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Abstract: Kernel ridge regression, KRR, is a generalization of linear ridge
regression that is non-linear in the data, but linear in the model parameters.
Here, we introduce an equivalent formulation of the objective function of
KRR, which opens up for replacing the ridge penalty with the £ and ¢;
penalties.

Using the £oc and £; penalties, we obtain robust and sparse kernel regres-
sion, respectively. We study the similarities between explicitly regularized
kernel regression and the solutions obtained by early stopping of iterative
gradient-based methods, where we connect o, regularization to sign gradi-
ent descent, ¢1 regularization to forward stagewise regression (also known
as coordinate descent), and ¢o regularization to gradient descent, and, in
the last case, theoretically bound for the differences. We exploit the close
relations between £, regularization and sign gradient descent, and between
f1 regularization and coordinate descent to propose computationally effi-
cient methods for robust and sparse kernel regression.

We finally compare robust kernel regression through sign gradient de-
scent to existing methods for robust kernel regression on five real data sets,
demonstrating that our method is one to two orders of magnitude faster,
without compromised accuracy.
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1. Introduction

Kernel ridge regression, KRR, is a generalization of linear ridge regression that
is non-linear in the data, but linear in the model parameters. As for linear
ridge regression, KRR has a closed-form solution, but at the cost of solving a
system of n linear equations, where n is the number of training observations. The
KRR estimate coincides with the posterior mean of kriging, or Gaussian process
regression, (Krige, 1951; Matheron, 1963) and has successfully been applied
within a wide range of applications (Zahrt et al., 2019; Ali et al., 2020; Chen and
Leclair, 2021; Fan et al., 2021; Le et al., 2021; Safari and Rahimzadeh Arashloo,
2021; Shahsavar et al., 2021; Singh Alvarado et al., 2021; Wu et al., 2021; Chen
et al., 2022).
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Robust regression is often implemented by replacing the standard ¢s loss
function with a loss function that is less sensitive to outliers in the data. Robust
methods for kernel regression tend to rely either on M-estimators (De Braban-
ter et al., 2009; Wibowo, 2009; Debruyne et al., 2010; Hwang et al., 2015) or
quantile regression (Hwang and Shim, 2005; Takeuchi et al., 2006; Li et al.,
2007). In contrast to KRR, these methods are all iterative and thus tend to
be computationally heavy, even though more computationally efficient methods
for kernel quantile regression have recently been proposed by Zheng (2022) and
Tang et al. (2024).

In the linear case, many alternatives to the ridge penalty have been proposed,
including the lasso penalty (Tibshirani, 1996), which is known for creating sparse
models. By replacing the ridge penalty of KRR with the lasso penalty Roth
(2004), Guigue et al. (2005) and Feng et al. (2016) have obtained non-linear
regression that is sparse in the observations. Rather than using the lasso, or
£y, penalty, Russu et al. (2016) and Demontis et al. (2017) trained kernelized
support vector machines with max (or infinity, ¢»,) norm regularization to ob-
tain models that are robust against adversarial data, which in the context of
regression translates to outliers.

An alternative to explicit regularization is to use an iterative optimization
algorithm and to stop the training before the algorithm converges, something
that is known as early stopping. A well-known example of this is the connection
between the explicitly regularized lasso model and the iterative method forward
stagewise regression, which is also known as coordinate descent. The similari-
ties between the solutions are well studied by e.g. Efron et al. (2004), Hastie
et al. (2007) and Tibshirani (2015). There are also striking similarities between
explicitly regularized ridge regression and gradient descent with early stopping
(Friedman and Popescu, 2004; Ali et al., 2019). Replacing explicit infinity norm
regularization with an iterative optimization method with early stopping does
not seem to be as well studied. However, as is shown in this paper, the solutions
are similar to those of sign gradient descent with early stopping.

One benefit of replacing explicit regularization with early stopping is that
the entire solution path, which consists of all different levels of regularizations
between 0 and oo, is obtained by running the iterative optimization algorithm to
convergence only once. In contrast, for explicit regularization, the solution has
to be calculated once for every considered regularization strength. In general, no
closed-form solutions exist for the lasso and infinity norm regularized problems,
and iterative optimization methods have to be run to convergence once for
every candidate value of the regularization strength, something that tends to
be computationally heavy.

In this paper, we present an equivalent formulation of KRR, which we use to
obtain kernel regression with the /., and ¢; norms, in addition to the default,
{5, norm. We also use the equivalent formulation to solve kernel regression us-
ing the three different gradient-based optimization algorithms gradient descent,
sign gradient descent, and coordinate descent (forward stagewise regression).
We relate each iterative algorithm to one explicitly regularized solution and use
gradient-based optimization with early stopping to obtain computationally effi-
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cient robust, and sparse, kernel regression. Even though robust kernel regression
has more evident applications than sparse kernel regression does, since the cal-
culations are analogous for /., and ¢; regularization we include both cases. In
the results section, we however focus on robust regression.

The rest of the paper is structured as follows. In Section 2, we review kernel
ridge regression, before introducing our equivalent formulation in Section 3.
In Section 4, we review kernel gradient descent, KGD, and present theoretical
comparisons between KGD with infinitesimal step size and KRR. In Section 5,
we generalize KRR into robust and sparse kernel regression by replacing the
{5 penalty with the ¢, and ¢; penalties, respectively. Similarly to in Section
4, we also introduce gradient-based optimization algorithms that we relate to
the explicitly regularized methods; kernel sign gradient descent for robust kernel
regression, and kernel coordinate descent for sparse kernel regression. Finally, in
Section 6, we demonstrate our findings with experiments on real and synthetic
data.

Our main contributions are listed below.

e We present an equivalent objective function for KRR and use this formu-
lation to generalize KRR to the /., and ¢; penalties.

o We theoretically show that kernel sign gradient descent, and kernel coordi-
nate descent, with early stopping, correspond to robust and sparse kernel
regression, respectively. We use this to introduce computationally efficient
regularization by replacing explicit /., and ¢; regularization by implicit
regularization through early stopping.

o We demonstrate on five real data sets that robust kernel regression through
kernel sign gradient descent is one to two orders of magnitude faster than
existing robust kernel regression methods, without compromised perfor-
mance in terms of prediction.

All proofs are deferred to Appendix D.
2. Review of kernel ridge regression
For a positive semi-definite kernel function, k(x, 2’) € R, and n paired observa-
tions, (z;, ;)" € RP xR, presented in a design matrix, X = [x1,T2,...%,] €

R™ P and a response vector, y € R", and for a given regularization strength,
A > 0, the objective function of kernel ridge regression, KRR, is given by

N 1 2 A
& = argmin |y — Kall; + S llek (1)
ocRn 2 2

F-[&]s

Here, f = f(X) € R" and f* = f*(X*, X) € R"" denote model predictions for
the training data, X, and new data, X* = [z}, x3, .. .w:*]—r e R" *P and K =

with predictions given by
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K(X) € R and K* = K*(X*,X) € R” *" denote two kernel matrices
defined according to K;; = k(zi, x;) and K} = k(z}, x;). The weighted norm,
|v|| 4, is defined according to ||v||% = v Aw for any symmetric positive definite
matrix A.

The closed-form solution for & is given by

a=(K+A) 'y, (2)

and consequently

I K -1
L] & w 3)

An alternative interpretation of KRR is as linear regression for a non-linear
feature expansion of X. According to Mercer’s Theorem (Mercer, 1909), every
kernel can be written as the inner product of feature expansions of its two
arguments: k(z,z’) = () p(z’) for p(x) € R Thus, denoting the feature
expansions of the design matrix and the new data with ® = ®(X) € R"*? and
d* = P*(X™*) € R™ %4, the two kernel matrices can be expressed as K = ®&
and K* = ®*®". For 8 = ® ", Equations 1 and 3 become

A 1 A
B = argmin 5 |y — @83 + 511813
ﬁe]Rq 2 2

A-s

which is exactly linear ridge regression for the feature expansion of the kernel.

(4)

3. Equivalent formulations of kernel ridge regression

In this section, we present an equivalent formulation of the objective function in
Equation 1, which provides the same solution for &. This formulation opens up
for generalizing KRR by using penalties other than the ridge penalty and also
provides an interesting connection to functional gradient descent (Mason et al.,
1999).

In Appendix A, we take this one step further by reformulating Equation 1
directly in the model predictions, [fT, f*T]T, by presenting two equivalent ob-
jectives, that, when minimized with respect to [f T, f*T]T, generate the solution
in Equation 3. In this and the following sections, all calculations are done with
respect to a, and the corresponding expressions for [fT, f*T]T are obtained
through multiplication with [K T, K*T]T, but, as shown in the appendix, the
expressions for [fT, f*T]T can be obtained directly without taking the detour
over o.

In Proposition 3.1, we show how we can move the weighted norm in Equation
1 from the penalty term to the reconstruction term.
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Proposition 3.1.

N 1 A
& =argmin - ||ly — Kalf; + 5 lal% (5a)
acRn 2 2
. 1 2 A 2
—argmin 3 |y — Kalj— + 5l (5b)
aeR”
=(K+\)"'y.

Remark 3.1. Despite the appearance of K ! in Equation 5b, this inverse never
needs to be calculated, since in all calculations, K ! cancels through multipli-
cation by K.

The alternative formulation in Equation 5b, where the reconstruction term,
rather than the regularization term, is weighted by the kernel matrix, has two
interesting implications. First, a standard ridge penalty on the regularization
term opens up for using other penalties than the ¢ norm, such as the ¢; and
l+ mnorms. Although these penalties have previously been used in the kernel
setting, it has been done by replacing ||a|% in Equation 1 by |la||1 or ||a||so,
hence acting as if the objective of KRR were to minimize |y — K3 + A3,
and losing the connection to linear regression in feature space.

Second, the gradient of Equation 5b with respect to « is

Ko —-y+ . (6)
Multiplying by [K T, K*T]T, we obtain
K f
which is the gradient used in functional gradient descent. Functional gradient

descent is generally derived by differentiating functionals. Here, however, the
expression is a simple consequence of the equivalent objective function of KRR.

4. Kernel gradient descent and kernel gradient flow

Before replacing the Euclidean norm in Equation 5b with the ¢, and ¢; norms
in Section 5, we investigate solving kernel regression iteratively with gradient
descent. We also use gradient descent with infinitesimal step size, known as gra-
dient flow, to obtain a closed-form solution which we use for direct comparisons
to kernel ridge regression.

The similarities between ridge regression and gradient descent with early
stopping are well studied for linear regression (Friedman and Popescu, 2004; Ali
et al., 2019; Allerbo et al., 2023). When starting at zero, optimization time can
be thought of as an inverse penalty, where longer optimization time corresponds
to weaker regularization. When applying gradient descent to kernel regression,
something we refer to as kernel gradient descent, KGD, we replace explicit
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regularization with implicit regularization through early stopping. That is, we
use A = 0 and consider training time, ¢, as a regularizer.
With A = 0 in Equation 6, starting at 0, the KGD update becomes, for step
size 7,
dk+1:6¢k+77~(y—K6¢k), & =0. (8)
To compare the regularization injected by early stopping to that of ridge
regression, we let the optimization step size go to zero to obtain a closed-form
solution, which we refer to as kernel gradient flow, KGF. Then, Equation 8 can
be thought of as the Euler forward formulation of the differential equation in

Equation 9,

10—y~ Ka), a(0) =0 (9)

the solution to which is given by Equation 10.
dxcr(t) = (I —exp(—tK))K 'y, (10)

where exp denotes the matrix exponential.
Remark 4.1. Note that (I —exp(—tK))K~! = K~1(I — exp(-tK)) is well-
defined even if K is singular. The matrix exponential is defined through its
Taylor expansion and from I —exp(—tK) = tK — %t2K2 + ..., a matrix K
factors out, that cancels K 1.
Remark 4.2. Tt is possible to generalize KGF to Nesterov accelerated gradient
descent with momentum (Nesterov, 1983; Polyak, 1964). In this case exp(—tK)
in Equation 10 generalizes to exp (—ﬁK ), where v € [0,1) is the strength of
the momentum. See Appendix D for details.

To facilitate the comparisons between KGF and KRR, we rewrite Equation

2 as
darn(V) = (T= (T +1/3-K) ') Ky, (11)

where we have used that

(K +X\)"' = (I —(I+1/X- K)_l) K1,

which is a consequence of the Woodbury matrix identity.
Since exp(—tK) = exp(tK)~!, the KGF and KRR solutions differ only in
the factor
exp(tK) v.s. I +1/)\K.

Thus, for t = 1/X, we can think of the ridge penalty as a first-order Taylor
approximation of the gradient flow penalty.

