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Abstract

The pioneering work of Oono & Suzuki [ICLR, 2020] and Cai & Wang
[arXiv:2006.13318] analyze the smoothness of graph convolutional network (GCN)
features. Their results reveal an intricate empirical correlation between node clas-
sification accuracy and the ratio of smooth to non-smooth feature components.
However, the optimal ratio that favors node classification is unknown, and the
non-smooth features of deep GCN with ReLU or leaky ReLLU activation function
diminish. In this paper, we propose a new strategy to let GCN learn node features
with a desired smoothness to enhance node classification. Our approach has three
key steps: (1) We establish a geometric relationship between the input and output
of ReL.U or leaky ReLU. (2) Building on our geometric insights, we augment the
message-passing process of graph convolutional layers (GCLs) with a learnable
term to modulate the smoothness of node features with computational efficiency.
(3) We investigate the achievable ratio between smooth and non-smooth feature
components for GCNs with the augmented message passing scheme. Our extensive
numerical results show that the augmented message passing remarkably improves
node classification for GCN and some related models.

1 Introduction

Let G = (V, E) be an undirected graph with V' = {v;}_, and E be the set of nodes and edges, resp.
Let A € R™*" be the adjacency matrix of the graph with A;; = 1(; j)e g, where 1 is the indicator
function. Furthermore, let G be the following (augmented) normalized adjacency matrix

G=[D+I)*(I+A)D+I) =D 2AD 7, )

where I is the identity matrix, D is the degree matrix with D;; = Z?Zl A;j, and A:=A+TIand

D := D + I. Starting from the initial node features H® := [(R))T,..., (h)T]T € R¥" with
h{ € R? being the i*" node feature vector, the graph convolutional network (GCN) [20] learns node
representations using the following graph convolutional layer (GCL) transformation

H' =¢(W'H'™'G), 2

where o is the activation function, e.g. ReLU [23], and W' € R?*? is learnable. GCL smooths
feature vectors of the neighboring nodes. The smoothness of features helps node classification; see
e.g. [22, 131} 15]], resonating with the idea of classical semi-supervised learning approaches [41] 38]].
Accurate node classification requires a balance between smooth and non-smooth components of GCN
features [27]. Besides graph convolutional networks (GCNs) stacking GCLs, many other graph neural
networks (GNNs) have been developed using different mechanisms, including spectral methods [3} (9],
spatial methods [12} 30], sampling methods [[13}[36]], and the attention mechanism [30]. Many other
GNN models can be found in recent surveys or monographs; see, e.g. [15} 1,33} 139, [14].

Deep neural networks usually outperform shallow architectures, and a remarkable example is convo-
lutional neural networks [21,[16]]. However, this does not carry to GCNs; deep GCNs tend to perform
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significantly worse than shallow models [3]]. In particular, the node feature vectors learned by deep
GCN s tend to be identical over each connected component of the graph; this phenomenon is referred
to as over-smoothing 22,26, 27,14, |5, |132]], which not only occurs for GCN but also for many other
GNN:gs, e.g., GraphSage [13] and MPNN [12]. Intuitively, each GCL smooths neighboring node
features, benefiting node classification [22} 31} |5]. However, stacking these smoothing layers will in-
evitably homogenize node features. Algorithms have been developed to alleviate the over-smoothing
issue of GNNs, including decoupling prediction and message passing [[11]], skip connection and batch
normalization [[18, 7, |6], graph sparsification [29]], jumping knowledge [34], scattering transform
[24]), PairNorm [37]], and controlling the Dirichlet energy of node features [40].

From a theoretical perspective, it is proved that deep GCNs using ReLU or leaky ReLU activation
function learn homogeneous node features [27, 4]. In particular, [27] shows that the distance of
node features to the eigenspace M — corresponding to the largest eigenvalue 1 of matrix G in
— goes to zero when the depth of GCN with ReL.U goes to infinity. Meanwhile, [27] empirically
studies the intricate correlation between node classification accuracy and the ratio between smooth
and non-smooth components of GCN node features, i.e., projections of node features onto eigenspace
M and its orthogonal complement M-, resp. The empirical results of [27] indicate that both smooth
and non-smooth components of node features are crucial for accurate node classification, while
the ratio between smooth and non-smooth components to achieve optimal accuracy is unknown and
task-dependent. Furthermore, [4] proves that the Dirichlet energy — another smoothness measure for
node features — goes to zero when the depth of GCN with ReLU or leaky ReL U goes to infinity.

A crucial step in the proofs of [27, 4] is that ReLU and leaky ReL U reduce the distance of feature
vectors to M and their Dirichlet energy. However, [4] points out that over-smoothing — characterized
by the distance of features to eigenspace M or the Dirichlet energy — is a misnomer; the real
smoothness should be characterized by a normalized smoothness, e.g., normalizing the Dirichlet
energy by the magnitude of the features. The ratio between smooth and non-smooth components
of node features — studied in [27] — is closely related to the normalized smoothness. Nevertheless,
analyzing the normalized smoothness of node features learned by GCN with ReLU or leaky ReLU
remains an open problem [4]]. Moreover, it is interesting to ask if analyzing the normalized smoothness
can result in any new understanding of GCN features and algorithms to improve GCN’s performance.

1.1 Our contribution

We aim to (1) establish a new geometric understanding of how GCL smooths GCN features and
(2) develop an efficient algorithm to let GCN and related models learn node features with a desired
normalized smoothness to improve node classification. We summarize our main contributions towards
achieving our goal as follows:

* We prove that there is a high-dimensional sphere underlying the input and output vectors of ReLU
or leaky ReLU. This geometric characterization not only implies theories in [27, 4] but also informs
that adjusting the projection of input onto eigenspace M can alter the smoothness of the output
vectors. See Section 3 for details.

* We show that both ReLU and leaky ReLU reduce the distance of node features to eigenspace M,
i.e., ReLU and leaky ReLU smooth their input vectors without considering their magnitude. In
contrast, when taking the magnitude into account, ReLU and leaky ReLU can increase, decrease, or
preserve the normalized smoothness of each dimension of the input vectors; see Sections [3]and 4]

* Inspired by our established geometric relationship between the input and output of ReLU or leaky
ReLU, we study how adjusting the projection of input onto eigenspace M affects both normalized
and unnormalized smoothness of the output vectors. We show that the distance of the output to
eigenspace M is no greater than that of the original input — no matter how we adjust the input by
changing its projection onto M. In contrast, adjusting the projection of input vectors onto M can
change the normalized smoothness of output to any desired value; see details in Section 4]

* Based on our theory, we propose a computationally efficient smoothness control term (SCT)
to let GCN and related models learn node features with a desired (normalized) smoothness to
improve node classification. We comprehensively validate the benefits of our proposed SCT in
improving node classification — for both homophilic and heterophilic graphs — using a few of the
most representative GCN-style models. See Sections [5]and [6]for details.

As far as we know, our work is the first thorough study of how ReLU and leaky ReLU affect the
smoothness of node features both with and without considering their magnitude.
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1.2 Additional related works

Controlling the smoothness of node features to improve the performance of GCNs is another line of
related work. For instance, [37]] designs a normalization layer to prevent node features from becoming
too similar to each other, and [40] constrains the Dirichlet energy to control the smoothness of node
features without considering the effects of nonlinear activation functions. While there has been effort
in understanding and alleviating the over-smoothing of GCNs and controlling the smoothness of
node features, there is a shortage of theoretical examination of how activation functions affect the
smoothness of node features, specifically accounting for the magnitude of features.

1.3 Notation and Organization

Notation. We denote the ¢2-norm of a vector u as ||ul|. For vectors w and v, we use (u, v), u © v,
and u ® v to denote their inner, Hadamard, and Kronecker product, resp. For a matrix A, we
denote its (7, j)th entry, transpose, and inverse as 4;;, AT and A1, resp. We denote the trace of
A € R™ ™ as Trace(A) = Y., A;;. For two matrices A and B, we denote the Frobenius inner

product as (A, B) p := Trace(AB ") and the Frobenius norm of A as ||A|r := \/(A, A).

Organization. We provide preliminaries in Section In Section [3] we establish a geometric
characterization of how ReLU and leaky ReLU affect the smoothness of their input vectors. We study
the smoothness of each dimension of node features and take their magnitude into account in Section[4]
Our proposed SCT is presented in Section[5] We comprehensively verify the efficacy of the proposed
SCT in Section[6] Technical proofs and more experimental results are provided in the appendix.

2 Preliminaries and Existing Results

From the spectral graph theory [8]], we can sort eigenvalues of matrix Gin (lJas1 =X\ = ... =
Am > Apmt1 = ... > Ay > —1, where m is the number of connected components of the graph. We
decompose V' = {vy}}i_, into m connected components Vi, ..., V. Let u; = (114, cv;})1<k<n be
the indicator vector of V;, i.e., the k' coordinate of w; is one if the k*" node vy, lies in the connected
component V;; zero otherwise. Moreover, let e; be the eigenvector associated with A;, then {e; }* ,
forms an orthonormal basis of R™. Notice that {e;}/; spans the eigenspace M — corresponding to
eigenvalue 1 of matrix G, and {e;};"_,, | spans the orthogonal complement of M, denoted by ML
The paper [27] connects the indicator vectors u;s with the space M. In particular, we have

Proposition 2.1 ([27])). All eigenvalues of matrix G lie in the interval (—1,1]. Furthermore, the
nonnegative vectors { Dz w; /| Dz u;| H<i<m form an orthonormal basis of M.

For any matrix H := [hy,..., h,] € R?*" we have the decomposition H = Hxq + H .
with Hye = Y" Hee] and Hy = Y Heze] such that (Hy, Hyr)p =

Trace( ;2 Heie] (37, Heje])T) = 0, implying that | H|[3. = | Hal[3: + | H a3

2.1 Existing smoothness notions of node features

Distance to the eigenspace M. Oono et al. [27]] study the smoothness of features H := [hy, ..., hy]
using their distance to the eigenspace M as an unnormalized smoothness notion.

