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Abstract

The non-clairvoyant scheduling problem has
gained new interest within learning-augmented
algorithms, where the decision-maker is equipped
with predictions without any quality guarantees.
In practical settings, access to predictions may be
reduced to specific instances, due to cost or data
limitations. Our investigation focuses on scenar-
ios where predictions for only B job sizes out of
n are available to the algorithm. We first estab-
lish near-optimal lower bounds and algorithms in
the case of perfect predictions. Subsequently, we
present a learning-augmented algorithm satisfy-
ing the robustness, consistency, and smoothness
criteria, and revealing a novel tradeoff between
consistency and smoothness inherent in the sce-
nario with a restricted number of predictions.

1. Introduction

Optimal job scheduling is a longstanding and actively stud-
ied class of optimization problems (Panwalkar & Iskan-
der, 1977; Lenstra & Rinnooy Kan, 1978; Graham et al.,
1979; Martel, 1982; Cheng & Sin, 1990; Lawler et al., 1993;
Pinedo, 2012), with applications in various domains span-
ning from supply chain management (Hall & Potts, 2003;
Ivanov et al., 2016) to operating systems (Jensen et al.,
1985; Ramamritham & Stankovic, 1994; Steiger et al., 2004).
A particular setting is preemptive single-machine schedul-
ing (Pinedo, 2012; Baker & Trietsch, 2013), where n jobs
i € [n] must be executed on the same machine, with the
possibility of interrupting a job and resuming it afterward,
and the objective is to minimize the sum of their comple-
tion times. An algorithm is called clairvoyant if it has
initial access to the job sizes, otherwise, it is called non-
clairvoyant (Motwani et al., 1994). The design of non-
clairvoyant scheduling algorithms is a classical problem
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in competitive analysis and online algorithms (Borodin &
El-Yaniv, 2005). In this paradigm, decisions must be made
in an environment where the parameters governing the out-
come are unknown or might evolve over time.

Due to the inherent difficulty of the problems in competi-
tive analysis, the performance of any online algorithm stays
bounded away from that of the optimal offline algorithm.
However, the ascent of machine learning motivated the incor-
poration of predictions in algorithm design, which started in
works such as (Munoz & Vassilvitskii, 2017; Kraska et al.,
2018), then was formalized in (Lykouris & Vassilvtiskii,
2018) and (Purohit et al., 2018). Since then, learning-
augmented algorithms became a popular research topic and
had multiple applications (Mitzenmacher & Vassilvitskii,
2022). The outcome of these algorithms depends both on the
parameters of the problem and the quality of the predictions.
They are required to have a performance that is near-optimal
when the predictions are accurate (consistency), near the
worst-case performance without advice if the predictions
are arbitrarily erroneous (robustness), and that degrades
smoothly as the prediction error increases (smoothness).

In practice, predictions often incur costs and, at times, are
infeasible due to the lack of data. It is, therefore, crucial to
understand the limitations and the feasible improvements
with a restrained number of predictions in scenarios with
multiple unknown variables. This question was first inves-
tigated for the caching problem (Im et al., 2022), and very
recently for metrical task systems (Sadek & Elias, 2024), in
settings where the algorithm is allowed to query a limited
number of predictions. It was also explored for the schedul-
ing problem (Benomar & Perchet, 2023), assuming that the
decision-maker can query the true sizes of B jobs out of n.
The authors present a (2 - igf:ll))
and they give a lower bound on the competitive ratio of
any algorithm only when B = o(n). The case of imperfect
predictions, however, is not examined.

)-competitive algorithm,

In non-clairvoyant scheduling, besides the querying model
studied in the works mentioned above, predictions of the
sizes of certain jobs ¢ € I may be available, where I C [n],
perhaps derived from previous executions of similar tasks.
Assuming that I is a subset of [n] of size B, taken uni-
formly at random, we examine the limitations and possible
improvements of non-clairvoyant algorithms.
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1.1. Contributions

We initiate our analysis by addressing the scenario of perfect
predictions. We establish a lower bound on the (n, B)-
competitive ratio of any algorithm (for fixed n > 2 and
B < n), which extends the lower bound of 2 — n%rg in the
non-clairvoyant case (Motwani et al., 1994). Considering
that B = wn + o(n) for some w € [0, 1], we derive from
the prior bound that the competitive ratio of any algorithm is
atleast2—w — (% —1)w(1 —w), and we show an improved
bound of 2 — w — (3 — 2v/2)w(1 — w). Demonstrating
these bounds is considerably more challenging than the case
B = 0, due to the eventual dependency between the actions
of the algorithm and the known job sizes.

In the case of perfect predictions, we show that knowing
only the relative order of the B job sizes, without knowledge
of their values, enables a (2 — £)-competitive algorithm,
which improves substantially upon the result of (Benomar &
Perchet, 2023). We propose a second algorithm leveraging
the true sizes of the B jobs, yielding an (n, B)-competitive
ratio of (2 — % — 2(11:751/")), which is strictly better than
the former, although both are asymptotically equivalent.

Subsequently, we adapt the latter algorithm to handle im-
perfect predictions. While the difficulty in most works
on learning-augmented algorithms lies in ensuring robust-
ness and consistency, smoothness in the case of schedul-
ing with limited predictions is also not immediate. Along-
side the typical consistency-robustness tradeoff, our algo-
rithm also exhibits a consistency-smoothness tradeoff. More
precisely, governed by two hyperparameters A, p € [0, 1],
the (n, B)-competitive ratio of the algorithm is at most
min(t25, § + %%EP[?] ). Here, E[n] denotes the total ex-
pected prediction error, OPT is the objective function
achieved by the optimal offline algorithm, ﬁ is the al-

gorithm’s robustness, & = (2 — 2 + pB(1 — £51))
its consistency, and § = 3(5(1 — £) + £ its smooth-

ness factor, characterizing the sensitivity of the bound to
E[n]. Notably, alterations in the parameter p yield oppos-
ing variations on the consistency and the smoothness factor.
Nonetheless, this tradeoff vanishes for B close to 0 or n,
and does not appear, for instance, in (Purohit et al., 2018),
(Bampis et al., 2022) or (Lindermayr & Megow, 2022).

We illustrate our results for the case of perfect predictions in
Figure 1, comparing them with the competitive ratio proved
in (Benomar & Perchet, 2023).

1.2. Related work

Since their introduction in (Purohit et al., 2018; Lykouris
& Vassilvtiskii, 2018), learning-augmented algorithms wit-
nessed an exponentially growing interest, as they offered a
fresh perspective for revisiting online algorithms, and pro-

Competitive ratio

Lower bound (Corollary 2.2)
1 —-= Lower bound (Corollary 2.3)
—— CR of Algorithms 1 and 2

qoe CR of (Benomar & Perchet, 2023)
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Figure 1. Lower bounds and competitive ratios for B known job
sizes.

vided new applications for machine learning in algorithm
design (Mitzenmacher & Vassilvitskii, 2022) and in the im-
plementation of data structures (Kraska et al., 2018; Lin
et al., 2022). Many fundamental problems in competitive
analysis were studied in this setting, such as ski rental (Gol-
lapudi & Panigrahi, 2019; Anand et al., 2020; Bamas et al.,
2020b; Diakonikolas et al., 2021; Antoniadis et al., 2021a;
Maghakian et al., 2023; Shin et al., 2023), secretary (Anto-
niadis et al., 2020; Diitting et al., 2021), matching (Dinitz
et al., 2021; Chen et al., 2022; Sakaue & Oki, 2022; Jin &
Ma, 2022), caching and metrical task systems (Lykouris &
Vassilvtiskii, 2018; Chlkedowski et al., 2021; Antoniadis
et al., 2023b;a; Christianson et al., 2023). In particular,
scheduling is one of the problems that were studied most
thoroughly. Different works cover various objective func-
tions (Purohit et al., 2018; Lattanzi et al., 2020; Azar et al.,
2021), prediction types (Antoniadis et al., 2021b; Merlis
et al., 2023; Lassota et al., 2023), error metrics (Im et al.,
2021; Lindermayr & Megow, 2022), and other aspects and
applications (Wei & Zhang, 2020; Bamas et al., 2020a;
Dinitz et al., 2022)

The setting of learning-augmented algorithms with limited
predictions was initially explored by Im et al. (2022) for
caching. The authors presented an algorithm using parsimo-
nious predictions, with a competitive ratio increasing with
the number of allowed queries. In another very recent paper
(Sadek & Elias, 2024), a similar setting is studied for the
more general problem of metrical task systems, where the
algorithm is allowed to query a reduced number of action
predictions (Antoniadis et al., 2023b), each giving the state
of an optimal algorithm at the respective query step. An
additional related study by Drygala et al. (2023) focuses on
the ski-rental and Bahncard problems in a penalized adapta-
tion of the setting with limited advice, where the cost of the
predictions is added to the algorithm’s objective function.
Other works have explored related settings with different
types of limited advice. For instance, the setting with a
restricted number of perfect hints was examined in the con-
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text of online linear optimization by (Bhaskara et al., 2021)
and in the multi-color secretary problem by (Benomar et al.,
2023). Another setting, where the algorithm can query two
types of hints—one that is free but possibly inaccurate, and
another that is expensive but accurate—has been studied
in several problems, such as correlation clustering (Silwal
et al., 2023), computing minimum spanning trees in a metric
space (Bateni et al., 2023), sorting (Bai & Coester, 2024),
and matroid optimization (Eberle et al., 2024).

In the context of scheduling, Benomar & Perchet (2023)
introduced the B-clairvoyant scheduling problem, where an
algorithm can query the exact sizes of B jobs at any moment
during its execution. They show that the optimal strategy
involves querying the sizes of B jobs selected uniformly at
random at the beginning of the process. They establish that,
if B = o(n), then the competitive ratio of any algorithm is

at least 2, then they provide a (2 — ggf:ll)) )-competitive
algorithm. The same paper also addresses the secretary prob-
lem with restricted access to binary predictions of known
accuracy, and the ski-rental problem with access to an oracle

whose accuracy improves progressively over time.

The limit scenario B = 0 corresponds to the non-clairvoyant
scheduling problem, studied in-depth in (Motwani et al.,
1994). In particular, the paper demonstrates that the com-
petitive ratio of any non-clairvoyant algorithm is at least 2,
and that it is achieved by the round-robin algorithm, exe-
cuting all unfinished jobs concurrently at equal rates. On
the other hand, B = n corresponds to the setting presented
in (Purohit et al., 2018), where the authors introduce, for
all A\ € (0,1), a preferential round-robin algorithm with
1

2 .
robustness = and consistency 5.

1.3. Problem and notations

The decision-maker is given n jobs ¢ € [n] with unknown
sizes x1, . . ., T, to schedule on a single machine, and pre-
dictions (y;);er of (z;)ier, with I a uniformly random sub-
set of [n] of size B. The objective is to leverage the available
predictions to minimize the sum of the completion times.
We assume that preemption is allowed, i.e. it is possible to
interrupt the execution of a job and resume it later, which is
equivalent, by neglecting the preemption cost, to assuming
that the jobs can be run in parallel at rates that sum to at
most 1.

To simplify the presentation, we consider that there are pre-
dictions y1, ..., Yy, of x1,...,x,, but the decision-maker
has only access t0 Yo (1), - - -, Yo (B), Where o is a uniformly
random permutation of [n]. We denote by n; = |x; — y;| the
error of the prediction y;, and by n7 = ZiB:l No(s) the total
error of the predictions accessed by the algorithm.

