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Abstract

Preference-based alignment is pivotal for train-
ing large reasoning models; however, stan-
dard methods like Direct Preference Optimiza-
tion (DPO) typically treat all preference pairs
uniformly, overlooking the evolving utility of
training instances. This static approach of-
ten leads to inefficient or unstable optimiza-
tion, as it wastes computation on trivial pairs
with negligible gradients and suffers from noise
induced by samples near uncertain decision
boundaries. Facing these challenges, we pro-
pose SAGE (Stability-Aware Gradient Effi-
ciency), a dynamic framework designed to en-
hance alignment reliability by maximizing the
Signal-to-Noise Ratio of policy updates. Con-
cretely, SAGE integrates a coarse-grained cur-
riculum mechanism that refreshes candidate
pools based on model competence with a fine-
grained, stability-aware scoring function that
prioritizes informative, confident errors while
filtering out unstable samples. Experiments on
multiple mathematical reasoning benchmarks
demonstrate that SAGE significantly acceler-
ates convergence and outperforms static base-
lines, highlighting the critical role of policy-
aware, stability-conscious data selection in rea-
soning alignment.

1 Introduction

With the emergence of large reasoning models such
as DeepSeek-R1 (Guo et al., 2025) and OpenAl-
ol (Jaech et al., 2024), significant progress has
been made in addressing complex reasoning tasks.
These models not only output final answers but also
generate explicit reasoning trajectories, referred to
as long chains-of-thought (Long-CoT). These tra-
jectories often yield verifiable outcomes, which can
be used as supervision signals for reinforcement
learning (Shao et al., 2024) or transformed into
pairwise preferences for alignment methods such
as Direct Preference Optimization (DPO) (Rafailov
et al., 2023). As DPO effectively models prefer-
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Figure 1: Schematic illustration of dynamic sample
utility in the stability-informativeness space. SAGE
prioritizes samples with high signal quality and stable
optimization behavior.

ences through response likelihoods without requir-
ing explicit reward modeling, it is widely adopted
in the early stages of aligning reasoning models.

However, standard preference optimization often
treats all data pairs uniformly, overlooking critical
disparities in their learning value. First, from an ef-
ficiency perspective, strictly easier or “thin-margin”
pairs yield negligible gradients, contributing little
to the optimization while consuming computational
budget. Second, and more critically, from a sta-
bility perspective, pairs near the model’s unstable
decision boundaries often exhibit high local curva-
ture in the loss landscape. In these regions, small
perturbations can induce disproportionately large,
high-variance gradients. Naively training on such
“noisy” data can destabilize the alignment of rea-
soning models, where maintaining precise logical
chains is essential.

Furthermore, the utility of a preference pair is
not an inherent property but is dynamically coupled
to the model’s evolving state; a sample providing
strong supervision early in training may offer di-
minishing returns later as the model internalizes



the underlying reasoning pattern. Consequently,
static data selection is suboptimal.

To overcome these challenges, we formulate
preference selection from an optimization per-
spective and propose Stability-Aware Gradient
Efficiency (SAGE), a policy-aware alignment
framework that adapts supervision to the evolving
policy state by jointly considering gradient signal
and prediction confidence. First, SAGE introduces
a coarse-grained, pool-based on-policy approxi-
mation that partitions the static corpus into refre-
shable and disjoint pools, and re-scores only the
active pool with the current policy. This design pre-
serves policy adaptivity while avoiding full-dataset
rescoring, and its scheduling mechanism naturally
forms a curriculum over preference difficulty. Sec-
ond, SAGE performs fine-grained sample selec-
tion within each pool using a stability-aware util-
ity score that balances gradient magnitude with
prediction confidence. This score prioritizes reli-
able, high-signal confident errors while filtering out
weak-signal or unstable pairs, resulting in more sta-
ble and gradient-efficient policy updates. Together,
these components provide a dynamic and compu-
tationally efficient preference-selection framework
that focuses training on the most useful supervision
signals at each stage of alignment.

Our contributions are summarized as follows:

* We identify that the learning value of rea-
soning preference pairs is dynamic and con-
strained by local loss geometry, revealing that
static training overlooks both gradient effi-
ciency and optimization stability.

* We propose SAGE, a policy-adaptive align-
ment framework that achieves dynamic pref-
erence selection by periodically re-scoring re-
freshable pools under the current model state.

* We introduce a stability-aware utility score
that enables fine-grained filtering by balanc-
ing the gradient signal with a proxy for local
prediction confidence, allowing the model to
prioritize reliable and informative supervision.

* Experiments on Long-CoT math reasoning
benchmarks demonstrate that SAGE improves
alignment stability, sample efficiency, and
overall performance.

