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ABSTRACT

We address the problem of solving strongly convex and smooth minimization
problems using stochastic gradient descent (SGD) algorithm with a constant step
size. Previous works suggested to combine the Polyak-Ruppert averaging proce-
dure with the Richardson-Romberg extrapolation technique to reduce the asymp-
totic bias of SGD at the expense of a mild increase of the variance. We signif-
icantly extend previous results by providing an expansion of the mean-squared
error of the resulting estimator with respect to the number of iterations n. More
precisely, we show that the mean-squared error can be decomposed into the sum
of two terms: a leading one of order O(n~'/?) with explicit dependence on a
minimax-optimal asymptotic covariance matrix, and a second-order term of or-
der O(n=3/*) where the power 3/4 is best known. We also extend this result
to the p-th moment bound keeping optimal scaling of the remainders with re-
spect to n. Our analysis relies on the properties of the SGD iterates viewed as
a time-homogeneous Markov chain. In particular, we establish that this chain
is geometrically ergodic with respect to a suitably defined weighted Wasserstein
semimetric.

1 INTRODUCTION

Stochastic gradient methods are a fundamental approach for solving a wide range of optimization
problems, with a broad range of applications including generative modeling (Goodfellow et al.,
2014; 2016), empirical risk minimization (Van der Vaart, 2000), and reinforcement learning (Sutton
& Barto, 2018; Schulman et al., 2015; Mnih et al., 2015). These methods are devoted to solving the
stochastic minimization problem

mingega f(0),  V[f(0) = Ecup [VF(0,8)], (1)

where £ is a random variable on (Z, Z) and we can access the gradient V f of the function f only
through (unbiased) noisy estimates V F'. Throughout this paper, we consider strongly convex min-
imization problems admitting a unique solution #*. Arguably the simplest and one of the most
widely used approaches to solve (1) is the stochastic gradient descent (SGD), defining the sequence
of updates

Or+1 =0k — Y1 VF(Or, k1), 0o € RY, )
where {7 }ren are step sizes, either diminishing or constant, and {&x }ren is an i.i.d. sequence
with distribution P¢. The algorithm (2) can be viewed as a special instance of the Robbins-Monro
procedure (Robbins & Monro, 1951). While the SGD algorithm remains one of the core algorithms
in statistical inference, its performance can be enhanced by means of additional techniques that use
e.g., momentum (Qian, 1999), averaging (Polyak & Juditsky, 1992), or variance reduction (Defazio
et al., 2014; Nguyen et al., 2017). In particular, the celebrated Polyak-Ruppert algorithm proceeds
with a trajectory-wise averaging of the estimates

Ongn = 5 Shine 1 On 3)
for some ng > 0. Itis known (Polyak & Juditsky, 1992; Fort, 2015), that under appropriate assump-
tions on f and -y, the sequence of estimates {6,,, ,, }nen is asymptotically normal, that is,

Vi(Opym — 0*) 5 N(0,55), n— o0 (4)
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where % denotes the convergence in distribution and N(0, ¥, ) denotes the zero-mean Gaussian dis-
tribution with covariance matrix ., which is asymptotically optimal from the Rao-Cramer lower
bound, see Fort (2015) for a discussion. On the other hand, quantitative counterparts of (4) rely on
the mean-squared error bounds of the form

VIrY.  C(f,d)

nl/2 + nl/2+o
Here R(]|§g — 0*||,n) is a remainder term which reflects the dependence upon initial condition,
C(f,d) is some instance-dependent constant and 6 > 0. There are many studies establishing (5)
for Polyak-Ruppert averaged SGD under various model assumptions, including Bach & Moulines
(2013), Gadat & Panloup (2023). In particular, Li et al. (2022) derived the bound (5) with the rate
d = 1/4 and proved that the second order term is unavoidable under a natural setup. However,
their results apply a modified algorithm with control variates and multiple restarts. In our work, we
show that the same non-asymptotic upper bound is achieved by a simple modification of the estimate
0r,,n based on Richardson-Romberg extrapolation. The main contributions of the current paper are
as follows:

El/Q[”éno,n - 0*“2] <

+R([|6o — 7], n) . )

* We show that a version of SGD algorithm with constant step size, Polyak-Ruppert averag-
ing, and Richardson-Romberg extrapolation lead to the root-MSE bound (5) with § = 1/4
when applied to strongly convex minimization problems. We obtain this result by lever-
aging the analysis of iterates generated by the constant step-size SGD as a Markov chain.
This process turns out to be geometrically ergodic with respect to a carefully designed
Wasserstein semi-metric (see detailed discussion in Section 3). It is important to note that
this result is obtained for a fixed step size 7 of order 1/4/n with n being a total number of
iterations. This result requires that the number of samples, n, is known a priori to optimize
the step size 7.

* We generalize the above result to the p-th moment error bounds. Under a similar step size
~ =< 1/4/n, we obtain the error bound of the order

- Cp'2yTrs  CO(f.d,p
£V — g < Y ey (U 00)

+R([6o = "[l,n, ), (6)

where C'is a universal constant, and éﬁlRR) is a counterpart of the quantity 9_%,” when using
Richardson-Romberg extrapolation, see related definitions at Section 4. Our proof is based
on a novel version of the Rosenthal inequality, which might be of independent interest.

The rest of the paper is organized as follows. First, we provide a literature review on the non-
asymptotic analysis of the first order optimization methods, with an emphasis on the constant step-
size algorithms and Richardson-Romberg procedure in Section 2. Then, we provide analysis of the
constant step size SGD viewed as a Markov chain together with the properties of the Polyak-Ruppert
averaged estimator (3) in Section 3. In Section 4, we discuss the Richardson-Romberg extrapolation
applied to the Polyak-Ruppert averaged SGD and derive the respective 2-nd and p-th moment error
bounds.

Notations and definitions. For 61, ..., 6} being the iterates of stochastic first-order method, we
denote Fi, = o(g, 01, . . ., 0;) and Ej, be an alias for E[-|F,|. We call a function ¢ : Z x Z — R
a distance-like function, if it is symmetric, lower semi-continuous and ¢(x,y) = 0 if and only if
x = y, and there exists ¢ € N such that (d(z,y) A 1)? < ¢(z,y). For two probability measures
¢ and &' we denote by € (£, &) the set of couplings of two probability measures, that is, for any
Ce?¢)andany A € Zitholds C(Z x A) = &'(A) and C(A x Z) = £(A). We define the
Wasserstein semi-metrics associated to the distance-like function c(+, -), as

W, (&,¢) = ce%}g,g') J7u7¢(z,2")C(dz,d2"). (7
Note that W (&, ¢’) is not necessarily a distance, as it may fail to satisfy the triangle inequality.
In the particular case of Z = R%, and ¢, (z,y) = ||z — y||P, z,y € RY p > 1, we denote the
corresponding Wasserstein metrics by W, (&,¢’). Let Q(z, A) be a Markov kernel on (Z, Z). We
say that K is a Markov coupling of Q if for all (z,2') € Z?and A € Z,K((2,2'), AxZ) = Q(z, A)
and K((z,2"),Z x A) = Q(z', A). If K is a kernel coupling of Q, then for all n € N, K" is a kernel
coupling of Q™ and for any C € €(&,&'), CK™ is a coupling of (£Q™,£’Q™) and it holds

W.(£Q™, Q") <[5, K" c(z,2')C(dzdz"),
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see (Douc et al., 2018, Corollary 20.1.4). For any probability measure C on (Z2, Z9?%), we de-
note by P{ and E the probability and the expectation on the canonical space ((Z*)N, (2¥2)®N)
such that the canonical process {(Z,,Z]),n € N} is a Markov chain with initial probability C
and Markov kernel K. We write Eg"z/ instead Eg . For all z,y € R? denote by = ® y the

z,z

tensor product of = and y and by 2®* the k-th tensor power of x. In addition, for a function
k
f : R* — R we denote by V¥ f(6) the k-th differential of f, that is V¥ f(6);, ... ; o°f

[ERERENS T [T, 0,
For any tensor M € (R%)®(*~1) we define V*f(0)M € R? by the relation (VFf(0)M), =
D iviins Miy e VEf(0)i, .. in_, 1> where I € {1,... d}. For two sequences {a, }nen and
{bn}nen we write a,, < by, if there is an absolute constant cg, such that a,, < ¢ob,,. Throughout
this paper we use ¢ for an absolute constant, which values may vary from line to line.

2 LITERATURE REVIEW

Gadat & Panloup (2023) derive (5) with § = 1/8 for a certain class of functions f, including strongly
convex functions, improving Moulines & Bach (2011) which obtain this result for § = 1/12. Lietal.
(2022) suggested the Root-SGD algorithm combining the ideas of the Polyak-Ruppert averaged
SGD with control variates and established (5) with 6 = 1/4. The recent series of papers (Huo
etal., 2023; Zhang & Xie, 2024; Zhang et al., 2024) investigate stochastic approximation algorithms
with both i.i.d. and Markovian data and constant step sizes. The authors consider both linear SA
problems and ()-learning, quantify bias, and propose precise characterization of the bias together
with a Richardson-Romberg extrapolation procedure. However, these results only consider 2-nd
moment of the error and provide MSE bounds of order O(1/n) + O() with no explicit expression
for the leading term.

