at two cases
¢ =i and ¢ # i and use Assumption 3:
(#i  |ef(1+2R(z AAT))el| < |Qle] R(z; AAT e, < [Qn0 112
(=i |el I+ 2R(z; AAT))e;| <1+ |Q|lel R(z; AAT e,
1+(9|(lef R(z; AAT )e; — Ltr(AAT)| + L tr(AAT))
<14 (Q|(n~ 12 4| AT A|)).

Using this with the induction hypothesis (54) on eg'w}z, we get a bound on by:

_ T A AT T, 9
br = lrgggn{(ez (I+ 2R(z; AAT))es) el w)}

< |92 41 4 |Q|(n% 12 4 | AT AD]C(|9, | AT A, k)no®)=1/2 (59)

< (9, | AT All,y, ) =20 woup.

Note in the last inequality we used that ap < 1/2 to conclude that ag + a(k) — 1 < a(k) — 1/2.
Recall Proposition 2.5, that is,

1

"5

Be?
Xoik — k= €| <exp (— . (60)
g;k 207 + (2/3) (b — a)e

Let ¢ = n~3/2+() in the above. Therefore after noting that 3 /n is the constant ¢, we deduce that
the expression on the right-hand side inside the exponential is

2 2(—3/24«
B Be - —n - n2(=3/2+ (t)) < _po—a(k) (61)
202 + (2/3)(b — a)e ~ n20(k)=2 4 patk)+a()—2 ~

Here we use a < b to mean that there is a constant C' > 0 depending on ¢, ||, || AT A|, but
independent of n, such that a < Cb. Since a(t) > a(k) for all k£ < ¢, the probability in (60) goes
down faster than any polynomial in n. Therefore, from (53) and the probability (60) with (61), we
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have that
max max |e; R(z AAT) 9
zeQ) 1<i<n
i—1 t—1
< TYop? 9
gﬁ%ﬁ%ﬁk R@iiA)Umk+5g%ankmk+d+ﬁCg%qukAmk
t—1
< (9, | AT A, 02 1 010, | AT AL Y e el
k=0
t—1
+8C> " ey aCQl, AT A, kyno®)-1/2
k=0

c(lal, | AT Al tyn®=12,
(62)
with overwhelming probability. Here we used that a(k) < «(t) for all k£ < ¢. Similarly, from (53)
and the probability (60) with (61), one deduces, with overwhelming probability,

max max el R(z; AAT) Ax?

zeQ 1<i<n
i1 t—1
T 9 9
< max max |e] R(z; AA") Az +5k§_:oc(t—1),k[uk +¢ +5Ckz_00(t_1),kAwk
t—1
c(19l, AT A, 0)n* @12 + c(10), AT A1) Y e 1/2 4 pe()=1/2)
k=0
t—1
+0¢C " a1 xC (12, | AT A, kyno®=1/2
k=0

c(9l, | AT A, 012,
(63)
The induction step is now shown and the result (51) follows for 0 < ¢ < ¢ witht < T.

For T > t > ¥, we have w! = wfﬂ = wg. We already showed that the result (51) holds for
(w), AzY) and (w?, Ax}) where ¢ < 1 and in particular when ¢ = o). Thus, we immediately get
that the result (51) holds for 7" > ¢t > 1. From (51), the desired proposition follows after noting that
a(0) < a(l) < ... < a(T) < a and defining C(|Q, || ATA||,T) = (nax c(l, |ATA|,t). =

2.4.3. PROOF OF PROPOSITION 2.1
In this section, we will show that £ is small as n — oco.
Proof [Proof of Proposition 2.1] Recall for ¢ > 0, we have

tAD
Eo = Y (VR Ny AT (Azf —b) — AP, (Az] ~b)]  (64)
k=1
We make use of Proposition 2.5, (proof is similar to Proposition 10 in [21]) by defining the following
quantities:

X & Ry ) Ny A ere] (Azf_, —b), (65)
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where e; denotes the I-th elementary basis that is included in the random batch B at the k-th
iteration. Moreover, we define

def 1 1 ¢
i & D XM = = N VR Nopo A ee] (Az)_—b)  (66)
i=1

i€[n]
and hence
tAY .
t7
=D | DX — Bug (67)
k=1 i€ By,

Since k < t < T, we apply Lemma 9 with an « chosen so that o’ > a > ag + 6 to conclude that

max ’(Amz_l - b)j|2 <Cn*7 ! wop. (68)
1<j<n

where the constant C' depends on | AT A||, ||, T, but it is independent of 7 and d. For each k =
0,1,2...,t, we can impose an upper bound on the empirical variance as follows:

e
on =1 '
= %Z (VR(y?)TN(t/\ﬁ,k)ATei)Q (eiT (Aa:}f_l — b))2
=1
2
= 7111I£Ja<xn (Angl - b)j' (VR - [N ol - (A2

< C(t)n**? w.o.p.,

where the constant C' is dependent on || A|[, [|b]|, [[zol], IR 72,7, ¢, T', [$2], and time ¢ (here take
max of the constants over 1 < k < t), but it is independent of n or d. All constants going forward
will also have this property and we note that the constant will change from line to line. Similarly,
using the same « as in (68), we can bound the following quantity:

VR(Y)) Nypo A ese] <A$}271 - b)’

t,k
bit,k) = max XE’ ) < max
1<i<n 1<i<n

< max | (dzf_y ~b) |- [IVR@))IL - [NuowA”ll )

< C’(t)na_l/2 Ww.0.p.

Applying Proposition 2.5 gives
B

5 ~ E\2
1 5 B(3)

Pr X~ B g > 5) =Pr ( X~ = ) < exp <_ » 5

(Z , 52 0z g 202 0+ 2bn — ()

i= =1
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We first note that 8/n = (. Set & = ¢/T with ¢ = n® ~'/2 and @ = 0. Using the upper bounds on
b(tk) and U(2t,k)’

B(£)? T2p 122 T2
2 (B) 5 = C(t) " 202 - afl/Z -1 = C(t) . 2(a—a’) a—ao!
+ g(b(t,k) —a)(B) n +Tn n~le n +Tn 1)
T2
n2(a—a’) 4+ Tnpo—o n——>>oo

2
2001 1)

oQ.

