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Abstract

The incredible success of transformers on se-
quence modeling tasks can be largely attributed
to the self-attention mechanism, which allows
information to be transferred between different
parts of a sequence. Self-attention allows trans-
formers to encode causal structure which makes
them particularly suitable for sequence model-
ing. However, the process by which transform-
ers learn such causal structure via gradient-based
training algorithms remains poorly understood.
To better understand this process, we introduce
an in-context learning task that requires learning
latent causal structure. We prove that gradient de-
scent on a simplified two-layer transformer learns
to solve this task by encoding the latent causal
graph in the first attention layer. The key insight
of our proof is that the gradient of the attention
matrix encodes the mutual information between
tokens. As a consequence of the data process-
ing inequality, the largest entries of this gradient
correspond to edges in the latent causal graph.
As a special case, when the sequences are gen-
erated from in-context Markov chains, we prove
that transformers learn an induction head (Olsson
et al., 2022). We confirm our theoretical findings
by showing that transformers trained on our in-
context learning task are able to recover a wide
variety of causal structures.

1. Introduction

The transformer architecture (Vaswani et al., 2017) has rev-
olutionized the field of deep learning, and has led to state-
of-the art performance on tasks spanning language mod-
eling (Brown et al., 2020), computer vision (Dosovitskiy
et al., 2020), reinforcement learning (Chen et al., 2021),
and the sciences (Jumper et al., 2021). The basic primitive
of a transformer is a self-attention head, a sequence-to-
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sequence mapping in which each token in the output is a
weighted linear combination of, i.e “attends to,” the other
tokens in the sequence. Prior work (Elhage et al., 2021) has
sought to understand which specific computational opera-
tions, or “circuits,” are implemented by self-attention layers
in trained transformers. However, the process by which such
circuits arise when transformers are trained from scratch via
gradient-based algorithms is still unknown.

One hallmark capability of transformers is in-context learn-
ing (Brown et al., 2020), which is the ability to learn from
information present in the input context without needing
to update the model parameters. For example, given a
prompt of input-output pairs, in-context learning is the
ability to predict the output corresponding to a new in-
put. Prior work has shown that this in-context learning
ability relies on the existence of specific circuits called in-
duction heads (Olsson et al., 2022). Given a prompt of
the form [--- , A, B, - - , A], an induction head copies the
token which follows the previous occurrence of A, in this
case being B. This can be implemented using two attention
layers: the first performs the operation of “copying” the pre-
vious token, while the second compares this previous token
to the last token of the context. By copying the previous
token, the first attention layer thus implicitly encodes the
causal structure of a Markov chain.

As another example, consider the setting of learning a func-
tion class in-context, introduced by Garg et al. (2022).
Each prompt sequence is formed by sampling a new
function f from some function class F, and generating
the prompt [z1, f(z1), 22, f(22), ..., T, [(Xn), Tiest] fOr
i.i.d inputs x1, ..., %y, Ttest- The model must learn to es-
timate f(Zest) from the (x;, f(z;)) pairs given in-context.
This setting has proved a useful testbed to understand which
in-context learning algorithms can be implemented by trans-
formers; see Section 1.2 for additional discussion. Such
prompts also possess special causal structure. Conditioned
on f, the 2k-th token in the prompt only depends on the
(2k — 1)-th token, and is independent of the rest of the se-
quence. The model must thus learn to associate each f(xy),
at position 2k, with its corresponding x, at position 2k — 1.
We view this instance as a problem with both a global causal
structure, which comes from pairing x;, with f(zy), and an
in-context transition which comes from the specific f € F
sampled for the sequence.
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Transformers are clearly able to model causal structure,
yet despite the necessity of doing so for performing in-
context learning tasks, we still do not understand how such
structures are learned by gradient descent when training
from scratch. We thus ask the following question:

How do transformers learn causal structure with
gradient descent?

1.1. Our Contributions

In this work, we analyze the gradient descent dynamics of
an autoregressive two-layer attention-only transformer, and
prove that it recovers latent causal structure. Our specific
contributions are as follows:

* We introduce a novel family of in-context learning
problems, which we call random sequences with causal
structure (Task 2.4). The task fixes a latent causal struc-
ture, unknown to the transformer, and samples each
sequence from a different distribution which respects
the causal structure.

* When the latent causal graph is a tree, we prove that
gradient descent on a simplified two-layer transformer
solves this task by encoding the causal graph in the
first attention layer in order to perform in-context es-
timation of the transition distribution (Theorem 4.4).
As a special case of Theorem 4.4, we show that when
the sequences are generated from in-context Markov
chains, the transformer learns an induction head.

* The proof of Theorem 4.4 relies on showing that the
gradient of the first attention layer automatically com-
putes the y2-mutual information between pairs of to-
kens. As a result of the data processing inequality, the
largest entries of this gradient correspond to edges in
the latent causal graph, and hence the first attention
layer converges to the adjacency matrix of this graph.

* When the causal graph is not a tree, we explicitly con-
struct a multi-head transformer which solves this task
by distributing the latent causal graph across many
heads. We show empirically that transformers trained
by gradient descent on this task learn our construction.

1.2. Related Work

In-Context Learning. Brown et al. (2020) demonstrated
that GPT-3 can perform in-context learning, which has led
to much subsequent work on understanding how such in-
context learning ability arises. Xie et al. (2021) presents a
Bayesian perspective on in-context learning by looking at
the log-likelihood of out-of-distribution prompt sequences.
Olsson et al. (2022) posits that in-context learning relies on
the emergence of induction heads.

Garg et al. (2022) formalizes the setting of learning a
function class in-context, and shows that transformers
can be trained to in-context learn various simple function
classes such as (sparse) linear models or shallow neural net-
works. This bears similarity to transformer neural processes
(Nguyen & Grover, 2022), which recasts uncertainty-aware
meta learning as an in-context learning task. Many recent
works have sought to understand which in-context learning
algorithms can be efficiently expressed by a transformer.
Akyiirek et al. (2023); Bai et al. (2023); Von Oswald et al.
(2023) show that transformers can implement gradient de-
scent to solve in-context linear regression, while Fu et al.
(2023) constructs transformers which implement higher-
order learning algorithms such as Newton’s method. Gian-
nou et al. (2023) constructs a transformer that can express
general-purpose computational operations. However, these
works are solely concerned with the representational capa-
bilities of transformers, and do not answer the question of
whether gradient descent indeed learns such constructions.

Training dynamics of transformers. Prior works have
primarily studied the optimization dynamics of a single at-
tention layer. Lu et al. (2021); Li et al. (2023) show that
a single attention layer trained via gradient descent learns
to encode topic structure. Snell et al. (2021) studies the
dynamics of a simplified attention layer on sequence-to-
sequence translation tasks. Tarzanagh et al. (2023b;a) show
an equivalence between the optimization dynamics of a sin-
gle attention layer and a certain SVM problem. Ahn et al.
(2023) shows that the global optimum of a single linear
attention layer trained on in-context linear regression im-
plements a single step of preconditioned gradient descent.
Mahankali et al. (2023); Zhang et al. (2023) study the op-
timization dynamics of a single linear attention layer for
performing in-context linear regression. Huang et al. (2023)
shows that gradient descent on a single softmax attention
layer learns to solve linear regression in-context when the
input data are orthogonal. Jelassi et al. (2022) analyzes the
gradient descent dynamics of the position-position block
of a single layer vision transformer, and shows that it con-
verges to a solution encoding spacial structure. Tian et al.
(2023a) studies the optimization dynamics of a single at-
tention layer for a specific toy dataset, while Tian et al.
(2023b) shows that jointly training a self-attention and MLP
layer corresponds to the optimization dynamics of a certain
modified MLP module. Boix-Adsera et al. (2023) shows
that transformers with diagonal attention matrices display
incremental learning behavior.

Bietti et al. (2023) studies a synthetic ICL task, and shows
that an induction head is formed during training. They
demonstrate heuristically that a few gradient steps on a
modifed transformer architecture approximately learns the
induction head. Our synthetic task handles more general
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causal structure, and requires attending to all prior instances
of the final token rather than the most recent one. Further-
more, Bietti et al. (2023) requires the alphabet size S to be
significantly larger than the context length 7'; we, however,
assume that 7" > S, and our main theorem (Theorem 4.4)
is an end-to-end guarantee on learning the causal structure
and obtaining vanishing population loss.

Concurrent Work. A number of concurrent works also
study the ability of transformers to solve synthetic in-context
learning tasks. Reddy (2023) shows empirically that an in-
duction head suddenly emerges during the training of a two-
attention layer transformer on a specific in-context learning
task. Akyiirek et al. (2024) demonstrates that transformers
can learn regular languages in-context, where each prompt
consists of strings generated from a prompt-dependent for-
mal language. This is due to the ability of transformers
to compute in-context n-gram counts, via a generalization
of the induction head mechanism using multiple attention
layers. In Section 6, we show that a two-layer transformer
with n heads can also compute such n-gram counts.

Edelman et al. (2024) study the formation of induction heads
on the task of learning Markov chains in context, which is
equivalent to our Task 2.4 when the latent causal graph is
the chain graph. Their theoretical analysis focuses on two
steps of gradient descent on a simplified linear transformer
model, for Markov chains over two states. An interesting
empirical observation of theirs is that transformers trained
to learn n-grams in-context undergo a sequential learning
procedure, by first predicting using the unigram counts, then
the bigram counts, and so on.

2. Setup
2.1. Transformer Architecture

Let [S] be a finite alphabet. Transformers are models map-
ping sequences s;.7 := (s1,...,s7) € [S]T of length
T to a length T sequence of vectors z1,...,zp € Rout,
A transformer first embeds the sequence s;.p as a matrix
X=[z1,20,...,27] T € RT*4, where d is the embedding
dimension. This is parameterized by the token embeddings
E € R and positional embeddings P € RZ*T":

embed(sy.; (F, P)); := Ees, + Pe;fori =1,...,T.

Transformers consist of two types of layers: attention layers
and MLP layers. Throughout, we focus on decoder-based,
attention-only transformers. These are models in which
every layer is a causal self-attention layer, defined below:

Definition 2.1 (Causal self-attention head). For a vector
v € Rk, define the softmax function S : RF — RFK by

S); = =220 For a matrix A € R%*?, define the
Zj:l exp(vy)

operator attn(-; A) : RT>*4 — RT>d py
attn(h; A) := S(MASK(hART))h € RT*4 (1)

where MASK(M); ; is M; ; when ¢ > j and —oo other-
wise, and the softmax function S is applied row-wise.

In Definition 2.1, the masking operator ensures tokens only
attend to previous tokens in the sequence, and the softmax
normalizes the output so that each row sums to 1. The
amount that token ¢ attends to token j, for j < 4, is thus
S(MASK(XAXT)) ;= S(XSiATxZ-)j, where X<; €

(2
R#* is the submatrix formed by the first i rows of X.
A single attention head is parameterized by the tuple of d x d

matrices (@, K, V), referred to as the query, key, and value
matrices, and maps X to the sequence attn(X; QK )V T.

A decoder-based transformer aggregates multiple causal
self-attention heads over many layers:

Definition 2.2 (Decoder-based transformer). Let L be the
depth, {my}sc(z) be the number of heads per layer, and
d be the embedding dimension. For £ € [L], i € [my],
let (Ql(-e), K i(l), Vi(e)) be the query, key, and value matrices
for the ith head in the ¢th layer. Let Wy € R%ut*d be
the output layer and let £ € R and P € R?*T be the
token and positional embeddings respectively. Define the
parameter vector 6 := {(Ql(-e),ng),%(l))}gem’ie[m[] U
{E, P,Wo}. A decoder-based transformer TFy : [S]T —
RT*dout operates on s1.7 by

B0 — embed(s1.7; (K, P))

my T T
RO = pe=1) Zattn <h(£1); QEZ)Ki(Z) )Vi(z)
i=1
2
TFe(s1.7) = KW,

We remark that () € RT>4 for¢ =0,..., L.

Disentangled Transformer. Prior works on mechanistic
interpretability have introduced the residual stream view-
point to understand the behavior of trained transformers (EI-
hage et al., 2021). The residual stream exists as a memory
and communication channel that various attention heads
read and write to. Information in the residual stream is
stored in low-dimensional subspaces of intermediate lay-
ers h(¥). For a single attention layer attn(-; QK ")V, the
query and key matrices “read” information from the rele-
vant subspace, and the value matrix “writes” the output to a
new subspace of the residual stream. The weight matrices
thus act as associative memories (Bietti et al., 2023), storing
various embeddings within the residual stream.

While this residual stream viewpoint provides intuition for
the flow of information through the forward pass of a trans-
former, from an interpretability perspective it is difficult
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to know which subspaces contain which information. The
outputs of each attention layer are added together and thus
their informations may overlap with each other, leading to a
memory bottleneck (Elhage et al., 2021; Bietti et al., 2023).
Friedman et al. (2023) thus consider a transformer model in
which the residual stream is disentangled, and the outputs
of each attention layer are appended to the residual stream.
The dimension of the residual stream thus grows with the
depth. We formalize this as a disentangled transformer,
defined below:

Definition 2.3 (Disentangled Transformer). Let L be the
depth, and {m,}¢c[z) be the number of heads per layer.
Define the set of dimensions dy,...,dr by dy = S + T
and dy = (1 + my)ds_1. Let { A%} be the attention matri-
ces with A" € R¥-1xdi1 Jet Wy € RéowtXde be the
output matrix, and let § = {EEZ)}EG[L]JG[W] U{Wo}. A
disentangled transformer ﬁ‘g acts on a sequence S1.7 by:

O = X = [#y,...,@7]" where Z; = [es,, e;] € R%

)= [h(bl), attn(h(efl); Agg))’ ceny attn(h(zfl); g%)}
ﬁg(sl;T) = h(L)WOT.
We remark that h() € RT*d for¢ =0, ..., L.

In addition to disentangling the residual stream, Defini-
tion 2.3 replaces the query and key matrices with a single
attention matrix A := QK T and absorbs the value matri-
ces into Wo. By allowing d; to grow with the depth, this
disentangled transformer is actually equivalent to a decoder-
based attention-only transformer (see Theorem A.1 for the
formal statement). Given this equivalence, throughout the
rest of the paper we study the disentangled transformer.