4.1. Comparisons between kernel ridge regression and kernel
gradient flow

In this section, we compare the KRR and KGF solutions for A = 1/t. To do
this, we introduce the following notation, where k(z*)" = k(z*, X)T € R" is
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the row in K™ corresponding to x*:

frar(X,t) == Kéxcr(t), fror(z*,t) = k(z*)" dxer(t),
Fxrr(X,A) = Kéxrr(\), frrr(z®,A) = k(z*) " éxrr()),
&’ = bkar(t = 00) = xrr(A =0) = K 'y,

FUX) == fier(X,t = 0) = fkrr(X, A =0) = K&’ =y,

fox*) = fxar(x*, t = 00) = fkrr(@* A =0) = k(z*)T&" = k(z*) Ky,
OAé{GF = (dKGF)ia dFRR = (dKRR)i7 d? = (do)i.

Even though not explicitly stated, all estimates depend on the training data
(X,vy). We further use the notation & ~ (u,X) do denote that the random
variable £ follows a distribution with E(€) = pu and Cov(€) = X.

In Proposition 4.1, we bound the differences between the KGF and KRR
solutions in terms of the non-regularized solutions, ag, f(X) and fO(z*). In
parts (a) and (b), where we bound the differences between the parameter and
in-sample prediction vectors, no further assumptions are needed. In parts (¢)
and (d), with bounds on individual parameters and predictions, including out-
of-sample predictions, some very reasonable assumptions have to be made on
the data. For all four bounds, the larger the non-regularized value is, the larger
the difference between the KGF and KRR estimates is allowed to be.

Proposition 4.1. Fort >0, y € R",
(a) |axer(t) — bkrr(1/1)|l5 < 0.0415 - [|&°]3,
A ” 2 N
() || Ficr(X,8) = Firn(X, 1/8)| < 0.0415 - [ FAX))13 = 0.0415 - 1y 3.

Fort>0,y=Kag+e, ag~ (0,X,), € ~ (0,02I), where £, and K are
simultaneously diagonalizable,

(¢) Beo ((AKF(8) = aKFR(1/6))") < 0.0415 - Eeq ((69)%), i = 1,21,

(d) Ee.aq ((fKGF(:v*,t) - fKRR(az*,l/t))2> < 0.0415 - Eq o (fo(w*)Q).

Two typical options for ¥, are 02T and U%K —! where the second formu-
lation implies Bg ~ (0,0'%I ) in the feature space formulation of KRR from
Equation 4.

In Proposition 4.2, we compare the distances to the observation vector, y, of
the KGF and KRR solutions. According to parts (a) and (¢), for a given regular-
ization, the furthest possible (among all values of y, or expected y?) normalized
KGF solution lies closer to the observations than the furthest possible normal-
ized KRR solution does. Analogously, according to parts (b) and (d), for a given
regularization, the furthest possible KRR solution lies closer to zero than the
furthest possible KGF solution does. These results agree with those of Richards
et al. (2021), who state that, for linear regression, when the signal-to-noise ratio
is high, gradient descent tends to outperform ridge regression: For low noise, a
solution that lies closer to the observations, as provided by KGF, is beneficial.
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Proposition 4.2. Fort >0, y € R",

HfKGF(X’t) _yH2 HfKRR(X’l/t) _sz

(a) max < max ,
y#0 lyll, v70 lll;
HfKRR(X,l/t)H HfKGF(th)H
(b) max 2| <max [ —un—"2
y#0 Iyl y#0 lyll

Fort>0,y=Kao+e, ag~ (0,2,), € ~ (0,02I), where X4 and K are
simultaneously diagonalizable, and i =1,2,...n,

Ee a0 ((fKGF(wi7t) - yi)2>

max
Ee eq (y7)#0 Ee a0 (%2)

(c)

Ec a0 <(fKRR(wia 1/t) — yi)2>

< max

o ]Ee.cxo (1/12)7£O Es,ao (y'?) ’
@ Ee a0 (fKRR(wia 1/t)2>
max
]EE,ag (3112)750 E&‘,ao (yzz)
Es,ao (fKGF (:I)i, t)2)
< max
Es,ao (yf)¢0 Es,ao (yf)

Finally, if we assume that a true function exists, parameterized by the true
Qg as
X K
[fo( ))} _ [ } o,

and with observations according to y = fo(X)+e, we can calculate the expected
squared differences between the estimated and true models, something that is

often referred to as the risk: Risk(0;6) = E (||é . HOH%). In Proposition 4.3,

which is an adaptation of Theorems 1 and 2 by Ali et al. (2019), the KGF
estimation and prediction risks are bounded in terms of the corresponding KRR
risks. In all three cases, the KGF risk is less than 1.69 times the KRR risk.

Proposition 4.3. Fort >0, y = fo(X)+e=Kao +¢, € ~ (0,021),
(a) For any o, Risk(&kar(t); co) < 1.6862 - Risk(dkrr(1/t); ao).
(b) For any ap,

Risk(frar (X, 1); fo(X)) < 1.6862 - Risk(fxrr (X, 1/t); fo(X)).
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(c) For ag ~ (0,X,), where X and K are simultaneously diagonalizable,

Ea, (RiSk(fKGF<w*>t)§fo(x*)))
< 1.6862 - Eq, (Risk(fKRR(:v*, 1/t); fo(:c*))) , where fo(x™) € fo(X™).

To summarize this section, the KGF and KRR solutions tend to agree well
both in terms of the parameter and prediction vectors and in terms of the
risks. Which algorithm actually performs better, depends on the specific data,
sometimes KGF performs slightly better than KRR and sometimes vice versa.
Proposition 4.2 suggests that the KGF solution lies closer to the observations
than KRR solution does, which can often be an advantage, however not in the
presence of extreme outliers. These conclusions are supported by the experi-
ments in Section 6.

5. Kernel regression with the £,, and £; norms

In this section, we replace the squared 5 norm of KRR in Equation 5b by the
l+ and ¢; norms, respectively, to obtain ¢, and ¢; regularized kernel regres-
sion, which we abbreviate as K/ R and K¢ R, respectively. We also connect
the explicitly regularized algorithms K/, R and K¢;R to kernel sign gradient
descent, KSGD, and kernel coordinate descent, KCD, with early stopping, sim-
ilarly to how we related KRR and KGF in Section 4. The six algorithms and
their abbreviations are stated in Table 1.
The objective functions for K/, R and K/ R are, respectively

1
argmin - |ly — Kal[3 1 + Al (12)
and 1
arg min o ly — Kallz— + Ml (13)
acR”

In contrast to KRR, unless the data is uncorrelated, no closed-form solutions
exist for Equations 12 and 13. However, the problems are still convex (strictly
convex if K is strictly positive definite, which is the case for all kernels with
infinite-dimensional feature expansions) and solutions can be obtained using the

TABLE 1
Kernel regression algorithms.

Algorithm Abbreviation
Kernel ridge regression (¢2 penalty) KRR

Kernel regression with the £o penalty (robust) | KloR
Kernel regression with the ¢; penalty (sparse) K6 R

Kernel gradient descent KGD

Kernel sign gradient descent (robust) KSGD
Kernel coordinate descent (sparse) KCD
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iterative optimization method proximal gradient descent (Rockafellar, 1976),
which, in contrast to standard gradient descent, can handle the discontinuities
of the gradients of the /., and ¢; norms.

Applying /., regularization, which penalizes the largest parameter(s), pro-
motes a solution with no extreme parameter values. Thus, Equation 12 promotes
a solution where the impact of extreme observations is alleviated, which might
be beneficial if outliers are present in the data. Vice versa, ¢1, or lasso, regu-
larization promotes a sparse solution, where parameters are added sequentially
to the model, with the most significant parameters included first. We further
demonstrate this in Section 6.1.

5.1. Regularization through early stopping

The regularization strength must be carefully selected for the model to gener-
alize well on new data. While a too large regularization results in poor perfor-
mance due to a too simple model, a too small regularization might result in a
too complex model that incorporates the noise in the training data, and thus
generalizes poorly to new data (overfitting). This is sometimes referred to as the
bias-variance tradeoff. In practice, the regularization strength is usually selected
by some sort of cross-validation, where parts of the data are kept aside during
training and then used for validation once the model is trained. By training
multiple models, all with different regularization strengths, one can select the
model that performs best on the validation data.

However, applying the proximal gradient descent algorithm might be com-
putationally heavy, especially when evaluating several different regularization
strengths. For some classes of models, there exist computationally efficient ver-
sions of leave-one-out and generalized cross-validation, but, as demonstrated
in Appendix B, these do not perform well in this setting. Instead, we use an-
other approach: In Section 4, we showed how the solution of KGF with early
stopping is very similar to that of KRR, with a later stopping time, ¢, cor-
responding to a smaller regularization strength, A. Thus, running KGD until
convergence once, all different stopping times, or regularization strengths, be-
tween ¢ = 0 (corresponding to A = 00) and t = tyax (corresponding to A = 0)
are obtained through this single execution of the algorithm. (For more detailed
descriptions of the connections between explicit regularization and early stop-
ping, see the works by e.g. Friedman and Popescu (2004), Tibshirani (2015)
or Allerbo et al. (2023).) Analogously, if we can find iterative optimization al-
gorithms that correspond to the /., and ¢; penalties, instead of solving the
problem using proximal gradient descent once for each value of A, all different
early stopping regularization strengths could be obtained by one single call of
that algorithm.

The similarities between ¢ regularization (lasso) and the iterative optimiza-
tion method forward stagewise regression (also known as coordinate descent,
or, for infinitesimal step size, coordinate flow) are well studied, for instance by
Efron et al. (2004) and Hastie et al. (2007). Efron et al. (2004) show that under
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certain conditions, including for uncorrelated data, the solutions paths of lasso
and coordinate flow coincide, but even when these conditions do not hold, the
solution paths tend to be very similar, where smaller correlations lead to larger
similarities. Similarly, by comparing Equations 10 and 11, or Equations 6 and
10 by Allerbo et al. (2023) for standard linear regression, we note that also
for ¢ regularization and gradient flow, the solution paths exactly coincide for
uncorrelated data.

The topic of a gradient-based algorithm similar to £, regularization does
not seem to be as well studied. However, in Proposition 5.1, we show that the
solutions of /., regularization and sign gradient flow coincide for uncorrelated
data. This is shown using the constrained form of regularized regression, which,
due to Lagrangian duality, is equivalent to the penalized form.

Before stating the proposition, we first review the three gradient-based algo-
rithms and their corresponding infinitesimal step-size versions. For a loss func-
tion, L(-), that quantifies the reconstruction error, we denote the gradient and
its maximum component at time step k as

OL(6y; X, y)
00,

my = argcllnax(|gk|)d,

gk =

where the absolute value of the gradient is evaluated element-wise. The update
rules of gradient descent/flow, sign gradient descent/flow, and coordinate de-
scent/flow are stated in Equation 14, where 7 denotes the optimization step
size, and where I, (¢) is a diagonal matrix that defines which gradient com-
ponent(s) that is updated at time ¢ (for details about I, see Allerbo et al.
(2023)).

Gradient Descent: 011 =0r—7-9k
Gradient Flow: %it) =—g(t)
Sign Gradient Descent: 0141 = 0, — 1 - sign (g)
Sign Gradient Flow: %ﬁﬂ = —sign(g(t)) 14
Coordinate Descent:  (0x+1),,, = (Ok),,, — 1 sign(gk),,,
Coordinate Flow: 8?)—?) = —I,(t) - sign(g(t)).

Remark 5.1. For coordinate descent (flow), in each iteration (at each time),
only the coordinate(s) corresponding to the maximal absolute gradient value is
updated.

7

Remark 5.2. The name “coordinate descent” is sometimes also used for other,

related, algorithms.
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Proposition 5.1.

(a) Let B°(c) denote the solution to

. 2
min ly — X812 s.t. 1Bl <,

and let BSCE(t) denote the solution to

i (5 (w0l b0 o

When X T X is diagonal, with elements {s;;}!_,, the two solutions decom-
pose element-wise and coincide for ¢ = t:

B72(t) = BN (1) = sign((X Ty)i/si) - min(t, [(X T y)i/si]).
(b) Let &*(c) denote the solution to

min ||y — Kal3 1 st |alle <c

acR”
and let &°9F(t) denote the solution to
da(t) . 0 A~ 12 A00) —
2 — —sion (5 (In - el ) ). a) =0,

When K is diagonal, with elements {k;;}_,, the two solutions decompose
element-wise and coincide for ¢ =t:
& (t) = a7 (t) = sign(yi/ki) - min(t, lys/kial)-

Remark 5.3. For infinitesimal step size, sign gradient descent, Adam (Kingma
and Ba, 2014), and RMSProp (Hinton et al., 2012) coincide, up to constants of
order 107® added for numerical stability (Balles and Hennig, 2018). Thus, in the
uncorrelated case, £, regularization also coincides with Adam and RMSProp
with infinitesimal step size.

Remark 5.4. Similarly to ridge regression and gradient flow, and lasso and co-
ordinate flow, the exact coincidence of /4, regularization and sign gradient flow
only holds for uncorrelated data. However, due to continuity, unless the corre-
lations are very large, the solution paths still tend to be very similar.