2 Preliminaries

Notation. Let z denote a prompt and y a re-
sponse. We define a trainable policy by my(y | x)

and a fixed reference policy p(y | x). Preference
supervision consists of triples (z,y",'), where
y™ > ! indicates that 3y is preferred over 3/ for
the same prompt z. In the context of mathematical
reasoning, x represents a problem statement and
y a candidate solution. Typically, y* corresponds
to a correct or higher-quality answer, whereas 3/ is
incorrect or of lower quality.

Direct Preference Optimization (DPO). DPO
optimizes 7y directly from preference data without
relying on an explicit reward model or on-policy
reinforcement learning. Formally, DPO defines an
implicit reward:

mo(y | )
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ro(z,y) = Blog

where 5 > 0 is a temperature parameter. The train-
ing objective follows a Bradley—Terry likelihood:

Lppo = —E(g 4w 4 log o(ro(z,y*) —ro(, yl))
2)

with o () denoting the sigmoid function.

Noise-Contrastive Alignment (NCA). NCA ex-
tends preference optimization to a multi-response
contrastive setting. Given a prompt x with K can-
didate responses {y;} X, it computes normalized
weights:

exp(r;/a)

W) = S ()

3

where r; = rg(x,y;) and o > 0 is a temperature.
The NCA objective is defined as:

X 1
Exca = = 3 |wile) logo(r) + 1 loga(—r)

i=1

“)
Compared to DPO, NCA encourages high-reward
responses while regularizing uniformly weighted
negatives, improving training stability. Structurally,
the NCA loss is a weighted sum of binary classi-
fication components (one positive, K negatives),
which allows us to analyze the optimization dynam-
ics of each response independently. When K=2
and the weight w;(x) concentrates on the preferred
response, this formulation reduces to the DPO ob-
jective structure. Unless otherwise specified, the
loss £ in subsequent sections refers to the generic
pairwise preference objective.
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Figure 2: Overall framework of SAGE.

3 Method

This section introduces Stability-Aware Gradient
Efficiency (SAGE), a dynamic alignment frame-
work designed to optimize the learning progress
of reasoning models. Unlike static strategies that
treat all preference pairs equally, SAGE formulates
data selection as a policy-adaptive prioritization
problem, motivated by improving the signal quality
of supervision. It dynamically prioritizes samples
that provide strong gradient signals while avoiding
unstable updates under the evolving policy. This
approach unfolds in two phases, as illustrated in
Figure 2: first, generating coarse-grained candi-
date pools based on difficulty priors (Section 3.2),
followed by fine-grained selection to maximize gra-
dient efficiency and ensure optimization stability
(Section 3.3).

3.1 Problem Setup

We consider the alignment of a reasoning policy g
using a static dataset D = {(z;, y%, y})}}.,, where
x; is a prompt and (!, y}) are the winning and los-
ing responses (see Appendix A.1 for data construc-
tion). The standard objective minimizes a loss £(6)
over the expectation of the data. However, mini-
mizing the average loss over a static distribution
ignores the dynamic nature of sample utility. Our
goal is to dynamically select a sub-batch B; C D
at each step ¢ that maximizes the optimization gain.

Remark on On-Policy Selection. It is crucial to
clarify our terminology. In this work, on-policy
selection refers to evaluating the utility of exist-
ing static preference pairs using the current model
state 7, rather than generating new responses (on-
line exploration). Our focus is on the efficient re-
weighting of the training corpus, avoiding the pro-
hibitive computational cost of online generation
while maintaining policy-adaptive supervision.

3.2 Coarse-Grained Candidate Generation

Evaluating the utility of all samples in D at every
step is computationally intractable. To address this,
SAGE uses a Refreshable Pool Strategy, which dy-
namically constructs candidate pools by sampling
from difficulty-based subsets (easy, medium, hard)
according to a time-dependent mixing ratio p(k).
This approach enables efficient sample selection by
evolving the pool composition over time.

Difficulty-Based Partitioning. We initially par-
tition D into three subsets {Deasy, Pmediums Phard }
based on off-policy difficulty priors. Each prefer-
ence pair is annotated with two auxiliary judgments
via an LLM-as-judge: (i) a preference clarity label
¢; € {high, medium, low}, indicating how clearly
the chosen response is preferred over the rejected
one, and (ii) a quality score ¢; € {1,...,5} for the
rejected answer (details in Appendix A.2). Based
on the resulting annotations (c¢;, g;), we heuristi-
cally bucket samples into three difficulty strata:



Deasy = {Z | c; = high, ¢; < 2}7 Dredium = {Z ‘
¢; = medium, ¢; € {2,3}}, and Dhyrq containing
the remaining samples. These static difficulty pri-
ors are used only to provide a coarse stratification
for candidate pool construction.

Dynamic Pool Construction. To approximate
on-policy selection under limited computation, we
divide training into K intervals, each associated
with a refreshable candidate pool Py. Rather than
treating the dataset as a static sequence, we parti-
tion D into K non-overlapping pools:

K
D=JPw st PiNnPi=2 ()
k=1

where each pool contains M = |D|/K samples.
Importantly, the composition of Py, is not uniform;
it is constructed by sampling from difficulty subsets
according to a time-dependent mixing ratio p(k).

