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ABSTRACT

A prominent family of low-rank LLM optimizers, pioneered by GalL.ore, performs gradient-
subspace projection: at each step, they project the gradient into a low-dimensional subspace
and map the update back to the full model. This type of training reduces memory, but its
effectiveness depends on how the algorithm adapts to a changing gradient subspace as the model
is being optimized. Existing work either recomputes the gradient subspace at certain intervals,
or performs post-hoc adaption to catch up to the moving subspace. In this work, we explicitly
identify that in practice, the LLM gradient subspace changes slowly and stably—a phenomenon
we call gradient subspace drift. We argue that explicitly leveraging this slow drift is key to
ensuring stable learning in extremely low-rank scenarios. To this end, we propose Ori, a novel
low-rank optimizer for training LL.Ms that achieves state-of-the-art accuracy under stringent
low-rank constraints. To capture the shifting principal gradient directions over time, Ori employs
a streaming k-PCA algorithm inspired by Oja++, whose low per-step cost enables high-frequency,
on-the-fly subspace tracking. In practice, Ori reduces the performance gap of the state-of-the-art
low-rank optimizers to full-rank optimizers by up to 69.3% on a 1B LLaMA pretraining task,
and achieves better performance on 15 out of 16 task scenarios in Roberta-Base fine-tuning. We
further propose a novel theoretical analysis establishing dynamic regret bounds for subspace
tracking under drift, providing formal guarantees that yield sublinear regret in the noiseless setting.
Together, these contributions allow Ori to further push the performance and efficiency frontiers
of gradient-projecting optimizers, narrowing the gap to full-rank training for LLMs. Code can be
found at https://anonymous.4open.science/r/Ori—-Submission—-2132.

1 INTRODUCTION

Training large language models (LLMs) under strict memory budgets has motivated a variety of low-rank optimiza-
tion methods that restrict either the weights or the gradients to a low-dimensional subspace (Hu et al., 2022; Zhao
et al., 2024; Mo et al., 2025). This broad field is primarily divided into two families. Weight-subspace methods, such
as LoRA, adapt the model weights directly (Hu et al., 2022; Lialin et al., 2023). More recently, gradient-subspace
methods, pioneered by Galore (Zhao et al., 2024), project the gradients into a low-rank subspace before the
optimizer step. The latter approach and its subsequent work have proven particularly effective, demonstrating
superior memory savings and performance by focusing on the dynamics of the optimizer itself (Zhao et al., 2024;
Zhang et al., 2024; Lialin et al., 2023; Han et al., 2024; Dettmers et al., 2023).

Yet all gradient-subspace methods in this promising family face a core technical challenge: that the principal gradient
directions, instead of being static, evolve as the model weights are updated throughout training. Consequently, the
success of any such method hinges on how effectively it adapts to this changing subspace. GalLore tackles this by
periodically recomputing the entire subspace from scratch via an expensive SVD (Zhao et al., 2024), a process that
acts as a “cold restart” and discards prior subspace information. More recent methods, such as Online Subspace
Descent (OSD) (Liang et al., 2024), move towards more continuous adaptation by using a secondary, non-convex
optimization loop to “catch up” to the moving subspace.

However, existing adaptation strategies may overlook a crucial empirical observation that we make explicit in this
work: the gradient subspace does not jump erratically but, rather, drifts smoothly after warm-up. In other words, the
projector at step ¢ is predictably close to that at ¢ — At for small At (e.g. 10). This slow, structured drift suggests a
different perspective. Rather than recomputing the subspace (as in GaLore (Zhao et al., 2024)) or optimizing it with
non-convex gradient descent (as in OSD (Liang et al., 2024)), we can track it with a streaming update that makes
small, frequent rotations aligned with the most recent gradients, while also preserving and transferring optimizer
statistics across these rotations. In light of these observations, we arrive at a different design problem:

How might we continuously maintain a cheap, stable projector that follows a drifting gradient?
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We thus introduce Ori, a streaming k-PCA via an Oja-style updated low-rank iterative optimizer built precisely for
this slow-drift regime, which replaces periodic SVD with streaming k-PCA via Oja++ (a robust variant of Oja’s
algorithm (Oja, 1982; Allen-Zhu & Li, 2017)). Why Oja-style updates? They align naturally with slow subspace
drift: each step uses the current gradient to make a small, incremental rotation of a d X k orthonormal basis at cost
O(dk?) with only a lightweight re-orthogonalization, enabling high-frequency projector refreshes with negligible
overhead so the basis stays synchronized with the gradient geometry (Allen-Zhu & Li, 2017). Unlike periodic
SVDs or a separate manifold-descent loop, the continuous Oja++ update produces smooth basis changes, which lets
Ori transfer Adam-style first and second moments seamlessly between successive bases instead of “cold-restarting”
statistics. This combination of streaming efficiency, optimizer-state continuity, and theoretical robustness (gap-free
tracking under clustered spectra) makes Oja-style updates a principled fit for the slow-drift regime.
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Empirically, Ori narrowly tracks the evolving gradi-
ent subspace and converts this tracking fidelity into  Figure 1: Trade-off between evaluation perplexity (Y-axis,
end-to-end wins where it matters most: very low ranks. Jower is better) and peak optimizer state memory (X-axis,
Under tight rank budgets, each dimension in the pro- lower is better) for various low-rank optimizers in differ-
jector is precious, and stale misalignment is especially  ent ranks on the 1B LLaMA pre-training task. The ideal
costly. Empirical results show that Ori reduces the per- region is the bottom-left corner. Ori (x) consistently es-
formance gap of state-of-the-art low-rank baselines to  tablishes a better Pareto frontier, achieving a superior
the full-rank Adam optimizer by up to 69.3% on the performance-to-memory trade-off compared to state-
1B LLaMA pre-training task, where the optimizer state  of-the-art baselines like GaLore (o) and OSD (D).
rank is 128 in contrast to the model embedding dimen-
sion of 2048. And on Roberta-Base fine-tuning tasks, where the optimizer ranks are even lower (8 or 4), Ori
achieves superior performance on 15 out of 16 scenarios. Moreover, Ori achieved this superior performance
with one of the lowest computation budgets. See Figure 1 for a performance—memory overview on LLaMA-1B
pre-training, where Ori consistently sits on the top-left frontier. Through ablation, we observe that (i) increasing
the projector-update period degrades performance—quantifying the cost of staleness, and (ii) injecting a small
carry-over (via a drift coefficient p ~ 0.99) improves accuracy—confirming the value of continuity and statistic
transfer. Across pre-training and fine-tuning settings, Ori consistently improves the performance—memory trade-off
over LoRA, GaLore, and OSD in the low-rank regime, thereby reducing the gap to full-rank Adam. The primary
contributions of this paper are:

¢ Identify and quantify slow gradient subspace drift during LLM training and argue that exploiting its continu-
ity—not merely reacting to it—matters for low-rank optimization.

* Propose Ori, a drift-aware low-rank optimizer that combines streaming k-PCA (Oja++) with moment transfer to
achieve continuous, high-frequency projector updates at negligible cost.

* Provide theoretical support via dynamic-regret bounds under drift, yielding sublinear regret in the noiseless
setting with mild dependence on the consecutive drift parameter.

* Present empirical results showing Ori’s superior performance under stringent rank constraints, with ablations
isolating the roles of update frequency and drift-aware continuity.

2 BACKGROUND AND RELATED WORK

We refer the reader to Appendix B for a more detailed discussion of related work.

The Landscape: Low-Rank Optimization. Low-rank optimization in LLMs can be broadly divided into two
categories. Weight-subspace methods adapt the model weights by constraining them to a low-rank manifold,
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a paradigm popularized by LoRA and its many variants (Hu et al., 2022; Lialin et al., 2023; Zhang et al., 2023;
Mo et al., 2025; Han et al., 2024). In contrast, Ori belongs to the second category, gradient-subspace methods,
which operate on a low-rank projection of the gradients. This line of work was pioneered by GaLore (Zhao
et al., 2024), which uses periodic Singular Value Decomposition (SVD) to identify and project gradients onto a
low-rank basis. Many subsequent works have built upon this foundation by incorporating diverse strategies such as
quantization (Zhang et al., 2024), structured sparsity (Muhamed et al., 2024), random projections (He et al., 2024;
Wang et al., 2024), and importance sampling (Zhang et al., 2025; Liao et al., 2024). However, a common limitation
underlines these approaches: by relying on static or infrequently updated projectors, they are inherently reactive
to the evolving gradient landscape. This can lead to a “staleness penalty,” where gradients are projected onto an
outdated basis, losing critical information for optimization. Ori is designed to directly counteract this penalty by
replacing infrequent recomputation with a continuous, online tracking mechanism.