Consider an algorithm A and an instance = (z1,...,z,)
of job sizes, we denote by A(z) the sum of the completion

times of all the jobs when executed by A. Furthermore, for
all i # j € [n] and ¢ > 0, we denote by

+ SA(t) the processing time spent on job 7 until time ¢,

o th =inf{t > 0:SA(t) = x;} its completion time,

L]

DiAj = SA (t]A) the total time spent on job ¢ before job
J terminates,

* and Pi/;‘- = ij + Dﬁ\i the mutual delay caused by ¢, j
to each other.

When there is no ambiguity, we omit writing the dependency
to A. With these notations, it holds that ¢ = x; +3° ki Df‘i
for all i € [n]. Consequently, the objective function of A
can be expressed as

A)=> zi+ Y. P. (1)
=1

1<i<j<n

Observing that, for all ¢ # j € [n], if ¢ terminates be-
fore j then Pi/'} > x;, otherwise Pi/'} > x;, we deduce that
Pf} > min(x;, z;). Equality is achieved by the clairvoy-
ant algorithm that runs the jobs until completion in non-
decreasing size order (Motwani et al., 1994), which is the

optimal offline algorithm, that we denote OPT, satisfying

n
OPT(z) = le + Z min(x;, ;) . 2)
i=1 1<i<j<n

When the predictions are perfect, for alln > 2 and B < n,
we define the (n, B)-competitive ratio of algorithm A as the
worst-case ratio between its objective, knowing the sizes
of B jobs taken uniformly at random, and that of OPT, on
instances of n jobs

E[A(z)]

R..B(A)= sup )
’B( ) z€(0,00)™ OPT(%‘)

where the expectation E[A(z)] is taken over the permutation
o and the actions of A if it a randomized algorithm.

If the number of predictions depends on the number of jobs,
i.e. B = (By)n>1 defines a sequence of integers, then the
competitive ratio of A is defined by

CRp(A) =supR, 5, (A) .

n>2

When the predictions are imperfect, the competitive ratio
becomes also a function of E[n“].
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2. Lower Bounds

In this section, we assume that the predictions are error-free,
and we establish lower bounds on the (n, B)-competitive
ratio of any algorithm, followed by a lower bound inde-
pendent of n when B;,, = wn + o(n) for some w € [0, 1].
These lower bounds are obtained by constructing random
job size instances x such that, for any deterministic algo-
rithm A, the ratio E, ,[A(z)]/E,[OPT(x)] is above them.
The result then extends to randomized algorithms and yields
bounds on their (n, B)-competitive ratio by using Lemma
A.1, which is a consequence of Yao’s principle (Yao, 1977).

In all this section, we consider i.i.d. job sizes. Therefore,
we can assume without loss of generality that the B known
job sizes are x1,...,xp.

In the non-clairvoyant case B = 0, for any algorithm A,
taking i.i.d. exponentially distributed sizes gives, with easy
computation, that IE[PZ-/;] = 1 (Remark A.4), which yields,
using Equations (1) and (2), the lower bound 2 — %‘1“3 on
the competitive ratio (Motwani et al., 1994). However, if
B > 0, the algorithm can act according to the information
it has on (z;);c1, and the dependence between its actions
and these job sizes makes the analysis more sophisticated.

For any positive and continuous function ¢, and positive
numbers T > x > 0 we denote

T=e at x
en=f Gt ©

We prove in the following theorem a generic lower bound,
using job sizes sampled independently from the distribution

. —1_ 20
Pr(z; <t)=1 Ok

Theorem 2.1. Let ¢ : [0,00) — [0, 00) be a continuously
differentiable and increasing function satisfying ©(0) > 0,
¢’ /¢ is non-increasing and fo SDEitt)Z < oo, and let o, a
non-negative constant satisfying

/OOO {jigszg,(x,T)} :5;(;)26% > g, /OOOSOEZE)Z . @)

If B = wn + o(n) for some w € [0, 1], then it holds for any
randomized algorithm A that

CRp(A) > 2 —2(2 — ay)w + (3 — 2a,)w? .

Moreover, lffo y <00 then forallm > 2and B <n

Cyn 1
Rn,B(A) > Cgp,n,B _ L ,
14221 I i
e
where Cpnp = (2—2) — (3 —2a,) 2 (1 - £5).

To establish this theorem, we analyze i.i.d. job sizes sam-

pled from the distribution Pr(z; < t) = 1 — 20, We

derive in Lemma A.5 a lower bound on the mutual delays
incurred by these jobs during the run of any algorithm A.
This involves solving a functional minimization problem,
whose solution is expressed using the function G, defined
in (3). The left term in Inequality (4) is proportional to the
obtained lower bound, while the right term is proportional
to E[min(z;, z;)], which is the mutual delay caused in a
run of OPT. Finally, using the identity (1), this inequality,
which relates the mutual delays caused respectively by exe-
cuting A and OPT on the chosen job sizes, can be extended
to an inequality involving the objectives of both algorithms,
giving a lower bound on the competitive ratio.

If f > dt) 00, the expectation of the job sizes is infinite.
In this case, we consider a truncated distribution with a
maximum ¢ > 0. After completing the analysis, we derive
a lower bound that depends on @ and w, by considering
B = wn + o(n) and n — oo, then, we conclude by taking
the limit @ — oo.

For any value o, in Theorem 2.1, observe that C, ,, o = 2
and Cy », , = 1, which means that the lower bound interpo-
lates properly the non-clairvoyant and clairvoyant settings.
The remaining task is to choose an adequate function ¢
satisfying the conditions of the theorem with o, as large
as possible. We first consider exponentially distributed job
sizes, often used to prove lower bounds in scheduling prob-

lems. This corresponds to p(t) = €.

Corollary 2.2. For any algorithm A, it holds that

4Cpp—1)

> —
Rn,B(A) = Cn,B n+3

)

with Cp p =2 — 2 — (£ = 1)B(1 — 2=1). In particular,
if B =wn + o(n) then
CRp(A) > (2 —w) — (% - Dw(l —w).

Corollary 2.2 gives, in particular, that R, o(A) > 2 — +3,
which corresponds exactly to the tight lower bound for the
non-clairvoyant scheduling problem (Motwani et al., 1994).
However, the bound is not tight for all values of B < n.
To refine it, we consider distributions that would be more
difficult to process by the algorithm. One idea is to sample
a different parameter \; ~ £(1) independently for each
i € [n], then sample z; ~ £(\;). The distribution of z; in
this case is given by

Pr(z; > t) = / Pr(z; >t | i = Ne dA
0

_ /oo 67(1+t))\d/\ — L ,
0 1+t

which corresponds to ¢(t) = 1 4 t. More generally, we
consider (t) = (1 + t)" for r € (3, 1]. Such functions
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o correspond to distributions with a heavy tale and with
infinite expectation (i.e. OOO % = o0). Using Theorem
2.1, they only yield lower bounds on the competitive ratio
but not on R,, 5. Corollary 2.3 shows the bound obtained

forr — 1.

Corollary 2.3. Let w € [0,1]. If B = wn + o(n), then it
holds for any algorithm A that

CRp(A) > (2 —w) — (3—2V2)w(l —w) .

Remark 2.4. If z; is sampled from the distribution induced
by ¢©(t) = (1+1¢)", then x; + 1 follows a Pareto distribution
with scale 1 and shape r (Arnold, 2014), which is commonly
used to model the distribution of job sizes in the context of
the scheduling problem.

3. Known Partial Order

Before investigating the problem within the learning-
augmented framework, we introduce an algorithm exclu-
sively for the scenario with perfect information. Subse-
quently, in Section 4, we present a second algorithm, that
we adapt to handle possibly erroneous predictions.

The optimal algorithm OPT does not necessitate precise
knowledge of job sizes. Instead, it relies solely on their
ordering. This observation suggests that it might be possible
to improve the competitive ratio of the non-clairvoyant case
by only knowing the relative order of a subset of the job
sizes. Therefore, rather than having access to the values
Tg(1), - - - » To(B)» WE assume that the decision-maker is only
given a priority ordering 7 of them, i.e. a bijection 7 :
[B] — o([B]) satistying (1) < ... < ,(p).

Algorithm 1 Catch-up and Resume Round-Robin (CRRR)

Input: Ordering 7 of Z4(1), - .-, To(1)
Set Iﬂ-(o) =0
for i =1to Bdo

Run job 7 () for 2, (;_1) units of time

while job 7(7) is not finished do

Run round-robin on {o(j)},;>p5 U {7 (i)}

end while
end for
Run round-robin on {o(j)}}_p, until completion

In Algorithm 1 (CRRR), for all i € [B], the execution of
job 7 (@) starts only upon the completion of job 7(i — 1). At
this moment, all jobs o (j) for j > B are either completed or
have undergone execution for (;_1) units of time. CRRR
then runs job 7 (i) for a period of length x(;_1) to catch
up with the progress of the jobs {c(j)};~p. Following
this synchronization phase, it runs round-robin on the set of
jobs {o(j)};>p U {m(¢)} until (i) terminates. The same
process iterates with 7(i + 1) afterward. Once all the jobs

o (i) for i € [B] are completed, the algorithm runs round
robin on the unfinished jobs in {o(j)};> 5.

Leveraging the ordering 7, the algorithm aims to minimize
the delays caused by longer jobs to shorter ones. In the ideal
scenario where B = n, each job begins execution only after
all shorter ones have been completed. When B < n, it is
evident that the jobs {o(i) };c|p) should be executed in the
order specified by 7. However, CRRR takes advantage of
this ordering even further, ensuring that job ;) not only
avoids delaying x(;_1) but also does not delay any job o (j)
with j > B that has a size at most z(;_1)-

Theorem 3.1. Algorithm CRRR satisfies

B__20-4) B
2 T mrn@y D S Pes(CRARR) <220

Moreover, if B = |wn]| for some w € [0,1], then
CR(CRRR) =2 — w.

Theorem 3.1 shows a substantially stronger result than
the one presented in (Benomar & Perchet, 2023), where
the algorithm leveraging the values of the job sizes

Tg(1), -« - To(B) is Only (2 — igf__ll)) )—competitive.

Action predictions The information provided to CRRR
is the order in which the jobs {o(i)};c[5] would be exe-
cuted by OPT. This corresponds to the error-free scenario
of action predictions (Antoniadis et al., 2023b; Lindermayr
& Megow, 2022; Lassota et al., 2023; Sadek & Elias, 2024),
where the decision-maker receives predictions regarding the
actions taken by the optimal offline algorithm, rather than
numeric predictions of unknown parameters. In the context
of the scheduling problem, utilizing the ¢; norm to measure
the error is not ideal for analyzing the action prediction
setting (Im et al., 2021). Alternative error metrics, which
account for the number of inversions in the predicted permu-
tation in comparison to the true one (Lindermayr & Megow,
2022), would be more suitable. Therefore, adapting CRRR
to imperfect action predictions is left for future research
as it requires different considerations. For now, we shift
our focus to introducing another algorithm that utilizes not
only the priority order induced by the job sizes, but the size
values themselves.