Definition 2.2 ([27]). Let R? ® M be the subspace of R?" consisting of the sum Y_/" | w; ® e;,
where w; € R? and {e;}™, is an orthonormal basis of the eigenspace M. Then we define || H || 1
— the distance of node features H to the eigenspace M — as follows:

|l = inf I H=Yr = [H =3 Heel|

i=1

P

With the decomposition H = H g + H 2,

- || a1 can be related to || - || = as follows:

[Hse = [1H = Hullr = [Hp |7 ©)
Dirichlet energy. The paper [4] studies the unnormalized smoothness of node features using Dirichlet
energy, which is defined as follows:

Definition 2.3 ([4]). Let A =T — G be the (augmented) normalized Laplacian, then the Dirichlet
energy | H || g of node features H is defined by || H||% := Trace(HAH ).
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Normalized Dirichlet energy. [4] points out that the real smoothness of node features H should be
measured by the normalized Dirichlet energy Trace(HAH ') /|| H||%. This normalized measurement
is essential because data often originates from various sources with diverse measurement units or
scales. By normalization, we can mitigate biases resulting from these different scales.

2.2 Two existing theories of over-smoothing

Let A = max{|\;| | A; < 1} be the second largest magnitude of G’s eigenvalues, and s; be the largest
singular value of weight matrix W, [27] shows that | H'|| o < s;A||H ™| o¢2 under GCL when
o is ReLU. Therefore, || H'|| ;. — 0as ! — oo if s;\ < 1, indicating node features converge to M
and results in over-smoothing. A crucial step in the analysis in [27] is that |0 (Z) ||y < || Z]| o4, for
any matrix Z when o is ReLU, i.e., ReLU reduces the distance to M. [27] points out that it is hard
to extend the above result to other activation functions even leaky ReLU.

Instead of considering || H || (., [4] shows that |H'||z < s;\|H'"!||z under GCL when o is
ReLU or leaky ReLU. Hence, || H'!||z — 0 as [ — oo, implying over-smoothing of GCNs. Note that
|H||p2 = 0or ||H'||g = 0 indicates homogeneous node features. The proof in [4] applies to GCN
with both ReLU and leaky ReLU by establishing the inequality ||o(Z)||g < ||Z|| g for any matrix Z.

3 Effects of Activation Functions: A Geometric Characterization

In this section, we present a geometric relationship between the input and output vectors of ReL.U or
leaky ReLU. We use || H|| 41 as the unnormalized smoothness notion for all subsequent analyses
since we observe that | H || »,+ and | H || g are equivalent as seminorms. In particular, we have
Proposition 3.1. | H ||\, and | H || g are two equivalent seminorms, i.e., there exist two constants
a,>0s.t a|H|pe < |Hle < B|H|pe, for any H € R,

3.1 ReLU

Let o(xz) = max{x, 0} be ReLU. The first main result of this paper is that there is a high-dimensional
sphere underlying the input and output of ReLLU; more precisely, we have

Proposition 3.2 (ReLU). Forany Z = Zyg + Z . € R let H = 0(Z) = Hp + H g
Then H p,. lies on the high-dimensional sphere centered at Z .. /2 with radius

ri= (HZML/ZH% — <HM7HM _ZM>F)1/2,

In particular, H y41 lies inside the ball centered at Z v /2 with radius || Z yq1 /2||F and hence we
have || H [ g < || Z]| pg-

3.2 Leaky ReLU

Now we consider leaky ReLU o, (x) = max{z, ax}, where 0 < a < 1 is a positive scalar. Similar
to ReLU, we have the following result for leaky ReL.U

Proposition 3.3 (Leaky ReLU). Forany Z = Zq + Zpr € RX" let H = 0,(Z) = Hpq +
H .. Then H . lies on the high-dimensional sphere centered at (1 + a)Z y1 /2 with radius

ra = (||(1 = @) Zags /2013 = (Hat — Zpa, Ha — aZai)r) >
In particular, H . lies inside the ball centered at (1 + a)Z 1 /2 with radius ||(1 — a)Z 1 /2||F
and hence we see that || Z|| pr < || H || pr < | Z]| pge-

3.3 Implications of the above geometric characterizations

Propositions [3.2]and .3]imply that the precise location of H pq. (or || H g || = || H || o4+ ) depends
on the center and the radius r or r,. Given a fixed Z , 1, the center of the spheres remains unchanged,
and r and r, are only affected by changes in Z 4. This observation motivates us to investigate how
changes in Z nq impact | H || (., i.e., the unnormalized smoothness of node features.

Propositions[3.2]and [3.3]imply both ReLU and leaky ReLU reduce the distance of node features to
eigenspace M, i.e. ||H|| e < || Z|| g2 - Moreover, this inequality is independent of Z x; consider
Z,Z' e R" st Zygo = Z, but Zyg # Z),. Let H and H' be the output of Z and Z' via
ReLU or leaky ReLU, resp. Then we have | H || \1 < [|Z]|pqe and ||H' || pr < || Z7|| g2 - Since
Zyr = Z, ., we deduce that ||H'|| pqr < [|Z]| pqx- In other words, when Z 1 = Z7, s fixed,
changing Z \ to Z',, can change the unnormalized smoothness of the output features but cannot
change the fact that ReLU and leaky ReLU smooth node features; we demonstrate this result in



174
175

176
177

178

179

181
182
183
184

185
186
187
188

190

191

192

193
194

196

197
198

199
200

201

202
203

Fig.[Th) in Section @.1] Notice that without considering the nonlinear activation function, changing
Z pq does not affect the unnormalized smoothness of node features measured by || H ||y

In contrast to the unnormalized smoothness, if one considers the normalized smoothness, we find
that adjusting Z . can result in a less smooth output; we will discuss this in Section 4.1}

4 How Adjusting Z ), Affects the Smoothness of the Output

Throughout this section, we let Z and H be the input and output of ReLU or leaky ReLU. The
smoothness notions based on the distance of feature to M or their Dirichlet energy do not account
for the magnitude of each dimension of the features; [4] points out that analyzing the normalized
smoothness of features Z, given by || Z||g/|| Z|| r, is an open problem. However, these two smooth-
ness notions aggregate the smoothness of node features across all dimensions; when the magnitude
of some dimensions is much larger than others, the smoothness will be dominated by them.

Motivated by the discussion in Section[3.3] we study the disparate effects of adjusting Z r, on the
normalized and unnormalized smoothness in this section. For the sake of simplicity, we assume
the graph is connected (m = 1); all the following results can be extended to graphs with multiple
connected components easily. Due to the equivalence between seminorms || - || and || - || g, we
introduce the following definition of the dimension-wise normalized smoothness of node features.

Definition 4.1. Let Z € R%*" be the features over n nodes with z(*) € R™ being its i*" row, i.e., the
it" dimension of the features over all nodes. We define the normalized smoothness of z(¥) as follows:

s(z) = 2511/1271l,
where we set s(z(?) = 1 when 2() = 0.

Remark 4.2. Notice that the normalized smoothness s(z (")) = ||z§3 /112 || is closely related to the

(i)L I

ratio between the smooth and non-smooth components of node features ||z5\2 /1124

The graph is connected implies that zfa = (z2() e;)e; and ||z5\2 | = [{(z®, e;)|. Without ambiguity,
we write z for z(*) and e for e; — the eigenvector of G associated with the eigenvalue 1. Moreover,
we have

S(Z) — HZMH _ ‘(zve>| _ |<‘Hz’i>| =0< S(Z) <1, )

Izl =zl izl flell

It is evident that the larger s(z) is, the smoother the node feature = isﬂ In fact, we have

by (el y? ol | L
= =1
s + (54 R

A
Il

where ||z|| g1 /]| 2] decreases as s(z) increases.

_____

To discuss how the smoothness s(h) = s(o(z))
or s(04(2)) can be adjusted by changing z, we

Smoothness (s)
Smoothness (s)
o

consider the function %5 05 00 05 To 0% =55 00 05 10 T5 Zo
Parameter (a) Parameter (a)
z (a) =z —ae. a) Smoothness b) Normalized smoothness

Figure 1: Contrasting the effects of varying parame-
ter o on the smoothness and normalized smoothness
z(a) pr = zpq1 and z() m = 2 — e, of output features o(zo) and 04(2«). The disconti-

. nuity of s(o(2z4)) in b) comes from the definition of

where we see that o only alters z while pre- 5malized smoothness. Note that s(z)=1ifz=0,

serves z L. Moreover, it is evident that and 0 (z4) can become 0 when « is large enough.

[12(2) - I [Zaa 12
s(zla)) =41 — — 22— |1 - 24
(z(e)) \/ EIE ECIE
It follows that s(z(a)) = 1 if and only if z,,. = 0 (include the case z = 0), showing that when
zZp+ = 0, the vector z is the smoothest one.

It is clear that

4.1 The disparate effects of o on || - || »,. and s(-): Empirical results

Let us empirically study possible values that the unnormalized smoothness ||o(z(a))||aqs,
|loa(z(a))|| 42 and the normalized smoothness s(o(z(a))), s(c4(z(a))) can take when « varies.

"Here, z € R" is a vector whose i*" entry is the 1D feature associated with node 1.