The Mechanism: Online Subspace Tracking. The challenge of staleness in subspace projection has motivated
online methods that update projectors frequently without relying on full SVD. Recent work explores auxiliary
optimization techniques for dynamic subspace learning (Liang et al., 2024; Nguyen & Nguyen, 2024; Robert
et al., 2024; Rajabi et al., 2025). Nguyen & Nguyen (2024) propose Subset-Norm and Subspace-Momentum,
which decouples optimization by applying momentum in a low-dimensional subspace while performing SGD in the
orthogonal complement. Robert et al. (2024) use block power iteration on a weighted gradient-EMA combination to
adapt optimizer states to evolving subspaces. Rajabi et al. (2025) track subspaces on the Grassmannian manifold via
geodesic updates, leveraging past estimates and error feedback for accuracy. Online Subspace Descent (OSD) (Liang
et al., 2024) proposes a robust procedure that uses a secondary optimizer to perform gradient descent directly on
the subspace manifold, initialized from the previous projector.

Ori adopts a fundamentally distinct strategy. Rather than relying on a secondary optimizer, it leverages the streaming
k-PCA algorithm, Oja++ (Allen-Zhu & Li, 2017), to update the projector. This distinction carries significant
implications. First, gradient descent on the subspace manifold is inherently non-convex and complex, but Oja-style
multiplicative updates come with strong theoretical assurances. Specifically, Oja++ achieves a provably “gap-free”
convergence rate, offering greater robustness in static settings compared to gradient-based methods. Second, as
formalized in our theoretical contributions, our Oja-based update exhibits desirable properties even in non-stationary,
drifting environments, yielding strong dynamic regret bounds. Finally, the Oja++ update is computationally cheaper
than gradient descent on the manifold, enabling Ori to update the projector more frequently. This higher frequency
allows for improved tracking of the evolving gradient landscape.

The Theory: Connecting to Concept Drift. We frame the phenomenon of gradient subspace drift within the
broader theoretical context of concept drift in online learning. Foundational work in this area establishes regret
guarantees for learners adapting to a slowly shifting target distribution (Crammer et al., 2010). This theoretical lens
is highly relevant to LLM training, where empirical evidence shows that gradients concentrate in a low-dimensional,
slowly evolving subspace (Gur-Ari et al., 2018; Larsen et al., 2021). While the idea of a shifting target is well-
established, our work is the first to formally analyze a low-rank LLM optimizer through the framework of dynamic
regret under concept drift. This provides a principled theoretical foundation for Ori’s performance and differentiates
it from prior methods that focused primarily on algorithmic or empirical contributions.

3 ORI OPTIMIZER

In this section, we further discuss the technical foundation of Ori. First, we establish and quantify the problem of
gradient subspace drift, highlighting the limitations of existing approaches. Next, we introduce the core motivation
of bootstrapping subspace updates, which forms the conceptual basis of our method. We then detail the specific
online algorithm, a modified Oja++, used to implement this solution. Finally, we present the complete Ori algorithm,
synthesizing these components into a cohesive and efficient optimization procedure.

3.1 THE PHENOMENON OF GRADIENT SUBSPACE DRIFT

Formalizing and Quantifying Drift. Low-rank optimizers that rely on periodic updates, such as GaL.ore (Zhao
et al., 2024), implicitly assume that the principal gradient subspace remains relatively stable between updates. In
this work, we propose to explicitly characterize this evolution. To do so, we adopt a formal metric from prior

work on the changing geometry of optimization trajectories: the canonical distance measure (Gur-Ari et al., 2018).

)

At any training step ¢, the top-k principal gradient directions Ul , which can be found via SVD of the gradient

T
matrix G; = U(t)EV(t)T, span a subspace represented by the orthogonal projector P, = ,gt) U,Et) . Our notion of
gradient subspace overlap, based on the canonical distance between the gradient subspace at step ¢ and a later step
t + At, is then defined as

Te(P, P, P, — Poinill;
overlap (U,Et), U,EH_M)) = (P Prvad) =1- 12 = Py aille | P — Pryadls- )]

VIe(P)Tr(Pryat) 2k
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This metric,! which ranges from 0 (orthogonal) to 1 (identical), is directly related to the geometric overlap between
two subspaces. Specifically, Tr(P; Py a¢) captures the & principal angles, {61, . .. 0}, between subspaces P; and
Pt—‘,—At’ in that

k
Tr(PiPiyat) = Z:cos2 0; <k.
i=1

Thus, it provides a principled tool for empirically measuring the rate and nature of subspace evolution.

Empirical Evidence of Slow Drift. With the subspace overlap e 128 I Rk
metric established, we empirically tested the stability assumption — Rank 128 (Random) -=- Renk 32 (Random) -+ Rank 8 (Random)
by measuring the overlap (with At = 10) throughout the pre-  *°

training of a 60M LLaMA model via the Adam optimizer on the g 7
C4 dataset (further experiment details can be found in Appendix D). &°°
The results, shown in Figure 2, provide clear evidence for a “slow & *°

drift” hypothesis. After an initial transient phase, the average gra- Zo4 f

dient subspace overlap across all tested ranks (k € {8,32,128}) ‘20‘3

stabilizes at a high value between 0.55 and 0.75. Crucially, this 5 **

is significantly higher than the overlap observed for random sub- & °! T e e P
spaces of the same rank, confirming the existence of meaningful ~ °° oo a0 oo so 1000

temporal structure. This indicates: (i) The static subspace as- Training Steps
sumption is false, as the overlap is consistently below 1.0, and the
change over just 10 steps is substantial. (ii) The evolution is not
erratic, as the overlap remains remarkably stable, suggesting the
subspace moves with a predictable “velocity” rather than teleport-
ing randomly. (iii) The phenomenon is fundamental, as the stable
drift is present across a range of ranks, suggesting it is an intrinsic
property of the optimization trajectory. This temporal coherence
is precisely the property that an online tracking algorithm can be that the subspace evolves gradually.
designed to exploit.

Figure 2: Average gradient subspace over-
lap during pre-training. We plot the overlap
(Equation (1)) between subspaces at step ¢ and
t + At (with At = 10), averaged over a 60M
LLaMA model. The high, stable overlap, sig-
nificantly above a random baseline, confirms

3.2 ONLINE SUBSPACE TRACKING WITH A BOOTSTRAPPED OJA++

The empirical validation of slow, structured subspace drift motivates a paradigm shift from periodic, expensive
recomputation or adaption, to continuous, lightweight online tracking, leading naturally to the use of streaming
k-PCA algorithms, for which Oja’s method provides a classic foundation (Oja, 1982). Its core is a simple
multiplicative update that incrementally rotates the current basis QJ;—; with a new data sample x; (in our case,
derived from the gradient matrix G;) to better align with new information in x;, followed by a re-orthogonalization
step (typically a QR decomposition) to maintain the basis properties. The fundamental update equation is:

Q: + QR ((I + UtxtxtT)Qt—l) ) 2

where 7, is a learning rate (typically controlled by a cosine scheduler) and QR denotes the QR decomposition used
for re-orthogonalization. While standard Oja’s algorithm initializes the process with a random matrix, our key
innovation is to explicitly leverage the temporal coherence of the subspace drift. We introduce a bootstrapping
mechanism that uses the final projector from the previous update step, (J;—1, as a warm start for the current one.
This is controlled by a drift coefficient p, which interpolates between the previous subspace and a new random
Gaussian matrix R ~ N(0,1):

Qinit = pQi—1 + (1 — p)R. (3)
This bootstrapped matrix Qi then serves as the next starting point for the update rule in Equation 2.

While Equation (2) and Equation (3) forms the conceptual basis of our approach, we specifically employ a more
robust variant, Oja++ (Allen-Zhu & Li, 2017), for its crucial theoretical advantage of gap-free convergence. This
means its convergence rate is independent of the eigengap (the difference between consecutive singular values
of the gradient covariance matrix), a property that is vital for LLM training where such gaps can be small. The
bootstrapping technique applies directly to Oja++ as well: the previous basis ();_1 serves as the warm start for
the multi-stage Oja++ update procedure. This combination of a theoretically sound, gap-free algorithm with a
drift-aware bootstrapping strategy gives rise to the full form of our proposed optimizer, Ori, whose core projector
update routine is detailed in Algorithm 1. For the algorithm pseudocode and its integration with common optimizers
like Adam, we refer the readers to Appendix C.

