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1. Introduction

For the famous linear model
y=Af+o,

where y € R” is the response vector, A € R"™? is the design matrix,
p € R is the parameter vector, and » € R” is the standardized Gaussian
noise vector, ridge regression [1], also known as the least squares
regression with Tikhonov regularization [2], has the following form

.1 2 A 2
min > lly = ABI + 5 191, a1

where 1 is the regularized parameter, and the corresponding estimator
is
ﬁArls = (ATA + jl)_lATy-

In this paper, we focus only on the case p > n, i.e., the high-dimensional
ridge regression. For this case, the dominant computational cost of
the above estimator is from the matrix inversion which takes O(p®)
flops by direct computation. One way to reduce the cost is to use the
Sherman-Morrison-Woodbury formula, which leads to O(n?p) flops.
Another straightforward way of amelioration is to solve the problem
(1.1) in the dual space. Specifically, we first solve the dual problem of
(1.1),

D CETIY AT S TS B
IHZIHEHA Z||2+§||Z||2—Z ¥ 1.2)
and the solution is

2% = MAAT + A7y, (1.3)

Then, setting

n AT 5%
ﬁrls = TZ 1.4

gives the estimator of (1.1) in an alternative form
Bas = AT(AAT + AD7'y. (1.5)

More details can be found in [3]. Now, the dominant computational
cost is also O(n?p) which appears in the computation of AA”. However,
it is still prohibitive when p > n.

To reduce the computational cost, some scholars considered the
randomized sketching technique [4-9]. The main idea is to compress
the design matrix A to be a small one A by post-multiplying it by a
random matrix .S € RP" with r < p, i.e., A = AS, and hence the
reduced regression can be called the compressed ridge regression. There
are two most common ways to generate S: random projection and
random sampling. The former can be the (sub)Gaussian matrix [6,7,9],
the sub-sampled randomized Hadamard transform (SRHT) [4-7,9], the
sub-sampled randomized Fourier transform [7], and the CountSketch
(also called the sparse embedding matrix) [6], and the latter can be
the uniform sampling and the importance sampling [8].

Specifically, building on (1.3) and (1.4), Lu et al. [4] presented the
following estimator

s SSTATZ,
L= 7 ,
where S is the SRHT and

Z; = MASSTAT + AD7 1y (1.6)
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is the solution to the dual problem of the following compressed ridge
regression

1 A
min = ||y = ASBy |15 + 5118w I3 1.7)
Bu 2 2

and obtained a risk bound. Soon afterwards, for .S generated by the
product of sparse embedding matrix and SRHT, Chen et al. [5] devel-
oped an estimator as follows:

fe = ATAS)TXAS)T + AS)Ty, (1.8)

where 1 denotes the Moore-Penrose inverse, and provided an estima-
tion error bound and a risk bound. Later, Avron et al. [6] proposed the
estimator f, = AT b, where

P | T AT _ T A aTh o L2 o Aol AT 52
b_argimnzllASS A'b|l; -y AAT D+ §||y||2+5||S A" bll5

with S being the CountSketch, SRHT, or Gaussian matrix. The above
problem is the sketch of the following regression problem

1 1 A
min S| AATBI3 - YT AATE+ ZI¥ll5 + SIATBI,

which is transformed from (1.1). Additionally, Wang et al. [7] and
Lacotte and Pilanci [9] applied the dual random projection proposed
in [10,11] to the high-dimensional ridge regression. By the way, there
are some works on compressed least squares regression [12-19], which
can be written in the following form

. 1
&, = argmin ||y - ASall?, (1.9)
a

where S is typically the (sub)Gaussian matrix.

To the best of our knowledge, there is few work of applying random
sampling to high-dimensional ridge regression. We only found a work
of [8], which proposed an iterative algorithm by using the random sam-
pling with the column leverage scores or ridge leverage scores as the
sampling probabilities. This algorithm can be viewed as an extension of
the method in [6]. However, there are some works on compressed least
squares regression via random sampling. As far as we know, Drineas
et al. [20] first applied the random sampling with column leverage
scores or approximated ones as the sampling probabilities to the least
squares regression and established the following estimator

fp = AT(ASHT(AS)y,

which can be regarded as a special case of (1.8). Later, Slawski [18]
investigated (1.9) using uniform sampling, and discussed the predictive
performance.

In this paper, we will consider the application of random sampling
on high-dimensional ridge regression further. Inspired by the technique
of the optimal subsampling used in e.g., [21-29], we will mainly
investigate the optimal subsampling probabilities for compressed ridge
regression. The nearly optimal subsampling probabilities and a two step
iterative algorithm are also derived. The optimal subsampling is a very
active field in recent years, which was first proposed for least squares
regression [21] and then for logistic regression [22]. Later, some schol-
ars applied the technique to softmax regression [25], generalized linear
models [26,27], quantile regression [28], ridge regression [29], and so
on. These works all focus on large sample problems, i.e., n > p, while
we concern the high-dimensional setting, i.e., p > n.

The remainder of this paper is organized as follows. The basic
framework of random sampling algorithm and the optimal subsampling
probabilities are presented in Section 2. In Section 3, we propose
the nearly optimal subsampling probabilities and a two step iterative
algorithm. The detailed theoretical analyses of the proposed methods
are also presented in Sections 2 and 3, respectively. In Section 4,
we provide some numerical experiments to test our methods. The
concluding remarks of the whole paper are summarized in Section 5.
The proofs of all the main theorems are given in the appendix.

Before moving to the next section, we introduce some standard
notations used in this paper.
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For the matrix A € R™P, A,, A/, ||All, and ||A||r denote its i-
th column, j-th row, spectral norm and Frobenius norm, respectively.
Also, its thin SVD is given as A = UXVT, where U € R™ and
V € RP have orthogonal columns, and ¥ € R”*’ is a diagonal
matrix with the diagonal entries, i.e., the singular values of 4, satisfying
61(A) 2 05(A) 2 -+ 2 0,(A) > 0.

For the above matrix V, its row norms ||Vi||, with i = 1,...,p are
called the column leverage scores, which are similar to the famous
statistical leverage scores defined as the diagonal entries of the hat
matrix A(AT A)TAT.

For the matrix X = VZX,, where X, is a diagonal matrix with
;(A)? G =1
I (A2
I X7||, with i =1,..., p are called the ridge leverage scores. For further

explanations on the above two definitions, see [8].

In addition, 0,(1) denotes that a sequence of random variables are
bounded in probability and o,(1) represents that the sequence converges
to zero in probability. More details can refer to [30, Chap. 2]. In our
case, we also use O, to denote that a sequence of random variables
are bounded in conditional probability given F,, where F, = (A,y)
denotes the full data matrix. Especially, for any matrix G whose entries
are sequences of random variables, G = 0,(1) means that all the
entries of G are bounded in probability, G = O,r, (1) represents that its
entries are bounded in conditional probability given 7, and G = 0,(1)
symbolizes that its entries converge to zero in probability.

the diagonal entries being .,p), its row norms

2. Optimal subsampling

In this section, we will present the basic framework of random
sampling algorithm, propose the optimal subsampling probabilities,
and obtain the corresponding error analysis.

2.1. Algorithm and optimal subsampling probabilities

Given a set of probabilities, i.e., the random sampling matrix .S, our
approximate estimator

f=ATASSTAT + a7y (2.1)

of the high-dimensional ridge regression (1.1) is the combination of the
solution to the compressed dual problem,

argmin ST AT 213 + 1121 - 2, 22
ie.,
2= MASSTAT + AI)7 1y, (2.3)

and (1.4). That is, we first solve the problem (2.2) and then get the ap-
proximate estimator through (1.4). Note that this approach is different
from the one in [4] though the expressions of 2 in (2.3) and Z; in (1.6)
are the same. In fact, the authors in [4] first solve the compressed ridge
regression (1.7) in the dual space and then find the estimator of the
compressed regression via (1.4). Finally, the approximate estimator of
the original ridge regression is recovered by the random matrix S. The
detailed process of our approach, i.e., the basic framework of random
sampling algorithm, is listed in Algorithm 1.