5.2. Properties of the early stopping algorithms

One might wonder whether the fact that the exact coincidence of the solution
paths for explicit and early stopping regularization holds only for uncorrelated
data, implies that the properties of the explicitly regularized methods do not
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transfer to the early stopping methods on uncorrelated data. Or is it still the
case that KSGD, just like K¢ R, provides a solution that is robust to outliers
and that KCD, like K/1R, promotes a sparse solution that includes the most
significant observations first? In Proposition 5.2, we show that this is indeed
the case by using the equivalent interpretation of kernel regression as linear
regression in feature space from Equation 4.

Proposition 5.2. Solving ming ||y — Ka||§(_1 for a with

o gradient descent, is equivalent of solving ming |y — <I>BH§ for B with gra-
dient descent.

o sign gradient descent, is equivalent of solving ming ||y — ®B||; for B with
gradient descent.

o coordinate descent, is equivalent of solving ming ||y — ®B| ., for B with
gradient descent.

According to Proposition 5.2, KSGD and KCD correspond to feature space
regression with the ¢; and ¢, loss functions, respectively. (Note that while we
previously discussed different norms for the penalty term, Proposition 5.2 con-
siders different norms for loss function.) Regression with the ¢; loss function,
which is known as least absolute deviations, is a commonly used method for
robust regression. Vice versa, regression with the £, loss function minimizes
the maximum residual, i.e. more extreme observations contribute more to the
solution than less extreme observations do.

Even for convex problems, a too large optimization step size will cause the
solution to diverge. In Proposition 5.3, we present upper bounds for the step
sizes, which guarantee that the solutions do not diverge.

Proposition 5.3. When solving ming, ||y — Ka||§<_1 for o with

e gradient descent, i.e. when &pi1 = & +1n-(y — K&y), then

2
<——— = |ly— Kégi1ll2 < |ly — Kéglo,
1S = Iy Kawals < lly - Kéu
where sSmax(K) denotes the largest singular value of K.
e sign gradient descent, i.e. when &py1 = &y + 1 - sign (y — Ké&y), then

n< min (jy - Kéyl;) = [ly — K&l <|[ly — Kélh,
1<i<n

where the absolute value is taken element-wise.
e coordinate descent, i.e. when (&+1),,, = (&), +1- sign(y — Kéx)
then

my’
n< min (jy—Kéil;)) = [y — Kapiilleo < [ly — K| o,
1<i<n

where my, denotes the coordinate with the largest absolute value, and where
the absolute value is taken element-wise.

Remark 5.5. Note that depending on which algorithm is used, the convergence
is obtained for different norms, similar to in Proposition 5.2.
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6. Experiments

In this section, we demonstrate our methods on synthetic and real data. We first
demonstrate the six methods in Table 1 on simple synthetic data in Section 6.1.
Then, in Section 6.2, we compare KSGD and K/ R to four other robust kernel
regression methods on five real data sets. K¢ R and K¢;R were implemented
by solving Equations 12 and 13 using proximal gradient descent, with an opti-
mization step size of 0.01, a step size that was also used for KGD, KSGD, and

KCD. We consistently used the Gaussian kernel, k(x, ') = exp (—Hw;ﬂ); in

o2
Appendix C, we also present results for four additional kernels.

6.1. Demonstrations on synthetic data

To get a better intuition of the six methods discussed in Sections 4 and 5, in
this section, we demonstrate them on simple, synthetic data.

In Figures 1 and 2, the similarities between explicit regularization and gradi-
ent-based optimization with early stopping are demonstrated. The solutions are
very similar, although not exactly identical. In Figure 1, we observe that for

KGF and KRR KSGD and KI,R KCD and K{;R
4] 4 4]
3 34 34
29 21 21
.
Y A Y A 1
0 04 0+
-1 -14 -14
0 1 2 3 0 1 2 3 0 1 2 3
4 4 4]
3 34 34
2 1 24 24
.
4 A N
°] 7 T\ ]
-1 -1 -1
T T T T T T T T T T T T
0 1 2 3 0 1 2 3 0 3
® Observed Data - Gradient-Based Optimization ——— Explicit Regularization

——— Non- and Fully Reguralized Solutions

FIG 1. Comparisons of the effects of KGF/KRR, KSGD/Kls R, and KCD/K(1 R on f(x).
In the top panel, a larger reqularization, or a shorter training time, is used than in the bottom
panel. For KGF/KRR, we use t = 1/, while for the other two cases, t and \ are chosen so
that the functions coincide as well as possible.

As proposed by Proposition 4.1, the KGF and KRR solutions differ most where the non-
regqularized solution is large, and as suggested by Proposition 4.2, the KGF solution tends to
lie closer to the observations than the KRR solution does.

For KSGD/Klso R, the more extreme observations tend to be penalized harder, resulting in a
more robust solution that is less sensitive to outliers. For KCD/Kl1 R, some observations do
not contribute to the solution, resulting in peaks at the more significant observations.

The solutions obtained through early stopping are very similar to those obtained through
explicit regularization, although not exactly identical.
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KGF and KRR KSGD and KZ.R KCD and KZ;R
4 4 4
& 27 2 24
o - o —m_| ] H_
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s Non-Reguralized Solution === Gradient-Based Optimization === Explicit Regularization

Fic 2. Comparisons of the effects of KGF/KRR, KSGD/Kls R, and KCD/K{1 R on the
seven elements in &. In the top panel, a larger regularization, or a shorter training time,
is used than in the bottom panel. For KGF/KRR, we use t = 1/\, while, for the two other
cases, t and \ are chosen so that the functions coincide as well as possible.

For KSGD/Klx R, the more extreme observations tend to be penalized harder, resulting in no
extreme &;’s. For KCD/K{1 R, some observations do not contribute to the solution, resulting
in the corresponding &;’s being 0.

The solutions obtained through early stopping are very similar to those obtained through
explicit regularization, although not exactly identical.

KGF and KRR, all residuals are treated equally and all parts of the function
are updated at a pace that is proportional to the distance to the solution at
convergence. For KSGD and K/, which are less sensitive to outliers, all parts
of the function are initially updated at the same pace, and, in contrast to more
moderate observations, the most extreme observations are not fully incorpo-
rated until at the end of the training. For KCD and K/;R, which minimize the
maximum residual, the most extreme observations are incorporated first, while
more moderate observations are initially ignored.

In Figure 3, we further compare KSGD/K/{ R and KCD/K/R to
KGD/KRR. For robust regression, to obtain data with outliers, 100 observa-
tions were sampled according to

@ ~U(-10,10), y = sin (g :c) +¢(0,0.1), (15)

where U(a, b) denotes the uniform distribution on (a, b), and C(0, ) the centered
Cauchy distribution with scale parameter ~.

To demonstrate sparse regression on a signal that is mostly zero, with a
narrow but distinct peak, 100 observations were sampled according to

o~ U(-10,10), y = e~ £ N(0,0.12), (16)

where again U(a,b) denotes the uniform distribution and A (i, 0?) denotes the
normal distribution. On the first (robust) data set, we compare KSGD, K¢ R,
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KSGD and KZ.R

2 .
0 .
_2 .
—4
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KCD and K/;R
1.0
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Fic 3. Modelling the data generated by FEquations 15 (top) and 16 (bottom) using
KSGD/KlR (top) or KCD/Kl 1R (bottom) KGD/KRR (both panels). For the first data
set, KSGD/Kls R are less affected by the outliers than KGD/KRR are, and KGD is more
affected by the outliers than KRR is. For the second data set, in contrast to KGD/KRR,
KCD/K1 R are able to model the peak without incorporating the noise.

KGD, and KRR, and on the second (sparse) data set, we compare KCD, K/; R,
KGD, and KRR. In both cases, bandwidth and regularization were selected
by 10-fold cross-validation evaluating 30 x 30 logarithmically spaced candidate
values.

As expected, KGD /KRR are more sensitive to the outliers than KSGD /K{ R
are, with KGD being more sensitive than KRR, something that probably can
be attributed to the fact that the KGF solution tends to lie closer to the obser-
vations than the KRR solution does, as suggested by Proposition 4.2. For the
second data set, to perform well at the peak, KGD/KRR must also incorporate
the noise in the regions where the true signal is zero. KCD/K/¢ R include the
most significant observations first and are thus able to perform well at the peak
without incorporating the noise in the zero regions.

6.2. Robust kernel regression on real data

In this section, we use five real data sets to compare robust kernel regression
through KSGD and K/ R to four state-of-the-art methods for robust kernel
regression, and to KGD and KRR. The competing methods, for which we used
the default implementations, are presented in Table 2, and the data sets in
Table 3.
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TABLE 2
Robust kernel regression models used.

Method | Abbreviation

Huber loss implemented by iteratively reweighted least squares | KMR-H
Tukey loss implemented by iteratively reweighted least squares | KMR-T

Fast quantile regression implemented by Zheng (2022) KQR-Z
Fast quantile regression implemented by Tang et al. (2024) KQR-T
TABLE 3
Real data sets, with corresponding reference when existing, used for comparing the methods.

Data set | Size, n X p
Sound pressure of airfoilsT 1502 x 6
House values in California (Pace and Barry, 1997)2 20640 x 9
Energy consumption in steel production (Sathishkumar et al., 2021)% | 35040 x 7
Critical temperature of superconductors (Hamidieh, 2018)% 21263 x 82
Daily temperature in the U.K. in the year 2000 (Wood et al., 2017)% | 45568 x 5

Each data set was standardized to zero mean and unit variance. Then 50
random splits were created by randomly selecting 100 observations, which in
turn were split 80%/20% into training and testing data.

Hyper-parameter selection was performed through 10-fold cross-validation,
with 30 logarithmically spaced values for the kernel bandwidth, o, and regu-
larization strength, A, respectively. Moreover, all four methods in Table 2 come
with an additional hyper-parameter, for which we evaluated three different val-
ues. For quantile regression, where the parameter 7 € (0,1) defines which quan-
tile to use, we used 7 € [0.25, 0.5, 0.75]. For the two M-estimators, which both
come with a parameter k, which tunes the sensitivity toward outliers, we used
k € [0.5kq, kq,2kq], where kg is the default tuning constant. For Huber regres-
sion, kg = 1.3456, and for Tukey bisquare regression, k; = 4.68556, where &
denotes the standard deviation of the residuals.

For the early stopping algorithms, rather than using an explicit regulariza-
tion parameter A, the stopping times were selected by monitoring performance
on a validation data set, for which 10% of the training set was used. Once the
performance started to decrease on the validation set, the algorithm was ter-
minated. The experiments were run on a cluster with AMD EPYC Zen 2, 2.25
GHz cores, using one core per experiment.

In Tables 4 and 5, we present the computation time and R? on test data
for the experiments.® The difference between the two tables is that in Table 5,

IThe data set is available at https://archive.ics.uci.edu/dataset/291/airfoil+self+
noise.

2The data set is available at https://www.dcc.fc.up.pt/~ltorgo/Regression/cal_
housing.html.

3The data set is available at https://archive.ics.uci.edu/dataset/851/steel+
industry+energy+consumption.

4The data set is available at https://archive.ics.uci.edu/dataset/464/
superconductivty+data.

5The data set is available at https://www.maths.ed.ac.uk/~swood34.

6R2 := 1 — |ly — flI2/lly — 712 < 1, where y and § denotes the vector of observations


https://archive.ics.uci.edu/dataset/291/airfoil+self+noise
https://archive.ics.uci.edu/dataset/291/airfoil+self+noise
https://www.dcc.fc.up.pt/~ltorgo/Regression/cal_housing.html
https://www.dcc.fc.up.pt/~ltorgo/Regression/cal_housing.html
https://archive.ics.uci.edu/dataset/851/steel+industry+energy+consumption
https://archive.ics.uci.edu/dataset/851/steel+industry+energy+consumption
https://archive.ics.uci.edu/dataset/464/superconductivty+data
https://archive.ics.uci.edu/dataset/464/superconductivty+data
https://www.maths.ed.ac.uk/~swood34
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TABLE 4
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, without amplified outliers. The siz robust methods perform very
similarly in terms of test R?, while KSGD performs one to two orders of magnitude faster.

Computation Time [s] | Test R?

