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Abstract

We study stochastic linear bandits where, in each round, the learner receives a set
of actions (i.e., feature vectors), from which it chooses an element and obtains a
stochastic reward. The expected reward is a fixed but unknown linear function of
the chosen action. We study sparse regret bounds, that depend on the number .S
of non-zero coefficients in the linear reward function. Previous works focused on
the case where S is known, or the action sets satisfy additional assumptions. In
this work, we obtain the first sparse regret bounds that hold when S is unknown
and the action sets are adversarially generated. Our techniques combine online to
confidence set conversions with a novel randomized model selection approach over
a hierarchy of nested confidence sets. When S is known, our analysis recovers
state-of-the-art bounds for adversarial action sets. We also show that a variant of
our approach, using Exp3 to dynamically select the confidence sets, can be used to
improve the empirical performance of stochastic linear bandits while enjoying a
regret bound with optimal dependence on the time horizon.

1 Introduction

K -armed bandits are a basic model of sequential decision-making in which a learner sequentially
chooses which arm to pull in a set of K arms. After each pull, the learner only observes the reward
returned by the chosen arm. After T" pulls, the learner must obtain a total reward as close as possible
to the reward obtained by always pulling the overall best arm. Linear bandits extend K -armed bandits
to a setting in which arms belong to a d-dimensional feature space. In each round ¢ of a linear
bandit problem, the learner receives an action set . A; C R< from the environment, chooses an arm
A; € A, based on the past observations, and then receives a reward X;. In this work, we consider
the stochastic setting in which rewards are defined by X; = (6., A;) + &4, where 0,. € R? is a fixed
latent parameter and ¢, is zero-mean independent noise. In linear bandits, the learner’s goal is to
minimize the difference between the total reward obtained by pulling in each round ¢ the arm a € A;
maximizing (f,, a) and the total reward obtained by the learner.

In stochastic linear bandits, the regret after 7" rounds is known to be of order dv/T up to logarithmic
factors. The linear dependence on the number d of features implies that the learner is better off
by ignoring features corresponding to negligible components of the latent target vector 6,.. Hence,
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one would like to design algorithms that depend on the number S < d of relevant features without
requiring any preliminary knowledge on 6,. This is captured by the setting of sparse linear bandits,
where 6, is assumed to have only 0 < .S < d nonzero components.

In the sparse setting, Lattimore and Szepesvari [[17, Section 24.3] show that a regret of ) (\/ SdT)
is unavoidable for any algorithm, even with knowledge of .S. When S is known, this lower bound
is matched (up to log factors) by an algorithm of Abbasi-Yadkori et al. [2] who, under the same
assumptions and for the same algorithm, also prove an instance-dependent regret bound of O (%)
Here A is the minimum gap, over all 7" rounds, between the expected reward of the optimal arm and
that of any suboptimal arm. In this work we focus on the sparsity-agnostic setting, i.e., when S is
unknown. Fewer results are known for this case, and all of them rely on additional assumptions on
the action set, or assumptions on the sparsity structure. For example, if the action set is stochastically
generated, Oh et al. [22] prove a O (S VT ) sparsity-agnostic regret bound. More recently, Dai et al.
[9]] showed a sparsity-agnostic bound O (Szx/T + S\/(ﬁ) when the action set is fixed and equal to

the unit sphere. In a model selection setting, Cutkosky et al. [8] prove a 9] (52 \/T) sparsity-agnostic
regret bound for adversarial action sets, but under an additional nestedness assumption: (6..); # 0 for
i=1,...,S. Surprisingly, no bounds improving on the 5(d\/T) regret of the OFUL algorithm [1]] in
the sparsity-agnostic case are known that avoid additional assumptions on the sparsity structure or on
the action set generation.

Main contributions. Here is the summary of our main contributions. All the proofs of our results
can be found in the appendix.

* We introduce a randomized sparsity-agnostic linear bandit algorithm, SparseLinUCB, achieving
regret 5(5 VdT ) with no assumptions on the sparsity structure (e.g., nestedness) or on the action set
(which may be controlled by an adaptive adversary). When S = o \/E), our bound is strictly better
than the OFUL bound O (dv/'T).

* Our analysis of SparseLinUCB simultaneously guarantees an instance-dependent regret bound
5( max{d?, 5%d}/A), where A is the smallest suboptimality gap over the T" rounds.

* If the sparsity level is known, our algorithm recovers the optimal bound é(\/ SdT).

* We also introduce AdaLinUCB, a variant of SparseLinUCB that uses Exp3 to learn the probability
distribution over a hierarchy of confidence sets in stochastic linear bandits. Unlike previous works,
which only showed a O (T2/ 3) regret bound for similar approaches, AdaLinUCB has a O (\/T ) regret
bound. In experiments on synthetic data, AdaLinUCB performs better than OFUL.

Technical challenges. Recall that the arm chosen in each round by OFUL is

Ay = argmax(a, 6;) + vl ally, 1 (1.1)

ac€ A,

where 67t is the regularized least-squares estimate of 0., Vi;_qy =1+ >, <t ASA;r is the regularized
covariance matrix of past actions, and /7, is the radius of the confidence set

{9 ERT: 0 -0 4]2 , < %} . (12)

The squared radius v, = O(dInt) is such that 6, belongs to with high probability simultaneously
for all t > 1. Our approach, instead, builds on the online to confidence set conversion technique of
Abbasi-Yadkori et al. [2], where they show how to design a different confidence set for 6, based on
the predictions of an arbitrary algorithm for online linear regression, such that the squared radius of
the confidence set is roughly equal to the regret bound of the algorithm. Using the algorithm SeqSEW
for sparse online linear regression [[13]], whose regret bound is O(S log T'), they obtain the optimal

regret O (\/ SdT) for sparse linear bandits. Unfortunately, this result requires knowing S' to properly
set the radius of the confidence set. Our strategy SparseLinUCB (Algorithm|[T) bypasses this problem
by running the online to confidence set conversion technique over a hierarchy of nested confidence
sets with radii a; = 2'log T fori = 1,...,n = O(log d). The framework of Abbasi-Yadkori et al.
[2] guarantees that, for any sparsity value S € [d], there is a critical radius o, = O(SlogT') such
that, with high probability, 0. lies in the set with radius «; for all ¢ > o. SparseLinUCB randomizes
the choice of the index ¢ of the confidence radius «;, used for selecting the action at time ¢. If



Table 1: Comparison with other sparse linear bandit works. S € [d] is the sparsity level and A is the
suboptimality gap (3.3). The nested assumption refers to (6.); # 0 fori = 1,...,S. The minimum
signal and the compatibility condition refer to assumptions on the distribution of the action set and
on the smallest value of the non-zero elements in 6,. Smoothed adversary refers to adversarially
selected action sets with added Gaussian noise. The regret bounds listed in [} 12,123} 8 [25, [18| 9] are
high-probability bounds: with high probability, the regret is of the same order as the bound in the
table.