Remark 2.1. In Algorithm 1, the parameter 4 can be determined by
K-fold cross-validation, leave-one-out cross-validation, or generalized
cross-validation, see e.g., [29]. Since the main focus of this paper is
the performance of subsampling on high-dimensional ridge regression,
we omit the investigation of the choice of A.

Now, we investigate the sampling probabilities {z; }‘i”=1 in Algorithm
1, which play a critical role on the performance of the algorithm. Below
are some well known probabilities discussed in the literature.

* Uniform sampling (UNI): 7r[UN I'= %
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Algorithm 1 Random Sampling Algorithm for High-dimensional Ridge
Regression (RSHRR)

Input: y € R", A € R™?, the regularized parameter 4, the sampling size r with

r < p, and the sampling probabilities {x,}7_ with , > 0 such that Y7  r, = 1.

Output: the dual solution 2 and the primal solution f.

1. initialize S € R” to an all-zeros matrix.
2. fortel,--,rdo

« pick i, € [p] such that Pr(i, = i) = ;.
1

T,

s set S, =

3. end
calculate 2 as in (2.3).

>

a Ts
5. return f = 22,

. . _coL Il 4;112
* Column sampling (COL): z; = Zp i ”2
1
vi|2
+ Leverage sampling (LEV) [8]: 7:[ = %
2
+ Ridge leverage sampling (RLEV)[8]: zRLEV = —Zp”X“l,”_
1

In the following, we discuss a new set of sampling probabilities,
i.e., the optimal subsampling probabilities, which can be derived by
combining the asymptotic variance of the estimators from Algorithm
1 and the A-optimal design criterion [31]. Considering the property of
trace [32, Section 7.7] and the variance Var(f§ — f,;,|F,) = ALZATVar(é -
2*|F,)A, to let the trace tr(Var(f— ﬁ,, <|F,)) attain its minimum, it suffices
to make tr(Var(2—2*|F,)) get its minimum. Thus, we mainly investigate
the asymptotic variance of the dual estimator 2. As done in e.g., [21,
22,24-28], several conditions are first presented in Condition 2.1.
They essentially describe the information on moment conditions and
are mainly used to derive two auxiliary lemmas, i.e., Lemma A.l
and Lemma A.2, which are in turn indispensable for the proof of
Theorem 2.1.

Condition 2.1. For the design matrix A € R"™?, we assume that

hans_ at
Y — =0, 2.4)
i=1 ip
2 AAT AN
Z 2 = 0,(D), (2.5)
i=1 per;
2o NlA 113
2 —— =0, (2.6)
-1 P
PoAAT
Y —L =0, 2.7

p

where z; with i = 1, ..., p are the given probabilities.
Remark 2.2. With respect to uniform sampling, i.e., z; = p~!, the
conditions (2.4) and (2.5) are equivalent to

24N 2 AATIA

y _1: 2=0,(), Y — — = 0,(1). (2.8)
i=1 i=1
In this case, to make (2.8) hold, it is sufficient to suppose that E(|| 4; ||g)
< oo. Furthermore, the conditions (2.6) and (2.7) hold if E(||Al-||§) < 0.

Remark 2.3. The above moment type conditions are wild. For
example, if the entries of A obey the sub-Gaussian distribution [33],
then all the conditions mentioned above are satisfied. The reason is
that the sub-Gaussian distribution owns finite moments up to any finite
order.
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With the above conditions, we can present the following asymptotic
distribution theorem.

Theorem 2.1. Assume that the conditions (2.4), (2.5), (2.6), and (2.7)
are satisfied. Then, as p — oo, r — o0, conditional on F, in probability, the
estimator % constructed by Algorithm 1 satisfies

V—'/2(2—2*)-i N(O, I), (2.9)

where the notaa'on—L> represents the convergence in distribution, and
= ( Ay L (M"> :
p
with M, = AAT + AT and V, = ¥"_| “T:j#

Following the A-optimal design criterion and the asymptotic vari-
ance V in (2.9), we can provide the optimal subsampling probabilities
for Algorithm 1 by minimizing the trace tr(V). Noting that M 4 does not
depend on z; and is nonnegative definite, we get that V, (7)) < V,(r,)
is equivalent to V(z;) < V(x,) for any two sampling probability sets
T = {nrf )}l . and 7, = {71:(2)}" Thus, we can simplify the optimal
criterion by avoiding computmg My !, namely, we can calculate the
optimal subsampling probabilities by minimizing tr(V,) instead of tr(V).
Actually, this can be viewed as the L-optimal design criterion [31] with
L= rp‘zMj.

Theorem 2.2. For Algorithm 1, when

| Brsiiy | 1Al
OPL = ,,”Y# i=1,....p
20 Busiy 1AL
where ﬁ,IS(,-) is the ith entry of the ridge estimator f,,,, tr(V,) achieves its
minimum.

(2.10)

Remark 2.4. When 4 — 0%, (2.10) can be degraded to the optimal
subsampling probabilities of the compressed least squares regression.

A

rls’t

Remark 2.5. Note that V, = 4> 37 =
P’

. Thus, by

| Bs@) 1= 1AT(AAT + AD7yl, < ||A,~||2||(AAT + D7yl

we have
AZII(AAT + U) Uyl

tr(V,) < Z
,12||(AAT+/11) vz & 1]
S 2

Further, by Cauchy-Schwarz inequality, we obtain

AZH(AATHI) 3 & 14, ||4 +AD7l,
= Z - QA1

i=1
Thus, analogous to Theorem 2.2, we get that when

114,113
;= ﬂiCOL = %, (211)
AT

114,113

14, ||4

22||(AAT

\IMw

AIAAT+ D5 <y 1415

the upper bound of tr(V,), i.e., 5 i1 , reaches the

minimum. Obviously, (2.11) is easier to compute compared with (2.10).

However, we has to lose some accuracy as expense in this case.
Similarly, based on ||4;]|? < ||A||fv, we have

2 IAII 2 IAII 2
tI‘(Vc) < Z rla(:) F Z Z rls(z)
and
/12I|AI|F 2lA I|2 2

Z Z r[.v(z)

(Z | ﬂrls(l) |)2
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Then, we find that when
_esis _ ol
i — % - <0 A

' ZL |ﬁrls(i) |
the above upper bound of tr(V,) reaches the minimum. Surprisingly,
xRSTS corresponds to the screening criteria of iteratively thresholded
ridge regression screener given in [34]. This fact implies that the

screener with the probabilities in (2.10) may perform better than the
one in [34].

2.2. Error analysis for RSHRR
We first give an estimation error bound.

Theorem 2.3. Assume that
ctllVilly < lA4;llz < e2llVVll, and
stV <1 Brsy 1< 521V 211y,

32
where 0 < ¢; < ¢, and 0 < s; < s, and let r > %°2‘2”1n(4”) with
1¢€

€,6 € (0,1). Then, for S formed by =, = zPP and any e, with the
probability at least 1 — 6, § constructed by Algonthm 1 satisfies

16 = Brslla < €llBrslla

where f,,, is as in (1.5).

i=1,...,p, (2.12)

(2.13)

Remark 2.6. The assumptions in (2.12) are reasonable and reachable
due to A; =UX(V)T and

Busiy = AT (AAT + A0y =Vi(Z+ 4z 7'UTy.

In fact, for the worst case, ¢; = 6,(4), ¢; = a](A), and s, and s, are

0;(A)
controlled by mlnj L., p{ m} and maxl L., /J{ m

The aim for introducing 'the parameters cl,cz,sl, and s, here is to
simplify the expression of r.

}, respectively.