Data Method | 5500 (2.5%, 97.5%) | 50%, (2.5%, 97.5%)
KSGD | 9.36, (5.41,13.8) 0.53, (—0.47,0.82)
KlsoR | 383, (370,404) 0.56, (—0.54,0.87)
KMR-H | 172, (158, 192) 0.51, (—0.64,0.84)
o KMR-T | 161, (151,178) 0.53, (—0.45,0.84)
?;rei‘;ﬁri"“nd KQR-A | 289, (275,311) 0.55, (—0.55,0.84)
KQR-B | 314, (185,345) 0.41, (—0.13,0.72)
KGD 14.7, (10.9,18.4) 0.57, (—0.49,0.85)
KRR 2.92, (2.87,3.04) 0.53, (—0.44,0.84)
KSGD | 4.14, (2.20,8.39) 0.63, (—0.09,0.86)
KlsoR | 325, (311,348) 0.64, (—0.17,0.88)
KMR-H | 137, (124, 153) 0.60, (—0.30,0.89)
o KMR-T | 120, (112,135) 0.58, (—0.31,0.89)
California KQR-A | 271, (259,294) 0.61, (—0.19,0.86)
House Values ’ ’ ’ ’
KQR-B | 206, (115,218) 0.33, (—0.10,0.62)
KGD 12.6, (9.20, 15.7) 0.60, (—0.17,0.89)
KRR 2.95, (2.90,3.14) 0.60, (—0.34,0.88)
KSGD | 12.0, (9.85,20.3) 0.98, (0.92,0.99)
KlooR | 416, (401,436) 0.98, (0.94,0.99)
KMR-H | 166, (146,199) 0.99, (0.98,1.00)
KMR-T | 156, (148,191) 0.99, (0.98,1.00)
%fif;f;i?gn KQR-A | 267, (256,332) 0.99, (0.97,1.00)
KQR-B | 541, (475,620) 0.90, (0.60,0.98)
KGD 22.2, (16.8,26.0) 0.99, (0.94,1.00)
KRR 2.95, (2.90,3.29) 0.99, (0.97,1.00)
KSGD | 12.6, (8.54,17.7) 0.59, (—0.01,0.84)
KlsoR | 409, (401,425) 0.64, (0.14,0.89)
KMR-H | 169, (155, 193) 0.66, (0.05,0.86)
Superconductor | KMR-T | 160, (135,189) 0.65, (0.04,0.89)
Critical KQR-A | 288, (255,329) 0.61, (—0.04,0.88)
Temperature KQR-B | 482, (338,632) 0.46, (—0.08,0.69)
KGD 14.8, (10.9,17.4) 0.67, (0.21,0.89)
KRR 3.44, (3.37,3.88) 0.66, (0.17,0.89)
KSGD | 6.17, (2.99,9.76) 0.40, (—0.07,0.69)
KlsoR | 370, (358,388) 0.37, (—0.06,0.67)
KMR-H | 182, (161, 206) 0.38, (—1.13,0.68)
UK KMR-T | 180, (157,192) 0.39, (—1.03,0.67)
Tomperature KQR-A | 310, (282,340) 0.36, (—1.24,0.66)
KQR-B | 321, (258,343) 0.42, (—0.06,0.66)
KGD 11.3, (8.31,15.1) 0.40, (—0.31,0.71)
KRR 2.97, (2.87,3.14) 0.40, (—1.13,0.68)
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TABLE 5
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, with amplified outliers. The six robust methods perform very
similarly in terms of test R?, while KSGD performs one to two orders of magnitude faster.
The two non-robust methods, KGD/KRR, do not perform as well as the robust methods.

omputation Time [s Test R?
Data Method go%,p(zﬁ%, 97.5%)[ ! 50%, (2.5%, 97.5%)
KSGD | 10.5, (5.29,13.8) 0.44, (—0.05,0.74)
KlooR | 395, (375,431) 0.42, (—0.76,0.75)
KMR-H | 168, (101,199) 0.38, (—1.12,0.71)
o KMR-T | 154, (115,182) 0.36, (—1.08,0.73)
?;fs‘;ﬁri"“nd KQR-A | 304, (284,346) 0.38, (—1.10,0.74)
KQR-B | 346, (287,714) 0.25, (—5.95,0.61)
KGD 12.4, (3.23,16.5) 0.25, (—82.33,0.71)
KRR 2.99, (2.88,3.22) 0.27, (—1.61,0.70)
KSGD | 4.65, (2.51,8.68) 0.46, (—0.06,0.80)
KlsoR | 352, (326,384) 0.42, (—0.50,0.76)
KMR-H | 130, (80.1,170) 0.36, (—0.74,0.81)
o KMR-T | 118, (91.1,143) 0.37, (—0.63,0.77)
California KQR-A | 297, (268,327) 0.30, (—0.44,0.82)
House Values ’ ’ ’ ’

KQR-B | 259, (160,283) 0.23, (—2.20,0.56)
KGD 11.0, (4.98,14.2) 0.17, (—4.39,0.76)
KRR 2.99, (2.92,3.35) 0.29, (—0.22,0.77)

KSGD | 14.5, (11.1,23.3) 0.89, (0.06,0.97)
KlsoR | 426, (404,458) 0.85, (—1.13,0.98)
KMR-H | 168, (122,220) 0.86, (—1.59,0.98)
KMR-T | 174, (141,214) 0.86, (—0.54,0.98)
Ejtjifn?;i?gn KQR-A | 308, (263,340) 0.88, (—2.11,0.98)
KQR-B | 707, (578,1.220) 0.67, (—1.68,0.95)
KGD 13.3, (5.84,17.8) 0.74, (—33.96,0.97)
KRR 2.96, (2.87,3.34) 0.78, (—3.34,0.97)
KSGD | 14.3, (10.7,21.3) 0.45, (—0.22,0.81)
KlsoR | 416, (401,441) 0.48, (—0.49,0.84)
KMR-H | 159, (114,202) 0.48, (—0.35,0.79)
Superconductor | KMR-T | 146, (118,201) 0.48, (—0.33,0.82)
Critical KQR-A | 290, (258,326) 0.44, (—0.62,0.83)
Temperature KQR-B | 586, (406,1.190) 0.28, (—0.96,0.69)
KGD 12.1, (5.00, 15.4) 0.37, (—1.41,0.83)
KRR 3.46, (3.37,3.89) 0.47, (—0.51,0.82)
KSGD | 7.29, (3.14,11.6) 0.33, (—0.13,0.63)
KlsoR | 385, (368,423) 0.25, (—1.13,0.62)
KMR-H | 164, (99.7,213) 0.29, (—3.08,0.66)
KMR-T | 156, (117,186) 0.27, (—2.31,0.65)
g'K‘ KQR-A | 305, (282,339) 0.22, (—3.07,0.63)

emperature

KQR-B | 328, (277,532) 0.20, (—0.64,0.60)
KGD 9.97, (3.15,15.7) 0.11, (—20.91,0.61)
KRR 2.92, (2.87,3.16) 0.17, (—2.46,0.61)
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the presence of outliers is amplified by multiplying each element, y;, in the
response vector by (1 + |&;]), where ¢; ~ C(0,0.01) is Cauchy distributed. We
note that amplifying the outliers only affects the relative performance between
the robust and non-robust methods, not the relative performance among the
robust methods.

For all five data sets, KSGD and K/, R perform at least as well as the com-
peting four robust methods in terms of test R?. However, KSGD is significantly
faster than the competing methods, performing between one and two orders of
magnitude faster.

Comparing Tables 4 and 5, we note that KGD and KRR are much more
sensitive to outliers than the robust methods are. We also note with amplified
outliers, KRR tends to perform better than KGD in terms of test R2, while in
Table 4, the tendency is the opposite. This can probably be attributed to the
fact that the KGF solution tends to lie closer to the observations than the KRR
solution does, as suggested by Proposition 4.2. This is often beneficial, however
not in the presence of outliers.

7. Conclusions

We introduced an equivalent formulation of kernel ridge regression and used it
to define kernel regression with the /., and ¢; penalties, and for solving kernel
regression with gradient-based optimization methods. We introduced the meth-
ods kernel sign gradient descent and kernel coordinate descent and utilized the
similarities between £, regularization and sign gradient descent, and between £
regularization and coordinate descent (forward stagewise regression), to obtain
computationally efficient algorithms for robust and sparse kernel regression, re-
spectively. We demonstrated on five real data sets that our implementation of
robust regression is one to two orders of magnitude faster than existing robust
kernel regression methods.

Our generalizations of kernel ridge regression, together with regularization
through early stopping, enable computationally efficient, kernelized robust, and
sparse, regression. Although we investigated only kernel regression with the /5,
{1, and ¢, penalties, many other penalties could be considered, such as the
adaptive lasso (Zou, 2006), the group lasso (Yuan and Lin, 2006), the exclu-
sive lasso (Zhou et al., 2010) and OSCAR (Bondell and Reich, 2008). This is,
however, left for future work.

Code is available at https://github.com/allerbo/fast_robust_kernel_
regression.

and its mean, and f' denotes the vector of model predictions, measures the proportion of the
variance in y that is explained by the model. R? = 1 corresponds to a perfect fit, while a
model that predicts fl = g for all i results in R? = 0; thus a negative value of R? is possible,
but it corresponds to a model that performs worse than always predicting the mean of the
observed data.


https://github.com/allerbo/fast_robust_kernel_regression
https://github.com/allerbo/fast_robust_kernel_regression
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Appendix A: Calculations for [f'T, f*T]T

In this section, we revisit some of the calculations in the main manuscript and
reformulate them directly in terms of [f7, £*T]T, rather than obtaining them
by multiplying o by [K T, K*T]T

A.1. Equivalent formulations of kernel ridge regression

In Proposition A.1, we present three different objective functions, that all render
the same solution for [fT, f*T]T as in Equation 3. When expressing KRR in
terms of @ € R™, it is enough to include K € R™*™ in the expression to
capture the dynamics of the kernel. However, when expressing KRR in terms of
[fT,£*T]T € R™™ we need to introduce the larger kernel matrix

K(X,X) K(X,X*)

rE L (n+n*)x (n+n*)
K [K(X*,X) K(X*,X*)} €R
in order to let the kernel affect not only f € R”, but also f* € R" . Furthermore,
we need the extended response vector [y, 4], where § is a copy of f*, so

that § — f* =0.
Proposition A.1.

£ 2
4 1 [H .
2l = arg min y—Ff " 17a
|:f [fT f*T]T€R7L+rL* 2 || H2 f 1 ( )
2 2
= arg min H { } [ ] 4 é H [ f*] (17b)
(F7 I R 2 2||Lf ey
- arg min . 17C
(7, f*§]T ) H[ } [ ] K** H{f } (17¢)
= [II((] (K + ) 'y

Remark A.1. We assert that f* does not affect the reconstruction error by
requiring that g — f* = 0, We may, however, not define § to equal f*, since
we do not want ¢ to be considered when differentiating Equations 17b and 17c
with respect to f*.

L‘_.f*} , might appear a bit peculiar, includ-

(K**)fl

ing the inverse of the extended kernel matrix (which never needs to be calcu-
lated due to cancellations). However, it is very closely related to the expres-
sion for the reproducing kernel Hilbert space norm, ||f]3,, , obtained when ex-
pressing the functions f and k in terms of the orthogonal basis given by Mer-
cer’s Theorem: f(x) = > .o, fidi(x) and k(z,x’) = > .2, kidi(x)¢;(2), with
1£115,, =Dy fi Defining the vector f and the diagonal matrix K according

to f; = f; and K;; = k;, we obtain ||f||%-[k =0 k =fTK'f= HfH

2
Remark A.2. The term ‘
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A.2. Kernel gradient descent and kernel gradient flow
The gradient of Equation 17c with respect to [f7, f*T]T
K

which coincides with Equation 7, as expected. Thus, the KGD update in

rAval
Frr1 S K ) fo] _
{f;:J [fk]” [K] (v-41). {f:}‘o’

with the corresponding differential equation

i ([Fo) - [&] =) [Fg] =0 0o

whose solution is given by Equation 19.

[fo]_[ I
O P e S (19)

A.3. Kernel regression with the £, and €1 norms

If we replace the squared ¢ norm in Equation 17c¢ by the /., and ¢; norms, we

obtain
’ f
s[5 LA 7] @
[fT f*T TeRnJrn* 2 K** f %)
and
’ f
s[5 LA 7] @
[fT f*T TeRnJrn* 2 & f

In contrast to ridge regression, where the formulations in « and [f T, £*T]T
are equivalent in the sense that the latter can always be obtained from the first
through multiplication with [K T, K*T] T, the solutions of Equations 20 and 21
cannot be obtained from the solutions of Equations 12 and 13.

Since {,, regularization promotes a solution with no extreme parameters,
many of the predictions in the solution to Equation 20 are exactly equal. For £;
regularization, which promotes a sparse solution with the most significant pa-
rameters included first, in the solution to Equation 21, many of the predictions
equal exactly zero, with only the most extreme predictions being non-zero. In
Figure 4, we exemplify this for explicit regularization for two different regular-
ization strengths. Even though it is technically possible to use gradient-based
optimization with early stopping for [fT, £*T]T, since the reconstruction error,
and thus the gradient, is affected only by f and not by f*, this does not work
well for the sign gradient and coordinate descent algorithms.

Finally, for completeness, we present the analog of Proposition 5.1 for
[fT,£*T]T in Proposition A.2.
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® Observed Data = Non- and Fully Reguralized Solutions = Explicit Regularization
Fic 4. Comparisons of the effects of €2, Lo, and £1 regularization on [fT,f*T]T.
In the top panel, a larger reqularization is used than in the bottom panel.
For lso regularization, the absolute values of many predictions are exactly equal. To obtain
this, compared to the non-regularized solution, some predictions are shifted away from zero,
while some predictions are shifted toward zero. For €1 regularization, many predictions are
set exactly to zero, with peaks at some extreme observations.