'Equation (1) is well-defined because the projector P is idempotent (P? = P) and its trace equals its rank Tr(P) = k; we
have || P, — Prsaclls = Tt(P;) + Tr(Peyat) — 2Tr(PyPiyat) = 2k — 2Tr(Py Pitae).
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Algorithm 1 Ori Projector Update (Oja++)

Require: Current projector state Q € R?*", full-rank gradient G € R4*"
Require: Oja++ hyperparameters Hoja: Nupdatess 0 Nvecs» cosine LR schedule for 7
1: function UPDATE-PROJECTOR(Q, G, Hja)

2: Quit < p-Q+ (1 — p) -Randn(d, r) > Bootstrap from last step’s projector, Equation (3)

3: Qnew < zeros(d,r)

4: Teurr < 0

5: for k =0 — log,(r) — 1do > Oja++ main update loop (Allen-Zhu & Li, 2017)

6: b r/2k+1 > Oja++ updates one block at a time

7 Thext < Teurr + 0

8: Qnew[% Teurr * Tnext} < Qinit[57 Teurr * Tnext}

9: Qstice — Qnewl:s : Thext) > Get the current active slice of the matrix
10: Qyslice < OJA-STEP(Qyiice, G, Nupdates) > Update the slice via Oja (Oja, 1982)
11 Qnewl:, * Tnext] < Qslice > Put the updated slice back
12: Teurr € Tnext
13: return Qpew

14: function OJA-STEP(Qin, G, Nupdates)

15: for j = 1 — Nypdawes do > Oja main update loop (Oja, 1982)
16: 71 < GetCosineAnnealingL.R ()

17: G < SampleColumns (G, Nyecs) > Sample a subset of columns for efficiency
18: Qin < Qin + 1+ Goup (G Qin) > Memory-efficient Oja update, Equation (2)

19: return Q);,

4 DYNAMIC REGRET ANALYSIS WITH OJA’S ALGORITHM

To gain further insight into the performance of these techniques for dynamic settings, we analyze streaming k-PCA
algorithms in a nonstationary environment segmented into S steps, each comprising 7" sequential updates. Let
z¢ € R? denote the streaming data at unified time index ¢ € [ST, where ¢ = (s —1)T +t refers to update ¢ € [T]
inside step s € [S]. We assume each z is drawn i.i.d from an unknown underlying distribution D. Let the step-s

optimal k-subspace be spanned by Vi, € R?** with orthonormal columns. The dynamic comparator is a sequence
of rank- orthogonal projectors { P, }5_, which is P, = V,V.T with bounded drift across consecutive steps:

1Py — Paillp < A, selS—1]

We now instantiate the analysis for multiplicative Oja updates on an explicit basis. The learner maintains an
orthonormal basis Q(¢) € R?** and updates with a noisy perturbation followed by reorthonormalization:

QLT = QR((I‘H?@c) Q(C))> gc = 55@27 Te = mc+Ye, 4

where y¢ is an additive (possibly adversarial) noise term. At each ¢, the learner outputs a rank-% projector P an

orthonormal basis Q(¢) € R?¥** with P(©) = Q(©O(Q())T. As in (Marinov et al., 2018), we measure performance
by the (variance) regret against the stepwise comparator:

ST ST
Rs = Z(ICTPS(C)%*ICTP(O"EC) = D (Pyo — P9 zeal), )
¢=1 ¢=1

where s(¢) = [¢/T]. Since Hx||§ = ||z — Pa:||§ + 2" Px for any projector P, maximizing captured variance is
equivalent to minimizing squared residual—so Equation (5) is also the residual regret.

Establishing this measure of performance leads us to the following guarantee for bounding the residual regret in
this setting, the proof of which is found in Appendix A.3.

k _ N
Theorem 1 (Noisy Oja under \-drift). For ¢ € [ST), let Q') follow Equation (4) with n = 1/ *M, let
Eiot := fol |E¢||2 where E; := nyZ + ygxz + yCyZ, and suppose ||z¢||, < 1. Then we have

E[Rs] < 2\/kd-ST(’§+(S—1)\/E>\) + 2k Eyoy. ©6)

We note that in the noiseless setting, i.e., Fiot = 0, we achieve sublinear regret in terms of the total ST updates.
Additionally, our results establish a natural balance in the dependence between the number of steps and sequential
updates, with the dependence of the regret on S degrading further as ) increases.
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Table 1: Comparison with full- and low-rank optimizers on pre-training various sizes of LLaMA models on C4
dataset. Validation perplexity is reported (lower | is better). k is the rank for low-rank optimizers, and dpoqe; is the
model embedding dimension. We show the best scores in bold and second best ones with underlines. Ori is on-par
with the best baseline on moderately high rank settings, and achieves superior performance when the rank &
is severely constrained.

60M (dpnodel = 256) 130M (dpmoder = 768) 350M (dmodel = 1024) 1B (dmoder = 2048)
r=128 r=32 r=8 r=256 r=64 r=16 r=256 r=64 r=16 r=512 r=128 r =32
Full-Rank Methods
Adam 39.03 27.60 20.68 19.92
Low-Rank Methods
ReLoRA®ialinetal. 2023) 14448 10396 103.99 85.53 85.54 85.54 7259 7272 72.69 65.82 65.83 65.79

Method

GaLore@h etal- 2024) 39.38 5327  75.65 2770 36.82  60.29 21.26 2631 41.25 16.87 2649  33.82
OSDking ctal. 2024) 49.64 5235  74.08 49.57 3756  54.05 2828  37.13  50.08 59.72 2543  40.63
Ori (Ours) 40.38  48.84  65.03 29.08 3522  43.61 21.52 2611  39.24 18.50 21.61  29.14
Training Tokens 0.44B 0.88B 2.5B 5.2B

5 EXPERIMENTS

In the experiments, we aim to demonstrate that Ori: (i) achieves superior performance against existing low-rank
optimizers in both pre-training and fine-tuning, particularly under extremely low rank scenarios; (ii) improves
memory and computational efficiency; and (iii) derives its benefits from its core design principles, as shown through
ablation studies.

5.1 BASELINES AND EXPERIMENTAL SETUP

We evaluate Ori against a consistent set of state-of-the-art optimizers, all built upon the Adam optimizer. For each
baseline, we adopt the hyperparameter configurations recommended in their respective original publications and
official codebases. Full experimental details are provided in Appendix D. Our baselines include: Full-Rank Adam,
the standard optimizer serving as a practical upper bound on performance (using default 5; = 0.9, 82 = 0.999,
and € = 10~%); Weight-Subspace Methods, represented by LoRA (Hu et al., 2022) for fine-tuning (with a LoRA
alpha of 32 and a dropout of 0.05) and its pre-training variant ReLoRA (Lialin et al., 2023) (with optimizer states
reset every 1000 steps and no full-rank warmup); and Gradient-Subspace Methods. This category includes
GalLore (Zhao et al., 2024), which employs periodic SVD (update frequency 1" = 200; pre-training scale o = 0.25;
fine-tuning scale o € {2,4}), and OSD (Online Subspace Descent) (Liang et al., 2024), another state-of-the-art
method that performs gradient descent directly on the subspace manifold (similarly using 7' = 200, pre-training
a = 0.25, and fine-tuning o € {2,4}).

5.2 MAIN RESULTS: LLAMA PRE-TRAINING

We evaluate Ori’s pre-training performance against the baselines on the C4 dataset (Raffel et al., 2020) using
LLaMA-architecture models of four sizes (60M, 130M, 350M, and 1B), following similar experimental settings
as prior work (Lialin et al., 2023; Zhao et al., 2024). Departing from prior work that often tests a single rank, we
systematically evaluate all low-rank methods across three distinct ranks for each model (e.g., r € {512,128, 32}
for the 1B model), enabling a rigorous assessment of optimizer performance under varying degrees of memory
constraints. To ensure a fair comparison, model hyperparameters were held constant for each model size, while each
optimizer’s learning rate was tuned from {0.01, 0.005,0.001, 0.0005,0.0001}. We report validation perplexity
after a fixed token budget, with complete experimental details in Appendix D.

As shown in Table 1, Ori’s performance is consistently strong, particularly in memory-constrained scenarios. At
higher, less restrictive ranks (e.g., r = 128 for the 60M model, » = 256 for the 130M model), Ori performs on par
with GaLore, establishing it as a highly competitive method in common low-rank settings. However, Ori’s distinct
advantage emerges when the rank r is severely constrained, where it demonstrates the most robust performance as
its accuracy degrades the least under memory pressure. This trend, where the cost of a stale subspace projection
becomes most apparent, is consistent across all model scales. For instance, when training the 130M model at
an aggressively low rank of just 16, Ori achieves a validation perplexity of 43.61, substantially outperforming
GaLore (60.29) and OSD (54.05). This result empirically validates our central hypothesis: actively tracking the
gradient subspace drift is most critical when the optimizer has the fewest dimensions to work with. By excelling in
these challenging low-rank regimes, Ori consistently narrows the performance gap to full-rank Adam, pushing the
performance boundaries of memory-efficient optimization.



Under review as a conference paper at ICLR 2026

Table 2: Comparison with full- and low-rank optimizers on fine-tuning Roberta-Base on GLUE dataset. Average
accuracy score and standard deviation is reported (lower | is better) for each task, optimizer, and rank combination
over three random seeds. We also report average accuracy over all tasks for each method. We show the best scores
in bold and second best ones with underlines. Ori consistently achieves superior performance on 15 out of 16
scenarios.