In the following, we provide a risk bound, in which the risk function
is defined as

risk() = B, (19 = ABIR),

where E, denotes the expectation on y, and y denotes the prediction of

AB.

Theorem 2.4. Suppose that the setting is the same as the one in Theo-
) _dw

j=1 (aj?(A)H)Z'
and any e, with probability at least 1 — 6,

rem 2.3, and let y = Then, for S formed by z; = z0FF

N . 3
risk(9) < risk(r) + = 1413027 + 1A13).

where $ = A with § constructed by Algorithm 1 and y, = Af,,.
3. Two step iterative algorithm

Considering that the sampling probabilities (2.10) are uneconomic
since they are required to figure out f,,,, we now present the approxi-
mate ones. Specifically, we first apply Algorithm 1 with z; = 7€OL and
the sampling size being r, to return an approximation § of f,,,. Then, a
set of probabilities {zNOPL}?_ are obtained by replacing f,,,; in (2.10)

with f,, i.e.,

| By | 1Al
RNOPL = O o, 3.1
_1 1By TIAL
We call them the nearly optimal subsampling probabilities. Moreover,
to further reduce the estimation error, we bring in the iterative method.
The key motivation is that if ||§, — f,,l, < ell_, — B,;]l, holds at
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the rth iteration, then a solution owning the estimation error bound
€"fo = B.sll, will be returned when the approximation process is
repeated m times. Putting the above discussions together, we propose
a two step iterative algorithm, i.e., Algorithm 2.

Algorithm 2 Two Step Iterative Algorithm for High-dimensional Ridge
Regression

Input: y € R", A € R™, the regularized parameter A, the iterative number m,
the sampling size r and r,, where ry < r < p.

Output: the dual estimator 2, and the recovered solution f,,.

Step 1:

1. initialize S* € R”" to an all-zeros matrix.
2. foriel,-,pdo

cor _ A3

L = 5.
! A3

3. end
4. forrel,-,r, do

« pick i, € [p] such that Pr(i, = i) = ;.
o1
° Si,z -

To%i,

5. end
6. compute A* = AS*.

7. compute C = (A*A*T + AI)"".

Step 2:

1. set 2, =0.

2. fortel,-,mdo
° ﬁt—l =-AT2.,
cb=y- Aﬁl—l 21
.« ¥=ACb,.

~ s

- f= %
+ compute zV9PL by (3.1).
+ compute i, by applying Algorithm 1 with y = b, and z; = zN°P~.
B =2+,

3. end

AT,

4. return 2, and f, =

Remark 3.1. The step 2 of Algorithm 2 can be viewed as a variant of
iterative Hessian sketch (IHS) [7]. This is because, at the rth iteration,
applying Algorithm 1 for finding i, is equivalent to applying Hessian
sketch to the residual between z and 2,_;. That is, at the rth iteration,
we need to solve the following problem

D TP Y P R | 2 T
frllb}’ng||5 A wt||2+§||wt“2_w1 by,

where w, = z—z,_; and S is constructed by zNOPL,

In addition, the step 2 of Algorithm 2 is also similar to Algorithm
1 in [8]. However, the key ideas of the two methods are different.
As mentioned above, the former is essentially the IHS, which is in
turn the specialization of Newton sketch in least squares problem [35].
While, the latter can be regraded as the preconditioned Richardson iter-
ation [36, Chap. 2] for solving (AAT + AI)z = Ay with pre-conditioner
P! = (ASSTAT + AI)~!' and the step-size being one. Moreover, its
random sampling matrix .S is fixed during the iteration.

Remark 3.2. The computational cost of Algorithm 2 includes two
main parts. The first one is for computing § and hence zNOPL which
mainly appears in the step 1 of Algorithm 2 and costs O(np + n’ry),
and the other one is O(mn?r + mnp) consumed for deriving ﬁm, which
constitutes the step 2 of Algorithm 2. As a result, the total cost is
O(nzro + mn2r + mnp).
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By contrast, it suffices to run the step 2 in Algorithm 2 if z0P%,

xlEV, gREEV  zUNT or zCOL is used to generate S. In addition, when
79PL is employed, C in Algorithm 2 should be (AA” + AI)~!, and when
xlEV, gREEV  gUNI or zCOL is adopted, the lines 5-7 of the step 2 of
Algorithm 2 can be omitted. Consequently, taking the above first three
probabilities for obtaining f,, costs O(n®p + mnr + mnp)," and applying
zUN1 and z€OL for §,, spends O(mn®r + mnp).

Therefore, if r,, is much smaller than p, Algorithm 2 with ¥ OPL will
be much cheaper than the algorithm with z0PL, zLEV  or zRLEV | Oth-
erwise, these algorithms will have similar cost. As expected, Algorithm
2 with zUNT or zCOF is always quite cheap.

Next, we show that the difference of 2, and 2, still obeys asymptot-
ically normal distribution, where 2, is returned from Algorithm 2 with
m=1.

Theorem 3.1. Suppose that the conditions (2.6) and (2.7) hold, and let

NillAll2 Myl <1 By 1< Nall Azl and

N3l A D091 <1 Bsiy 1< Nall Al NIyl i=1,.ps (3.2)

where /3@ is as in Algorithm 2, 0 < Ny < N,, and 0 < N3 < N,. Then, as
p — o, r = 00, ry — oo, conditional on F, and f in probability, the dual
estimator 2, constructed by Algorithm 2 satisfies

vo12: _ et N, T 3.3
opr &1 —2)— NO,I), B3
where

M V. M
Vopr = (—A)_l—corPL(TA)_1

A AT 272 T A AT
2, OPL

b, A AT 27 2T A, AT

with
> 3 Ve 1141 3

VeorL = =2 1By 1 1Al Q, —F——
i=1 i=1 =1 P2 | Busy 1Al

Now, we provide an estimation error bound of our algorithm.

Theorem 3.2. To the assumptions of Theorem 2.3, add that

s3IV 2 l1ylly <1 By 1< sallV oIyl i= 1., (3.4)

where [7(,-) is as in Algorithm 2 and 0 < s3 < s, the initial value 2 is set
as 0, and let r > %ln(%”) with €,6 € (0,1) and m < é. Then, for S
constructed by zNOP L and any e, with the probability at least 1 — mé, f,,
generated from Algorithm 2 satisfies

18 = Buslly < €™ 1Bl (3.5

Remark 3.3. The bound (3.5) can be used to determine the iteration
number. Specifically, it is enough to do log, ! iterations to get ||f, —

ﬁrlsllz < l“ﬂrls”Z'
4. Numerical experiments

In this section, we provide the numerical results of experiments with
simulation data and real data. All experiments are implemented on a
laptop running MATLAB software with 16 GB random-access memory
(RAM).

1 Note that the computational complexity only contains the main cost
of algorithms. Hence, the algorithms may perform a little differently in
computing time though they have the same complexity.
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4.1. Simulation data—Example 1

In this example, the simulation data is generated as done in [18].
Specifically, we first produce an n-by-p matrix B randomly, whose
entries are drawn i.i.d. from the N (0, 1) distribution and SVD is denoted
as UpZpV) with Uy € R™", ¥ € R™ and Vp € RP". Then, we
get A by replacing X with X, i.e, A = UBZOVBT, where X, is a
diagonal matrix with polynomial decay diagonal entries 6;(j = 1, ..., n),
namely, ¢; o 9 X j~8. Furthermore, we construct the response vector y
by y = Ap + ¢, where f € R? and ¢ € R” have i.i.d. N(0, 1) entries.

In the specific experiments, we set n = 800 and p = 20000, and
split the data into 500 training part A and 300 testing part A,,;. The
description on parameters of the experiments is summarized in Table 1,
the explanation on six sampling methods is given in Table 2, and
the numerical results on accuracy, i.e., the estimation error Wn—Pris 2

. R 1815112
I Apest Bu—A .
and the prediction error WArestbn=Arestlrisl2  anq CPU time? are shown

in Tables 3-4 and Figs. 1-4. lllggstlgﬂfﬂzat all the error results shown in
figures are on log-scale and all the numerical results are based on 50
replications of Algorithm 2.