Richardson-Romberg extrapolation. Richardson-Romberg extrapolation is a technique used to
improve the accuracy of numerical approximations (Hildebrand, 1987), such as those from numeri-
cal differentiation or integration. It involves using approximations with different step sizes and then
extrapolating to reduce the error, typically by removing the leading term in the error expansion. The
one-step Richardson-Romberg was introduced to reduce the discretization error induced by an Euler
scheme to simulate stochastic differential equation in Talay & Tubaro (1990), and later generalized
for non-smooth functions in Bally & Talay (1996). This technique was extended using multistep
discretizations in Pages (2007). Finally, Richardson-Romberg extrapolation have been applied to
Stochastic Gradient Descent (SGD) methods in Durmus et al. (2016), Merad & Gaiffas (2023) and
Huo et al. (2024b), to improve convergence and reduce error in optimization problems, particularly
when dealing with noisy or high-variance gradient estimates.

3  FINITE-TIME ANALYSIS OF THE SGD DYNAMICS FOR STRONGLY CONVEX
MINIMIZATION PROBLEMS

3.1 GEOMETRIC ERGODICITY OF SGD ITERATES

We consider the following assumption on the function f in the minimization problem (1).

Al. The function f is p-strongly convex on R?, that is, it is continuously differentiable and there
exists a constant ji > 0, such that for any 0,0' € R?, it holds that

Lllo =617 < £(6) = () — (VF(8).6 - 6). ®)

A2. The function f is 4 times continuously differentiable and Lo-smooth on R i.e., it is continu-
ously differentiable and there is a constant Lo > 0, such that for any 6,6’ € R,

IVF(O) = VAO)I <Lz |0 — 6" . )
Moreover, f has uniformly bounded 3-rd and 4-th derivatives, there exist Lz, Ly > 0 such that
IVif(O)] < Li forie {3,4}. (10)

We aim to solve the problem (1) using SGD with a constant step size, starting from initial distribution
v. That is, for £ > 0 and a step size v > 0, we consider the following recurrent scheme

0, =0 — A VFO 1), 65 =6~ v, (11)

where {&x }ren is a sequence satisfying the following condition.
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A3 (p). {&k}ren is a sequence of independent and identically distributed (i.i.d.) random variables
with distribution P¢, such that &; and 0y are independent and for any 0 € R? it holds that

Ecnr [VF(0,8)] = V[(0).

Moreover, there exists T, such that EVP[|VF(0*,€)|P] < Tp, and for any ¢ = 2,...,p it holds
with some Ly > 0 that for any 01,05 € R,

LT 101 = 02]1972(V f(61) = Vf(62), 61 — 62) = Ecop [|[VF(61,€) = VF(62,€)[|°].  (12)

Assumption A3(p) generalizes the well-known L;-co-coercivity assumption, see Dieuleveut et al.
(2020). A sufficient condition which allows for A3(p) is to assume that F'(6,&) is P¢-a.s. convex
with respect to § € R%. For ease of notation, we set

L= maX(Ll,LQ,Lg,L4), (13)

and trace only L in our subsequent bounds. In this paper we focus on the convergence to 6* of the
Polyak-Ruppert averaging estimator defined for any n > 0,

=iy o). (14)

Many previous studies instead consider 1§£7) = — no Zk not1 0( ) rather than 95;’), where n >
no + 1 and ng denotes a burn-in period. However, when the sample size n is sufficiently large, the

choice of the optimal burn-in size ng affects the leading terms in the MSE bound of 9,(]) —6* only by
a constant factor. Therefore, we focus on (14), or equivalently, use 2n observations and set ng = n.

Properties of {9,(3)} ren viewed as a Markov chain. Under assumptions A1, A2 and A3(2),

the sequence {9,(;’) }ren defined by the relation (11) is a time-homogeneous Markov chain with the
Markov kernel

Q,(0,A) = /}R 1a(0 —yVF(6,2))Pe(d2), 6€RY AcB(RY), (15)

where B(R?) denoted the Borel o-field of R%. In Dieuleveut et al. (2020) it has been established
that, under the stated assumptions, Q- admits a unique invariant distribution 7., if y is small enough.
Previous studies, such as Dieuleveut et al. (2020) or Merad & Gaiffas (2023), studied the conver-

gence of the distributions of {9,(:) }ren to 7, in the 2-Wasserstein distance W, associated with the

Euclidean distance in R?. However, our main results would require to switch to the non-standard
distance-like function, which is defined under A1 and A3(2) as follows:

c(0,0) =100l (10— 07l + o || + 222T) | pereRI. (16)

Here the constants 7 and p are given in A3(2) and A1, respectively. Note that this distance-like

function is specifically designed to analyze {9,(;’) }ren under Al and A3(2). In particular, it depends
on the step size v and 6*. Our first main result establishes geometric ergodicity of the Markov kernel
Q. with respect to the distance-like function c from (16).

Proposition 1. Assume Al, A2, and A3(2). Then for any v € (0;1/(2L)], the Markov kernel Q-
defined in (15) admits a unique invariant distribution .. Moreover, Q. is geometrically ergodic
with respect to the cost function c, that is, for any initial distribution v on R and k € N,

W.(vQ¥, ) < 4(1/2Y "W (v, ), (17)

where m(y) = [2log4/(yp)].

Discussion. The proof of Proposition 1 is provided in Appendix A.l. Properties of the invariant
distribution 7, were previously studied in literature, see e.g. Dieuleveut et al. (2020). It particular, it

6

is known (Dieuleveut et al., 2020, Lemma 13), that the 2-nd moment of , Where 9@ is distributed

according to the stationary distribution 7., scales linearly with ~:

Jpa 10— 0%|Pm, (d0) < 2. (18)
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This property yields, using Lyapunov’s inequality, that

Jraxga 10 = 0|7 (d0)m, (d6) S | /22 .
At the same time, expectation of the cost function ¢(6, 8) scale linearly with the step size ~:
Jga €(0,0")m(d0)w(d0") < 'YHQ . (19)

The property (19) is crucial to obtain tighter (with respect to the step size <) error bounds for the
Richardson-Romberg estimator, as well as in the Rosenthal inequality for additive functional of

{0,57 )}keN derived in Proposition 8. Precisely, the additional /7 factor obtained in (19) would
allow us to obtain sharper bounds on the remainder terms in Theorem 6.

Next, we analyze the error 9&2’ — 6* where 0((73) is distributed according to the stationary distribution
7. To this end, we consider the following condition.

C1 (p). There exist constants Diast p, Cstep,p => 2 depending only on p, such that for any step size
v € (0,1/(L Cstep,p)], and any initial distribution v it holds that

EX/7 (116, = 671°] < (1= y) X" [[160 — 6%117] + Drast.p772/bt (20)
Moreover, for the stationary distribution 7., it holds that

EZ/P[10Q) — 6*|P] < Drast 7 /1t @1

Note that, since L > p, it holds that v < 1/2. Itis important to recognize that Cl is not independent
from the previous assumptions Al - A3(p). In particular, Dieuleveut et al. (2020, Lemma 13) implies
that, under A1, A3(p) with p > 2, and A2, the bound (21) holds for v € (0,1/(L Cyep,p)] With
some constants Diagt p and Cgiep,p, Which depends only upon p. Unfortunately, it is complicated to
obtain precise dependence of Cgtep p and Diast p upon p, as well as to obtain the bound (21) with
tight numerical constants. The results available in the literature (Gadat & Panloup, 2023; Li et al.,
2022; Merad & Gaiffas, 2023) either are obtained under alternative set of assumptions, or are not
explicit with respect to their dependence upon p. That is why we prefer to state C1(p) as a separate
assumption. In the subsequent bounds we use C1(p) together with A1, A3(p) with p > 2, and A2,
tracking the dependence of our bounds upon Cgtep p and Diagt p. We leave the problem of deriving
Cl(p) with sharp constants D, p, Cstep,p as an interesting direction for the future research.