Proposition A.2. For j"+ =[f", 7" and gfL =[y",g"]", where g—f* =
0, let f+°°(c) denote the solution to

+
st If e <ec,

y —f+H

min

2
f+ cRn+n* K**

and let fHSCE(t) denote the solution to

@ = —sign %(t) <Hy+ - (t)H;*) CFo=o

When K** is diagonal, with elements {k;; ?:1"*, ki; > 0, the two solutions
decompose element-wise and coincide for ¢ = t:

oy _ Frsarg _ [sien(u) -min(t lul) i i<n
Fr=m = F5orn = 4 A

Appendix B: Computationally efficient cross-validation

For models of the type f = Hy, where H € R™" is a matrix that does not
depend on y, the fast leave-one-out cross-validation, LOOCV, and generalized
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cross-validation, GCV, statistics are defined according to

~ 2
LKy f()
LOOCYV := - Z <71 —H.

EEES yi — f(x:) ’
GevVe=1 ; <1 — Tr(H)/n>

These two methods tend to be faster than k-fold cross-validation and provide
similar performance. For KRR, where f = K(K + M)y, we trivially obtain
H = K(K + M)~!. For other penalties than the ridge penalty, it is how-
ever not trivial to obtain H. Tibshirani (1996) noted that the lasso objective,
Llly — XB2 + A|B]|1, can be reformulated as 3 |y — X |3 + 2 87 BB, where
B € RP*? is a diagonal matrix with B;; = 2/|ﬂz| If B is treated as a con-
stant, this formulation becomes a weighted ridge regression problem which is
minimized by B = X(XTX +AB)"!X Ty, and thus, for a given B, the author
proposed approximating H as X (X "X + Aﬁ)_lXT, where B is a diagonal
matrix with B;; = 2/|8).

Applying these ideas in the kernel formulation, we obtain, for an A such that
laT Aa = al,

1
& = argmin ;5 [ly — Kalie + Alad|
(SN

—argmln—Hy Kol + = aTAa—(K—i—)\A)

acR™

Thus H can be approximated by K (K + )\A)_l, where A € R™™™ is a matrix
such that % & Aé = ||&||. For the ¢1 norm, ||é&j; = S, @], this is obtained if
Aisa dlagonal matrix with Ay = 2/|@;|. For the £o norm, ||&|sc = max; &4,
it is obtained if A is a matrix with only zeros, except for A, = 2/|dm|, where
m = arg max; |4;|.

In Tables 6 and 7, we present the analogs of Tables 4 and 5 for LOOCV
and GCV. As expected, the two methods perform faster than 10-fold cross-
validation. However, for K/ R, the performance in terms of test R? is much
lower than for 10-fold cross-validation. For KRR, LOOCYV performs well in terms
of test R2.

Appendix C: Additional experiments

In this section, we extend the results of Tables 4 and 5 by repeating the experi-
ments for the four kernels in Table 8. Since, at the time of writing, the KQRT-T
implementation only supported the Gaussian kernel, this algorithm is omitted
in this section. The results are presented in Tables 9 to 16 and agree with those
of Section 6.2.
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TABLE 6
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for KlooR in
combination with LOOCV and GCV on the different data sets, without amplified outliers.
Compared to 10-fold cross validation LOOCYV and GCV perform faster, but the cost of
decreased predictive performance, especially for Kloo R.

Type of Computation Test R2
D Meth ross- Time [s
e ethod S’alidation 50%, ([2].5%7 97.5%) 50%, (2.5%, 97.5%)
KO_R LOOCV 49.1, (48.2,57.2) —0.01, (—0.38,0.04)
Airfoil Sound GCV 50.0, (48.7,57.9) —0.01, (—0.37,0.15)
Pressure KRR LOOCV 1.21, (0.891,3.11) 0.55, (—0.29,0.84)
GCV 1.43, (0.910,3.35) 0.33, (—4.74,0.75)
KOR LOOCV 43.1, (41.2,50.3) —0.02, (—0.36,0.05)
California GCV 43.5, (41.7,52.8) —0.03, (—0.37,0.00)
House Values KRR LOOCV 1.26, (0.928,2.25) 0.60, (—0.13,0.88)
GCV 1.26, (0.841,2.16) 0.47, (—0.39,0.83)
KE_R LOOCV 54.1, (51.7,63.1) 0.00, (—0.38,0.71)
Steel Energy GCV 54.3, (51.5,68.5) 0.57, (—0.08,0.98)
Consumption KRR LOOCV 0.891, (0.793,1.63) | 0.99, (0.97,1.00)
GCV 0.892, (0.797,1.57) | 0.98, (0.71,1.00)
Suverconductor | KfaR LOOCV 52.4, (51.2,56.0) —0.00, (—0.42,0.25)
criical GCV 52.8, (51.6,56.1) 0.44, (0.01,0.74)
Temperature KRR LOOCV 1.79, (1.02,2.91) 0.69, (0.12,0.87)
GCV 2.30, (1.15,3.83) 0.46, (—2.71,0.79)
Ki_R LOOCV 48.5, (46.6,64.7) —0.05, (—0.38,0.03)
U.K. GCV 48.6, (46.8,61.3) —0.03, (—0.38,0.10)
Temperature KRR LOOCV 1.01, (0.860,1.59) 0.38, (—0.30,0.68)
GCV 0.993, (0.796,1.65) | 0.28, (—6.81,0.71)
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TABLE 7

The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for KlooR in
combination with LOOCV and GCV on the different data sets, with amplified outliers.
Compared to 10-fold cross validation LOOCYV and GCV perform faster, but the cost of
decreased predictive performance, especially for Kl R.

Type of Cgmputation Test R2
e MO | anation | 50%. (a.5%, omav) | % (5% 97.5%)
KOLR LOOCV 52.8, (48.9,60.4) —0.02, (—14.57,0.01)
Airfoil Sound GCV 56.1, (49.7,64.9) —0.02, (—14.33,0.08)
Pressure KRR LOOCV 0.840, (0.760,0.925) | 0.30, (—1.12,0.66)
GCV 0.844, (0.754,0.997) | —0.05, (—189.78,0.69)
KOLR LOOCV 44.7, (42.4,50.7) —0.02, (—0.21,0.01)
California GCV 45.0, (43.0,50.3) —0.03, (—1.28,0.29)
House Values KRR LOOCV 0.985, (0.832,3.58) 0.29, (—0.62,0.77)
GCV 1.01, (0.833,4.69) 0.16, (—37.61,0.72)
KOLR LOOCV 54.5, (52.3,68.9) —0.04, (—0.94,0.12)
Steel Energy GCV 55.1, (52.3,65.7) 0.01, (—0.97,0.88)
Consumption KRR LOOCV 0.869, (0.753,1.04) | 0.79, (—0.80,0.97)
GCV 0.889, (0.762,1.05) | 0.13, (—405.97,0.96)
S et KOLR LOOCV 52.9, (51.3,61.0) —0.04, (—0.90,0.02)
C‘;i?i;i’n uctor GCV 53.3, (51.5,62.1) 0.47, (—0.19,0.78)
Temperature KRR | LOOCV | 104, (0.993,123) [ 0.54, (~0.46,0.75)
GCV 1.06, (0.987,1.29) 0.13, (—37.16,0.62)
KOLR LOOCV 51.2, (48.2,59.1) —0.05, (—4.55,0.00)
U.K. GCV 51.2, (48.3,58.7) —0.05, (—1.12,0.00)
Temperature KRR LOOCV 0.906, (0.818,1.13) | 0.18, (—2.03,0.56)
GCV 0.887, (0.817,1.14) —0.01, (—61.69,0.58)
TABLE 8
Additional kernels used.
Name Equation
Matérn, v = % (Laplace) | exp ( M
Matérn, » = 3 ( LB uz @ Hz) exp (, Vale=a'll
Matérn, v = 3 ( LB nz =iz | Bl ug) - exp (_ ﬁ»nz;wﬂu)
Cauchy ( 4 l=—2 ”2>71
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TABLE 9
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, without amplified outliers, for v = 0.5 (Laplace kernel). The five
robust methods perform very similarly in terms of test R2, while KSGD performs one to two
orders of magnitude faster.

Computation Time [s] | Test R?

Data Method 50%, (2.5%, 97.5%) 50%, (2.5%, 97.5%)

Temperature KQR-A | 250, (226,297) 0.47,
KGD 18.6, (14.2,25.4) 0.47,
KRR 2.74, (2.61,3.03) 0.46,

0.10,0.69)
0.01, 0.69)
0.02,0.69)

KSGD 9.81, (4.94,14.7) 0.49, (—0.39,0.78)
KlooR 383, (372,416) 0.50, (—0.39,0.81)
KMR-H | 113, (96.3,127) 0.52, (—0.50,0.83)
Airfoil Sound KMR-T | 84.2, (73.5,96.8) 0.50, (—0.44,0.83)
Pressure KQR-A | 235, (219,253) 0.50, (—0.44,0.83)
KGD 20.2, (12.7,26.7) 0.51, (—0.39,0.84)
KRR 2.64, (2.59,3.24) 0.54, (—0.38,0.84)
KSGD 3.58, (2.63,4.97) 0.62, (—0.09,0.87)
KloR 331, (312, 361) 0.63, (—0.10,0.84)
KMR-H | 95.6, (81.9,118) 0.66, (—0.20,0.86)
California KMR-T | 69.3, (57.7,86.6) 0.65, (—0.21,0.87)
House Values KQR-A | 222, (191,241) 0.67, (—0.18,0.86)
KGD 17.9, (12.4,25.1) 0.66, (—0.13,0.85)
KRR 2.97, (2.64,4.08) 0.66, (—0.12,0.85)
KSGD 17.9, (14.6,28.4) 0.98, (0.85,0.99)
KloR 464, (408,478) 0.98, (0.93,0.99)
KMR-H | 119, (91.7,139) 0.99, (0.95,1.00)
Steel Energy KMR-T | 97.5, (78.7,107) 0.98, (0.95,1.00)
Consumption KQR-A | 254, (208,268) 0.99, (0.95,1.00)
KGD 26.2, (19.3,33.4) 0.98, (0.93,0.99)
KRR 2.98, (2.64,3.34) 0.99, (0.95,1.00)
KSGD 18.0, (13.1,22.1) 0.58, (0.04,0.88)
KloR 443, (404, 491) 0.65, (0.10,0.90)
KMR-H | 129, (106,161) 0.65, (—0.01,0.87)
%ﬁi‘iz‘lmdu‘:tor KMR-T | 99.4, (76.0,124) 0.67, (0.06,0.89)
Temperature KQR-A | 275, (213,335) 0.65, (0.06,0.90)
KGD 15.3, (10.6,22.8) 0.67, (0.12,0.90)
KRR 3.38, (3.16,4.13) 0.65, (0.14,0.88)
KSGD 7.43, (4.34,11.5) 0.43, (0.04,0.67)
KloR 382, (363,420) 0.48, (0.02,0.70)
KMR-H | 118, (96.8,142) 0.46, (0.01,0.68)
UK. KMR-T | 87.2, (69.6,110) 0.46, (0.01,0.69)
(=
(
(
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TABLE 10
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, with amplified outliers, for v = 0.5 (Laplace kernel). The five robust
methods perform very similarly in terms of test R?, while KSGD performs one to two
orders of magnitude faster. The two non-robust methods, KGD/KRR, do not perform as
well as the robust methods.