In the first experiment, we aim to show that the estimators estab-
lished by OPL and NOPL have better performance. The corresponding
numerical results are presented in Tables 3—4 and Figs. 1-3. From these
tables and figures, it is obvious to find that OPL and NOPL outperform
other methods on estimation and prediction accuracy no matter what
r and A are and when m is moderate, and the differences can be more
than nine orders of magnitude; see e.g., the case on m = 3 in Tables 3-4.
But they need more computing time than COL and UNI. However, the
improvement in accuracy is more than the sacrifice of calculation cost,
and fortunately, OPL and NOPL are cheaper than LEV and RLEV. What
is more, we can observe that NOPL has extremely similar accuracy to
OPL, and the former consumes less running time. In addition, in most
cases, the errors of all the methods decrease when r, 4 and m increase.
Whereas, when m is large enough, they are almost unchanged but very
small, and all the methods perform similarly. This is mainly because
iteration can reduce error and, in that case, the sampling ways have
negligible effect on accuracy.

For the second experiment, we compare the methods OPL and NOPL
with different r,. According to the numerical results displayed in Fig. 4,
it is evident to conclude that for different r,, NOPL is able to achieve
significantly similar accuracy to OPL but spends less computational
cost. The latter confirms the complexity analysis in Remark 3.2.

4.2. Simulation data—Example 2

For this example, we produce the simulation data as done in [8].
Specifically, we construct an n-by-p design matrix A = PDQ" + aM,
where P € R™" is a random matrix with i.i.d. N(0, 1) entries, D € R™"
is a diagonal matrix with diagonal entries D; = (1 — ﬂ)" (i=1,...,n),
Q0 € R js a random column orthonormal matrix, M € R"*’ is a
noise matrix with i.i.d. N(0, 1) entries, and « > 0 is a parameter used
to balance PDQT and M. In addition, the response vector y € R" is
generated according to y = Af + yg, where f € R? and ¢ € R? are
constructed by i.i.d. N(0, 1) entries. In the specific experiments, we set
n = 800, p = 20000, « = 0.0001 and y = 0.5, divide the data into 500
training part and 300 testing part, and repeat the implementations in
Section 4.1 with different r, rj, A and m shown in Table 5.

From the numerical results presented in Tables 6-7 and Figs. 5-8,
we can gain the similar observations to the ones in Section 4.1. That is,
taking different r and 4, and suitable m, OPL and NOPL always perform
better than other methods on accuracy, however, need more CPU time
compared with COL and UNI. And, OPL and NOPL still show better
computational efficiency than LEV and RLEV. Besides, when setting a

2 To ensure fairness, the CPU time includes the time of computing f,,.
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Table 1
Description of two experiments for example 1.
Kinds Comparison r A m ro Results
500 to 5000 10 3 100 (NOPL) Figs. 1-3(a)
1 six methods 1000 1 to 50 3 100 (NOPL) Figs. 1-3(b)
1000 10 1to 15 100 (NOPL) Tables 1-3 & Fig. 3(c)
2 OPL and NOPL 2000 10 3 100 to 2000 (NOPL) Fig. 4
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Fig. 4. Comparison of OPL and NOPL with different r, for example 1.

Table 2

Explanation of sampling methods with different probabilities.
Method ; Expression
OPL ”,OPL | ﬁrh(,) | IIA,IIz/Zf;] Iﬁrlv(:) | 114,11,
NOPL ort B LA/ Z 1 By 1 IA
LEV P V5720, Vi
RLEV ZRLEV X2/ 50, IX°12
coL afot A3/ 20, 1415
UNI N 1/p

Table 3

Comparison of estimation errors using different m for example 1.
Methods m

1 2 3 4 10

OPL 2.0458e—-06 1.8172e-08 6.5331le-14 1.5007e-15 1.1798e-15
NOPL 2.8882e—06 1.8012e—08 7.3978e—14 1.4667e—15 1.1803e-15
LEV 0.00756 7.745e—05 3.8597e-07 4.4529e-09 1.1796e-15
RLEV 0.00026 4.7143e—-08  1.848e-11 1.6885e-15 1.1801e-15
COL 0.00027 3.7182e—08 1.4237e-11 1.9279e-15 1.1827e-15
UNI 0.02601 0.00118 3.7761e—05 6.8432e—07 2.0803e-15

Table 4

Comparison of prediction errors using different m for example 1.
Methods m

1 2 3 4 10

OPL 1.0255e-06 1.8173e—08 3.2869e—14 8.034e-16 3.6206e-16
NOPL 1.374e-06 1.8014e-08 4.8969e-14 7.4065e-16 3.651e—16
LEV 0.00758 7.7457e—-05 3.8601e—07 4.4533e—09 3.6472e-16
RLEV 0.00026 4.7143e—08 1.848le—11 1.0908e—15 3.6414e-16
COL 0.00027 3.7183e—08 1.4237e-11 1.347e-15 3.7391e-16
UNI 0.02601 0.00118 3.7764e—-05 6.8438e—07 1.3422e-15

proper r, or a large 4, NOPL and OPL have similar accuracy but the
former needs less running time. Unfortunately, when r, is very large,
NOPL loses its advantage in CPU time. This is consistent with the dis-
cussions on computational cost given in Remark 3.2. In addition, unlike
the results on accuracy in Section 4.1, the corresponding improvement
of OPL and NOPL over other methods is not very remarkable in this
example, about one order of magnitude. This is mainly because the data
here is more even than the one from Example 1 and the importance
sampling is well-known to be more suitable for uneven data.

4.3. Real data—gene expression cancer RNA-seq data set

The data set is from the UCI machine learning repository, which can
be found in http://archive.ics.uci.edu/ml/datasets/gene+expression+
cancer+RNA-Seq. Here, we only take the first 700 samples (400 for
training part and 300 for testing part) with 20531 real-valued features,
and centralize the design matrix. The response vector consists of 1,
2, 3, 4 and 5 labels, which represent five different types of tumors,
i.e., PRAD, LUAD, BRCA, KIRC and COAD. We also centralize it.

We repeat the experiments in Sections 4.1 and 4.2 with different r,
rg, 4 and m. More details are put in Table 8.

The numerical results are displayed in Tables 9-10 and Figs. 9-12,
and the conclusions summarized from these tables and figures are akin
to the ones found in Sections 4.1 and 4.2. Namely, compared with UNI
and COL, the accuracy of OPL and NOPL is dramatically improved at
the cost of slightly computational efficiency, and OPL performs better
than LEV and RLEV on accuracy and computing time. Although NOPL
is only a little better than LEV and RLEV on accuracy, it owns great
advantage of CPU time. When taking a proper r;, NOPL can be a well
approximation of OPL but consumes less computing time. However,
when r( is very large, NOPL will lose its superiority in computational
cost. In addition, for this real data, the choice of A has little influence
on accuracy.

4.4. Real data—gisette data set

This data set is also from the UCI machine learning repository,
which can be found in http://archive.ics.uci.edu/ml/datasets/Gisette.
In our experiments, the first 200 samples (100 for training part and
100 for testing part) with 5000 real-valued features are taken, and
the response vector is made up with +1 labels. Also, we centralize the
response vector and design matrix prior to analysis.

As done in Section 4.3, we can repeat the experiments in Sec-
tions 4.1 and 4.2 with different r, ry, A and m described in Table 11.
Considering that the obtained observations are similar to the ones
from Section 4.3, we omit the related numerical results here. Instead,
as done in [5,8], we next consider an alternative accuracy metric,

;((ﬁ?::) — 11, where g(x) = [|Ax — ylI3 + Allx[I2.