We define a linear schedule to control the evolu-
tion of the difficulty distribution:

k) = P (20— ) - 2 (©)
where ¢ € {easy, medium, hard} and ) _p.(k) =
1. This schedule implements a coarse-grained cur-
riculum, with higher weights on easier samples in
early stages and a gradual shift toward harder sam-
ples in later stages. This piecewise-refresh strategy
provides a practical compromise, preserving the
essential dynamics of curriculum learning without
the prohibitive cost of full-dataset re-evaluation at

every step.

3.3 Fine-Grained SAGE Selection

Given the candidate pool Py, we apply a fine-
grained filtering mechanism to improve the effi-
ciency of policy updates. We propose the SAGE
Score, a heuristic utility metric motivated by local
properties of the loss function. By jointly con-
sidering gradient signal and prediction confidence,
SAGE prioritizes informative samples while fil-
tering out unstable ones, leading to more reliable
policy updates.

Newton-Inspired SAGE Score. Standard data
selection strategies typically prioritize samples
with large gradient norms ||V, L||, implicitly as-
suming that larger gradients correspond to higher
information content. However, such first-order cri-
teria ignore the local curvature of the loss surface.
In regions with high curvature, large gradients can

lead to unstable updates and increased optimization
variance.

To reason about the trade-off between gradient
magnitude and update stability, we draw inspira-
tion from the Newton decrement \(z), a classical
second-order quantity that provides intuition about
effective optimization progress:

%/\2(1:) ~ %Vgﬁ(x)TH_l(x)Vgﬁ(x), )
where \?(z)/2 estimates the expected loss reduc-
tion under a Newton step. Directly computing the
Hessian inverse H™! is infeasible for large-scale
models. Instead, we derive a tractable, sample-
level approximation by exploiting the structure of
the NCA objective (Eq. 4).

The NCA loss decomposes into a sum of
response-level binary classification terms £(r) =
—log o(zr), where r denotes the model score for
aresponse, z € {41, —1} indicates whether the
response is preferred or rejected, and o(-) is the
sigmoid function. Under this formulation, we ap-
proximate the per-sample Newton decrement by
operating on these response-level score variables,
ignoring cross-score correlations and adopting a
diagonal Hessian approximation.

Let p = o(27r) denote the model confidence for
a given response. For a single score variable, the di-
agonal Hessian entry corresponds to the curvature
h = 0% = p(1 — p), while the squared gradi-
ent magnitude is g2 = (9,£)> = (1 — p)2. This
yields a scalar approximation to the Newton decre-
ment contribution for each response, decomposing
the score into two computable proxies: a gradient-
based signal term and a curvature-based stability
term.

Reasoning trajectories can vary significantly
in length, which may bias the score toward
longer responses due to accumulated magnitudes.
To mitigate this effect, we introduce a length-
normalization term L(z), defined as the total
number of response tokens in the preference
pair. Combining these components, we define the
SAGE score s;(z) as a length-normalized, Newton-
inspired measure of gradient efficiency:
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Algorithm 1 SAGE: Stability-Aware Gradient Effi-
ciency

1: Input: Dataset D, policy 7y, difficulty sched-
ule p(k), selection ratio schedule (k).
2: Partition D into | Jj_, Py according to the dif-
ficulty schedule p(k).
3: for k=1to K do
. // On-Policy Score Evaluation
5:  Perform a forward pass on Py to compute
length-normalized SAGE scores {s; } using
Eq. 8.
6:  // Stability-Aware Filtering
Compute the retention count N = ~y(k) -
|Prl.
8:  Select the high-SNR subset By, < {z; €
Py | rank(s;) < Ny}
9:  // Policy Optimization
10  Update the policy parameters 6§ < 6 —
NV Lxca (Br).
11: end for

where ¢ is a Tikhonov damping term that ensures
numerical stability in near-deterministic regimes.

Dynamic Batch Construction. After computing
the SAGE score s;(x) for all candidates in the cur-
rent pool Py, SAGE performs a hard filtering step
to improve gradient efficiency. Specifically, sam-
ples are ranked in descending order of their scores,
and only the top-vj, fraction is retained:

B, = {xl € P | rank(si) <Y - |7)k‘} 9

Here, ~; is a time-dependent selection ratio. The
policy is updated exclusively on the resulting high-
SNR subset By, while low-scoring samples are ex-
cluded from the backward pass.

Optimization-Theoretic Interpretation. The
formulation in Eq. 8 and the associated hard trun-
cation strategy differ from entropy-based active
learning approaches. Instead, SAGE is motivated
by two optimization principles that are particularly
relevant for reasoning tasks.