Computation Time [s Test R?
Data Method 50%,p(2.5%7 97.5%)[ ! 50%, (2.5%, 97.5%)
KSGD | 11.7, (4.46,15.2) 0.41, (—0.07,0.70)
KloR | 386, (375,417) 0.43, (—0.73,0.73)
KMR-H | 82.1, (38.3,116) 0.41, (—0.39,0.75)
Airfoil Sound KMR-T | 70.9, (36.9,91.1) 0.40, (—0.14,0.76)
Pressure KQR-A | 251, (223,283) 0.43, (—0.07,0.74)
KGD 15.0, (3.83,22.1) 0.31, (—57.39,0.75)
KRR 2.64, (2.60,2.89) 0.32, (—1.62,0.72)
KSGD | 4.05, (2.77,6.99) 0.49, (—0.20,0.77)
KloR | 344, (326,382) 0.49, (—0.26,0.79)
KMR-H | 72.2, (38.5,111) 0.46, (—0.32,0.80)
California KMR-T | 58.4, (35.8,79.1) 0.48, (—0.22,0.80)
House Values KQR-A | 226, (202,266) 0.48, (—0.30,0.79)
KGD 12.7, (3.83,18.7) 0.34, (—2.69,0.80)
KRR 2.73, (2.66,3.18) 0.37, (—0.33,0.80)
KSGD | 22.1, (17.5,34.1) 0.89, (0.07,0.97)
KlsoR | 433, (403,516) 0.84, (—0.76,0.97)
KMR-H | 81.8, (45.7,125) 0.87, (—1.19,0.97)
Steel Energy KMR-T | 72.2, (46.7,107) 0.88, (—0.07,0.97)
Consumption KQR-A | 263, (230,330) 0.88, (—1.58,0.97)
KGD 11.6, (6.34,17.5) 0.75, (—31.91,0.96)
KRR 2.73, (2.65,2.92) 0.79, (—0.36,0.96)
KSGD | 21.2, (15.0,27.7) 0.47, (—0.10,0.82)
KlsoR | 445, (400,476) 0.50, (—0.28,0.85)
KMR-H | 112, (55.7,163) 0.48, (—0.38,0.84)
%‘;ﬂ?é;fndudor KMR-T | 89.1, (52.6,158) 0.49, (—0.30,0.84)
Temperature KQR-A | 282, (222,332) 0.48, (—0.10,0.84)
KGD 11.5, (4.98,17.9) 0.44, (—0.96,0.82)
KRR 3.26, (3.13,3.76) 0.46, (—0.44,0.81)
KSGD | 9.33, (5.15,14.9) 0.36, (—0.07,0.63)
KloR | 383, (367,461) 0.27, (—0.47,0.63)
KMR-H | 78.5, (38.0,135) 0.32, (—0.10,0.65)
UK. KMR-T | 65.9, (36.2,98.6) 0.35, (—0.20,0.64)
Temperature KQR-A | 249, (217,312) 0.37, (—0.25,0.69)
KGD 13.8, (3.81,22.6) 0.18, (—19.57,0.62)
KRR 2.66, (2.62,3.22) 0.16, (—1.83,0.63)
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TABLE 11
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, without amplified outliers, for v = 1.5. The five robust methods
perform very similarly in terms of test R2, while KSGD performs one to two orders of
magnitude faster.

Computation Time [s Test R?
Data Method 50%,p(2.5%, 97.5%) R 50%, (2.5%, 97.5%)
KSGD | 10.2, (5.42,14.7) 0.50, (—0.42,0.83)
KloR | 411, (375,435) 0.53, (—0.52,0.84)
KMR-H | 184, (145,208) 0.54, (—0.41,0.81)
Airfoil Sound KMR-T | 163, (135,186) 0.55, (—0.43,0.85)
Pressure KQR-A | 329, (264, 344) 0.52, (—0.42,0.85)
KGD 17.4, (11.9,21.2) 0.56, (—0.50,0.85)
KRR 3.03, (2.95,3.52) 0.56, (—0.41,0.85)
KSGD | 3.74, (2.08,7.04) 0.63, (—0.11,0.85)
KloR | 330, (314,351) 0.64, (—0.19,0.89)
KMR-H | 134, (120, 148) 0.62, (—0.19,0.87)
California KMR-T | 110, (98.8,118) 0.61, (—0.25,0.87)
House Values KQR-A | 279, (245,289) 0.61, (—0.07,0.88)
KGD 14.6, (10.6,18.2) 0.64, (—0.35,0.89)
KRR 3.24, (3.06,3.41) 0.63, (—0.10,0.85)
KSGD | 15.0, (12.4,23.4) 0.98, (0.90,1.00)
KlooR | 420, (404,449) 0.98, (0.94,0.99)
KMR-H | 162, (147,175) 0.99, (0.97,1.00)
Steel Energy KMR-T | 145, (133,157) 0.99, (0.97,1.00)
Consumption KQR-A | 278, (244, 289) 0.99, (0.97,1.00)
KGD 22.9, (18.8,26.2) 0.99, (0.94,1.00)
KRR 3.11, (3.04,3.28) 0.99, (0.97,1.00)
KSGD | 16.2, (11.4,21.6) 0.58, (0.07,0.86)
KloR | 415, (399,495) 0.65, (0.17,0.91)
KMR-H | 179, (142,228) 0.64, (0.16,0.90)
%ﬁi‘fﬁ;‘fﬂduotor KMR-T | 156, (119,204) 0.65, (0.14,0.88)
Temperature KQR-A | 306, (252,373) 0.61, (—0.00,0.90)
KGD 16.3, (12.1,22.4) 0.68, (0.09,0.90)
KRR 4.06, (3.53,4.52) 0.65, (0.13,0.89)
KSGD | 6.36, (3.65,9.72) 0.42, (0.01,0.72)
KloR | 367, (358,379) 0.43, (—0.11,0.71)
KMR-H | 162, (144,181) 0.44, (—0.27,0.68)
UK. KMR-T | 148, (129,164) 0.44, (—0.25,0.72)
Temperature KQR-A | 285, (259,333) 0.39, (—0.23,0.70)
KGD 12.8, (9.70,18.0) 0.43, (—0.20,0.71)
KRR 3.05, (2.98,3.51) 0.46, (—0.25,0.68)
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TABLE 12
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, with amplified outliers, for v = 1.5. The five robust methods perform
very similarly in terms of test R?, while KSGD performs one to two orders of magnitude
faster. The two non-robust methods, KGD/KRR, do not perform as well as the robust

methods.
Computation Time [s Test R?
Data Method 50%,p(2.5%7 97.5%)[ ! 50%, (2.5%, 97.5%)
KSGD | 10.9, (6.35,14.8) 0.40, (—0.25,0.74)
KlsoR | 387, (378,412) 0.44, (—0.77,0.74)
KMR-H | 141, (82.1,169) 0.39, (—0.14,0.74)
Airfoil Sound | KMR-T | 131, (93.0,153) 0.41, (~0.10,0.77)
Pressure KQR-A | 289, (271,304) 0.39, (—0.15,0.75)
KGD 13.6, (3.52,18.5) 0.25, (—80.63,0.72)
KRR 3.03, (2.99,4.03) 0.27, (~1.61,0.71)
KSGD | 4.78, (2.53,8.28) 0.48, (—0.04,0.81)
KloR | 363, (326,394) 0.48, (—0.55,0.80)
KMR-H | 109, (69.8, 146) 0.44, (—0.62,0.81)
California KMR-T | 98.2, (75.5,127) 0.48, (—0.54,0.82)
House Values | KQR-A | 290, (245,326) 0.38, (—0.81,0.83)
KGD 11.9, (5.15,14.8) 0.24, (—4.82,0.75)
KRR 3.12, (3.06,3.47) 0.33, (—0.28,0.78)
KSGD | 208, (15.9,31.9) 0.89, (0.06,0.97)
KlsoR | 495, (413,530) 0.83, (—0.59,0.98)
KMR-H | 161, (123,211) 0.88, (—1.32,0.98)
Steel Energy KMR-T | 169, (134,204) 0.87, (—0.02,0.98)
Consumption | KQR-A | 344, (264,373) 0.87, (—1.30,0.98)
KGD 13.8, (6.79,18.3) 0.74, (—28.49,0.97)
KRR 3.0, (3.02,3.75) 0.80, (—0.03,0.97)
KSGD | 18.1, (13.9,23.1) 0.46, (—0.29,0.83)
KlsoR | 426, (409,472) 0.48, (—0.50,0.85)
KMR-H | 156, (95.1,201) 0.49, (—0.43,0.82)
giﬂizfndumr KMR-T | 137, (96.7,200) 0.50, (—0.44,0.86)
Tomperature KQR-A | 289, (247,325) 0.44, (—0.55,0.83)
KGD 12.5, (4.72,16.7) 0.37, (—1.33,0.83)
KRR 3.61, (3.56,4.25) 0.46, (—0.46,0.82)
KSGD | 9.54, (4.72,14.7) 0.35, (—0.08,0.63)
KlsoR | 460, (367,491) 0.27, (~0.60,0.62)
KMR-H | 153, (92.4,226) 0.33, (—0.70,0.66)
UK. KMR-T | 146, (103,204) 0.30, (—0.71,0.65)
Temperature KQR-A | 363, (266,393) 0.32, (—0.88,0.66)
KGD 11.6, (4.35,17.7) 0.14, (—24.32,0.61)
KRR 3.11, (3.01,4.03) 0.21, (—1.45,0.61)
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TABLE 13
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, without amplified outliers, for v = 2.5. The five robust methods
perform very similarly in terms of test R2, while KSGD performs one to two orders of
magnitude faster.

Computation Time [s Test R?
Data Method 50%,p(2.5%, 97.5%) R 50%, (2.5%, 97.5%)
KSGD | 9.84, (5.66,15.7) 0.50, (—0.51,0.82)
KlsoR | 409, (371,455) 0.53, (—0.50,0.85)
KMR-H | 190, (152,209) 0.49, (—0.61,0.82)
Airfoil Sound KMR-T | 177, (144,197) 0.52, (—0.43,0.82)
Pressure KQR-A | 327, (270,352) 0.51, (—0.60,0.83)
KGD 16.7, (11.5,20.6) 0.56, (—0.50,0.86)
KRR 3.27, (3.18,3.68) 0.54, (—0.43,0.85)
KSGD | 4.35, (2.34,7.86) 0.60, (0.02,0.86)
KloR | 343, (317,383) 0.63, (—0.11,0.89)
KMR-H | 155, (122,176) 0.62, (—0.18,0.87)
California KMR-T | 130, (106,147) 0.59, (—0.29,0.87)
House Values KQR-A | 301, (255,328) 0.60, (—0.07,0.88)
KGD 14.4, (10.4,19.0) 0.63, (—0.14,0.89)
KRR 3.56, (3.29,3.84) 0.62, (—0.06,0.85)
KSGD 14.7, (12.2,23.6) 0.98, (0.91,0.99)
KlooR | 439, (406,481) 0.98, (0.95,1.00)
KMR-H | 178, (151,200) 0.99, (0.98,1.00)
Steel Energy KMR-T | 167, (147,178) 0.99, (0.97,1.00)
Consumption KQR-A | 290, (251,311) 0.99, (0.98,1.00)
KGD 23.1, (18.6,27.0) 0.99, (0.95,1.00)
KRR 3.36, (3.27,3.64) 0.99, (0.98,1.00)
KSGD 14.9, (10.9,19.9) 0.58, (0.01,0.87)
KloR | 431, (406,491) 0.63, (0.16,0.91)
KMR-H | 185, (158,231) 0.64, (0.05,0.91)
%ﬁi‘iz‘lmdu‘:tor KMR-T | 166, (135,209) 0.64, (0.10,0.88)
Temperature KQR-A | 315, (264,366) 0.62, (—0.05,0.89)
KGD 15.5, (12.6,20.5) 0.68, (0.16,0.90)
KRR 4.15, (3.77,4.42) 0.65, (0.13,0.89)
KSGD | 7.07, (3.47,11.4) 0.40, (—0.01,0.73)
KloR | 394, (362,460) 0.41, (—0.14,0.70)
KMR-H | 183, (162,228) 0.41, (—0.58,0.66)
UK. KMR-T | 177, (152,205) 0.43, (—0.58,0.68)
Temperature KQR-A | 314, (284, 380) 0.35, (—0.95,0.69)
KGD 12.6, (9.63,17.3) 0.42, (—0.22,0.67)
KRR 3.53, (3.24,4.04) 0.42, (—0.58,0.66)
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TABLE 14
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, with amplified outliers, for v = 2.5. The five robust methods perform
very similarly in terms of test R?, while KSGD performs one to two orders of magnitude
faster. The two non-robust methods, KGD/KRR, do not perform as well as the robust

methods.
Computation Time [s Test R?
Data Method 50%,p(2.5%7 97.5%)[ ! 50%, (2.5%, 97.5%)
KSGD | 10.8, (6.34,14.3) 0.41, (—0.25,0.71)
KlsoR | 389, (376,410) 0.43, (—0.67,0.75)
KMR-H | 150, (90.2,177) 0.39, (—0.52,0.68)
Airfoil Sound | KMR-T | 140, (105,160) 0.37, (—0.57,0.79)
Pressure KQR-A | 292, (272,310) 0.39, (—0.86,0.70)
KGD 13.4, (3.63,17.6) 0.23, (—92.96,0.68)
KRR 3.26, (3.19,3.35) 0.27, (—1.61,0.70)
KSGD | 4.89, (2.78,10.2) 0.46, (—0.05,0.82)
KloR | 352, (326,391) 0.43, (—0.41,0.80)
KMR-H | 119, (80.8, 157) 0.40, (—0.70,0.81)
California KMR-T | 114, (88.8,133) 0.44, (—0.55,0.80)
House Values | KQR-A | 282, (266,328) 0.34, (—0.78,0.82)
KGD 118, (5.21,15.1) 0.20, (—3.93,0.79)
KRR 3.34, (3.29,4.09) 0.31, (—0.27,0.79)
KSGD | 174, (13.2,25.6) 0.90, (0.06,0.97)
KloR | 416, (401,573) 0.85, (—0.70,0.98)
KMR-H | 149, (116,173) 0.87, (—1.92,0.98)
Steel Energy KMR-T | 151, (132,167) 0.87, (—0.02,0.98)
Consumption KQR-A | 275, (259,311) 0.86, (—2.41,0.98)
KGD 138, (6.41,19.5) 0.76, (—31.99,0.97)
KRR 3.34, (3.30,3.59) 0.80, (—5.16,0.97)
KSGD | 16.6, (12.4,22.5) 0.46, (—0.40,0.82)
KloR | 417, (399,478) 0.49, (—0.36,0.85)
KMR-H | 163, (99.4,211) 0.49, (—0.45,0.80)
giﬂizfndumr KMR-T | 146, (105,204) 0.49, (—0.41,0.85)
Temperature KQR-A | 287, (258,370) 0.48, (—0.47,0.82)
KGD 12.3, (4.91,17.2) 0.39, (—1.28,0.83)
KRR 3.84, (3.76,4.70) 0.47, (—0.51,0.80)
KSGD | 8.31, (4.60,12.8) 0.33, (—0.12,0.62)
KloR | 384, (368,455) 0.25, (—1.11,0.60)
KMR-H | 149, (98.7,196) 0.27, (—2.30,0.65)
UK. KMR-T | 139, (107,179) 0.30, (—2.36,0.66)
Temperature KQR-A | 291, (272,354) 0.26, (—1.52,0.69)
KGD 10.8, (3.44,17.3) 0.11, (—20.02,0.61)
KRR 3.28, (3.22,3.88) 0.19, (—2.27,0.61)
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TABLE 15
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, without amplified outliers, for the Cauchy kernel. The five robust
methods perform very similarly in terms of test R2, while KSGD performs one to two
orders of magnitude faster.