Method Rank CoLA STS-B MRPC RTE SST2 MNLI QNLI QQP Avg.
Adam Full 61.61+046 90.88+005 92.52+012 78.45+150 93.88+067 87.41+005 92.63+037 89.21+0.16 85.82
LoRAMuetal.2022) 8 41.85+166 87.07+025 87.95+240 67.03+240 93.124020 85.14+010 90.62+024 84.66+0.14 79.68
GaLore®hwoetal- 20249 g 58.24+063 90.58+007 91.06+056 76.30+146 93.88+024 86.14+014 92.41+025 86.10+030 84.34
QS D Hang etal. 2024) 8 60.39+031  90.93+019 91.85+050 77.36+146 94.61+030 86.62+010 92.29+0.16 87.66+078 85.16
Ori (Ours) 8 63.58+0.93 90.81+021 92.93+023 79.42+1.08 94.92+054 87.52+0.05 92.55+0.07 89.27+0.04 86.30
LoRAMHuetal.2022) 4 41.93+120 86.77+007 87.52+098 66.30+146 93.00+030 84.62+0.16 90.31+012 84.37+006 79.35
GaLore®hwoetal- 2024 4 60.47+2.16  90.67+023  91.72+048 77.01+233  94.192024 87.242015 92.24+014 87.96+0.10 85.19
QS D Hang etal. 2024) 4 59.93+1.04 90.55+016 91.67+038 77.62+201 94.30+035 86.00+0.19 92.17+0.16 87.34+047 84.95
Ori (Ours) 4 60.63+0.40 90.92+0.11 91.91+041 77.98+130 94.42+024 87.30+013 92.62+023 89.06+0.15 85.61
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(c) Oja++ vs. Standard Oja (Perplexity).
Algorithm Rank (r=128) Rank (r=32) Rank (r=8)

Standard Oja 41.10 52,86 96.13
Oja++ (Ours) 40.38 48.84 65.03

Figure 3: Ablation Studies on the 60M LLaMA model pre-trained on C4 dataset for 0.44B tokens. (a) Varying the
drift coefficient p shows peak performance around p = 0.99, validating the importance of transferring optimizer
statistics. (b) Performance degrades as the update frequency 7perjoq increases, demonstrating the cost of a stale
projector. (c) Oja++ consistently outperforms the standard Oja algorithm across all ranks.

5.3 FINETUNING

To evaluate Ori’s effectiveness on adaptation tasks, we fine-tuned a RoOBERTa-Base model on the GLUE bench-
mark (Wang et al., 2018). For each task, we report the mean and standard deviation of task-specific metrics over
three runs with different random seeds. Further details on evaluation metrics are provided in Appendix D.

The fine-tuning results in Table 3 underscore Ori’s dominant performance. Across both rank settings, Ori achieves
the highest average score among all low-rank methods. At rank-8, Ori’s average score of 86.30 not only surpasses
GalLore (84.34) and LoRA (79.68) but also exceeds the full-rank Adam baseline (85.82). This strong performance
continues at rank-4, where Ori (85.61) again leads all low-rank optimizers. Highlighting its remarkable consistency,
Ori achieves the top score in 15 out of the 16 total task/rank combinations. Its particularly strong advantage on
challenging tasks like CoLA (63.58 vs. GaLore’s 58.24 at r=8) further validates its robustness and demonstrates
that its drift-aware optimization is highly effective for both pre-training and adaptation tasks.

5.4 ABLATION STUDY

To isolate the contributions of Ori’s core design components, we conduct a series of ablation studies, performed via
the 60M LLaMA model pre-trained on the C4 dataset (Section 5.2). Details about the ablation experiment settings
can be found in Appendix D.6.
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Impact of the Drift Coefficient (p) We first analyze the effect of the drift coefficient p, which controls how much
of the previous step’s projector is carried over to initialize the current step’s projector. As shown in Figure 3a, we
observe a clear and consistent trend across all ranks: a value of p = 0.99 yields the best performance. This has
two key implications. First, the significant performance drop at p = 0.0 (a fully random restart) corroborates our
central claim that transferring information about the previous subspace is crucial for effective optimization. Second,
the slight performance dip at p = 1.0 (a direct carryover with no noise) suggests that injecting a small amount
of randomness is a beneficial regularization strategy. Overall, we choose p = 0.99 for Ori in all pre-training and
fine-tuning experiments.

Impact of Projector Update Frequency (1)) We test our hypothesis that frequent, lightweight updates are superior
to infrequent, heavy ones by varying the update period from 10 to 200 (which matches GaLore’s recommended
schedule (Zhao et al., 2024)). As shown in Figure 3b, more frequent updates consistently lead to lower loss (better
performance). This phenomenon is especially prominent in the extremely low-rank setting (r = 8), where the cost
of using a stale projector is most severe. This finding contrasts sharply with the ablation results from GaLore (Zhao
et al., 2024), in which the authors reported no benefit from more frequent GaLore SVD updates. We hypothesize
this is a unique advantage of Ori; because GaLore’s periodic SVD acts as a “cold restart” that does not carry over
subspace statistics, frequent updates may not be as beneficial. In contrast, since Ori is explicitly designed to track
subspace drift, it can effectively leverage more frequent updates to maintain a higher-fidelity representation of the
gradient landscape. For our main experiments, we set T' = 20, as it strikes an effective balance between model
performance and computational overhead.

QOja++ vs. Standard Oja Finally, to empirically justify choosing Oja++, we compare the performance of
Oja++ against the standard Oja algorithm as the subroutine for updating the gradient projector. The results in
Figure 3c are unequivocal: Oja++ consistently outperforms standard Oja across all tested ranks. This aligns
with prior theoretical work showing Oja++ has a provably better convergence rate in static streaming k-PCA
settings (Allen-Zhu & Li, 2017). Our results provide new empirical evidence that this advantage extends to the
dynamic, non-stationary environment of LLM training, where Oja++’s superior tracking ability translates directly
to better model performance.

5.5 MEMORY AND COMPUTATION TIME

We profile the optimizer state peak memory and wall-clock time Table 3: Memory and Wallclock Time Com-
during the pre-training experiments from Section 5.2. Details on parison of Pre-training 1B LLaMA on C4
the memory profiling procedure can be found in Appendix D.7. As dataset.

shown in Table 3, Ori exhibits a superior efficiency profile among

gradient-subspace methods. Full table on entire pre-training can ~_ Optimizer rank r=>512 r=128 r=32
be found in Appendix E. Optimizer State Peak Memory (GB)
Memory Usage: Ori consistently consumes the least optimizer QSE?R AdLitinetal, 2023 ﬁgﬁ 3'12‘7% g';‘ggg
peak memory across all ranks. For instance, at rank 32, Orirequires  Gaf ore@woeal. 2024 03385 03385 03385
only 0.2487 GB, which is 12.1% less than OSD (0.2832 GB) and =~ OSD"<t-202 02832 02832  0.2832
26.5% less than GaLore (0.3385 GB). This confirms Ori’s tangible ~_Ori (Ours) 02583 02506  0.2487
memory savings. Average Update Time (s / Step)

Adam 12.6015  12.6015 12.6015

Training Speed: Despite updating its subspace projector 10X more  Rep gRACHM .20 139454 11.9193  11.5661
frequently (Tor = 20 vs. TGaLorerosp = 200), Ori is still the fastest — GaLore®woet«t- 2029 12.9699  12.9703 13.0401
among all gradient-projection methods. While the weight-subspace =~ OSD®«t -2 12.8438  12.8373  12.8594

. L Ori (Ours) 127266 12.7206  12.6705
method ReLoRA is faster at lower ranks due to its different update
mechanism, its worse model performance (see Table 1) highlights
a clear trade-off. In contrast, Ori achieves its superior model performance without compromising on speed, making
it a more effective and efficient choice overall. The lightweight nature of the Oja++ update allows Ori to be both
more accurate and faster than its direct competitors, making it a better choice for efficient training.

6 CONCLUSION

We introduced Ori, a drift-aware low-rank optimizer that continuously tracks the gradient subspace with streaming
k-PCA and preserves optimizer statistics across projector updates, mitigating staleness while keeping memory and
compute low. Across theory (dynamic-regret under drift) and experiments, Ori consistently narrows the gap to
full-rank training in the extremely low-rank regime while remaining faster and more memory-efficient than prior
gradient-projection methods.
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REPRODUCIBILITY STATEMENT

The reproducibility of our research is ensured through two key measures. Firstly, the algorithm proposed in
this paper has been explicitly described in detail in the appendix, allowing for a clear understanding of our
approach. Secondly, to facilitate direct replication of our work, we have provided the complete implementations
as anonymously downloadable source code in the supplementary materials. These measures should enable other
researchers to fully reproduce and validate our findings.
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A PROOFS

A central tool is the identity relating projectors and principal angles.