 Curvature Regularization (Stability). The cur-
vature proxy h = p(1—p) reflects the sensitiv-
ity of the loss to changes in model confidence.
Samples with high uncertainty (p ~ 0.5) often
induce unstable gradients, which are particu-
larly harmful for long chain-of-thought rea-
soning. By filtering out such samples, SAGE
acts as a stability-aware filtering mechanism
that mitigates high-variance updates.

* Signal-to-Noise Ratio (Efficiency). SAGE fur-
ther seeks to improve the effective signal qual-
ity of the update direction. The score is large
when the gradient signal g is strong while the
curvature h is small, corresponding to confi-
dent errors. By physically removing samples
with weak gradients (g — 0) or excessive
curvature (h > 0), SAGE ensures that re-
tained gradients contribute meaningfully to
loss reduction, leading to faster and more sta-
ble convergence than static or soft-weighted
baselines.

4 Experiments

4.1 Experimental Setup

Model Selection. We use the Qwen2.5-Instruct
family (Qwen et al., 2025) and evaluate three scales:
1.5B, 3B, and 7B. For 1.5B and 3B, we report the
base Instruct checkpoints (their SFT variants un-
derperform; see Appendix B.3). For 7B, we use
the post-SFT checkpoint.

Training Data. We leverage the Light-R1
datasets (Wen et al., 2025) for training. SFT warm-
up uses 76k samples from Stage 1.! For preference
optimization, we construct 4,134 pairs by (i) dedu-
plicating the original Light-R1 preference set® and
(i1) adding additional pairs by generating rejected
responses for randomly sampled Stage 1 instances.
Details are provided in Appendix A.1.

Evaluation Benchmarks. To comprehensively
evaluate the impact of our method on mathematical
reasoning, we evaluate on a diverse suite of bench-
marks, including GSM8K (Cobbe et al., 2021),
MATHS500, Minerva-MATH (Lewkowycz et al.,
2022) (Minerva), Gaokao23-Math (Liao et al.,
2024) (Gaokao), OlympiadBench (He et al., 2024)
(Olympiad), CollegeMath (Tang et al., 2024) (Col-
lege), AMC23, and AIME24. These benchmarks
vary substantially in difficulty and scale, covering a
wide range of problem types and reasoning depths.
Additional statistics are provided in Appendix B.2.

Metrics. We report pass@8 on AIME24 and
AMC23 due to their relatively small test set sizes
and pass@1 on all other accuracy benchmarks. We
set the maximum generation length to 10,000 to-
kens, which we found sufficient to reach perfor-

1https://huggingface.co/datasets/qihoo36®/
Light-R1-SFTData

2https://huggingface.co/datasets/qihoo36®/
Light-R1-DPOData
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Method GSM8K MATHS00 Minerva Gaokao Olympiad College AIME24 AMC23 | Avg.
Owen2.5-1.5B-Instruct
Vanilla 73.70 54.60 16.90 46.20 22.70 38.40 6.70 25.00 | 35.53
w/ DPO (Full) 74.70 56.20 19.50 47.30 20.00 38.00 10.00 22.50 | 36.03
w/ DPO (Random)  73.50 56.40 19.10 48.60 19.60 37.90 3.30 25.00 | 35.43
SAGE (Ours) 74.80 57.20 20.20 50.40 21.50 38.10 10.00 27.50 | 37.46
Owen2.5-3B-Instruct
Vanilla 86.90 65.20 25.70 56.40 27.70 44.50 6.70 47.50 | 45.08
w/ DPO (Full) 86.40 65.60 27.20 56.90 27.00 44.90 10.00 50.00 | 46.00
w/ DPO (Random)  87.00 65.20 26.10 56.40 26.50 45.00 0.00 45.00 | 43.90
SAGE (Ours) 87.50 66.00 28.30 58.23 27.70 45.14 13.30 55.00 | 47.65
Owen2.5-7B-Instruct
Vanilla 92.30 81.60 28.30 69.90 45.30 42.40 23.30 57.50 | 55.08
w/ DPO (Full) 92.70 82.00 29.40 70.60 46.50 42.70 26.70 62.50 | 56.64
w/ DPO (Random)  91.30 79.40 26.80 71.40 43.00 42.70 20.00 57.50 | 54.01
SAGE (Ours) 93.10 82.80 33.10 71.40 45.50 43.10 33.30 70.00 | 59.04

Table 1: Main results on mathematical reasoning benchmarks. Vanilla denotes the baseline models (either original
Instruct or SFT variants as described in Model Selection). DPO (Full) and DPO (Random) indicate DPO training on
the full preference dataset and a size-matched random subset, respectively. Avg. denotes the mean accuracy across

benchmarks, and the best results are highlighted in bold.

mance saturation across datasets in preliminary
experiments. Evaluation is performed using the
SimpleRL-Reason framework?.