Under the assumption C1, we control the fluctuations of {0,(3)} around the solution 6* of (1). How-
ever, unless the function f is quadratic, it is known that fRd 6, (df) # 6*. In the following propo-
sition, we quantify this bias under milder assumptions compared to the ones from Dieuleveut et al.
(2020, Theorem 4). Namely, the following result holds:

Proposition 2. Assume Al, A2, A3(6), and C1(6). Then there exist such A, € R%, Ay € R4¥4, not
depending upon vy, that for any v € (0,1/(L Csep,6)], it holds

0, = / 97r»y(d9) =0" +vyA + B173/2 ) (22)
R4

5, = / (0 — 6*)2%7,(df) = yAy + Bay/2. (23)
Rd

Here By € R% and By € R4 satisfy || B;|| < Cy, i = 1,2, where Cy defined in (51) is a constant
independent of . Moreover; for any initial distribution v on RY, it holds that

E,[057] = 0 +7A1L + Biy®/? + Ri(6o — 0%, 7,n), 24)
where s
IR1(B0 — 0%, 7w S = (B[l — 0%112] + X5 ) . (25)

The proof is postponed to Appendix A. Results of this type were already obtained in the literature
for stochastic approximation algorithms, see e.g. Huo et al. (2024a) and Allmeier & Gast (2024). As
already highlighted, the additive term A; vanishes in the case of minimizing the quadratic function
f, see Bach & Moulines (2013).
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3.2 ANALYSIS OF THE POLYAK-RUPPERT AVERAGED ESTIMATOR é,(ﬂ)

In this section, we analyze the finite-sample properties of the estimator éﬁ,,w) from (14). The analysis
is based on techniques previously used in Moulines & Bach (2011), as well as in the analysis of
the Polyak-Ruppert averaged LSA (Linear Stochastic Approximation) algorithms, see Mou et al.
(2020); Durmus et al. (2024). Next, we define the k-th step noise level at the point § € R by:

er(0) = VF(0,8) — Vf(0), (26)

Note that 5k+1(9,(:)) is a martingale-difference sequence w.r.t. the filtration (Fy)gen. With these
notations, (11) writes

O, — 0" =0 — 6" — A (VFO) + e (6))) . 27)
Setting
n(0) =V f(0) —H(6-06%), (28)
with
H* = V2f(0*) e R™*?. (29)
we get from (27) with additional rearranging the terms, that
9(7) _ 9(7)
H* (6 — 6*) = % — e (007) = (0. (30)
Taking average of (30) with £ = n + 1 to 2n, we arrive at the final representation:
B 0(7) _p* 9(7) _ o> 1 2n 1 2n
H*(90) — ) = —~+L _ Zon S erp1(07) — = n(67). (31)
( ) o o nk:ZnH +1(0¢) nk:ZnH (0%)

Representation (31) is the key ingredient in the proof of the next result where the variance of noise
e (6*) measured at the optimal point 6* naturally appears, that is,

2! = Eeop, [VF(0*,6)%7]. (32)

Note that 3% does not depend on the step size ~y of (11) and is related to the “optimal” covariance

matrix of the Polyak-Ruppert averaged iterates 55;’) , see Fort (2015). In our first main result below,

we establish non-asymptotic properties of the averaged Polyak-Ruppert estimator (14).

Theorem 3. Assume Al, A2, A3(6), and C1(6). Then for any v € (0,1/(L Cspeps)], n € N, and
initial distribution v on R, the sequence of Polyak-Ruppert estimates (14) satisfies

* (0 * T‘I‘E; Ca C471/2 «
0RO - 091 < YOI S et S Ratm o - ), G

where the constants Co to Cy4 are defined in Appendix B (see equation (61)), and

co(1 — yp)ntD)/2

ypn

* L *
Ra(n,7, |60 — 0%]]) = EL/2[)l60 — 6 |1%]
co L(1 —yp)" ! N
0 (2 ) E11//2 [HQO -0 ||4] ’
nyp

where cg is an absolute (numerical) constant.

The version of Theorem 3 with explicit constants together with the proof is provided in Appendix B,
see Theorem 13. Note that the result of Theorem 3 is valid for arbitrary v € (0,1/(L Cgep6)]. At
the same time, this bound can be optimized over step size of the form v = n=h, g€ (0,1).

Corollary 4. Under the assumptions of Theorem 3, by setting v = n~2/3 with n > (L Cstcp’g)B/Q

it holds that

EV2(H (6 — 6)[2] < L= + O(n=2/3) + Ra(n, 1/n2/3, 6 — 0*]|) . (34)
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Corollary 4 implies that, if n is known in advance and v =< n~2/3, then 0% satisfies (5) with
d = 1/6. A closer inspection of the sum (31) reveals that E,_[(#})] =<  meaning that we can not

hope to provide a better bound for the term 1 E PR n(6}) compared to the one coming from the
Minkowski’s inequality. Thus, this is the bias of the stationary distribution, which prevents us from
gaining the optimal second-order term w.r.t. the sample size n from Corollary 4.

Note that in case of deterministic problems €, (0) = 0 for any k and 6, and C1(6) is satisfied for
any p > 2 with Dyag,p = 0. In such a setting, % = 0, and the remainder terms are proportional to
Diast,p with p = 2,4, or 6, and therefore also vanishes. Therefore, Theorem 3 provides exponential
convergence bounds, which are embedded in the remainder term. The decay rate of the second-order
(w.r.t. n) term in (34) is well studied in the literature. In particular, Moulines & Bach (2011) obtained
a second order term of order n /8 for the SGD algorithm with Polyak-Ruppert averaging. A similar
rate under more general assumptions was reported in (Gadat & Panloup, 2023, Theorem 2) for p-th
moment bounds. However, all these results are known to be suboptimal for first-order methods. The
recent work by Li et al. (2022) shows that the best known second-order error term in the bounds
(34) is of order O(n*S/ 4) and can be achieved by the Root-SGD algorithm. In the next section we
can mirror this bound using the constant step-size SGD algorithm combined with the Richardson-
Romberg extrapolation technique (Dieuleveut et al., 2020).

4 RICHARDSON-ROMBERG EXTRAPOLATION

Our analysis presented in Theorem 3 was based on the summation by parts formula (31) and Taylor
expansion of the gradient V f(6) in the vicinity of 6*, yielding the remainder quantity 7(6). It is
important to notice that

Jra1(0)7,(d0) # 0, (35)

which prevents us from using more aggressive (larger) step sizes v in the optimized bound (34). In
this section we show that Richardson-Romberg extrapolation technique is sufficient to significantly
reduce the bias associated with n(6) and improve the second-order term in the MSE bound (34).

Instead of considering a single SGD trajectory {9,(])} ren, and then relying on the tail-averaged

estimator 97(7) , we construct two parallel chains based on the same sequence {&x }ren:

9(7)1 = 9("’) — nyF(Q,(J), Eer1), 00 = Zk n+1 o(v

_ (36)
2 2 2 2 2
Ol(f-&:yl) — 9( v) Q’VVF(QI(C "/)’ §k+1) ’ 951 "/) Zk " i 0( v) .
Based on (‘77(7) and 5&27) defined above, we construct a Richardson-Romberg estimator as
OLER) .= 29() — g2 (37)

Note that it is possible to use different sources of randomness {&} ren and {&}. } ren When construct-

ing the sequences {91(3)} ren and {9,(62”} keN, respectively. At the same time, it is possible to show
the benefits of using the same sequence of random variables {£ }rcn in (36). Indeed, consider the
decomposition (31) and further expand the term 7)(6) defined in (28) as

n(8) =¥(0) + G(9),

where we have defined, for 6 € R?, the following vector-valued functions:

»(0) = (1/2)V°f(07)(0 — 6)%*

38
G () = (1/6) (fo VAL(t0* + (1 —1)8) dt) (0 — 0%)®3 55)
We further rewrite the decomposition (31) as
B 6(7) _9* 9(’7) 0* 1 2n
H*(Gﬁﬂ) —0) = n+1 _ Yon = Z ensn (0
n [y s—t
1 2n
- > {ers1(00) — enga (0* Z v ~ Z G(OF). (39)
k=n+1 k n+1 k n+1
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Note that in the decomposition (39), the linear statistics W = n~' 32" 41 €k+1(60%) does not
depend upon . Moreover, when setting the step size ¥ ~ n~? with an appropriate 3 € (0,1),
we can show that the moments of all other terms except for W in the r.h.s. of (39) are small (see
Theorem 9 for more details). Hence, using the same sequence {{ }ren of noise variables in (36)

yields an estimator %RR), such that its leading component of the variance still equals W. Hence,

using the Richardson-Romberg procedure will increase only the second-order (w.r.t. n) components
of the variance. At the same time, using different random sequences {&y, } xen and {&}, }ken for o5

and @(127) increase the leading component of the MSE by a constant factor. Hence, it is preferable to
use synchronous noise construction as introduced in (36).

Proposition 2 implies the following improved bound on the bias of é&RR%

Proposition 5. Assume Al, A2, A3(6), and C1(6). Then, for any v € (0,1/(L Cspep 6)], and any
initial distribution v on R?, it holds that

E,[0FR)] = 6* + B3y>/? + R0 — 0%, 7,n), (40)

where Bz € R is a vector such that || Bs|| < Cy, and

. e~ Yr(n+1)/2 1/2 * T
IRs (00 — 0%, 7 m)l S < (B[l — 0%112] + 452 ) -

The proof of Proposition 5 is provided in Appendix A. This result is a simple consequence of Propo-
sition 5, since the linear in v component of the bias yA; from (24) cancels out when computing

%RR). We are now ready to formulate the main result for the Richardson-Romberg estimate éﬁ,,RR).

Theorem 6. Assume Al, A2, A3(6), and C1(6). Then for any v € (0,1/(L Cstep,6)], initial distribu-
tion v and n € N, the Richardson-Romberg estimator éﬁlRR) defined in (37) satisfies

_ VIrs: C V2 C C
1/2 *(p(RR) _ 2 € RR,17 RR,2 3/2 RR,47
Eu/ [” H (951 9*)“ ] S n1/2 n1/2 + 71/277, + CRR,S’V / + TLI/Q

+ R4<na’7a ||90 - 9*”) )
where the constants Crg,1 to Crr,4 are defined in (69) and

L(l— (n+1)/2
Ra(n, v, |00 — 0%)) = ti=1

x (EY2 1160 — 07161+ EV/2 1160 — 0%114] + EV/[llg9 — 07]/2] + Peetard )

with cq being an absolute constant.