>C(T) -
Here again C(T) is a positive constant independent of n and k. We note that we chose « so that o/ >
a > ap + 0. We can then lower bound C(t) with C'(T) simply by letting C(T") = 1I<I?<HT C(t) > 0.
Hence 5 o
o (Z X9~ B > 5) <exp(—C(T)ne)  whens =12/ (72)
i=1
for some ¢ > 0. Note that the constants ¢ and C'(T") are independent of ¢ and k, only depends on

LAl 1165 lzoll, |2], | R g2, v, ¢ and T'. Similarly, by taking —th’k) and using the same bounds
on b; ) and 0(215 k> We get that

8
Pr (—[Z X B ] > 5) <exp (—C(T)n¢) whené=n*"12/T.  (13)
=1

Therefore, it follows that

B
t,k
Pr ( > X~ B
i=1
for some ¢ > 0 and C(T) > 0 where the constants do not depend on ¢, but do depend on
AL, |16]], l|zoll, |21, IR || 2, 7, ¢ and T. We set ¢ = n® ~1/2. Applying the union bound twice
and using (74), we get

T
Pr < max |ENg| > 6) < ZPT (‘5157\19‘ >e)

> 5) < 2exp (—C(T)n®) when & = n®~Y2/T, (74)

0<t<T g

T tAD .

<> P Y (Y X0 - Bugry || =€
=0  \k=1| \i€B,
T tAY B N

<> > pr ( ZXi(t’ ) — Bugeg| > €/t A 19))
t=0 k=1 =1
T A9 B N

t,

<> > Pr ( X = B | > €/T>

1=0 k=1 i=1

< T? - exp(—C(T)n°)

for some ¢, C(T') > 0. In the penultimate inequality, we used that ¢ A¢} < T'. For the last inequality,
we note that £ /T = ¢ in (74) that the constants, ¢, C(T") > 0in (74) hold for all 1 < ¢ < T'. The
result immediately follows.

|
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2.4.4. PROOF OF PROPOSITION 2.2

Throughout this section, we define Nt,k &t N . (H)(V?*R)Ny . (H) and we express the ij-th entry

of Nt,k as Nz(jk) Moreover, we recall wy, def Az, — b.

There will be require some substantial buildup of lemmas and propositions before we conclude
with a proof of Proposition 2.2. The first of which is what we colloquially call the key lemma, based
off the key lemma in [28, Lemma 14]. This version extends the result in [28], but maintains the
essence of that lemma, in that, the on-diagonal entries of Ap(AT A)A”T where p is a polynomial,
self averages. The precise statement is below.

Lemma 10 (Key Lemma) Fix 7" > 0 and suppose Assumption 5 holds. Let pr, : C — C be a
k-degree polynomial with k < T' and coefficients which are independent of n and d. Then for some
C depending o

max max |el AW ATe, — Lt (AWAT)

< n®~120(T,|Q))|IR
0<k<T 1<f<n =n (T, QDR 2

where W % p(ATA) - (V2R) - pp(AT A).

Proof Define the matrix K (z,y) = o AR(z; ATA)(V?R)R(y; AT A)AT. Let Q by the contour
and g € (0, ) in Assumption 5. By Cauchy’s integral formula, we can write

e AW A e, = ji el pi(2)pr(y) K (2, y)eq dzdy

1
(27i)?

1 (75)
Lu(AWAT) = o f pm) b (K () d

Using Assumption 5, the following holds with overwhelming probability

1
lef AW AT e, — Lir(AWAT)| < ‘(2 B y{pk(Z)pk(y) lel K(z,y)eq — = tr(K(z,y))] dzdy
o1 IRl 2
< oo 2P 1 ol 0zl

R LI
(76)
Because the contour (2 is bounded, maxo< <7 max.cq |pr(z)| is bounded independent of n and d,

but it is dependent on T'. Thus we get

T T 2
Or<nka<xT11£1?<Xn|e£ AW Al e, — Lir(AWA")| < mkaécTnao 1/24 3 max 1P (2) 2R 2 an

<m0 1/20(T,\QI)HRIIHQ,
where the constant C' depends on 7" and |€2|. The result immediately follows. |

2_ 1 . . .
Next, we show that the error term Etv Diag composed of multiple terms corresponding to

four different types of errors: (1) the randomness in a quadratic form (see below Etv 2’:HW), (2) the
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randomness is solely due to the mini-batching ( parameter (see below Et(VZZZ'l) and Et(VQ:Z'Z)), (3).

the randomness is linear (see below St(VQ:B'l) and St(VQ:B'Z)), and (4). the key lemma (see £Y KLY,
These each will be handled accordingly. For instance, the quadratic form we will use Hanson-
Wright concentration for martingales (see [1, Theorem 2.5], Lemma 19). For the linear martingale
terms, we use Bernstein concentration proposed by Bardenet [5, Propsition 1.4] and restated in

Proposition 2.5.

2 1
Lemma 11 We can decompose the on-diagonal error term Etv biag follows

t n

2 2
5y2DmgdeflethkMk_?ZZ C C)tr<ANtkA )wk 1¢ (78)
k=1 ¢=1

_ gt(v :KL) +5t(v2'z'l) +5,5(V2:Z'2) +gt(v2:B‘l) _i_gt(v%B.z) _i_gt(VZ:HW)

where the six error terms are

t n
0 Ly zzz(AwAmwk R ;z o (AR

k=1 15 (=1 k= 1

L g

g(VQ Z.2) Z Z Z <<2 /3 ;) AeJAmN(-’ )wz_u

klzyﬁl

—
~
I

2.8, 1 ~(t.k 7tk
gt(V B ]) = 5 ZZ [<26?Aka,1Ni(;’ )e;‘-FAka,l — CG?ATPkwklei(;’ )G?AT’wkfl]
k=1 4,

(VQBZ) ZZ [CQ T ATy, ( k) el ATw,_ 1 — Ce?ATPkwkqﬁg’k)G?Akaq]
k 1 4,7

V2:HW k)
51:( ) Z Z N (t |: ZTATPkwk,le]TATPkwk,l — E[e;-FATPkwk1e;‘~FATthk1\]:k1]} .
k 1 15
(79)
We indexed the error terms by the acronyms inspired by the results applied to bound them: Key
Lemma (KL), Zeta (Z), Bardenet (B), and Hanson-Wright (HW).