4. Predictions of the Job Sizes

We propose in this section a generic algorithm Switch,
which we will adapt in the cases of perfect and imperfect pre-
dictions. The algorithm takes as input n jobs with unknown
sizes and breakpoints z,(1), - . ., 25(B) that depend on the
predictions of (1), - .., %4 (B), then it alternates running
round-robin on the jobs {o(j)} ;5 and Shortest Predicted
Job First (SPJF), introduced in (Purohit et al., 2018), on the
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jobs {0 (i) }sc|B)> where the moment of switching from an
algorithm to another is determined by the breakpoints.

As in Section 3, we call ordering of z5(1), ..., 25(p) any
bijective application 7 : [B] — o([B]) satisfying z(1) <
..+ < zz(B)- Note that, if the breakpoints are not pairwise
distinct, then the ordering is not unique. In that case, Switch
chooses an ordering 7 uniformly at random. We assume
furthermore that the breakpoints induce the same order as
the predictions, i.e. zo(;) < 25(j) <= Yo@) < Yo(y) fOr
all 4,5 € [B].

Algorithm 2 Switch algorithm Switch(z7, x)
Input: Breakpoints 27 = (2,(;))ic[B]
7 < ordering of 2z chosen uniformly at random
for i =1to B do

o St
while min 2@ ®
j>B To(i)

Run round-robin on {c(j)}7_p 4
end while
Run job 7(7) until completion
end for
Run round-robin on {o(j)}}_p, until completion

< land ?;aéi So () (t) < 2x(;) do

Consider a run of Switch, and let ¢ € [B]. The first condi-
tion for entering the while loop is the existence of j > B
such that S,(;)(t) < x4(;). This signifies that the jobs
{o(j)};>p are not all completed, which is a verification
feasible for the decision-maker without knowledge of the
sizes {Z4(;)}j>B- The second condition means that no job
o(j) for j > B has been in execution for more than z, ;)
units of time. Given that round-robin allocates equal impor-
tance to all jobs {c(j)};> B, upon exiting the while loop,
each job o () is either completed or has been in execution
for precisely zr(;) units of time. Following this step, job
m(1) is executed until completion, and the same process
recurs for ¢ + 1.

This algorithm ensures that any job x,(;) with ¢ < B does
not delay any other job j whose size is at most z; < z,(;),
and the delay it causes to jobs not satisfying this condition
is exactly x,(;). This allows efficient control of the mu-
tual delays between the jobs by conveniently choosing the
breakpoints.

4.1. Perfect Predictions

Assuming that the predictions are perfect, i.e. the decision-
maker knows the exact sizes of jobs o(1),...,0(B), it is
possible to set z,(;y = ;) forall i € [B].

Theorem 4.1. Algorithm Switch with breakpoints z,(;y =
T, for all i € [B] satisfies

, B 2(1——3)
R hy=2— — — ——n~ |
nyB(SWItC) - 1

In particular, if B = |wn] for some w € [0,1] then

CRy (Switch) = 2 — w.

Note that the (n, B)-competitive ratio above is strictly better
than that of CRRR, presented in Theorem 3.1. However,
both algorithms have equivalent performance when n is
large. In particular, their competitive ratios coincide when
B = |wn]|.

A slight improvement on the (n, B)-competitive ratio can be
obtained by introducing randomness into Switch. Indeed,
consider the Run To Completion algorithm (RTC) defined
in (Motwani et al., 1994), executing all the jobs until com-
pletion in a uniformly random order. Then we have the
following result.

Proposition 4.2. The algorithm that runs RTC with prob-

ability %, and runs Switch with breakpoints

Zo(i) = Tg(s) Jor all i € [B] with the remaining proba-
bility, has an (n, B)-competitive ratio of
B 21-5)2-2)

9_ —~ _
n n+3—%

For B = 0, the ratio above becomes 2 — ni”,

best possible in the non-clairvoyant setting.

which is the

4.2. Imperfect Predictions

We assume in this section that no quality guarantees are
given on the predictions {y,(;) }ic[5]. Recall that the total
error 7 = Zf;l |5(:) — Yo(i)| is a random variable be-
cause o is a uniformly random permutation of [n], hence
our results will depend on E[r].

The goal is to design an algorithm that is consistent, robust,
and with a competitive ratio having a smooth dependency
to E[n?]. We first study the consistency and smoothness of
Switch with well-chosen breakpoints, then we show that
combining it with round-robin as in (Purohit et al., 2018;
Lassota et al., 2023) gives robustness guarantees.

Using the trivial breakpoints 2, ;) = o (4) as in the previous
section is not enough to guarantee smoothness. Consider,
for example, job sizes all equal to 1, and B predictions
Yo(s) = 1 — € for an arbitrarily small e. Blindly following
these predictions, taking z,(;) = y,(;) for all i € [B], re-
sults in delaying all jobs with unknown sizes by B time units
compared to the case of perfect predictions. This creates a
discontinuity in the competitive ratio when e becomes posi-
tive, proving non-smoothness. Hence, we consider instead
randomized breakpoints.

Algorithm 3 simply runs Switch with random breakpoints
24(i) = &Yo(s)- The following lemma gives an upper bound
on the algorithm’s objective function depending on the dis-
tribution F' of &.
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Algorithm 3 imperfect predictions Switch(£y7, x)

Input: predictions (y,(;))ie[p]. distribution F’
Sample £ ~ F
Run Switch with breakpoints z,(;y = {¥o (i)

Lemma 4.3. Let F be a probability distribution on (0, c0),
and consider the mappings hr : (0,00)?> — R and gr :
(0,00) — R defined by

hF(S t) = t-PrgNF(f < %)

gr(s) = (1 = $)Prewr(§ < ) + Benr[§lecs] -
Let Bp = supyc(o,1) 9005) and yp = sup,>1(9r(s) + 8).
If Br,vr < oo and hp is Lp-Lipschitz w.r.t. the second
variable t, then for any job sizes x1, . ..,x, and B < n, the
expected sum of the completion times achieved by Switch
with breakpoints z4(;y = £Yg (i) is at most

Z i+ Chp Z min(z;, z;) + CZ,B,FE[nU] )

i=1 i<j

with Cl g p=2—2 — (2= Br —vr)2(1 - £51) and
Crpr=0+Lr+E[E)(n-B)+B-1

A trivial choice of ¢ is the constant random variable equal
to 1 a.s., but this is not enough to guarantee smoothness, as
it corresponds to the Dirac distribution F' = §;, for which
hg is not continuous w.r.t. to ¢. In the next lemma, we
provide a specific choice of distribution F' depending on a
single parameter p, and we express the upper bound from
the previous lemma using this parameter.

Lemma 4.4. Ler p € (0,1] and
F:s—(1- 67(871)/p)]].(g>1

a shifted exponential distribution with parameter 1/p, i.e.
§ ~ 1+ &E(1/p), then Switch with breakpoints z,(;y =
Yo () for all i € [B] has an (n, B)-competitive ratio of at
most
Eln]
9_ B ,B 1_@> (4 1_B E)L.
( n +pn( 'rL—l) + p( n)+ n OPT(.’L')

The previous lemma highlights a tradeoff between the
smoothness and the consistency of the algorithm. Indeed,
as p decreases, the algorithm gains in consistency, but the
term (%(1 -
However, while setting p close to zero results in an arbitrar-
ily high sensitivity to the error, setting it close to 1 gives
consistency of at most (2 — igf:ll)) ), which is still a de-
creasing function of B, interpolating the values 2 and 1
in the clairvoyant and non-clairvoyant cases. This implies

By 4 %) multiplying E[n?] becomes larger.

n

that sacrificing a small amount of consistency significantly
improves smoothness.

For B = n, assuming that all the job sizes are at least 1,
it holds that OPT(z) > n(n + 1)/2 and the lemma gives
R, 5(n; Switch) <1 + 2;7’, matching the bound proved on
(SPJF) in (Purohit et al., 2018). On the other hand, if n = 0,
setting p = 0 results in R,, 5(0; Switch) < 2 — %. Using
tighter inequalities in the proof, it is possible to retrieve the
bound established in Theorem 4.1 (See Inequality (36) in
Appendix C).

Preferential algorithm Now we need to adapt the algo-
rithm to guarantee robustness in the face of arbitrarily erro-
neous predictions. We use the same approach as Lemma 3.1
of (Purohit et al., 2018), which consists of running concur-
rently a consistent algorithm and round-robin at respective
rates A, 1 — XA for some A\ € [0, 1]. However, their result
only applies for deterministic algorithms A satisfying for
any instances © = (z1,...,oy,) and 2’ = (24, ...,z that

(Vien]:a; <a)) = Az) <A@).

Such algorithms are called monotonic. Switch with break-
points 2, (;) = £y, (4) is not deterministic since its objective
function depends both on ¢ and £. Nonetheless, we over-
come this difficulty by proving that, conditionally to ¢ and
&, its outcome is deterministic and monotonic, then we es-
tablish the following theorem.

Theorem 4.5. Letp € (0,1} and F = 1+&(1/p). Then the
preferential algorithm ALG)y which runs Algorithm 3 at rate
A and round-robin at rate 1 — X has an (n, B)-competitive
ratio of at most

. 2 Cp,n,B Sp,n,B
min (1 N \ + A\

nE[n7]
‘ opr(x)) ’

with

Comp=(2-7)+p5(1-27)
B

Sp,n,B =

This upper bound generalizes that of (Purohit et al., 2018). It
presents a consistency-robustness tradeoff that can be tuned
by adjusting the parameter )\, and a consistency-smoothness
tradeoff controlled by the parameter p, which vanishes for
B close to 0 or n, as the terms multiplying p and 1/p re-
spectively in C), , g and S, ,, p become zero.

S. Experiments

In this section, we validate our theoretical findings by test-
ing the algorithms we presented on various benchmark job
sizes. In all the figures, each point is averaged over 10*
independent trials.



Non-clairvoyant Scheduling with Partial Predictions

Perfect information We test the performance of Algo-
rithms Switch and CRRR against the hard instances used
to prove the lower bounds of Section 2: we consider i.i.d.
job sizes sampled from the exponential distribution with pa-
rameter 1, and job sizes drawn from the distribution ®(r, a)
with parameters 7 = 0.51 and a = 10%, characterized by
the tail probability

(146" —(1+a)"
1-(14+a)"

Pr(zf >t) = t<a »

This distribution is a truncated version of the one defined

by Pr(z® > t) = ﬁ The bound of Corollary 2.3 is

obtained by using this distribution for @ > 0 and r € (%, 1),
and taking the limits n — 00, a — oo, and r — 1/2.

xi~&(1) x; ~ ®(0.51,10%)
2.00 K -
— Switch — Switch
1.75 CRRR CRRR
+ Cor2.3 - Cor24 [§
g 1.50 4 1° 1l
s =
2 1257
24801 —
g \ . — Switch | N — Switch
° 175 CRRR N CRRR
= o
8 \ Cor2.3 e Cor24 |8
2 150 NS 1 =
g. ~....\ n
§ 1.25- : =
AN
1001, : .'\I' : :
0 12 10 172 1

fraction B/n of known job sizes

Figure 2. Lower bounds and ratios of Switch, CRRR

Figure 2 exhibits the empirical ratios achieved by both
algorithms with a number n € {20,1000} of jobs. For
n = 20, Switch outperforms CRRR for the two distribu-
tions, whereas their ratios are very close for n = 1000. This
confirms that Switch and CRRR are asymptotically equiva-
lent, as can be deduced from Theorems 3.1 and 4.1. For the
exponential distribution, as expected, both algorithms have
ratios above the non-asymptotic lower bound of Corollary
2.2. Meanwhile, considering the distribution ®(0.51,10%),
the empirical ratios for n = 20 are below the lower bound
of Corollary 2.3, because it is proved by taking n — oco.
For n = 1000, the ratios match the lower bound.