The numerical results are shown in Tables 12-14. The observations
are also similar to the ones from Sections 4.1 and 4.2. To be more
specific, whatever the values of r and m are, for accuracy, OPL and
NOPL almost always outperform other methods. Similarly, as for CPU
time, OPL and NOPL are inferior to UNI and COL, but are superior to
LEV and RLEV. Only when r, is not particularly large, NOPL has good
performance on both accuracy and computing time, and qualifies as a
well alternative to OPL. Besides, the change of 4 also has little effect on
accuracy and CPU time. While, to save space, the corresponding results
are omitted.

ie., |


http://archive.ics.uci.edu/ml/datasets/gene+expression+cancer+RNA-Seq
http://archive.ics.uci.edu/ml/datasets/gene+expression+cancer+RNA-Seq
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Table 5
Description of two experiments for example 2.
Kinds Comparison r A m ro Results
3000 to 10000 20 15 2000 (NOPL) Figs. 5-7(a)
1 six methods 5000 1 to 200 15 2000 (NOPL) Figs. 5-7(b)
5000 20 1 to 30 2000 (NOPL) Tables 6-7 & Fig. 7(c)
2 OPL and NOPL 5000 20 15 500 to 20000 (NOPL) Fig. 8
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Fig. 10. Comparison of prediction errors for different methods for Gene Expression Cancer RNA-Seq data set.

5. Concluding remarks

In this paper, we explore the optimal subsampling probabilities of
high-dimensional ridge regression under the A-optimal design criterion
and provide a corresponding algorithm. To make the probabilities
cheaper and more practical, we give a set of nearly optimal ones. More-
over, a two step iterative algorithm is also provided to further improve

the accuracy of the estimator. For the proposed algorithms, we give de-
tailed theoretical analysis and extensive experiments. Numerical results
show that our methods, i.e., OPL and NOPL, outperform the existing
methods on accuracy, and the cheaper NOPL can be a good substitute
for OPL. An interesting future work is to study other high-dimensional
and complex regression problems, e.g., the high-dimensional quantile
regression.
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Table 6
Comparison of estimation errors using different m for example 2.
Methods m
1 4 10 13 16 22
OPL 0.14132 0.00038 2.8853e—09 7.9237e-12 2.3316e-14 3.2211e-15
NOPL 0.15264 0.00053 6.0318e—-09 2.0625e—11 6.9721e-14 3.2309e-15
LEV 0.16803 0.00081 1.8649e—-08 8.9978e—11 3.9035e-13 3.2226e-15
RLEV 0.16685 0.00079 1.8415e—08 8.1578e—11 3.9137e-13 3.2184e-15
COL 0.16751 0.00080 1.805e—-08 8.7775e—11 4.3033e-13 3.2151e-15
UNI 0.16783 0.00084 1.8114e-08 8.5709e—11 4.4034e-13 3.2336e-15
Table 7
Comparison of prediction errors using different m for example 2.
Methods m
1 4 10 13 16 22
OPL 0.158 0.00042 3.2237e—09 8.8176e-12 2.6332e-14 2.714e-15
NOPL 0.17002 0.00059 6.8145e—-09 2.3055e—11 7.7973e-14 2.726e—-15
LEV 0.18753 0.00091 2.0976e-08 1.0165e—10 4.3414e-13 2.7205e-15
RLEV 0.18829 0.00089 2.0577e-08 9.2623e—11 4.3598e-13 2.7082e-15
COL 0.18507 0.00091 2.0125e-08 9.6612e—11 4.7958e-13 2.7158e—15
UNI 0.18471 0.00093 2.0088e-08 9.6145e—11 4.959e-13  2.7352e-15
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Appendix A. Proof of Theorem 2.1

We start by establishing two lemmas.

Lemma A.1. Assuming that the conditions (2.4), (2.5) and (2.6) are
satisfied, we have

p

e;
Y w13 = 0,1, (a1
i=1 p

T
where e; = (ﬁ + AI)2* — y with y = Ay and %2* being as in (1.3).

7[1
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Table 8
Description of two experiments using Gene Expression Cancer RNA-Seq data set.
Kinds Comparison r A m ry Results
5000 to 10000 10 16 5000 (NOPL) Figs. 9-11(a)
1 six methods 8000 1 to 50 16 5000 (NOPL) Figs. 9-11(b)
8000 10 1 to 26 5000 (NOPL) Tables 9-10 & Fig. 11(c)
2 OPL and NOPL 8000 10 16 1000 to 20531 (NOPL) Fig. 12

Table 9
Comparison of estimation errors using different m for Gene Expression Cancer RNA-Seq
data set.
Methods m
1 4 13 16 19
OPL 0.21365 0.00226 2.5971e-09 2.7892e-11 2.7727e-13
NOPL 0.23603 0.00335 1.0478e—-08 1.5595e-10 2.202e-12
LEV 0.24382 0.0038 1.244e-08 1.9204e-10 2.8633e-12
RLEV 0.25115 0.0038 1.2808e-08 1.864e-10 2.9497e-12
COL 0.26221 0.00619 9.6599e—-08 2.391e-09 6.0913e-11
UNI 0.46642 0.05523 0.00193 0.00053 0.00056
Table 10

Comparison of prediction errors using different m for Gene Expression Cancer RNA-Seq
data set.

Methods m
1 4 13 16 19
OPL 0.06048 0.00053  6.3389e-10  6.5315e-12  6.632e—14
NOPL 0.06688 0.00081 2.633e—09 3.8972e—-11  5.344e-13
LEV 0.08874 0.00099 3.3232e—09  5.4092e-11  7.7124e-13
RLEV 0.096764  0.00107 3.3518¢—09  4.8333e-11  7.8531e-13
COL 0.07601 0.00137 2.0208e-08  5.2209e-10  1.3269e-11
UNI 0.20076 0.01479 0.00036 9.664e—05 8.8783e—05
Proof. With ¢; = ( + AD2* —y and (1.3), it is easy to see that

+AD7'y =513,

P 1 &
> ,||—||2 72

i=1
Then, considering the basic triangle inequality and the fact that Zf;l
#; = 1, we can have

S

i=1

3
- ||y||

+AD'F1201711,]

+AD 7' FIL 73]

+ 3—[2

AAT+/11 2 1A AT 2|4 A2
SI|y| o )ZII [ ’12” A7l
i=1 i i=1 i
, s ||y||*
+ 34 ZHAA I+ 2%+ —=
i=1
IM302(AAT + A1) & |1A;AT 113 u -
32— Q> 2424 Y IAA] I+ 2)
P i=1 i i=1
730, (AAT + AT)
31,—3(2 14 AT 11> + 4. (A.2)
i=1
Following
17115
= =9, (A3)

which can be derived from np~' — 0, and noting (2.4), (2.5), (2.6) and
(A.2), we can get

p
e; 3

Xl <
i P 2

i=1

171130 %(AAT + U) ll4; ||6

11

+0,(1) by (2.5), (2.6), (A.2), and (A.3)
=0,(1). by (2.4)

Thus, (A.1) is arrived. []

Lemma A.2. Suppose that the conditions (2.5) and (2.7) hold. Then,
conditional on F, in probability,

M,-M
A =0, 7/, A4

&

% =0, (717, (A.5)

where M, = AAT + I, M, = ASST AT + AT with S € R”™" constructed
as in Algorithm 1, and e* = (M ,2* — 5) with ¥ = Ay and 2* being as in
(1.3).