Implementation. We build on 360-LLaMA-
Factory* with sequence parallelism for long-CoT
training. Unless specified otherwise, we use 3 =
0.1, 3 epochs, and batch size 16 on 8 x A800 GPUs
(sp=8) with a maximum sequence length of 32,768.

4.2 Main Results

Table 1 reports the performance of SAGE and base-
line methods on mathematical reasoning bench-
marks across three model scales. Across all model
sizes (1.5B, 3B, and 7B), SAGE consistently out-
performs standard DPO in average accuracy, indi-
cating that its effectiveness is stable across capacity
regimes. In particular, SAGE achieves the strongest
gains at the 3B scale and reaches state-of-the-art
performance across all eight benchmarks, suggest-
ing improved utilization of preference supervision
under constrained model capacity.

To disentangle the effect of data selection from
data quantity, we further compare SAGE with a
random DPO baseline using the same fraction of
training data. As shown in Table 1, random sub-
sampling consistently underperforms full DPO and
often degrades performance relative to the vanilla
models, indicating that naive data reduction can in-

3https://github.com/hkust—nlp/simpleRL—reason
*https://github.com/Qihoo360/
360-LLaMA-Factory

Setting GSMSK MATHS500 Minerva Gaokao

SAGE 74.80 57.20 20.20 50.40
wlo sy 7370 (-1.10) 54.60 (-2.60) 16.90 (-3.30) 46.20 (-4.20)
wlo sg  73.90 (-0.90) 55.30 (-1.90) 17.50 (-2.70) 47.10 (-3.30)
wlog  74.00 (-0.80) 56.00 (-1.20) 18.00 (-2.20) 48.10 (-2.30)
w/oh  73.80(-1.00) 55.40(-1.80) 17.30(-2.90) 47.50 (-2.90)

Table 2: Ablation results on Qwen2.5-1.5B-Instruct.
w/o s1, s2, g, and h denote removing coarse-grained
pool construction, fine-grained informativeness-based
selection, gradient signal, and curvature regularization,
respectively. Red values indicate absolute performance
drops relative to full SAGE.

troduce optimization noise. In contrast, SAGE con-
sistently improves over both full and random DPO,
demonstrating that its gains stem from stability-
aware and gradient-efficient data selection rather
than reduced data volume. Moreover, the improve-
ments are more pronounced on harder benchmarks
and larger models, consistent with the motivation
that stable optimization is critical for long CoT
reasoning tasks.

4.3 Ablation Study

Table 2 presents an ablation analysis of the
key components in SAGE. Removing the coarse-
grained difficulty-based sampling (s;) results in
consistent but modest performance drops, with
larger degradation on harder benchmarks, reflect-
ing its role in shaping appropriate candidate dis-
tributions. Removing the informativeness-based
filtering (s2) further degrades performance, show-
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ing the importance of prioritizing samples with
strong gradient signals. The largest performance
drop occurs when curvature regularization is re-
moved (w/o h), especially on challenging bench-
marks such as Minerva and Gaokao, underscoring
the role of stabilizing updates in high-curvature
regions. Removing the gradient signal term (w/o
g) also leads to noticeable degradation, indicating
that gradient magnitude is essential for effective
data selection. Overall, the results demonstrate that
SAGE benefits from the complementary effects of
gradient informativeness and curvature-aware stabi-
lization, with difficulty-based sampling providing
additional support on harder reasoning tasks.

4.4 Analysis

Unless otherwise specified, all analyses in this sec-
tion are conducted on Qwen2.5-1.5B-Instruct and
evaluated on the first four reasoning benchmarks.
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Figure 3: Gradient-norm dynamics during training.

Stability Analysis. Figure 3 compares the
gradient-norm dynamics of standard DPO and
SAGE during training. DPO exhibits large gradient
magnitudes with frequent spikes across training, in-
dicating high-variance and unstable updates. This
behavior is especially pronounced in long chain-of-
thought preference optimization, where ambiguous
preference pairs can induce high-curvature regions
of the loss landscape and amplify gradient noise.
In contrast, SAGE consistently reduces both
the scale and variance of gradient norms from
early training stages, resulting in smoother and
more stable optimization trajectories. This pattern
aligns with the design of SAGE, which incorporates
curvature-aware scoring to filter high-curvature,
low signal-to-noise samples and applies hard trun-
cation to retain only informative gradients for back-
propagation. Despite operating with smaller gra-
dients, SAGE achieves stronger final performance,
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Figure 4: Training dynamics measured by evaluation
performance over training steps.

suggesting that the improvement comes from more
reliable and efficient optimization.

Training Dynamics. We analyze training behav-
ior by tracking evaluation performance over train-
ing steps, with model checkpoints saved every 50
steps and evaluated independently. Due to differ-
ent data budgets, the total number of training steps
differs across methods: SAGE and DPO (Random)
use the same number of preference pairs, while
DPO (Full) runs longer. As shown in Figure 4,
both DPO baselines exhibit early saturation, with
limited improvement in later stages of training. In
contrast, SAGE continues to improve steadily be-
fore gradually converging, indicating that its adap-
tive and stability-aware sample selection sustains
learning progress over a longer period.