Proof of Theorem 6 is provided in Appendix C. Similarly to Theorem 3, we can optimize the above
bound setting v depending upon n.

Corollary 7. Under the assumptions of Theorem 6, by setting v = n~ /2 with n > (L Cstepﬁ)z, it
holds that

_ Tr Y*
E2IIH (05 — 67|17 < VIR +O(n™") + Ra(n, 1/Vn, |6 = 6*])). 4D

nl/2

Discussion. Note that the result of Corollary 7 is a counterpart of (5) with 6 = 1/4. This decay
rate of the second order term is the same as for the Root-SGD algorithm, and in general can not be
improved, see Li et al. (2022). However, the assumptions of Theorem 6 are stronger compared to
the ones imposed by Li et al. (2022). In particular, in A2 we require that f is 4 times continuously
differentiable and uniformly bounded. At the same time, Li et al. (2022) impose Lipschitz continuity
of the Hessian of f, which is essentially equivalent to bounded 3-rd derivative of f. Our proof of
Theorem 6 essentially relies on the 4-th order Taylor expansion, and it is not clear, if this assumption
can be relaxed. We leave further investigations of this question for future research.

Now we aim to generalize the previous result for the p-th moment bounds with p > 2. The key
technical element of our proof for the p-th moment bound is the following statement, which can be
viewed as a version of Rosenthal’s inequality (Rosenthal, 1970; Pinelis, 1994).
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Proposition 8. Let p > 2 and assume A1, A2, A3(2p), and C1(2p). Then for any v €

(07 1/(L Cstep}2p)], it holds that

LD 2
1 n—1 last,2pPTap /MY L Diagt,2pT2
B (I DRoo (v 0) = mw)ll] § === o =

where 1 is defined in (38).

) (42)

Discussion. The proof of Proposition 8 is provided in Appendix D.1. It is important to acknowl-
edge that there are numerous Rosenthal-type inequalities for dependent sequences in the literature.
Proposition 8 can be viewed as an analogue to the classical Rosenthal inequality for strongly mixing
sequences, see (Rio, 2017, Theorem 6.3). However, it should be emphasized that the Markov chain

{9,(:) }ren is geometrically ergodic under the assumptions A1-A3(p) only in sense of the weighted
Wasserstein semi-metric W (€, £’) with respect to a cost function ¢ defined in (16). As a result,

the sequence {9,(:)} ren does not necessarily satisfy strong mixing conditions. At the same time,

{9,(:)} ken satisfies the 7-mixing condition, see Merlevede et al. (2011). However, the considered
function ¢(#) is quadratic, which makes the respective result of (Merlevede et al., 2011, Theorem 1)
inapplicable. Similar Rosenthal-type inequalities have been explored in (Durmus et al., 2023), but
in Proposition 8 we obtain the bound with tighter dependence of the right-hand side upon . Below
we provide the p-th moment bound together with corollary for the step size v optimized w.r.t. n.
Theorem 9. Let p > 2 and assume Al, A2, A3(3p), and C1(3p). Then for any step size v €
(0,1/(L Cstep,3p)], initial distribution v, and n € N, the estimator éS,RR) defined in (37) satisfies
c/TrSip? Crrs  Crrev'/?
nl/2 ny1/2 nl/2

CaPTp CRrR.,3
nl—l/p n

E/PIIH (6 — 6%)])7] < + Crr,77Y/?

(43)
+

+ R5(Tl,’)/, HGO - 9*”) )

where c1 and co the absolute constants form the Pinelis version of Rosenthal inequality (Pinelis,
1994, Theorem 4.1), problem-specific constants Crr5 to Crr g are defined in (96), and

R (1,7, [160=0*[]) = (1=yi) " +D/2C 1, (B2 P [||60—0* (7] +E/ P [1180—0" 2] +E2/ " [[|60—6*|1*#]) -

Here constant C j, can be traced from (97).

Corollary 10. Under the assumptions of Theorem 9, by setting v = n~/? with n > (L Cstep73p)2,

it holds that

Tr E;_‘pl/Q

LY (B — 6] 5 Vs

+ O + Rs(n, 1/v/n, |00 — 7)) . (44)

Discussion. Proof of Theorem 9 is provided in Appendix D. Note that the result above is a direct
generalization of Theorem 6, which reveals the same optimal scaling of the step size « with respect
to n. To the best of our knowledge, this is the first analysis of a first-order method, which provides a
bound for the second-order term of order O (n_3/ 4) while keeping the precise leading term related to
the minimax-optimal covariance matrix H*. Such results were previously known only for the setting
of linear stochastic approximation (LSA), which corresponds to the case of quadratic function f
in the initial minimization problem (1), see Durmus et al. (2024). In such a case, no bias occurs:
fRd 67, (df) = 6*, and Polyak-Ruppert averaging with the step size y ~ n~1/2 allows for the same
scaling of the remainder terms in n, as in (44). This result can be found, for example, in Durmus
et al. (2024, Theorem 1). Hence, the main result of Theorem 9 is as follows: Richardson-Romberg
extrapolation applied to strongly convex minimization problems allows to restore the p-th moment
error moment bounds from the LSA setting.

5 NUMERICAL RESULTS

In this section we illustrate numerically the scale of the second-order terms in Corollary 7, that
is, in (41). We recall the error representation (39), and move the term % ZilnH ex+1(0%) to the
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Richardson-Romberg error Richardson-Romberg error, rescaled

2.4x10°
22 x 100 W

1072 5 2x10°

1.8 x 10°

lex100| —® RRerror, rescaled nl?2

—e— RR error without leading term in n, rescaled n3*

1.4x 100

10-4 1.2 x10°
—e— RR error
—e— RR error without leading term in n \'\_

T r . v 100 T T T v
10° 104 105 106 10° 10* 10° 108
Number of iterations Number of iterations

MSE
Rescaled MSE

Figure 1: Left picture: Richardson-Romberg experimental error with and without the main term
% Ziin 41 €k+1(0%). Right picture: same errors after rescaling by n'/? and n®/4, respectively.

right-hand side:

_ () _p* ) *
* () * 1 2n x _ Ol —0 05, —0
HA D) = 0%) + 152 e (0%) = 0

s e (00)) — e (09)) — L w(0)) — L GO @5)

Under A3(6), the statistics 1 Ziin 41 €k+1(07) is a sum of independent random variables, and

nEl R ek (0)7) = B2
Hence, in order to trace the rate of the second-order terms in (41), it is enough to find the decay
rate of the right-hand side in (45). We show that, for a particular minimization problem, setting
v = n~1/2, we achieve the desired scaling of order n~3/%. We consider the minimization problem

—_ 2 3
fo)y=¢0 +cos0%r0n€1£,

with the stochastic gradient oracles VF(0,¢) givenby VF(0,£) =20 —sinf + &, &~ N(0,1).
This example clearly satisfies the assumptions Al, A2, A3(p) with any p > 2. We selected different
sample sizes n = 250 x 2¥, where k = 0, ...,14, and run the SGD procedure (2) based on the
constant step sizes v and 2, selecting v = 1/y/n. Then we construct the associated estimates

{57(17)} and {5&27)}. Then for each n we compute the Richardson-Romberg estimates 0 from

(36) alongside with its versions without the leading term in 7, i.e. o 1 Ziin 41 Ek+1(0%).

We provide first the plot for |57 — ¢*|| and |05 + LS 1 Erg1(07) — 0| in Figure 1.
On the same figure we also provide the plots for rescaled errors

nt/2(|65%% — %) and n®/4 |07 4 0t 0T L e (607) — 6%

The corresponding plot indicates that the proper scaling of the rh.s. is n3/4,
as predicted by Corollary 7. We provide code to reproduce the experiments at
https://anonymous.4open.science/r/richardson_romberg_example-3DD4/.

6 CONCLUSION

In this paper, we have demonstrated that Polyak-Ruppert averaged SGD iterates with a constant step
size achieve optimal root-MSE and p-th moment error bounds. More precisely, we have shown that
these bounds admit both the sharp, optimal leading term, which aligns with the optimal covariance
matrix Yo, and a second-order term of order @(n~3/%), which is best known among the first order
methods. Directions for future research include, firstly, generalizing the proposed algorithm to the
setting of dependent noise sequences {&x }ren in the stochastic gradients (1). Another natural ques-

tion is to study the properties of %RR) under relaxed assumptions on f. In particular, it would be
interesting to remove additional smoothness assumptions on f (bounded 3-rd and 4-th derivatives),
and to relax the strong convexity condition Al. One more research direction is to study a relation
between the parameter J in (5) and rates in the corresponding Berry-Esseen type results, following
the technique of Shao & Zhang (2022).
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A PROOF OF PROPOSITION 2 AND PROPOSITION 5

Throughout this appendix we use ¢ for an absolute constant, which values may vary from line to
line.