Sparsity Adaptive

Reference Agnostic Adversary Expected Regret Assumptions
Abbasi-Yadkori etal. [T] v v O(min {dVT,d?/A}) -
Abbasi-Yadkori et al. [2] X v O(min{/5dT, dS/A}) -
Pacchiano et al. [23] 24] 4 X O(S>V/T) Nested, i.i.d. actions
Cutkosky et al. [8]] v v O(S?VT) Nested
Pacchiano et al. [25]] v v O(S?VT) Nested
v X O(52%d*/A) Nested, i.i.d. actions
Action set is hypercube
Lattimore et al. [18] X X O(SVT) e € [-1,1]
Sivakumar et al. [26]] X v O(SVT) Smoothed adversary
_ Actions set spans R?
Hao et al. [15]] X X O(V/ST) Minimum signal
Oh et al. [22) v X O(SVT) Compatibility
Dai et al. [9] v X 5(52\/T + S\/ﬁ) Action set is unit sphere
Lower bound [17] X v Q (\/ﬁ) -
This paper v v é(min {SVdT, % max{d?, Szd}}) B}
This paper X v 9} (v/Sdr) -

the random index I; is such that I; > o, then we can bound the regret incurred at step ¢ using
standard techniques [} 2]]. By choosing P(I; = i) proportional to 2~¢, we make sure that larger
confidence sets (delivering suboptimal regret bounds) are chosen with exponentially small probability.
If I; < o, then 6, is not guaranteed to lie in the confidence set of radius «;, with high probability.
Our main technical contribution is to show that the regret summed over these bad rounds is bounded

by O (v/SdT'/Q), where Q = P(I; > o). The proof of this bound requires showing that the regret
in a bad round ¢ (when I; < o) can be bounded by /ao||A§|\‘4:11. Proving that ||A§||Vf—_11 shrinks

fast enough uses the fact that det V; grows fast enough due to the exploration in the good rounds ¢
(when I; > o). This is done by a carefully designed peeling technique that partitions [T'] in blocks
based on the value of det V.

To extend our analysis of SparseLinUCB and obtain instance-dependent regret bound, we apply the
techniques of Abbasi-Yadkori et al. [1]] to show that the regret over the good rounds is bounded by

5(d2 /A). The regret over a bad round ¢ is controlled by (cv,/A) ||A§’||%/_1 and—using techniques

similar to the instance-independent analysis—we bound the regret summed over all bad rounds with
0 (S d/ (QA)) .

Given that SparseLinUCB uses a fixed probability of order 27 to choose its confidence radius
«;, it is tempting to explore adaptive probability assignments, that increase the probability of a
confidence set proportionally to the rewards obtained by the actions that were selected based on that
set. Algorithm AdaLinUCB (see Algorithm [2) is a variant of SparseLinUCB using Exp3 [4] to assign
probabilities to confidence sets. The analysis of AdaLinUCB combines—in a non-trivial way—the
analysis of Exp3 (including a forced exploration term ¢) with that of SparseLinUCB. Although the
resulting regret bound does not improve on OFUL, our algorithm provides a new principled solution to
the problem of tuning the radius in (T.I). Experiments show that SparseLinUCB can perform better
than OFUL.



1.1 Additional related work

Sparse linear bandits. With the goal of obtaining sparsity-agnostic regret bounds, different types of
assumptions on the action set have been considered in the past. Starting from the O(Sv/T') regret
upper bound of [[18], where the action set is assumed fixed and equal to the hypercube, some works
considered stochastic action sets and proved regret bounds depending on spectral parameters of the
action distribution, such as the minimum eigenvalue of the covariance matrix [9} 15} 16} 20]. Others
assumed a stochastic action set with strong properties, such as compatibility conditions or margin
conditions [3. 16, [7, [19] 22]. As far as we know, there has been no research on adaptive adversarial
action sets after [2]].

Model selection. Sparse linear bandits can be naturally viewed as a bandit model selection problem.
For example, Ghosh et al. [14] establish a regret bound of O(v/ST + d2/a*6%) for a fixed action
set, where « is the minimum absolute value of the nonzero components of .. Quite a bit of work
has been devoted to sparse regret bounds in the nested setting. With i.i.d. and fixed-size actions sets,
Foster et al. [12] achieve a regret bound of order O (S'/3T%/3 /43) in the nested setting, where 7 is
the smallest eigenvalue of the covariance matrix of .A;. Under the same assumption on the action set,
Pacchiano et al. [24} 23] obtain a regret bound of 5(5’ 2 \/T) For adversarial action sets, Cutkosky
et al. [8]] obtain 6(5’ 2 \/T) in the nested setting. When actions are sampled i.i.d., Cutkosky et al. [§]]
and Pacchiano et al. [25] obtain a regret bound of 9] (S?V/T) for nested settings. They also obtain
simultaneous instance-dependent bounds, in particular, Pacchiano et al. [25] achieve 9] ((S d)?/ A).
Compared to the instance-dependent regret bound, our results are more general, as we allow the
action set to be adaptively chosen by an adversary and do not require the nested assumption.

Parameter tuning. Although the theoretical anlysis of OFUL only holds for 7, = O(dlogt), smaller
choices of the radius in (I.2) are known to perform better in practice. Our design of SparseLinUCB
and AdaLinUCB borrows ideas from the parameter tuning setting, which is typically addressed using
a set of base algorithms and a randomized master algorithm that adaptively changes the probability of
selecting each base algorithm [211 23| [24]]. In particular, AdaLinUCB builds on [11]], where they show
that running Exp3 as the master algorithm over instances of OFUL with different radii has a better
empirical performance than Thompson Sampling and UCB. Yet, they only show a regret bound of
0] (TQ/ 3) when the action set is drawn i.i.d. in each round (they also prove a bound of order v/T", but
only under additional assumptions on the best model). This is consistent with the results of Pacchiano
et al. [24]], who also obtained a regret of the same order using Exp3 as master algorithm.

2 Problem definition

In linear bandits, a learner and an adversary interact over 7" rounds. Ineachroundt = 1,..., 7"

1. The adversary chooses an arm set A; C R4;
2. The learner choose an arm A; € A;;
3. The learner obtains a reward X;.

We assume the adversary is adaptive, i.e., A; can depend in an arbitrary way on the (possibly
randomized) past choices of the learner. The reward in each round ¢ satisfies

Xt = <At,9*> + &t (21)

Here 0, € R is a fixed and unknown target vector and {et}+er) are independent conditionally
1-subgaussian random variables. We also assume ||0.||2 < 1 and ||a]l2 < 1 for all ¢ € A, and all
t e [T]ﬂ The regret of a strategy over 1" rounds is defined as the difference between the reward
obtained by the optimal policy, always choosing the best arm in .4;, and the reward obtained by the
strategy choosing arm A; € A; for t € [T,
T T
(

Rr =)  max(a,0.) =) (Ar.0.).
t=1 "7

t=1

'The choice of the constant 1 is arbitrary. Choosing different constants would scale our bounds similarly to
the scaling of the bounds in [2].



In the sparse setting, we would like to devise strategies whose regret depends on

d
S=0ullo=)_1{6: # 0}
i=1
corresponding to the number of nonzero components of ..

2.1 Online to confidence set conversions

Establishing a confidence set including the target vector with high probability is at the core of linear
bandit algorithms, and our approach for designing a sparsity-agnostic algorithm is based on a result
by Abbasi-Yadkori et al. [2]. They show how to construct a confidence set for OFUL [[1]] based on the
predictions of a generic algorithm for online linear regression, a sequential decision-making setting
defined as follows. Fort =1,...,T"

1. The adversary privately chooses input A; € R% and outcome X; € R;

2. The learner observes A; and chooses prediction X t €R;

3. The adversary reveals X; and the learner suffers loss ()?t — Xt)Q.

The learner’s goal in online linear regression is to minimize the following notion of regret against any
comparator § € R?

=Y (X = X0)? =D (Xi — (A, 6)

t=1 t=1
The confidence set proposed by Abbasi-Yadkori et al. [2]] is established by the following result.