First, we state a result first proven in in [28, Lemma B.1] that will be used in the proof of
Lemma 11.

Lemma 12 (Lemma B.1 [28]) Suppose that u and v are fixed vectors in R". Then

E [(Zuivi)Q] _ g%(uT'v) (i igﬁ) S (wiwn)?.

i€B i=1

We are now ready to prove Lemma 11.
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Proof [Proof of Lemma 11] Observe that

t t
1 o T ~ o 1 o ~ k) ~°
2 2 MNGM = 5 375 My N M, (80)
k=1 k=1 1i,j

and that the product of the entries of the Martingale increments defined in (20) gives us

y y T AT T AT T AT T AT
MMy ; = [Cej AMwy_y — ef A" Prwy_1] [Cej Awi_y — e A" Prwy,_1]
2 T AT T AT T AT T AT
=("e; A wy_1e; A wy1 — (e; A" wi_1ej A" Prwy_
- CeiTATPkwkqe?Aka_l + eZTATPkwk_lejTATPkwk_l
2 T AT T AT 2 T AT T AT
=(e A'wy_1e; A wi_1 —2(7e; A" wy_1ej A wg_
2 T AT T AT T AT T AT
+( e, A wi1e; A’ wi_; — (e; A" Prwy_1e; A wk_l)
2 T AT T AT T AT T AT
+ (CPej AMwp_1ej A'wy_1 — Cej AMwy_1ej AT Prwy_y)
+ ezTATPk'wk_lefATPkwk_l
2 T AT T AT Vi) . V32) . T AT T AT
=—("e; A wy_1e; A wy_ +5,g )(Z,j)+5,£ )(z,j)—kei A" Prwi_1ej A" Prwy_q
(1)
where we introduce two error terms
V3 o o def o T 4T T AT T AT T AT
5,& )(Z,j) = (e A wip1ej A" wi 1 — (e; A" Prwy_1ej A" wy, g

(V2,2) . o def oo T 4T T AT T AT T AT (82)
E7(L,7) = Cef A wi_1e; A" wy_1 — (e; Al wy_1ej A" Prwy_1.

We note that the conditional expectation of ¢ e;fFAT'w k_lejTATP rWy_1 is precisely ¢ 2eiTAT'w k_le}rAT'w E—1
(same for the other term). We will show, in fact, that ¢ eiTAT'w k_le]TATP rwy_1 Will concentrate
around its mean.

We now consider the term eiTATPk'wk_lejTATPkwk_l in (81) and we perform a Doob’s
decomposition on this term, that is,

T AT T AT T AT T AT T AT T AT
eiA Pkwk,lejA Pk’wk,1 :ei A Pkwk,lejA Pkwk,l—E[eiA Pkwk,lejA Pkwkfl‘.rkfl]

+E [EZTATPk’wk_le?ATPk’wk_l |fk_1] .
(83)
The first term in the inequality will be small as e?ATPkwk,le?ATPkw t—1 will concentrate
around its mean. It remains to simplify the conditional expectation term, [E [e;frATP W1 e;fFATPk'w k—1|F) k_l} ,

which we do so below. Noting that P, = Z emegl,

meEDB_1

T AT T AT
E (e AT Prwy_1e] ATPrwy 1| Feo1] =E || > Apiwe—im | | D Agwe_1,e | [Fae
meE By, L€ By
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We want to apply Lemma 12 to the above, but it is not in the form that Lemma 12. To get it into the
correct form, we use polarization:

1 2
E[( Z Amiwkl,m>< Z Azjwk1,1z> |-7:k1] =4E[< Z Amjwkl,m+Amiwk1,m> U‘%J

meEB_1 lEBK_1 meEBk_1
2
- ]E |:< Z Amjwk 1,m — Amiwk—l,m) |Fk—1:| .
meEBr_1
(84)

Now we apply Lemma 12 to each term in (84) and thus, after simplifying,

1 2
E [eZTATPk’wkfle?ATPkwkfl‘]rkfl] = ZE I:( Z Amjwkfl,m + Amiwkl,m) ’fkl]
meBL_1

2
— *E K Z ApjWi—1,m — Amz’wkl,m> !]'—kl]
mEBk 1

B8 -1 BBy
[Elg [(Aej + Aei)kafl}2 + <n - “) Z (Agj + AE@')ZU’%—LZ]

[m [(Ae] Ae;) ’wk—1]2 + <i - BEB_B> Z (Agj — A&) wi—m]

-1 n
() e (D)
= (Pe] ATwy_e] ATwy_y + (¢ = (%)) Ay Agwi_y,
=1
—1 n
SN T R S

(85)

In the last equality, we added and subtracted terms corresponding to { =~ % when n is large.

Plugging in (85) into (81) we obtain

1
MMy = (¢ — (2 E:A@A&wk1@%-<ng_1;—%?>€?ATwh4€?Awa4
/=1

(I )t s

n  n(n—1) —

+ (eiTATPkwk_lejTATPkwk_l —E [e?ATPkwk_le]TATPkwk_l |‘Fk—1} ) y
(86)
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where 8,5v2’1)(i, j) and E']gV?’Z)(z’, j) are defined in (82). Returning to (80) using the martingale
increment computation (86),

n
k=1 k=1 ¢=1
t t n
1 (k) 1 c-¢%) N
= 3> M NI - Y . tr(ANt,k.A )wk y
k=1 4,5 k=1 (=1
t t n
1 1 —(?
=3 dC-¢h ZAZJAhwk IZN(tk) 52 ¢ nC) (ANtkA )wk 1,0
k=1 1,5 (=1 k=1 (=1
t
1 BB-1) ol AT T AT
+ 9 Z (TL(TL — 1) C A Wr-1€; A Wik—1
k=1 4,
t n
1 2 B(B — 1) 7 (t,k) 2
t3 Z (C Toan—1) Ny™ Yy AgjAwi_y
k=1 4, /=1
t
1 ~(1k) 1 (V2,1 .
5 Y NEET V6 + €7D 9)]
k=1 i,j
t
1
+ 5 Ng’k) [eiTATPkwk,le?ATPkwk,l —E [eZTATPkwk,le?ATPk’wk,1|fk,1” .
k=1 4,5

87)
Using that { = %, the result follows by matching up terms in (87) with (79) and using the definitions