Definition 1 (Principal angles). For orthonormal Q1, Qs € RY¥F, let ©(Q1, Qo) = diag(0y, . . ., 0) with cos 0,
the singular values of Q{ Qo.

Lemma 2. (Distance Identity.) Let P, = Q1Q{ and Py, = Q2Qg be two rank-k orthogonal projection matrices,
where Q1, Q2 € R™* are matrices with orthonormal columns. Then, we have the following:

I — Pofl% = 2||sin©(Q1, Q)%

Proof. Provided in Appendix A.1. O

Theorem 2 converts the drift assumption into an angle bound:

Isin ©(Vy, Vaer)ll2 < A2/2. (7)

Per-step potential drop. Define the misalignment potential d? = Hsin @(Q(C), Vs) Hi Analyses of noisy Oja
yield a one-step inequality that links potential drop to the instantaneous regret:

E[d},,] —d? < —2n(P,— P9 g) + O(n?), P :=QQV)T, (8)

where the O(n?) term represents the second-order error from the Taylor expansion of the potential function. As
detailed in Appendix A.2, the magnitude of this geometrically-induced error is bounded by a constant proportional
to 12 ||g¢ ||§7 This quantity is, in turn, controlled by our assumption of bounded input data (||z¢||, < 1), which
ensures the stability of the analysis.

Decomposing §¢ = xcxz + E¢ with the error term E; := :ccyg + ygxz + ygyg , we get
(Ps— P9, ge) = (Py = PO wexl) + (P, - P9 E).

Holder’s inequality and || Ps||. = ||[P©)||. = k imply [(P; — P, E:)| < ||Ps — PO, || Ecllz < 2k || Ec]|2-
Rearranging Equation (8) and using O(n?) < 4kd - n? gives

d¢ — E[dZ,,]
2n

Detailed proof for Equation (9) is shown at Appendix A.2. Summing Equation (9) over ¢ € {(s—1)T+1,...,sT}
yields the per-step bound

(P, — PO zexl) < + 2kdn + 2k || E¢||2. 9)

sT
+ 2kdnT + 2kE,,  Eo:i= Y [|El2. (10)
¢=(s—1)T+1

d%sfl)T%»l - E[diT—&-l]
2n

Ry <

Linking steps via drift in angle space. By Theorem 2, we have that
as(Va)? = do(Ve-1)? = 3(IPo = Pally = 1Po = Poal}) < VEA,
where Pg := QDT+ (Q(s=DT+1)T With any orthonormal initialization Q(*), we have d; (V1)? < k.

A.1 PROOF OF LEMMA 2: DISTANCE IDENTITY
Proof.
[P — Po||3 =Tr (Py — P2) " (P — P2)) = Tr(P? — PP, — PP, + P3)

Since P; and P, are orthogonal projectors, they are symmetric P," = P; and idempotent (P? = P;). The trace of a
rank-k projector is its rank, so Tr(P;) = Tr(P2) = k. The expression simplifies to:

||Py — Py||% = Tr(Py) + Tr(Py) — 2Te(P Py) = 2k — 2Tr(P, Py).
The trace term can be rewritten as:

Tr(PPy) = Tr(Q1Q1 Q2Q3 ) = Tr(Qz Q1Q] Q2) = [|Q] Qa|f}-

11
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The smgular values of the matrix Q] Q2 are the cosines of the principal angles, {cos §;}¥_,. The squared Frobenius
norm is the sum of the squares of the singular values:

|Q1 QQHF Zcos 0;.

Substituting this back gives:

k k k
1Py — PQHQF =2k — 220082 0; = 22(1 —cos? ;) = QZSiHQ 0, =2 Hsin@(Ql,Qg)H%.

i=1 i=1 =1

A.2 DETAILED PROOF OF EQUATION 8 AND EQUATION 9(ONE-STEP POTENTIAL DROP FOR QJA)

Recall P(O) = QO(Q)T, P, = V, V., and define the misalignment potential

2 2
R
¢ F 2 F

sin ©(Q'®), V)

Denote P := P(©) and Z := g for brevity, where Z is symmetric. Oja’s update reads
QU+ = QR((I +nZ) Q(C))’ p+D — Q(CH)(Q(CH))T_ (11)

Here is the proof of equation 8

E[d,,] —d} < —2n(P,— P, Z) + O(p°),

Proof. Consider the pre-retraction iterate @ ={I+nZ )Q(O and its (non-idempotent) projector P:= @@T:
P=(I+n2)P*(I+nZ)=(I+nZ)P(I+nZ) =P + n(ZP+ PZ) + 1’ ZPZ. (12)

LetTp:={A=AT: PAP =0, (I — P)A(I — P) = 0} denote the tangent space of the Grassmannian at P.
Projecting the first-order term onto T p gives the canonical tangent increment

Ap = Iy, (ZP+PZ) = I-P)ZP + PZ(I-P). (13)
Standard properties of retractions (here, QR) imply that the reorthonormalized projector satisfies
P = P + nAp + O, (14)

i.e., retraction preserves the first-order tangent component and pushes all curvature effects into O(n?); which is a
similar “one-step” analysis strategy of Appendix i.B in Allen-Zhu & Li (2017).

Define ¢(P) = || P — Py ||%, whose Euclidean gradient is V¢(P) = P — P,. By expanding, we have
1 2
o= AP o= Py 4 L

2
=n (P~ PuAp) + L ApE (1s)

Write
Ap = I-P)ZP+PZ(I-P) = ZP+ PZ —-2PZP.
A direct computation (e.g., in a block basis that diagonalizes P) yields the identity
(P— Ps;,Ap) = —2(Ilt,.(Ps— P),Z), It (Ps—P) = I—-P)P,P+ PP,(I—P). (16)
Proof of equation 16 (sketch). Work in the orthonormal basis [ Q] with P = diag([,0) and decompose
Z:(gBCT) P, *(YZ ) ThenApf(%BT)andHTP(P P) = (}O,YOT).Hence<P*PS7Ap):
—2Tr(Y"B) = -2, (P, — P), Z). O

Combining equation 15 and equation 16 we obtain

di, —di = =2n (I, (Ps—P),Z) + O(n°). (17)

12
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We now relate (II1, (Ps — P), Z) to the full inner product (Ps — P, Z) that appears in the instantaneous regret.
Observe that

(Ps =P, Z) =(Ilt.(Ps — P),Z) + (U-P)(Ps—P)(I-P),Z) + (P(Ps—P)P,Z)
>0if Z-0 <0if Z-0
=(lly,.(Ps—P),Z) + (I—-P)P;(I-P),Z) — (P— PP;P, 7). (18)

Since 0 < P; < T'and Z = 0, both (I — P)P;(I — P) and (P — PP;P) are positive semidefinite, and hence the
last line of equation 18 shows

(IIy,.(Ps — P),Z) < (P, — P, Z) whenever Z > 0. (19)

Plugging equation 19 into equation 17 yields
Aty —di < —2(P.=P,Z) + O(P),  (Z:=0) (20)

To be explicit about the control of the O(n?) higher-order terms, we trace their origin. The term P+ — Pinthe
Taylor expansion represents the full update step on the manifold. As established in equation 12 and the subsequent
discussion on retractions, this step can be decomposed into a first-order tangent component A p, and higher-order
components. These higher-order components, which we collect into the O(n?) term, are a direct consequence of
two factors: (i) the explicit algebraic term n? Z P Z that arises from the pre-retraction update, and (ii) the intrinsic
curvature of the manifold, which means the path defined by the QR retraction deviates from the straight-line path of
the tangent direction.