Preferential algorithm In the remaining discussion, we
refer to Switch with breakpoints z, ;) = {yq(;) and § ~
1+ &(1/p), as Switch with parameter p.

We generate a synthetic instance of n = 50 job sizes, drawn
independently from the Pareto distribution with scale 1 and
shape 1.1. The Pareto distribution, known for its heavy

tail, is particularly suitable for modeling job sizes (Harchol-
Balter & Downey, 1997; Bansal & Harchol-Balter, 2001;
Arnold, 2014), and it is a commonly used benchmark for
learning-augmented scheduling algorithms (Purohit et al.,
2018; Lindermayr & Megow, 2022). Furthermore, we con-
sider noisy predictions y; = x; + ¢; for all 7 € [50], where
€, 1s sampled independently from a normal distribution with
mean 0 and standard deviation 7.

PA(p,A) with B = n/2 Switch(p = 0.5,B) for B € [1,n]

©
°

B

Round-robin
Switch(p = 0.5)
PA(p =0,4 =0.5)
—— PA(p=05,1=0.5)

ES

=

Emprical competitive ratio

0 20 40 60 80 100 0 10 200 300 400 500
Error parameter T Error parameter T

Figure 3. Preferential Algorithm (PA) with different parameters

Figure 3 illustrates the empirical ratio of the Preferential
Algorithm (PA) across various parameter configurations,
with varying error parameter 7.

The left plot displays the ratios for different A and p values,
with B = 25 = n/2. When A = 0, PA becomes round-
robin. For A = 1 and p = 0.5, PA simply runs Switch(p =
0.5), which gives an improved consistency (7 = 0), not
equal to 1 because B < n and p > 0, and gives a ratio
that deteriorates arbitrarily as 7 increases. In contrast, PA
with A\ = 0.5 gives a weaker consistency but maintains
bounded ratios, even with arbitrarily erroneous predictions.
The choice of p = 0 exhibits a slightly better consistency
compared to p = 0.5, in line with theoretical expectations,
but there is no significant difference regarding sensitivity
to errors. This should not be surprising since setting p > 0
ensures smoothness in the worst-case (see Figure 4), but it
is not necessarily needed for all instances.

The right plot examines the influence of B on PA with pa-
rameters A = 1 and p = 0.5, which corresponds to Switch
with p = 0.5. Larger B values improve consistency and
also yield a smaller sensitivity to small errors. However, for
high 7 values, having numerous predictions leads to faster
performance deterioration compared to having fewer predic-
tions. This shows that more predictions enhance consistency,
while fewer predictions enhance robustness.

Consistency-smoothness To shed light on the tradeoff
between consistency and smoothness raised in Section 4.2,
we consider i.i.d. job sizes z1,..., %100, €ach taking the
value 1 w.p. 1/2 and 2 w.p. 1/2, and we consider noisy
predictions of the form y; = xz; + ¢;, where ¢; follows a
uniform distribution over [—7, 7]. Figure 4 illustrates the
evolution, for 7 varying in [0, 0.15], of the empirical com-
petitive ratio of Switch with parameter p € {0,0.1,0.5}
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and B € {50,95},

For both values of B, the experiment reveals that larger
values of p give bigger ratios when 7 = 0 (less consistency),
but on the other hand they yield less sensitivity to variations
of the expected prediction error (better smoothness), which
confirms our theoretical findings. In particular, for p = 0,
a significant discontinuity arises when 7 becomes positive.
Figure 4 also shows that this tradeoff is less significant as
B approaches n = 100, with the consistency values for
p € {0,0.1,0.5} drawing closer.

o
=]
"

1.05 4
—e— p=0,B=50

p=0.1,B=50
—-—— p=05B=50 1.04 {

—— p=0,B=95
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Empirical competitive ratio

%
0.00 0.05 0.10 0.15 0.00 0.05 0.10 0.15
Error parameter T Error parameter T

)

b
L
-

Figure 4. Tradeoff between consistency and smoothness

6. Conclusion and Future Work

This paper explores the non-clairvoyant scheduling prob-
lem with a limited number of predicted job sizes. We give
near optimal lower and upper bounds in the case of perfect
predictions, and we introduce a learning-augmented algo-
rithm raising the common consistency-robustness tradeoff
and an additional consistency-smoothness tradeoff, the latter
vanishing when B approaches 0 or n.

Our findings join previous works in demonstrating that on-
line algorithms can indeed achieve improved performance
even when armed with a restricted set of predictions, which
is an assumption more aligned with practical scenarios. Fur-
thermore, they affirm the necessity of studying and under-
standing these regimes, as they may unveil unique behaviors
absent in the zero- or full-information settings.

6.1. Open Questions

Tight lower bounds In the case of perfect predictions,
there is a (small) gap between the lower bounds of Section
2 and the competitive ratios of Switch and CRRR. An
interesting research avenue is to close this gap, either by
designing better algorithms or improving the lower bound.
This could involve using Theorem 2.1 with more refined
distributions.

Reduced number of action predictions Algorithm
Switch leverages the job sizes’ predictions, not only the
order they induce. Using the ¢; norm to measure the error
is thus a suitable choice. However, as discussed in Section
3, Algorithm CRRR only uses the priority order in which

OPT runs (2,(;))ic[5]- An interesting question to explore
is how to adapt it in the case of imperfect action predictions,
using appropriate error measures.

Smooth and (2 — £)-consistent algorithm Lemma 4.4
and Figure 4 emphasize that, to achieve smoothness, Switch
with parameter p must exhibit a consistency exceeding 2— %.
A compelling question arises: Is it possible to devise a

smooth algorithm with a consistency of at most 2 — g?

Impact Statement

This paper presents a work whose goal is to advance the
field of learning-augmented algorithms. There are many
potential societal consequences of our work, none of which
we feel must be specifically highlighted here.
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A. Lower bounds
A.1. Preliminary result

Lemma A.1. Let F be a probability distribution on (0, o) with finite expectation, x an array of n i.i.d. random variables
sampled from F, and o, g > 0 satisfying for any deterministic algorithm A with access the sizes of B jobs that

Ea,w[A(x)]
m > Qn B,

then for any (deterministic or randomized) algorithm ALG, we have

R..B(ALG) > o, .

Proof. Let F and o, p be as stated in the lemma. Using Yao’s minimax principle (Yao, 1977) we deduce that for any
randomized algorithm ALG

E,.[ALG(z)] >  inf E,.[A(z)]

" Adeterministic

> ay, gE,[OPT(z)],
where the infimum is taken over all deterministic algorithms. The previous inequality can be written as
E, [EU [ALG(z)] — an,BOPT(x)] >0,

and this implies that, necessarily, there exists a value z* = (x%,...,z%) taken by z verifying E,[ALG(z*)] —
a,, BOPT(z*) > 0, hence
E,[ALG(z*)]

Rn,B(ALG) > W > Qn B -

A.2. Proof of Theorem 2.1

Let A be a deterministic algorithm. Using Equation 1, it suffices to bound ]E[Pf;] for all ¢ # j to deduce a bound on E[A(z)],

and since Pl-’;‘- is a non-negative random variable, the focus can be narrowed down to bounding Pr(Pi’} > t) forallt > 0.
Following the proof scheme of (Motwani et al., 1994), we introduce the following definition.

Definition A.2. Let A be a deterministic algorithm given an instance of n jobs. For all i # j € [n] and ¢t > 0, we denote by
uf: j (t) the time spent on job 7 when the total time spent on both jobs ¢ and j is ¢, assuming neither job 7 nor j is completed.
More precisely, uﬁ ;(t) is defined by

ufi(t) = SM(inf{t' > 0: SAH') + SH(t) =t}) .

%,

uﬁ ; 1s therefore a rule defined solely by the algorithm. For an instance x = (z1,...,2y) of job sizes, the real time spent on

¢ when a total time of ¢ has been spent on both jobs i, j is given by min(uﬁ (), ).

For all £ > 0, the following Lemma allows to express the event P{; > t using uﬁ\j (t).
Lemma A.3. Let x1,...,x, be instance of n job sizes, then for any algorithm A, for any i # j € [n] and t > 0, the
following equivalence holds

(PA>1) <= (z:i>ud;(t)andx; >t —uf(t))

Proof. Let A be an algorithm and ¢ # j € [n]. We denote by S;;(¢) = S;(t) + S;(t) the total processing time spent on
both jobs 7 and j up to time ¢. Assuming that job ¢ finishes first, i.e. ¢; < t;, no processing time is spent on job i after ¢;,
hence Si(tj) = Sl(tz) = x;, and f)ij = Si(tj) + Sj(ti) = Sij (ti). By symmetry, we deduce that Pij = Sij (min(ti, tj)).

13
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Therefore, using that S; and S; are non-decreasing and continuous, it holds for all £ > 0

P >t < S;;j(min(t;,t;)) >t
< min(t;,t;) > inf{t' : S;;(t') >t}
< x; > S;(inf{t' : S;;(t') > ¢}) and x; > S;(inf{¢' : S;;(t') > ¢}) 5)
= x; > u;(t) and z; >t — (1) . 6)

Equivalence (5) holds because ¢; = inf{t’ > 0 : S;(¢') > «;}, thus for any s > 0 we have t > s <= x; > S;(s). The
same holds for j. For Equivalence (6), we simply used Definition A.2 and the observation w;; (t) + w;;(t) = t. O

Remark A.4. In the case of non-clairvoyant algorithms, the rule defining uf\j (+) is dictated by the algorithm, independent of
the job sizes. Thus, if the job sizes are sampled independently from the exponential distribution, Lemma A.3 gives for all
i # j that Pr(P} > t) = Pr(z; > uf;(t)) Pr(z; >t — uf,(t)) = e~", and it follows immediately that E[P}}] = 1 for any
deterministic algorithm. This argument, used in (Motwani et al., 1994), is not applicable in our context since the algorithm
possesses access to certain job sizes, enabling the formulation of a rule for uﬁ ; that considers this information. Therefore,
more sophisticated techniques become necessary for our analysis since the independence of the events xz; > uf: j (t) and
x; >t — uﬁi(t) is lost.

Lemma A.5. Leta € (0,00) and ¢ : [0,00) — [0, 00) a continuously differentiable and increasing function satisfying that

©(0) >0, t— % is non-increasing and fooo ﬁ < oo. Letz§, ..., 22 ii.d. random job sizes with distribution
)" —p(a)”!
Pr(zf <t)=1- lica ,
SO T T
then for any algorithm A having access to the sizes of the first B jobs x¢, ..., x%, it holds that
) 0)2
EP;‘z/ PO 1 — o1 Vi£j<B,
Pl ) a2 &
oo 0 2
E[Pf}]zQ/ a2 )th—o(l) Vi#£j>B,
o () a—rc0

E[PA] > ¢(0)? /OOO {Ti%fx Gw(%T)} 20 4oty Vi<Bj>B,

o(x) a—oo

where G, (x,T) is defined in Equation (3), and the o(1) term does not depend on the algorithm A.