When the target is a vector in R%u¢ rather than a sequence
in R7>dout it is customary to use the embedding of the last

token, i.e. TFy(s1.7) = Woh(TL) and similarly for ’ﬁ‘g.

2.2. Problem Setup: Random Sequences with Causal
Structure

Let G = ([T],€) be a directed acyclic graph on [T] =
{1,...,T} with edge set £, which represents the latent
causal structure. We assume that (j — i) € £ only if
j < 1, 1.e. each token can only point to future tokens. For
a position ¢ € [T], we let p(i) denote the set of parents of
i,ie. p(i) :={j: (j = i) € E}. We let R denote the
set of root nodes, i.e R = {i : p(i) = 0}. For most of
the paper, we assume that each position has at most one
parent, i.e. [p(i)| < 1foralli € [T]. See Section 6 for the
generalization to multiple parents. When [p(i)| = 1, we
overload notation and use p(i) € [T] to denote the unique
parent of <.

We will also assume there exists a prior P, over irreducible

and aperiodic Markov chains 7 on [S] = {1,...,S}. For
each 7, we will use pu,, to denote the unique stationary mea-
sure of m. Then each sequence [sy, ..., st| and its corre-
sponding target y are generated by the following procedure:

Task 2.4 (Random Sequence with Causal Structure).

1. First, draw m ~ Py.

2. Fori =1,...,T — 1, sample s; ~ u, if p(i) = 0.
Otherwise sample s; ~ 7([sp(;))-

3. Draw sy ~ Unif([S]) and s741 ~ 7(:|sT)

4. Return the input x = s;.7 and the target y = sp41.

Because s ~ Unif([S]), T"is aroot node of G, i.e. T € R.

2.3. Examples

Markov Chains and Induction Heads. First, consider
the case where p(i) = ¢ — 1. The sequence s1,...,S7_1 is
a Markov chain conditioned on 7, with transition matrix .
Task 2.4 reduces to the problem of estimating the Markov
chain 7 in-context. This can be solved via an induction
head (Olsson et al., 2022) which, when presented with a
prompt P =[---, A, B, -+, A,C,---, A], averages over the
tokens following the previous occurrences of A, (in this case
B and C). Explicitly, the output of an induction head on the
sequence s1.7 will be the empirical estimate for 7(- | s7):

_ Wi (simusi) = (57,80}

[{i : sic1 = s7}

TFG(SI:T)S’
In the limit as 7' — oo, this converges to 7 (- | s7).

In-Context Learning. Consider the in-context learning
setup from Garg et al. (2022). This corresponds to the causal
graph where p(2k — 1) = () and p(2k) = 2k — 1. Sequences
are generated by sampling f : [S] — [S] from F and using
the transition matrix 7 (s’'|s) = 1(s’ = f(s)). To learn
this function class in-context, the transformer must learn to
associate the (x, y) pairs in positions 2k — 1 and 2k.

3. What does the Transformer Learn?
3.1. Experiments

We train a series of two-layer disentangled transformers with
one head per layer on Task 2.4, for varying latent graphs
G. The prior P, is chosen so that each row of 7 is sampled
i.i.d from the Dirichlet distribution with parameter «, i.e
(- | s) ~ Dir(a - 1g), for varying values of c. We train
using gradient descent on the cross entropy loss with initial
learning rate 1 and cosine decay over 27 steps.

We observe that the weights of the trained disentangled
transforrgers exhibit consistent structure. First, all of the en-
tries of A(M) remain small except the position-position block
(red box under A in Figure 2(a)), which converges to the
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Figure 1. Random Sequence with Causal Structure: The causal structure is defined by the graph G, denoted by the arrows. In this
figure, p(1) = 0, p(2) = {1}, p(3) = {1}, p(4) = {2} and p(5) = {3}. Sequences are generated by sampling ™ ~ Py, s1 ~ fir,
sg ~ m(:|s1), 83 ~ m(-|s1), s4 ~ 7w(-|s2), s5 ~ 7(+|s3), and finally s¢ ~ Unif([S]). The target y for this sequence is drawn from

7(-[s6)-

adjacency matrix of the graph G. Next, all of the entries
of A() are small, except the token/token block comparing
the h(%) component of the residual stream of token ¢ to the
attn(h(®), AM)) component of the residual stream of token
7 for j <4 (red box under A® in Figure 2(a)). Finally, all
of the entries of the output matrix W, are small except the
token/token block which returns the value of the first com-
ponent of the output of the second attention attn(h(}), A(?))
(red box under Wy in Figure 2(a)). In Figure 4, we observe
that this weight pattern persists for different latent graphs G.

In the following section, we explicitly define this construc-
tion and describe the corresponding dynamics of the forward
pass in Figure 2(b).

3.2. Construction

In Figure 2(a) we observe that the attention weights
AM | A®) and output weight W are of the form

~ [0 0
(1) _ [YSxS SxT
A _0T><S A(l)}
[ 0sxs Osxr | A®  0Ogur
~ 0 0 0 0
A(2) — TxS TXT TxS TXT 3
Osxs Osxr | Osxs Osxr )
| Orxs Orxr | Orxs Orxr

Wo = [ Osxd | Osxa | Is Osxz | Osxa |

for matrices A € RT*T and A?) e R5%S. We now
explicitly construct the A" and A from Figure 2(a) that
solve Task 2.4. Indeed, we show that this construction solves
the task by estimating the empirical transition matrix 7y,

Top (s | 8) = H—1) el @ (s5,8)=(s5)}
o . {G—i)e& :s;=s)

“)
Construction 3.1. There exists a two-layer disentangled
transformer f7 = TFj such that

fﬁ(slzT)s’ ~ 7%81@(3/ | s7). &)

Proof. Set AW to be the (scaled) adjacency matrix of G, i.e
AL = B11(j = p(i)), and A®) = By 15, where f1, B2 —
0o. We will now show that the output of the disentangled
transformer approximates 75, .. (- | 7).

F~ir~st A~ttenti0n. Note that by the construction of g(l),
XAWXT = AW which is the scaled adjacency matrix of
G. If i is not a root node (i.e. i € R, p(i) # D), then

S(XAMWXT),; =1(j = p(i)) (6)

so ¢ attends to its parent p(¢). Therefore, the output
of the first attention is the token at position p(i), i.e.
attn(f( ;g(l))i = Tp(;)- The transformer then appends
Tp(s) to the residual stream of token 7.

When i is a root node (i.e. i € R, p(i) = (), then for all
4, (XAMXT),; = 0. Therefore after the softmax, i will
attend equally to all previous tokens:

S(XAWXT), ;=1 forall j<i. @)
Thus the first attention layer averages all of the tokens in the
sequence: attn(X; AW); =1 > j<i&;j. It then copies this

average into the residual stream.

Second Attention. We next show that the T'th token at-
tends to all prior tokens whose parents are equal to s7. It
then averages them and copies them into the residual stream.

After the first attention layer, the residual stream is h;l) =
7, attn(X; AW ;]T. The second attention layer com-
pares the T'th token of the original sequence Zr to the output
of the first attention at all other positions. Explicitly, the
attention pattern is equal to:

T~ (2) L~
hg}) A(z)hél) = ﬁg . i‘; |:A OSXT:| attn(X; A(l))]

Orxs Orxr
3 l(sp(i) = ST) ieR
=2 .
i< l(sj=57) i€R

As By — o0, the softmax converges to a hard max, and
so the T'th token attends equally to all tokens % such that
sp(i) = sT. The attention then averages all of these tokens,
so the T'th token in the residual stream is equal to h(T2 ) =
{jT, T > <1 ¥js Z, @7 | where

7 .= :Sp(z‘>=°‘T v
. [{e: sp(i):sT}|

®)

is the average of the tokens whose parent is equal to s7.
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(a) The Weights of a Trained Transformer

TFy = {Ply=a] =L Py=0]=2}

(b) Understanding the Forward Pass

Figure 2. We visualize the weights and depict the forward pass of trained transformers on tasks with two different causal graphs. (a) The
Weights of a Trained Transformer: We plot the weights of a two layer disentangled transformer trained on Task 2.4 with S = 10 and
T = 20 when the causal graph is the in-context learning graph where p(2i) = 2i — 1 for all ¢ > 0. All entries of AW A Wo remain
small except the three blocks highlighted in red. The highlighted block in A") converges to the adjacency matrix of the causal graph G,
and the highlighted blocks in A®, W converge to the identity matrix Is. (b) Understanding the Forward Pass: The solid arrows
represent the causal graph G defined in Figure 1 and h(®) denotes the unmodified input sequence. The first attention reverses this causal
pattern, as every token attends to its parent (solid arrows). It then appends this parent token to the residual stream (dashed arrows). In the
second attention layer, each token ¢ attends to all previous tokens j whose parent token p(j) has the same value, i.e. s; = s,;) (solid
arrows), and appends the average of these tokens into the residual stream (dashed arrows). Finally, the transformer returns the third entry
in the last column (red box), which is the average of all of the tokens whose parent token has the same value as the last token.

Output Layer. W)y reads from the third block in this
stream, which we denoted by Z in (8) above. It then returns
the token embedding of Z which is equal to:

€s;

falsvr) = B2—Zgy = Favn (lsT). ©

: Sp(i) =57}

O

See Figure 2(b) for a breakdown of this forward pass through
the transformer for a specific sequence.

3.3. The Reduced Model

Motivated by the sparsity pattern in Figure 2(a) and Equa-
tion (3), we consider training a simplified two-layer trans-
former architecture where the sparsity in Equation (3) is
fixed, and only A(") and A(?) are trained. The transformer
ﬁg can be rewritten as the following reduced model:

Lemma 3.2. Let 6 = (AD A®) and let 6 =
(A A®@ WO) be defined in Equation (3). Let fo = TF~
be a two layer disentangled transformer parameterized by
0. Then if X = [T1,...,Tr)T where T; = ey,

folsir) = YTS(S(MASK(A“)))YA(Z)TET). (10)

Due to the masking, we restrict A() to be lower diagonal.

Our goal is to analyze the gradient descent dynamics of fy
under the cross entropy loss. However, if the token s’ does
not appear in s1.7, then fy(s1.7)s is 0 and the cross entropy
loss is infinite. As such, we perturb the predictions by some
small € > 0. The perturbed population loss is thus:

LO)=— E (11)

m™,S81:T

> 7(s'sr)1og (fols1r)wte)

s’€[S]

In the following sections, we will study the gradient descent
dynamics of the reduced model (10) on the loss (11).

4. Main Results
4.1. Training Algorithm

Our training algorithm is stage-wise gradient descent on
the population loss (11) using the reduced model (10). The
model is initialized at A = O0pyp, A® = Bylgyg for
small initialization scale By. The first stage is gradient
descent on A1) with learning rate 7, for 7; timesteps. The
second stage is gradient descent on A(?) with learning rate
19 for T timesteps. Pseudocode is given in Algorithm 1.
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Algorithm 1 Training Algorithm
Input: init size 5y; learning rates 7y, 7)2; times 71, 7o
Initialize AM (0) = Oy 7, A (0) = By - Isxs
fort=1,...,7do
AD(#) = AW (t—1) = V 40, L(O¢D) {Stage 1}
61 = (AM (), AP (0))
end for
fort=7,...,71 + 712 do
AP () + AP (t—1) = 0oV 42 L(O¢D) {Stage 2}
01 = (AW (1), A®) (1))
end for
é — 9(71+72)
Qutput: 0.

We require the following assumptions on the prior Py:

Assumption 4.1 (Assumptions on prior P;.). There exists
v > 0 such that almost surely over the draw of 7:

o (Transition lower bounded): min, o m(s’ | s) > 7v/S.
* (Non-degeneracy of chain): The chain does not imme-
diately mix to the stationary measure (i, in one step:

2
2o lml1s) = ux()lly 2 9%/
* (Symmetry): For any permutation o on [S], o~ lnoln.

¢ (Constant mean): E, [r] = %151;

The final two assumptions imply that the marginal distri-
butions of 7(s’ | s) are equal for any s’ # s, and likewise
for m(s | s), and that these distributions have mean 1/5.
We remark that Assumption 4.1 is satisfied with probability
0.99 for some v = O(1) when each row of 7 is sampled
i.i.d from a Dirichlet distribution with parameter o« = O(1).

Additionally, we assume that a non-vanishing fraction of
nodes have a parent.

Assumption 4.2. Letr := |R|/T. Thenr <1 —~.

Throughout the proof, we let C, g denote an absolute
constant that depends polynomially on v~! and S. If
A < C, gB, then we write A = O, g(B) or A S, 5 B.
For convenience, we also drop the dependence on +, .S, and
write O(+) or <.

4.2. Main Theorem

The minimum possible value for the (unperturbed) loss is
the mean entropy of 7, averaged over the prior Py:

L= —Eq |5 >, (s’ | s)logm(s’ | 5)|. (12)

We also define the effective sequence length as follows:
Definition 4.3 (Effective Sequence Length). Decompose

g = Ule T; where 7T; are disjoint trees. Let L; denote the

number of leaves of tree 7;. Then, Ty := T
max;_; L;

The effective sequence length roughly captures the number
of independent samples present in the sequence s;.7, and
is related to the mixing time of the process on G. For both
the Markov chain and in-context learning examples, we see
that L; = 1 and thus Ty = 7.

Our main theorem is the following:

Theorem 4.4 (Guarantee for Algorithm 1). Assume that
the effective sequence length satisfies Toy > poly(y~1,9).
There exist €,1m1,1M2,T1, T2 such that the output of Algo-
rithm 1, 0 = (A | A®) satisfies

. < logT

T,

N 1
and  S(AM); i) > 1 O(T>.

fori € R, for some constant ¢ > 0 (independent of 7y, S).

Algorithm 1 thus approximately minimizes the loss by
encoding the adjacency matrix of G in the first attention
layer A, Furthermore, we show that the trained model 0
achieves good prediction on transitions 7 which are out of
distribution:

Theorem 4.5 (OOD Generalization). Let T have transition
lower bounded as min, o 7(s' | s) > ~/S and let § be the
trained model from Theorem 4.4. Let s1.7 be generated by
steps 2-4 of Task 2.4. Then with probability at least 0.99
over the draw of s1.1,

logT

T

sup |f3(s1.m)sr — 7(s" | s7)| S (13)

We remark that the only assumption needed on 7 is the
lower bound on the transition; it does not need to be close
to typical draw from the prior P;.