5(V2B1 deflzZNtk)gv 1) (i,j) and 5(V2B2)deflzZN(tk (V2 2)23)

k=1 1,5 k=1 4,j
|
We now show that each of the terms in (87) are small with overwhelming probability.
2.4.5. CONTROLLING é‘t(VQ:KL)
The following lemma controls the error term using the key lemma, Lemma 10.
Lemma 13 Fix T > 0. Forany o > «qg + 6,
(VZ:KL) —1/2420
< no
s €| < (T )

holds with overwhelming probability.
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Proof By applying Lemma 10 (Key Lemma) and Lemma 9 we get

tAY n tAY n

V2:KL 1 1 -
i 7 = 3= S5 (AN et ) - 553 L (AN )
1
2 9 2
< 5(C= )T max max lef AN A e, — - tr (AN@m »A )’ [[wil
< C(T)naofl/Q . TL 20
(89)
where C(T') depends on T', |2| and ~2 but independent of 7 and d. [

2.4.6. CONTROLLING £Y°B-1, gV?*:B.2

For the terms £Y B! and £Y B2

Py, is linear in these terms.

, we use Proposition 2.5 as the randomness due to mini-batching,

Lemma 14 Fix T > 0. Let o/ > ag + 0 and o > 0 such that o/ > o > ag + 0. The following
holds with overwhelming probability

(V2:B.1) < =172
(nax Eng 1< , (90)

provided 6 < o/ — q.

Proof Recall for t > 0, we have

5t(AV;B1) ZZ [C2 T AT 4, (t/\z?k) TAT,wk | — T AT P, _1N(t/\19k) TAka )
k 1 4,

t/\19

*Z [C2wk AN (g ATwy_1 — Cwl_ P AN (0 1) AT wy 1]
k=1

Proceeding similarly to Proposition 2.1 for &Y, we define

~ 1 &
XS () eref AN ATw]_y and ) E LSO XED )
=1

and we observe that

tAY
V2:B. k
LIS o R
k=1 \i€Bx_1

Before proceeding, we note that ||Ntk|| for t > k is bounded by a constant depending on | AT A|
and ¢, but independent of n and d. We apply Lemma 9 with « satisfying o/ > «a > ag + 6 and get
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that max |wy,_1 ;| < n® /2

. Using the definition of 1J, we have the bounds
1<j<n

Tk = ié ()= ()

< i; z”: (e?w}z_l)Q (ezTAN(t/\ﬂ,k)ATwZ—l>2

i=1
¢ 9 2 N T 9 12
= El%agxn‘wk*d' |[ANrg,1) A Wi ||
<2 9 2 9 2 4 ~ 2
< o e wl_y Pl PAL [N

<C(t )n 2(at0-1) W.0.p,

where the constant C' is dependent on || A|[, [|b]|, [[zol], IR 72,7, ¢, T', [$2], and time ¢ (here take
max of the constants over 1 < k < t), but it is independent of n or d. All constants going forward
will also have this property and we note that the constant will change from line to line.

Similarly, applying Lemma 9 with «, we can bound the following quantity:

b = max XZ-(t’k)

1<i<n

C ~
< max |2 ('w}z_l)TeiezTAN(t/\ﬁ,k)ATw}Z—l‘

1<i<n
¢ 9 T A T, 9

< 5 121%5; ‘wk—l,i| “|le; AN(po.mll - [|AT wi_y|| ©2)
¢ 9 2 1N

< & (e ol ) i1 AP [Nna o

< C(t)na_§+9 W.0.p.

Applying Proposition 2.5 gives

B ~
Pr (Z Xi(t’k) — BuP) > 5) =Pr ( ZX (R _ (k) > ;)

=1
B(2)? )
< ex — — .
=° p( 20 )+ 30— a)(3)

We note that 3/n = (. Seté = ¢/T with e = n® ~1/2 where o/ > « and a = 0. Using the upper
bounds on b and a(t k)’

93)

BEY T-2-1¢? T2

t itk T 2(b— )(%) B p2(at0-1) 4 T-1pa—1/2+0,-1¢ 20 n2(a—a’+0) 4 T—lpa—a/+6"

Here again C(t) is a positive constant independent of n and d. By the choice of o/ > « and
o/ — « > 6, we have that the right-hand-side goes to infinity. We can then lower bound C'(t) with
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C(T) simply by letting C'(T") = min C(t) > 0. H
(T") simply by letting C(T) min, (t) > ence

8
Pr (Z X R gy (k) > 5) < exp(—C(T)n¢) when & =n®"12/T (94)

for some ¢ > 0. Note that the constants ¢ and C(T") are independent of ¢ and k, only depends on

| A, 18], |zoll, |2, |R]| g2, v, ¢ and T'. Similarly, by taking —th’k) and using the same bounds
on b and a(zt k> We get that

B
Pr <—[Z Xz(t’k) - ﬂu(t’k)] > 5) < exp (—C(T)n¢) whené =n®"12/T. (95)
i=1

Therefore, it follows that

B
Pr <
i=1

for some ¢ > 0 and C(T") > 0 where the constants do not depend on ¢ and n and d. The constants
do depend on || A||, ||b]l, lzol, |, | R 2,7, ¢ and T. We set ¢ = n®'~'/2. Applying the union
bound twice and using (96), we get

(V2:B.1) (V2:B. 1)
Pr <0r£ta<)§r lgtm? | > 5) ZPr ( Eino )

Et’k) — BuR)| > E) < 2exp (—C(T)n®) whené =n®~Y2/T, (96)

T tAY
&
304 hol DSTER AT IE
t=0 k=1| \4€By

A
M=
g

v
—
Mm

Xi(t,k’) _ B,U/(t’k) > c/(t A 19))

@
Il
—

A
M=
NE

o
VRN
Mm

1

< T? . exp(—C(T)n®)

for some ¢, C(T') > 0. In the penultimate inequality, we used that ¢ A1 < T'. For the last inequality,
we note that /T = £ in (96) and that the constants, ¢, C(T") > 0in (96) hold forall 1 <t < T.
The result immediately follows. |

An immediate corollary of the result is that £ *B2 5 also small.