— 00

Although Lemma A.5 is stated with a € (0, c0), the results also hold for random variables z$°, . .., x5° sampled from the
(0)

limit distribution Pr(z§° <t) =1 — %, where the o(1) term becomes zero.
Before proving the lemma, let us first observe that, since ¢ is increasing and fooo @?f)Q < o0, then necessarily

lim, 00 () = 00.

Proof. Let us first observe that for all ¢ > 0

e s _ pr(g® (22 _ ©(0)?
Pr(min (2%, 25°) > t) = Pr(2{° > t) Pr(z3° > t) o)
hence
N T r(min(x$°, 25° = ~ el0F
E[min(z$°, 25°)] _/0 Pr(min(z°, 23°) > t)dt /0 POE

In the following, we prove separately the three claims of the Lemma: in the cases where both jobs sizes x;, x; are known,
both are unknown, and where only x; is known.

14
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Both job sizes are known Forany i # j € [n], it holds that P;; > min(z{,z%), and this true in particular for i # j € [B].

Furthermore, for any ¢ > 0, since ¢(t) > (0), we have that the mapping a :j((é)):%‘;((z)): is non-increasing. It follows
that

« )T = pla) !
Priof <0 <1 - (Jim ST 20 ) e

—— Li<a, )

and therefore, for any i # j < B

Both job sizes are unknown For i # j > B, the algorithm ignores the job sizes z§ and x§ Therefore, u; ; is independent
of 7 and z¢. Consequently, using Lemma A.3, the independence of z;" and z, then Inequality (7), we obtain

PI"(Pij > t) = PI‘(JL‘i > um(t) and Tj > t— ui,j(t))
= PI‘(.’L‘i > Uj 5 (t)) Pr(xj >t — Uj 5 (t))

_ 90(0)2]]-75—(1<ui,j(t)<a
P(ug ()t —u;;(t))

Using that % is non-increasing, we have for any ¢, > 0 that

d (p(u)p(t —u)) = ¢ (w)p(t —u) — p(u)e'(t —u)

o
N OB )
= wlwelt >(so<u> ¢<tu>>

The sign of - (p(u)p(t — w)) is the same as that of g(%) - ‘g((tt:g)), which is a non-increasing function. It is null for

u = t/2, hence it is non-positive for u < ¢/2 and non-negative for v > t/2. This implies that u — @ (u)p(t — «) is minimal
foru =1t/2,ie. o(u)p(t —u) < p(£)? forall t,u > 0, in particular

(0)?
Pr(PM >t) > Wlt—a<m‘j(t)<“ )
and it follows that

[ ZJ] = r( ij > t)dt > T2 Ht—a<u; j(t)<a t.
0 0 80(5)

Observing that, for any ¢ > 0, the mapping a — ¢(0)?/¢(%)*Li_q<u, ,(t)<a is non-decreasing, and its limit is
©(0)?/(%)?, the monotone convergence theorem guarantees that

. > 9(0)? /°° ©(0)?
lim 5L _acu; ;(t)<adt = dt
aoo Jo  p(f)2 TS o 9(2)?

o, [ 0(0)?
‘2/0 EOEKE

15
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therefore, for any i # j > B

Bipy) 22 [ A - o)

e(t)? " s

Only the size of one job is known Fori < Band j > B, the algorithm knows z¢, therefore u;;(-) can be a function of
z7. By Lemma A.3 then Inequality (7), it holds for all ¢ > 0 that

Pr(Py; > t) = Pr(af > u; ;(t) and 2§ >t — u; (1))
=E[loosu; ;0 Lag>t—ui ;0]
= E[Luesu ;) ElLatst—u, ) | 285 wi ()]
=E[Togsu, ;0 Pr (2§ >t —ui;(t) | ui;(t))]

>E|1 i
> zg >ug,;(t) Qp(t — ’U/Z’j(t))

]]-t—a<u,- j(t)y<z¢
> p(O)E [} ,
Pt — u;,5(t))

and we obtain by integrating over ¢ and then using Tonelli’s theorem that
]E[PZ]] = / PI‘(PZ‘]‘ > t)dt
0

e ]ltfa<u- i(t)y<z¢
N
o Pt —ui;t)

Recall that u; ;(t) is defined as the time spent on job ¢ when a total of ¢ units of time have been spent on both jobs ¢ and j,
thus u;;(0) = 0, u,; is non-decreasing and it is 1-Lipschitz. Let us denote by V the set of functions on [0, 0o) satisfying
these properties

V= {v : [0,00) — [0,00) : v(0) = 0 and “2=0) ¢ [0, 1] v, < tg} :
and for all z > 0 and T' € [0, co|, we denote by V,;  the subset of V' defined as
VLT:{vGV:inf{tZO:v(t)za:}:T}.

Forany x > Oandv € V,let T, = inf{t > 0 : v(t) > x}, then v € V, 1. Since v is 1-Lipschitz and v(0) = 0, it holds
that T,, > z. If v(t) < z for all t > 0 then T, = co. Therefore, we have for any = > 0

V= |J Ver.

Tex,00]

Furthermore, given that v is non-decreasing, v(t) < « if and only if ¢ < T,. Consequently, E[P;;] satisfies

[ o ]]-t—a<v(t)<mq :l
E[P,;] > »(0)E inf/ Ztrasv®)<a g
[Pis) ©0) eV o p(t—o(t))

_ 1 .
=¢(0)E | inf inf / Ztra<v(t)<azi dt]
0

T€[xg,00] vEVa 1 (p(t — ’U(t))
= (0O _ inf  inf / F e 8)
T€[zf,00] vEVsa 1 Jo gD(t — ’U(t)) ’

Letz > 0and T € [z,00], and define v 1 : t > 0+ (t — T + ) L4>7—s, then for all v € V. 7 we have v(t) > v} 1 (1)
for all ¢ € [0,T]. Indeed, v(t) > 0 = v} p(t) fort € [0,T — z], and if v(t) < v} p(¢) for some ¢ € [T — z,T] then,
because v is 1-Lipschitz, we have

o(T) <v(T—2)+r<v;p(T—z)+z=1,

16
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which contradicts v(7") > x. Finally, as ¢ and v — 1;_,, are both non-decreasing, it holds for any v € V.7 that
r ]]-t—a<v(t) r ]lt*a<”a*c,T(t)
———dt > ———dl
o e(t—o(t) o Pt —v;p(t)
T—x T
1i—a<o / Li—a<t-—T4a
= dt + —————dt
/ o(t) r—2 (T —1x)

/mln(aT x) N x]]-fo<a
0 ) (T — )

—T dt .
Ny o0 Ty T —w<a ©)
f go(t ifT—x>a
ifT'—z<a
= { dtt ifT —x>a (10)
Taking the infimum over v € V,,  then over T’ € [z, oo] in (10) gives for any = > 0 that
LA P o dt
inf  inf / —tmesv® gy > min( inf G@(ac,T),/ )
Telz,0] vEVL,T J( (p(t—’l)(t)) Telz,a+x) 0 (p(t)
e dt
>min< inf G,(z, )/),
Telz,00] o ot
and substituting into 8 leads to
E[P]>(O)E['<'f G(“T)/adtﬂ
il = min in x$,T), — .
n=v Telstoo O fo (D)
Let us denote by f,, and f, respectively the density functions of x{ and x7°. We have for any x > 0 that
d ¢'(z)/p(2)? p(0)¢'(x) |
a —P = ]l;v a2 o w a 0o z<a s 11
f (l’) dx I'( — LU) S0(0),1 . S0(11),1 < sD(x)g < f ( ) < ( )
therefore
IEH-:goO/ min( inf G / )fa
Pl = e(0) [ min(intGoeT). [ L) lwas
> (O)/mmin( inf Gy(z, )/a dt)f() dx (12)
=7, Télr,o0] o wlt)) TR
Observing for all x > 0 that
> dt
inf Gu(x,T) < lim G,(z,T :/ — (13)
Tex,00] <p( ) T—o0 Ap( ) 0 (p(t)
and that the mapping a — min (mee[w o) Go(2,T) foa ;&) (2)1,<q is non-decreasing, the monotone convergence

theorem, the continuity of the minimum, then Inequality 13 guarantee that

lim Ooomin< inf G,(z, )/Oa @i%)foo( VLo <ads

a—00 T€[x,00]

-t o st ) s
e [

|7 (nt Gl )) fctoris

o0) [ (Gt )

17
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Finally, the previous term is finite because

h pdnf | Go(,T) ‘p/fldxg h g(,(gc,2gc)9"'(;'“26137
0 S o(x) 0 o()

Therefore

/0 ~ mmin (T Eigoo] Go(z,T), /0 ' ;@) (((Z)) 1icqdt
Y T L Py

T€z,00] o(z)?

and substituting into Inequality (12) gives the aimed result.

O
A.2.1. PROOF OF THE THEOREM
Using the previous lemmas, we can now prove the theorem.
Proof. Letx = (x1,...,%,) be an array of i.i.d. random job sizes with distribution Pr(z; <t) =1 — %. Observe that

<t
p(t)?

Lemma A.5 with a = oo gives for any algorithm A that E[P;;] > E[min(x1, z2)] fori # j < B, E[P;;] > 2E[min(x1, x2)]
fori # j > B, and E[P;;] > a,E[min(z,z2)] for i < B,j > B. Indeed, the probability density function of z; is

t— % and we have for all i < B and j > B that

o dt

o0 E[min(z1, z2)] :/0 Pr(x; > t)%dt = ¢(0) /0

Efz1] = /O " Pr(a > t)dt = (0) /O

©(0)E [Tmf Gy(1,T)] = ¢(0)* /OOO {ji“gwa<p(w7T)} zgldfﬂ
o dt

> awgo(o)Q/o 0% = o, E[min(zq,22)] .

Assume that [, w‘j(i) < 00, i.e. E[z1] < oo, then by Equation (1) it holds that

B n

E[A(x)] > nE[z1]+ Y Emin(z,a)]+ Y 2Emin(zy,z2)]+ Y Y ayEmin(z, zo)]
1<i<j<B B<i<j<n i=1 j=B+1
= nE[x,] + (B(B21) +(n—B)(n—B—-1)+a,B(n-— B)) E[min(xy, z2)] ,

18
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the terms multiplying E[min(z1, z2)] can be reordered as follows

@—1—(71—3)(7@—3—1)4-@@3(”_3)

~BEZD B -1+ (ap - 1)B)

S BB 4= 1)+ (0 — DB - 0B — Bl(a, - DB 1)

_ @ +n(n— 1)+ (ap — 2)nB — (ap — DB(B = 1) — (ay — 2)B

=n(n—1)—(2—a,)(n—1)B+ (2 —a,)B(B-1) (14)

_ @ (2 (420, (3 2%)%) (15

:”(”2_1)(2—12—(3—2%)5(1—%)) : (16)
hence

E[A(x)] = nE[z1] + cn,BWT_l)E[min(xhxz)] :
On the other hand, by equation (2)
S 0PT(x sz + Y min(e.a) | = o8]+ "D Eminar.a0)]

i<j
therefore

EA@)] _ nElai] + Cop "5 Elmin(z:, 2»)

EOPT(z)] = nE[z] + @E[min(xl,m)]
Cn B — 1
=%n,B ™ 7 E[min(z1,z ’
14+ L 1 E[ ]E[zll] 2)]
and using Lemma A.1, this yields
Cnp—1

Rn B(A) Z C”B
, ’ n n—1 E[min(z,,z5)]
1+ Elza]

If B,, = wn + o(n) for some w € [0, 1], then
CRB (A) Z lim inf Rn,B" (A)
n—oo
>2—2(2 - ay)w + (3 — 20, )w?

o0 _dt

Assume now that [, G =

= 00, thus E[z1] = co. Leta > 0, and 2% = (zf,...,2%) be i.i.d. job sizes with distribution

t _ 1
Pr(x%gt)zl_w() p(a)”
p(0)~ = pla)™!
Therefore z{ has a finite expectation E[z{] < a. Denoting by x1, z i.i.d. random variables with distribution Pr(z; <t) =

]lt<a .