5. Proof Sketch
5.1. Stage 1: Learning the Causal Graph

The first step of the proof is to show that during the first
stage of training, the first attention layer A(}) learns the
latent causal graph G.

5.1.1. THE ORACLE ALGORITHM

We begin by describing an efficient algorithm for learning
the graph G. The goal is to recover the parent node p(7)
for each i. The key idea is that as a result of the data gen-
erating process, sp(;) is the node which maximizes mutual
information with s;.

We briefly recall the definition of an f-divergence.

Definition 5.1. Let f be a convex function with f(1) =
0. The f-divergence between two probability distributions
P, Q on state space X is defined as
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Di(PlQ) = Ve Q@) (55). (14

The f mutual information between two random variables
Y, Z, denoted by I;(Y; Z), is

I4(Y;Z) := D¢(Py,z||Py ® Pz). (15)

Given a latent variable C, the conditional mutual informa-
tion I;(Y; Z | C) is defined as

I;(Y;Z | C) := Ec [Dy(Py,z)cl|Pyic @ Pzic)].

Information measures admit a data processing inequality:

Lemma 5.2 (Data Processing Inequality). Let Iy be an
information measure, and let W —'Y — Z be a Markov
chain. Then I;(W;Z) < I;(Y; Z).

The data processing inequality suggests an efficient al-
gorithm for recovering G. For non-root nodes i € R,
8j — Sp(i) — i form a Markov chain conditioned on
7. Therefore by the data processing inequality, p(i) €
argmaxj<; I(s;;s; | m). Otherwise, if i € R, s; and
s; are independent given 7, and thus I;(s;;s; | m) = 0.
To recover the graph G, one can compute the conditional
mutual informations Iy (s;;s; | ). If If(s;;s; | 1) =0
for all j < 4, then ¢ is a root node. Otherwise, p(i) =
argmax;; I(s;;s; | m). Pseudocode for this oracle algo-
rithm is given in Algorithm 2.

Algorithm 2 Oracle Algorithm
E+ D
for:=1,...,T —1:do
if max;; I¢(s;;55 | m) > 0 then
p(i) < argmax;<; Ir(s;,s; | ).
E+— EU{(p(i) — i)}
end if
end for

We remark that Algorithm 2 is a special case of the cele-
brated Chow-Liu algorithm (Chow & Liu, 1968), when
a topological ordering of the tree is known a priori:
the tree consisting of edges (p(i) — i) where p(i) =
argmax;; Ir(s;;s; | m) is indeed the max-weight span-
ning forest when the edge weights are the conditional mutual
informations.

5.1.2. THE GRADIENT DESCENT DYNAMICS

We next compute the gradient with respect to A, Let
A € Ri denote the ith row of A() (restricted to the first
i entries, since A(!) is lower triangular). Define J : R* —
R*¥** by J(v) = diag(v) — vv"; J is the Jacobian of the
softmax function &, in that V,,S(u) = J(S(u)).

The following lemma computes the gradient with respect to
AWM a heuristic derivation is deferred to Appendix D.3.

( N

ONENO

8; = 8, = $; is Markov

Kchaln conditioned on 7 )

::> LaCsis sp 1 ) < Lalsis 8y | 7)

- VAIU,)L(H) < - VA'(JIJ)@)L(H)

i)
P

Figure 3. By the data processing inequality, AZ(.
than AE};.

(i) grows faster

Lemma 5.3.
Vo L(0) = 85I (S(AD)) (g + O(T51%)), (16)

where the jth entry of g;, g; ;. is

(s’ | s)
g = Be | 307, Ty Py = sem =) 1

8,8’

For non-root nodes i € R, (s;, s,(;)) has joint distribution
Pls; = s, 5p(5) = 8] = pr(s)m(s']s), and thus g; ,(; is

_ (s’ | 8)%pn(s)?
e P e

s,s’

It turns out that this expression is exactly equal to the x2-
mutual information, I, 2, between s; and Sp(i) conditioned
on 7. The y2-divergence is the f-divergence obtained by
setting f(z) = (2 — 1)2. Therefore

Gip(i) = Iy2 (853 5p) | ). (18)

By Cauchy-Schwarz, we can also upper bound g; ; by the
sum of two x2-mutual informations:
1 1
gi,j S §IX2(52'§5;D(1') | 7T)+§IX2(SZ';SJ' ‘ 7T). (19)
Applying the data processing inequality', we obtain that for
J # pli)
9iq < L (5638p0) | ™) = Gip(ay- (20)

Therefore g; ; is maximized at j = p(4), and the gradient is
aligned with the adjacency matrix of the causal graph G. In
fact, the gradient descent dynamics mimic Algorithm 2!

By the assumptions on the prior P, (Assumption 4.1), the
data processing inequality is indeed strict.
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Maintaining the inductive hypothesis that arg max; Ag}j) =
p(i), we see by the gradient formula in Lemma 5.3 that

arg max {*VA(_UL<9)]'] = p(). Thus Ag,lzz(i)

grow faster than the other entries throughout stage 1. This
growth continues until S(A™)) ~1.

continues to

i,p(%)
For root nodes i € R, i is independent of j. Since both s;
and s; have the marginal zi,, one has

w(s'|s
9ij = Ex 27( )

—1=0 21
i () @b

i (8") pie ()

s,s’

and thus V , ) L(¢) ~ 0. Therefore at the end of stage 1,

i

S(AM); ; ~ Lforall j <.

Altogether, at the end of stage 1, A gatisfies

1(j=p(i)) i€R
S(AM); ; ~ . 22
(AD)is {4 A2
The precise quantitative bound is given in Corollary D.6,
and requires controlling the various error terms throughout
multiple steps of gradient descent.

5.2. Stage 2: Decreasing the Loss

We next show that during the second stage, A®) grows large
in the direction Ig — %15 1; By a symmetry argument, one
can show that V 42 L(6) is proportional to Is — +1g1].
Writing A®) = gIg + B_—Sﬁ"lsl—r, it suffices to show that
VsL(9) < 0.

In Lemma D.8, we show that —VgL(f) can be approx-
imated by a quantity which is an f-mutual information
for some convex f defined in terms of 3. We show that
this quantity is strictly positive (Lemma D.9) until 5§ =
O (log Tefr). Thus at the end of stage 2, 8 = O(log Tefr)-

To conclude the proof of Theorem 4.4, we must show that
J3(X;s)s = m(s" | s). Indeed, Lemma H.8 shows that

f5(X;8)s —7(s' | 8)] < exp(=O(8)) = Tr" M, (23)

which implies the desired bound on the loss.

6. Causal Graphs with Multiple Parents

We next consider a generalization of Task 2.4. Let G be a
directed acyclic graph over the vertex set [T + 1]. For each
node i € [T + 1], we assume that the set of parent nodes
p(i) C [¢ — 1] satisfy the property that either p(i) = () or
lp(i)| = k. If p(i) # 0, we write p(i) = {p(i)1,...,p(i)k},
where p(i); < -+ < p(i)g. As before, let R = {i €
[T + 1] : p(i) = 0} be the root nodes. We additionally
assume that T+ 1 € R.

We now consider k-parent transition tensors 7: For any
ai,...,ax € [S], 7(*la1, ..., ax) is a probability distribu-
tion over [S]. Let P¥ be a prior over such 7. Each sequence
is now generated as follows:

Task 6.1 (Graphs with Multiple Parents).

1. Draw 7 ~ PF.

2.For i = 1,...,T + 1, if p(i) = 0, sam-
ple s; ~ Unif([S]). Otherwise, sample s; ~
T(-[8p(iyes - Spline)

3. Return the input x = s;.7 and the target y = s 1.

Example. One example of Task 6.1 is learning in-context
n-grams. In an n-gram model, each token only depends
on the prior n — 1 tokens in the sequence. This n-gram
model can be obtained by setting k = n — 1, letting the root
nodes be R = [n — 1], and choosing the parent sets p(i) =
{i—n+1,i—n+2,...,i— 1} fori > n. The conditional
density P(sg4n | Sk+1:k+n—1) is then just the transition
T(Sktn | Sk+1,---,Sk+n—1); the goal is to estimate this
transition in-context, by first learning that all sequences
share the same n-gram causal structure.

Given a sequence s1.7, a good estimate for the transition 7

is the empirical transition 75, (s’ | a1, ..., ax), defined as
7 . —— . — . —

{i:8i =15 5p0), = a1,.-,8p@i), = Ok}

i+ sp00y, = a1, sp(iy, = an}|

(24)

We explicitly construct a two-layer transformer with k heads
in the first layer that approximately expresses this empirical
transition.

Construction 6.2. There exists a two attention layer trans-
former f; with k heads such that

f@(slzT)s’ ~ 7?rsl;T (Sl I Sp(T41)15 -+ Sp(T+1)k.) (25)

Construction 6.2 is deferred to Appendix B. At a high level,
the ¢th head in the first layer copies p(i)¢ to the residual
stream of ¢, and copies p(T'+ 1)y to the residual stream of T';
the second attention head compares these tuples of parents,
and thus attends to tokens i where s,,;), = s,(741), for all
¢ e [k].

In Figures 5 and 6, we show empirically that transformers
trained on Task 6.1 for varying latent graphs G indeed con-
verge to such a construction. The challenge, however, in
analyzing the gradient descent dynamics is that there are
multiple attention heads each of which attends to a differ-
ent parent. The dynamics must thus break the symmetry
between the multiple heads. Analyzing the optimization
dynamics of a multi-head transformer for solving Task 6.1
is thus a very interesting direction for future work.
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A. Disentangled Transformer Equivalence

Theorem A.1. For any transformer TF g with any hidden dimension d, there exists a disentangled transformer ﬁ‘é with the
same depth and number of heads such that TFy(s1.7) = ’ﬁ‘é(slzT) for any input sequence s1.1 € [S]|T. Likewise, for any
disentangled transformer ﬁg, there exists a transformer TF g with the same depth and number of heads and with hidden
dimension d'") such that TFy(sy.7) = ﬁ‘é(slzT)for any sy.7 € [S]7.

Proof. Let

¢
0 =@, K" V) eetnrietma} ULE. P Wo}  and 0 = {A }eeruyetma U (Wo .
Note that the reverse direction is clear as any disentangled transformer is also a transformer with hidden dimension d,:

0S><T

FE = [0 Is :| ERdLXS P = Ir ERdLXT Wo:WO
(deS)xS O(ded)XT
0 0s.d, x d,
Q" = [AO 8] € Rim K = [I(C)lﬂ 8] € it v = 14, Odp, x (dr, —de)

O(dr —(i+1)-de) xde

We will prove that every transformer 6 can be represented by a disentangled transformer 6. We will begin by defining a
sequence of matrices Z(©) € R4*% for ¢ € {0,...,L}. Let Z) := [E, P] € R%*%0_ and for £ > 1 let

70— [Z(‘"l) viOze-n ... V,gfgz(ﬂ—l)] € Réxde,
Then we define
A = (2T QW (VINT 21 g Rlemixdecs and W = W2,

We will prove by induction that for any sequence s1.7, hO = pO(ZO)T for¢ =0,..., L where {h(")} is the residual
stream of TFy and {h (©)} is the residual stream of TF First, when ¢ = 0 we have that

W = Ee,, + Pe; = [E  P] {e} = 7OR).

)

Next, assume the result for £ — 1 > 0. Then

me
RO — pe=1) 4 Zattn (h(l—l); QZ(_Z)KZ_(Z)T>V;(@T

=1
— QD7 T, Z attn( (ZU=D)T, Qge)(Ki(e))T) VA
— jle- 1) T Z attn( Z(z 1)) Qz(‘é)(Ki(E))TZ(e_l)> (Z(Z—l))T(Vi(Z))T
— -1z T Zattn( (e=1). 4t ))(V;(Z)Z(Z—l))T
- fl(f)(Z(f))

which completes the induction. Therefore,
TFy(s1.7) = hOWE = B2 WS = kD (WezO)T = kWS = TFy(s1.7)

which completes the proof. O

12
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Example: Single Head Transformer. As an example, let us walk through the construction for a single-head transformer. A
single layer attention-only transformer with only one head can be written as

h® = embed(sy.p; (E, P))
TFy(s1.7) = (h<0> + attn (h<0>; QKT> VT) wy.

Recall that the input to the disentangled transformer is
X = [il,...,:ET

where &, = [es,, €;] € R% = RS The input to the regular transformer, RO can then be written as
- [ET
hO = x [ PT] .
Define Z = [E P], so that h(®) = X ZT. Set the weights A, W of the disentangled transformer as

A=Z"QK"Z and Wo=Wo|Z VZ].

The output of the disentangled transformer is then

TF;(s1r) = [X, attn(X;A)| W
=[X, attn(X;ZTQKTZ)| WS
= [X, s(MasK(XZ27TQKTZXT))X] [Z%KT/T} W

—[xzT, S(MASK(XZTQKTZXT))XZT} Hﬂ W
— (1O, attn(h©; QK T)] [Id] W

- (h<°> + attn(h©; QKT)VT)WJ

= TFQ(SI:T)7

as desired.

B. Multiple Parents Construction

We now present Construction 6.2.
Proof. Let X € RT*4 be the embedding of the sequence. Recall that the /th attention block is of the form
v Ay v AL v T v Txd
attn(X; A,7) :==S(XA,/X )X e R ™%,

and

T

ttn(X; AM);
hy = o S : e R*+HL,
attn(X; gg))i.

The /th attention head performs two roles. For ¢ < T, it copies p(i), to the residual stream of . Additionally, it copies
p(T + 1), to the residual stream of T'.

13
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Formally, let ;121) follow the same sparsity pattern as the construction in Construction 3.1, where only the position-position
block Ag,l) is nonzero, and on this block let

Taking 51 — oo, the output of this attention block is

B T (i i€ R\{T
attn(X; Aél))i — {Trli ' € RAMTY ~
-T;p(TJrl)Z 1 = T

We let A ¢ R(+HDdx (k+1)d pe the block diagonal matrix which compares the attn(X; ﬁgl))i components of the residual

1)

streams of hg to each other via their token embeddings.