Corollary 15 Fix T > 0. Let o/ > ag + 0 and o > 0 such that o' > «a > g + 6. The following
holds with overwhelming probability

V2B2 o' —1/2
O<I;€n<a7)“{/\19 Mﬂ ’_ C(Tm 2, ©7)

provided o/ — « > 6.
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Proof We observe that for ¢t > 0 we have

A
gf/\V;:B.z) - % >0 [C26?Aka—1Ni(;7k)ezTAka—l - Ce]TATPkwk_lﬁg’k)eiTAka_l]
k=1 i,
1 _ N
9 Z Z [<2 (Aka,l)i Nz'(;’k) (Akafl)j —¢ (ATPkwkq)j Nz-(f’k) (AT'wk,l)J
k=1 i,

t
= %Z [C2 (ATwi 1) Npg (ATwy_1) — ¢ (ATwy_1)" Ny (ATPkwk,l)}
=1

t
1 TS T
3 Z [C2 (ATwy_1)" Nyj (ATwy1) — ¢ (AT Prwy_1)” Ny, (Aka—1)}
k=1
_ o(V2B.)
= Ein
where in the penultimate step we used the fact that N(t, k) 1s a symmetric matrix for each ¢ € [T'A9].
By applying Proposition 14 we achieve our desired result. |

5(v2:z.1) (V2:2.2)
tAD > CiAY

2. 2.
The zeta errors, St(/\vﬁ Z0) 5,5(,39 Z2)

it is simple to show these terms indeed vanish in n.

2.4.7. CONTROLLING

, arise purely from an approximation of (2 with ngi :B . As such,

Lemma 16 The following holds

max |5t(Av;:Z'l)] <n¥*=1 and Orgta<XT|€t(/\V;:Z'2)\ < C(T)n?-1. (98)

Proof A simple computation shows that

B(B—1) BB —1) = FPn-1) _(C-1) _

2 -1
nn—1) ° = C : 99
nn—1) ¢ 2 1) == < con (99)
First we show the result for 5t(/\V192 Z1) (see (79)). By applying the definition of the stopping time 1,
we deduce that
tAD
v2.7.1 ¢(¢—1) 1 =
€ <o 5 Y (ATw)_)) N9 (ATw]_,) |
k=1 i v J
tAD
C¢—-1) 1 T
n—1 2
k=1
tAD
-1 1 .
<o Y AP Nl - o
k=1
< C(T)n%fl’
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where the constant C' is dependent on ||A||, [|b]|, [|zol], | R &2, 7, ¢,
the constants over 1 < k < 7)), but it is independent of n or d. Now taking the maximum over
0 <t < T proves the result.

Next we show the result holds for Efl\vj 22) (see (79)). Applying Lemma (10) with W = Nt,k,
we deduce that

- CC—1) |
7.2 —
& S g S5 A AR Wl
k=1"4,j (=1
[V n
=1 15§ (4N
- (n_l) 5 (AN AT)ge(wi_ 4)
k=1"'/¢=1

~ 1 ~ 1 ~
(AN A ) = — tr (AN AT) + — tr(ANtJCAT)} (w)_y )2

=1 ISR S~ oame A - Lo (AR oa™ | g - 2
<o 52 Z (ANMA )M_Etr (ANt,kA > (wk—l,ﬂ)
k=1 =1
CC-1 1555~ 1R
25 5tr(ANt,kAT)(w271,£)2
k=1 =1
9
C-1) 1§
o .ik_llr&aﬁ (AN, AT )M—*tr (ANtkAT)’Hwk 3
9
(-1 181 3 AT (1?12
+n_1'2; tr (ANt,kA )Hwk—l‘b

<C/() noo— 1/2 | 26 1+C(t)n29_1,

where the constants C' and C’ are dependent on [|A], [|b]], ||zoll, IR g2,7,¢, T, |€2], and time ¢
(here take max of the constants over 1 < k < t), but it is independent of n or d. Since 0 < ¢ < T
and ¢ is finite, we can take the maximum over both sides. |

2.4.8. CONTROLLING 8}V2:HW): HANSON-WRIGHT

Lastly, we need to control the term,

2.
gt(V 'HW) ZZN (t:k) |: ZTATPkwk,le]TATPkwk,l —E[e;-rATPkwk1e§~FATthk1\]:k1]}
k 1 15
t

1 ~ -
=3 Z [(Pkwk—l)T AN, AT (Prwy_) — E [(Pkwk—l)T AN, AT (Prwy_1) |]:k—1” .
=1

(100)

Unlike the previous terms, this term has the randomness induced from mini-batching, P}, sand-
wiching a matrix. As such, we can not apply Proposition 2.5 due to the quadratic form. Instead, we
use Hanson-Wright concentration result for quadratic forms.
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Before continuing, we introduce some definitions, lemmas, and remarks related to Hanson-
Wright concentration of quadratic forms.

Definition 17 (Convex concentration property, [1]) Let X be a random vector in R™. We will
say that X has the convex concentration property with constant K if for every 1—Lipschitz convex
function ¢ : R™ — R. we have E[o(X )] < oo and for every t > 0,

Pr(jp(X) — Ep(X)| > t) < 2exp(~t*/K?).

Remark 18 Let x; be an entry of X. By a simple scaling, the previous remark can extend to
x1,-+ ,Tpn € [a,b], in which case K in the definition above will be replaced by K (b — a).

What is interesting for us is that vectors obtained via sampling without replacement follow the

convex concentration property ([1, Remark 2.3]). More precisely, if z1,--- ,z, € [0, 1] and the
random vector X = (X, -, X,,) with m < n is obtained by sampling without replacement m
numbers from the set {x1,--- ,x,}, then X satisfies the convex concentration property with an

absolute constant K. In this sense, the following lemma ([1, Theorem 2.5]) will be useful to us.

Lemma 19 (Hanson-Wright concentration for sampling without replacement, Theorem 2.5 [1])
Let X be a mean zero random vector in R™. If X has the convex concentration property with con-
stant K, then for any n x n matrix A and every t > 0,

1 t2 t
Pr(|I XTAX —EXTAX|>1t) <2exp (—min < : >> :
¢ 2K Al s K2 Al

for some universal constant C.