Recalling the algebraic second-order term, we have

~ 2
P=P+n(ZP+PZ)+n*ZPZ, |n*ZPZ|,. <0’ | Z| 1Pl 1 Z]z =0 | Pl 11 Z|[% -

Since P is a rank-k orthogonal projector, its Frobenius norm is a constant: || P|| . = \/Tr(PTP) = \/Tr(P) =
Vk. Therefore:

2
|n*zPZ||, < VE-n*||Z||% .
For geometric second-order term, we need to relate |Ap||% to ||Z]|%. From equation 13, we have Ap =

(I—-P)ZP+ PZ(I — P). Using the triangle inequality and the sub-multiplicativity of the Frobenius norm, we get:
[Apllp < (I = P)ZP|r + [1PZ(I = P)llr < 2|P[lp[lI = Pllr|Z]r-

Since P is a rank-k projector and I — P is a rank-(d — k) projector, their norms are constants
|Pllp=Vk and |I-Plp=Vd—k,

respectively. This means ||Ap||F is bounded by a constant times || Z|| r. Consequently, the second-order geometric

error 72| A p||% is bounded by (4kd — 4k?)n?|| Z||%. In total, we have O(n?) < 4kd - 7 HZH?7 The norm of these
higher-order terms is therefore fundamentally governed by the norm of the update matrix Z = g¢. Under ||z¢||, <1

(so | Z]|p = HJ;@:CT HF = ||x¢||§ < 1) we have O(n?) < 4kd - 2. Finally, taking expectation over the randomness
at time ¢ (data and any internal noise) yields

E[d2,,] —d? < —2p(P.— P,gc) + 4kd - n?,
which is Eq. equation 8. -

If gc = xgxz -+ E¢ with an arbitrary symmetric perturbation I, the argument above applies verbatim to the PSD
part xgxz; the additional term satisfies

‘<Ps _PvEC>’ < ||Ps _PH* ||EC||2 < 2k ”ECH27
since || Ps||, = || P||, = k. This gives the noise contribution used in the main text. O
A.3 PROOF OF THEOREM 1

Proof. Fix astep s € [S] and write P(©) = Q(©)(Q(©))T and P, = V,V,'. Define the misalignment potential
d% = ||sin 0(Q, Vg)Hi = % ||P(<) — PSH; (Lemma 2). By the one-step potential drop for Oja (proved in
appendix A.2), for the noisy update Q) = QR((I +1§¢)Q'®) with g. = &¢2] and [z¢||, < 1, we have

E[dZ,,] —d? < —2n(P,— P9, ;) + dkdn®. @1

13
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Decompose the noisy rank-one matrix as j¢ = z¢x/ + E¢, where E¢ := xcyl +ycxl + ycy/l . Using Holder
and [| P, = [|P]]. = k,

(P = PO EQ| < ||P = PO Ellz < 2k||Ec]2-

Rearranging equation 21 gives the per-iteration regret bound
dZ — E[dZ,,]

_ p) T
(Ps — P zcxe) < o

+ 2kdn + 2k ||E¢|2. (22)

Within a step. Summing equation 22 over { = (s — 1)T + 1,..., sT yields

l T d%sf1)T+1 B E[d§T+1]
R, = Z (P, — PO, zexl) < o + 2kdn + 2k Ej, (23)
¢=(s—1)T+1
T
where F := ZZ:(sfl)TJrl [ Ecll2-
Across steps (drift linking). Summing equation 23 over s = 1 to .S gives
138 s
E[Rs] < 2kd-nT + %Z(d‘ﬁs_lml —E[d§T+1]) + 2k Eyot,  Fior =Y E. (24)
s=1 s=1
The terminal terms are non-positive and can be dropped: —Zil E[d?, +1) < 0. It remains to upper
bound Ele d%sq)T 41 Where each d%sq)T 41 1s measured against the local comparator V. Let Py :=

QU=DTH(QUs=DT+)T By Lemma 2 and Cauchy-Schwarz inequality,
d(sfl)TJrl(Vvs)Q - d(sfl)T+1(Vs—1)2 = %(HPQ — Py||% — [|[Pg — Ps—1l|}) = (Pg,Ps—1— Ps) < Vi,
using ||Pg|lr = Vk and the drift assumption |[Ps — Ps_||[r < A. With the initialization P") = 0 (hence

di(V1)? = 3[|P1||% = %), we obtain

S

k
S di o < 5+ (S —1)VEA (25)
s=1

Conclusion. Plugging equation 25 into equation 24 yields

Er(S—1)vVEA

E[Rs] < 2kd-nST +
2n

+ 2k Etota

E(S—1)VEX and

which is (7). Optimizing the right-hand side over > 0 gives n* = Shd.ST

E[Rs] < \/2]»<:dST(’2C +(S— 1)\/%)\) + 2k Eiot,
which is (8). O]

Remark (initialization). If one starts Oja from any orthonormal Q") (so P(!) is a rank-k projector), then
d1(V1)? < k and the bound above holds with % replaced by k; using P(Y) = 0 in the analysis yields the slightly
tighter % constant used in the theorem.

B MORE DISCUSSIONS ON RELATED WORK

B.1 LoOW-RANK TRAINING PARADIGMS

Parameter weights subspace projection based descent. Recent research has explored learned subspace descent
methods, where gradient updates are confined to a low-dimensional subspace of the model’s weights that is itself
learned during training. A straightforward instance is to parameterize each weight matrix as a product of low-rank
factors (e.g. W = BA with B € R™*" A € R"*"™) and optimize those factors via gradient descent (Hu et al.,
2022; Kamalakara et al., 2022; Lv et al., 2024). While such plain low-rank factorization can significantly reduce
parameters, it often falls short of full-rank performance (Zhao et al., 2024), prompting more adaptive approaches.
ReLoRA (Lialin et al., 2023) tackles this by periodically absorbing the learned low-rank updates into the main
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weights and introducing new factor matrices, gradually increasing the effective rank of W over training to recover
expressiveness. SLTrain (Han et al., 2024) takes a complementary route by representing each weight as the sum
of a trainable low-rank matrix and a sparse matrix (W = BA + S) and jointly optimizing both; this hybrid
decomposition boosts model capacity while still confining updates to a learned low-dimensional (and partially
sparse) subspace. Other methods learn to adjust the subspace itself: AdaLoRA (Zhang et al., 2023) dynamically
adapts the rank of the low-rank adapters based on an importance metric (simulating SVD pruning of negligible
directions), effectively learning the most productive subspace basis during training. Likewise, LORO (Mo et al.,
2025) directly optimizes the model on a low-rank manifold (using Riemannian optimization), ensuring all gradient
steps stay within a trainable low-dimensional parameter space. Beyond pure low-rank factors, structured subspace
strategies have been proposed: BTT (Qiu et al., 2024) introduces a block tensor train factorization (via Kronecker-
product structured weight matrices) with the factor components learned by gradient descent, and COMERA (Yang
et al., 2024) reshapes weight matrices into higher-order tensors that are decomposed into smaller learned tensors,
enforcing a compact learned subspace of parameters. All of these approaches maintain that the projection basis (e.g.
the low-rank factors or tensor components) is updated by training, allowing the subspace to evolve to fit the data.

In contrast, other methods restrict gradient descent to a fixed or partially fixed subspace of the weights, where the
projection basis remains static (or changes only via non-gradient steps) for some duration. SwitchLoRA (Zhou
et al., 2024) exemplifies this paradigm by using LoRA-style low-rank adapters but periodically switching their
basis vectors (columns of B or rows of A) with new ones during training, instead of continuously refining the same
basis. This schedule of refreshing the adapter subspace (inspired by ReLoRA’s rank-growth idea) lets the model
incrementally cover diverse low-dimensional subspaces without explicitly learning the basis via backpropagation.
Similarly, LoQT (Loeschcke et al., 2024) employs a fixed-basis approach for efficiency: it initializes each weight
with two low-rank factors W ~ BA, then freezes one factor (keeping it constant and even quantized to save
memory) and only trains the other factor B. Periodically, the product BA is added into the full weight matrix W
(and possibly B is reinitialized), but the subspace defined by the fixed factor A remains unchanged during those
intervals. By operating in a predetermined low-rank subspace (or a sequence of static subspaces), SwitchLoRA and
LoQT avoid the overhead of learning new basis directions, instead confining updates to coefficient adjustments
within a fixed projector. This ensures that gradient descent explores a low-dimensional slice of the parameter
space defined a priori (or piecewise fixed), in contrast to the above methods that co-learn the subspace itself during
training.

Gradient subspace projection descent. Recent research has explored gradient subspace projection descent
methods to reduce memory and computation by restricting updates to a low-dimensional subspace. GaLore (Zhao
et al., 2024) pioneered this approach, using SVD to project each gradient onto a top-r singular vector subspace.
This low-rank update dramatically lowers memory usage for gradients and optimizer states. Numerous extensions
build on GaLore’s foundation. Fira (Chen et al., 2024) adds an orthogonal complement term to reintroduce full-rank
gradient information, closing the performance gap to full Adam without extra memory. Natural GaLore (Das,
2024) integrates natural gradient preconditioning into GaLore’s update, while Q-GaLore (Zhang et al., 2024)
combines low-rank projection with low-bit quantization for further memory savings. Other variants modify how
the subspace is selected. COAP (Xiao et al., 2025) learns a correlation-aware projection matrix for improved
efficiency, and GRASS (Muhamed et al., 2024) constructs sparse projection bases guided by gradient row norms to
accelerate training. FRUGAL (Zmushko et al., 2024) performs an Adam-style update in the projected subspace and
a simultaneous SGD step on the orthogonal complement, enabling updates across the full parameter space with
minimal extra memory overhead. Tensor-GaLore (George et al., 2025) extends the low-rank projection principle to
higher-order tensor parameters (beyond flat matrices), broadening applicability while preserving memory benefits.