Formally, we let

Odxd Odxd Odxd -+ Ogxd
Odxd A(12) Odxda -+ Odgxa
A® — [04xqd  Ogxa Aéz) <+ Odxd
Odxd Odxd Oaxa - A;(f)

where each A\?) € R4*4 i

2 _ Isxs Osxr
A =5 [Osz 0T><T:|.

We thus have, fori € R\ {T'}.

k
hgl (2)h By Z (attn (X; A 1))1) Agf) attn(X; Zél))T
Y4

—1
k

= fa- Zl Sp(i)e = Sp(T+1)¢)

=1

T
Taking 82 — o0, the softmax converges to a uniform distribution over tokens where hl(l) A(Q)hgp1 ) is maximized. These are
the tokens 7 in which s,;y, = s,(74+1), for all £, along with the token T2. Thus

S(h(l)ﬁ(z)h¥)> ~ Limr + 1(Sp(i)y = Sp(T+1)15" "+ Spli)e = Sp(T+1)i) _
i 14 Zj<T l(sp(j)l = Sp(T+1)1 """ 2 Sp(i)e = SP(T+1)k)

Finally, choose T/, to output the token embedding of the x; block of A1) (X);, so that (V) (X )Wy = e,,. We then have
that

folsrr)e =) 1(si=45)- g(hu)g(z)h(;))

- i
)

L Mo =)+ 3 r L(si = &' Spiyy = Sp(en)is 5 Splie = Sp(T1))
- 1+ 3757 (S0 = Sp(T+1)1s 5 Sp(i) = Sp(T+1)i)

i 15 =8 8p0) = Sp(1)as 7 Sp(i)e = Sp(T+1)i)

- Zj 1(517 ()1 = Sp(T+1)15" " > Sp(j)e = sp(T+1)k)

= orr (8" | Sp(r41)1s- - Sp(r1)0)

as desired. O

™t is possible for certain root nodes at the beginning of the sequence to be included, but this will be a vanishing fraction of tokens for
typical sequences

14
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C. Additional Experiments and Details

Single Parent Experiments:  All single-parent experiments were run with a vocabulary size of S = 10, a sequence length
of T = 20, a batch size of 1024, a = 0.1, and learning rate ) = 0.3. We initialize A®") = 0, A =0, and Wy = 0.

In Figure 4, we repeat Figure 2(a) for the in-context learning graph in Figure 4(b), in addition to versions when the graph G
comes from a Markov chain (Figure 4(a)) and when it is random graph (Figure 4(c)).

Multiple Parent Experiments: For experiment with multiple parents (Figure 6), we used o = 1 and Adam (Kingma &
Ba, 2017) with n = 0.01 but we initialized A AZ(-?) ~ N(0,0?) for o = 0.01. This was necessary to break the symmetry

17
between the heads.

Experiments with standard transformer architecture: We trained a two attention layer, decoder-based transformer of
the form (2) on Task 2.4. We consider fixed position and token embeddings P € R¥*T and E € R?*S, with each column
of P, E drawn i.i.d from (0, é] 4)- Additionally, between each attention layer, we add a one-hidden layer ReLU MLP with
hidden width d. The model has one head per layer.

In Figure 7, we plot the average attention pattern of the first layer, averaged over a batch of 1024 sequences. We pick
S =10,T = 20,d = 30. The first layer attention pattern on a single sequence with embedding h(%) is given by

S(MASK(h© AW O Ty ¢ RTXT
We observe that this average attention pattern is also approximately equal to the adjacency matrix of the graph G.

Quantitative Comparison: We repeat Figure 4 for a set of 20 randomly generated causal graphs on 7" = 20 vertices and
vocab size of S = 3. In each graph, each node 7 is a root node with probability 1/2, and otherwise has its parent p(i) drawn
uniformly at random from the set {1, ...,4 — 1}. For each graph, one can compute the average first-layer attention weight
from i to its parent p(z), given by

avgattn := |71€| ;S(MASK(A(”))

i,p(i)

Over all 20 random graphs, avgattn has a mean of 0.837 and a standard deviation of 0.054. In Figure 8, we plot the average
value of S (MASK (A(l)))i (i) for each position 7 in the sequence. We observe that this attention weight is large across all

positions in the sequence.

Experimental Details: Code for all the experiments can be found at https://github.com/eshnich/
transformers-learn-causal-structure. All code was written in JAX (Bradbury et al., 2018), and run on a
cluster of 10 NVIDIA RTX A6000 GPUs.

15
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Figure 4. AM encodes the graph structure, for different latent graphs.
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(a) 3-gram where each position ¢ attends to s — 1,7 — 2. (b) Each position ¢ attends to ¢ — 1 and L%j
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(c) 4-gram where each position ¢ attends to s — 1,7 — 2,3 — 3.

Figure 5. Multiple Parents: We show three examples of trained transformers on Task 6.1 with £ = 2, 2, 3 respectively. The left column
shows the adjacency matrix of the causal graphs G. To their right, we plot the attention patterns S (Agl)) for each head ¢ where Ail) is the

position-position component of Avgl). We see that each attention head learns a single set of parents in the causal graph G, which agrees
with Construction 6.2. See Figure 6 for plots of the full matrices Agl).
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(a) 3-gram where each position ¢ attends to ¢ — 1,4 — 2.
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Figure 6. Multiple Parents: On the left, we plot the causal graph in the setting of Section 6 with k = 2, 2, 3 respectively. The first row
corresponds to the 3-gram task in which each token depends on the previous 2. In the second row, each token at position ¢ depends on
the previous token and the token at position Ll;l |. The third row corresponds to 4-gram in which each token depends on the previous
3 tokens. We train two-layer disentangled transformers on these tasks with & heads in each layer. On the right, we plot the first layer
attention matrices, i.e. {Zﬁ” }i. We see that each attention head learns a single set of parents in the causal graph G, which agrees with our
Construction 6.2.
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Causal Graph % Layer | Attention Pattern

(a) Markov Chain.
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(b) In-Context Learning
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(c) Random Causal Graph

Figure 7. Decoder-Based Transformer with MLPs: In a two attention-layer, decoder-based transformer with MLPs, we observe that the
average attention pattern on a sequence is approximately equal to the adjacency matrix of the causal graph G. We remark that the random
causal graph has the peculiar behavior that nodes with no parent seem to attend to the first token in the sequence.

= o & =

Attention weight from i to p(i)

2 4 [ 8 10 12 14 16 18
Position in sequence

Figure 8. Quantitative Comparison: We plot the mean value of S (A(l) )i,p(s) over all 20 graphs, as a function of the position ¢ in the
sequence. The shaded bars indicate one standard deviation. We observe that this average value is large (close to 1).
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D. Analyzing the Dynamics

In this section we prove Theorem 4.4.

D.1. Proof of Lemma 3.2

Proof. The output of the first attention layer is
attn(X; AM) = SIMASK(X AN X)X = S(MASK(AM))X.

Next, we have that

WO T AW Z 5T {AQ) OSXT} attn(X; AD)T
Orxs Orxr

@) .
=7 [A OSXT} XTS(MASK(AWY))T
Orxs Orxr

— 7L ADX S(MASK(AMD))T.

Thus the output of the second attention layer is
attn(hD: A®)y — s (h(l) (g@))Th(T))
=V S(S(MASK(AW)XA® "7r)
Finally, the output is
TFy(s1.7) = W b
= [IS Ogxr ‘ OSxd] attn(h(l);A@))T
= [Is Osur | Ogxd] h(l)TS(S(MASK(A(”))YA@)TET)
- YTS(S(MASK(A“)))YA(Q)TET),

as desired. O

D.2. Notation

We briefly introduce notation which will be used throughout the rest of the appendix. We let X € R”*® be the token
embedding of the sequence s1.7. Additionally, for a lower triangular matrix A € RT*T let A, € R denote the first i
coordinates of the ith row of A. We overload notation so that S(A) € RT*T is the lower triangular matrix satisfying
S(A); = S§(4;); i.e, the softmax operation is applied row-wise to the first ¢ coordinates of row . Finally, we reparameterize

A® T with A®).

We can thus rewrite the reduced model fy as

folsir) = XTS(S( AD)x A<2)xT).

We let f5(X; s) denote prediction of a transformer with embedding X € R”*“ conditioned on s7 = s, i.e
fo(X;s) = XTS(S(A(I))XA(Z)es).
It is easy to see that the perturbed loss (11) can be written as

1
L(9) = ~3 Er x ZE:[S]w(s' | s)log (fo(X;8)s +€)|,
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where we use Ex and E, . interchangeably to represent expectation over the sequence s;.7. We set the perturbation as

For notational convenience, we define

vg(X;5) = S(S(AM) X APe,),

so that fp(X;s) = X Tvg(X;s).

Let 65(X) € RT be the vector where d5(X); = z;,, and let fix(s) = % ZiTzl x; s be the empirical estimate of the
frequency of s over the sequence X. We let X<; € R"* be the embedding of the first i tokens in the sequence, and let
8s(X<;) € R" be the indicator of s on these first i tokens.

Given a vector v € RF, the operator J; : R¥ — R¥** is given by Ji(v) = diag(v) — vv'. Jy is the Jacobian of S:
VuS(u) = Ji(S(uw)). We drop the subscript k& when it is clear from context.

D.3. Heuristic Derivation of Lemma 5.3

During stage 1, the model can be rewritten as
Fo(X;8)y = e;CXTs(ﬁos(A“))Xes) _y (X)TS(ﬁOS(A(l))és(X)).

When By ~ 0, we can linearize the outer softmax as

1 1 1
S(Boz) ~ glr +fo- <TIT - T21T1;>2,
and get that
fo(X;8)e = %55/ (X)"1p + %a (X)TS(AM)5,(X) %a (X)"1p - 17.8(AD)6,(X)
= fix(s') + % (55,(X)T5(A<1>)53(X) — fix(s') - 1;3(A<1>)55(X)). (26)

First, observe that since 8y =~ 0,

Next, taking the gradient of the approximation (26) with respect to Agl) yields

V0 fo(X; ) T (S(AM) )5, (Xi) - (i — hix ().
Therefore by the chain rule, the population gradient is given by

1 m(s' | s)
V,oL(0)~—=E, — 5 —V X58)s
am L)~ == Er x Z;fe(X;S)s"FG am fo(X58)s

~ P m(s" | s) -
~~ —S—;J(S(Al('l))) cErx Z m(l‘@sl — hx(s ))53(X§i) .

s,s’

Letting g; denote the term after the preconditioner, i.e §; := E, x [Z m(s'ls) (Tis — fix(s")0s(X 9)} , we get that the

s,8" fix(s")
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jtheentry of g;, g ;, is

) w(s' | s .
Gig =Erx |) A( | )(xz‘,s/—MX(S'))l“j,s

/
o x()
=Eex | T8, S (s ,
| 2y e T 2T [
| 58 s,8
3 m(s' | s)
m s,s’ ﬂX(S/) :1;7"8 xj,é

Conditioned on T, as the effective length of the sequence X grows large, due to our assumptions on P, the sequence
Z1,...,x7 mixes, and thus [ix (s') = px(s). As such,

Gi,j ~ Ex 27( | S)Ex[xz sTis|| — 1
55 ,uﬂ'(s)
(s' | s)
o s,s’ :uﬂ'(S/) X[sj:s’SiZS/] !
= 9ij

D.4. Gradient Computations
Recall that Agl) € R is the ith row of A(). Define the population gradients as
G(l)(A(l)7 A(2))i = VAE”L(Q)
G(2)(A(1),A(2)) =V 4 L(6)

|9=(A(1) LA®))
’9:(,4(1) LA®@)

The following lemma computes the population gradients:

Lemma D.1 (Population gradients).

!
(4D 4@ _ (y) Z w88 T Nes X A@)
G (AW, AN, S(4; E,, {fe Xoo)w +655 (X)) J(ve(X;5))ei - X<; A e

(A0, 4®) = -] XTSI (X))

1 [ ( "I's
SSS, fo(X;8)s + €
Proof. The model gradient with respect to Al(.l) is

V40 fo(Xss) = XTI (vg(X;8))es @ J(S(AM) X APe,

Therefore the loss gradient is given by

G(l)(A(l),A(Z))i = —% ZE [mvja(X; S)S’]
[’ 39 )s! €

s,s’

= ——J ZE [fo ll S) 55/(X)TJ(119(X;8))ei X< APe,|.

Next, the model gradient of A is

Vi fo(X;8)e = X TS(AD) T J(vp(X;5))04 (X)e, .

S
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Thus

G (A, A2 SZE{ X (s 'S) - XTS(AO) T I (09(X5 )00 (X)e]
0

S

D.5. Gradient of A()) (Stage 1)
We show that during the first stage of training, A(") converges to the adjacency matrix of the graph G.

The first step is to show that a quantity called the “idealized gradient” approximately aligns with the adjacency matrix of G.
For a transition matrix 7, define

9ig(m) = lei/(slj) Pxlsi =555 =s] - 1,

s,s’
and let g; j := Ex[g; ;(7)].
The following lemma shows that this idealized gradient is maximized at j = p(). The proof relies on the data processing
inequality argument, and is deferred to Appendix G.1.
Lemma D.2 (Idealized gradient is aligned with G). If p(i) # 0, then

3
g
Gip(i) = Gij T 25

forall j € [i]\ p(i). Otherwise g; ; = 0.
Next, we show that the true gradient with respect to A() can indeed be approximated by this idealized gradient, and hence
the adjacency matrix of G.
Lemma D.3 (True gradient of A®) is aligned with G (Stage 1)). Let A®) = ByI. There exist constants c, s, C-, s such that,
if Bo < cy.8T5"°

 Ifp(i) =0,
GH(AD, 4B = 1(S(A))o

for v with ||v||ec < Cy.s \/»
* Ifp(i) # O, then for any j # p(i),

G(l)(A(l),A(Q))i,p(i) < G(l)(A(1)7A(2))7;)j _ S(Agl))p(i) (1 _ S(AEI))W)) . %.

Proof. First, see that

X<ZA( ﬁOX<zes Boés(XSi)-
Thus

Vi
GV (AW, Ay, = — g7 (S(AMY) - 1 > Erx {f()ﬁ)mé (X)T J(ve(X;5))e; - 5S(X<i)] .
Let 6 := (A™),0), and define the quantities g7, §; by

(s | s b
=T B g e OO Tl 6.6

0= TZE” x {X)|)6 (X) "I (05(X; 8))ei - @0@} :
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We remark that
GO(AD, AP), = 2 y5(a0))g;. @

Since By < ¢y,5 3/2 < 1, by Lemma G.1 we have
etf

1

Gi — g5 ||l £68%€ 2By < Oy g—e=.