204
205
206

207

209
210
211
212
213
214
215
216
217

218
219
220
221

222

223
224
225
226

227

228
229

230

231
232

233
234
235

236
237
238

239
240
241
242
243
244

245

246
247
248
249

We denote z,, = z(a) = z — ae. We consider a connected synthetic graph with 100 nodes, and each
node is assigned a random degree between 2 to 10. Then we assign an initial node feature z € R0,
sampled uniformly on the interval [—1.5, 1.5], to the graph with each node feature being a scalar.
Also, we compute e by the formula e = D2w/|| Dz u)| from Proposition 2.1, where u € R is
the vector whose entries are all ones and D is the (augmented) degree matrix. We examine two
different smoothness notions for the input z and the output o(z,) and o, (2, ), where the smoothness
is measured for various values of the smoothness control parameter @ € [—1.5, 1.5]. In Fig.[lh), we
study the unnormalized smoothness measured by || || x4 ; we see that |0 (zq)||aqx and |06 (2a) || age
are always no greater than ||z|| y,.. This coincides with the discussion in Section [3.3} adjusting
the projection of z onto the eigenspace M can not change the fact that ||o(zo)||p2 < [|2]|age
and ||og(za)||mr < ||z]age. Nevertheless, an interesting result is that altering the eigenspace
projection can adjust the unnormalized smoothness of the output: notice that altering the eigenspace
projection does not change its distance to M, i.e., the smoothness of the input is unchanged, but the
smoothness of the output after activation function can be changed.

In contrast, when studying the normalized smoothness s(-) in Fig. [Ip), we find that s(o(z(a)))
and s(o,(z(c))) can be adjusted by « to values smaller than s(z). More precisely, we see that by
adjusting a, s(o(z(«))) and s(o,(z(«))) can achieve most of the values in [0, 1]. In other words,
both smoother and less smooth features can be obtained by adjusting .

4.2 Theoretical results on the smooth effects of ReL.U and leaky ReLU

In this subsection, we build theoretical understandings of the above empirical findings on the
achievable smoothness shown in Fig. [I| Notice that if z,,. = 0, the inequalities presented in
Propositions and indicate that ||o(z(a))||smr and ||og(z(a))||aqr vanish. So we have
s(o(z(a))) = 1 for any « when z . = 0. Then we may assume z 1 # 0 for the following study.

Proposition 4.3 (ReLU). Suppose z . # 0. Let h(a) = o(z(«)) with o being ReLU, then
in:max T di

mins(h(a)) = | =—5——— and maxs(h(a)) =1,
a Zj:l dj e
ad 1 ~ - . . .
where x = D72z, max = maxi<i<n T;, and D is the augmented degree matrix with diagonals
dy,da,...,dy. In particular, the normalized smoothness s(h(«)) is monotone increasing as o

decreases whenever a < || D2, | max x and it has range [min, s(h(a)), 1].

Proposition 4.4 (Leaky ReLU). Suppose zp1 # 0. Let h(a) = 0,(2z(a)) with o, being leaky
ReLU, then (1) min, s(h(a)) = 0, and (2) sup,, s(h(«)) = 1 and s(h(«)) has range [0, 1).

Proposition also holds for other variants of ReLU, e.g., EL[E] and SELUEI; see Appendix|C| We
summarize Propositions [3.2] [3.3] 3] and[4.4]in the following corollary, which qualitatively explains
the empirical results in Fig.[1|

Corollary 4.5. Suppose zy1 # 0. Let h(a) = o(z(a)) or 04(z()) with o being ReLU and o,
being leaky ReLU. Then we have || z|| ;2 > ||h(@)|| pe for any a € R; however, s(h(a)) can be
smaller than, larger than, or equal to s(z) for different values of c.

Propositions {.3]and [4.4] and Corollary [.5] provide a theoretical basis for the empirical results in
Fig.[T} Moreover, our results indicate that for any given vector z, altering 24 can change both the
unnormalized and the normalized smoothness of the output vector h = o(z) or o, (z). In particular,
the normalized smoothness of h = o(z) or o,(z) can be adjusted to any value in the range shown
in Propositions[4.3|and[4.4] This provides us with insights to control the smoothness of features to
improve the performance of GCN and we will discuss this in the next section.

S Controlling Smoothness of Node Features

We do not know how smooth features are ideal for a given node classification task. Nevertheless, our
theory indicates that both normalized and unnormalized smoothness of the output of each GCL can
be adjusted by altering the input’s projection onto M. As such, we propose the following learnable
smoothness control term to modulate the smoothness of each dimension of the learned node features

B, =) ale/, (5)

=1

The ELU function is defined by f(x) = max(x,0) + min(0,a - (e* — 1)) where a > 0.
*The SELU function is defined by f () = c¢(max(x,0) + min(0,a - (e* — 1))) where a, ¢ > 0.
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where [ is the layer index, {e;} is the orthonormal basis of the eigenspace M, and o' := {al} ™,
is a collection of learnable vectors with o} € R? being approximated by a multi-layer perceptron
(MLP). The detailed configuration of ol will be specified in each experiment later. One can see that

B!, always lies in R? ® M. We integrate SCT into GCL, resulting in
H'=¢(W'H'""'G + B)). (6)

We call the corresponding model GCN-SCT. Again, the idea is that we alter the component in
eigenspace to control the smoothness of features. Each dimension of H' can be smoother, less
smooth, or the same as H'~! in normalized smoothness, though H ! gets closer to M than H -1

To design SCT, we introduce a learnable matrix Al € R¥*™ for layer [, whose columns are aﬁ, where
m is the dimension of the eigenspace M and d is the dimension of the features. We observe in our
experiments that the SCT performs best when informed by degree pooling over the subcomponents of
the graph. The matrix of the orthogonal basis vectors, denoted by Q = [e, ..., e,,] € R™*™ isused
to perform pooling H'Q for input H'. In particular, we let A' = W © (H'Q), where W € R¥x™
is learnable and performs pooling over H' using the eigenvectors Q. The second architecture uses
a residual connection with hyperparameter 3; = log(6/l 4+ 1) and learnable matrices Wy, W; €
R?*4 and the softmax function ¢. Resulting in A' = ¢(H'Q) © (3WoH Q + (1 — 8,)W.H'Q). In
Section @ we use the first architecture for GCN-SCT as GCN uses only H' information at each
layer. We use the second architecture for GCNII-SCT and EGNN-SCT which use both H? and H'
information at each layer. There are two particular advantages of the above design of SCT: (1) it can
effectively change the normalized smoothness of the learned features, and (2) it is computationally
efficient since we only use the eigenvectors corresponding to the eigenvalue 1 of matrix G, which is
determined based on the connectivity of the graph.

5.1 Integrating SCT into other GCN-style models

In this subsection, we present other usages of the proposed SCT. Due to the page limit, we carefully
select two other most representative models. The first example is GCNII [6], GCNII extends GCN
to express an arbitrary polynomial filter rather than the Laplacian polynomial filter and achieves
state-of-the-art (SOTA) performance among GCN-style models on various tasks [0, 23], and we
aim to show that SCT can even improve the accuracy of the GCN-style model that achieves SOTA
performance on many node classification tasks. The second example is energetic GNN (EGNN) [40]],
which controls the smoothness of node features by constraining the lower and upper bounds of the
Dirichlet energy of features and assuming the activation function is linear. In this case, we aim to
show that our new theoretical understanding of the role of activation functions and the proposed SCT
can boost the performance of EGNN with considering nonlinear activation functions.

GCNIL Each GCNII layer uses a skip connection to the initial layer H° and given as follows:
H'=o((1 - a) H''G + aH)((1 - B)I + HW")),

where a;,3; € (0,1) are learnable scalars. We integrate SCT B., into GCNII, resulting in the
following GCNII-SCT layers

H' =o((1-a)H''G+aH)(1-B)I+BW') + By),
where the residual connection and identity mapping are consistent with GCNIL.
EGNN. Each EGNN layer can be written as follows:
H' =o(W' (c1H® + ccH'"™ " + (1 - cin) H'Q)), @)

where ¢y, co are learnable weights that satisfy ¢; + co = cpin With ¢, being a hyperparameter. To
constrain Dirichlet energy, EGNN initializes trainable weights W' as a diagonal matrix with explicit
singular values and regularizes them to keep the orthogonality during the model training. Ignoring
the activation function o, H' — node features at layer [ of EGNN satisfies

cmin | H' Il < |H' | < cmax]| H' ||,

where cpax is the square of the maximal singular value of the initialization of W, Similarly, we
modify EGNN to result in the following EGNN-SCT layer

H' =oc(W'((1 - caim)H 'G+cH +2H'™") + By,),
where everything remains the same as the EGNN layer except that we add our proposed SCT BY,.

7
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6 Experiments

In this section, we comprehensively demonstrate the effects of SCT — in the three most representative
GCN-style models discussed in Section [5] - using various node classification benchmarks. The
purpose of all experiments in this section is to verify the efficacy of the proposed SCT — motivated
by our theoretical results — for GCN-style models. We consider the citation datasets (Cora, Citeseer,
PubMed, Coauthor-Physics, Ogbn-arxiv), web knowledge-base datasets (Cornell, Texas, Wisconsin),
and Wikipedia network datasets (Chameleon, Squirrel). We provide additional dataset details in
Appendix [D.1] We implement baseline GCN [20] and GCNII [6] (without weight sharing) using PyG
(Pytorch Geometric) [10]. Baseline EGNN [40] is implemented using the public cod

6.1 Node feature trajectory

We visualize the trajectory of the node features, fol-
lowing [27]], for a graph with two nodes connected
by an edge and 1D node feature. In this case, (6)
becomes h! = o(wh’G +b,), where w = 1.2 in A
our experiment, h’, h! b, € R? and G € R?*2, ° b)a=0.0
We use a matrix G = [0_592, 0.194;0.194, 0.908] Flgurﬁt 2: Node fea}ure trajectories, with colorized
whose largest eigenvalue is 1. Twenty initial node Mmagnitude, for varying smoothness control param-
feature vectors h® are sampled evenly in the domain eter a. For das.smal‘ GCN b), the node features
[~1,1] x [1,1]. Fig. [|shows the trajectories in converge to the eigenspace M (red dashed line).
relation to the eigenspace M (red dashed line). In Fig[2h), one can see that some trajectories do not
directly converge to M. In Fig.[2b) when o = 0.0, GCL is recovered and all trajectories converge to
M. In Fig.[2k), large values of « enable the features to significantly deviate from M initially. We
observe that the parameter « can effectively change the trajectory of features.