Remark 20 The assumption that X is centered is introduced just to simplify the statement of
the theorem. Note that if X has the convex concentration property with constant K, then so does
X = X — E[X]. Moreover, observe,

XTAX = (X +E[X))TAX +E[X]) = X' AX +2X  AE[X]+E[X|TAE[X]
and E[XTAX]=E[X AX]+E[X]TAE[X],
as B[ X TAE [X]] = 0. This implies by Lemma 19 and convex concentration property for linear
functions,
Pr(|XTAX —E[XTAX]| > 1)
<Pr(|X AX —E[X AX]| >1/3)+2Pr(|X AE[X]-E[X AE[X]]|>/3)

1 t2 t 12
<2 —— mi 2.2 T ——
= exP( cmm<2-9K4|A||%qs’3K2||A||>)+ eXp< 9K2HAE[XHI%>

VZ:HW
gt(/\ﬁ )

Using Lemma 19 and Remark 20 we can show is small for large n and d.

Lemma 21 For all o and o such that o/ > o > o + 0 and 0, we have

(V2:HW) < 20/—1/2
1ré1ta§XT\8tm9 | < C(T)n w.o.p.,

provided 0 < § < 2a/ — q.
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Proof Let X def Pkw}z_l and D(t=F) & AN(tmg k)A Then
A9

gV — % > [xID P X, — B | XTDR X R | (101)
k=1

In view of union bounds, it suffices to impose bounds on each summand of (101) since £k =
1,---,tAYand t < T. We first specify K as the absolute constant in Definition 17. In light

of Remark 20 we replace K with K - M), where Mj, def mzﬁ( |(Prw?_,)i|. By our choice of o such
i€[n

that o > g + 0 and a < o, then we get from Lemma 9 with «,

a—1/2

<
max max [ef wi_y| < C(T)n

and we obtain

M, max x[(Xk)i| = %?X‘(Pkwk Vil < 1r<nka<xT1rgza<>§1!e wi_y| < C(T)n (102)

In order to apply Lemma 19, we need to compute || D] ;5 and || D*~*)||. Now observe that
IDYP s < |ANgpo i PIAllEs < IAIINGaol* -1 < C(T)n (103)

and
IDE9 s = | AN o)A [ < [AI?[Npon |l < C(T). (104)

We note that ¢ < 7" and ||Q("*)|| can be upper bounded by constants independent of n and d.
Lastly, we bound || D®~) E[X .| Fi,_1]|| where E[X | Fr_1] = (41, . - ., ftn) and pp = sz_l,g-
Using the definition of the stopping time ¢ and (104) we obtain

1D EIX | Fia]ll < IDCR] - | EIX 5 | Faa]l| = DY D[y || < C(T)n” (105)
Using Lemma 19 (Hanson-Wright) and the remark following it, we have

PrIXT DR X, — EXTDORX,) > €[ A )

1 & €
< 2exp | —— min
= p( C (2 IMEKA | DUR)|3, " 3MEK?|| D ’“II))

62
+2-2exp | — .
( 9M13K2||D(t_k)(E[Xk’fk—l])||2)

Let é = n2*~1/2.2(T)~1. By using (102), (103), (104), and (105),

¢ oy N oy ! |
> —_ = -
2. 9M,§K4||D(tik) H%{S N ( ) nia=2p ( ) ndla—a’)’ (106)
¢ 20/ —1/2 1
3M,§K2||D(t*k)|| > C(T) - Tp2a—1 =C(T)- 2a—a)—1/2° (107)
£2 40/ -1 1
and : > O(T) - o) - (108)

" p2a-1.20 n2a—4a’+20°

MZK2|DF(E[X | Fro1)) |13
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where C'(T) is independent of n and &, and only depends on || A||, ||b]], |zoll, |2, IR]| g2, v, ¢ and
T. Therefore by our choice of &/ > aand 0 < 6 < 20/ — «a, we get

2 2a/—1/2
P(XTDX, —~EXTDX,| > ¢Fi1) < 2exp (—C(T)n¢)  whené = % (109)

for some ¢ > 0 and T > 0. We set e = n2* ~1/2, Applying two union bounds and (109), we get

T
P 5512 €) = S 05 2 )
t=0

T tAY
<> Pr (; > ’X;{D@*’“)Xk - E[XfD(t*k)Xk\}"k,l]‘ > e)
t=0

k=1
T tN\9 2n20/—1/2
<> > pr (‘X{D“’“)Xk — E[X{D“*“ka_l]’ > T)
t=0 k=1
< 2T% exp(—C(T)n°)
(110)

for some ¢, C(T") > 0. In the penultimate inequality, we used that t A < T'. The result immediately
follows. |

Now we return back to Proposition 2.2 as we have shown all the components are small.
Proof [Proof of Proposition 2.2] Let ap € (0,1/4) as specified in Assumption 4. Let «, o/, and
0 satisfying 0 < # < o’ —aand ap + 6 < a < . Then applying the decomposition in
Lemma 11 and the lemmas showing the decomposed error terms are small when n and d are large
(i.e. Lemma 13, 14, 16, 21, and Corollary 15) we get

: 2. 2. 2.
max ]8v2'Dlag] < max \St(v 'KL)\ + max lé’t(v 'B'l)] + max |€t(v 'B'Z)]

o<t<T' ¢ 0<t<T 0<t<T 0<t<T
Vv2:7.1 v2:2.2 VZ2:HW
+ max \St( )| + max |5t( )] + max |€t( )|
0<t<T 0<t<T 0<t<T (111)

< O(T)no Y20 4 20(T)n® ~Y/? 4 20(T)n 1 + C(T)n2 /2
< C(T)nQa’fl/Z

holds with overwhelming probability. |

2.5. Proof of Proposition 2.3

In this section, we control the off-diagonal martingale error term

A9
2. o T .
Eng Ot = Z M N9 k) (VRN (470 o) My (112)
1<k1<ka

where we recall the martingale increment (20) and the matrix Ny ;. from Proposition ??, respectively,

Mk = (Aka_l — ATPk'wk_l and Nt,k = Nt’k(H). (113)
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We will show that this error term is small, the main result of this section, proof of Proposition 2.3.
To prove Proposition 2.3, we first fix the ko terms and show the resulting summation is small
using Bernstein concentration (Proposition 2.5). To do so, we need to show certain terms are them-
selves small, which depend on the martingale increment M ko This will require us to use Hanson-
Wright, Lemma 19. Combining both Proposition 2.5 (Bardenet) and Lemma 19 (Hanson-Wright),
Proposition 2.3 will follow
To this end, for convenience, we define

ko—1

ef o T
V(t/\’ﬁ,kg) d: Z MklN(t/\ﬂ’kl)(V2R)N(t/\ﬂyk2) kQ = 1, 27 o tADY (114)
ki=1
Yok &S (k) 4T (A, ), =12 000 (115)
JEBky—1 !
X§t/\19,k2) def (V(t/\ﬁ,kz)AT)j (Azj,—1 —b), ko =1,2,---t AO. (116)

The following lemma and its corollary will be useful in showing that the off-diagonal term is small.