Proof. First, note that
r AAT
L4 A = (AAT + ADI(—L + AI) — (AAT + AD)]

P i
1 2 Ai H i H

== z m(—= — AAT) (=L — 44T)
) ) i i

1 i AATAAT 44T pAT
L= i P’

= 0,(1),

where the last equality is from (2.5) and (2.7). This result implies, for
any n-dimensional vector # with finite elements,

e {
pPIK

+ /II)JffT[( + A — (AAT + AD)

(A.6)

2 A ATffTA AT T ppT AAT
2 _AATCCT AA =0 (1)
2 p
i=1
Thus, following E(M, | A) =

(My—Myy |A):E[(MA_

M ,, it is natural to get

Var( Ma WT(M" “May) 4

1<
=_22

—(AAT + /II)]z:”fT[(

T
+ A — (AAT + AD)

=0,(™"),

which together with the Markov’s inequality implies (A.4).
Combining (A.3) and (A.6), we can get

2 A AT AAT
LY me T (EEL e (CEL 4 ang
p° i i i
= % 2*T(AAT + ADCCT(AAT + AD2E +0,(1). (A7)
p
Th idering ¢* = Y7, e, with ¢, = (2% 1 41z - 7 and
us, considering e* = Y|, ce; with ¢; = ( st )2* — 7 an
E(e;, | 7,) =0, and (A.7), we can obtain
‘e e* e r 1 e T
Var W=V R = —¢ (z meel )Y
P rp i=1
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Table 11
Description of two experiments using Gisette data set.
Kinds Comparison r A m ro Results
1 ¢ix methods 1000 to 4300 10 10 900 (NOPL) Tables 12-13
2000 10 4to 16 900 (NOPL) Tables 12-13
2 OPL and NOPL 2000 10 10 700 to 4700 (NOPL) Table 14
Table 12
Comparison of accuracy using different r and m for Gisette data set.
Methods r m
1000 1900 2500 4300 4 10 16
OPL 3.5349e-06 3.982¢—08 7.6293e—-09 3.1004e-10 0.00036 2.9281e-08 2.72e-12
NOPL 1.2591e — 05 1.7699e—07 2.9862e—08 1.3174e—09 0.00052 1.0058e—07 1.7147e-11
LEV 1.3525e-05 1.6463e—07 4.1241e-08 2.0237e-09 0.00066 1.1394e—07 2.7071e-11
RLEV 1.2316e—05 1.7819e—07 4.015¢—08 2.0591e-09 0.00076 1.2599¢—07 2.5367e-11
COL 2.3882e-05 2.5821e-07 5.2512e—08 2.3897e—-09 0.00057 2.2314e-07 6.3088e—11
UNI 0.0017 9.6027e—06 2.3042e-06 6.0028e—08 0.00285 6.4834e—06 2.1745e-08
Table 13 Recall that = = ¥ —e; with
Comparison of CPU time using different r and m for Gisette data set. P it
Methods r m i T
1000 1900 2500 4300 4 10 16 e, =( : +ADz* -y,
1
OPL 0.14007 0.1697  0.18937 0.25315 0.078267 0.17318 0.27027 o
NOPL  0.13402 0.16328 0.18895 0.25257 0.077768 0.16846 0.26195 Now, we construct the sequence (oo . These random vectors are
LEV 0.15385  0.18681  0.20962 027081 0.10166 ~ 0.19108 0.27654 independent and identically distributed and it is easy to get that E( % |
RLEV 0.16093 0.19294 0.21372 0.28097 0.11265 0.19875 0.28931 F )= 0. Furth h
coL 011739 0.15268 0.17089 0.23678 0.06894 0.15783 0.25586 ») = 0. Furthermore, noting that
UNI 0.11008 0.1474  0.16925 0.22774 0.066508 0.15448 0.24998 P A AT 2 24T A AT
————=0,(1), (A1D)
i=1
A AT which can be obtained from (2.5), together with (2.7) and (A.3), we
PN ~
fT[Z A2 s AL L ane - have
AAT l T~T ee]
4 14 _t =F(—— !
Z H)”r( anz - 29 Var( L F) E( | F,) = Zn:
2 rp?
. AiA] N R T
=1[—22*T(AAT + ADEET(AAT + Az ro (= Ly ang - ﬂK L4 ane 3]
r = .
P T 55T Z i P
0,)- LY by A o
+ I — y (A P T
p 7 —erp AA; A*A*TAAI' — 52T AAT
“Tff Ty Ta 7 z; 2
e i=t ' ' ?
4 AAT 2 (ag* =T (Ag* = H(ag* - »)T
=0 (r”>. + > + 7
P 14 p
c ly, by the Markov’s inequality, (A.5) is obtained o AT 22T AAT
1
onsequently, by the Markov’s inequality, (A.5) is obtained. [J =Z i . L +0,(1) by (2.7) and (A.3)
i=1 por;
Proof of Theorem 2.1. Considering that =V, +0,(1) (A.12)
2=(ASSTAT + AD7'5 = M'5, =0,(1). by (A.11) (A.13)
% _ T -1~ _ -l ..
=(AAT + ATy =My, In addition, for any ¢ > 0, we have
where y = 1y, we can rewrite Z — 2* as . _1 _1
’ D Bl 2p e I3 207 e, 1l > &) | T
22" =(ASSTAT + u)—'(y— (ASSTAT + 41)2%) =1
-1 -1 c 1,2 Lo
_ N _ -
= M;'G - M2 = -M;'e =Y gl e I3 2 p el > £)
_ " — - -1 i=1
=-(M;' =M+ MYe ] ,
-1 -1 -1 L 113
=-M;'e" = (M7 = M;he* <@z Y mlp el
=—MZI€*+M;|(MA—MA)M,;16* " i=1
=o0
N N (1),
Avget | My o My-—My M, et
=-(=% 1—+(—> (=) —)"'= (A.8) . o ) L
P P p P where the inequality is deduced by the constraint I(|lr"2p~'¢;|l, > &),
_ M 1ef and the last equality is from Lemma A.1. Putting the above discussions
=—(—2) — + Oy, (r” h, (A.9) . . . P
4 p together, we find that the Lindeberg-Feller conditions are satisfied in

where the last equality is derived by (2.7) and Lemma A.2. Thus, to

prove (2.9), we first prove
L
— N(,1I).

Loy (A.10)
r p

12

probability. Thus, by the Lindeberg-Feller central limit theorem [30,
Proposition 2.27], and noting (A.13), we can acquire

e,-r _ _ _ " L
[Var(—L | F17 2072 'Y e)— NO,D),
t=1



H. Li and C. Niu

Knowledge-Based Systems 286 (2024) 111426

Table 14
Comparison of OPL and NOPL with different r, for Gisette data set.
Methods Accuracy CPU time (s)
700 1700 3900 4700 700 1700 3900 4700
NOPL 1.5237e — 07 5.9818e—08 4.9386e-08 3.4255e—08 0.15302 0.15994 0.16707 0.17122
OPL 2.5851e—-08 0.16999
which combined with %" =r'p7t ¥ ¢ and Var(— |F)=r 1Var( Ny Proof. The proof can be accomplished along the line of the proof of [8,
F,) gives Theorem 3]. However, for our case, it is necessary to note that
1 12,8\ L r_ Vv T 1
[r™ Var( = | FI” ( =)— N, D). IEll, = IM, M, — ll; < max{|| MM, ||, ;} by Lemma C.1
: ) (12
Thus, by Lemma A.2, (A.12), and the Slutsky’s Theorem [37, Theorem T wHr V! 1} = 1 max {2 IVl
6], we can get (A.10). rl<i<p orL [ oPL ’ risisp. gOPL ’
Now, we prove (2.9). Following (2.7) and (A.11), it is easy to get ! !
i2 §°
1 V2 Z2 1 Basy 1Al
)_ V(MA O(_]) = = max ,1} by (2.10)
7 r rlsisp [ Brisiy 1 14411
. . i 2 4 Vi 2
which together with (A.9) yields <1 Vi X, SZQ” “2’ 1} by (212)
risis sVl
vz - 5% = —V—I/Z( )—' “ 40 i, 72 1 oo
<4 max (2 ZnVﬁJ <—g§P—w, < 2=
— — — F _ r 1€ r s1c rsic
v 1/2<7> ‘(f)l/z(f) 1/2;* + 0, (717, (A14) = =1 14
and
In addition, it is verified that T2
2, VYY) T 2 % or VO VIIVILL
V—l/z(ﬂ)—l(E)1/2[V—1/2(ﬂ)—1(ﬁ)1/2]r E(F)+ 2 B(M M IM,]13) = Z”f r2(zOPLY
P r i=1
M 2 VOYTVIVAR X | By 1A
=y 12 Ay e )1/2( )1/2( Ay-ly =172 = (A.15) = lz Z Zioi | Py 2 by (2.10)
p r L [ ﬂrlx(i) [ 114;112
Thus, combining (A.10), (A.14), and (A.15), by the Slutsky’s Theorem, | & wiHr Vi||Vi||2 Z? 5262“‘/1'”%
we get the desired result (2.9). [J < ) 2 by (2.12)
pus sie Vi3
Appendix B. Proof of Theorem 2.2 <22 Z(V Yy Z 2
51"1 i=
According to the Cauchy-Schwarz inequality, we have _ 5202/’ Ty _ 520217
T s Z(V) V= 2s1¢ Ty
& ATEETANANL ,,S(,) All3 = 1
o) = ; pz,,_ 1214 where F, = M,MT — YV with M, = OPL andt=1,....r. [