A.1 PROOF OF PROPOSITION 1

Consider the synchronous coupling construction defined by the recursions

91(:%)1 = 01(:) - ’YVF(GI(;Y)7 £k+1) ) 9(()7) =0e Rd’

g(v)

- . . . (40)
=00 —AVF@OY &), 00 =0 eRe.

The pair (0,(:), 5,@) ken defines a Markov chain with the Markov kernel K (-, -), which is a cou-

pling kernel of (Q, Q. ). From now on we omit an upper index (7) and write simply (6, 0% ) ren.
Applying now A3(2), for v < 2/ L, we get that

Eulll0k+1 — Oki1l*1Fe] = E[lI6k — Ok — Y(VF Bk, Ekt1) — VF Ok, Ey1)) || Fi]
= 116k — 611> + VE[IVF Ok, k1) — VF (O, Eyr) ||| Fi]
= 29(Vf(0k) — V(Or), O — Or)
< (1= yw)l|0k — Ox1?, 47)

where in the last inequality we additionally used (1 — 2yu(1 —yL/2)) < 1 — ~yu. Similarly, for
a cost function ¢ defined in (16), we get using Holder’s and Minkowski’s inequalities, that for any
reN

Elc(Okrr, Orrr) | Fi] < EV2 (0041 — O l|*| Fi] (B2 (1104 — 671171 F]

. 93/2~1/2.
+ BV — 0 |PIF] + T
I
Combining the above inequalities and using (64), we obtain
95/2~1/27,

Elc(Okrr, )| Fi] < (L= v00)""2 1160k — Ol (1 = )" 2 (1165 — 67| + 1161 — 671) + e

< 2(1 — )" 2c(Or, 0}) -

Note that 2(1 —yu)"/? < 2 forany 7 < m(y) — 1 and 2(1 —yu)™)/2 < 1/2. Hence, applying the
theorem Douc et al. (2018, Theorem 20.3.4), we obtain that the Markov kernel Q. admits a unique
invariant distribution 7. Moreover,

W . (vQt, ) < 2(1/2) %/ ™ONW (v, 7). (48)

It remains to note that (1/2) /™M) < 9(1/2)k/™(),

A.2 PROOF OF PROPOSITION 2

We begin with proving (22) and (23). First we introduce some additional notations. Under assump-
tions Al — A3(2), we define a matrix-valued function C(6) : R% — R%*4 as

C(0) = E[e1(0)7]. (49)
The result below is essentially based on an appropriate modification of the bounds presented in
Dieuleveut et al. (2020, Lemma 18). A careful inspection of the respective proof reveals that we do

not need specific assumptions for C(#) defined in (49), instead we use Lemma 12. For completeness,
we present the respective result below:

Lemma 11. Assume Al, A2, A3(6), and C1(6). Then, for any v € (0,1/(L Cgep,6)], it holds
0, — 0" = —(v/2){H"} {V*[(6")}TC(6") + B1y*/?, (50)
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where 0., is defined in (22), C(0) is defined in (49), and By € R satisfies | B1|| < Cy, where

L2 Djas L \/Dias 2,
C1= last,2 + last,2 7'724_7' (51)
VI VI poop
Moreover, B
Sy =TC(6%) + Bay*/?, (52)

where the operator T : R4 — RI*4 js defined by the relation
vec (TA) = (H* @I+ 1@ H*) ! vec (A)
for any matrix A € R¥™%, and By € R is a matrix, such that | Bs|| < C;.
Proof. Let (0,(:)) ken be a recurrence defined in (11) with initial distribution 6y ~ 7. Moreover,

we assume that 6 is independent of the noise variables (£, );>1. First, applying a third-order Taylor
expansion of V f(#) around 6*, for any § € R¢, we obtain

VF(0) =H(0 — 0%) + (1/2){V>F(0")}(0 — 0")%* + G(0) (53)
where G(0) is defined in (38) and writes as

G(0) = é </01 V(10" + (1 — 1)6) dt) (0 — 0%)®3.

Thus, using A2,
IGO)]| S Lall6— 6%

Thus, integrating (53) with respect to ., we get from (53) that

H* (0., — 0*) + (1/2){V3f(6*)} Md(a - e*)®27r,y(d0)] =— /Rd G(O)m, ().  (54)

Now we need to provide an explicit expression for the covariance matrix

5, = / (6 — 622, (d6) . (55)
Rd
Using the recurrence (11), we obtain that

01— 0" = (I—~vH")(0o — 0") — ve1(6o) — yn(0o) ,

where the function 7(-) is defined in (28). Hence, taking second moment w.r.t. 7, from both sides,
we get that

2= (= H)E, (= 1) 44 [ co)m, @)+ [ (n(o)}m, (@)
= [ T = H)0 = 07) a0 T +n(@)(0 = 07) (1= 1)) (3). GO

In the above equation C(6) is defined in (49), and we additionally used that E[e;(6y)|Fo] = 0.
Moreover, (49) together with C1(6) implies that

C(0)m,(d6) = C(6%) + By'/?,
Rd

where B € R%*? satisfies || B|| < Ca. Thus, from (56) together with C1(6) we obtain that ¥, is a
solution to the matrix equation

H* £, 4+ 5, H* —yH* £, H* = 1C(6") + By*/?,
which can be written using the vectorization operation as

vec (2,) = y(H* @I+IoH* —yH* @ H*) ™! vec (C(6*))+y RI+I@H* —yH* @ H*) ™" vec )
=, H* @I+I@H* —y H* @ H*) ™! vec (C(0 32(H* @I+IeH* —y H* @ H*) ! vec (B
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Now we check that the latter operator H* ®1 + I ® H* —y H* ® H” is indeed invertible for v €
(0,2/L). Moreover, assumption Al guarantees that the symmetric matrix H* is non-degenerate and
positive-definite. Let uy,...,uq € Réiand Ay > do > ... > Ag > © > 0 be its eigenvectors and
eigenvalues, respectively. Then we notice that

H* @l +1oH —yH* @ H" = H" oI - (y/2)H") + (1 - (y/2) H") @ H" .

Hence, the latter operator is also diagonalizable in the orthogonal basis u; ® u; in R with the
respective eigenvalues being equal to A\;(1 — (7/2)A;) + A;(1 — (7/2)A;). Set now

S=H*®I+1eH" € RT*® 5
R=H"@H" e R¥*% o7
Then it is easy to observe that
(S—AR)' =851+ AR(RSTH,
k=1

provided that v||RS~!|| < 1. Sice R and S are diagonalizable in the same orthogonal basis {u; ®
u; }1<i j<a With the eigenvalues \;\; and \; + \;, respectively, the condition || RS™!|| < 1 holds
provided that v < 2/ L. Hence, for v < 1/ L, it holds that

(H*@l+IeoH —yH* @H*) ' = (H*@I+1@H*)' +D,
where D € R? %4 gatisfies
- - 7L
IDI S AISITHIRSTH S e

Combining the above bounds in (54), we arrive at the expansion formula (50). O]

We now state an auxiliary lemma about the function C(6) from (49).
Lemma 12. Assume Al, A2, A3(2), and C1(2). Then, for any v € (0,1/(L Cstep,2)], it holds

I [ corm,a0) — o)l < Cx™.
where the constant Co is given by

¢, — [Ptz | LyDusia) , (58)
Vit Vi i

Proof. Recall that
e1(0) =VF(0,&) - Vf(0).
Hence, using the definition of C(#) in (49), we get
C(0) = C(0") = Eeynrcl(e1(6) — €1(0)(e1(0) — e1(60%))"] + Eeynpee1(67)(e1(0) — €1(6%))7]
+Eg,npel(€1(0) — €1(6%))er (07)7].
Using A3(2), we obtain
Eellle1(6) — e1(07)I1”) S L(VS(0) = Vf(67),0 — %) — [V F(8) — VF(6")|* SL? |19 — 07>

Hence, combining the previous inequalities and using Holder’s inequality, we obtain for any 6 € R,
that
lc(8) — (@) S L1160 — 6*||* + 2 L{l6 — 6*]].

Applying now C1(2), we obtain

Das 7 Das 7
H/ C(0)my(d0) — C(07)]| 5/ [C(6) — C(6%)|[m, (d0) S 1.2 ST T2 +rp Ly [ 22 L2
R R4 w H

We conclude the proof by noting that yp < 1. O

16
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Now we prove (24). We use synchronous coupling construction defined by the pair of recursions:

Okt1 =0k —YVE(Ok,&py1), b0~ v
k1 = Ok — YVF (O, &1), 0o~y

Recall that the corresponding coupling kernel is denoted as K (-, -). Then we obtain

2n 2n
E 0] — 0" =n"" Y ESz [0 —0k]+n"" Y Ep [0x— 0]
k=n-+1 k=n+1

2n
=n"" > ES1 [0k — Ok] + (6, — 0%).
k=n-+1

Using (47) and C1(2), we obtain
IEE . {0k — O}l < (1 — yp)*{ES7 |60 — O0]|*}'/2

U, Ty U, Ty

V2yT

< (1—yw)*2(EL2[]160 — 0*)7] + T

).
Summing the above bounds for £ from n + 1 to 2n, we obtain (24).