Lemma 2.1 (Abbasi-Yadkori et al. [2} Corollary 2]). Let 6 € (0,1/4] and ||0.||2 < 1. Assume a
sequence { (A¢, X¢) }eepr), where Xy satisfies @1) for all t € [T, is fed to an online linear regression

algorithm B generating predictions {)?t}te[T} Then P(Ht €T]: 0. ¢ Ct) < 6, where

Ce = {9 eR:|6]5 + Z — (Ag,0))% < (6, 0*)} (2.2)
v(6,6,) = 2+ 2Br(6.) + 32log (\/§+ W)

and Br(0.) is an upper bound on the regret pr(0..) of B. When understood from the context, we will
abuse the notation and denote the best radius in hindsight by ~(0) := (0, 0 ) and the regret bound
by BT.

Gerchinovitz [13] designed an algorithm, SeqSEW, for sparse linear regression that bounds pr(6)
in terms of ||0||o simultaneously for all comparators § € R%. Below here, we state his bound in the
formulation of Lattimore and Szepesvari [17].

Lemma 2.2 (Lattimore and Szepesvdri [17, Theorem 23.6]). Assume max;cp [|A¢ll2 < 1 and
maxye(r) | X¢| < 1. There exists a universal constant c such that algorithm SeqSEW achieves, for any
0 € RY,

pr(0) < Br(6) := |0l {1og<e+T1/2> + Crlog (1 + HZH)}
0

where Cr = 2 + log, log(e + T1/?).

Using the confidence set (2.2) with B set to SeqSEW, Abbasi-Yadkori et al. [2]] achieved the minimax

optimal regret bound of O(v/SdT). However, to construct Cy, the learner must know (), which
depends on the unknown sparsity level S' = ||6.||o through Br.



Algorithm 1 SparseLinUCB

I: Input: T e N,n e Nandq € A, == {(q1,-..,q) €[0,1]": >0, ¢; =1}
2: Initialization: Let Vo = I, 6 = (0,...,0)

3: fort=1,2,...,Tdo

4:  Receive action set A; and draw I; from distribution q

Choose action A; = argmax ((a, 0,_1) + ”a”\/j v/ 21t log T)

a€A,

Vi=Vioi + AtA;r

5
6:  Receive reward X;
7.
8:  Feed (A4;, X;) to SeqSEW and obtain prediction X,

t
9:  Compute regularized least squares estimate 6; = argmin <9||§ + Z ()A(s — (0, AS>)2>
feR? s=1

10: end for

3 A multi-level sparse linear bandit algorithm

In this section, we introduce our main algorithm, SparseLinUCB, whose pseudo-code is shown
in Algorithm [I] The algorithm, which runs SeqSEW as base algorithm B, uses a hierarchy of
confidence sets of increasing radius. In each round t = 1, ..., T, after receiving the action set A,
the algorithm draws the index I; of the confidence set for time ¢ by sampling from the distribution
qc A, :={(q1,---,qn) € [0,1]" : 3°1 | ¢; = 1}. Then the algorithm plays the action A, using
the confidence set C* := {# € R%: || — 6;,_, 13, < 2tlog T} (where a larger I; implies a larger
radius, and thus more exploration). Following the online to confidence set approach, upon receiving
the reward X, the algorithm feeds the pair (A, X;) to SeqSEW and uses the prediction X; to update

the regularized least squares estimate 6.
Let a; = 2¢log T foralli € N and set n € N as

1/T,0
eeRgﬂ%ﬁzgﬂ( /T,0)

logT

3.DH

n = |log,

where (6, 0) is defined in Lemma[2.1|for B = SeqSEW.

One can check that n = O(logd) (when ||6||o = d), which gives a,, = ©(dlogT). Our bounds
depend on the following quantity, which defines the index of the smallest “safe” confidence set (i.e.,
the smallest ¢ € [n] such that 6, € C; for all t € [T)),

0 := argmin {’y(l/T) < ai} 3.2)
i€[n]

The choice of our confidence set (Lined]in Algorithm/[I)) is justified by the following result, which

implies that o is safe.

Lemma 3.1. For C; defined in 2.2), we have that C; C C? for all t € [T).

As we use SeqSEW as base algorithm B, o, = O(Slog T'). Our main result is an upper bound on the

regret of SparseLinUCB.

Theorem 3.2. The expected regret of SparseLinUCB run with the number of models n in (3.1)) and
a distribution q = {qs} sc|n) satisfies

E[Rr] = O | (logT) Y \/d2°Tq, + (log T)\/STd/Q
s>o
where () = Zszo qs.

If the sparsity level S is indeed known, then o in (3.2)) can be computed and we get the following
bound, which is tight up to log factors [[17]].



Corollary 3.3. Assume that the sparsity level S is known and choose the number of models n > o
and the distribution {qs}se[n] with q, = 1, where o is set as in (3.2)). Then, the expected regret of

SparseLinUCB is E[Rr] = O(V/SdT log T).

An instance-dependent bound. SparseLinUCB also enjoys an instance-dependent regret bound
comparable to that of OFUL. Let A be the minimum gap between the optimal arm and any suboptimal
arms over all rounds,

A=min min (A*—a.0.), 33
trg[l%l]ae%:{lA;< i = 0 0) (3.3)

where A} = max,¢ 4, (a, 6.) is the optimal arm for round ¢.

Theorem 3.4. The expected regret of SparseLinUCB run with the number of models n in (3.1), a
distribution q = {qs }sc[n) and using SeqSEW as base algorithm satisfies

E[Rr] = O (W(leg T>2>

where () = Zszo qs-

Sparsity-agnostic tuning of randomization. Next, we look at a specific choice of q. Fix C' > 1 and
let

[ C*27 ifC?27 <1

s = K otherwise,

where k > 0 is chosen so to normalize the probabilities. It is easy to verify that for any C' > 1,

Y 1{c2 < 1}g <1

s€[n]
implying that £ can be chosen in [0, 1]. Combining Theorem [3.2]and[3.4] we obtain the following
corollary providing a hybrid distribution-free and distribution-dependent bound.

Corollary 3.5. Pick any C > 1. Let the number of models n as in (3.1) and q = {qs } se[n] be chosen
as in (B4). Then the expected regret of SparseLinUCB is

E[Rr] = O (min {max {C’ S/C}m’ max {d275’2d/02} })

(3.4)

A

For C' = 1 the above bound is O(Sv/dT), which is tight up to the factor v/S due to the lower
bound of Q(+/SdT) [17]]. However, as mentioned in Lattimore and Szepesvari [17, Section 23.5],
no algorithm can enjoy the regret of O(v/SdT') simultaneously for all possible sparsity levels .S.
While our worst-case regret bound improves with a smaller S, the problem-dependent regret bound
scales at least as (d?/A) log T', which is independent of S. This raises an interesting question: could
the problem-dependent bound also benefit from sparsity? Even with a very small probability p
of choosing radius «,,, the expected number of steps using «,, would be p7'. The results in [2]]
demonstrate that running the OFUL algorithm with «,, over pT steps results in a regret of O(d?/A).
One simple way is to decrease the frequency of selecting radius «,,. However, selecting «,, less
than d?/A? times may prevent the algorithm from obtaining a good enough estimate of 6, in certain
settings.

Remark 3.6. At first glance, it may seem straightforward to select C in Corollary[3.3] as setting
C = V/d yields a regret of O(d?/A) without apparent trade-offs. However; the trade-off lies in
balancing the instance-dependent and worst-case regret bounds. Opting for C' = d indeed yields an
instance-dependent bound of O(d?/A). However; this comes at the expense of the worst-case bound,

which remains O(d\/T ), negating any advantages derived from the sparsity assumption S < d.