Meanwhile, some works address the computational cost of maintaining the subspace or explore dynamic subspace
strategies. Galore+ (Liao et al., 2024) reduces SVD overhead by performing the decomposition on only a randomly
chosen component (e.g. one attention head) per update, significantly speeding up training at the cost of a slight
approximation error. SubTrack-Grad (Rajabi & Rambhatla) and Online Subspace Descent (Liang et al., 2024) both
dynamically update the projection basis: they solve auxiliary optimization problems (e.g. least-squares fits) to
adjust the subspace so that it continues to approximate the current gradient well over time. In contrast, Flora (Wang
et al., 2024) and GoLore (He et al., 2024) propose using fixed random projections of gradients, achieving memory
savings with competitive performance to Gal.ore but without expensive SVD computations. I3S (Zhang et al.,
2025) introduces an importance sampling subspace selection scheme, weighting basis directions by their singular
values to adaptively refine GaLore’s subspace and further improve convergence. Finally, the recent GaLore 2
framework (Su et al., 2025) addresses practical challenges like SVD cost and parallelization integration (e.g. with
FSDP), and demonstrates the scalability of subspace-projected training by pre-training a 7B-parameter LLM with
up to 500B tokens using significantly less memory.

B.2 ONLINE SUBSPACE TRACKING

Online k-PCA subspace descent related method. Recent optimizers exploit low-dimensional subspaces to
reduce memory cost in large-scale training via online k-PCA. For example, Subspace-Momentum confines the
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momentum vector to a fixed k-dimensional subspace (e.g., spanned by top singular directions) while performing
standard SGD in the orthogonal complement, substantially lowering optimizer-state memory and admitting high-
probability convergence guarantees under standard conditions (Nguyen & Nguyen, 2024). The subspace can
be chosen once or periodically refreshed via streaming singular vectors (e.g., computing top-k components
every G steps) to adapt to evolving gradients (Nguyen & Nguyen, 2024). Similarly, Online Subspace Descent
forgoes expensive SVD-based updates by continuously adapting the projection matrix through an online k-PCA
algorithm (Liang et al., 2024). This approach provides a convergence guarantee for arbitrary subspace update
rules in such low-rank optimizers and maintains an up-to-date basis with minimal overhead, eliminating full SVD
computations during training (Liang et al., 2024). Applied to LLM pre-training, the online subspace optimizer
achieves lower perplexity than prior low-rank methods and narrows the performance gap to full-rank training on
benchmarks (Liang et al., 2024).

B.3 CONCEPT DRIFT IN ONLINE LEARNING

Subspace learning. A growing body of work indicates that SGD dynamics concentrate in a low-dimensional,
slowly evolving subspace, motivating algorithms that explicitly track or exploit subspace drift during training. The-
ory shows: (i) gradient updates lie within a tiny active subspace, suggesting that learning can be captured by a small
set of dominant directions (Gur-Ari et al., 2018); (ii) online learning with concept drift admits regret guarantees
against a slowly shifting comparator, formalizing performance when the target (or optimal subspace) moves over
time (Crammer et al., 2010); and (iii) low-dimensional training succeeds once the subspace dimension exceeds a
threshold tied to the loss landscape’s Gaussian width, explaining why few degrees of freedom can suffice and how
this threshold depends on initialization (Larsen et al., 2021). On the practical side for large-scale LLMs, recent
methods instantiate drifting-subspace training by refreshing projection bases during optimization; among them,
I3S (Zhang et al., 2025) samples singular directions by importance to diversify consecutive subspaces, alleviating
“frozen” dominant bases while retaining convergence guarantees comparable to random-projection methods and de-
livering stronger pretraining perplexity in practice. Together, these results motivate modeling—and algorithmically
tracking—gradient subspace drift when designing memory-efficient, very low-rank training procedures for LLMs.

C ORI ALGORITHM DETAILS

C.1 ADAMW WITH ORI

Algorithm 2 shows the full algorithm of an AdamW optimizer equipped with Ori low-rank gradient projector
updates. We note that Ori is not intrinsically entangled with AdamW; rather similar to GaLore (Zhao et al., 2024),
the Ori projector update subroutine can be easily integrated with other optimizers. We leave such exploration to
future work.

C.2 ORI HYPERPARAMETERS AND RECOMMENDED SEARCH STRATEGY

In total, Ori consists of the following 7 important hyperparameters, listed roughly in the order of the most to least
influential to model performance as we observed during method development.

* Scale ~: Similar to GaLore’s scale « (Zhao et al., 2024), this parameter effectively scales the actual learning
rate for the model layers for which Ori project the gradients. We suggest always search over this parameter as
it highly correlates with model performance. Empirically, we found that one can set a higher v value in the
extremely low rank settings, while smaller ~ tend to yield more stable training at higher ranks. We suggest
~v € {0.25,0.5,0.75, 1.0} for large model pre-training, and v € {2.0, 4.0} for very low-rank fine-tuning.

* Drift coefficient p: This parameter controls how much the last step’s projector is carried over to warm-start the
next step’s projector Oja updates. A p = 0.0 means total random restart, and a p = 1.0 means total carry-over
with no randomness injected. As established in Section 5.4, the p = 0.99 tend to be the universally good setting.
We also found that p € {0.8,0.9} can be good alternatives in a few scenarios.

* Projector update period Tperioa: This parameter controls the frequency of Ori’s update. As established in
Section 5.4, we suggest Terios = 20 as it strikes a perfect balance between model performance and computation
budget.

* Ori warmup period Tiyamup: This parameter controls for how many steps at the begging does Ori ignore Tperiod
and update its projector consecutively. We recommand avoid setting too large a value as it may lead to overfitting.
Empirically, we observe that Tiyamup = 20 tend to be stable.

* Initial Oja learning rate 7: The initial learning rate for the Oja update (Equation (2)), which gets decreased by a
cosine annealing scheduler, and then gets reset at the next model update step. We observe that, as long as 7 is
not too small, Ori yields stable learning and n’s specific value do not have too much influence. We recommend
setting 7 = 1.0 for all scenarios.
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Algorithm 2 AdamW with Ori

Require: A layer weight matrix W € R™*"
Require: Learning rate 77, AdamW decay rates (31, 32, rank k, scale factor y
Require: Ori hyperparameters: warmup steps Tiyarmup, update period Tperiod, Oja++ settings H;q

1:
2:
3:
4:
5:
6:
7

8

9:
10:
11:
12:
13:

14:

15:
16:

17:
18:

19:

20:
21:
22:
23:
24

Initialize Qg € R%*" with random values

PO “— QR(Q())
Initialize first-order moment My € R™*™ < (

Initialize second-order moment Vy € R™*" < 0

Initialize step ¢t <— 0
repeat
Gt — VWfE(Wt)
if t < Tyarmup OF t (mod Tperiod) = O then

> Assuming m > n

> Compute full-rank gradient
> Periodically update the projector

Q¢ < UPDATE-PROJECTOR(Q¢—_1, G, Hyja) > Ori projector update, See Algorithm 1

P+ QR(Qt)

else

Qi — Qi1
Pt < Pt—l

R; PtTGt

M+ BiM;_1 + (1= B1)R,
Vi B2Vi1 + (1— B2)R?
My < M /(1 — B)

Vi < Vi/(1 = B5)

N; Mt/( Vi + €)

Gt — v (PtNt) N
Wi Wy —n-Gy
t+—t+1
until convergence criteria met
return W,

> Project gradient into low-rank space
> Update low-rank optimizer states with AdamW

> Project update back to original space and scale
> Update layer weights
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Table 4: Accuracy metrics we used for the Roberta-Base fine-tuning experiments of Table 2.

Task CoLA STS-B  MRPC RTE SST-2 MNLI QNLI QQP

Metric Matthews Correlation  Pearson F1 Accuracy Accuracy Accuracy Accuracy  Fl1

Table 5: Ori hyperparameter used for the LLaMA pre-training results on the C4 dataset (Table 1).

. 60M 130M 350M 1B

Ori Hyperparameters

r=128 r=32 r=8 r=256 r=64 r=16 r=256 r=64 r=16 r=>512 r=128 r =32
¥ 0.5 0.5 1.0 0.25 0.25 0.25 0.75 0.75 0.5 0.5 0.5 0.5
p 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99 0.99
Tperiod 20 20 20 20 20 20 20 20 20 20 20 20
Twarmup 20 20 20 20 20 20 20 20 20 20 20 20
n 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
Nupdate 2 2 2 2 2 2 2 2 2 2 2 2
Nyecs 256 256 256 768 768 768 256 256 256 512 512 512

* Number of inner Oja-loop updates Nypdae: This parameter controls the number of inner Oja updates (see
Algorithm 1). Note that since Ori uses Oja++ outer loop, the total number of inner Oja updates depends on the
optimizer rank: (logy (k) + 1) Nypdate. In practice, we set Nypgare = 2 for all experiments.