Computation Time [s Test R?
Data Method 50%,p(2.5%, 97.5%) o 50%, (2.5%, 97.5%)
KSGD | 10.6, (6.23,15.9) 0.49, (—0.46,0.81)
KlsoR | 403, (375,445) 0.53, (—0.54,0.82)
KMR-H | 189, (156,209) 0.48, (—0.59,0.84)
Airfoil Sound KMR-T | 177, (145,196) 0.52, (—0.43,0.82)
Pressure KQR-A | 326, (273,348) 0.53, (—0.53,0.83)
KGD 17.7, (12.2,22.6) 0.54, (—0.51,0.87)
KRR 2.26, (2.20,2.57) 0.52, (—0.42,0.84)
KSGD | 4.83, (2.93,7.88) 0.63, (0.02,0.89)
KloR | 352, (313,405) 0.64, (—0.19,0.89)
KMR-H | 154, (131,175) 0.60, (—0.13,0.87)
California KMR-T | 122, (106,145) 0.59, (—0.31,0.86)
House Values KQR-A | 288, (253,334) 0.56, (—0.21,0.88)
KGD 17.2, (13.5,23.2) 0.62, (—0.26,0.88)
KRR 2.51, (2.29,2.88) 0.61, (—0.11,0.87)
KSGD | 21.4, (16.4,28.5) 0.98, (0.89,0.99)
KloR | 454, (421,518) 0.98, (0.94,0.99)
KMR-H | 186, (150,208) 1.00, (0.98,1.00)
Steel Energy KMR-T | 176, (145,195) 0.99, (0.97,1.00)
Consumption KQR-A | 302, (258,331) 0.99, (0.97,1.00)
KGD 24.4, (20.1,29.0) 0.99, (0.94,1.00)
KRR 2.36, (2.26,2.68) 0.99, (0.97,1.00)
KSGD | 23.7, (17.4,31.2) 0.57, (0.05,0.86)
KloR | 465, (400, 500) 0.66, (0.19,0.91)
KMR-H | 188, (147,231) 0.63, (0.10,0.90)
%ﬁi‘fﬁ;‘fﬂduotor KMR-T | 165, (130,209) 0.64, (0.18,0.88)
Temperature KQR-A | 313, (253,351) 0.59, (—0.01,0.89)
KGD 18.3, (13.6,24.6) 0.68, (0.10,0.89)
KRR 2.76, (2.64,3.25) 0.65, (0.17,0.89)
KSGD | 7.46, (4.06,11.4) 0.44, (—0.02,0.72)
KloR | 410, (364,421) 0.42, (—0.14,0.69)
KMR-H | 198, (158,220) 0.42, (—1.12,0.65)
UK. KMR-T | 189, (144,202) 0.44, (—1.11,0.67)
Temperature KQR-A | 338, (269,356) 0.37, (—1.22,0.69)
KGD 14.6, (9.97,19.1) 0.41, (—0.18,0.70)
KRR 2.37, (2.25,2.65) 0.45, (—1.12,0.67)




1264 O. Allerbo

TABLE 16
The 2.5th, 50th, and 97.5th percentiles of computation time and test R? for the different
methods and data sets, with amplified outliers, for the Cauchy kernel. The five robust
methods perform very similarly in terms of test R?, while KSGD performs one to two
orders of magnitude faster. The two non-robust methods, KGD/KRR, do not perform as
well as the robust methods.

Computation Time [s Test R?
Data Method 50%,p(2.5%7 97.5%)[ ! 50%, (2.5%, 97.5%)
KSGD | 12.6, (7.98,17.6) 0.42, (—0.05,0.74)
KloR | 386, (371,411) 0.42, (—0.79,0.75)
KMR-H | 151, (94.5,178) 0.41, (—0.85,0.68)
Airfoil Sound KMR-T | 140, (105,158) 0.33, (—0.60,0.81)
Pressure KQR-A | 282, (265,310) 0.42, (—1.13,0.75)
KGD 14.2, (3.66,19.7) 0.23, (—83.22,0.70)
KRR 2.24, (2.20,2.30) 0.28, (—2.40,0.70)
KSGD | 5.59, (3.24,9.36) 0.49, (—0.05,0.81)
KloR | 338, (322,362) 0.46, (—0.54,0.78)
KMR-H | 112, (69.8,143) 0.40, (—0.76,0.80)
California KMR-T | 107, (77.4,121) 0.41, (—0.59,0.81)
House Values KQR-A | 268, (251,291) 0.29, (—0.80,0.82)
KGD 13.9, (6.24,16.8) 0.20, (—3.98,0.77)
KRR 2.37, (2.28,2.42) 0.30, (—0.21,0.76)
KSGD | 22.7, (19.6,34.0) 0.89, (0.06,0.97)
KloR | 416, (402,485) 0.83, (—0.75,0.98)
KMR-H | 152, (113,199) 0.86, (—1.63,0.98)
Steel Energy KMR-T | 152, (127,184) 0.86, (—0.02,0.98)
Consumption KQR-A | 272, (252, 320) 0.88, (—1.72,0.98)
KGD 14.0, (6.36,18.6) 0.74, (—34.70,0.97)
KRR 2.31, (2.20,2.39) 0.80, (—5.36,0.97)
KSGD | 27.6, (22.0,34.7) 0.47, (—0.09,0.82)
KloR | 469, (406,502) 0.47, (—0.39,0.84)
KMR-H | 182, (111,236) 0.49, (—0.39,0.84)
giﬂizfndumr KMR-T | 173, (114,250) 0.49, (—0.54,0.85)
Temperature KQR-A | 329, (270, 358) 0.48, (—0.87,0.83)
KGD 15.4, (8.11,19.6) 0.37, (—1.24,0.83)
KRR 2.73, (2.59,3.18) 0.46, (—0.49,0.81)
KSGD | 9.66, (5.27,17.3) 0.38, (—0.08,0.62)
KloR | 428, (373,456) 0.29, (—0.93,0.63)
KMR-H | 163, (111,225) 0.28, (—3.21,0.66)
UK. KMR-T | 152, (115,202) 0.29, (—3.33,0.66)
Temperature KQR-A | 338, (273,369) 0.22, (—1.46,0.64)
KGD 12.3, (3.28,19.1) 0.10, (—19.91,0.59)
KRR 2.33, (2.23,2.65) 0.14, (—2.69,0.59)
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Appendix D: Proofs

Proof of Proposition 3.1. Differentiating Equation 5b with respect to o and set-
ting the gradient to 0, we obtain

0 (1 A
0= 94 (5 ly — Ka| 5% 1 + 507”3) = y+Ka+\a=—y+ (K+\Da&

= &= (K+) 'y

O

Proof of Equation 10. With 7(t) = K&(t) — y, we obtain d”;’lgt) K4®) o4
Equation 9 can be written as
di(t)

g —K1)(t) <= 7(t) = exp (—tK) fjo.

Now,
&(0) =0 = fjo =N(0) = —~y = 7(t) = —exp(-tK)y.

Solving for &(t), we obtain

&(t)= K (I —exp(—tK))y = (I —exp(—tK)) K 'y. O
Proof of Remark 4.2. The differential equation in Equation 9 can be obtained
by writing

Qi1 =6, +n- (y— Kéy)
as
a(t+At) =a(t)+ At- (y— Ké(t)),

rearranging and letting At — 0, to obtain

da(t) . (&t + At) — &) X
—a—ZE%( Al )Zy‘K“”

For momentum and Nesterov accelerated gradient, the update rule for & in
Equation 8 generalizes to
G&(t+ At) =a(t) + v - (at) — &t — At))
+ At (y — K (&(t) + Inac -7 - (&(t) — &(t — A1),

where v € [0,1) is the strength of the momentum and Ixag € {0,1} decides
whether to use Nesterov accelerated gradient or not. Rearranging, we obtain

&t +AH— &) &lt) — &t — At
At - At
y— K (&(t) + Inac -7 - (&(t) — a(t — At))),

and, when At — 0,

(-7 20—y Ka)

Solving the differential equations in the same way as for Equation 10, we obtain

&(t) = <1 ~exp <—%K)> Ky, 0
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Proof of Proposition 4.1. By using the fact that K, K~', and Ag :=
((I +tK) - exp(—tK)) commute, we obtain

Gucar(t) — Gxrr(1/t) = (I — exp(—tK)) K1y — (I I+ tK)*l) Ky

_ ((I FtK) T - exp(—tK)) K 'y— AxK ly,

= Ak
frar(X,t) — fxrr(X,1/t) = K (Gker — xrr) = KAxkK 'y
= Ak KK 'y =Axky,
frar(@*,t) — furr(z*,1/t) = k(z*)" (Gxar — Gkrr)
= k(z*) Ak K 'y = k(z*) K 'Agy,
We denote the singular value decomposition of the symmetric matrix K by

K = USU", where S is a diagonal matrix with diagonal elements S;; = s;.
Then Axg = UDU ", where D is a diagonal matrix with entries

1
C14tes

t-s;

D;; =d;

Since for any vector  and any diagonal matrix D,

$TD$:Z$?~diSZx?rﬂaxdi:memaxdu (22)

and since K~! and A are both symmetric,

HdKGF(t) — dKRR(l/t)Hg = yTKilAKAKKily = yTKilUDQUTKily
<y ' K'UU"K 'y mlaxd? = | K 'y3 - max a2,
=1
and
| frer(X.t) — fkrr(X,1/t)|3 =y AxAxy =y ' UDU"y
<y'UU Ly maxd; = |yl - maxd;.
=7

For out-of-sample predictions, calculations become different, since k(x*) and
K do not commute. Hence we need to take expectation over y. We first note
that for y = Kag + €, where ag ~ (0,%,), and € ~ (0,021I), and where K
and X, commute,

Ee,ao (yy') = KE (a0 ) K +2KE(ao)E(e) " +E(ee ') = B4 K? + 021

Now,

e ( (erte™.) - fennta110))
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=Ec.a, (k(a}*)TKflAKnyAKKflk(m*))
=k(z*) K 'Ak (ZaK? +02I) Ax K 'k(z*)
= k(z*) K 'S/ KUD?*U"KZ!/?K ' k(x*)
+0? k(z*)'K'UD*U" K 'k(x*)

< | k(x*)"K'SY2KUU" K2 K 'k(x*)
=I

o2 k(z*) K 'UU" K 'k(x*) | - max d?

=I
=k(z*) K (2o K? +02I) K 'k(z*) - max d}
=Ec 00 (k(m*)TK_lnyK_lk(w*)) - max d?

)

— Ee.ao ((k(@*) K 'y)?) - maxd? = Bea, (f°(2*)?) - maxd?,

where we have again used Equation 22, and the fact that K, E}l/ 2 and Ak
commute.

If we repeat the calculations with k(x*) replaced by e; € R™, where (e;); = 1
and remaining elements equal 0, so that &; = e;'—d, we obtain

Eeao (65 (1) = 680 (1/0)") 212 = Ee ap ((e] K~ 'y)?) - max d?
= Ec a0 (&)%) - max df.

What is left to do, is to calculate max; d?. Let z =t-s;. Then, for x > 0 (which
2

holds, since both ¢ and s; are non-negative), d> = (= —e~®) is obviously

2 1+x
larger than 0, and equals 0 for x = 0 and = +o00. To find the maximum of the
expression we differentiate and set the derivative to zero.