1- %, Lemma A.5 and Equation (1) give for any algorithm A that

EA@)] > nElzf]+ > (Emin(zy,22)] - o(1))+ > (2E[min(zy,z2)] — 0(1))

1<i<j<B a0 B<i<j<n a—00
B n
+3° Y (apEmin(zy,22)] — o(1))
i=1 j=B+1 a—oo
a n(n B 1) . 2
=nE[z{] 4+ Cpn, B E[min(zq,z2)] — n®o(1) , (17)
2 a—r o0
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where the last equation is obtained with the same computation as in the case fooo % < 00. Moreover, if @ > 1 then

Bfmin(et #§)] = [ Primin(et. o) > 0t = [ <jj((f))) ji((z))_ll ) it

-2

0 —p(a)t ) ®)
and we have for any ¢ > 0 that (E(O),LZ(Z),I ) o PO

increasing and 1/¢? is integrable, hence lim ¢(a) = oco. Therefore, the dominated convergence theorem gives that
a— o0
2
. . > )" —p(a)”!
lim E ¢, x9)] = 1 1 dt
lim E[min(ef, 23)] /0 Jim. { <<p(0)_1 ~ o)1) Li<a

0
‘/o EOR

= E[min(x1,x2)] .

=Ty which is an integrable function. Furthermore, ¢ is

It follows that

OPT(z*) =E Z x4+ Zmin(z?, )
i=1

= nE[z{] + @E[mm(ﬁ, z3)]
= nE[z§] + @E[min(ml,xg)] + ngé)ilol .

Combining this with Inequality (17), then using Lemma A.1, we obtain that

nE[z§] + CT,,,B%E[min(xl, x2)] —n?o(1)
R B > a— 00
T nE[z§] + @E[min(zl, x2)] +n?o(1)

a— o0

and if B = wn + o(n) then

(222 — ap)w + (3 — 20, )w?) E[min(z1, x2)] — o(1)

> . . > a—r o0
CR5(A) 2 liminf Rn.5(A) = Efmin(e1, 2)] + o(1)

a—r 00

and finally, taking the limit a — oo yields
CRp(A) > 2 —2(2 — a,)w + (3 — 2a,)w? .

A.3. Proof of Corollary 2.2

Proof. Let us consider i.i.d. exponentially distributed job sizes. This corresponds to ¢(t) = e for all t > 0. It holds that
©(0) =1 > 0, ¢ is increasing, % = 1 is non-increasing, and

> dt > xdt o 1
/ _ = / e_tdt =1 s / = / €_2tdt - = .
o »t) 0 o pt)? 0 2

Furthermore, it holds for all z > 0 and 7" > z that

T—z gt T
Gl 1) = / o0 " eT o)

T—x
= / e~ tdt + ze~(T—2)
0

=1+ (x—1)e T,
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Thus, forallz > 0

inf G(z,T) = lim G(x T)=1 ifz>1 >
T2z T—00

and it follows that

©(0)? /Ow {Tigfx G<p(:c,T)} /ODO { inf G )} e *dx

1 [e%s}
Te “cda:—&—/ e dx
0

— 1
=1-1

L dt
—20-0 [ G

Finally, by Theorem 2.1, it holds for any algorithm A having access to the sizes of B jobs that

CnB—l 4(Cn3—1)
> Cn _ T = n R S b
- B B n+3

R ) =
4

b

with B
p=2—(4/e)= + (4)e — 1) =22,
Cn.B (/6)n+(/e )n

In particular, if B = wn + o(n), then again by Theorem 2.1 we have

CR(A) > 2 — %w—l— (% — 1)w2 .

O
A.4. Proof of Corollary 2.3
Proof. Letr € (3,1), and consider gp : (1 + t)". It holds that (p(O) =1 > 0, ¢ is increasing, “"/ tt g s
non-increasing, and fo o t = fo (1+t = 2r 7 < 00 because r > . Moreover, it holds for all z > 0 and T' > zx that

T-z 1 x
e 1) = / o0 T o)

_/T Todt n x
B 0 I+t (A+T—az)r

B 1 n 14T —z)t=" x
17 1—r A4+T—z)’
therefore, for all x > 0
) 1 ) (1+T—2)t=" x
t G(x,T) =— f
G, T) 1—r+%§w{ 1+ T Oa+T-ar
1 y_(l_") :
= — 1 f T
1—T+yér[10,1]{ 1—7r tay ’
where the last inequality is obtained by considering y = ——. It holds that

d —(1-r)
o <y + xyr) _ _y7(277‘) + rl,yf(lfr)

dy \ 1—r
1
= ray” ") <y - > ,
rT
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The mapping y — yi(lir) —|— ay" is thus minimized on [0, co) for y = -=, and it is minimized on [0, 1] for yx = min(1, %)
Therefore, it holds for T < - thaty, = 1 and infr>, G(2,T) = — 1;« (1_7, + ) =x,and forz > * - we have y, = %
and
1 (ra)t=r _
f T "
A
1 11 -
_1—r+ 1—T+T>(T)
1 (ra)t=—"

‘We deduce that

+/°O 1 n rz)toT r d
e\ 1= r@-n)) Aoy
1 1/r rT pl=r oo gl=r
S d d
1—T+~/0 1+ )+ $+1_r/1/r(1+x)r+1x

1 Tl—r [ee} xl—r
> — dz . 18
= 1r+1r/1/r(1+:v)r+1 ! (19

1+a:

2r—1
1/3 /3 _2r—1
/1 1
+ / > ds
Co2r—1 o 2(2r — 1) V1—s
3 (2r—1) 9 3 1 1/3  _2r—1
/ / > ds .
2r—1 2(27"—1) 1—s
It holds for all r € (4, 1) that f/z% < \/fj which is an integrable function on [0, 1], hence the dominated convergence

theorem guarantees that

1/3 Szr_1 1 1/3 82r—1
hm = - lim ds
T%, / \/1—3 2/0 TH%\/l—s
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we deduce that

1/3  _2r—1
(2r — )W, =3~ @r=b/2/ + 751—5@
- (\/2/3— o(1) > + (1 — /23— o(1) )
r—1/2 r—1/2
=1+ o) .
r—1/2

o0 dt 1
p®)?2 T 2r—1°

o2 [ {jut Goto >}“”'(x)dx>— Ly,

T>x o(x)? L=r d=r
(=) ) [
= (0(1) +(V2+0(1))(1 - 0(1))) /00Q wzltt)Q
= (V2+o(1)) /Ooo<pzif)2~

Consequently, by Theorem 2.1, if B = wn + o(n), it holds for any algorithm A that

CR(A)22—2<2—\/§— o(1)>w+<3—2\/§— o(1)>w2,

r—1/2 r—1/2

Substituting into Inequality 18, and recalling that f we deduce that for r close to %

and taking the limit when r — 3 gives

CR(A) >2—2(2 - V2)w + (3 — 2V2)w?

B. Known partial order

B.1. Preliminary results

Lemma B.1. For any real numbers x1, ..., x,, if o is a uniformly random permutation of [n] then
2
E[min(z, (1), Zs(2))] = n(n 1) Z min(z;, ;) .
1<i<j<n
Proof. Since o is uniformly random, we have for any i # j that E[min(z, (1, o (2))] = E[min(z4(;), 2,())], thus
. 2 .
Emin(zq1), Zo(2))] = 71[43[ Z min(z, (i), To(j))
n(n —1) £
1<i<j<n
2 :
= a D) Z min(x;, ;) .
1<i<j<n
Lemma B.2. For any real numbers x1, . .., Z,, if o is a uniformly random permutation of [n| then
. 1 .
E[xo(l)]lxa(1)<ma(2)] < E[Inln(ma(l)vma(Z))] = Z mln(xia ‘Tj) y
n(n —1) 1<i<j<n

with equality if 1, . . . , x,, are pairwise distinct.
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Proof. o is auniformly random permutation of [n], therefore E[z (i) Ls, (, <2o ;)] = El0(1)La, )<z, ] foralli # j € [n].
It follows that

E[xd(l)]l%m@m)} = (E[xa(l)]l%u)@a(z)] + E[x0(2)1%(2><%<1>])

IN
N RN~ DN -

E[$a(i)1$o(1)<wa(2) + xU(Q)]lIU(Q)SI““)]
E[min(zq 1), To(2))]

and using Lemma B.1 concludes the proof. To have equality, it must hold that 1 =1

permutation, and this is true if and only if the values z1, . .., z,, are pairwise distinct.

ZTo(2)<To(1) ZTo(2)STo(1) for any

B.2. Proof of Theorem 3.1

Proof. For any i # j > B + 1, as in round-robin, P, ;),(;y = 2min(z,(;), T,(;)). Fori # j < B, since the jobs
{xg(k)}kB 1 are run in non-decreasing order one after the other, it holds that Py ;),(;) = min(acg(z)7 T, (j)). Finally, for
i < Bandj > B + 1, the delay caused by o(j) to 7 (i) is always Dy (jyr(;y = min(z,;, To(;)). On the other hand if
To(j) < Tr(i—1) then z,(;) terminates before phase i begins, thus job (i) does not delay job o(j): Dr(iyo(;) = 0. If

Ty(j) > Tr(i—1), then after the first step of phase 4, the time spent on each of the jobs 7(i) and () is 2 (;—1). Both jobs
are then executed with identical processing powers until one of them is terminated, thus

Dr(i)o(j) = Min(Tr (i), To(5)) Lay gy >wme_m

= (i) Loy gy >aniy F To() Langy 2200y >2my -

With the convention z()—o, taking the sum over 7 gives

B B B
> Drtyas) = D Tnli Loagyy >aniy T Toi) D Loniy >0 >amiims
im1 im1 i=1
B
= Z%(i)l%mﬂau) + Zo () La, )y <nm
i=1
B
E xa(z 10(]')>I,,(i) + xo’(]) . (19)

Using Lemma B.2, and recalling that {7 (i)}2 ; = {o(i)}2 ;, we have in expectation,

B B
E { > Da(i)a(j)} =E [ > D‘n-(i)a(j)}
i=1 i=1
< g]E[min(zo(l), To2))] + i;zk , (20)

and it follows that, for any j > B + 1

B B B
E [ Z P"(i)"(j)} - E[Z DU(J')U(Z’)} +E [ Z Do’(i)o’(j)i|
1=1 i=1 -1
. B . 1
S BE[mln(xo'(l)axo'(Q))] + E}E[mln(ﬂja(l)’xo_(2))] + E Zxk
31

=5 Emin(zq (1, To(2))] + Zxk,
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hence

g
i<
7
T
"
N W

B(n — B)E[min(z41), Zs(2))] + (1 — f) ka .