If the sparsity level S is indeed known, then o in (3.2)) can be computed and we get the following
bound.

Corollary 3.7. Assume that the sparsity level S is known and choose {qs }sc[n) With q, = 1, where o
is set as in (3.2). Then, the expected regret of SparseLinUCB is E[Rr| = 6(%)

We note that by setting g, = 1 in Theorem the regret bound becomes 6(d2 /A). This result, as
detailed in Theorem 3.4, arises from the parameter ¢,, > 0. However, in this case, ¢, = 0, which
allows us to achieve a more favorable regret bound.



Algorithm 2 AdaLinUCB

1: Input: T € N, > 0, q € (0, 1]

2: Initialization: Let S; o = 0 foralli € [n], Vo = I, 6y = (0, ...,0)

3: fort=1,2,--- ,Tdo

4:  Receive action set A; and draw a Bernoulli random variable Z; with P(Z; = 1) = ¢

5 if Z; = 1 then

6: Choose optimistic action A; = argmax ((a, Or—1) + ||a||‘/.41 v/2" log T)
ac Ay t=

7: Receive reward X;;

8: else g

9: Draw I; from the distribution P; ; = exp (5:-1,1) fori € [n];

S exp (nSi-1,;)
10: Choose action A; = argmax ((a, 1) + ally,-1 /2% log T)

ac€A
11: Receive reward X;;
I, =5} (2 - X,)/4
12: Compute S; ; = Si—1,; — { j;( )/ for j € [n];
t,j
13:  end if

14 Vi=Vio + AA
15:  Feed (A, X}) to SeqSEW and obtain prediction X;
¢
16:  Compute regularized least squares estimate 6, = argmin <9||§ + Z ()A(é — (0, As>)2>;
0eRd

s=1

17: end for

4 Adaptive model selection for stochastic linear bandits

SparseLinUCB is also designed to handle adaptive adversarial action sets. A crucial parameter of
SparseLinUCB is {qs } se[n], the distribution from which the radius of the confidence set is drawn. It
is a natural question whether there exists an algorithm that adaptively updates this distribution based
on the observed rewards. In this section we introduce AdaLinUCB (Algorithm 2), which runs Exp3 to
dynamically adjust the distribution used by SparseLinUCB.

AdaLinUCB takes as input a forced exploration term g and the learning rate 7 for Exp3. Similarly to
SparseLinUCB, AdaLinUCB designs confidence sets of various radii, but its selection method differs
in two aspects. First, with probability g, the algorithm performs exploration based on the confidence
set with the largest radius. With probability 1 — ¢, the algorithm instead draws the action based on
Exp3. The distribution P, used by Exp3 at round ¢ is based on exponential weights applied to the
total estimated loss, denoted by .S; (for technical reasons, we translate losses into rewards). The
algorithm then draws I; from P; and selects the action A; based on the confidence set with radius
2t log T'. Finally, reward X; is observed and the pair (A;, X;) is fed to SeqSEW. The prediction )?t

returned by SeqSEW is used to update the regularized least squares estimate 6.

The following theorem states the theoretical regret upper bound of AdaLinUCB.
Theorem 4.1. If the random independent noise ¢, in Q.1)) satisfies ¢, € [—1, 1] for all t € [T, then
the regret of AdaLinUCB run with n = +/(logn)/(Tn) for n in B) and q € (0, 1] satisfies

2

E[Rr] < (\/Sanq+4\/(2a0)/q) \/dTlog <1 + T§> + 1+ O(y/nTlogn)
25(max{ﬂ7M} \/cﬁ) :

Although AdaLinUCB dynamically adjusts the distribution used by SparseLinUCB and may achieve
better empirical performance, its regret bound is no better than that of SparseLinUCB. The issue is
that the action chosen by AdaLinUCB in Line|10|does not ensure enough exploration to control the
regret. Consequently, the algorithm needs to choose the optimistic action in Line [6] with constant
probability q. SparseLinUCB has a similar parameter, (), that bounds from the above the probability




of choosing the optimistic action. The key difference is that () can be optimized for an unknown S by
carefully selecting the distribution q = {gs }s>1, Whereas the parameter ¢ does not provide a similar
flexibility.

5 Model selection experiments

In this section we describe some experiments we performed on synthetic data to verify whether
AdaLinUCB could outperform OFUL in a model selection task. We also test the empirical performance
of SparseLinUCB on the same data (additional details on all the algorithms and the experimental
setting are in Appendix [E). The data for our model selection experiments are generated using targets
0. with different sparsity levels, as we know that sparsity affects the radius of the optimal confidence
set. On the other hand, since no efficient implementation of SeqSEW is known [17, Section 23.5],
we cannot implement the online to confidence set apprgach as described in [2]] to capture sparsity.
Instead, we run SparseLinUCB and AdaLinUCB with X; = X, for all ¢ € [T], which—due to the
form of our confidence sets—amounts to running the algorithms over multiple instances of OFUL
with different choices of radius «; for i € [n].

We run SparseLinUCB and AdaLinUCB with a; = «a;+ = 2'logt (a mildly time-dependent
choice) for ¢« = 0,1,--- ,logy, d. We also include oy = 0 corresponding to the greedy strategy
Ay = argmax,¢ 4, (a,0;—1). The suffix _Unif indicates {gs}se[n) setto (£, -+, 1), The suffix
_Theory indicates gs = ©(27%) for s = 0,...,n as prescribed by (3.4). Finally, we included
SparseLinUCB_Known using ¢; = 1{i = o} to test the performance when the optimal index o (for
the given .S) is known in advance (see Corollary [3.3). We run our experiments with a fixed set of
random actions, A; = A for all ¢t € [T'], where |.A| = 30 and A is a set of vectors drawn i.i.d. from
the unit sphere in R'6. The target vector . is a S-sparse (S = 1,2, 4, 8, 16) vector whose non-zero
coordinates are drawn from the unit sphere in R®. The noise ¢; is drawn i.i.d. from the uniform
distribution over [—1, 1]. Each curve is an average over 20 repetitions with 7' = 10* where, in each
repetition, we draw fresh instances of .4 and 0,.

As our implementations are not sparsity-aware, we cannot expect the regret to strongly depend on the
sparsity level. Indeed, only the regret of SparseLinUCB_Known (which is tuned to the sparsity S) is
significantly affected by sparsity. The theory-driven choice of {g; } ;c[n) (SparseLinUCB_Theory)
performs better than the uniform assignment (SparseLinUCB_Unif), and is in the same ballpark as
OFUL. On the other hand, AdaLinUCB_Unif and AdaLinUCB_Theory outperform all the competitors,
including OFUL. This provides evidence that using Exp3 for adaptive model selection may significantly
boost the empirical performance of stochastic linear bandits.

6 Limitations and open problems

Unlike previous works, we prove sparsity-agnostic regret bounds with no assumptions on the action
sets or on 6, (other than boundedness of ||0.| and ||a|| for a € A:, which are rather standard
assumptions). For AdaLinUCB, however, we do require boundedness of the noise ¢; (instead of just
subgaussianity). We conjecture this requirement could be dropped at the expense of a further log T’
factor in the regret. Finally, for efficiency reasons our implementations are not designed to capture
sparsity. Hence our experiments are limited to testing the impact of model selection.

Our work leaves some open problems:

1. Proving a lower bound on the regret of sparse linear bandits when the sparsity level is unknown
to the learner would be important. Citing again [[17, Section 23.5], no algorithm can enjoy regret

6(\/ SdT') simultaneously for all sparsity levels S. However, we do not know whether the known
lower bound (v SdT’) can be strengthened to 2(S+v/dT) in the agnostic case.