Lemma 22 Let § > 0 such thatapg+60 < § < 1/4and 0 < 6 < i — . Then the following holds
with overwhelming probability

max max ||[VIR) AT|2 < O(T) - n'=%, (117)
1<t<T 1<k <tN9

Proof We have

ka—1

tAD ko) AT Vel 2 T
max max ||[VEAER) AT — max  max E M, N V“R)N A
0<t<T 1<ko<tAd I I 0<t<T 1<ko <tAD ka Neno ) IN(to,k2)

k1=1

< T max max max
0<t<T 1<ko<tAV 1<ky<ky—1

. T
<Mk1N(tm9,k1) (V°R) N(t/\ﬁ,kg)> ATH

< Y ) ) ) v
<T max  wmax - max [|Mg[l - [Nl IN@aow) |l - LI - IVER]

<T My, || ) - N 2. Al - VPR
<7 (oma 181 ) - (s nex [N P 141 19°R))

< C(T)- M
<C(T) 1§k12“(%’§19)_1” l

(118)
which implies

max max |[|[VIRIATIIZ <O(T). max | My, (119)
0<t<T 1<ko<tAV 1<k1 <(TA9)—1

where the constant C'is dependent on ||A||, ||b]|, ||zol], | R 2,7, ¢, |€2], and time 7', but it is inde-
pendent of n or d.

Fix k1 < (T'A9) — 1. By adding and subtracting the mean of the quadratic martingale term and
applying the triangle inequality we get

o o T o o T o o T o
IV |12 < ‘Mkllel —E My, 101y, \f,ﬁ,l] ‘+ ‘E [MkIIMkl yf,ﬂ,l} (120
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We address the first term in the sum by applying Lemma 19 (Hanson-Wright). We specify K as
the absolute constant in Definition 17. In light of remark 20, we replace K with K - M}, where

My, &ef Jnax | M, |- By the definition of the stopping time ¢} and the fact that k; < (T'AJ) — 1
<i<n
we get
My, = 11;1%)<7L|Mk17,-
= max (A wk,—1)i — (AT Py wy, 1)l
1<i<n
- T AT T AT (121)
< 11;1?5(”(]61 A" wy, 1|+ [oax. le; A" Py, wi, -1

< Al lwe <l + [[A] - [[wg, -]
< 0@ llAl) -n’

where C(C, || A||) is independent of 7 or d. Choosing € = n'~2% and applying Lemma 19 we get

o T _ o o T _ o 1 . €2 €
Pr <‘Mk11Mk‘1 —E | M, IMy, |fk1—1] ‘ > 6) < 2exp <_D min (2]\/[};l K%,y M2 KQHIH)) .
1 1
(122)
for some universal constant D > (0. Moreover we have that
2 24§
1
% > C- n49 =C.
2M;; K413, n4on nA(0+6)—1
€ n1725 1
- > . =
m R = e T e

where C' > 0 is independent of n and d. By our assumptions on § and 6, namely § + 6 < 1/4, we
have

Pr <‘M:11Mkl —E {Mfllel |f,€1_1} ‘ > n1—2‘5> < exp(—Cn®) (123)

for some ¢ > 0 and constant C' independent of n and d.
Now we bound E [|| M, ||? | Fi, 1] in (120). From (86), we know that

o o 1 —1
Mk1,iMk1,i = (C — C:Q) Z AZ@‘A&‘wil—l,e + (6(61) - C2> BZTAT'wkl—lezTAT’wk;l—l

yot n(n—1)
B BB-1) 2\ 5 (V20) 0 o o(V22)
i ([n T ") ;AﬁA“wkl—l,e &y TG0+ 86
+ (el AT Py wy,_1e] AT P w1 —E [e] AT P wi_1e] AT Py wy, 1| Fr—1])

(124)
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where 5,&?2’1) (1,1) and 8,572’2) (1,1) are defined in (82). When we take conditional expectation, we

see that E[S,glw’l)(i, 7) \fkl,l],E[Slglvm) (4,4) | Fi,—1] = 0. Therefore, we deduce that

E |:Mk1 sz1,1|~Fk1 1:| C CQ ZA&AEzwkl 1,0 + <(5_1; - C2> ezTATwlﬂflezTAkalfl

n
=1
B_BB-1 2\ v 2
—(C—= ApiApywy,
({n n(n— 1) (C ¢ ) ; iAW, 1 ¢
. —1
=(¢— (2) ZA&A&'U);%I,M + C(nC_ 1 )eiTAkal—leiTAkal—l
(C—1) ¢
- n—1 Z AKzAZzwkl 1,6
(125)
where in the last line we used the fact 2 = 1) —(? = ). By summing over i and applying the

definition of the stopping time, Lemma 10, the fact that C 6 (0,1), and that k; < (T AY) — 1 we
get

n

d
o T o —
HE [Mklle'l |]:k1—1] ’ < ’C‘Sf_) zTATw/ﬂ—lezTAkal—l + ' Z A&’Aﬁiwzl—l,z
= i=1 /=1
d n
Z 'wk1 14)
i=1 /=
d n d
—1 2 -1
vt (S ()
=1 =1 =1

n—1

S TR (e | PRGSO} D B MMV
/=1

< [ ar e+ (|C - ) pnx (a47) oo

n—1 1<j<n
< C(T)nQG—l
+C(T)n* < C(ng‘_— 11) +(¢— 42)) max (AAT) .+ - Lo (AAT) — %tr (AAT)
< C(T)n%—l
+C(T)n* < CSf_ 11) +(¢— ¢2)> (Eréaﬁ (AAT) . ntr (AAT)| + —tr (AAT) >

< C(T®~! + C(T)n? ( el ‘ (- 42)> (C(T)naolﬂ " ’im« (A7)

< C(T)nQG—l + C(T)na0+29—1/2 + C(T)?’LQQ

)

(126)
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In the last inequality, we used that %tr(AAT) is independent of n and d by our assumptions on the
data matrix A. By the assumptions on # and §, we have that

|E [M IM}, | Fi, 1]| < C(T)n' =, (127)

where C'(T) is independent of n and d, and only depends on || A||, ||b]|, [|xoll, ||, [| R &2, ¥, ¢ and
T'. Putting everything together, we have from (118), (123), and (127) that

max max ||[VINRIAT| < C(T)  max  ||My,||
0<t<T 1<ko <tAY 1<k <(TAY)—1
o T _ o o T _ o o T o

< —_

S C(T) < 1§II<I;}%}t{/\19 Mkllel E ]\41?11.1\4%1 | fk—l} + lﬁgiz}t(/\ﬂ E |:Mk11Mk1 | Fk—l} D

< O(T)n*=% W.0.p.