Finally, using Equation (1), the previous upper bounds on P, ;) (; for all i # j, then Equation (16) with 3/2 instead of o,
gives that the objective of CRRR on the instance = {1, ..., x,} satisfies in expectation

E[CRRR(z)] = sz + E[ Z Pa(i)a(j)}

1<i<j<n

=Y mi+ Y Emin(zeu), v+ Y, 2Emin(2,a), To()]
=1

1<i<j<B B<i<j<n

+ Z E| XB: Pyios)| @1

< (2 — f) T; + <B(BQ_1) +(n—-B)(n—B-1)+ gB(n — B)) Emin(ze(1), Zs(2))]
i=1
B\ B -1 .
= <2 - n) ;lz + <2 - n> %E[mm(%m,%@))]
~(2- D)Xt (2-7) X wintwy 22)
N/ n 1<i<j<n
- (2 - f) OPT(z), (23)

where we used B.1 for (22) then Equation (2) for (23). Therefore, the (n, B)-competitive ratio of Algorithm 1 satisfies
B
R..5(CRRR) <2 - —. (24)
n

For proving the lower bound on R,, g, let ¢ > 0 and let us consider job sizes 5 = 1 + ie for all ¢ € [n]. Observe that the
only inequalities we used in the analysis are Inequalities (19) (z5(j) Lo, ;) <z, 5, < To(5))> and (20) given by Lemma B.2.
The second one becomes equality if the job sizes are pairwise distinct, which is satisfied by {5} ,. As for Inequality (19),
since the job sizes 2° are pairwise distinct and all larger than 1, we can give instead a lower bound on E[z o) Ls, ;) <, (]
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for j > B as follows

Elzo()le,g) <vnim] = Elto() Lo(y<n(m)]
> Pr(o(j) < m(B)) = Pr(o(n) < Igaéca(i))

T
L
.
T

(o(n) = m, Max o(i) =k)

=

I
]
M ®

o

— —
= 3 = 3
I |
»—l,ﬂ. )—A,!.

~

Il

—

Mk
S|
Ve
v
[
— N
N——
oy}
I
=
=
I
oy
|
=

k 1m=1/¢=1
k—1
B Bl(n—B—1)! (k-2
- n! B-1
k=B+1m=1
Bl(n— B —1)! &

Therefore, instead of (19), we have the lower bound

B B
E { > Do(i)ou)} =E { > Dw(i)a(a‘)}
i=1 1=1
B_. .
= S Emin(z,1), 7o2))] + Elo () Loy ) <oaes)
>B, B
— 2 B+1’

and thus, since we proved earlier that D (;),(;) = min(z$ (i), forall © < B and j > B, it holds that
. R

€

B B
B B 3B B
E N> E i ) L2 S22, 2
]E|:i_1 PJ(l)J(J):| = E[mln(xa'(’b)-,zg(j)] + 2 + B T 1= 9 + B T 1

i=1

and using that 25 > 1 for all ¢ € [n], we obtain by substituting the previous inequalities into (21) that

BICRRR(")] > n-+ 20— 4 (1= B~ B 1)+ (0= B) (5 + 577 )
= (n+(n—B)Bi1>+<B<B2_1) +(n—B)(n—B—1)+3QB(n—B))

Sl ) ¢ (0B
S0 (n3)

26

Pr(c(n) =m,o(l) = k,Vi € [B]\ {€} : (i) € [k — 1]\ {m})

(25)

(26)
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On the other hand, Equation (2), along with 5 < 1 + ne for all i € [n], gives

n(n+1)

5 (1+ne),

OPT(z®) < i(n —i+1)(1+ne) =
i=1

and it follows that

(n+1)(n—F)— 57

2t (1 4 ne)

1 2757 2(1-25)
1+ ne n (n+1)(B+1))

Taking the limit € — 0 and using Inequality (24), we obtain that

B 2(1 - B) B
= L <2-=.
T T DB Rn.z(CRRR) <2 -2

Finally, if B, = |wn] for some w € [0, 1] then B,, > wn, hence CRp(CRRR) = sup,,~, Ry 5, (CRRR) < 2 — w, and
this bound is reached by the lower bound on R,, g, for n — oo, which gives that CR5(CRRR) = 2 — w. O

C. Predictions of the job sizes

C.1. Proof of Theorem 4.1

We first compute the mutual delays of the jobs in Switch with any breakpoints.

Lemma C.1. For any job sizes x = (x1, . .., xy), and for any permutation o of [n] and breakpoints 2° = (251, - - - , 20(B))>
the Switch algorithm Switch(z7, x) satisfies for all i # j € [n] that

Pa(i)a(j) = xa(i)]lz,,(i)<z,,(j) + xa(j)]lz”(i)>za(j) + (eijxa(i) + (1 - eij)xo'(j))]lz‘,(,;):zd(j) lf’L,j <B,
Po(i)o() = 2min(Zq (), To(j)) ifi,j > B,
Po(iyo () = To(i) Lay gy >200y T MIN(Z6 (), To(i)) fi<B,j>DB.

where 8;; is a Bernoulli random variable with parameter 1/2 independent of o for all i # j € [B].

Proof. Let us first define the random variables 6;;. For all i # j € [B], if 2,(;) # 2,(;) then let 6;; be an independent
Bernoulli random variable with parameter 1/2, and if Zo(i) = Zo(;) then let 0;; be the indicator that 2, ;) comes before 2, ;)
with the ordering 7. Since 7 is an ordering of the breakpoints chosen uniformly at random, then 6;; is a Bernoulli random
variable with parameter 1/2 independently of o.

Fori # j € [B],if 2,(;) < z,(;) then job o (i) is executed until completion before job o(j) starts being executed, thus
Do(i)o(j) = Toi) and Do(j)oi) = 0 and Po(iyo(j) = To(). By symmetry, if 2, > zo(j) then Poyoj) = Zo(y)-
In the case where z,(;y = 2,(;), since 7 is chosen uniformly at random among all the permutations of [B] satisfying
Zr(1y < ... < 2r(B), €ach of the jobs (i), o (j) is run until completion before the other one starts with equal probability
1/2, hence P, (;),(j) = 0ijTo@y + (1 — 0i5)2 o). It follows that

P”(i)ﬂ(j) = x”(i)]lza(i)<za(j) + x”(j)]]'za(i)>za(j) + wijxﬂ(i) + (1 - eij)x”(j))lza(i):%(j) :

For i # j > B, jobs 0(i),0(j) are processed symmetrically and the delays they cause to each other are the same as in
round-robin. Therefore D, ;)5 (j) = Do (j)o(i) = Min(Zo (i), Zo(;)). and it holds that

Py (iyo() = 2min(To (i), To(j)) -
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For i < B and j > B, at the time when job (i) starts being executed, it holds by definition of Algorithm 2 that either job
o(j) is completed or S, (j) = 2, (i), hence the delay caused by job o (j) to job o (i) is Dy (j)o(s) = min(z,(;), Zo(;)). On
the other hand, job o (7) delays job o(j) if and only if 2,(;) > 2,(;), and in this case job & (7) runs until completion before
job o(j) is completed, hence Dy (4)5(j) = To(i)Llu, ;) >z, and it follows that

Po(iyo(i) = To(i) Las ) >200) T MI0(203)s To (i)

O
C.1.1. PROOF OF THE THEOREM
Using the previous lemma, we now prove Theorem 4.1
Proof. Using Lemma C.1, it holds for all i # j € [n] that P,(;),(j) = min(z, (), To(j)) if 4,5 < B, Pryoq) =
2min(z,(;), To(;)) if i, 5 > B, and if i < B and j > B then
Po(iyo ) = Mi(Zo(0), To (7)) + To(i) Lagy <vog) -
Taking the expectation over ¢ then using Lemma B.2 gives
E[xa(i)l%u)@am] = E[xd(l)lzam@o(m}
1.
< iE[mm(Iauy%(z))] ) 27
hence forany ¢ < Band j > B
3 .
E[Po(i)o(j)] S §E[mln(xo.(1),xo.(2))] .
It follows from Equation (1) that for any instance of n job sizes ¢ = (x1, . .., x,), the switch algorithm 2 with breakpoints
(Za(i))ile = (xg(i))f;l satisfies
E[SWitCh(m‘T’ 1‘)] < Z x; + Z E[min(xg(1)7 .270.(2))] + Z 2E[min(l’0(i), xo(j))}
i=1 1<i<j<B B<i<j<n
B n 3
+ Z Z iE[min(%(m To(j))]
i=1 j=B+1
= B(B -1 3
= @i+ <(2) +(n—B)(n—B—1)+B(n— B)) E[min(z,(1), To(2))]
i=1
= B\ n(n—1 _
= sz + (2 - ) gE[mllﬂ(%u), To(2))]
: n 2
i=1
= zn:xz + (2 — B) Z min(x;, x;) (28)
, n) “= T
i=1 1<i<j<n

where we used Lemma B.1 for the last equation. We can assume without loss of generality that 1 < ... < z,,, which yields
D i<icjon Min(xg, z;) = 370 (n — 4)z;. Finally, Equation (2) gives

E[Switch(z7, z)] _ Siixi4+ (2-2)3" (n—i)
OPT(z) - S+ (n =)y
B (0-HYla

:2_5_2?:1(71—@'—1—1)3:2»
_, B (1-5)
_2_5_ SP o (n—i+1)g’ (29

28
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where ¢; = (Z?:1 x;)"'a; for all i € [n]. The variables (¢;)7, satisfy Zl 1¢ = 1, and we can assume without

loss of generality that ¢; < ... < ¢, (ie. 1 < ... < z,). Expression (29) is maximized under these constraints for
g1 =...=q, = L. Itfollows for all job sizes z1, . .., z, that
E[Switch(z?, z)] _ , B 21— 2)
OPT(x) - n n+1

hence R,, 5(Switch) < 2 — % — 2(%1%) Let us now prove that this is exactly the competitive ratio of ALG. Observe that
the only inequality we used while analyzing Switch(z?, ) is Inequality (27), which becomes an equality if the job sizes
are pairwise distinct. Let us, therefore, consider job sizes xl(.g) =1+ ie € [1,1 + ne] for some € > 0. All the inequalities
becoming inequalities, it holds in particular that

i o (€) 1- B n (E)
R 5(Switch) > ESWiteh(@” 2O)] ) B (1-5) ¥ »
OPT(:L(g)) n Zn 1(71 —i4 1) (E)
>2_§ (1- )Zz 1(1+n5)
a n Zzn:1(” —i+1)
B 21— 2)
_Q—E—(l—i—ns)ﬁ,
and taking ¢ — 0 yields that
. B B 2(1- %)
R,..z(Switch) = 2 — i

Letw € [0,1]. If B = |wn], then B/n > w and it holds for all n > 2 that R,, g(Switch) < 2 — w, and this bound is
reached for n — oo, thus CRp (Switch) = 2 — w. O