2. Our instance-dependent regret bound is of order O( max{S?, d}%). It would be interesting to
prove an upper bound that improves on the factor d?/A, or a lower bound showing that d2 /A cannot
be improved on.

3. Our bound on the regret of AdaLinUCB looks pessimistic due to the presence of the constant
exploration probability g. It would be interesting to prove a bound that more closely reflects the good
empirical performance of this algorithm.
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Figure 1: Experimental results with different sparsity levels S € {1,2,4,8,16}. In each plot, the
X-axis are time steps in [1, 10%] and the Y-axis is cumulative regret. AL stands for AdaLinUCB and
SL stands for SparseLinUCB.
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Table 2: Notation.

Symbol  Description

Ay Action set at time ¢

0. True parameter of the linear model

d Dimension of 6,

S Number of nonzero components in 6.

X Random reward of pulling arm A; € A,
X Prediction of SeqSEW at time ¢

C; The confidence set with radius 2° log T" and center @,1

I The index of the confidence set drawn at time ¢

qs The probability P(I; = s) of drawing index s of the confidence set in SparseLinUCB

o The index of the smallest safe confidence set, defined in

Q The probability P(I; > 0) = ¢o + - - - + ¢» of drawing a safe confidence set in SparseLinUCB
Aj The optimistic action for C;
A The optimal action in A;

£ Event that 6. € C, forall ¢t € [T]

det V' Determinant of V'

A Notation

In Table @] we list the most used notations. Next, we recall some definitions that are used throughout
this appendix. We have V; = I + ', A AT and

t
0, = argmin <||0||§ + Z ()?s - (0, As>)2)
feRd

s=1
where A, € A, is the action chosen by the learner at round ¢. Recall that o; = 2?log T'. For i € [n],
A! = argmax max(f, a) = argmax ((a, ’9;_1> + llally, -1 \/ai)
acA; 0€C; ac A, =1

where
i = {9 eR0- 1|3, < ai} :

Finally, recall definition (2.2) with 6 = 1/T,
=1
Cr = {9 €RV I3+ Y (X — (45,0)* < 7(1/T)} :
s=1
and recall that € = (¢ {0+ € Ci}.

B Analysis of SparseLinUCB

Theorem 3.2. The expected regret of SparseLinUCB run with the number of models n in (3.1) and
a distribution q = {qs } sc[n) satisfies

E[Rr] = O | (logT) Y \/d2°Tq, + (log T)\/STd/Q

s>o0

where Q =3 -, qs.
Proof. Lemma[3.T]implies C; C C{. Hence, if £ is true and s < o, then
(62, A7) > Brr, A7) = Vool A2y -, (0. €CcCp)
= (B2 A7) + V1A -1 ) = (Vo + V@)l Al

1
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> ({81, 49) + Va4l ) = (Vag + Va4l (maximality of A7 in C})

= G, A+ Vaull A2l — (Vao — VallAgly-s — (Vs + van)llAflly-
> (., ?> (Vo — \/OTe)IIA?IIVt;g = (Vao + Vas)[Aflly - (0. €CCCP)
> (0., A7) — (Vo — Van) [ A7lly—s — (Vo +va)l 47— (by Lemma[D3)
= (0., A7) = 2/, [ A7y
> (0., A7) = 3v/ao|| A7y (B.1)
where in the first and the third inequalities, we use the fact that for any A € R?,
0. — 0,1, A) < |10, — 5,5,1||Vt_1 HAHV;fN (Cauchy-Schwarz inequality)
< \/070||A||V;11 (due to 0, € C?)

and for the last inequality,

(0u, A7) < (Bi-1, A7) + Vao | Ay (A, € C?, maximality of A9.)

We can decompose the regret as follows,

T T
Rr =Y UENO., AT — Al") + ) L{ENO, A7 — A7)

t=1

T T
{ENO., A7 — AP) + Y I > 0,EH0., Af — Al) + > 1{I; < 0,E}{0., A7 — A])

I
M- 1

t=1 t=1 t=1

T T

<Y CUENOL AT — Al + D T > 0,EH0., AT — AlY)

t=1 t=1
T

+ 311 < 0,8 min {2,3v/a A7y - |

—_ t—1

T T T

< SO UENO, A7 — AT+ D UL > 0,EH0., A7 - AT+ 3 {2,347 b
t=1 t=1 t=1

e *
(B.2)

Since P(£€) < § < %, the first sum in the above line is easily bounded,

T
D L{EHO., Af — A]") < 2TP(E°) <2

Bounding term &. For each s > 0, let
T = {t € [T]: det(Vi_y) € {25d,2<5+1>d) }

Note that det(V}) is monotone increasing w.r.t t. Define s’ = [log, det(V7)/d]. Then,

Therefore,
Z Z min{2,3\/ao||x4§|\‘/t:11} .
s=1teTs

14



By applying Lemma|[D.5] we obtain

SRS min {2, 3v/@[| A7 - }

s=1teTs

= 3yaE | 303 min {11470 } (0> 1)

s=1teTs

S

Z [ Z min {1, [ A7I17 - } H (Cauchy—Schwarz inequality)
t—1

s=1 LteTs

g3,ﬁao\lT-E

s/

< 3\/aoT\lZ(2d/Q+1/Q) (due to Lemma[D.3)

s=1

<3V, T/(2d +1)s'/Q
= 3v/a,T/(2d + 1)/Q[log, det(Vr) /d]

= O(logT\/m).

Bounding term &. Let 7, = Zthl I = s}.

E[#]=E [ZTj 1{I; > 0, E}(0., Af — A]")

t=1

T
<E [ 1{I; > 0,€} - min {2Mﬁa,t||,4{t|vf_1 }1
=1 t—1

<2» E|vasT;s E 1{I; = s} min {1, ||Af||%/_1 } (Cauchy-Schwarz inequality)
t—1
s>o0 te [T]

<2) E [Vo.T, Zmin{l,nAth_ll}

s>o0 | te [T]

<2%E [\/aSTS /21og det VT] (Lemma[D.T)
s>0

<2 Z E [\/E} . O(W) (upper bound on det(Vr))
s>0

<2 Z VasE[T.]-O(y/dlogT) (Jensen’s inequality)
s>0

=0 ( Z asdTq, log T) (because P(I; = s) = ¢5.)

$>0

Substituting the bounds of & and & to (B.2)), we have

E[Rr] <O ( > Vda,TlogTq, + log TMSdT/Q)

s>o

concluding the proof. O

Theorem 3.4. The expected regret of SparseLinUCB run with the number of models n in (3.1), a
distribution q = {qs }sc[n) and using SeqSEW as base algorithm satisfies

ElRr] = O (Waog T>2)
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where ) = 2320 qs.

Proof.
T
EYO., AF — Al*) +21{5c HO., Ar — AlY)

Z{
Z{

x _ Ale\2
EHB., Ar — AlY) +21{L>05}M

A
t=1
* I\2
+ Z WL, <o S}M (minimality of A)
t=1
T T * I\2
0., A — Al
< SO UEN AT - Al + Y011, > 0,6y P A AT
t=1 -
PS
T min {1 Ozo||AO||2 -1 }
+9 Z HI; <o0,&E} x Vi (by applying to &)

t=1

&
Bounding term &. Let s’ = [log, det(V7)/d]. By applying Lemma|D.5] we obtain

33 min {1, aollA?”%/t:ﬁ }]

s>0teTs

9
E[#] < < E

Ya, . o

_ 9o ZElme{l’Mt”?@ﬁ}l (0o > 1)
s=1 LteTs -

< QZO (2d/Q +1/Q) (due to Lemma|[D.3)
s=1

< 27Ta,ds’/Q

- A

2
-0 <dS(logAT)/Q> (because s’ = O(logT).)