Layers | 2 4 16 32
Cora

GCN/GCN-SCT 81.1/82.9 80.4/82.8 64.9/71.4 60.3/67.2
GCNII/GCNII-SCT 82.2/83.8 82.6/84.3 84.6/84.8 85.4/85.5
EGNN/EGNN-SCT 83.2/84.1 84.2/84.5 85.4/83.3 85.3/82.0

Citeseer

GCN/GCN-SCT 70.3/69.9 67.6/67.7 18.3/55.4 25.0/51.0
GCNII/GCNII-SCT 68.2/72.8 68.9/72.8 72.9/73.8 73.4/73.4
EGNN/EGNN-SCT 72.0/73.1 71.9/72.0 72.4/72.6 72.3/72.9

PubMed

GCN/GCN-SCT 79.0/79.8 76.5/78.4 40.9/76.1 22.4/77.0
GCNII/GCNII-SCT 78.2/79.7 78.8/80.1 80.2/80.7 79.8/80.7
EGNN/EGNN-SCT 79.2/79.8 79.5/80.4 80.1/80.3 80.0/80.4

Coauthor-Physics

GCN/GCN-SCT 92.4/92.6 £ 1.6 92.1/92.5 £ 5.9 13.5/50.9 &+ 15.0 13.1/43.6 £ 16.0
GCNII/GCNII-SCT 92.5/94.4 £ 0.4 92.9/94.2 £ 0.3 92.9/93.7 £ 0.7 92.9/94.1 £ 0.3
EGNN/EGNN-SCT 92.6/93.9 + 0.7 92.9/94.1 £ 0.4 93.1/94.0 £ 0.7 93.3/93.8 £ 1.3

Ogbn-arxiv

GCN/GCN-SCT 70.4/72.1 £ 0.3 71.7/72.7 £ 0.3 70.6/72.3 £ 0.2 68.5/72.3 £ 0.3
GCNII/GCNII-SCT 70.1/72.0 £ 0.3 71.4/72.2 £ 0.2 71.5/72.4+ 0.3 70.5/72.1 £ 0.3
EGNN/EGNN-SCT 68.4/68.5 + 0.6 71.1/71.83 + 0.5 72.7/72.8 £ 0.5 72.7/72.3 £ 0.5

Table 1: Accuracy for models of varying depth. We note vanishing gradients occur but not over-smoothing for
the accuracy drop using GCN-SCT with 16 or 32 layers. For Cora, Citeseer, and PubMed, we use a fixed split
with a single forward pass following [6]]; only test accuracy is available in these experiments. For Coauthor-
Physics and Ogbn-arxiv, we use the splits from [40]]; both test accuracy and standard deviation are reported. The
baseline results are copied from [6} 40] where the standard deviation was not reported. (Unit:%)

6.2 Baseline comparisons for node classification

Citation networks. We compare the three representative models discussed in Section 5] of different
depths, with and without SCT in Table[I] This task uses the citation datasets with fixed splits from
[35] for Cora, Citeseer, and Pubmed and splits from [40] for Coauthor-Physics and Ogbn-arxiv; a
detailed description of these datasets and splits are provided in Appendix [D} Following [6]], we use a
single training pass to minimize the negative log-likelihood loss using the Adam optimizer [19], with
1500 maximum epochs, and 100 epochs of patience. A grid search for possible hyperparameters is
listed in Table[5]in Appendix [D] We accelerate the hyperparameter search by applying a Bayesian
meta-learning algorithm [2] which minimizes the validation loss, and we run the search for 200
iterations per model. In particular, Table[I] presents the best test accuracy between ReLU and leaky
ReLU for GCN, GCNII, and all three models with SCTﬂ For the baseline EGNN, we follow [40]
using SReL.U, a particular activation used for EGNN in [40]. These results show that SCT can boost

*https://github.com/Kaixiong-Zhou/EGNN
>A comparison of the results using ReLU and leaky ReLU is presented in Appendix@
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the classification accuracy of baseline models; in particular, the improvement can be remarkable for
GCN and GCNII. However, EGNN-SCT (using ReLU or leaky ReLU) performs occasionally worse
than EGNN (using SReLU), and this is because of the choice of activation functions. In Appendix[D.3]
we report the results of EGNN-SCT using SReL.U, showing that EGNN-SCT outperforms EGNN in
all tasks. In fact, SReL.U is a shifted version of ReLU, and our theory for ReLU applies to SReLU as
well. The model size and computational time are reported in Table ] in the appendix.

Table|l|also shows that even with SCT, the accuracy of GCN drops when the depth is 16 or 32. This
motivates us to investigate the smoothness of the node features learned by GCN and GCN-SCT. Fig.3|
plots the heatmap of the normalized smoothness of each dimension of the learned node features
learned by GCN and GCN-SCT with 32 layers for Citeseer node classification. In these plots, the
horizontal and vertical dimensions denote the feature dimension and the layer of the model, resp.
We notice that the normalized smoothness of each dimension of the features — from layers 14 to 32
learned by GCN - closes to 1, confirming that deep GCN learns homogeneous features. In contrast,
the features learned by GCN-SCT are inhomogeneous, as shown in Fig.[3p). Therefore, we believe the
performance degradation of deep GCN-SCT is due to other factors. Compared to GCNII/GCNII-SCT
and EGNN/EGNN-SCT, GCN-SCT does not use skip connections, which is known to help avoid
vanishing gradients in training deep neural networks [[16}[17]. In Appendix [D.3] we show that training
GCN and GCN-SCT do suffer from the vanishing gradient issue; however, the other models do not.
Besides Citeseer, we notice similar behavior occurs for training GCN and GCN-SCT for Cora and

Coauthor-Physics node classification tasks. 1.0 1 1.0
0.8 0.8
0.6 % 0.6
216
04 3 0.4
0.2 0.2
32
16 00 T8 16 00

dim
a) GCN b) GCN-SCT

Figure 3: The normalized smoothness — of
each dimension of the feature vectors at a
given layer — for a) GCN and b) GCN-SCT
on the Citeseer dataset with 32 layers and
16 hidden dimensions. GCN features be-
come entirely smooth since layer 14, while
GCN-SCT controls the smoothness for each

Other datasets. We further compare different models
trained on different datasets using 10-fold cross-validation
and fixed 48/32/20% splits following [28]. Table 2] com-
pares GCN and GCNII with and without SCT, using leaky
ReLU, for classifying five heterophilic node classification
datasets. We exclude EGNN as these heterophilic datasets
are not considered in [40]. We report the average accu-
racy of GCN and GCNII from [6]. We tune all other
models using a Bayesian meta-learning algorithm to max-
imize the mean validation accuracy. We report the best
test accuracy for each model of depth searched over the set
{2,4,8,16,32}. SCT can significantly improve the clas-
sification accuracy of the baseline models. Table [2] also
contrasts the computational time (on Tesla T4 GPUs from

dim

Google Colab) per epoch of models that achieve the best
test accuracy; the models using SCT can even save compu-
tational time to achieve the best accuracy which is because

feature at any depth. Horizontal and verti-
cal axes represent the index of the feature
dimension and the intermediate layer, resp.

the best accuracy is achieved at a moderate depth (Table [§]in Appendix lists the mean and
standard deviation for the test accuracies on all five datasets. Table [9]in Appendix [D.4] lists the
computational time per epoch for each model of depth 8, showing that using SCT only takes a small
amount of computational overhead.

Cornell
52.70/55.95 (0.7/1.8)
74.86/75.41 (2.0/2.0)

Wisconsin Cl
45.88/64.71 (0.7/0.8)  28.18/38.44 (0.6/0.7)
74.12/86.08 (2.0/1.5)  60.61/64.52 (1.5/1.3)

Texas
52.16/62.16 (0.7/0.8)
69.46/83.34 (3.1/2.0)

Squirrel
23.96/35.31 (1.6/4.0)
38.47/47.51 (5.5/3.7)

Table 2: Mean test accuracy and average computational time per epoch (in the parenthesis) for the We-
bKB and WikipediaNetwork datasets with fixed 48/32/20% splits. First row: GCN/GCN-SCT. Second row:
GCNII/GCNII-SCT. (Unit:% for accuracy and x 10~ second for computational time.)

7 Concluding Remarks

In this paper, we establish a geometric characterization of how ReLU and leaky ReLU affect the
smoothness of the GCN features. We further study the dimension-wise normalized smoothness of the
learned node features, showing that activation functions not only smooth node features but also can
reduce or preserve the normalized smoothness of the features. Our theoretical findings inform the
design of a simple yet effective SCT for GCN. The proposed SCT can change the smoothness, in
terms of both normalized and unnormalized smoothness, of the learned node features by GCN.

Limitations: Our proposed SCT provides provable guarantees for controlling the smoothness of
features learned by GCN and related models. A key aspect to establish our theoretical results is
demonstrating that, without SCT, the features of the vanilla model tend to be overly smooth; without
this condition, SCT cannot ensure performance guarantees.
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8 Broader Impacts

Our paper focuses on developing new theoretical understandings of the smoothness of node features
learned by graph convolutional networks. The paper is mainly theoretical. We do not see any potential
ethical issues in our research; all experiments are carried out using existing benchmark settings and
datasets.