A.3 PROOF OF PROPOSITION 5

Note that ~ ~ ~
E, [0 — 0] = 2E, [0 — 0*] — E, [0>7 — 07].

Applying (24), we obtain
B [0 — 6*]|| < Civ®/? + Rs(60 — 67,7, m),

where

N 1—yu (n+1)/2 N YT2
1Ra(00 — 6%, 7,m)| < L2 g ey 4 VI

nyp Vi

17
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B PROOF OF THEOREM 3

Theorem 13 (Version of Theorem 3 with explicit constants). Assume Al, A2, A3(6), and CI1(6).
Then for any v € (0,1/(L Cstep.s)l, m € N, and initial distribution v on R%, the sequence of
Polyak-Ruppert estimates (14) satisfies

A N Tr Y* Cy C4'71/2 *
B2 — 0717 < Yo o+ G S+ Ra(n . 160 = 0°])

where we have set

L Dlast,47-zf
2p

and the remainder term Ra(n, 7y, |00 — 0*||) is given by

C2 = CoDlla/SQt727'2 N C3 = Cp 5 C4 = Cp L Dlla/SQt,QTQ . (61)

Ra(n,, |00 — 6*
2(n.7. 180 7)) "

2
EL2[]160 — 0%]?]

Leo(l — ntl N
L2 e g, gr)1] . (62)
nyp

Proof. Throughout the proof we omit upper index () both for the elements of the sequence

{9,&7)} ren and Polyak-Ruppert averaged estimates éﬁﬁ). Instead, we write simply @) and @,,, re-
spectively. Summing the recurrence (31), we obtain that

g Opr — 0% 0oy —0F 1 1 &
H*(8,, — 6*) = - = _ = .
(6. - 67) = = o ng;fﬁww %gimw (63)

Applying the 3-rd order Taylor expansion with integral remainder, we get that
AT
Vi) =H" (0, —0") + 3 (/ V2 F(t0* + (1 — t)0) dt> (0, — 0%)%2,
0
where V3 f(-) € R4*4xd Using A2, we thus obtain that

1 *
()]l < 5 L [16x — € [

Applying Minkowski’s inequality to the decomposition (33) and to the last term therein, we get

_ E/*[16ns1 — 07117 | EV?[)|62n — 67]7) | 1 o
EL/2[|| H* (6, — 6*)|]?] < —=ntt 4 v L72n + —EL/? err1(0)]?
[l 5 )12 < - - - [mgglmmwm
L 2n
3 *
ts, > BP0k — 07"
k=n-+1

Applying C1(2), we obtain that for v € (0; 1/(L Cgtep 2)] it holds that

£ 161 — 671 S (1~ 3w)¥E, 6 — 6°[7] + Dese2TE (64
Moreover, from y € (0;1/(L Cytep,4)] it holds that
Y205 — 0°1 < (1 — ) B2 — 0°]] 4+ D2 (65)
Combining Lemma 14 with previous inequalities, we obtain
EL2[|| H* (G, — 6)]|?] < VI s: n Dlla/SQt,QTQ n L Diast,477¢ i L Dlla/ft,ﬂl/QT?
Vvn y/2n 2p pt/2nl/?
P Lo (L ey o)+ M e, gy,
and the result follows. ]

18



Under review as a conference paper at ICLR 2025

Lemma 14. Assume Al, A3(2), A2, and C1(2). Then for any v € (0;1/(L Cgep2)] and any n € N,

it holds
n L Dll/2 VanTe  L(1 — (n+1)/2
* ast, 7/1‘) *
EV2( D fenea(O) —ennn (0} S oy + E,/?[1160—6"11%] -
S 7 o
(66)
Moreover, under Al, A3(p), A2, and CI(p), for any v € (0;1/(L Csep,p)] and n € N it holds that
2n 1/2
st,pV I/ TWPT,
EVPIl D {enri(Ok) = ki (0)}] S —/
k=n-+1 (67)
Lo(l — (n+1)/2
+ PR el — o).

/2172

Proof. Since {ej4+1(0r) — er+1(0%)} is a martingale-difference sequence with respect to Fy,, we
have

Z {1 (00) —exrr(@NP] = D Ev[l{ensta(Or) — erra (0 1°] -
k=n-+1 k=n-+1

where 5,41 (0%) = VF(0*,&,11) uses the same noise variable &1 as F (0, &x+1). Note that
Evlllers1(0%) = ers1(07)°] = EL[IVE (O, Ers1) — VE(O", s |12

= 2B, [(VF(Or, E+1) = VF(0", &r1), VI (O) = VFO)] + IVF(O) — V(O]
Using A2, A3(2), and taking conditional expectation with respect to F, we obtain

Eulller+1(0%) — 1 (07)I°] < EL[L(V £ (0r) — VF(0%), 0 — 0%) — [V F(0) — VF(0")[I°]
< L?E |10k — 07]7)-

Thus, we obtain that

2n
I fers(0r) —ern (037 < 12 Z E.[[16x — 6717,
k=n-+1 k=n+1

and the statement (66) follows from the assumption C1(2). In order to prove (67), we apply
Burkholder’s inequality Osekowski (2012, Theorem 8.6) and obtain

on 2n
2
EL/7(| Z {ert1(0k) — ext1(07)}7] < pEi/pK Z lek+1(6x) — 6k+1(0*)||2)p/ ]
k=n+1 k=n+1
2n 1/2
<p( D> EXP[lers1(6r) — exra(69)]7])
k=n-+1
n 1/2
SpL( Y. (o - 0°IP)
k=n+1
LD1/2 0T 1— (n+1)/2
e ﬁgp ° + Lp( 1/??/2 EL/?[l60 — 6*|7] ,
ey
where in (a) we have additionally used C1(p). a

19
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C PROOF OF THEOREM 6

Within this section we often use the definition of the function v : R4 — R from (38):

D(0) = (1/2)V>F(6°)(0 — 6%)** (68)
Theorem 15 (Version of Theorem 6 with explicit constants). Assume Al, A2, A3(6), and CI1(6).
Then for any v € (0,1/(L Cgep,6)], initial distribution v and n € N, the Richardson-Romberg
estimator é,(LR R) defined in (37) satisfies

1/2 RR Y Tr Xz CRR,171/2 Crr.2 32 CRRA4Y
E / [” H*(e( ) -~ 1/2 n1/2 + 71/2’”‘ + CRR,?,’}/ / + W
+ Ra(n, 7, |00 — 671),
where we have set
1/2 1/2
Co Dlast,4 L 7-42 coL Dla/st,27_2 Co Dla,st,QT2
CRR,I = 3/2 1/2 ) CRR,Q = 12
M Y M 69
LDij/2Gg C()D] t4LT2 ( )
ast as
Crr,3 =0 <3/2 + C1> » Crra= #4,

Cy is defined in (51), and the remainder term Ry(n, 7y, |00 — 0*||) is given by
co L(L — yp)mH0/2
nyp
1/2 16 1/2 w4 1/2 w21, Dlast, 4773
x| B 7160 — 07[17] + E/7[l160 — 071171 + E./7[[|60 — 67 ]+;74 - (70)

Ra(n,7, 160 — 07[]) =

Proof. Using the recursion (31), we obtain that
200 —0) 2005 —0) 0 —00 05 0

H*(gr(LRR) —o* )

n yn 2’yn 29n
1 2n 1 2n
2 2
3 Reen(0) — e () =~ 7 2(0) — @), D
k=n-+1 k=n-+1

Therefore, applying Minkowski’s inequality to the decomposition (71), we obtain for any initial
distribution v that

2n
* 1 * 1 * 1 *
EY2 T (O — 09I S ~EV2 D enn(@)IP1+ B0, - 0*1P1 + —-EX/2 (165 — %))
n jS— yn yn
T &
1 2v) 2 1/2 (2 2
+ L E20®) 077 + —EV2[)02) — 6
LB — 071 + B I
T3
1 2n
B2 D ek (B) —era(09)]7]
k=n-+1
Ty
1 2n
2
B2 Y e (047) — ena (09)7)+ |2m () — 7o (0)]
k=n+1 T
6
Ts
1 2n 1 2n
2
B D nO) = m)IPT+ B YD n(6) = my ()]
k=n+1 k=n-+1

Tz

20
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Now we upper bound the terms in the right-hand side of the above bound separately. First, we note

that
Narsn
T, = .
NG
Using C1(2), we get
1/2
(1 _ 7M)"+1/2 1 Dlast 272
PO ) R = V5 _ p*2 _ashe 7
T+ 15 S g B/ [l160 — 07[17] + 2y 2

Applying Lemma 14, we get

Di/a /2T L(1 — )t/
p1/2p1/2 Ly

2
Ty+Ts < EL2[]160 — 0%]] .

Now we proceed with the term Tg. Applying the recurrence (11), we obtain that
07— 0" = (L= H) (65" —0") =122 (657) — (65" (72)
Thus, taking expectation w.r.t. 7., in both sides above, we get
H* (0, — 0*) = Ex, [n(05)] = 7, (1) + 7,(G),
where G(6) is defined in (38) and writes as

1 1
G() = ¢ (/ V(6 + (1 —1)6) dt) (0 —0%)%3.
0
Hence, applying A2 together with Proposition 2, we obtain that

T = |12 () — 72y ()| S C17*/2. (73)
Finally, using Lemma 19, Lemma 18, and Lemma 16, we obtain that

3/2
Dlast,4 L P)/TZ Dlast,él L ’71/27—2 L Dlast,6’73/2

n1/2 13/2p1/2 w32
L(l — "/,u) (n+1)/2 . * Dlast,4"/7-2
EL2[160 — 071°] + B[00 — 0711) + == )
nyp H
Combining the bounds above completes the proof. O

3
-
T < 6

~

+

Below we provide some auxiliary technical lemmas.