” H v \/m
It thus suffices to analyze g;. Note that v(X;s) = 7 17. Therefore

F3(X: ) = 1F00(X) = ix(+).
and

- /1 1 1
58/(X) J(vé(Xa s))ei = 53’(X) TIT - T2 ]-TlT €; = T(xz s’ HX( ))

The jth entry of g;, g , is thus equal to

x(s') +e

R (s’ | s R
gij =) Erx L(H(l’m - uX(S’))%‘,s}

By Lemma G.2, this is approximately equal to the idealized gradient g; ;:

1
VTt

19,5 — 91,51 < Cys
We are now ready to prove the theorem. First, consider the case where p(i) = (). By Lemma D.2, gi,; = 0, and thus

%_|<L
RV

Since GM(AM, AR)); = —g—OTJ(S(Al(-l)))g;‘, the claim follows.
Otherwise if p(7) # (), Lemma D.2 tells us that, for all j # p(7),

43 1 73
NS Cys—— < ——5-
Gip(i) ~ Gip(i)| = 2S+ TS T~ 4S

95 = Tiptey < i — Gipti) T [905 — 95| +

Next, see that

Bo

GO(AM, A, = —
e ST

(S0, = S(AM)Tgrs(a); ).
Therefore for any j # p(i), we can bound
G(l)( A(Q)) _ G(l)(A(l),A(Q))Z- p(i)

Bo (1) (1) (NT (1 .
- ST [(S(A )y = S(A;7); )(gz p(i) - S(4; ) ) + S(4; )j(gi,p(i) - gi,j)}
Bo My epa® e 7? ay 7’
> 2[4 - (AP, (1 S 0) I + 84, I
Boy?
> (A0 (1= SAUM)n) - Toag
as desired. O
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We can now analyze the gradient descent dynamics over multiple timesteps. First, we show that for most root nodes ¢ € R,
Al(.l) moves very little.

Lemma D4. Leri € R. Then

o mmbo

~ T T 12

forall j <.
Proof. Let r(AEl)) = max; AE}} — min; AE}}. We have that (where v is the vector from Lemma D.3),

| A, 42 < maxsA®); - ol
J

o0

and thus

P47+ 1) < (A7 (1) + 2 max ST 1); - vl

Fix w < 1. Assume there exists some ¢ < 7 such that ’I”(A,El) (t)) > log(1 + w), and let t* be the first such time ¢. We can
always bound

I
jXS(Ai (®); < (i—1) —I—exp(r A(l) )))

and thus for ¢ < ¢*, max; S(Agl)(t))j < 11—5 < 4@ Therefore

log(1 +w) < (A () < 2rmflof| it - (1 +w),

Bounding log(1 +w) > w/2 and 1 + w < 2, we get that

_ 71180
w < 8ty ||v 1<
1|| H Tm Z
Additionally, when r(Az(.l) (t)) <log(1l + w), we have the bound
1 1 1) 1
Sl-w) < <SAM @), < =(1 +w).
’L( w)_1+(1+0.))(7,—1)_ ( () ())]—Z( +LU)
Therefore
S(AV (7)), — } <Y< b
' J I RV P i2’
as desired. O

Next, we bound the time it takes until S (A® (t))l - ,) ~ 1.

Lemma D.5. Let A®)(0) = Bols, where By < c.5 3/2 There exists Ty <y By (T2 + Ta~ ) log(T/«v) such that, for
anyt > 11, '

S(A(”(t))ip(i) >1-a.

for all i with p(i) # 0.
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Proof. By induction, one has that A() (¢)

by Lemma D.3, one has that S(AM(t)), p(i)

Fix i. Define A(t) = AW(8); ;) — max; ;) AWM (2); ;. One sees that

. exp(A(t))
S(A( )(t))i,p(z‘) = T+ exp(A(t)”

) > AW(¢); ; throughout training. Thus S (A (t)) > L. Additionally,

bpli ip(i) = 1T

is increasing in t.

Let 77 (1/2) be the first time ¢ at which S(AM(t))
thus by Lemma D.3,

1 1
ip(y > 3- Fort < 77(1/2) we have 1 — S(A(l)(t))i’p(i) > 5., and

C’y,SﬂO

Alt+1) > A(t) + T2

Therefore A(7(1/2)) 2 ﬁ%ﬁ“ 717 (1/2). Assume that A(7F(1/2)) > log(2T). Then

1 exp(log(2T)) 2
8(‘4( )(T+(1/2)))i,p(i) = T+ exp(log2T)) 3

a contradiction. Thus A (71 (1/2)) < log(2T), so 7+(1/2) < T?ny By log(27T).

Let 7+ () be the first time at which S(A™M (77 ()); i) < 1 — . For 7+(1/2) <t < 7% (a), we then have

i,p(i

A(t+1) > A(t) + Mm,
and thus if 7+ (o) — 77(1/2) 2 Ta™' B, Hlog(T/a),

C’y,SﬂOO‘

Al (@) > R (@)~ 7 (1/2) > tog(

Then

1 exp(log(T/a)) a
S(A( )(T+(O¢))i,p(i)> > T + exp(log(T/a) = 1_’_% >1-aq,

a contradiction. Thus 7+ (a) — 77(1/2) < Ta 'f;'log(T/a), and so 7F(a) < T2y 'y log(2T) +
Ta= 165 log(T/a) < ny ' By (T? + Ta= ') log(T /), as desired. O

Combining the previous two lemmas, the following corollary tells us the value of A1) after stage 1 of the algorithm.
Corollary D.6 (Ouptut of stage 1). Let Sy < ¢y, # and set Ty = C, g1 ! By Y72 10g(T) for appropriately chosen

constants ¢y s, Cy 5. Then:

c Ifi €R,
1 S(A(l)(ﬁ)) <71,
i,p(4)
e Ifi € R,
1 TlogT
sup S(Al(»l)(7'1))j - ‘ Smin | 1, L-z .
il ‘ Vi
Proof. This follows directly from plugging in 7 = 7y into Lemma D.4 and selecting o = ©(T~!) in Lemma D.5. O
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D.6. Gradient of A (Stage 2)

First, we observe that the population dynamics of A() possess a certain symmetry:
Lemma D.7. For all time, A®) = oI+ B(Is — %lslg)for some scalar (3.

Proof. If A®?) = g1Ig + ﬂglslg (all diagonals are equal and all off-diagonals are equal), then by symmetry the gradient is
also of this form. Additionally, see that

AIXTS(AMNT J(vg(X; 5))ds (X)e:}

1 [ w(s' | s)
Ta@A0 A2y = _— G S B
EDAN A =g S Eex |

= —% ZEW7X m . I;S(A(l))TJ(UG(X§3))5s’ (X)ej}

= 5 S Eex | gy re a0l

= O’
since J(vg(X;s))lp = 0. Therefore G (AW, A®) = 5. (Ig— +1s17) for some scalar 3. Since we initialize
A®) = ByI, throughout training A® is of the form A = ByIs + B(Is — £1s1]). O

Throughout the rest of the proof, we let 3(t) be the scalar such that
1
AB () = BB)Is — (B(E) - fo)g1s13-

The goal of this section is to show that when A") approximates the adjacency matrix of G, B(t) will grow large. Since the
gradient descent update for A is

AR (11 1) = AO(D) — G (A (1), AO(1)),
the update for 3(t) is

1

Blt+1) = A) — 25— TGP (AN M), AP (1)),

As such, we define the quantity Ag(6) by

1
Ap(0) = g Tr(c;(?)(A(l), A<2>)).

Finally, for notational convenience, let AS}) be the T' x T matrix such that

_J1G=p@i) ifieR
S(A* >ij N {S(A(l) (Tl))i,j ifieR ’

AS}) encodes the adjacency matrix of G on nodes i where p(i) # 0.
Lemma D.8 (Stage 2). Let § = (A1), A@)), where A = AW (1)) is the output of stage 1, and A?) = BIs — (3 —
ﬁo)élslgforﬁ > 0. If B satisfies

exp(f) < exp(B*) := Cy,sT,1 P log /0 T,
then

1> —Ag(0) > 3785*66% > 0.
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Proof. Note that X AP e, = fXe, — (B — ﬂo)%lT. Since the row sums of S(A(M) are 1,

S(AMXA®e, = BS(AM) X

_B—5o
S

and thus
ve(X;5) = S(BS(AM) Xe,).

Define z9(X;s) = S(A™M)Xe,. We have that

1
~85(0) = —g— Tr {G(Q)(A(U,A@))}

— 1 w(s']s) . .
- WZE’“X [f.x-) 0 (X) 7 (wp (X)) S (Al >>Xes}

S/
S)gr + €

/-’-6

— ST Bt | eyt ()T S B0 (X)) X:)|

s,s’

- S(Sll)gEmX[és/(){) w((s | s) . 55,(X)TJ(S(5ZQ(X;s)))ZO(X;S)}

We first show the upper bound. We can write

O (X)TJ(S(/BZQ(X; $)))ze(X;s) < 25 / iS(B20(X;8))ize(X;8);
< Za S(Bz9(X;5))s

- 53,( )T S(Bzo(X58)),

since 0 < z¢(X; s); < 1. Therefore

—Ag(0) SE-D ZE”X (s ] s)]

We next move to the lower bound. Define (X s) := S(Ail))Xes. We have that

Z(X'S)i: Tp(i),s if’L'%R.
’ 29(X;s); ifieR

First, we will aim to replace z¢(X; s) with Z2(X; s). Indeed, when p() # 0,

(X)Xl = | (S0 = S(a0)) 0.0 < [}5(40); - ()|

by Corollary D.6. Thus ||Z(X;s) — z¢(X;s)|| . ST
Define

so that
1

—Ap(0) = ) ZEW,X [m(s" | 5)qs' (20(X;5))]-

s/

28
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By Lemma H.1, we have that

|95 (26(X58)) — g (Z(X; )| S (1 + B)l120(X;8) — 2(X;8)|l o S (L +B)T !
and thus

—Ap(0) ZEwX 5" | 8)gs (2(X;9))]| S 1+ B)T

s,s’

Next, plugging in the definition of ¢,/, we get

STy 2 B lm(s | s)aw (LX)

s,s’

ZE (s | 3) J5(X) T (diag(S(B2(X; ) — S(B2(X; 5))S(B2(X;8)) ") 2(X; 5)
S(S—1) X 5/ (X)TS(B2(X;5)) + €

5T ZEﬁxl s |s)- (Eeizsiﬁzg; ZS (X s))] (29)

Our next goal is to replace the term in the parentheses in (29) with something independent of X, where the concentration
holds as T grows large. Indeed, define the quantities E(l)/ (X)), E(z), (X), EY (X) by

BN (x Zwl o S(BE(X;8))iE(X;8): (30)
E®) (X Zx S(BE(X;s)) 31)
E® (X ZS Bz(X;8))i2(X;8);, (32)
so that
L g . EirX) _ povy
m; wx[m(s" | 8)gs (2(X; 5))] _1 ; wx |m(s" ] s) m— (X))

Letr = % One can make the approximation

Eglg)/ (X) N (1 —r)ePur(s)m(s' | s) + el () (s)px(s") (33)
e+ B (x)  (1=7)(ef = Dpn(s)m(s" | 8) + (1= r)pn(s") + rePi= () (s)
— B Bux(s)

E(S) (X) ~ (1 —r)elux(s) +re o (8) (34)

(1= ) = Dpan(s) + (1= 1) 7o
This motivates defining the following idealized gradient:
(Z (L —r)ePn(s’ | 5)> +reir)pq(s)m(s' | )
(1—r)( s

pa ._; 8
9(8) = s(s-n;E”[“ﬂ” &~ Dpn(s)n(s" | 5) (L= 1)pin(5') + rePir i (s')

(1 —r)el + refrn(s)
T D@+ = 7))

Indeed, the approximations in (33) and (34) can be made rigorous: by Lemma H.6 and Lemma H.7, we have that

E(l)/(X) log!/2 T
Erx |7(s' |8) | — 25— —E&X) || —gB)| S 1+8) —71—
CEEnpY K <6+Eg?;,<x> 7
1/2
<eﬁlog // T
~ 1/4
Teff
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Finally, it suffices to show that g(3) > 0. Define the function hs : R — R by

(1 —r)efz? +refrn(s)y (1 —r)el + refhn(s)

") T Dz + (L= 1)+ e (=0 — Dpaa(5) + (L= 1) + 7l

Simplifying the formula for §(3), we see that it can be written in terms of this h:

sy (uen(2)

Furthermore, h; is convex, and so §(3) is actually a linear combination of h-divergences and is hence nonnegative. The
following lemma relates the h¢-divergence to the x2-divergence in order to get a quantitative lower bound on §(3) away
from 0. The proof is deferred to Appendix G.1.

LemmaD.9. §(3) > 1785 %e72 > 0.

To conclude, when 8 < 5%,

1
_ < Bp-1 o L 8G—6,-28
Ag(0) — SE-D E En(s"| s)q(2(X;9))]| S T *875 €

_1 Z]E“X

s,s’

ES;(X) log"?T _ 1
(1 5) | 20— BOX) | | = 9(8)| S 5= < 5850,
€ + Es,s’ (X) T 8

and thus
1
84(0) > PO,

as desired. O
Lemma D.10 (Dynamics of A?)). Let A(l)(T1) be the output of stage 1 of Algorithm 1, and let ny < 1. There exists

T2 Sq,8 ew*,ﬂ*nz_l such that
1+p" > B(n +72) > B
Proof. If B(t) < [*, then by Lemma D.8
Blt+1) > B(t) +n2- ivgsfﬁe*m) > B(t)+ 12 iﬁsfﬁe*w*.
Assume that 3(7; +t) < 8* forall t < T := 485y ~8¢28" g*;; 1. Then

1 N
B +T)> 1785_66_25 Tne = 3%,

a contradiction. Therefore B(y + 72) > * for some 75 < T < €2” *n, L. Finally, by Lemma D.8, 3(t + 1) < A(t) +
and thus letting 75 be the smallest such time we have 1 + 5* 2 B(m + 7'2) > 5. []

D.7. Proof of Theorem 4.4

Proof of Theorem 4.4. Pick By < ¢y, = /2 ,and set 7 = Cy 1y ! By 172 1og(T) for constants ¢y,s, C,,s chosen appropri-
ately. By Corollary D.6, the output of stage 1 satisfies

1- S(A(l)(ﬁ))i ST

fori € R.
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€

Next, by Lemma D.10 there exists 7o = O(Tlﬁmngl) such that B(1y + 72) > B*.