Our paper brings new insights into building new graph neural networks with improved performance
over existing models, which is crucial for many applications. In particular, for applications where
graph neural network is the method of choice. We expect our approach to play a role in material
science and biophysics applications.
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Appendix for “Learning to Control the Smoothness of GCN
Features"

A Details of Notations

For two vectors w = (u1, U, ..., uq) and v = (vy, v, ..., v4), their inner product is defined as

d
(u,v) = Zuivi,
i=1
their Hadamard product is defined as

u O v = (uv1, UgVa, . . ., UgV4),

and their Kronecker product is defined as

U117 U2 ... U1Vq

T U20V1 UV2 ... UVq
URUV=uv =

uUuquy Uqua ... UgUq

The Kronecker product can be defined for two vectors of different lengths in a similar manner as
above.

B Proofs in Section

First, we prove that the two smoothness notions used in [27, 4] are two equivalent seminorms, i.e.,
we prove Proposition [3.1] below.

Proof of Proposition[3.]] The matrix H can be decomposed as H = > ;" , He,e,, where each e;
is the eigenvector of GG associated with eigenvalue ;. This indicates that

HA=H(I-QG)

= iHeieiT(I—G)

i=1

= Z(Heiez — Heie, G)
i=1

= Z(Hele;r — Hez(/\ZeZ)T)
=1

n

= Z(l — )\Z)Heze,T
i=1
n

= Z (1 —/\i)HeieiT.

1=m-+1

13



Then using the fact that 1 — \; > 0 for each ¢, we obtain
| H||% = Trace(HAH ")

—’Hace( (1—X\))Hee, ZHej e;) )
1=m-+1

= Trace( Z Z(l — )\i)Heie;reje;rHT)
i=m+1 j=1

= ’Hace( (1- )\i)Heie;reie;rHT)
i=m+1

= Trace( Z V1=X\ Heze e;e THT\/I - A )
i=m-+1

= Trace( Z V1—\Hee] Z V31— )\jHeje;r)T)
1=m-+1 j=m+1

- H Z vV 1-— /\Z-Heiez

i=m-+1

That is,

n
IHle = || Y VI-NHeel

i=m-+1

On the other hand, (3] implies

[l = B le = | 3 Hewel
1=m-+1

We first show that both | H || o,+ and ||H || g are seminorms. Since ||cH || = |c| - |H|| ¢ for any
¢ € R, we have ||cH || pr = |c| - |[H|| s+ and ||cH||g = |c| - |H||z. Moreover, for any two
matrices H' and H? s.t. H = H! + H?, we have

n n n
E H'ee| + E H?¢e] = E Hee,,

i=m+1 i=m+1 i=m+1
n n n
E \/1—)\iHleieiT + E \/1—)\iH26i€;r = E \/1—)\1‘H6i6;r.
1=m-+1 1=m-+1 i=m-+1

s05 Then the triangle inequality of || - || 7 implies that of | H || o4+ and || H || g, respectively.

Nowsince 0 <1 — A1 <1—X; <2foranyi=m+1,...,n, we may take & = /1 — A\ 41
andB:\/i. Then

n
aHHHMLzHa Y Heel <H Z V1— NHeel

i=m+1 i=m+1

SHﬂ Z Heie/

i=m-+1

= BIIH || p+-

s06 The result thus follows from ||H|| gz = H Y1 VI— X Heze]

s07 B.1 ReLU

s08 We present a crucial tool to characterize how ReLU affects its input.
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LemmaB.1. Let Z € R¥" andlet Z+ = max(Z,0) and Z~ = max(—Z,0) be the positive and
negative parts of Z. Then (1) Z*, Z~ are (component-wise) nonnegative and Z = Z+ — Z~ and
(2){Z*,Z7 ) =0.

Proof of Lemma Notice that for any a € R, we have

a ifa>0
0 otherwise

0 ifa>0
—a otherwise’

max(a, 0) = { and max(—a, 0) = {

This implies that a = max(a, 0) — max(—a, 0) and max(a, 0) - max(—a,0) = 0.

Let Z;; be the (i, )" entry of Z. Then Z = Z* — Z~ follows from Z;; = max(Z;;,0) —
max(—Z;;,0). Also, one can deduce that

d J
(Z",Z7)p =Trace((27)'27) = > > max(Z;,0) max(—Z;;,0) = 0.
=1 5=1

Before proving Proposition [3.2] we notice the following relation between Z and H.

Lemma B.2. Given Z € R¥*" Jot H = o(Z) with o being ReLU, then H lies on the high-
dimensional sphere, in || - | p norm, that is centered at Z |2 and with radius || Z /2| . That is, H
and Z satisfy the following equation

oz - 21 =1 ®

Proof of Lemma[B.2] We observe that H = ¢(Z) = max(Z,0) = Z™ is the positive part of Z.
Then
<H7Z>F = <H,Z+ - Z_>F = <H7Z+>F - <H7Z_>F = <HaH>F7

where we have used Z = Z+ — Z~ and (H, Z7)p = (Z*,Z~)p = 0 from Lemma[B.1|

Therefore, one can deduce the desired result as follows

Z 7|2 Z |2
sy 0.2 =010 200 2), |2 - |
(H,H)p — (H,Z)r =0 =|H|} 5 5 =151

Z |2 VAR

N i P

H 2 1lF 2
O

Applying [|[H||% = |[Ham + Haqe||% = ||Hm||% + |[Haqe || %, to both Z and H — £, we obtain

130 =150+ 155
5 =
and 71 7
H -5, = e = =5+ ==
H 2 llp M* 2 M
Then (8) becomes
ZMJ_ ZMJ.
— - =2 = - = - 9
R I e e e L e ©)
By direct calculation, we have
Zpm
R R R
H o Haa) M T ke (10)

= (Hpm, Hym — Zpm)r
Combining (9) and (T0), we obtain the following result
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Lemma B.3. Forany Z = Zy+ Z 1, let H = 0(Z) = Hpy + H 1, then

2 2

T (Z34 Z) -

Z
e =750

HZML
2

where Z3 =31 Ztee]  Z,, =Y" Z ee].

F

Proof of Lemma (B3| Recall that H = 0(Z) = max(Z,0) = Z*. Also, Z = Z — Z~ implies
AV tht — Z;,l = Hj(/l — Zth- Therefore, we see that
(Hap, Hy — Z)r = (24, Zyy) r-
O

By using the fact that (Zj{,l, Z,)r > 0in Lemma we reveal a geometric relation between Z
and H mentioned in Proposition[3.2]

Proof of Proposition[3.2] Since Z, Z~ > 0 are nonnegative and all the eigenvectors e; are also
nonnegative, we see that Zj{/t =>" Z"e;e] and Zy=>" Z~e;e] are nonnegative. This
indicates that

(Z1 Zig)w = Trace( Z5,(Z5,)T) 2 0.

Then according to Lemma|B.3] we obtain

Z g1 ||? VAVIRIE _
H 2 F_HHML_ 2 ‘F:<ZL’ZM>FZO'
So we have
Z e \/ Z o |2 _
Hy. — = H —(Zi,Z
H M 2 F 2 F <M M>F
VA 2
\/H /;[L F7<HMaHM7ZM>F5

which shows that H . lies on the high-dimensional sphere that we have claimed. Furthermore, we
conclude that

Z 1 Z a1
0< HH - oMl < H Mo 11
< [[Hpme 5 ||p = . (1)
This demonstrates that H . lies on the high-dimensional sphere we have stated.
Z,. 2

- [
2 ||p 2
H . to the origin must be no greater than the diameter of this sphere, i.e., ||H a1 ||F < || Z o] F-
Also, this can be derived from

Since the sphere HH ML —

passes through the origin, the distance of any
F

Zus
2

Zus
2

HZML
F 2

| Hace 1~ |

<HH 1 —
P M

o
One can see that the maximal smoothness || H .|| = || Z a2 || is attained when H 1 = Z 1,
the intersection of the surface and the line passing through the center and the origin.

After all, we complete the proof by using the fact that || Z y¢1 ||F = || Z]| ¢+ for any matrix Z, which
implies | H [ yr = [Hye||r < [ Zaellr = 1 2] -

O

B.2 Leaky ReLU

For the leaky ReLU activation function, we have

Lemma BA4. If H = 0,(Z) with o, being leaky ReLU, then H lies on the high-dimensional sphere
centered at (1 + a)Z /2 with radius ||(1 — a)Z /2| F.
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Proof of Lemma Notice that

H=0,2)=

Then H —Z=(1-a)Z  and H —aZ = (1—a)

(H—-Z H —aZ)r =0=|H|% -

éHHH%*

Moreover, we notice that

<l -

2

2

Zt —aZ".

Z*t.Using (Z—,Z")r =0, we have

(1+a)Z 2 _
2(H, =) +a|Z]} =0

2<H,M>F = —alZ];

mead Sl e I Bt

Lemma B.5. Forany Z = Zy+ Z 1, let H = 0,(Z) = Hp + H py1, then

==

2
Rl Pl L

(1+a)
2

Zs

: (1—a)(Z{, Zy)F

Proof of Lemma(B.5] Similar to the proof of LemmaB.3] the orthogonal decomposition implies that

|45

2
ZMLH _ HHML _
a

(1+a)
2

2
ZLH:
MF

N 2N |

2 F 2 F
(Hm — Zpm, Hpm — aZ ) F
(1-a)Zy. (1 -a)Zy)r
(1 —a)*(Zy, Zy)
O]

Proof of Proposition[3.3] Similar to the proof of Proposition we apply (Z,,, ZL) F>0to
Lemma [B.5]and hence obtain the geometric condition as follows

(1+a)
2

HHML _

Then we have the following inequality

0< HHML -

Moreover, we deduce that

(1+a)
’nHMLnF -1

and hence

Vg0

P \/H Lo Ve = (Hpm — Zp, Hpg — aZp) p
Sz, < |55 20
| < - 5], <[5 0],
Y0 P [CRE PN I L=

Therefore, we obtain a||Z 1 ||lr < [|[Hpellr <
maximal norm when it is equal to Z ., the intersection of the surface and the line passing through

the center and the origin. )

|Zpx||p- (Remark that H . achieves its

By using the fact that ||Z 1 ||F = ||Z||s2 for any matrix Z, we conclude that a||Z|| 0 <

[H [ aee < 121 0
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sso. C  Proofs in Section 4

ss1  Throughout this section, we assume that z, 41 # 0.