Lemma 16. Assume Al, A2, A3(4), and C1(4). Then for any v € (0;1/(L Cgtep,4)] and any n € N
it holds

2n
— Dlas 4 L3 772 Dlas 4 L3 71/27—2
n LD WO -m @) S TR Ty 0
k=n+1

Proof. Using the fact that 7, is a stationary distribution, we obtain that

2n

Er, [l D {0(8%) — m (¥)}1*] = nEx, [[[4(60) — 7y ()]

k=n-+1

3 (0 BB, [((60) — ()T (6(0k) — 72 ()]
k=1

Using the Markov property, Cauchy—Schwartz inequality, Proposition 1, and Lemma 20, we obtain

EM [(1/}(90) - M(?ﬁ))T(w(@k) - 777(¢))] (75)
B, [((600) — 0 () (QE0(00) — ()] 6)
20/ L, [1600) — 0] [ 00,91, 0] an
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where in (a) we additionally used the fact that

W, (3g,,7,) = / (00, 9)drs (9)

Using C1(4), we get
L3 Diast 4774
Er, 14(00) = m3|°) < Ex, [1(600) ) < L3Ex, [ — 0°]1'] < =552 (78)
and, using C1(2) and C1(4), we get

[ [ 0 0)dn, 01, 60) @9
93/2~1/2 2
<[/ ||90—15‘2<||90—9*|+||19—9*||+M) dm (9 (0o) (80)

2
* * T * *
S//(H@o—(? I+ 119 — o ”4)+Lu2 (1100 — 0%[1 + [[0 — 0*|[*)dmy (9)dms (B0)  (81)

2,2 2.4 2.4
< Dlast,4'7 Ty Dlast,Q’Y To < Dlast,47 T4

~ou? N ®2
Using (78), (79), and Cauchy—Schwartz inequality for (75), we obtain
L3 Dyast 4272
B (6(80) — o, (0 (6(80) = m, (V)] 5 (1/2)/ =220 TL
Combining the inequalities above and using that m(vy) = (2%] < %, we get
2n 2,2 4 2, 2 4N 1/2
_ Dlas 74]-—4 VT, Dlas ,4m(’7) L VT,
W S (00 - m()F) < (Pegs Ty D) v
k=n-+1
< Diasta L3 Y72 Diast,a LgyY/%732
~ /2 1372172
O
Lemma 17. Assume Al, A2, A3(4). Then for any v € (0; 15|, and any k € N it holds that
Ell0k+1 = Orra|[*1 7] < (1= )10k — Ol (83)
Proof. Recall that the sequences {0y, }xen and {0y }ren are defined by the recurrences
Opi1 = Ok —7VE(Or, &kr1), b0 =0€R?, (84)
ki1 = Ok —YVEF (O, E1), 0o =0€cR™. (85)

Expanding the brackets, we obtain that

10k11 = Orial|* = 110k — Oll* + VIV F(Ok, Ek1) — VF (B, i)

+ 4y (VF Ok, Exr1) — VF(Or, Exi), Or — O1)?

+ 292 | VE(Ok, 1) = VF Ok, &) 171601 — Ox]|?

— 4y(VF(Ok, &ki1) — VF(Or, Eki1), O — Oi) 16k — Oi

— 47 (VF(Ok, k1) — VF(Or, Ek11), O — O) ||V F Ok, Ekr) — VF (O, G|
Using A3(4) and Cauchy—Schwartz inequality, we get

E[IVF(0r, &r1) — VF Ok, &) I*|1Fe] < LV F(0) — V£ (Or), O — O) |0k — 0|,
E(VF Ok, Shs1) — VF Ok, Err1), O — 01)*| Fi] < L(VF(Ok) — V£ (0r), 0k — On) [0 — O,
E[IVF Ok, &r1) — VF Ok, Eer1) 12110k — 011171 Fk] < LAV F (k) — V£ (Or), 0k — 00)1|0k — O
]

EAVF (0, k1) — VF(Or, Exir), O — 1)1 — On ||| F

22
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Similarly,
EUVE Ok, 1) — VEOk, E111), 0k — O) | VF Ok, Ei1) — VF (O, Exv1)]12Fr
< LAV (Or) = VI(0r), 0k — 00)]|0k — Ok

Combining all inequalities above, we obtain

El0k+1 — i I*1Fi] < 165 — Ou]l*
— (47 = 7' L 4y’ L =292 L4y L2)(V f(6x) — V£ (O ), Ok — 1) |61 — O]|?
Using Al and since 1 — 42 L3 /4 — 3yL /2 — 42 L? > 1 — 11y L /4, we get
El0k+1 — Orsal|*1F] < (1= 4yp(l = 11y L /4))[16k — Or*
< (1= 2yu(1 = 117 L /4))]|6x — 0]
Since 1 — 11yL /4 > 1/2 for y < 2/(11L), we complete the proof. O

Lemma 18. Assume Al, A2, A3(4), and CI(4). Then for any v € (0;1/(L Cgtep.4)], any n € N and
initial distribution v it holds

n BN Y {0(0) — m P S nT BRI D {(6k) — my ()]

k=n-+1 k=n-+1

La(1 — (n+1)/2 D 2
D0 (o — 0+ 2T

_|_

Proof. Using the synchronous coupling construction defined in (46) and the corresponding coupling
kernel K, we obtain that

2n

EV2I D {00 —m ()} %] = (B3 | Z {W(61) = 7y (D))
k=n-+1 k=n+1

<ELZI D {w(0k) — my ()P + (BN Z {(0k) — (0}

k=n-+1 k=n-+1

(86)

Applying Minkowski’s inequality to the last term and using Lemma 20, we get

Eox [ Z {(0k) = OYPDY? < > (S (v (0k) — v (@)}
k=n-+1 k=n-+1
L3 2n ~
< ST (ES (R0, 00)2.
k=n-+1

Using Holder’s and Minkowski’s inequality and applying Lemma 17 , (64) and (65), we obtain
(5 [c®(Or, 0x)])'/

n 0 * * 1/2T
< (B, [0 = DY (B 100 — 0111 + B/ 11106 — 071" + 1/22])

1/2

5 Dy, ’Y/ T
< (L= )" 2 E5, [0 — Bl )BT — 071 + =2+ T o)

1/2

Diast 4YT2 N
S (1= )2 (P gl g

Combining all inequalities above, we get

_ (n+1)/2 9
El S W-vEy e g a1 (e, o Dt
k: n+1 Y j7

Substituting the last inequality into (86) we complete the proof. [
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Lemma 19. Assume Al, A2, A3(6), and C1(6). Then for any v € (0;1/(L Cseps)], n € N, and
initial distribution v, it holds that

2n 2n
n BV InOk) = (D) 1P < n BV DY D 1(0k) — ()]
k=n-+1 k=n+1
Ly (1 — yp)(nt0)/2 Ly D?/i 6727
+ E2/?[l160 — 6%]°] +%ﬁ
nyp 3ud/
(87)

Proof. Applying the 4-rd order Taylor expansion with integral remainder, we get that

n(0) = (0) + % (/0 V(o + (1 —t)6) dt> (6 —6%)%3, (88)

and using A2, we obtain

1
1 st 40—y ) 0 - 093] < Lallo - ] (89)

Therefore, combining (88), A2, and applying Minkowski’s inequality, we get

2n 2n
EV2[ D M) —ma)IP] < EVZ[ D [19(6k) — 7y ()]17]
k=n+1 k=n+1
L 2n
4 1/2 *1|6
+5 > B — 071 o0)
k=n-+1
Applying C1(6) for the last term of (90), we get
2n 2n 3/2 _3/2. 3
LynDy g 67
£ LD 0 = ()IP) SEL DS 1000) = ()I7] +
k=n-+1 k=n+1 (91)
La(1— o 3(n+1)/2 .
B It — 7.

In remains to notice that (1 — yu)?/2 < (1 — yu), and the statement follows. O

We conclude this section with a technical statement on the properties of the function ¢ from (68).
Lemma 20. Let v(-) be a function defined in (68). Then for any 0,0" € R?, it holds that

14(6) ~ (0"} < 5 Lo c(6, ).