* Number of gradient columns to sample for Oja update Ny.: In practice, we observe that setting it in a way that
scales with the model’s embedding dimension is a good choice. We suggest Nyecs € {dmode1 /25 dmodel;s @model X 2}

D EXPERIMENT DETAILS

D.1 DATASET AND TRAINING DETAILS

We use the C4 dataset for the LLaMA model pre-training task. C4 dataset is a colossal, cleaned version of Common
Crawl’s web crawl corpus, mainly intended for pre-training language models and word representations (Raffel et al.,
2020). Similar to prior work’s experiment settings, we train the model without data repetition over a sufficiently
large amount of data. We report the final validation perplexity (the lower the better) for the main experiment table
(Table 1).

For all the pre-trianing experiments, we adjust the gradient accumulation steps accordingly, depending on the
available GPUs, so that the effective total batch size for all runs are 512 (for instance, an actual batch size of 64
with 8 gradient accumulation steps result in the effective batch size of 512). We set the LLaMA model max length
to 256, adopted a cosine learning rate scheduler with a 0.1 minimum learning rate ratio, and trained with bfloat16
data type.

We use the GLUE dataset for the Roberta-Base model fine-tuning task. GLUE is a benchmark for evaluating the
performance of NLP models on a variety of tasks, including question answering, sentiment analysis, and textual
entailment (Wang et al., 2018). We report the final accuracy score (the higher the better) for the main experiment
table (Table 2). The metric of choice for each GLUE task is listed in Table 4. Notably, different from many of the
prior optimization work, we run each task + optimizer + rank combination for three runs with different random
seeds to improve statistical confidence level. Thus, we were able to report the error bar (standard deviation) in the
table.

For all the fine-tuning experiments, similar to prior work’s experiment settings, we train all models for a total of 30
epochs, with 1 gradient accumulation step. We set the model max length to 512, and adopted a linear learning rate
scheduler.

D.2 COMPUTE RESOURCES

We used a variety of compute resources with different GPU hardware, including RTX 4090, RTX 4070 Ti Super,
RTX A500, RTX A6000, 40GB A100, 80GB A100, H100, MI100, and MI210. For the large model pre-training,
such as the 350M and 1B LLaMA model pre-training experiments, we trained the model on nodes equipped with 4
H100 or 4 MI210.

D.3 ORI HYPERPARAMETERS
We report the detailed Ori hyperparameters used in each experiment setting for reproducibility. Table 5 lists all

hyperparameters used for the LLaMA-C4 pre-trianing tasks, and Table 6 lists all hyperparameters used for the
Roberta-Base-GLUE fine-tuning tasks.
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Table 6: Ori hyperparameter used for the Roberta-Base fine-tuning results on the GLUE dataset

Ori Hyperparameters GLUE all tasks

¥ 4.0
P 0.99
Tperiod 20
Twarmup 20
n 1.0
N, update 2
Nyecs 768

D.4 BASELINE HYPERPARAMETERS

Baseline hyperparameters are discussed in the main experiment section (see Section 5.1).

D.5 VISUALIZING SUBSPACE DRIFT

We reused the setting of 60M LLaMA model pre-training on C4 dataset to visualize an actual gradient subspace
drift as the model is being trained in real life, resulting in Figure 2.

For this experiment, we trained the 60M LLaMA model with the Adam optimizer for a reduced 1000 training
steps, totalling 100M training tokens. We set At = 10, k € {128, 32,8}, and computed overlap (U,E,t), U,EHM)

(Equation (1)) for every layers in the model. We then report and plot the mean overlap, averaged over all layers,
through the training trajectories.

To further demonstrate that the overlap values shown in Figure 2 are not ad-hoc and it indeed signify that the gradient
subspace has non-trivial overlapping, we simulated three random baselines, one for each rank k € {128,32, 8}.
The random baseline is conducted by sampling a random matrix with the same shape and Frobenius norm as the
true gradient matrix, for each layer at each step. We then pretend these random matrices were some “gradients”,
and record their overlap values with the earlier random matrices.

D.6 ABLATION STUDY DETAILS

We reused the setting of 60M LLaMA model pre-training on C4 dataset to perform the ablation study. The ori
optimizer in the ablation studies used the same hyperparameters as detailed in Table 5.

For the ablation of Oja++ vs. Standard Oja, recall that the default choice of Oja++ algorithm consists of an
outer loop and an inner loop Algorithm 1, and the total number of Oja inner updates in the default setting is
(logy(k) + 1) Nypdae- Thus, to ensure fairness, we set this number to the Oja-variant of Ori. That is, since we
use Nypgae = 2 for all experiments, in this ablation study, we set the number of Oja baseline udpates to 16 when
k = 128, 12 when k = 32, and finally 8§ when k& = 8.

D.7 MEASURING OPTIMIZER STATE PEAK MEMORY

Finally, we report our procedure for measuring the memory footprint of the optimizers evaluated in our experiments.
Our goal is to record the peak memory usage, incurred solely by the said optimizer’s update step. To this end, we
take advantage of PyTorch’s memory recording functionalities.

The below code listing shows the pseudocode for recording peack memory usage incurred solely by the optimizer’s
step () operations. We use this procedure to obtain all the results in Tables 3 and 7.

I| import torch

5

3| # Model and optimizer setup

4 model = ...

5 optimizer = ...

6

7/ # Main training loop

3 for batch in enumerate (dataloader) :
9

0 # Forward and backward pass

1 loss = model (xxbatch) .loss
loss.backward ()

13
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Table 7: Memory and Wallclock Time Comparison of pre-training various sized LLaMa model on the C4 dataset.

60M 130M 350M 1B
Method
r=128 r=32 r=8 r=256 r=64 r=16 r=256 r=64 r=16 r=512 r=128 r=32
Optimizer Peak Memory (GB)
Adam 0.1082 - - 0.2498 - - 0.6854 - - 24942 - -
ReLoRA Fidlin etal. 2023) 0.0797 0.0657 0.0622 0.1751 0.1125 0.0968 0.3450 0.1779 0.1361 1.1349 04670  0.3000
GalLore#hwoctal. 2024) 0.0670 0.0670 0.0670  0.1049 0.1049 0.1049 0.1458 0.1458 0.1458  0.3385 0.3385  0.3385
OSDHiang etal. 2024) 0.0635 0.0635 0.0635 0.0970 0.0970 0.0970  0.1318 0.1318 0.1318  0.2832  0.2832  0.2832
Ori (Ours) 0.0623 0.0619 0.0618  0.0948 0.0932 0.0927  0.1256 0.1237 0.1232  0.2583  0.2506  0.2487
Average Update Time (s / Step)
Adam 0.5198 - - 1.0309 - - 2.655 - - 12.6015 - -
ReLoRA Hidlin etal. 2023) 0.6622 0.6395 0.6413 1.3324 1.2824 1.2626 3.3348 3.1886 3.1423 139454 119193 11.5661
GalLore#hwoctal. 2024) 0.5454 0.5262 0.5270 1.0617 1.0575 1.0601 27733 27702 27754 129699 12.9703 13.0401
OSDiang etal. 2024) 0.5664 0.5614 0.5645 1.0917 1.0866 1.1003 27717 2.8100 2.8067 12.8438 12.8373 12.8594
Ori (Ours) 0.5313  0.5260 0.5229 1.0490 1.0473 1.0383  2.7260 2.7018 2.6894 12.7266 12.7206 12.6705
Total Update Time (s)

Adam 520 - - 1032 - - 2658 - - 12614 - -
ReLoRA tidlinetal. 2023) 663 640 641 1334 1284 1264 3338 3192 3145 13931 11931 11578
Galore#hwoctal. 2024) 546 527 528 1063 1059 1061 2776 2772 2778 13053 12984 12983
OSDiang etal. 2024) 567 562 565 1093 1088 1101 2774 2812 2809 12857 12850 12872
Ori (Ours) 532 526 523 1049 1047 1038 2728 2704 2692 12740 12733 12683

# Record the current
mem_after_backward =

memory usage after model backward

torch.cuda.memory_allocated()

# Reset the max memory counter
torch.cuda.reset_peak_memory_stats ()

# Optimizer step
optimizer.step ()

# Read the optimizer-incurred max memory

# The difference with mem_after backward is the maximum additional memory

# caused by optimizer.step ()

peak_mem_during_step = torch.cuda.max_memory_allocated()
optim_peak_mem = peak_mem_ during_step - mem_after_backward

Listing 1: Python code for profiling optimizer peak memory.

E ADDITIONAL EXPERIMENT RESULTS

Table 7 presents the full results of memory and Wallclock time comparison of all the optimizer methods on the
LLaMA model pre-training task on the C4 dataset. As shown by the table, our method Ori achieves superior
memory and computation time profile almost across the broad, demonstrating its general efficiency under various
settings.
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