— /1_2 2” Z rls(t)
2

i=1 i=1

2o s )
;(2 Brsio A1),
i=1

where the equality in the last inequality holds if and only if z; is
proportional to | /?,15(,.) | | 4;]l, for some constant C;, > 0. Thus, following
Zf=l #; = 1, the desired result (2.10) is obtained.

Appendix C. Proof of Theorem 2.3

We first present two auxiliary lemmas.

Lemma C.1 ([8, Theorem 23]). If J, H € R™™ are real symmetric
positive semi-definite matrices such that ¢,(J) > o,(J) = - > 6,,(J) and
61(H) > 05(H) > -+ > 0,,(H), then

J 0 .
O'j(J—H)Saj<O H)’ ji=1,..
Especially,

IJ = Hll, < max{||J]l,, | HIl,}.

Lemma C.2. For S established by ; = z°*, assuming that (2.12) holds
and letting r > ;gsz%ln(%”) with €' € (0, %) and § € (0, 1), we have
sycr€e

WTssTv —1|, <€,

with the probability at least 1 — 6.

13

rr;
it

Proof of Theorem 2.3. Noting § = %VZUTQ and f,, = }IVZUTQ*,
we can rewrite (2.13) as

1 S 5 5%

SIZUTE =2, < SIS 2. €1

To prove (C.1), we define the loss functions L(z) and L(z) as

_ oo Yy T
L(Z)—ﬁllf‘ Z||2+§||Z||2—Z y
and
cos_Loargr o2, Ly T
L(Z)—ﬁlls A z||2+§||z||2—z .

Thus, by Taylor expansion, we can acquire

L) = L&)+ ¢ -29TvLE) + ¢ - 29T v (zp)(2 - 2%), (Cc.2)

where 2* and 2 minimize the loss functions L(z) and L(z), respectively,
and z, € [2, £*]. Moreover, following (v2L(zy) — v2L(zy))2* = vL(2*) —
v L(z*), which is from

vi(z") = (%ASSTAT +Dz* -y, vL(&") = G LA™ 4 nzr —y,
and
V2 L(zg) = %ASSTAT +1, VP L(z) = %AAT +1, €.3)
we can obtain

L) +(2—29T (2 L(zg) - V2 L(z)2* = L(2")+ (-2 (vL(2*)-vL(2")).
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Thus, considering that

L+ @ -29HT(vLEY) - vLED)) < LEH + 2 - 29T vy,

which is derived by the fact (2 — 2°)"vL(2*) > 0, and noting (C.2), we
can gain

Ly +(z-
Further, by L(2*) > L(2), we have
('\ —

which together with

29T (92 L(zg) = V2 L(zp))2* < 292 E(zg)(2 = 29).

L@ -¢-

£V L(zg) = v L(z9)2" 2 (2 = 2 V2 Lizg)(2 - 27,

2 - 29TV L(zo) (2 -

and (C.3) leads to

) > (2 - 2*)T%ASSTAT(2 — %)

¢- 2*)T(%AAT - %ASSTAT)i* > (- 2*)T%ASSTAT(2 —5%).
Thus, based on A = UXVT, it is straightforward to get
f*)T(UZZUT _

i(z - uxvTssTyzuTyz*
12

> %(2 —-2TusvTssTyvsuT(z - 5,

which is also allowed to be rewritten as

%[ZUT(E -2 U -vTssTyyzuT s
> ; 2Tz -2N"vTssTvizuT - 29). (C.4)

Adding % [ZUT(z-2)]"[ZUT (2 - 2%)] to both sides of (C.4) gives

%[ZUT(E -Ta-vrssTvyzuTz*

+ %[ZUT(ﬁ 2T -vTsSTv)zuT (- 29

> %[ZUT(,@ — 29T zUT(z - 2% (C.5)
Taking the Euclidean norm on both sides of (C.5), we obtain
FIZUTE =2l =V STV L1201

+ %IIZUT(ﬁ—i*)IIzIII—VTSSTVIIzIIZUT(ﬁ—ﬁ*)IIz

> SISUT = 2B,

which combined with Lemma C.2 indicates that

LNEUTE N + SN EUTE = 2l 2 HIEUT - 2. €6)
By rewriting (C.6) as

HIZUTE = 290, < ]

and considering the fact ¢/ < %, we have
1 N Ak 2¢’' a%
22U E =20y < =1 20T 2,

Thus, setting e = 2¢’, we get (C.1). That is, (2.13) is arrived. []
Appendix D. Proof of Theorem 2.4

The proof can be completed along the line of the proof of Theorem
6 in [5]. However, when we bound || R]||, with
R=0Z'+ 7' zwTsTsv -1,

Lemma C.2 is adopted but not the oblivious subspace embedding
theorem [5, Theorem 5], namely,

IRl < 1427+ 27 =T sTsv - Dl
1A= + D' ELIvTSTSY -1,

14
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<Nz + o7z,
<é,

by Lemma C.2

where ¢’ satisfies ¢/ = £
Appendix E. Proof of Theorem 3.1

The proof is similar to the one of Theorem 2.1 (see Appendix A),
and we begin by presenting two lemmas.

Lemma E.1. Assume that the condition (2.6) and (3.2) hold. Then, for
m=1and zN°PL in (3.1), we have

NOPL”
i

z (E.1)

I|2

'M“

0,(1),

i=1

where €; = (

A AT ~ o~ . .
n?’lgh + AI2* — y with y = Ay and 2* being as in (1.3).