552 Proof of Proposition.3| Recall that e = b%un /c has only positive entries where D is the aug-
ss3 mented degree matrix and u,, = [1,...,1]T € R and ¢ = ||D2u,||. Let d; be the i'" diagonal

ss4 entry of D. Then we have e = [\/d1 /¢, \/dz/c,...,\/dn/c|T and c = />0 d;.

Note that z(a) = z — e = z — D3, = D2(D 2z — Su,) = Dz (x — %u,), where we

C

assume x := D% z. Then we observe that when o is the ReLU activation function,
h(a) = o(z(a)) = a(f)é(a; . Qun)) _ [)ég(w _ Eun)
c c

and hence

N

We may now assume & = [z, . .. ,xn]T is well-ordered s.t. 1 > x2 > ... > x,,. Indeed, there is a
collection of indices {k1, ..., k; } s.t.

T1=...,%k and T, > T, 41,
T 141 = ... =Ty, and xy; > wp, 41 forany j = 2,... 1 — 1,
Lhy_141 = .. = Ty and kl =n.

s55 That is, x1 =T2=...=Tky > Tpy41 =+ =Tky > Thot1l = .. = Thy > Thgtl---

We first restrict the domain of « s.t. h(a) # 0. Note that we have
h(a)=0 @o(m - gun> =0
c

« .
sSr;——<0fori=1,...,n
c
o
sSr1——<0
c
Sa > cxq.
56 So we will study the smoothness s(h(a)) when a < czy.

Let € > 0 and consider o = ¢(x1 — €). When € < ©1 — 2k, +1 = T1 — Tk,, We see that

o
w—zun: [e,...,ge—(ml—xk1+1),...,e—(:v1—xn)]T,

where only the first k; entries are positive since x1 — x; > € for any ¢ > kj + 1. Therefore,
h(a) = E%O‘(IB — gun) = ﬁ%[e,...,e,O,...,O]T
c

= [e\/dy,...,ex/dg,,0,...,0]".

k1
Z d;. Also, we have

=1

”h(a)HM = |<h(a)ve>| = [EM7~-'>€ dkmoa"'vo}—r[\/a/c’ \/£/C>"'7\/67n/d

Il
Qla
IS
5

Then we obtain the smoothness s(h(«)) as follows
k1

e k1 g " .
ha) = @ _ X4 Ve Ky

Bl ~ o fsma o«
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where K7 = VZ?; d;. Similarly, we may denote Zfikj,lﬂ diby Kjforj=2,...,

l.

Now we are going to show that the smoothness s(h(«)) is increasing as « gets smaller whenever o <
cx1, implying % is the minimum of the smoothness s(h(«a)). Remember that we are considering

a = ¢(z1 — €) and we have studied the case when 0 < € < &1 — Tk, 41 = T1 — T,.

Let 0; == x1 — xy, for 1 < j <. Clearly, we have §; = 0 and 0; < ;41 for1 <j <[/ —1.Fixa
j e{2,...,1—1}, we see that when 6y < € < z1 — T 41,

«
T — —u,
c

= 6—51,...,6—51,6—52,...,6—52,6—53,...

76_5]"76_(1'1_xkj/Jrl),"'?E_

(01— 2]

where we have e — 6; > 0for2 < j < j’and e — (21 — x;) < 0forany ¢ > kj;» + 1. Consequently,

h(a) = Dio(@ - Zuy) = (e = 6)v/di,..., (e = 1) Vi, (e

(6 - 53)\/dk2+1, ..

Then we can compute

— (52)\/dk1+1, ey

- (e=08;)\/dk,,,0,...,0]".

@l = |3 3 die—62 =

where we set kg := 0 for simplicity and K; = 1/2? k11 @i forj =1,.

[h(@)]lam = [{h \—Z

3, et

j=li=k;_1+1 7j=1

A careful calculation shows that %s(h(a)) > 0 whenever 6;; < e < 24

s(h(a)) is increasing as € increases. Indeed, we have

—s(h(0))

( ?lle( _5‘) )
¢z VK (e—0,)?

0
e
0
e
(&

51’)) \/25;1 K3(e

5,) -

(6 - 52)\/@»

.., j'. Also, we have

— T, +1 Which implies that

I K e— o) (&0 K3

)

CZ;’:l
(9L K2) /S K (e — 0502 = S K (e 6

K2 (e —

5;)?
(i I K3 (e=6))°
2\/2 K2 (e—95)

)

eI K3 (e — 6;)?
K2 (e — 5j)( I K2 (e 5j))

(S0 K2 ) S K2 e = 6 = S

cz K (e =05 \/Z K3 (e —d;)?

Then to show that %s(h(a)) > 0, it suffices to show that the numerator is positive, i.e.

(S0) S
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since the denominator czj 1 K3( 2(e— \/ Z  K5( ?(e — ;)% > 0 is always positive. In fact, this
follows from the Cauchy 1nequahty ||vH HuH > (v, u) where we set
vi= K1, Ky, ..., Kp]", wi=[Ki(e—61), Ka(e = ba), ..., Kj(e—6;)]"

Moreover, equality happens only when v is parallel to uw. This is, however, impossible since
€—0; >e— 04 forany j =1,...,5 — 1 and each K is positive.

So we see that s(h(«)) is increasing as € increases whenever 0 < ¢, and hence the smoothness
s(h(a)) is increasing as a decreases whenever cz,, < o < cx;.

For the case j' = [ where ; = z1 —x, < €, wehave z, —a/c =z, — (21 —€) = e— (21 —x,) > 0,
implying @ < cx,, and h(«) = z(«). We have shown that the smoothness is increasing as « is going
far from (z, e); in particular, when « < (z, e) and « is decreasing. One can check that

1.,71 dl n D T .D - -Dl
C.I‘n:Z:Z_lx:<xnuna:L> S<ZB, ZIITL>:<D;C'3 - n>:<zve>7

c c
which means the smoothness is increasing as o decreases whenever o < cx,.

We conclude that the smoothness increases as « decreases provided a < cry. Also, we have
SUDy < ey s(h(a)) = 1 as the case in the proof of Proposition One can check that s(h(a)) is a
continuous function for o < cx; and thus it has range [K; /¢, y the mean value theorem.

> maxe b

n
Ji= 14

maximum of s(h(«)) occurring whenever o > cxq = 4/ Z?Zl d; max; x;. Moreover, s(h(c)) has

a monotone property when o < /Z?Zl d; max; x; and has range

It is clear that the assumption on the ordering of the entries of x will not affect this result. O

Finally, we can establish the result: K7 /c = is the minimum of s(h(«)) and 1 is the

—

To prove Proposition 4.4} we first prove an analogous result for the identity function, that is, h =
o(z) =z.

Proposition C.1. Suppose zp1 # 0, then s(z(«)) achieves its minimum 0 if o = (z, €). Moreover,
sup,, s(z(a)) = 1 where s(z(«)) is close to 1 when « is far away from (z, e).

Notice that Proposition [C.1]does not consider the activation function.

Proof of Proposition[C.1] We know that 0 < s(z(«)) < 1 and
[E2veals (vl
s(z(a) =41 — =+ =4/1—
\/ [2()[? 1Zaee (12 + [[2() adlf?

el
a2+ 2ad — el

[EIVIN
1201 [P+ 21 —cre]
this contradicts the hypothesis z, (1 # 0. So s(z(«)) cannot attain its maximum.

Suppose s(z(«)) = 1. Then we have z = 0 which forces [lzpqe || = 0. However,

But for any 0 < ¢ < 1, one can see that s(z(«)) = t if and only if

\/1 - R e lza |2 g

[z [+ llzm — cel? [Zae |2 + (200 — cee]?

&zl = (1= ) (lzage I + lzas — ael?)
& P|zpn |2 = (1= 2)|zp — ael?

t2
& |lzpm — ael| = 1-2 (EFvEn
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This implies that sup,, s(z(«)) = 1 and s(z(«a)) achieves its minimum 0 if and only if @ = (z, e).
It is clear that s(z(«)) get closer to 1 when « is going far away from (z, e). ie., | — (z,e)| =
|lza1 — «e]| is increasing. O

Proof of Proposition First, we notice that leaky ReL.U has the following two properties

1. og(z) > 0forz > 0and o,(z) < 0 for z < 0.

2. 04 is a non-trivial linear map for x >> 0.

We will use Property 1 to show that min,, s(h(a))) = 0 and Property 2 to show that sup,, s(h(«)) = 1.
Notice that o,(z) < 0 for z < 0 implies that there exists a sufficient small as < 0 s.t. all of the
entries of h(as2) are negative and hence |(h(az), e)| < 0. Similarly, o, (z) > 0 for z > 0 implies
that there exists a sufficient large oy > 0 s.t. all of the entries of h(«ay) are positive and hence
[(h(a1),e)| > 0. Since |(h(a),e)| is a continuous function of « on [aq, as), the Intermediate
Value Theorem follows that there exists an « € (o, a2) s.t. [(h(«®), e)| = 0. Thus by definition
s(h(a)) = [(h(a), e)|/||h(a)||, we see that min, s(h(a)) = 0.

On the other hand, since o, is a non-trivial linear map for = > 0, we may assume o, (x) = cx for
x > xg where ¢ # 0 is some non-zero constant and zy > 0 is some positive constant. Then we
can choose an «g > (z, €) s.t. for any o > ay, all of the entries of z(«) are greater than x. Then
whenever « > «ag, we have h(a) = 0,(2z()) = cz(«). This implies

[(h(a),e)] _ [(cz(a),€)] _ [(z(a) e

s(h(a)) = = = = s(z(a)).
[R(a)] lez(a)] 1Z(a)]

Thus sup,, s(h(a)) = 1 follows from the Proof of Proposition|C.1|where we see that sup,, s(z(a)) =
1 since s(z(«)) gets closer to 1 as « increases.