Computational Cost and Efficiency. We ana-
lyze the computational characteristics of SAGE in
terms of effective training tokens and wall-clock
training time. As shown in Figure 5(a), varying
the keep ratio ~y reveals a clear trade-off between
accuracy and effective computation. Moderate val-
ues (y € [0.4,0.6]) achieve higher accuracy than
DPO (Full) while using substantially fewer effec-
tive training tokens, indicating improved gradient
efficiency through selective backpropagation.
Figure 5(b) reports the corresponding wall-clock
training time. Despite the reduction in effective
training tokens, overall training time remains com-
parable across methods. This is because SAGE
performs forward-only scoring on all candidate
samples, while backpropagation is applied only
to the retained subset; under a fixed memory bud-
get, forward inference is substantially cheaper than
gradient computation. As a result, training time
is dominated by forward computation and system
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Figure 5: Accuracy versus effective training tokens (a)
and wall-clock training time (b) under different ratios ~.

overheads rather than the number of backpropa-
gated tokens. Overall, SAGE provides a flexible
performance-efficiency trade-off without relying
on unrealistic speedups.

Sensitivity to Pool Refresh Frequency. We ana-
lyze the sensitivity of SAGE to the candidate-pool
refresh frequency by varying the refresh interval
while keeping all other hyperparameters fixed. As
shown in Figure 6, all configurations start from the
same initial performance and improve consistently
during training, indicating that SAGE is not sen-
sitive to a specific refresh schedule. A moderate
refresh interval (25 steps) achieves the best final
performance, while both more frequent and sparser
refreshing lead to slightly lower accuracy. This
trend reflects a trade-off intrinsic to SAGE: overly
sparse refreshing yields stale utility estimates under
a changing policy, whereas overly frequent refresh-
ing provides diminishing returns while increasing
scoring overhead. Overall, SAGE exhibits a broad
and stable operating region with respect to the pool
refresh frequency.

5 Related Work

Preference Optimization for Math Reasoning.
Reinforcement learning from human feedback
(RLHF) has been widely used to improve math-
ematical reasoning in large language models. Early
approaches relied on PPO (Schulman et al., 2017),
but the need for a separate critic model incurs
substantial computational overhead, especially for
long chain-of-thought training. Recent methods
such as ReMax (Li et al., 2023), GRPO (Shao
et al., 2024), and DAPO (Yu et al., 2025) sim-
plify optimization by removing the critic or sta-
bilizing training dynamics. To avoid the complex-
ity of online RL, Direct Preference Optimization
(DPO) (Rafailov et al., 2023) and its variants, such
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Figure 6: Sensitivity of SAGE to candidate-pool refresh
frequency.

as SimPO (Meng et al., 2024), CPO (Xu et al.,
2024) and KTO (Ethayarajh et al., 2024), directly
optimize over offline preference pairs. These meth-
ods primarily modify the training objective while
typically assuming uniform utility across prefer-
ence pairs, without explicitly addressing optimiza-
tion stability under long chain-of-thought supervi-
sion (Morimura et al., 2024; Amini et al., 2024).

Data Selection and Optimization Stability. Re-
cent work shows that training stability is strongly
influenced by data selection (Zhou et al., 2024;
Yu et al., 2024), especially for long chain-of-
thought reasoning, where optimization often ex-
hibits high gradient variance and ambiguous su-
pervision (Cobbe et al., 2021; Arora and Zanette,
2025). Several approaches improve stability via
static filtering or curriculum-based selection (Xia
et al., 2024; Wang et al., 2024), but are typically
applied off-policy with fixed criteria, limiting their
ability to adapt to the model state. In contrast,
SAGE performs on-policy, dynamic filtering over
static preference data, adapting supervision to the
current model state.

6 Conclusion

We propose SAGE, a stability-aware data selection
framework for preference optimization in reason-
ing models. SAGE dynamically selects preference
pairs by considering gradient informativeness and
prediction confidence, leading to reliable optimiza-
tion under long chain-of-thought supervision. Ex-
periments across multiple model scales and math-
ematical reasoning benchmarks show that SAGE
consistently outperforms standard DPO and ran-
dom subsampling baselines, while improving gra-
dient stability and data efficiency. Results highlight
the benefits of on-policy, stability-aware supervi-
sion selection for aligning reasoning models.