Proof. For simplicity, let us denote 7' = V3 f(6*). Hence,

1 * *
1(0) = $ (0] < ST — %)% = T(0" — 6")*2]|. 92)
Note that
2 Tijuiy;z szZngkﬂ%% e
IT||=  sup LIk > sup sup’]— = sup 93)
a£0,y20,220 [T WINZ ~ wz0y20220 Izl 20,50 Hy||||$H

where t(x,y)r = Zkaxly] Therefore, for any z,y € R, it holds that
i,J

[tz )| < Ml Iyl 94
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We denote v = T2®2 — Ty®2. Then

v = ZTijk:(l”iCEj —Yiyy) = ZTijk((l"i —yi)zj + (2 — yi)y;) =
iy

.3

.9

ZTijk(xi —Yi)r; + ZTijk(xi — Yi)Yj 95)
irJ
where the first inequality is true since T;;3 = T}, by definition of T'. Combining (94) and (C) and
using triangle inequality, we obtain

2v27/7
ol < 170l = gl ()l + lyll) < [Tz =yl Azl + vl + \/ﬁ\f)_

We complete the proof setting x = 6 — 6*,y = 0’ — 6* O
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D PROOF OF THEOREM 9

Theorem 21 (Version of Theorem 9 with explicit constants). Let p > 2 and assume Al, A2, A3(3p),
and C1(3p). Then for any v € (0;1/(L Cstep,3p)], initial distribution v, and n € N, the estimator

§£RR) defined in (37) satisfies

_ Tr S xpl/2 Con: C 1/2
1/p[|| 1% (a(RR) _ pxy\p] « € b C2PTp RR,5 RR,67 3/2
El/ [H H (en 0 )” } S n1/2 ’I”Ll*l/p ’17/71/2 n1/2 + CRR,7’7
C
T 4 Ry, 10— 0°1).
where we have set

1/2 1/2

C o Co Dla/st,pTP C o Co L Dla/st,ppTP Co L Dlast,2pp7—22p
RR5 = — 775 > RR,6 = 172 3/2 )
1% Hw 1%
L D?’/2 73 LD (96)
las 3 C last,2pT:

qmj:coch+:$pp>, Qmﬁzgggﬁgagg

C, is defined in (51), and the remainder term Rs(n,, |60 — 6*||) is given by

co(1 —yp)ntD)/2 coLp(1 — yp)nt+D/2
n

Rs(n,7, [[6o—0"|) = 1124172

E/P (116007 7]+ E,/?[l160—6"]1"]

L(1 — (n+1)/2)2 L(1 — (3/2)n
Co ( ’Y,u) El/p[||9 9*H2p] + Co ( 7/’4) El/p[HeO _ 9*||3p] 97)
Y Y Y

Proof. Using the decomposition (71), we obtain that for any p > 2, it holds that
2n

* (N * 1 * 1 * 1 *
EVP[ A (OSFR) — 0%)[P) < ZEYP(1 S enea(07)17)+ —ELP[657), — 0%P) + —EY[|165) — 6*[17]
n n yn
k=n+1
T>
T

1 1
+ —ENP6) — 0% ||P] + —ELP[|627) — 677
yn v [H n+1 H ] n v Hl 2n || }

T3
1 2n
+ B/ ; cirr(6) = erra (67)]7]

Ty
2n

PP Y e (07) a0 7]+ [2m () — 7o ()]

k=n-+1

Ts
Ts
EI/P Z D(O) — 1y ()]|7] El/p Z ) = oy (1)]|7]
k=n+1 k=n-+1
T7
1 2n 1 2n
2
>0 BPIGEI - >0 EPIIGEII)
k=n-+1 k=n-+1
Tx

Now we upper bounds the terms above separately. Applying first the Pinelis version of Rosenthal
inequality (Pinelis, 1994) together with A3(p), we obtain that

T < c1 TrE§p1/2 C2PTp
1= ni/2 ni-1/p "
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Applying Cl(p) (which is implied by C1(3p)), we obtain that

DI/2 7 (1= Au)nth/2
Ty + Ty < —laste D ik EY?[|160 — 6*||7] .
2T 133 (12nA172 + P v “| 0 | ]
Applying Lemma 14 (see the bound (67)), we get that
LDY2 120 151 — ~p) (D)2
T+ 1y g St P LU e, — o).
p/2nl/2 p/21/2y

Using the bounds (72) and (73), we obtain
TG 5 C173/2 .
Applying Proposition §, we get
on L DlaSLQPpTQQp’Yl/Q L Dlast,2p7-2p

Loy () P] <
nEI/ [Hk:zn;lw(ek )_Tr"/(w)H ]N N3/2n1/2

pAn
Using this bound and adopting the result of (Durmus et al., 2023, Theorem 4), we obtain that

L DlaSt’QppT22P71/2 L Dlast,2p7—2p + L(l - 'Y/‘)(nJrl)/Q
2

2
p 1/ * |2
E./P(||00 — 0%||7P] .
7T M3/2”1/2 ,u2n Y v [” 0 || ]

Finally, applying the definition of G(6) in (38) together with C1(3p), we obtain that

LD3/2 ,yg/zTésp L 2n

Ty < 1ast,?;)p/2 + = Z (1 _ 7M)(3/2)kE11//P [”90 _ 9*||3P}
H n k=n-+1
3/2 3/2.3 3/2)n
< WPy Py | LA g,
w3/ T

To complete the proof it remains to combine the bounds for 77 to 7. [

D.1 PROOF OF PROPOSITION 8

In the proof below we use the notation
»(0) = ¥(0) — 7y (4) -
We proceed with the blocking technique. Indeed, let us set the parameter
2log4
m =m(y) = :
TH

Our choice of parameter m(7) is due to Proposition 1. For notation conciseness we write it simply
as m, dropping its dependence upon . Using Minkowski’s inequality, we obtain that

(98)

n—1 [n/m]m—1
EVPIID w0)IP] <EXPIl D d(0u)lP] +mEYP[I1¥(60)]7] (99)
k=0 k=0
Now we consider the Poisson equation, associated with QZ@ and function 15, that is,
gm(0) — QT gm (0) = ¥(0). (100)
The function -
gm(0) =Y Q™ (0) (101)
k=0

is well-defined under the assumptions A1, A2, A3(2p), and C1(2p). Moreover, g,, is a solution of
the Poisson equation (100). Define ¢ := [n/m|, then we have

gm—1 m—1 q—1
Z Q/G(Qk) = Z Bm,rv with Bm,r = Z{gm(akm+r) - Q:Tgm(gkmqw“)} . (102)
k=0 r=0 k=0
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Using Minkowski’s inequality, we get from (99), that

n—1 q
EXPIID " d00)1P] < mEXP[1D " {gm Okm) — QT gm (Og—1ym) } IIP] + 2mELP[|v(6o 7]
k= k=1

103
Now we upper bound both terms of (103) separately. Under assumption A2, and applying Cl((2p)),
we get
L Dlast,2p’y7—22p
20 '
To proceed with the first term, we apply Burkholder’s inequality (Osekowski, 2012, Theorem 8.6),
and obtain that

EX/7 [ll4(60]7] < El/p[||90 — "] < (104)

q
E}rip[” Z {gm(ekm Q Im e(k )ym } ”p]
k=1

q
< pE}-r,/Yp[(Z ” {gm(gkm) - Qz’bgm(e(k’—l)m)} ”2)17/2] . (105)
k=1

Applying now Minkowski’s inequality again, we get
q

S 0 (B2 g (60) I7) + EX7(1Q7 9 (60) 7))
< B/ gm(00)117).

It remains to upper bound the moment Efr/f [lgm (80)||?]- In order to do this, we first note that due to
the duality theorem (Douc et al., 2018, Theorem 20.1.2.), we get that for any k € N,

[QT45(0) = 7o ()] < 5 Lo WelBoQE™ 75) < 2L (1/2) We(do, ),

where the last inequality is due to Proposition 1. Hence, applying the definition of g,,(6) in (101),
we obtain that

E/P[llgm (60)II] < ZE”” [IQE™0(0)IIP] <2Ls ) (1/2)"E/P[{W (09, m)}] -

k=0

To control the latter term, we simply apply the definition of W .(dy, 7) and a cost function ¢(¢, 6")
together with C1(2p), we get

7_2\/,7 2 1/p
EL/P [{W. (69, 7,)}7] < ( [ te-er (ne SOt 40— 67 + ) m(dom(do'))
7 Rd xRd NI

2p

_ 012 T n\\1/2p _ I px M . . m1/2p
([ 16 -7, (@6, (@) (/<||0 6*1| + 16’ — 6*]| + \/ﬁ) L (d0)m, (d6))

Dlast,2p7—22p’7
7# .
Combining now the bounds above in (105), we get that

IA

<

q 2
m Dlast72 pLST EVAY)
E}r{yp U| Z {gm(akm) - ny gm(g(k'—l)m)} ”p] f, P L 2 \[ ’ (106)
k=1
and, hence, substituting into (99), we get
n—1 2 2
- Dlast,2 pL3T YA/ qm LDlast,Q TopYmMm
EXPII D w0)IP] £ P m AU 2; ZANA (107)
k=0

Now the statement follows from the definition of m = m(v) in (98) and ¢ = |n/m] < n/m.
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