Bounding term &.

T * I\2
0., A; — At
:E[_E {It Zo’g}%

IN

MH

4
AE |1z o) minfranjaf }]

t—1
t=1

<4} %E [ S min{l, ||At||%/t:11}

s>o0 te [T
o
<8 — - logdet V/ due to L D.1
_SZ:OA ogdet Vp (due to Lemma |D.T])
d?(log T)?
:O<(°Ag ) ) (B.3)

where the first inequality comes from

(0., Af — Al") < max (6 — 6., Al")
vectt,

16



< amc%( 16— 0.lv, || A" ||Vt: ! (Cauchy-Schwarz Inequality)

t—1
I
< 2 /ag || Al [

where the last inequality holds because £ and I; > o both hold, and so 6, € C;—1 C CtI‘_1 due to
Lemma 3.1} The factor 2 is due to an application of the triangular inequality. Substituting the bounds
of & and & in (B.2), we have

E[Rz] = (max{S/Q d} - UOgT)).

O

Corollary B.1. Pick any C > 1 and let {qs} sc[n) be chosen as in (3:4). Then the expected regret of
SparseLinUCB is

E[Rr] = 9] (Inin {max {C’ S/C}\/ﬁ7 max{deQd/Cz} })

Proof. We consider the following cases based on the value of C'
Case 1: C? < 2°,
= C?.27°, According to Theorem 3.2}

E[Rr] = O [ (logT) Y /d2°Tq, + (log T)\/STd/Q

5>0
<0 ((log T)n+/d2°Tq, + (logT') \/W/qo)
=0 ( max{C, S/C}\/ﬁ) : (due to n = O(log d) and 2° = (S log T))
Besides, according to Theorem@
eirr] =0 max{s/Q.a)- %)

— 0 max(8/a0, ) ‘“OgQT)

max{d?, SQd/CQ Y
o( ')

D

Therefore,

E[Rr] = 9] (min{max{q S/C}Jd?7 max{d27AS2d/Cg} }) |

Case 2: C2 € [2°,2™).
For s with C? < 2%, ¢, = C?27%. Let 0’ = argming~,{C? < 25}. Then, q,» > 1/4. According to
Theorem 3.2]

E[Rr] = O ((1og 7)Y \/d2°Tq, + (log T)«/STd/Q)

s>o

<0 ((1og T) > Vd2sT+ (logT) Y +/d2°Tq, + (log T)\/STd/qo/)

s€lo,0") s€lo’,n]

Sé(WHLC\/ﬁJr\/ﬁ)
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= 6(max{0, S/O}\/dT). (dueto C2 = ©(2°') and 2°° > 2° > S)
Besides, according to Theorem [3.4]

E[Rr] = O(max{S/Q,d} . d(loiT)Q>

O(max{s/qo/,d} . d(logT)2>

A

5 (max{dQ,ASQd/Cz} > '

Therefore,

E[RT] = 5 (min{max{c’ S/C,}\/dTI7 max{d27As2d/Cz} }) |

Case (C? > 2" g, = 1/nforall s € [n]. Itis easy to verify that E[Ry] = O(dv/T) and
E[Rr] = O(d?/A). Thus,

E[RT} = 6 (min {max {07 S/C}\/Lﬁ7 max{d2752d/02} }) |

A
O

Corollary B.2. Assume that the sparsity level S is known and choose a distribution @ = {qs } se[n]
with q, = 1, where o is set as in (3.2). Then, the expected regret of SparseLinUCB is E[Ry] =
O(%)-

Proof. We follow the same steps as in the proof of Theorem The only difference lies in the
bounding term & in (B.3). We have

d * Ip\2
E[#] =E [Z 11, > o,g}w

t=1

_E [Z 1(gy AL A

t=1

. 4ZOE $ min{LHAtH%/till}

te [T

[ Sd(logT)?
-0 (A) (B.4)

where the second equality is because g, = 1 and so AtIt = A¢ = A, and the first inequality comes
from

(0., A7 — Ay) < arenc%’}i (0 — 0., Ar)

< max |0 — 0.|lv,_, [|A?]ly -2 (Cauchy-Schwarz Inequality)

0eCy_,
<2y O‘OHAtHVt—_l1

where the last inequality holds because £ and I; = o both hold, and so 0, € C;,—; C C;{_; due to
Lemma3.1] Substituting the bounds of # and & in (B:2), we have

Sd(log T)? ) |

E[Rr] = 0< A
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C Analysis of AdaLinUCB

Theorem 4.1. If the random independent noise ¢, in 2.1)) satisfies ¢, € [—1, 1] for all t € [T, then
the regret of AdaLinUCB run with 1 = +/(logn)/(Tn) for n in B1) and q € (0, 1] satisfies

2

E[Rr] < (\/Sanq - 4\/(2a0)/q) \/dTlog (1 + Tj) +1+0(y/nTlogn)
= 0 (max { /g, /STa } VT

Proof. Let T; be the set of time steps where Z, = 1 in Line 4] of AdaLinUCB and let 75 = [T'] \ 7;.
For all t € 75 the action A; € A; is chosen by Exp3 through an adversarial mapping p; : [n] — A;
defined in Lines The resulting reward X; € [—2,2] is fed to Exp3 as a [0, 1]-valued loss
(1) = (2 — Xy)/4, where ui (1) = A;. Since T is selected through independent coin tosses with
fixed bias g, we can apply the Exp3 regret analysis (for losses chosen by a non-oblivious adversary)
to bound the regret in 75 and show that

S (A - A0 =4 (et(ft) - Et(o)> = O(y/nlogn) (C.1)
teTz teTz

where we used p(0) = A¢ forall ¢ € [T).

We have
Ry, = Z argmax (a — A¢, 0.,.)
teTs a€ A,
= Z argmax (a — A7 + A7 — A, 0.,)
teTs acA,
= Z argmax (a — A7, 0.) + Z (A7 — Ay, 0.) .
ey €A teTs

Regimg Regpyps
Regpyps3 is bounded in (C.I), hence we only need to bound
Regryg = Z argmax (a — A7, 0,) . (C2)
teTs ac Ay
Let

0; = argmax max(a,f) and A} = argmax(a,0,).
geci a€A: ac A,

Recall £ is the event that 6, € C, for all t € [T']. Assume & holds. We obtain that for ¢ € [T,

(0,, AF — A9) < (2 — 0,, A?) (because 6, € C; C CP)
<162 = 6.]|v;_, HA;’Hth (Cauchy-Schwarz inequality)
< \/OloHA?HVtilla (C.3)

where the last inequality is because 52 € C/. Then, assuming & holds, we can bound Regy,,, as

Reglmg = Z <9*a A: - A1(5)>

teTs

< 3 min {2, /|| A7lly— |

teTz

<) min {27 V 27(1/T)||A?\\x4:g} (due to ov, < 29(1/T))

teTz

<24(1/T) Y min {1, ||A§HV:1} , (C.4)

teT2
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where in the first inequality, we use the facts (0., A} — A9) < ./ao||A§||V:11 and (0., AF — A9) <
(0., A7) < 2.
From Lemma|D.3| we have

S min {1, 4202 b < 3 wmin {1, 4y}

teTz teTs

For each s > 0, let

TS = {t €T :det(V,_y) € {2‘18,2(1(5“)) }

so that
=T
s>0
Let s’ = [log, det(Vr)/d]. We have
E[Regy, - LIE]] < E [2 Y(I/T) Y min {1, 14711y, }] (due to (C4)
teTs
< 2v/2a, E [ Y min {1, 142y }] (due to ag < 2(1/T))
teTs

(Cauchy—Schwarz inequality)

< 2+/2a,T, | E in<1,||A9]% _
<2307 [me{ 14212, |

teTs

<2v20,T,|Y E| Y min{l, 142112 }]
s=1 LteTs it
(where d1n s’ < logdet(Vr))

s/

<2v20,7,|)E Zmin{l,HA?H@l}]
s—1 t—1

L teTs

(because [[ A7y, + > [[ A2y, 1)

s/

< 24/2a,T Z(Qd +1)/q (due to Lemma D 4)

s=1
<2y/2(2d + 1), Ts'/q .