Limitations

SAGE operates on a static preference corpus and
does not consider online data collection or explo-
ration. While this design keeps the method com-
putationally efficient, performance depends on the
coverage and quality of the preference data. In
addition, SAGE introduces a forward-pass scoring
step for estimating sample utility, which incurs ex-
tra overhead compared to static baselines, though
this cost is mitigated by the pool-based design.
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A Methodology

A.1 Data Construction

The original Light-R1 DPO dataset contains 3,000
samples. Preliminary analysis revealed substantial
noise, mainly from redundant queries and degen-
erate preference pairs in which the chosen and
rejected responses were identical. To improve the
reliability of preference learning, we applied a two-
stage deduplication pipeline:

* Duplicate Query Filtering: We removed re-
dundant queries to reduce the risk of overfit-
ting to specific prompts.

* Preference Consistency Check: We dis-
carded pairs whose final answers (extracted
from the \boxed{} markers) were identical
between the chosen and rejected responses.

After filtering, we obtained a high-quality subset
of 1,659 samples. To restore the dataset scale, we
sampled 5,000 unique instances from the SFT data
(as detailed in Section 4.1), ensuring zero overlap
with the retained samples. To generate rejected re-
sponses, we used DeepScaleR-1.5B-Preview’ (Luo
et al., 2025), a small model fine-tuned specifically
for reasoning tasks. By using this model, we en-
sured that the augmented dataset maintained the
same distribution and characteristics as the origi-
nal, providing consistency in the data generation
process. The prompt we employed for generating
rejected responses was:

Please reason step by step, and put your
final answer within \boxed{}.

To maintain the validity of the DPO triplets, we
filtered out any generated response whose final an-
swer matched the ground-truth answer. This pro-
cess produced 2,475 valid negative pairs from the
5,000 instances. Combined with the retained sub-
set, the final dataset contains 4,134 samples.

A.2 Preference Annotation

To implement difficulty-based partitioning for
SAGE, we used DeepSeek-V3 (Liu et al., 2024)
as a judge to provide multi-dimensional annota-
tions for each triplet (z;,y%,4!). The annotation
process evaluates two dimensions to assess the op-
timization utility of each pair:

5https://huggingface.co/agentica—org/
DeepScaleR-1.5B-Preview
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* Preference Clarity: c¢; measures the degree of
distinctness between the chosen and rejected
solutions [High, Medium, or Low].

* Rejected Response Quality: ¢; is an abso-
lute quality score (1-5) assessing the logical
coherence and depth of the rejected response.

We use this dual-dimension approach because
the utility of a preference pair depends on the plau-
sibility of the error. A pair exhibits High Clarity if
the rejected solution is obviously flawed, providing
a strong signal for early alignment. Conversely,
Low Clarity samples, where the rejected response
follows a sophisticated but flawed reasoning path,
are crucial for fine-tuning the boundaries in later
training stages. The judge model uses the following
structured template:

System Prompt

You are an expert mathematical evaluator. You
will be presented with a math problem and two
model-generated solutions: Chosen (correct
answer) and Rejected (incorrect answer).

Task 1: Preference Clarity Assessment
Evaluate the distinctness between the solutions:
- High: The rejected solution is obviously
flawed; the preference is stark and easy to iden-
tify.

- Medium: The rejected solution is plausible
but contains noticeable errors.

- Low: The rejected solution is highly deceptive
and resembles the chosen one, requiring deep
analysis to refute.

Task 2: Rejected Solution Quality Analysis
Rate the quality of the Rejected reasoning path
(1-5) based on its coherence and depth, despite
its incorrect conclusion.

Format: Return output strictly in the following
JSON format:
{
"clarity":
"reason”: s
"rejected_analysis”: "...",
"rejected_score”: x

}

Inputs

[Problem]: {{problem_text}}
[Chosen]: {{chosen_solution}}
[Rejected]: {{rejected_solution}}

"High | Medium | Low",

n

Analysis of Data Distribution The joint distribu-
tion is summarized in Table 3. Consistent with the
objectives of SAGE, most samples (3,018) fall into
the High Clarity category, providing a robust start-
ing point for curriculum learning. The scarcity in
the Low Clarity and High Quality regions (e.g., Q5)
is expected, as highly sophisticated yet incorrect
reasoning paths are rare.


https://huggingface.co/agentica-org/DeepScaleR-1.5B-Preview
https://huggingface.co/agentica-org/DeepScaleR-1.5B-Preview

Clarity Q1 Q2 Q3 Q4 Q5 Total
High 946 1,728 221 124 2 3,018
Medium 0 572 474 11 0 1,057
Low 0 39 11 2 5 59
Total 946 2339 706 139 7 4,134

Table 3: Joint distribution of Preference Clarity and
Rejected Response Quality (Q1-Q5). High Clarity indi-
cates obvious errors.

Curriculum Subset Results Based on the par-
titioning principles in Section 3.2, we categorized
the 4,134 triplets into three pools:

* Easy Pool (De,sy): High Clarity and ¢; < 2
(2,674 samples).

* Medium Pool (Dyedium): Medium Clarity and
gi € {2,3} (1,046 samples).