It now suffices to bound the loss of the predictor 6. We have

‘L(é) —L*| <E.x %ZT{‘(S/ | s) - |log (f3(X:s)s +€) —logm(s' | s)|

s,s’

=E, %Zw(s’ | S)IEXHlog (f3(X;8)s +€) —logm(s | S)H

8,8’

For A, B > 0, one has the bound

|A — B|
logA—logB| < ——.
[log og B| < min(A, B)
Therefore
|10g (fé(X;S)s’ + e) —log (s’ | S)’
1
< (|f5(X;8) g —m(s :
— (‘fe( ,8) 7T(3 | 8)| + 6) mln(fé(X; S)s’ + €, 77(5/ | 8))
< (| f4(X:8) e — (s -
~ (‘fe(X’ §)s —m(s" | S)| + 6) (1f@(X;S)S'Z% te lfé(X9S)vs’<%)7
and thus by Cauchy

Ex [log (f3(X;s)s +¢€) —logm(s' | s)|

1/2 3
< <<EX |f§(X;5)s/ — (s | 5)|2) / + e) <1 +e Py (fé(XQS)s’ < ZS))
< ((EX ’fé(X; 8)e — (s ] s)|2)1/2 + e) (1 + eilTJfl)

o\ 1/2
< (EX|fé(X;8)5/—7T(S/|S)| ) + ¢,
where the bound P x ( f3(Xi8)s < %) < Te;fl follows from Lemma H.8. Altogether, applying Lemma H.8 again, we get

. (]EX [fo(X58)w — (s | s)|2>1/2 +e

B log'/2 T
e o n

’L(é) .

—B"v/2
e +€
= 1/4
Test
< log1/3T <log1/6T>7/2
~ 1/6 1/12
Teff Teff

2 v/24
< ( log T) .
Tett

E. Markov Chain Preliminaries

Given a Markov chain 7 with stationary measure i, we define the normalized and centered transition matrix B, € R9*9
by:

L fir (5) alsls) — s
(Bo)ewr = [ L2 (1) ()
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An immediate consequence is that

which allows for the decomposition

7 (s'|8) = pr(s') + (BY)so MW(SI).

We also observe that
s . s s
IIBwII§=Z<(;E 5 i — (8 e ( ) Z” | F (35)
5,8’ s,s’

Definition E.1 (Spectral Gap). We say that a Markov chain 7 with stationary measure y, has a spectral gap of 1 — ()
where A(7) := || Br||2.
Lemma E.2. Let ming o w(s | ') > 7/S. Then A\(m) <1 —~/8S.

Proof. By Lemma E.3, we can write

= %lul +(1-7Q

for another stochastic matrix Q. One then sees that 7 ' Q = 7. Therefore

w—1p] = (1—~/8)(7 — 1)),

SO

I =il = (1= /NQ = Lpir [l <1=1/S.
Therefore A(7) <1 —~/S. O
Lemma E.3. Let min, o w(s | s') > 7/S. Then ming pi(s) > ~/5S.

Proof. Since pu,(s) is stationary,
pn(s') =Y w(s’ | $)pn(s)

=7/5,
as desired. O
Lemma E4. Let min, o w(s | ') > +/S. Then
min TV (r(- | ), 7(- | )) <1 7.

4k

Proof. Write

TV(r(-[7),7(- [ k) = %Z m(s ) —7(s [ F)]

:—Z s|] +7Ts|k’)—2mln{ﬂ'( ‘])771'(5“6)})

1—7

IA
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Lemma E.5. ||B[|% > +2/S

Proof. By definition

18,7 = 3 T L hls)

!
por ()

and thus

IBellF =" ! <Z m(s' | 8)%un(s) — MW(S')2>

O

Lemma E.6 ((Cohen et al., 1993), Theorem 3.1). Let 7 be a stochastic matrix such that maxs w(s' | s) > 0 for all s'. Then,
for any f-divergence D and probability vectors x,y,

Dy(moxl[roy) < a(m)Dy(z|ly),

where the contraction coefficient () is defined as

() i= max TV(r(- | ), n(- | £)) = 5 max (- | ) = (- [ 1)

F. Concentration

Definition F.1 (Graph Distance). Let G be the directed acyclic graph in Section 2.2. Let G denote the undirected version of
G. Then we define d(%, j) to be length of the shortest path between ¢, j in G. If ¢, j are not connected in G then d(4, j) := oco.

Definition F.2 (Effective Sequence Length). For A € (0,1), we define the effective sequence length T () by:
T2
Tewt(N) = ———.
«(%) Soi oy M)

This formula for Tei () is closely related to the definition of Tig (Definition 4.3):

Lemma F.3. Decompose G = Ule T; where T; are disjoint trees. Let L; denote the number of leaves of tree T; for
i=1,..., k. Then,

Top(\) > ———- = (1= )Ty

Proof. Note that Ty;(\) ™! naturally decomposes to a sum within each tree as d(i, j) := oo when i and j are not connected:

1 RS d(ig)
Tor(N) ﬁz >N

1=114,j€T;

k
_ %Z 3 X

I=114,5€T;

k
=SS HG T ¢ dlig) = R

1=14€T; k>0
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Now note that for a fixed node ¢, each path from ¢ to j with d(4, ) = k can be lengthened to a path that reaches a leaf.
Furthermore, for each leaf there can be only one such j. Therefore, #{j € T, : d(i,7) = k} < L;. Plugging this in gives:

k
1 1

<) TLY N

_ Y [Tl Ly
T2(1 - )
max; 1;

< "

“T(1-X

which completes the proof. O

Throughout the remainder of this section, the only assumption we place on 7 is that min 7 (s’ | s) > v/S. Defining
A :=1— /S, we have that A > \(7) by Lemma E.2, and thus Ter(\)F < To'

Lemma F.4. Forany wand any i,j < T,
Px[w; = s, = ') = pa(8)pin ()] < /i ()i (") A () 7).

Proof. Let k be the closest common parent of 4, j so that d(k, i) + d(k, j) = d(i, j) and there exist directed paths from & to
iand k to j in G. Then,

Pls; = s,5i = 5| — pur (s)pix (s")
= Cov[z; sx; s ]

=E[(2j,s — pr(s))(@i,s — b ()]
= D pa(si) (@D (| s1) = (") (1D (s]s1) — pin ()

SkE[S]
i fr (8) d(k,i) fr (")
= p(sp) | (B, s (B2 )si.s
3 o250 -\ o
=/ i (8)pir (87) Z (Bgr(kd))Sk,S(Bg(k,i))skwsl

SkE[S]
=/ lr(8)pir (5') [(Bg(hj))—r (Bg(kj))}s’s"

Therefore taking absolute values gives:

IPls; = 5,50 = '] — pin(8) 1 ()] < v/ (8) 1 (87) || B |15+
< Vir (8 (8)A () 109,

Lemma E.5. For any subset I C [T — 1], define

N 1
fix,(s) = ] Zx”

iel
Then,

Exliix, (5)] = pn(s) and  Ex[(iix, (5) - i (5))?] <
Note that Lemma F.5 is excluding the token a7 as it is resampled from Unif([S]).
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Proof. The first claim follows from the fact that E[x; 5] = p~(s) as the sequence X is initialized from zi,. Then,

Ex[(fix,(s) = pr(5))*] = e |2 > Ex(ziszjs — pn(s)’]

i,5€1

< fr (8) Z 2\4(0:9)

- )24
7761

<'r Z v

pir (s )(T— 1)
Ter(N)|1]2

which completes the proof. O

Corollary F.6.

Proof. One can write

Thus

Lemma F.7. For any subset I C [T — 1] such that p(i) # 0 for all i € I, define
¢x; (s, s |I| Zl‘p( ),sLi,s-
el
Then,

T2

Ex[ex, (5.8)] = pr()(s'ls) and - Ex[(ix, () = pn()7(s19))°) S s

Proof. The first result follows from linearity of expectation and the fact that the Markov process is stationary. Then,

Ex [(ﬂxf( ) = px ()7 (s']5))]

=7 ‘2 > Bz sis Tp(),sier] — pr(s)*7(s']5)%.
i,J€I

There are three possibilities for the dependency graph of 7, j. First, if ¢ = j the expression in the sum is equal to
tr(8)m(s'[8)(1 — pr(s)m(s'|s)). Next, if ¢, j are independent conditioned on p(4), p(j), we get

E[2p(),sTi,s" Tp(j),sLj,s'] — pr (8)%7(s']5)?
= m(s'|)* (Blzp(i),sTp(s),s) — K (5)7)
< ’uﬂ(S)W(S/|s)2)\d(z)(i)m(j))_
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Finally, if ¢, j are dependent conditioned on p(4), p(j) it means that either there is a directed path from ¢ to p(j) or a direct
path from j to p(¢) in the directed graph G. Without loss of generality, we can assume that there is a directed path from j to
p(4). Then we have:

() |8)TAIP ) (5] V(| 3) — pun (52 ('] )2
= i (3)7(s'])2 [ 7107 (s]3") = g (s)
< e (8) e (8" 78] 5) 2 A0
Therefore,
Ex [(ﬂxf( ) = e (s)m(s]s))?]
d(i,j)
5 N ‘2 >

g€l
2
L
et (A) 12
O
Lemma F.8. For any subset I C [T — 1] such that p(i) # 0 forall i € I,
2
T2
Ex s —Ha(s) | | S 7o
<|I| Z 0 ) TN
Proof. As above, we will directly compute the second moment:
d(p(
‘1‘2 Z Tp(i),sTp(5),s — pix(5)” S |I|2 Z A1@@ )
g€l i,jerl
)\d(1 j)—2

= |]|2 Z

i,j€l
fix(8) d(i,5)
< PR

= NI Z

1,j€T

TQMW( )

T Ter(MA|I>
O

G. Lemmas for Stage 1
G.1. Strong Data Processing Inequality
We briefly recall the definition of the x? divergence between two probability distributions on state space X:

X(PlIQ) : Z

zeX

Q 7

along with the x? mutual information between two random variables Y, Z

_yaZ_Z)Q
=2 P \P(Z =2)

y,zEX
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Proof of Lemma D.2. First we consider the case where i and j are in separate trees. If ¢ # T, then Px[s; = s', 5, = s] =
1 (8)pr(s), and thus

gij(m) =D _m(s' | s)ux(s) =1 =0.

s,s’

We note that this subsumes the case where i is a root note, since that necessarily implies that j is in a different tree. Otherwise
wheni =T,

/

gi(m) = %Ziﬂsl [Dinls) :% 5:22,; —1=0.

Next, assume that ¢ and j are in the same tree. When j = p(i), we have

(s’ | s
Gip(i)(T) = ZW Pxlsi=5,s;=8]—1

s,s’

_y T L)

s,s’

= |1 Bxll%,

where the last equality is (35).
If j # p(i) and j # i, then by AM-GM:

n(s'18)

90 (™) = MW(S’)

[si =5 s; =35 —1
s,s’

pr (s s 1 Px[s; = ', s; = s]?
<3 + > -1
DI RS P R O]

s’ |

1
2 .
§||Brr||F + §Ix2(5ia sj | ).
We see that the y2-mutual information can be rewritten as

Falosiss | 1) = 3 sel) o Bxlsy = .= o] )

Let p(i,j) be the least common ancestor of ¢ and j. Let x be the probability distribution defined by = =
Px [sp(i_j) =-|s = s’]. The distribution 747-2(:9) o gz is

(7 Gp(:)) Zﬁd(w (s | 8% - a(s?)
= ZPX s; =8| Sp(ij) = "1 Px[sp(5) = 5" | i = 8]
=Pxl[s; =s|s; =45],

where the last line uses the fact that s, and s; are conditionally independent given p(3, j).

Applying Lemma E.6, we thus have
XC(Pxsy =[50 = 8] || px) < a(m)?OPEIN 32 (P [sp00,5) = - | 55 = '] || pt).-
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Therefore
Le(siisg | ™) < a(m)®0PED Y " pun(s) - X2 (Px [sp0i.5) = - | 50 = '] | )

= () dp@D) L 1 Q(Sp(ij);si | )

7T d(j p(%,5)) Z/’[/ [ . ‘ sp(’i,j) = S] || /’I/)
) dp() Z i ( (wdw’(””c | sl u)o

Since i > j, d(i,p(i,j)) > 1, and thus we can apply Lemma E.6 to get

V2 (Wd(z,p 7]))( B M> < alr )d(i,p(i,j))—l ,X2(7r(. | $)|| 1)
Altogether,

L (s | m) < a(m)0PEIDHACEPEDZUY 7y (s) - X (n(- | 8)]] )

— () D1 (s’ [ 8)°pn(s) _
(m) > =eD 1

= a(m) D7 By 3.
For j # p(i),d(i, j) > 2, so

1 .
9is(m) < 5 (alm) " 1) | B}

IN

1
< S (a(m) + VBl
and thus
1—a(n)
9i.p0i) () = 93,(7) = ——=— - |Bx 7.

By Assumption 4.1 and Lemma E.4, we have 1 — a(7) > «y and || B, ||% > 2 /S. Therefore

31

Gip(i)(T) — gij(m) > 5

Finally, when j = 7, we have

gii(m) = Zw(s | s) — 1.