To obtain the final results, we have

d 1 d TL2 d
det(Vp) = H)\i < <dtrace(VT)> < (1 + d> , (C.5)

where Aj, -+, A\q are the eigenvalues of V7. Therefore, we have s’ < [log,(1+ T L?/d)].

E[Regim, - 11€]] < 20/2(2d + D)o, T/q - Vs’

< 2y/(6da,T/q)[logy(1 + TL2/d)].
By substituting the bounds on Regy,,,, and Regg,,3 into R7;, we obtain
E[RTQ] = E[RegEpoSl{g}] + E[Reglmg] +T- P(gc)

< 24/6da,T/q+/Tlog(1 + TL2/d)] + O(y/nT logn),
where the last inequality is because P(£¢) < 1/T from Lemma|2.1| with our choice of § = 1/4.
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Finally, we bound R7;. Conditioned on event £ and using (D:3), V¢t € [T],0. € C; C C) C Cp.
Hence, we can obtain

(6., A — A?Y < (67 —0,, A}) (because 6, € C; € C})
<167 = 6.|v;_, HA?HV; ! (Cauchy—Schwarz inequality)
< \/ozn||A?HV£11 (because 07 € CJ'.)

Hence, conditioned on event &,

Ry < Z min {2, (0., Ay — A7)}

teT
<> Inin{Q,w/OanA?HVf—ll} (C.6)
teT .
< 2v/a,|Th| Z min {1, HA?H%/,1 } (Cauchy-Schwarz inequality)
teTh !
< 2y/a,|Ti[ | ) min {1, |A;‘||%/tll} + ) min {1, ||At|f/tll}
teTh tET2
=2v/0n[Ti] | Y min{l, At||%/t11}
te[T]
< 2/au|Ti| - v/2log(det(Vr)), ()

where the last inequality is due to Lemma[D.1]| Therefore, the expected regret for t € 7 is

E[R7| <E[R7L{E} +T-P(£)

<E

2/ Tl -/ log(det (Vi) | + 1

+1

TL?
<E [2\/an|71| . \/leog (1 + d)

= 2, /anE {\/W} : \/leog <1 + W) +1

d

TL?
<2va,Tq- {|2dlog (1 + d) + 1, (Jensen’s inequality)

where the first inequality is due to (C.7) and P(£¢) < 1/T from Lemmaand the last inequality is
due to the fact that for any ¢ € [T, with probability ¢, t € 7. Finally, we obtain

E[Rr]| = E[R7] + E[R7]

2
<2y/a,Tq-/2dlog <1 + Tf{) +24/6da,T/q+/[log(1 + TL2/d)] + O(\/nT logn).

Note that n = O(logd) and o, = O(Slog T). We obtain

E[Rr] = O <max{m, \/E} : \/ﬁ-logT> ,

which completes the proof. O
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D Supporting lemmas

Lemma D.1 (Dani et al. [10]). Let A1, As,..., A7 € RYand V, = I + 22:1 ASAI forallt € [T).
Then

T
> min {1, 42, } < 2logdet(Vy). D.1)

Moreover,

. det(V;)
2 1 - 2 ) _ _dettve)
mln{l, HAtHthl} < 2log (1 + HAt”thl) 2log (det(Vt_l)

Lemma D.2. For C, defined in 2.2), we have that C, C C{ forall t € [T)].

Proof. Recall

Ct+1 = {0 : ||9H§ +Z ()?9 - <07A5>)2 < ’Y(l/T)} .

Note that
t

||e||2+2( A0’ —||5t\|%—2()?s—<@,As>)2
— o3 - 207 ( SAS> vor (ZA AT>

|9t|2+2@< A) <ZAA>

= 01, +2(6: — 0)TVib — 10113, (Vi =1+ AAL B =V 0 AKX
= ol7, - 29T‘/§s9t + 16:lI%, = 116 = 6:113, -

Hence, we can express the ellipsoid as

. . NN 2
Cip1 = {||9 — OlI%, + 116115+ (Xs — (6, As>) < 7(1/T)} : (D.2)

s=1
Therefore, for all ¢t > 0,

. . LA . 2
Cir = {e N0 =B, + 1003+ Y (K — B, AL) " < 7(1/T)} (due to (D2)

s=1

c{o 10—, <21}

C {6’ : Hﬁftz)\tﬂ%/t < ao} (by definition of )
=CY (D.3)
concluding the proof. O

LemmaD.3. Forany1 <p<g<nandt € [T],
p q
HAtHVt__ll < ”At”Vf_ll'

Proof. Note that

A? = argmax max (0, a) = argmax{a, 0,_1) + Ja|a !
nax mx(9.0) = argmax(a.6,-1) + yglal,

Al = argmax max(f, a) = argmax(a ) +vagllally -1
acA; 068‘1< )= ac€A; (@ 8-1) H HV
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For contradiction, we assume ||A§||Vt:11 < ||Af||vt:11. Since ||A§HV;11 < ||Af||vt:11, ||A§HV:1 #

| A?[],—1 . Besides, according to the definition of A} and A{, we have
t—1

(AL O1) + VALl < (AT, O1) + /all ATy (D4)
<A, Oe-1) + Vag| ATy (D.5)
< (AL Bi-) + Vgl Al (D.6)

where the first inequality is due to the definition of A}, the second inequality is due to /&, < /@y,
and the last inequality is due to the definition of A]. From the above results, we further have

(A7~ A2,0,2) < (| A2y — [ A]-) (Due to (DF))
< vag(142ly- — A7)
(Due to assumption HA;’HVt__ll < ||Af;||vt__11 and ag > o)
< (A} — AY, 0,_1). (Due to (D.6).)
‘We obtain a contradiction. Therefore,
IA7lly=1 = AT [l - (D.7)
O

Lemma D.4.

E | min {1, 4712 }| < 24/q+ 1/g.
teTy

Proof. Letdet(V;_1) = (g:—1)? and det(V;_1 + AZ(A?) ") = (gs—1 + x¢)%. For each s > 0, let
T = {t € [T]: det(Vi_y) € {25d,2d(8+1>) }

Since 75 C T, to show

E| > min {1,472 } | < 24/q+ 1/,

LteTy

we only need to prove

E Zmin{l,”AfH%/;ll} <2d/q+1/q.