Proof. Similar to the proof of Lemma A.1, based on (2.6), (3.1), (3.2),
(A.2), and (A.3), we have

Ep‘,””o”ll P 171130, (AAT HI)(i 14 AT Mi 14,4713
pr i [)3 ~ (ﬂ.NOPL)z ~ ﬂ.iNOPL
< 173
+ 32 Y NAAT I, + 20+ —2
i=1 P
3 I71302(AAT + “)(i I14,A7 113
p3 ~ ”NOFL
pa

P
+ 24 ) IAAT I, + %)
i=1

3 17130, (AAT + AI)

Z lIA,A

A AT
e (PR VY[ e

”2 4

P
| By 1411, + 322 3 IAAT
1| ﬂm | 14:1l> ,Z Z‘

||y||; +3||y||2 o2(AAT + AI) l|4,AT
3 3 =
= By 1 14,

; My+ 4

B ||7||§_’63(AAT +AI)

)4
2 | By 114,11,

p3

X 12
+ P+

p

P P
Z | By 1141l +UZ llA,

I3136,(AA" + AI)
2’— Z 14,4

(AAT +u) N2 L

ZuA 115)°

AT“z +4%)

; Ty +4) by (3.1)

17130
<
S
N, 22
+ 3/17(_2 llA;113)
IIyII3
+342 Z A2+ 21+ —2

i=1
T
TR AAT +3D) N,
P

<Z||A 115?
P
+22 ) A3+ A%
i=1
1730,(AAT + A1)
zp—3<2 A5+ 4) by (3.2)
i=1

=0 (1), by (2.6) and (A.3)

where the first inequality is gained by replacing ; in (A.2) with zVOPL,

Then, (E.1) is obtained. [

Lemma E.2. To the assumption of Lemma E.1, add that the condi-
tion (2.7) holds. Then, for m = 1 and z¥°"" in (3.1), conditional on F,
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and f in probability, we have
MA -M,
P

=0y, (r/%), (E.2)

"u|'“;l

=0y, (717, (E.3)

where M, = AAT+AI, M, = ASST AT+ A1 with S constructed by zNO",
and ¢ = (M 42* —y) with y = Ay and 2* being as in (1.3).

Proof. The proof can be completed similar to the proof of Lemma A.2.
We only need to replace x; with zV°PE, and note that

1 & AATAAT 2 A AT A AT
= -—( Q1 By 114112
o M ZNOPL ,zflﬁmlllAllz ; o
p AAT
<% ' )( l14:113)
TR )
= M S an S i)
N, p? i B ~ Hh2
=0,(1), by (2.6) and (2.7) (E.4)
E(M, | A) = E5(E(M, | A, )],
Varf M= MOy pvar YA M g,
E(z. | F,) = B;[E, |r’ /7>]
—Epvar(=Z | 7, L,

where Ej; denotes the expectation on . []

Remark E.1. The results (E.2) and (E.3) still hold when M 4
AS*S*T AT + AI with §* € R0 formed by zCOL.

Corollary E.1. For S* € RP formed by z9L, 7 = (AS*S*T AT +
AI)~'y constructed by Algorithm 2 satisfies

IZ = 21l = Oy (rg ™). (E.5)

Proof. Similar to (A.8), considering (2.7) and Remark E.1, we can get

%)*1 <, (ﬂ)*l(—MA — My )(ﬂ)*l
p P p

~ A -1/2
Z-2" =~ =0, (5",

~ |

which suggests that (E.5) holds. []

Proof of Theorem 3.1. Similar to the proof of Theorem 2.1 , noting
(2.6), (2.7), (E.4), and Lemmas E.1 and E.2, and replacing r; and e, in
the proof of Theorem 2.1 with zN°P* and ¢, , respectively, we first get

M, _ e* _
= —<7"> 1% + 0,7 (1), (E.6)

Loy L,
p

r

N, I),
where
2, = (ASSTAT + 2Dy = M}y,

o & A AT T A AT
V.= z it i —o.
NOPL p
i=1 P

To get (3.3), in the following, we need to further prove

vl

12, My
Vorr ==V

V.
(21 =2 = Vopp (° )—1(7‘>‘/2( )1/” + 0, (711, (E.7)

where v f( M") (= ‘)1/2 satisfies

LM L, My -
VO,',/LZ(TA)_ Leyry, Vort (ST O = 140,51 ED)

15
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Considering (2.6), (2.7), (2.10) and (3.2), we first obtain

AATAAT | & AATAAT &
p 2 Lo = ————L )X | By | 14,112) by (2.10)
i=1 | ﬂrls(l) | ”A ”2 i=1
N, A AT A, AT

P
QL NAIR) by (3.2)

i=1

( i
Z A2

i=1

N, P P
= 5 AADQ 1AID
Nyp* & i=1

by (2.6) and (2.7)

T Nyp?

=0,(1).

which indicates
2, A AT 27 22T A AT

VeorL = z:, 7071 =0,(1). (E.9)
=
From (2.7) and (E.9), it is evident to get
Vior My )
VorL —( Ayl ZeOPL (A1 O,(r b, (E.10)

r

which comblned with (E.6) suggests that (E.7) holds, that is,

Vopr 1 =29 = - o}lf( e +0 i, 772)
—1/2

OPL(—) (=2 )‘/2< )‘/2‘; + 0, (r71/).

Now, we need to demonstrate that (E.8) also holds. Evidently, it suffices
to show that

71/2 V. = Veorr , M4 yoie 1/2

1 _
OPL(—) f( ) Voprr = Opr,ry '), (E.11)
because
12, M 1/2[ 12, My E /24T
OPL( 4)- ( ) OPL(p) (r)
V M
-1/2 _ Ay-1y-1/2
OPL(_) ( ) Vorr
-12 MA _1VeorL MA -172
VOPL( ) Cr (== » ) VOPL
—1/2 Ve=Veorr My -1/2
OPL( - (— » ) VOPL
V V. M
-I+Vo££2<—>‘—, S Vo
Noting

AATA*A*TAAT)J[ (Zw | IA)],
| By | 14,112 g o

" J

P,

7 1”
:;2

im1

D
AATA*A*TA T

cOPL =[- (Z

SIS (Z | Brrsy | 141121,

P By N 1Al P S
@3 ‘1‘;4
and the basic triangle inequality, we gain
IV, = Veoprll = |€,@, — &30,
<@y = D511 1D, I + (1P — Dyl | Ps 5.

Following (2.6), (3.2), (A.3), and (E.5), it is evident to gain

P T z% 55T T
1 A A 22 AA 1 1
10y = @3l <117 ¥ == (= = )l
Pia i12 | ﬂ(i) | | ﬂm(i) |
2
i A ﬂls(l)”A ”2 |ﬂ(l) rls(i) |
i=1 |A Il | ﬂrls(i) 1 ﬁ(i) |

AN, 14,113 ~
. ! Z i ||2<||fn||2||z—

e o A 4||A||
I1Z - 21l Z :

20 by (3.2)

=0, (ry"". by (2.6) and (E.5)
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N p

1@, 1l, < % Z lA; 15 = 0,(1). by (2.6), (3.2), and (A.3)
i=1

Similarly, we have ||@, — &,]|, = Op|7.»n(r51/2) and [|&s]l, = O,(1).

Therefore, we get

= —1/2
IV = Veorrlla = Oy (/7).

which combined with (2.7) and (E.10) yields (E.11). Putting the above
discussions and the Slutsky’s Theorem together, the result (3.3) follows.

Appendix F. Proof of Theorem 3.2

Before providing the proof of Theorem 3.2, we first present a
lemma.

Lemma F.1. To the assumption of Lemma C.2, add that (3.4) holds and
r> %ln(‘;—”) with €,5 € (0, 1). Then, for any e, i, obtained from the
1
tth iteration of Algorithm 2 satisfies
AT, ATw; Ty
1= =l <el

where w; is the solution of

(F.1)

ll2,

N T S S | 2 T
min 147w, I + 3l 13 = ] b,

Proof. The proof can be completed along the line of the proof of
Theorem 2.3. Particularly, in this case, Lemma C.2 still holds for S = S,
where S is formed by zVOPL. [

Proof of Theorem 3.2. At the rth iteration, following the discussion
in Remark 3.1 and (F.1), and setting

T, % N T2
AT w; _ AT 5% _ AT

*
A= A ) )

~ AT 2 .
and A, = Tw’ as the estimator of A¥, we can have

1A, = Al <el Arll, by (1)
ATz ATz,
= €|| 2 - T”z
" Ar(fr—zj wiy) AT<2,_ZA+ )

A 2
<elA = AL <ET AL .
As a result,

1A = ALl < ell Ay = A%l < €l Al

AT AT 2
<em|—— - Il
A A
AT 2% ~
=e"|| lly = €™l 35l

Considering that §,, — f.,, = A\, — /\*, the conclusion is arrived.
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