O

Remark C.2. Indeed, it holds for any continuous function f : R — R satisfying the following

1. f(z)>0forz >0, f(z) <O0forx < 0or f(z) <0forx >0, f(x) > 0forz <0,

2. fis anon-trivial linear map for x > 0 or x < 0.

One can check the proof above only depends on these two properties. It is worth mentioning that
most activation functions, e.g. leaky LU, SiLU, tanh, satisfy condition [I]

Proof of Corollary[d.3] For any «, we notice that ||z, = ||[zp2]|r = [|2(@)||pe since «
only changes the component of z in the eigenspace M. Also, Propositions and show
that ||z(a)||pe > ||R(a)||pe Whenever h(a) = o(z(«)) or o4(z(a)). Therefore, we see that
IZlaez > ||R(@)||aqx holds for any . Since z 1 # 0, s(z) must lie in [0, 1).

O

D Experimental Details

This part includes the missing details about experimental configurations and additional experimental
results for Section @ All tasks we run using Nvidia RTX 3090, GV100, and Tesla T4 GPUs. All
computational performance metrics, including timing procedures, are run using Tesla T4 GPUs from
Google Colab.

D.1 Dataset details

In this section, we briefly describe the benchmark datasets used. Table [3|provides additional details
about the underlying graph representation.

Citation Datasets: The five citation datasets considered are Cora, Citeseer PubMed, Coauthor-
Physics, and Ogbn-arxiv. Each dataset is represented by a graph with nodes representing academic
publications, features encoding a bag-of-words description, labels classifying the publication type,
and edges representing citations.
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Web Knowledge-Base Datasets: The three web knowledge-base datasets are Cornell, Texas, and
Wisconsin. Each dataset is represented by a graph with nodes representing CS department webpages,
features encoding a bag-of-words description, edges representing hyper-link connections, and labels
classifying the webpage type.

Wikipedia Network Datasets: The two Wikipedia network datasets are Chameleon and Squirrel.
Each dataset is represented by a graph with nodes representing CS department webpages, features en-
coding a bag-of-words description, edges representing hyper-link connections, and labels classifying
the webpage type.

# Nodes # Edges # Features  # Classes  Splits (Train/Val/Test)
Cornell 183 295 1,703 5 48/32720%
Texas 181 309 1,703 5 48/32/20%
Wisconsin 251 499 1,703 5 48/32/20%
Chameleon 2,277 36,101 2,325 5 48/32/20%
Squirrel 5,201 217,073 2,089 5 48/32/20%
Citeseer 3,727 4,732 3,703 6 120/500/1000
Cora 2,708 5,429 1,433 7 140/500/1000
PubMed 19,717 44,338 500 3 60/500/1000
Coauthor-Physics 34,493 247,962 8415 5 100/150/34,243
Ogbn-arxiv 169,343 1,166,243 128 40 90,941/29,799/48,603

Table 3: Graph statistics.

D.2 Model size and computational time for citation datasets

627 Table ] compares the model size and computational time for experiments on citation datasets in

Section

628

| # Parameters

Training Time (s)

Inference Time (ms)

Cora
GCN 100,423 8.4 1.6
GCNII 110,535 10.0 2.1
GCNII 708,743 57.6 12.3
GCNII-SCT 1,237,127 110.3 29.6
EGNN 712,839 65.6 14.4
EGNN-SCT 316,551 24.8 4.5
Citeseer
GCN 245,638 83 1.5
GCN-SCT 301,830 15.5 4.0
GCNII 999,174 57.6 12.3
GCNII-SCT 1,001,222 65.9 15.7
EGNN 739,078 39.6 7.2
EGNN-SCT 540,934 24.0 5.8
PubMed
GCN 40,451 9.0 1.8
GCN-SCT 40,707 11.1 22
GCNII 326,659 98.2 12.8
GCNII-SCT 590,851 71.7 17.4
EGNN 592,899 93.7 2.5
EGNN-SCT 130,563 16.0 3.1
Coauthor-Physics
GCN 547,141 352 8.0
GCN-SCT 547,397 339 8.3
GCNII 555,333 49.1 10.3
GCNII-SCT 555,461 67.0 9.5
EGNN 672,069 176.4 479
EGNN-SCT 572,229 51.7 14.8
Ogbn-arxiv

GCN 27,240 50.4 21.1
GCN-SCT 28,392 62.6 24.4
GCNII 76,392 205.4 94.8
GCNII-SCT 80,616 253.0 108.9
EGNN 77,416 206.8 98.0
EGNN-SCT 81,640 254.0 112.3

Table 4: Number of model parameters for varying numbers of layers using the optimal model hyperparameters.
The SCT is added at each layer and the size of the additional parameters scales with the number of eigenvectors

with an eigenvalue of one for matrix G in ().
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D.3 Additional Section details for citation datasets

Table 3] lists the hyperparameters used in the grid search in generating the results in Table[I] Also,
Table[7|reports the classification accuracy of different models with different depths using either ReLU
or leaky ReL.U.

Values
{1e-4,1e-3,1e-2}
{0, 1e-4, 5e-4, 1e-3, 5e-3, le-2}
{0, 1e-4, 5e-4, 1e-3, 5e-3, le-2}

Parameter
Learning Rate
Weight Decay (FC)
Weight Decay (Conv)

Dropout {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}
Hidden Channels {16, 32, 64, 128}
GCNIT-o 10.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}
GCNII-§ {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}
EGNN-Crnax 10.5,1.0,1.5,2.0}
EGNN-« {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}
EGNN-6 {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}
Table 5: Hyperparameter grid search for Table
Layers \ 2 4 16 32
Cora
EGNN/EGNN-SCT [ 83.2/83.4 84.2/84.3 85.4/85.5 85.3/85.5
Citeseer
EGNN/EGNN-SCT [ 72.0/72.1 71.9/72.3 72.4]72.6 72.3/72.8
PubMed
EGNN/EGNN-SCT [ 79.2/79.4 79.5/79.8 80.1/80.1 80.0/80.2
Coauthor-Physics
EGNN/EGNN-SCT [ 92.6/92.8 92.9/93.0 93.1/93.3 93.3/93.3
Ogbn-arxiv
EGNN/EGNN-SCT [ 68.4/68.5 71.1/71.3 72.7773.0 72.7772.9

Table 6: Test accuracy for EGNN and EGNN-SCT using SReLU activation function of varying depth on citation
networks with the split discussed in Section[6.2] (Unit:%)

D.3.1 Vanishing gradients

Figure [4{shows the vanishing gradient problem for training deep GCN — with or without SCT —in
comparison to models like GCNII and EGNN. This figure plots |0 H " /0 H'|| for layers [ € [0, 32]
as the training epochs run from 0 to 100. Figures|4|(a) and (b) illustrate the vanishing gradient issue
for GCN and that it persists for GCN-SCT. Figures 4] (c) and (e) illustrate that GCNII and EGNN
do not suffer from vanishing gradients, and furthermore, because these models connect HY to every
layer, the gradient with respect to the weights in the first layer is nonzero. What is interesting about
the addition of SCT to both EGNN and GCNII is that the intermediate gradients become large as the
training epochs progress shown in Figure ] (d) and (f).

D.4 Additional Section[6.2] details for other datasets

Table [§] reports the mean test accuracy and standard deviation over ten folds of the WebKB and
WikipediaNetwork datasets using SCT-based models.

Table [9]lists the average computational time for each epoch for different models of the same depth
— 8 layers. These results show that integrating SCT into GNNs only results in a small amount of
computational overhead.
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Figure 4: Training gradients for |0 H®™" /OH"|| for [ € [0, 32] layers and 100 training epochs on the Citeseer
dataset. Here, all models have 32 layers and 16 hidden dimensions for each layer. We observe that (a) GCN
suffers from vanishing gradients. By contrast (c) GCNII and (e) EGNN do not suffer from vanishing gradients,
and we can observe their skip connection to H°. Because these models (GCNII/GCNII-SCT and EGNN/EGNN-
SCT) connect H to every layer, the gradient at the first layer is nonzero. We notice that while SCT does
not overcome vanishing gradients for (b) GCN-SCT, it is able to increase the norm of the gradients for the
intermediate layers in (d) GCNII-SCT and (f) EGNN-SCT.