LteTs

We let I; = 1 if the coin tosses in the ¢’s round is Head and 0 otherwise. We divide 7* into two
disjoint parts 7° and 7 *. Specifically,

s for 7, it holds that for t € 7%, det(V;_, 4+ AP(AP)T) < 24(s+1),

« for 72, it holds that for ¢ € T, det(V;_; + AP(AP)T) > 24(s+1),

From definition of 7% and the fact that if I; = 1, V; = V;_; + A?(A?) T, we have

th'lt§23~

teT*

From Algorithm |2} with probability g, I; = 1. Therefore, if we let {F; };c|7| be the natural filtration
of {A¢, I, X }re(r), we have

2° > E th-lt

tET®
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te[T]

=Y Efw- L 1{t € T}
te[T)

= Z EE[z - I - 1{t € T°}Fi-1]] (Law of total expectation)
te(T)

= Z Elxe - 1{t € T°} - E[I;| Fi-1]] (¢ and 1{t € T*°} are F;_;-measurable)
te[T]

= Z Elz: - 1{t € T°} - q] (I} is an independent coin-tossing)
te[T]

=qE Z:ct

teT

and therefore E [ZteTs xt] < 2%/q. Fort € T°, we further have

: n det(V,1 + An(An)T)
min {1, | A ||%/t:11} < 2log ( tdet(Vt_tl) t (due to Lemma [D.T)
= 2dlog (1 + It >
qt—1
< 2dlog <1 + ;ﬁ) (since t € T°, qz_q1 > 2%)
2d -
< 289% (due to log(1 + x) < z forx > 0.)
Therefore,
2d - x 2d
: n|2 t] _
E[ valn{L 1A ||thl}] < E[ > % ] -= [ > ] < 2d/q.
teTs teTs teTs

From definition of 7%, if I, = 1 and t € T*, det(V;) > 24**1. Then, forall 7 > t, 7 ¢ T*.
Therefore, there is at most one ¢ € 75 with I; = 1. We obtain

El >~ min {1,472 -, |

teTs

< E[m@ <1/g

where the last inequality is because with probability ¢, I; = 1. By combining the bounds for ¢ € T
and ¢t € 7T together, lemma follows. O

LemmaD.5. Let Q = )" . qs. Then,

E lz min{l, ||A§||%/t11}] <2d/Q +1/Q.

teTs

Proof. Let det(V;_1) = (q:—1)". Let z; satisfies det(V;—1 + AZ(A7?)") = (qi—1 + ;)% We let
I, = 1{I; > o}. We divide T into two disjoint parts 7*° and 7. Specifically,

« for 7%, it holds that for t € 7%, det(V;_; + A9(A9)T) < 2¢(s+1),

« for 7%, it holds that for t € T, det(V;_; + A?(A9)T) > 2¢(s+1),
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Note that for I; > o,
log(det(V;)) — log(det(V;_1 + A7 (A9) )
=log(det(V})) — log(V;_1) — <log(det(Vt1 + A2(A9)T)) — log(Vt1)>
(due to Lemma[D.T)
—log(1 + | A%l —1) — log(1+  4Zlly—1)
>0. (due to Lemma|[D.3))

Therefore, if we let det(V;_; + A (A*)T) = (q,—1 + 2})% and I, > o, then 2}, > z,. Hence,

th'-[t§28~

teT>

Note that P(I; > 0) = > . qs = Q. Let {F;};¢[r be the natural filtration of {A¢, Iy, X;}ieir)-
We have a

2° > E th-lt

=E|) oL 1{te T}

Lte(T]
=Y Eln L-1{t € T°}]
te(T)
= Z E[E[z: - I - 1{t € T°}|Fi-1]] (Law of total expectation)
te[T]
= Z Elx: - 1{t € T°} - E[I;| F1—1]] (x¢ and 1{t € T*°} are F;_;-measurable)
te[T]
= Z Elz: - 1{t € T°}- Q] (I; is an independent coin-tossing)
te[T]
=QE | > x
teTe

and therefore

For t € 7°*, we further have

min {1, 422, b < min {1, 452, }

det(Vi—1 + A{ (AT
< 210g( et( tdle;(—Vttl() ) )> (due to Lemma|D.T)
= 2dlog (1 + It )
qt—1
< 2dlog (1 + ;) (sincet € T, qz_1 > 2%)
2d -
< 255% (due to log(1 + x) <z forx > 0.)
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Therefore,

E[ 3 min{1,||A§||%/t11}] < E[ 3 QdQ-Sxt] _ ZﬁlE[ 5 xt] < 24/0.

teT? teT® teT?

From definition of 75,if I, = 1 and t € T, then I; > o0 and
det(V;) = det(V,,—1 + A (AF)T) > det(V,_1 + A2(A)T) > (s 4+ 1)%

Then, for all 7 > ¢, 7 ¢ T°. Therefore, there is at most one ¢ € T* with I, = 1. We obtain

E [ > min {1, 1AZIIS, - } ] <E [m@ <1/Q,
teTs

where the last inequality is because with probability > © . ¢s = @, I; = 1. By combining the bounds

fort € Tsandt e T° together, lemma follows. O

E Experimental details

The code used in the experiments can be found in the following repository: https://github.com/
jajajang/sparsity_agnostic_model_selection,

E.1 Settings common to all algorithms

e Arm set: Ay = Aforallt € [T]. A C S9! (the unit sphere in R?) is a set of d-
dimensional vectors drawn independently and uniformly at random from S¢~!, with d = 16
and |A| = 30.

* 0, is an S-sparse (S = 1,2,4,8,16) vector generated as follows: before the game starts,
draw (0.)1,...,(0x)s ~ S°~ 1, and (0.), = O forall k > S.

* The noise on rewards: {¢¢};¢[r) are i.i.d. with { ~ Unif([-1, 1]).
» Number of iterations: 7' = 10%.
¢ Number of models: n = 6.
+ Radius of confidence sets: ag = 0, and o; = 2% logt fori =1,--- ,5.
* Prior distribution {gs }¢)
111111

—_ For _Unif,{qs}se[G] = (87 558 6)

cccccc 63 .
— For _Theory, {qs}scis) = (5, T80 160 33 ﬁ) where C' = &7 is a normalizing
constant.

* Each plot is the result of 20 repetitions for each method. The shade represents the 1-standard
deviation bound.

» Hardware: Lenovo Thinkpad P16s Gen 2 Laptop - Type 21HL

— CPU: 13th Gen Intel(R) Core(TM) i7-1360P 2.20 GHz
- RAM: 32GB

» Computation time: total 1338.38 seconds.

E.2 AdalinUCB details

* Since we empirically observed that Exp3 provided enough exploration, we aggressively set
the forced exploration parameter q to zero.

* The learning rate of Exp3 was set to 1, = 2 loft", see [5].

* Given the prior distribution {g; } s¢[6], We set P; as follows:

qg eXp (ntSt,s)
> i—1 95 exp (1S, 5)

Pt,s:
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https://github.com/jajajang/sparsity_agnostic_model_selection
https://github.com/jajajang/sparsity_agnostic_model_selection

E.3 OFUL details

* We used the log-determinant form of the confidence set based on Abbasi-Yadkori et al. [1,
Theorem 2], which gives the choice

Ve = /2log T + log det(V;) + 1
for the parameter ; in (I.I) when A = 1 and § = 1/7.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims presented in the abstract and introduction accurately represent
the contributions and scope of the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We have added a paragraph in the conclusions section discussing the limitations
of our work.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: We provide the full set of assumptions and complete proofs.
Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We provide all the information needed to reproduce the main experimental
results of the paper to the extent that it affects the main claims and/or conclusions of the

paper.
Guidelines:

» The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We include our code in our supplementary material and will make the full
code public if this work gets accepted.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We provide all the details of our experimental setting.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We reported 1-sigma error bars in our plots.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We state all information on the computer resources in Appendix [E]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: Our research conform with the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: There is no societal impact of the work performed.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: Our paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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