* Hard Pool (Dyaq): Remaining Low Clarity
or High Quality samples (414 samples).

B Experiments

B.1 Training Details

The training hyperparameters and SAGE schedul-
ing configurations are summarized in Table 4.

Hyperparameter Value

Preference loss coefficient (5) 0.1

Training epochs 3

Batch size 16

Sequence parallelism (sp) 8

Maximum sequence length 32,768

Learning rate 5x 1077
easy: 0.90

Difficulty mix pstart medium: 0.10
hard: 0.00
easy: 0.40

Difficulty mix pend medium: 0.40
hard: 0.20

Keep ratio vstart 1.0

Keep ratio Yend 0.4

refresh step 25

Table 4: Training hyperparameters and SAGE schedul-
ing configurations.

Difficulty Mixing Schedule. The difficulty mix-
ing ratios are chosen empirically based on the
dataset distribution after difficulty partitioning.
Specifically, the easy, medium, and hard subsets
contain 2,674, 1,046, and 414 samples, respectively.
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We therefore initialize training with a higher pro-
portion of easy samples to provide stable early su-
pervision, and gradually increase the weights of
medium and hard samples through linear annealing.
This schedule balances early optimization stability
with sufficient exposure to harder preference pairs
in later training stages.

B.2 Dataset

See Table 5 for statistics of test sets.

Dataset # Problems
GSM8K 1,319
MATHS500 500
Minerva 272
Gaokao 395
Olympiad 675
CollegeMath 2,818
AIME24 30
AMC23 40

Table 5: Statistics of the test sets used for evaluation.

B.3 SFT Results

We use the Light-R1 Stage 1 dataset to fine-tune
the 1.5B-, 3B-, and 7B-Instruct models. The train-
ing hyperparameters follow those of Light-R1: the
cutoff length is set to 20,000 tokens, the batch size
is 128, the learning rate is 5 x 107°, and training
is conducted for 10 epochs. We evaluate check-
points from all epochs on 8 benchmarks and select
the final checkpoint based on the average accuracy
across benchmarks.

1.5B and 3B. Figure 7 presents the SFT results
for the 1.5B and 3B models over 10 training epochs.
For both model sizes, the average accuracy in-
creases steadily as training proceeds, indicating
that supervised fine-tuning effectively improves
model performance. However, none of the SFT
checkpoints within the 10 epochs surpass the cor-
responding vanilla baselines. Even at their best-
performing epochs, the SFT models remain below
the original Qwen2.5-Instruct models in terms of
average accuracy across benchmarks.

This observation suggests that, at smaller model
scales, SFT alone may be insufficient to fully ex-
ploit the diverse reasoning patterns in the Light-R1
data. Consequently, we directly adopt the original
Qwen2.5-1.5B-Instruct and Qwen2.5-3B-Instruct



Best Ep10; 43.89

Average Accuracy (%)
Average Accuracy (%)

s o4 s o6 78
Training Epochs

(a) Qwen2.5-1.5B-Instruct (b) Qwen2.5-3B-Instruct

Figure 7: SFT results for small-scale models (1.5B
and 3B). Although performance improves over train-
ing epochs, none of the checkpoints surpass the vanilla
baselines.

models as the vanilla baselines for subsequent ex-
periments.

7B. The SFT results for the 7B model are shown
in Figure 8. Checkpoints from epochs 5 to 10
consistently achieve higher average accuracy than
the vanilla baseline, with epoch 5 yielding the best
overall performance. Accordingly, we select the
epoch-5 checkpoint as the vanilla model to replace
Qwen?2.5-7B-Instruct in subsequent experiments.

Despite the overall improvement, the SFT model
underperforms the original Qwen2.5-7B-Instruct
model on Minerva Math and College Math.
Specifically, Qwen2.5-7B-Instruct achieves accu-
racies of 37.10 and 46.50 on these benchmarks,
whereas the selected SFT checkpoint (epoch 5) at-
tains 28.30 and 42.40, respectively. Within the
SFT training process, the best performance on Min-
erva Math and College Math is achieved at epoch
10 (29.40) and epoch 9 (43.20), respectively, in-
dicating that these benchmarks may benefit from
later-stage fine-tuning.

Selected Ep5: 55.08 (A+2.71)

Accuracy (%)

1 2 3 4 5 6 7 8 9 10
Training Epochs
=@== Average === Vanilla avg = 52.36 IQR (25-75%)

Figure 8: SFT results for the Qwen2.5-7B-Instruct
model across training epochs.

13



	Introduction
	Preliminaries
	Method
	Problem Setup
	Coarse-Grained Candidate Generation
	Fine-Grained SAGE Selection

	Experiments
	Experimental Setup
	Main Results
	Ablation Study
	Analysis

	Related Work
	Conclusion
	Methodology
	Data Construction
	Preference Annotation

	Experiments
	Training Details
	Dataset
	SFT Results