Cora
ReLU leaky ReLU
Layers 2 E] 16 32 2 E) 16 2
GCN-SCT 81.2 80.3 71.4 67.2 82.9 82.8 68.0 65.5
GCNII-SCT 83.5 83.8 82.7 83.3 83.8 84.8 84.8 85.5
EGNN-SCT 84.1 83.8 82.3 80.8 83.7 84.5 83.3 82.0
Citeseer
ReLU Teaky ReLU
Layers 2 4 16 32 2 4 32
GCN-SCT 69.0 67.3 5T5 50.3 69.9 67. 554 5T.0
GCNII-SCT 72.8 72.8 72.8 73.3 72.8 72.9 73.8 72.7
EGNN-SCT 72.5 72.0 70.2 71.8 73.1 71.7 72.6 72.9
PubMed
ReLU Teaky ReLU
Layers 2 E] 16 32 2 ] 16 32
GCN-SCT 79.4 782 759 71.0 79.8 784 76.1 76.9
GCNII-SCT 79.7 80.1 80.7 80.7 79.6 80.0 80.3 80.7
EGNN-SCT 79.7 80.1 80.0 80.4 79.8 80.4 80.3 80.2
Coauthor-Physics
ReCU Teaky ReLU
Layers 2 4 16 2 2 4 16 32
GCN-SCT 91.8 £ 1.6 91.6 £ 3 445 £ 13.0 42.6 £ 17.0 926 £ 1.6 925 £5.9 50.9 £ 15.0 436 £ 16.0
GCNII-SCT 94.4 + 0.4 93.5 + 1.2 93.7 £ 0.7 93.8 £ 0.6 94.0 + 0.4 94.2 £ 0.3 93.3 + 0.7 94.1 + 0.3
EGNN-SCT 93.6 £ 0.7 94.1+0 93.4 £ 0.8 93.8+ 1.3 93.9+ 0.7 94.0 £ 0.7 94.0 £ 0.7 93.3 £ 0.9
Ogbn-arxiv
ReLU leaky ReLU
Layers 2 E) 16 32 2 E] 16 32
GCN-SCT 71.7 £ 0.3 72.6 £ 0.3 7T1.4E0.2 71.9 £0.3 72.1 £0.3 72.7 £ 0.3 72.3£0.2 72.3 £0.3
GCNII-SCT 71.4 £ 0.3 72.1 £ 0.3 72.2 + 0.2 71.8 £ 0.2 72.0 £ 0.3 72.2 £ 0.2 72.4 £ 0.3 72.1 + 0.3
EGNN-SCT 68.5 + 0.6 71.0 £ 0.5 72.8 £ 0.5 72.1 £ 0.6 67.7 £ 0.5 71.3 £ 0.5 72.3 £ 0.5 72.3 £ 0.5
Table 7: Test accuracy results for models of varying depth with ReLU or leaky ReL.U activation function on the

citation network datasets using the split discussed in Section[6.2]

Cornell Texas Wisconsin Chameleon Squirrel
GCN-SCT 55.95 + 8.5 62.16 £ 5.7 54.71 + 4.4 38.44 + 4.3 35.31+1.9
GCNII-SCT 75.41 + 2.2 83.34 £ 4.5 86.08 + 3.8 64.52 + 2.2 4751+ 1.4

Table 8: Test mean + standard deviation accuracy from 10 fold cross validation on five heterophilic datasets
with fixed 48/32/20% splits. The depth of each model is 8 layers with 16 hidden channels. (Unit: second)

Cornell Texas Wisconsin Chameleon  Squirrel

GCN [20] 0.011 0.013 0.012 0.011 0.022
GCNII [6] 0.017 0.018 0.017 0.013 0.022
GCN-SCT 0.015 0.017 0.015 0.011 0.023
GCNII-SCT 0.017 0.018 0.017 0.020 0.025

Table 9: Average computational time per epoch for five heterophilic datasets with fixed 48/32/20% splits. The
depth of each model is 8 layers with 16 hidden channels. (Unit: second)

24



648

649
650
651
652
653

654
655

656

657
658

659

660
661
662
663

664
665
666
667
668
669

671
672

673

674

675

676

677

678
679

680

681

682

683
684

685
686
687

688
689

690
691

692

693

694

695

NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and precede the (optional) supplemental material. The checklist does NOT
count towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading “NeurIPS paper checklist',
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: See details in Sections Bl and 6]
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: See Section[7]
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696 Guidelines:

697 * The answer NA means that the paper has no limitation while the answer No means that
698 the paper has limitations, but those are not discussed in the paper.

699 * The authors are encouraged to create a separate "Limitations" section in their paper.
700 * The paper should point out any strong assumptions and how robust the results are to
701 violations of these assumptions (e.g., independence assumptions, noiseless settings,
702 model well-specification, asymptotic approximations only holding locally). The authors
703 should reflect on how these assumptions might be violated in practice and what the
704 implications would be.

705 * The authors should reflect on the scope of the claims made, e.g., if the approach was
706 only tested on a few datasets or with a few runs. In general, empirical results often
707 depend on implicit assumptions, which should be articulated.

708 * The authors should reflect on the factors that influence the performance of the approach.
709 For example, a facial recognition algorithm may perform poorly when image resolution
710 is low or images are taken in low lighting. Or a speech-to-text system might not be
711 used reliably to provide closed captions for online lectures because it fails to handle
712 technical jargon.

713 * The authors should discuss the computational efficiency of the proposed algorithms
714 and how they scale with dataset size.

715 * If applicable, the authors should discuss possible limitations of their approach to
716 address problems of privacy and fairness.

717 * While the authors might fear that complete honesty about limitations might be used by
718 reviewers as grounds for rejection, a worse outcome might be that reviewers discover
719 limitations that aren’t acknowledged in the paper. The authors should use their best
720 judgment and recognize that individual actions in favor of transparency play an impor-
721 tant role in developing norms that preserve the integrity of the community. Reviewers
722 will be specifically instructed to not penalize honesty concerning limitations.

723 3. Theory Assumptions and Proofs

724 Question: For each theoretical result, does the paper provide the full set of assumptions and
725 a complete (and correct) proof?

726 Answer: [Yes]

727 Justification: See Sections[Bland @l for details.

728 Guidelines:

729 * The answer NA means that the paper does not include theoretical results.

730 * All the theorems, formulas, and proofs in the paper should be numbered and cross-
731 referenced.

732  All assumptions should be clearly stated or referenced in the statement of any theorems.
733 * The proofs can either appear in the main paper or the supplemental material, but if
734 they appear in the supplemental material, the authors are encouraged to provide a short
735 proof sketch to provide intuition.

736 * Inversely, any informal proof provided in the core of the paper should be complemented
737 by formal proofs provided in appendix or supplemental material.

738 * Theorems and Lemmas that the proof relies upon should be properly referenced.

739 4. Experimental Result Reproducibility

740 Question: Does the paper fully disclose all the information needed to reproduce the main ex-
741 perimental results of the paper to the extent that it affects the main claims and/or conclusions
742 of the paper (regardless of whether the code and data are provided or not)?

743 Answer: [Yes]

744 Justification: See Section[6and supplementary materials for details.

745 Guidelines:

746 * The answer NA means that the paper does not include experiments.
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* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: See supplementary materials for details.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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801 * Providing as much information as possible in supplemental material (appended to the

802 paper) is recommended, but including URLSs to data and code is permitted.

803 6. Experimental Setting/Details

804 Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
805 parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
806 results?

807 Answer: [Yes]

808 Justification: See Section |6l for details.

809 Guidelines:

810 * The answer NA means that the paper does not include experiments.

811 * The experimental setting should be presented in the core of the paper to a level of detail
812 that is necessary to appreciate the results and make sense of them.

813 ¢ The full details can be provided either with the code, in appendix, or as supplemental
814 material.

815 7. Experiment Statistical Significance

816 Question: Does the paper report error bars suitably and correctly defined or other appropriate
817 information about the statistical significance of the experiments?

818 Answer: [Yes]

819 Justification: See Section [6]for details.

820 Guidelines:

821 * The answer NA means that the paper does not include experiments.

822 * The authors should answer "Yes" if the results are accompanied by error bars, confi-
823 dence intervals, or statistical significance tests, at least for the experiments that support
824 the main claims of the paper.

825 * The factors of variability that the error bars are capturing should be clearly stated (for
826 example, train/test split, initialization, random drawing of some parameter, or overall
827 run with given experimental conditions).

828 * The method for calculating the error bars should be explained (closed form formula,
829 call to a library function, bootstrap, etc.)

830 * The assumptions made should be given (e.g., Normally distributed errors).

831 * It should be clear whether the error bar is the standard deviation or the standard error
832 of the mean.

833 It is OK to report 1-sigma error bars, but one should state it. The authors should
834 preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
835 of Normality of errors is not verified.

836 * For asymmetric distributions, the authors should be careful not to show in tables or
837 figures symmetric error bars that would yield results that are out of range (e.g. negative
838 error rates).

839 o If error bars are reported in tables or plots, The authors should explain in the text how
840 they were calculated and reference the corresponding figures or tables in the text.

841 8. Experiments Compute Resources

842 Question: For each experiment, does the paper provide sufficient information on the com-
843 puter resources (type of compute workers, memory, time of execution) needed to reproduce
844 the experiments?

845 Answer: [Yes]

846 Justification: See Section |6 for details.

847 Guidelines:

848 * The answer NA means that the paper does not include experiments.

849 * The paper should indicate the type of compute workers CPU or GPU, internal cluster,
850 or cloud provider, including relevant memory and storage.
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9.

10.

11.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification: We have fully complied with the NeurIPS Code of Ethics.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

¢ The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: See Section [8| for details.
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

* Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [Yes]

Justification: The data used in this paper are all benchmark tasks established by the commu-
nity.

Guidelines:
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12.

13.

14.

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We have fully acknowledged baseline models, codes, and data in our paper.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We have provided details documents for the codes.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
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954 Justification: The paper does not involve crowdsourcing nor research with human subjects.

955 Guidelines:

956 * The answer NA means that the paper does not involve crowdsourcing nor research with
957 human subjects.

958 * Including this information in the supplemental material is fine, but if the main contribu-
959 tion of the paper involves human subjects, then as much detail as possible should be
960 included in the main paper.

961 * According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
962 or other labor should be paid at least the minimum wage in the country of the data
963 collector.

964 15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
965 Subjects

966 Question: Does the paper describe potential risks incurred by study participants, whether
967 such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
968 approvals (or an equivalent approval/review based on the requirements of your country or
969 institution) were obtained?

970 Answer: [NA]

971 Justification: The paper does not involve crowdsourcing nor research with human subjects.
972 Guidelines:

973 * The answer NA means that the paper does not involve crowdsourcing nor research with
974 human subjects.

975 * Depending on the country in which research is conducted, IRB approval (or equivalent)
976 may be required for any human subjects research. If you obtained IRB approval, you
977 should clearly state this in the paper.

978 * We recognize that the procedures for this may vary significantly between institutions
979 and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
980 guidelines for their institution.

981 * For initial submissions, do not include any information that would break anonymity (if
982 applicable), such as the institution conducting the review.
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