(128)

The result is now shown. |

We now show that X ](.Mﬁ’kz) (116) is small.

Lemma 23 Forall a and § suchthat o+ 0 < o < d < 1/4and 0 < 6 < i — O we have

max — Z ‘X t/\’l9 k2) |2 < C( ) 2(a—0)—-1 and Orgta<XT§ré?;]( ‘X.g't/\ﬂ,k‘2)| S C(T)na_(S’

(129)
for0 < ko <tAW.

Proof Let 0 <t < T and 0 < ky <t A1J. We achieve the first result in (129) as follows

o (tAD ) -
POETEDD

j=1 j=1

2

J

(V(t/\ﬁ,kz)AT)j (Axy,_1 —b).

2
_ 9 12 (v (tADke) A T2
1I£Ia<X |wk27j - m]aX ’wk27j| ||V YA ||

( (t/\ﬁ,kQ)AT)
J

< C( ) . n a—1 n1—26 _ C(t)n2(a—6)
(130)

where we applied Lemma 9 and Lemma 22 in the penultimate step. This immediately gives us

1 (tAD,k2) |2 2(a—8)—1
<
JE&%Z‘X < (13

where C(T') = Jnax C(t). This gives the first inequality in (129).
For the second inequality in (129), using (130), we get

n
(tA9,k2) (tA9,k2) 9 a—4
max | X ] < E | X |2 < C(t)n
J J
1<j<n =
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which immediately yields

max max | X "% < o(T)ne? (132)
0<t<T 1<j<n 7

where again C(t) is independent of n and d and C(T') = [nax C'(t) and the result is shown. Wl

Now we have all the results in order to prove the main proposition, Proposition 2.3, of this
section.

Proof [Proof of Proposition 2.3] Let 0 < ¢ < 7. First, we rewrite StVA?,SOff so that we can apply
Lemma 23. To this end, we have

tAY
2_()ff o T .
g = Z MklN(tw,kl)(V2R)N(m,k2)Mk2

k1<ka
tAY ko—1 T

- Z Z MklN(t/\ﬁzkl) (sz) N(t/\’&,kg) Mk‘g (133)
ko=1 \ki1=1
tAY

— Z V(t/\ﬁ,kQ)Mkz,
ko=1

where V (A7:k2) i defined in (114). Foreach 1 < ky < t A1, we get

VN = VO AT Py, B [V AT, 7 |

Z (V(t/\ﬂ,kz)AT>j wZZ_Lj _E { Z (V(tw,kz)AT)j wgg_l’jyfkﬂ}

jeBszl jeBszl

_ ‘Y(t/\ﬂ,kz) _E {Y(Mﬁ’k?)!}—krl} ‘ ,

(134)
where Y ¢"%%2) ig defined in (115). Fix € > 0. Using (134), we have
Pr <‘V(t/\’l9,k2)Mt’ > €> = _1|V(t/\19’k2)Mk2|>€:|
=E|E [1|V(tm9,k2)1\°/1k |>¢ ‘ }—bl]}
i 2 (135)

_E :Pr <\V(M’9’k2)]\°/lk2] > e|fk2,1>]

—E :Pr (\Y(t“““?) “E {Y(“ﬁ””) |]-"k2_1} | > e)} .

This means we can work with the quantity Pr <\Y(tm9’k2) —-E {Y(tw’k’?) \sz,l} | > €) which
allows us to apply Proposition 2.5 [5]. In light of the syntax of Proposition 2.5 and for 1 < kg <
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t AN, we use Xg.tw’kQ) = (V(“\ﬁ’k?)AT> (Axp,—1 — b)j defined in (116), and define
J

n

def (tAD,ka) def 1 Z (EAD,k2)

bing ky = max X k) = 1Xj :
=

n
9 def 1 A,k
and O(tnd,ko) = " Z (X§ 2) _ N(t/\ﬁ,k‘z))
j=1

2

By Lemma 23, we have the following upper bounds that hold with overwhelming probability
[Brvny| S CT) 0™ and 0y, < C(T) 00707 (136)

for some constant C'(T") depending on ||Q||, || AT A||, and T but independent of 7 and d. Applying
Proposition 2.5 yields

pr(|y etk — g [y @Rz, ]| s e ) =P (| S0 X B, | > @
jEBkal
1 5
=Pr |5 >0 X —punon| 2 €8
]eBkz 1
<y 6(%)2
B 2‘7 (tAD,k2) +3 (b(t/\ﬁ,kg) - a)(%)
(137)
Let ¢ := n® 9+ . T—1 Using (136), we obtain
B(5)? =2, n—1,2(a=5+n)
2(6) = = C(T) g(a_(s)_Tl L o Sy ZC(T)% — 0.
20@/\19;@)+§(b(tm9,k2)—a)(g) n + T~ nae=9n=in n n= +n="

Therefore it follows that
Pr (|V(tA’9’k2)Mk2| > g) < 2exp(—C(T)n°)  whené=T"1.no %t  (138)

for some constant ¢ > 0 and C(7") where the constants are independent of n and d and only depend
on ||Q|], |AT A,y and T. Here again C(T) is a positive constant independent of n and d. Let
€ = a0+, Using (133) and (138), and observing that v (irdk2) — @ for ko >t A we get

tAY
Pr ( max ‘Eg\f,?oﬁ’ ) ZPr Z (VENR) AL | > €

0<t<T
ko=1

T T
<SS e <|V(t/\19,k2)]\°4k2‘ > %) (139)

This gets used our desired result. |
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