C.2. Proof of Proposition 4.2

Proof. Tt is shown in (Motwani et al., 1994) that for any instance © = (21, ..., z,), the expected sum of completion times
resulting from a run of RTC is E[RTC(z)] = 241 37", #;. Using Equation 28, we deduce that the algorithm ALG that

runs RTC with probability —22-5)_

w7325 and runs Switch with breakpoints z¢ = x¢ with the remaining probability satisfies

2(n — B)
n(n+3)—2B

s(fis_)QB ;Zn: (1 s(+323> chz (Q—n) > min(z, 1))

1<i<j<n

(G ) S (o 255%) (2) 5 s

i= 1<i<j<n

1
B 1—7)<2—% ;
2— P 3 sz—k Z rmna:,,a:]

1<i<j<n

E[ALG(z)] = RTC(x) + (1 _ (2(” —B)

nn—i—?;)—2B> E[Switch(z7, z)]

/N

%)(2—%
n+3——

I/~
1\3
3\00

) OPT(x) .
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C.3. Proof of Lemma 4.3

Proof. Letxq,...,z, Let £ be arandom variable with distribution F'. Let i # j < B, by symmetry, we can assume that
To(i) < To(j). Lemma C.1 gives that

Pr)o () = To(i) Lyo iy <voiy T o) Luo iy >v0y T 2 1

Yo (i) =Yo ()
< Zo(i) Lyo iy <voy T To(i) Luo 2000

= Zo(i) T (To() = To(i) Lyoiy 2ua(y)

< Zoi) + (To(G) = Yo(i) T Yo(i) = To()) Loy 2va0)

< Ty + Moy + Mo (s))

= min(z, ), To(j)) + (o) + M) -

and we obtain in expectation that forall i # j < B

. 2
E[Pyi)o(y] < E[min(z, 3y, To;))] + EE[H ] (30)

Fori # j > B, Lemma C.1 gives
E[Py(i)o(s)) = 2E[min(2, ), Z4(5))] - (31)

For i < B and j > B, we have again by Lemma C.1 that

B[Py (5)o ()] = E[min(§yo (i), To ()] + Elzo @) Ley, oy <vo ] -

Conditional on the permutation o, i.e. taking the expectation only over &, the first term can be bounded as follows

Emin(§ys (i), To () | 0] < Emin(§xs), 24(5)) + Mo | 0]
=E[zo(j) Lew, 200y T ETo(i) Lezp iy <z | 0]+ El€]No()

= Zo(y) Pr(€ 2 22 | 0) + 2o )E[€1,_zo | 0] + Elélogs (32)

= To(i)
To (i)
and for the second term, the expectation conditional on o satisfies

E[2o () Ley, iy <zoin | 71 < ElYoi) Ley, oy <z T Moty | 0]

= Yo(i) Pr(€ < ZZ*EJ; | o) + M)

= hr(To(j), Yo(i)) + No(i)
S hr(To@), To@)) + LP|Zo@) — Yoy | + Mo (33)
= Ty Pr(§ < %E]; o)+ (1 + Lr)nsgy (34)

where we used for (33) that hr is L-Lipschitz with respect to the second variable. Combining (32) and (34) yields

EPs 0o | 0] < 2o() + Tty — To(i)) Pr(€ < 22 | 0) + %(iﬂE[ﬂ&m | 0} + (14 Lr + E[) 160

Lo
Lo (i)

= To(j) + To(i) ((1 — DV Pr(¢ < 222 | o) +E[£IL

Lo (i) To (i)

Zoy) | U}) + (14 Lr +E[)n,0)

To (i)

£<
= Zo() + To(i)9F (322) + (1 + Lr + E[]) 7 - (35)

Lo (i)
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We can assume without of generality that z; < ... < z,. It holds by definition of the constants Sr and yp that
QF(%EJ;) < Br3 U(J) 2 if o(j) < o(i), and gF(iUiE]:))) <F ”E” if o(j) > o (i), which gives

1
E [2() + 2oty 9r (222)] = SE {%m + Towgr(22) | 0(j) < o(i)]

Lo (i)

* §E [20) + Towgr (222) | 0(j) > o(i)]

T (i)
< LBl 1 06) < 0]+ L Bn, () | 0(5) > o))
_ 1 +26F E[min(z, iy, 7o(j)) | 0(4) < o(i)] + %]E[min(xg(i),xg(j)) | o(5) > o(i)]
1+ Br+F

_ fE[min(ajg(i),xa(j)ﬂ ;

thus we obtain by taking the expectation over o in (35) that
B[Py (iyo ()] < (W)E[min(%u), To())] + (%)EWW :

Using Equation 1, the inequality above, Inequalities (30), (31), then Equation 16 with HBF% instead of o, we deduce
that Algorithm 3 satisfies for any job sizes xy, . .., z,, that

E[Switch(¢y?, )] sz + Z Ps(i)o(s

1<i<j<n

Szxﬂr Z <]E[min(%(i)»%(j))]+;E[WUD+ > 2Emin(zea), To())]

B<i<j<n

+ Z i ((%)E[min(%(i)»%mﬂ + (%)EW])

_ Zx + (B(B‘l) +(n=B)(n—B—1)+ (S22 ) B(n B)) Blmin@ot, 2otz
+ (B~ 1+ (1+Lp +E[¢)(n — B))E[r°]

Y (nn =1+ (1= 22522 ) BB — 1) = (§ = 2572 ) B(n — 1)) Elmin(wo(1), w(2))

i (B=1+(1+ Ly +E[¢))(n— B) E[1°]

zgxﬁ— <2— (S—BF—’YF)§+ (2—/3F—’7F>igf__ll))> ;min(xi,xj)

+(B—1+(1+Lp+E[)(n— B))E[7],

where we used Lemma B.1 for the last equality. O

C.4. Proof of Lemma 4.4
Proof. Let& ~ 1+ £(1/p). The mapping hp defined in Lemma 4.3 becomes for all s,¢ > 0

hi(st) = tF(3) =t (1-e 56 70) 1,0,
For all s > 0, it holds for all ¢ < s that

Ohp(s:t) _ b1 _yy 5 =3G-0 g _ (2 1) 3G
ot pt2 pt

Nl

31



Non-clairvoyant Scheduling with Partial Predictions

u—1

but the mapping u — (4 + 1)e” » is decreasing on [1, 0c]. Indeed

8 “ _u—1 _u—1 u _u—1 w _u—1
%((;+1)6 "’): (& 4 _%(;"—1)6 P =—pf26 P <0,

and since § > 1 we deduce that

|-

1 . _u=1 _ Ohp(s,t) _u—i
—— =1—1lim(% < i b R < I u —
P ! ilﬂ(p e 7 < ot =1 ulgrolo(p + e 7 1,
thus |‘%F87(ts’t)| < max(1, %) = % for all ¢ < s. Otherwise, if t > s then hp(s,t) = 0 and hp(s,-) is continuous in t = s,

therefore t — hp(s,t) is %-Lipschitz.
On the other hand, given that £ > 1 a.s., it holds for s < 1 that E[¢ ]15<s} =0, and for s > 1 that

E[§lecs] = Pr(§ < s) + E[(§ — 1) Ig—1<5-1]

oo e_t/p
:F@+/ Flycs s dt
0 p

=1 4e—t/p
t
— F(s) + / ©
0 p

= F(s) + [+ )]
= (1 - 67(571)/'0) + (7(5 —1+p)e /P + ,0)

=1 +p+ (8+p)e—(5—1)/l) .

If follows for all s > 0 that
gr(s)=(1-s) (1 — e_(s_l)/p) Tes1 + (1 +p+(s+ p)e_(s_l)/”) Tost

—(@+p) =5 =1 +p)e ) 10,

hence Br = supg_,<; gFS(S) =0and

Tr = sup(gr(s) + ) = sup ((2 +p)—(1+ p)e‘(s‘”/”) =2+4p.
s> 2

Finally, with Ly = %, Br = 0and yr = 2 + p, and observing that E[{] = 1 + p, the constants C’}LB,F and C}MB,F defined
in Lemma 4.3 satisfy

B B(B -1 B B B-1
Crll,B,FZQ_(l—P)—P()ZQ—n'i‘Pn(l— ),

n n(n—1) n—1

4
Cﬁ,B,FS(2+p+%)(n—B)+B§;(n_B)+37

and the objective function of Algorithm 3 with any job sizes * = {z1, ..., 2, } can be upper-bounded as follows

E[Switch(¢y?, )] < le +C)pr Zmin(mi, zj) + (i(n - B)+ B) E[n°],

i=1 i<j
and by Equation (2) we obtain
E[Switch(¢y?, z)] < D1 Tt C}L,B,F iy min(z;, z;)
OPT(z) - Doimy T+ ), min(zg, x;)
(C}L,B,F — 1) (4 ) E[n7]
0 : + n —_—
Dim1 Ti D min(zi, ;)

+ (i(nBHB)

_ 1
- C"n,B,F -
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and the minimum is reached when all

. i1 T 2
As we showed in the proof of Theorem 4.1, we have T Ii+2i<1j e ey R

the job sizes are equal.

E[Switch(£y?, )]

2(C} -1) nE[n°]
1 n,B,F 4 B B n
<Chpr————+ (;(1 - o)+ ;)

OPT(x) n+1 OPT(z)’
which yields after taking the supremum over instances x of n jobs
2(Chpr—1) nE[n°]
R (s Switeh) < €} p = =25 (41 - 2) 4 2) 36
73(7]7 ) = “n,B,F n + 1 + p( n) + n OPT(.T) ( )
E[n7]
<l (4 1_B 5) n
=Cupr+ (G025 opT@)
_ E[n7]
—(9_B 51_@) (4 1_B 5) n
O
C.5. Proof of Theorem 4.5
Proof. Let p € (0,1], and x = (x1, ..., x,) be an instance of job sizes all at least equal to 1. Before starting to run, the
algorithm has access to predictions Yo (1), - - - , Yo(B) Of T (1), - - -, To(B), it samples & ~ 1+ E(1/p) and sets the breakpoints

Zo(i) = EYo(s) for all i € [B]. With o and the breakpoints fixed, the preferential algorithm runs Algorithm 2 at rate A and
round-robin at rate 1 — A\. Lemma C.1 and Equation 1 guarantee that, with a fixed permutation ¢ and fixed breakpoints,
Algorithm 2 is monotonic, as all the mutual delays P; ;) (;) are non-decreasing functions of x5 ;) and ;). Following the
proof of Lemma 3.1 in (Purohit et al., 2018), when running the preferential algorithm, the completion times of Algorithm
2 increase by a factor of 1/, while the completion times of round-robin increase by a factor 1/(1 — \), and since both
algorithms are monotonic, the fact that some jobs are run simultaneously by both of them can only improve the objective
function. Denoting Switch(£y?, x) the objective function of Algorithm 2 with instance z = (x;)}; and breakpoints
§y” = (fya(i))B and RR(x) the objective function of round-robin with z, it follows that

=1
ALG) (z) < min <Sw't°h§§ya’x), Fﬁ‘?) .

Given that RR(x) is deterministic and 2-competitive, and using Lemma 4.4, we obtain by taking the expectation that

EALGx(x)] < E [min (RR@) Switch@ya,w)]

11— A
< min F{Fu’(x)7 E[Switch(¢y7, )]
1-A A
2- B+ pB01-2)) + (20 2)+ 2) 2]
< min 1_x( : )A G ) 8545 OPT(x),
which concludes the proof. O
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