S

Therefore
gii = S Efn(s | 5)] -
Therefore g; ;) — gii = 72/S > %

G.2. Auxiliary Dynamics Lemmas

Lemma G.1. Let 0 = (AW, By15),0 = (A1), 0), for By < 1. Define g, §; € R by

_TZEL% /|S> 58/(X)TJ(UQ(X;S))ei-6S(X§i)},

s' | s) T . .
NI AL R Rt

s,s’

Then ||g; = gill ., <38%2(e™ —1)
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Proof. We can bound

1 / TJ(v ;8 e-—; ’ TJ(v5(X;8))es
fa(X;S)s/Jreas (X)) J(ve(X58))ei fé(X;S)s/+655 (X)TJ(vy(X;5))es
: ! T hH ;S))€E;
= fO(X;S)s’+5_f.§(X;S)s’+€ ‘6SI(X) J(UQ(X7 )) Z’
b (X) T (X)) — T(us(X:8)))e].

fo(X:s)s +e
First, see that

|f9(X;5)s’ - fé(X§5)s’

=10 (X) T (vo (X5 8) — v5(X;9))|
< oo (X5 8) —vs(X59) |,
since ||ds (X)]|, < 1. Next, we have
o(X55) = S (o S(AD)X TIge, )) = S (B - S(AM)3,(X))).

Since S(A™M)§,(X) has entries in [0, 1], we can bound each entry of vy(X; s) as

X ebo
T e 71 =X = Gy
and thus
1 ePo 1 ebfo 1
[00 (X3 9)i = v(Xs 3] = |va(Xs 5): — T’ Shr@-1) T- T
Thus

|f0(X5S)S’ — f(X58)s

Next, see that

5o (X) T T(09(X;8))ei = v(X;8)i[xis — fo(X58)s],

and thus
‘6 T(J(vg(X's))—J(v(;(X's))) ’
< |U0 (X58)i — (X ||17zs' — fo(X58)s| 4+ v5(X58) |f€ (Xs58)s — [3(X58)s |
- 2(efo — 1)'
- T
Altogether, we have the bound
1 T 1 T 3(efo —1)
—————0g/ N i — —————————0g’ A 5 < =
fe(X§S)s/ n 65s (X) J(UG(XvS))ez f@(X;S)s’ n 653 (X) J(Ue(Xvs))ez = 2T
Therefore
lg; = 4l
< IR o : s (Y .
T e s [ 19| et GO T (X)) — s () Ty (X)) }

3eﬂ°—1

< 356_ (e °—1)
< 65672607

since e* — 1 < 2z for z € [0, 1].
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G.3. Concentration
Lemma G.2. Forany s,s’ € S and any 7 with spectral gap 1 — \(mw) > 1 — X (see Definition E.1) and 11 (s') > v/S,
there exists a sufficiently large constant C s such that if e > C,,, STE?/ % andi > 7,

‘EX {(m - ﬂx(S’))xj7s} B <Px[si s =] .

VT

fix(s) + ¢ (5 —Pxls; = SQ’ S

Proof.

" (@i — fix(s))zjs | Pxlsi=s",s; = 4]
Erle,s') = EX[ fix(s) + ¢ } fin(5')

T, Ty, Pxls; =5,s; =s fix (s
=Ex |:/ALX&SI)J'," s x| uﬁ(S,)J I Ex [ﬂf:(Xs’() _)F exj,s] +Px[s; = s].
E.(s,s") can be rewritten as:
[z exs Ti s T s ix (s
E.(s,s) =Ex _ﬂX&s’)J;l— - ,u,r(sf) — ﬂjéf) j_ Tis -l-l‘j,s]

_ By | i TiwTis €T }
Lax(s)+e  pn(s)  fx(s) +e

—Ex -mi,S’xj,S[/VLW(SlA) —fix(s") — e + 6%',8/1“7?(3/)}

(Ax(s') + €)px(s")

Note that the inside of the expectation is upper bounded by O(e~1). Therefore by the triangle inequality we have

B (s, 1) < B | P sl ()~ ()] el + uﬂ<s'>xj,s]]
i (Aix(s') + €)px(s")
_ By | B Tialix (1) — pa (D] + €li oryn + pin (') 2),0] ,
i (ix(s') + €)px(s") x (s1)> g
Tio sl fix (87) = pn ()| + €[wi @6 + pin(sT) 75 6]
+Ex - o (57 < ()
(Ax (s') + €)px(s") Aix (s)= 523
(@i, @j,slfix (8") — pin (8')] + €[@ig s + b (8) 255
S Ex 2
L pr (")
X (s’
+e¢ 'Px [ux(S’) <t ; )]
~ 1
S VE[(ax(s) = pa(s)?] + e +
6,-Zjeff
1
< + €
Tefr
where the last inequality follows from Corollary F.6. O
H. Lemmas for Stage 2
H.1. Idealized Gradient
Proof of Lemma D.9. Recall
(1 —r)efz? +refrn(s)y (1 —r)ef + refhn(s)

") = A~ D)z + A=)+ 1P (L= 1) — Dpaas) + (L= 1) + eI’

i (s) - (Z i (5 <7T/E())>>1 |
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. 2
For a function h(z) = %’ one has

4, \_ 2D(AD — BC)
="y

Thus for z € [0, Sy~ 1],

2(1—r+refr=) . (1 —7r) (eP(1 —r) +refra(H5 —p(ef — 1), (s)ePH=(*))

W(2) = :
(1= 7)(ef = Vpan(s)z + (1 — ) + refua(®)
. 2(1 — r)2eP
T (=)~ Dpan(s)Sy1 4+ (1 —7) + refns())’
2(1 —7r)%ef
> - a9
T (SyLed)’
> 2'7551736725,

Therefore for z € [0, Sy~1],

he(2) > RL(1) (2 — 1) + 4285372 . (2 — 1)2

Note that =/15) < % Therefore

()
n(Ter) 210 (g 1) et (R - 1>2

and thus

(Smom i) 2 5 e (i)

=782 2\ (n (- | 8)||px)-

,Ufr(s) ) (Z Nﬂ(5/>hs (ifj;l;?))]
> 7570 R, [Z pir () (7 (- | 5)||/J)]

= 75575672#}]14:# [”BﬂH%}
1 g

= 78870,
91w

Altogether,

R 1
9(B) = mgﬂﬂw

H.2. Auxiliary Dynamics Lemmas

Lemma H.1. Define

Then sup ,¢(o 1j7 [|Vas (2)[l; < 10(1 + B).



How Transformers Learn Causal Structure with Gradient Descent

Proof. We have that

Voo (z) = T2 X) 4 BVI(S(32)) (60 (X),2) _ 8 (X)TT(B2)2 - BT (52)50(X)
e (X)T8(B2) +e2

05 (X)TS(B2) + € (05
First, by Lemma H.2,
17(82)85(X)l1 < 26,(X)TS(B2).
Next, by Lemma H.3,
IVI(S(82) (65 (X), 2)l; < 28(82)T (5 (X) ® 2) + 48 (B2) " 05 (X)S(B2) "2 < 65(82) T 65 (X)),
where the last inequality uses the fact that z has entries in [0, 1]. Finally,

|05 (X) T T (B2)z - J(B2)05 (X)| < [1T(82)85 (X) 11 - [ (B2)05 (X1 - l|2lloo < 4(85(X) T S(B2))*.

Altogether,

(2+68)ds (X) ' S(B2) . 4B(ds (X) T S(82))*

V200 < =5 TS et (0w (X) TS(B2) + €

<24 108.

Lemma H.2. Let u be a vector with nonnegative entries. Then ||.J(S(v))ul; < 28(v)Tu

Proof.

ISl = 3 IS < 3 S +8(6) w800

Lemma H.3. Recall that J(s) = diag(s) — ss'. Then V,,J(S(v)) € R¥* X4 satisfies
VI(S(0))(u,w)|; <28(v)" (u®w)+4S(v) "uS(v) "w

for nonnegative vectors u, w.

Proof. See that
J(S())(u, w) = u' diag(S(v))w — S(v) "uSw) Tw =S) " (uEw) — S(v) "uS() "w.
Taking the gradient, and noting that V,S(v) = J(v), we get
VI(S(©))(u,w) = J(S(v)(u® w) = S(v) "w - J(S@))u —S(v) "u- J(S(v))w.
Since u ® w is also a nonnegative vector, we get that

IVI(S®))(u,w)|: < 250) " (u© w) + 4S(v) "uS(v) "w
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H.3. Concentration
Lemma H.4. For any nonzero scalars Ay, Ao, By, Bs,

Al A2 1 A1
2 o~ (2L By — By + Ay — Ay ).
B, B, _Bz|(‘Bl |B1 = Ba| + |41 — 4

Proof.
A1 A2 Al A1 Al A2

By DB Bl By * By B2

1
| -
_ \A1||Bl | N |A1 A
| B1Bs| | B

Ay

5| B = Bal + |41 - A2|>.

210
" By

For the following lemmas, let § = (A(l), A@)) be the output of Algorithm 1. Define

W\ 1 =p@) p()#0
S(A* )ij - {Az(’lj) p(i)=0"

and let 2(X; s) := S(AM) Xe,.
Lemma H.5. Fori € R,

Proof. By Corollary D.6

1 TlogT
SAM); -
s =] s Tk
Therefore
1
|Z(X78 /'LX<L | - ‘( - Z]'l) 65(X§7«)
s
1
TlogT
~ T 1/2.
Teff/ i
Finally,
2 Mﬂ<S>T2
Ex |:|MX<Z(S) —,U,ﬂ.(S)’ :| 5 ff(A)ZZ
Altogether,
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Lemma H.6. Define

E®(X) = ZS(,BZ(X; $))iZ(X58);

Then
2
1 —7)eP g (s) + refr=() . (s) logT
Ex||E®(X) - ( us s <(1+p6%- .
x || BT (1—=7r)(ef = Vur(s)+ (1 —r) +rebux(s)| | ~ 1+5) Te}f

Proof. Plugging in the formula for Z(X; s) (28), we get that

> exp (B2(X;8)i)2(X;8)i
> exp (BZ(X;8):)
e’ Y iem Tnti)s T Pier PNz X5 s)s
(65 — 1) Zieﬁ 'Tp(i),s —+ |ﬁ| —+ ZiGR 6,35(X§S)i

EO(X) =

‘We define the error terms

1
&i(X) = T Z Tp(iy,s — (1= 7)px(s)
i€ER
1 (X
& (X) = 7 Z PHX9i5( X, 5); — rePh=(®) y (s)
i€R
E(X) = % Z eBEX38)i _ poBun(s)
i€R
Then

(I—-1) () + refre() . (s) + ePE (X)) + Eo(X)

5
EP(X) = (1= 7)(ef — Dpn(s) + (1 — 1) + rePie() + (ef — 1)E(X) + E3(X)

S

Thus applying Lemma H.4, we get that

(1= )¢’ pin(s) + reP= i (s)

(L= 1)(e = Dpn(s) + (L= 1) + reiets
(|e&r(X)] + E3(X)) + (|ePE(X)| + E2(X))
(1—=r)(ef =) px(s) + (1 —7) + refrnls)

SA =171 (18X + e PlEX)] + e PIE(X)]),

S

‘E(,?’) (X) —

< [E@ x| -

since ’E§3)(X)‘ <land (1 —7)(e® = Vpr(s) + (1 —7) + relr=(s) > (1 —r)ely.

First, by Lemma F.8, we have

Next, we bound &,:

1 Z(X;5s) 3 Ly (S s
2001 < 72 D | X2(Xs5) — O ()] < 2 D7 (1 + B E(X3 )i — paal5),
iI€ER i€ER
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and thus by Lemma H.5

2 28
Ex [£:007) < L S B 8), - el
iER
o @+ B)2e?’ Zmin <1 T 10g2T)

~ T Tegr - 42

i

(14 )% | TlogT Z T2log> T
- T T2 T - 82

off i>T 1?72’[‘
eff

< 0+ B)?e*$log T
1/2 :
Teff/

Next, we bound &5.

E(X)] < 7 3 [0 — eBrr | < L3 582X 8): — ()]

iI€ER ZER

so by an identical calculation to as for &,

B2e*Plog T
Ex[6(x)) $ T80
Teff

Altogether,

(1= el pn(s) + re®=Opa(s) |
(1 —7)(ef — Dpur(s) + (1 —7) + rebux(s)
S (A=) (EB[E(X)?] + e PE[E(X)?] + e *PE[E5(X)?])
<a+py. 2L
Teff

E(?’)(X) —

S

where the last inequality also relies on Assumption 4.2.

Lemma H.7. Define

B (X) = 3 a0 S(BHX: ) H(Xs )
E(2) Zx v S(BE(X;9))i,
Then
2
E Eilgl (X) (1- T’)eﬁpﬂ(s)ﬂ-(g’ | s) + Teﬁuﬂ(S)/“LT{'(S/)/_,LTr(S)
Efs)’ X) + (1 —r)(eP — Dpx(s)m(s’" | s) + (1 —r)ux(s') + Teﬂu,r(s)'uﬂ(s/>
log T’
S+ iQ
Teﬂ

Proof. Plugging in the formula for Z(X; s) (28), we have that

8 xea) -
B o (X) e’ DoicR Tis Tp(i),s T 2 RGB (X59)i (X 8) i

Eéi?/ (X)+e S (ef—1) D e Tivs' Tp(i),s T 2ie® Tis' T Dier ePHXiig; o + € ePEX;8):
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We define the error terms

)= %pr(i)vsmivs’ — (1 =7)px(s)m(s" | 5)

i€ER
Z Tig — (1= 7)ur(s")
1€R
1 zZ(X;s)i 2 s
Eo(X) == 3 (7252 5)ii o0 — €7 (5)pa (51
I€ER

E(X) = % Z (655(X§5)ixi73/ _ eﬁuw(S)ﬂﬂ(S/))

i€ER

(1= )P ()7(s" | 5) + reP= O (5)ua(s) + P E(X) + E9(X)
(L= P[(€7 — Dpan (5)7(" | ) + pn ()] + rePir® () + (€8 — DE(X) + E5(X) + Er(X) + 3 3, P20

Therefore by Lemma H.4,

EQL(X) (1= 1)eP pn(s)m(s’ | 5) + refm® (s pin (s)
EC(X)+e (=) = Dpa(s)m(s [5) + (1= 1)pa() +ref= g (s')
ED(X) | (eP1Ea(X)] + E5(X)| + |E(X)] + €Pe) + eP|Eq(a)] + (X))
SIECL(X) e A=) = Dpa()n(s’ 1) + (L= 1)pa(s) + refb=Cug(s')
S 18X + e P15 (X)] + e P1E(X)] + e PIE(X)] + ¢,

where the last step uses (1 — 7)(e® — ) (s)7(s" | 8) + (1 — 7)pur(s") + rePr=& p, (s') > (1 — r)e’~? along with
B (X)
<1.

s,s

B (X)+e

IN

Assumption 4.2 and the convention that < subsumes y~! terms, and also that

We can use Lemma F.7 to bound &£;:

—2
R R
RL Blfex (6,5 — n(o)a(s' | 57

< |ﬁ|2 . fix(s")T?
~ T2 Teff()\)|ﬁ|2

E[&4(X)%] =

< 1 ,
™ Tee(N)
Next, we use Lemma F.5 to bound E5:
2 ’ﬁlz ~ / N\ 2
BIE5(X)?) = Lo Bl (') — pn(s))?)
—2
RI” pals)T?
T2 T ’R’
< 1 .
~ T (N)
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Next, we bound &g:

€6 (X eﬂuw(s)ﬂﬂ(s) Z (w5 — pin(8))

1

BZ(X;s) L&) _ oBux(s) —

[ (X 2(X3 ) = PO pn(s)| + |
1€ER

Z
ER
Zl+ﬁ )P 2(X; ) — pin(s)| + e
ER

b Z (xi,s’ - ’u.,r(s'))|.

iI€ER

The first term can be bounded equivalently as to was done for &, and thus

? 2,28
E <;Z(1+/B)eﬁ|2(X; s) _Mw(8)|> < (1-1—5;1/2 logT

i€ER eff

In the second term, since x; s — . (s’) are independent and mean O for all ¢ # T,

2 28
E (jl’eﬂ Z (@i, — NW(SI))D ~ T2 ZE [(xi,s/ - NW(S/))2

i€ER iER

e28
T

A

Altogether

(14 B)%e*PlogT

1/2
Teff

E[|€(X)I%] S

Finally, we bound &7:

1 5(X:s s 1 s
1&:(X)| < T Z Ti s (eﬂz(X, ) _ Bl ))’ + T ePrx(s) Z (2,4 — Mn(S/))|
iER ieR
1 5 1
< = 37BN ) — pnl9)] + | (i uﬂ<s’>>|.
ieER iER
Thus via an identical calculation as &g,
(14 B)%e*PlogT
E[|(€7(X)|2] 5 T1/2 .
eff
Altogether,
2
e || B (1= P)Pun ()(s' | ) + re = () yun (5)
ED(X) te (=0 = Dpn()n(s' [5) + (1= )n(s) + re=Ope(s)
logT
S48
TL/2

O

Lemma H.8. Ler 6 = (121(1), A(Q)) be the output of Algorithm 1, where A = (Bo + B(11 + 7m2)) s — WLglg.
Then

2 " logT .
Ex “fé(X;S)s’ — (s’ | 5)| ] S(+8 2)'%4% B,
of

and
0% 1
(X <L <
P{fG( 5)s 482 } ~ Ty
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Proof. First, by Lemma D.10, 1 + 8* > 3(m; + 72) > *. For notational convenience, let 3 = 5(m; + 72) Recall the
definitions

1 1 | = l ple @
S(Ap)ij{f(l) P(i)) ()i@

and

~ . _ (1) - Tp(i),s if ¢ € R
B ) = S(ATN(X) = {zé(x;s)i ifieR’
By Corollary D.6 [|z;(X; s) — 2(X; s) ||« S T ". Letting f(z) = 6" S(Bz), we see that ||V, f(2)[|1 = B[ J(S(B2))d]l1 <
273, and thus
|£3(X58)s — 05 (X) TS(BZ(X55))| S BT

Next, we have that

Z x5 exp(BZ(X; s);)

B (X) TS(BE(X; ) = SIS,

and thus
55 (X)TS(B2(X;5))
= (€” = 1) Yoiem Tpi).sTiss + Die Tivs' + Dier Tiysr€?Z s
(e? = 1) D oieR Tpli)s T |R| +2ier ePE(X39):

(L= r)(e” = Dpa(s)m(s’ | 5) + (1= 1)ptn(s") + rpn(s)eP ) + (e — 1)ENX) + E5(X) + Er(X)
(L= r)(ef = Dpn(s) + (1 = 1) + refiels) 4 (ef = 1)€1(X) + E3(X)

Therefore by Lemma H.4,
e (L) = D)’ )+ (1= Phael) + e
0 (X) T S(52(X; 5)) - (0= 1) (e? — Dy (s) + (L= 1) + rePieo)
_ 0s(X)TS(B2(X; 9))| - (€ 1€a(X)] + [E5 (X)] + [E(X)]) + €P[E1 ()] + [E3(X)]
- (1—=r)(ef = Dpx(s) + (1 —7) + refrr(s)
S & (@) + e PIE(X)] + [E4(X)| + e P1E(X)| + e |Er (X)),

where the last inequality uses Assumption 4.2. Next, see that

(1= )€~ Dpan )’ [5) + (1= D) 4 s (e
(1 —7)(ef = Dpx(s) + (1 — 1) + rebu=(s)
0= Ppa) e ()P 4 (1= (s | 5) 4 7P OIm(s | 5)
< 0= (e — Dpnls) + (1~ 1) F 7P
ePrx(s)
-y
ePlux(s)=1)

2/\

(s=1)
,ﬁ’YT

ANRZANRIA
o

e~ B2
Altogether, we get

135X 800 = (5" | 9)] S &+ IE4()] + 81)] + e PIE ()] + e PIEs(X)| + e Jer (X)) + e 572,

Nl®
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and thus
2 logT _ . logT o
Ex [|fé(X;3)S/—7T(s'|s)| } 5(1+ﬂ2)~7%/2 +e TS+ %/2 +e 7
Teff Teff

Next, we need to bound Px [fé(X; 8)s < %} . We start by bounding the probability J, (X) " S(B2(X;s)) is small. We
have the naive bound

5 (X)TS(B2(X;8)) = szexf)}((g(jj((i)s)))

> e’ 2R To(i),sTi,s
- e T

1
= T Z Lp(i),sLi,s’
iER

= (1 —-r)éx(s,5).

By Markov’s inequality and Lemma F.7,

) 2
. v . i
Px Cxﬁ(sasl) < 25‘2} <Px [’CXR(&S/) — pr(s)m(s’ | S)’ = 252]
252
< 72EX UCXﬁ(SaS/) - Mﬂ(s)ﬂ'(sl | S)’ }
2
< =
R
S
Tesr
Therefore
- 3 - ~? 1
: 3(X;5)) < = | < ' (X)) < (A=1)ge | S 7
Px |0s(X)TS(B2(X;s)) < 252} <Px [53 (X) SB2(Xs59)) < (1 =1)55 | S 7

To conclude, on the event that d, (X) T S(B2(X;s)) > %, we have

3
J§(Xi8)e > gz = |1(Xis)e = 00(X)TS(B2(X; 9))|

> i (BT™)

— 252
3
Y
>
- 4S2’
since § < 1+ g* < T. Altogether,
3
ol 1
P J(Xi8)y < — | < —.
X f@( ,S) — 4s2 ~ Teff
O
H.4. Proof of Theorem 4.5
Proof. By Lemma H.8, we get that
2 logT
Ex [(f(X:8)e = (5" |9)°] Svs —ay
Ty
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Therefore by Markov’s inequality,

1
Px |[(f(X;5)y — (s’ | 5))° > 100S? - Ey [(f(x;s)s, — (s | s))2” <
10052
Union bounding, with probability 0.99 we have
’ 2 ’ 2 logT
SuI/’|f(X§5)s' —m(s" | s)| <100S8%-Ex [(f(XHS)s’ —7(s"[s)) } Sh.8 6,0’
S,8 jjeff
as desired. O

I. Finite Sample Analysis

Our theory focuses on the case of gradient descent on the population loss (11). It is relatively straightforward to extend our
analysis to the finite sample setting. In this case, we are given a dataset of N prompts of length T":

n)
- {5§ T Sn€[N

Each sequence sgn% is generated via the procedure in Task 2.4, with transition matrix 7(9 ~ P,. Let X (") € RT*5 be the

embedding of sgn%

We now consider running gradient descent on the finite sample loss L:

__ 1 Z 3 (| s5) log (f (s)) + e) 37)
n=1s'¢€[S]
Below, we present a sketch of the extension of the analysis of our main theorem to this finite sample setting.
I.1. Stage 1

The crux of Stage 1 is Lemma D.3, where in (27) we show that

Vo L0) =~ (s(a0) ),

where the vector g € R is defined by

m(s" | s) e, . ,
_TZ]EWX {Mas’(x)TJ(UO(XaS))ez §S(X§Z) :

In particular, we show that g; satisfies the property that

3
* *
95 = 9ip() S T 39

ST Y2 fori € R. Asa step towards proving this, we let 6 = (A(l)7 0), define the quantity g; by

w(s' | 5 e 8K
= TY B | o 0 ()T T (X)) 6.(X)|.

s,s’

and show that
o -
Gij — Gip(i) < ~15 fori € R
N TJfl/Z fori € R.

19i.5
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The empirical gradient can be written as

V() = 51 (s(a®)) g,

ST
where
em / | S ) n n n n
g = Z Z o T (X T (g (X ;5 es - 0 o (X))
n=1 s’ ) 38 ) rte€
As in the population setting, we define §;"'" to be
ST ’|s )
Acmp _ T (m)\T . (n). (n) . (n)
g Z Z ) 668' (XTI (p(X s s7))eq 6 o (XE)).
n=1 s’
Bv L G. 1 emp Aemp Cy.s semp . . . .
y Lemma we get that ||g; loo < - It thus suffices to show that llG; Gilloo is small, which is given
by the following lemma:
Lemma I.1. Foranyé >0
HAemp QH < C’Y,SlOg (%)
oo = \/N

with probability 1 — 4.

Proof. First, see that g;";'” can be written as

(n s
Aem m S n ~ n
p § Z | (xz(‘,s)f — Hx ) (3/))33; S)(m .

.UX(" S

=:Z(n)

Define the event A(™) as

= | {axm(s) < luww( N}

s'e[S]

By a union bound, ]P’(A(”)) < /T We can naively bound ’Z (n) ‘ < €718, and on the complement of A™) (denoted by
A™)) we can bound | Z("™)| < Sy~!. Therefore we can concentrate + >, Z(" as:

1 n
NZZ( ) —E[Z]

1 n)1/( A(n) n n n n n
< N;Z( J1(AM)) —E[ZM1(AM)] Zz 1(AM) —E[ZzM1(AM)]

Sy Mog(T/5) | 4 1 n - n
§T+e 1~NZI(A( ))+6 1]P’(A( ))7

with probability 1 — 2T2 by Hoeffding’s inequality on the Z (™) 1(.A()). Next, we see that the 1(.A(™)) are Bernoulli random

variables with mean P(A™) < S/T. and standard deviation at most /P(A()/N. Therefore with probability 1 — -2,
one has

57 +\€/N\/S/Tefflog(T/6)
_ C'%Slog(T/é)
\/N 5

. Union bounding over 4, j € [T] yields the desired result O

y 2~

since € = @(Te;flm)
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emp

Combining everything together, we get that for N 2 C., sTiilog T, the quantities g;  satisfy

~3
emp emp
Yig —Gipli) S~ 4Sforz€R

|95 < T /? fori € R.

with high probability, and thus Stage 1 succeeds on the empirical loss with high probability.

1.2. Stage 2

One challenge in directly using the population analysis for stage 2 is that the finite-sample update no longer preserves
symmetry, and hence we do not have that A = ByIs + B(Is — %151:5) throughout the entirety of stage 2. Instead, we
will consider taking only a single large gradient step with learning rate 75, on an independent dataset of N prompts.

During the first step of stage 2, the population gradient is

1
V g L(0) = =P - <IS - Slslg),
where, by Lemma D.8,
1> PP > C g > 0.

The following lemma concentrates the population gradient to the empirical gradient at 6(71):

Lemma L.2.
HV (Q)E(G) -V (2)L(0)H < C’Y’S
A A o ™ \/N .
Proof. The finite sample gradient can be written as
(™ /|8¥1)) )T of AT (n). (n) (T
Vaon L(0) = —+ Z Y s g X SN X e (X el
n=1 s’ 7 €

M(n)

Let 6 = (A®)(71),0). By (36), we have

‘f@(X(n)ngzl))s' - fé(X(n)§5¥L)) S et < Teff1/2~

Additionally, f;(X( sgq ))g/ = [ixm (s"). We next see that we can bound

‘ TX(n S(A(l) J(UH(X(H)Qngl)))(ss/(X("))’
< 2||S(40)x e, | _[Ja (x|

<2.

Therefore on A, each entry of M (™) can be bounded in absolute value by 2¢~*, and on .A(™) each entry can be bounded
by some C,, g. Therefore by an identical concentration argument as in Lemma I.1, with high probability we get that

“VA<2>fi(9) - VA(2>L(9)HOO S C\Y;NS

52



How Transformers Learn Causal Structure with Gradient Descent

After one gradient step with learning rate 7,, A (m1 + 1) is equal to

1

AP (11 +1) = Bols + 1287 - (IS S

151—Sr) + R,
where the error matrix R satisfies || R||co < %

Next, define the parameter vector 9P°P as 9P = (A (71), AZ)), where A2}, = BoIg + 108P%P - (Is — £1s1f) is the
result of the population update. We can bound the error between the finite-sample predictor and population predictor as

| Fotms1y (X3 8)or — favon (X3 8)0| = |07 (3(5(.4<1>)XA<2>(T1 F1)e,) — S(S(A“))XAg,%)pes))}
<SS(AMX AP (71 + 1)ey) — S(S(AM)XAR) €)oo
< |S(AMXA® (11 + 1)es — S(AD) X AR e, ]l
< ||A(2)(Tl + 1) - A1(320)p||oo
< M2
~ \/N

Now if we choose 75 so that 12 8P°P = §* = ©(log Tefr), then by Lemma H.8, we get that 0P°P satisfies

Ex [|fooen (X; )9 = m(s' | 9)°] S T

Therefore

2
2 c

Ex “fe(nﬂ)(X; s)g — (s | 5)| } STq + %

10g2 Teff

ST + I

~

< =<y

~ “eff »

as long as N 2> T/ Therefore the output of running gradient descent on the finite sample loss, Jo(r,+1)» achieves small
population loss.

Altogether, both Stage 1 and Stage 2 succeed on the finite-sample loss as long as N 2 Tiglog T'.
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