(o))l w) ()

For i € {1,2} we obtain

1 1+ 1tz e

e—:r_ :0:_ e_i = —

(14 ) i i

1 -3 -1
= — —,H::Wk<—e‘ ) <:>x:—1—i~Wk<—e, )
1 1 (3

where Wy, is the k-th branch of the Lambert W function, for k£ € {—1,0}. The

only combination of ¢ and k that yields an « # 0 is i = 2, k = —1, for which we
2
obtain = ~ 2.51287 and (H% - e’“") ~ 0.04166. O
=2.51287
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Proof of Proposition 4.2. In all four parts, we will use the inequality e* > 1+
and the equalities max, .o ”ﬁm!Q = ||A]l2 = Smax(A), where spax(A) denotes
the largest singular value. We will denote the largest and smallest singular values
of K by Smax = Smax(K) and Smin = Smin (K).

For part (a), we have

H.fKGF (X,t) yH | KK~ (I — exp(—tK))y — ||,
max = max
y#0 lyll, y#0 Yl
—tK
o (M> = llexp(—tK))[|, = ",
y7#0 lyllo
where spi, denotes the smallest singular value of K.
Similarly,
HfKRR (X,1/t) yH |[KK~(I - (I+tK) )y —yl,
max = max
P Iyl u70 Iyl
(I+tK)~ 1
— max H y”g _ ||(I—|—tK)71H2: 7
y#0 ||yH2 1 + tsmin
where e tsmin < 1+t+’ since e* > 1+ z.
For part (b),
- HfKRR(Xv 1/t)H2 B |[KK~Y(I—(I+tK) )y,
X = max
y#0 llylls y#0 yll
(I+tK)~ 1
— W) s, —1-
y#0 lyll, 1+ tSmax
and
[Fecr 0]\ racr— ep-t),
max | ——————= | = max
y#0 Yl y#0 Iyl
I- —tK
— max <( eXp( )))y||2> — HI _ exp(—tK))H2 -1 e*tsmax’
y#0 lyll,
where 1 — 1+— <1 — e tmax_gince e > 1+ .

For parts (c) and (d), we first note that for y = Kag+e, where ag ~ (0,X4),
and € ~ (0,02I), and where K and ¥, commute,

Eeao (yy') = KE (aoag ) K +2KE(ao)E(e) " +E(ee’) = B K? + 071,

and that this quantity commutes with other functions of K. Furthermore, let
e; € R™, denote the i-th base vector, where (e;); = 1 and remaining elements
equal 0, so that e;'—v = ;.
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For part (¢),

Ee a0 ((fKGF(CBi,t) - yz)2>
max

Ee o (y2)7£0 Ec oo (2)

Ee.ao ((e] ep(-1K)y)")
= max 2
Ee,aq (¥7)7#0 Ec oo ((e:y) )

Ec ao (eiT exp(—tK)yy " exp(ftK)ei)
= max S
Ee g (42) 0 Eeao (¢ yyTes)

_ el exp(—tK) (2o K? + 02I) exp(—tK)e;
T e vg (9)£0 e] (SaK2+o21)e;

Hexp(—tK')\/EaI(2 +o2le; ,

— max — e_2t3min
|VEaK? +o2Tes|,£0 | VBaK? + o e,
2
and
. 2
Ee. a0 ((fKRR(mia 1/t) — y) )

max

Ee oo (42)70 Ee a0 (47)
Eeao (€] (I+K)y)?)

= ma)2< 2

Ee g (47)£0 Ee o, ((eiT y)
C e Ee oo (6] (I +tK) 'yy (I +tK) 'e;)

Ee.ag (y2)#0 Ee,ao (€] yyTes)

el ([ +1K)"\ (SoK? +02I) (I +tK) le;

= max T

Ee,ao (y12)7$0 ei (EQKQ + O-EI) ei

2
H(I FK) 1 /Ea K2+ o?e; )
2

= max =00

|vVEaK2+o2Te|,0 H /o K? + 021e; (1 + tSmin)

2

where e~ 2tsmin < m, since e® > 1+ z.

For part (d),

Ee oo ((fKRR(wm 1/t)) 2)

]Es,ag (y?)#o ]E€7¢10 (y’?)
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Ee o ((ej(I — (I + tK)—l)’!J)z)
— max 2
Ee o ()70 Ee.ao ((eiT y) )

Ee oo (6] (I =T +tK) Nyy (I - (I +tK) ')e;)
= max T T
)#0 Ee.ao (€] yyTes)

Ee oo (42

Ee ag (¥2)#£0 e] (ZaK?+o02l)e;

H(I — (I +tK)"Y)\/Sa K2 + olde;
— max
|VEaKT to?Tes |, 0 |VEaK? + o2e;

4“@)2’

2

2

=  max <eiT(I — (I +tK)™") (BaK? +02I) (I - (I +tK) 'e;

and
. 2
Er—:,ao <<fKGF(w’iat) - y) )
max
]Ee,ao(yiz)#o EE,CXO (y12)
2
Ee a0 ((eI(I — exp(—tK))y) )
= max 3
Ee g ()70 Ee o, ((ei y) )
Ee oo (e;'_(I —exp(—tK))yy " (I — exp(—tK))e,-)
= max e
Eeoaq (y2)#0 Ee a0 (e] yy'e;)
el (I —exp(—tK)) (BaK? + 02I) (I — exp(—tK))e;
= max
Ee ag (ayf);to e] (ZaK?+021)e;
H(I — exp(—tK))\/EaK? 1 ole;
= max 2
|VEaK +o e, 40 |VEaK + o2e;
2
_ (1 _ eftsmax)27
2 2
where (1 - ﬁ) < (1 — e tsmax)” since €* > 1+ z.

Proof of Proposition 4.3. Unless otherwise stated, all expectations and covari-
ances are with respect to the random variable €. We let K = USU " denote

the eigenvalue decomposition of K.

Before starting the calculations, we show some intermediary results that will

be needed:

E(é&kar(t)) —ao = (I —exp (—tK)) K_l]E(y) — g

)
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=T —exp(—tK))og —apg=—exp(—tK)a

(—

Cov(Gikar(t) = E (xar(t) (axar (1)

= (I —exp (—tK)) agag (I — exp (—tK)) + 02K 2 (I — exp (—tK))?
— (I — exp (~tK)) apeg (I —exp (—tK))
= 02K * (I —exp (—tK))*.
E(é&xrr(1/t)) — ao
=(K+1/t- 1) "E(y) —ap = (K + 1/t - 1) Kag — o
((K+1/t-I)_1K—I> ao=(K+1/t- 1) (K- K —1/t - I)ag
=—1/t-(K+1/t-1)""
Cov(dnrn(1/1) = B (Gxrn(1/t) (Gacrn(1/6)" )
— E(akrr(1/1))E(akrr(1/t) "
=(K+1/t- 1) (Kaoag K + 02I) (K + 1/t 7!
—(K+1/t-1I)” KaoaOTK (K+1/t-1)""
=o2(K+1/t-I)7?

— E(bxcr () E(axcr(t) "

E (far(@*,1)) - fo(@*) = k(@) (E(axar () — ao) =

— k(z*)" exp (~tK) ao.

E (frn(@*,1/1)) = fo(@*) = k(@*)T (E(Gxrr(1/9) - o) =
—1/t - k(=) (K+1/t-1) " ap

Var(fixgr(z*,t)) = E (fKGF($*7t)2> -E (fKGF(fU*at)>2

= k(x*)" (I —exp (—tK)) apag (I —exp (—tK))k(z*)
+02k(z*) T K2 (I — exp (—tK))” k(z*)

—k(x*)" (I —exp(—tK)) agag (I —exp(—tK))k(x*)

= o2k(z*) K2 (I — exp (—tK))” k(z*).

Var(fcnn(@®,1/0)) = E (finn(2*, 1/02) ~ E (fann(@*.1/0)’
=k(z*)" (K+1/t- 1) (Kagag K +02I) (K +1/t- 1) k(z*)
— k() (K+1/t- 1) Kagad K (K +1/t-I)"" k(z*)

= o2k(z*)" (K +1/t- 1) k(z*).

According to the bias covariance decomposition, we can write the risk of an
estimator 6, estimating O, as

Risk(9; 60) = (116 — 0o3) = [E(8) — 0o|[3 + Tr(Cov(9)).
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Thus,
Risk (dKGF(t); a()) = ||E(dKGF(t)) — agHg + TI‘(COV(&KGF))

= || - exp(~tK)ao|3 + Tr (2K 2 (I - exp(—tK))’)

1— —tS\ 2
= adUe SUTUSU  ag + 02 Tr <U (%) UT>

1—et5)\?
=agUe 25U Taq + 0?Tr (T)
~20si | 52 1—e ™

where in the third equality, we have used the cyclic property of the trace.
Equivalently, for the risk of &kgrr, for A = 1/t,

Risk (dKRR(l/t); Oég) = ||E(dKRR(1/t)) — Oé()”g + TI'(C (dKRR))
= =1/t (K+1/t-1) " o3+ Tr (02 (K +1/t- 1)

1/t 1/t 1
_ T T T 2 T
_aoUSJrl/tU USJrl/tU aO+UETr<U<S+1/t> U )

T 1 T 2 t?
:OzOUiU a0+O'ETI' ﬁ

For z > 0, the following two inequalities are shown by Ali et al. (2019):
e <1/(z+1)and 1 —e ® <1.2985-z/(x + 1).

Using these, we obtain

Risk (G (1); o) = 3 <<(U1,1)Ta0>2eztsi o <i > )

8;
=1
n 2
1 ts 1
< U.) ag)?—m— 1.2985—— =
—Z;((( i) o) (tsi+1)2+ ( sl+1) sf)
f: (U.;)Tewo)? L 2100852 r
= o — to. L. —
i=1 ) O s+ 120 (ts; + 1)
<1. 68622 )2 L o2 &
o) (tsi + 1)2 ' "¢ (ts; + 1)2

=1.6862 - Rlsk (&xrr(1/t); o),
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which proves part (a).

The calculations for part (b) are basically identical to those for part (a). We
obtain

Risk(fKGF(X,t);fo(X)):Z((U:,i)r 0)%s mmzz ets)

=1
n n
is f . _ A\T 2 1' o2
Risk ( ficnn(X,1/8); fo(X) ) = ;((U:,z) e Z tSZ s 1
and thus
Risk (.fKGF(X t ) Z ( 812672tsi + 0_3 (1 o e,tsi>2>
i=1
- 57 ts 2
< U.i) o) —— 1.2085
_Z<(( 1) @) (tsi + 1) +oe ( t81+1>>
52 t242
<1.29852 i 2 i
Z ( fao)’ s+ 12 st 1)2)

=1.6862 - Risk (fKRR(X, 1/t); fo(X)) )

which proves part (b).
For the out-of-sample prediction risk, since k(x*) and K do not commute,
calculations become slightly different. We now obtain

Risk (fKGF(w*v t); fo(z™, t))
~ 2 o
= (E(fiar(@*,6) = fol@*, 1)) + Var(fiar (2", 1))
= (~k(z*)" exp(ftK)ag)z + 02k(x*) T K2 (I — exp(—tK))” k(z*)
=ay exp(—tK)k(xz*)k(z*)" exp(—tK)og
+ o2 Tr (K*Q (I — exp(—tK))? k(m*)k(m*)T)
=Tr (exp(—tK)apag exp(—tK)k(z*)k(z*)")
+ 02T (K—2 (I - exp(—tK))® k(a:*)k(a:*)T> ,
where we have used the fact that the trace of a scalar is the scalar itself, and
the cyclic property of the trace.
Analogously, for the risk of fxrgr(x*),
Risk (ficnn (2%, 1/8); fo("))
~ 2 ~
= (E(firr(@,1/8)) — fo(@™)) "+ Var(firn(@*,1/1))

= (—1/t k()T (K +1/t-1)7" a0)2 +o2k(x*) (K +1/t- 1) k(z*)
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=1/t af (K+1/t- 1) " k(@@ )k(@*)" (K+1/t-1)""
+ 02T (K +1/t- 1) k(@*)k(2)")
—Tr (1/152 (K+1/t-1) " agad (K+1/t-1)7" k(w*)k(m*)T)
+ 02T ((K Y1/t 1) k(m*)k(a;*)T) .
Taking expectation over ao, for arg ~ (0, £g), we obtain
Eag (Risk (ficar(@*,); fo(")))
= Tr ((za exp(—tK)? + 02K 2 (I — exp(—tK))2> k:(ac*)k(as*)T) ,
Eao (Risk (firn(@*,1/8): fo(@")))
=T ((Bal/ (K +1/t-1)7 + 02 (K +1/t- 1)) k(@*)k(z") ") .
Finally comparing the risks, we obtain
Eaq (Risk(fiar(z",1); fo(z")))
=Tr ((Sa exp(—tK)? + 022 (tK) 2 (I - exp(~tK))® ) k(z*)k(z*) ")
<Tr ((za (I +tK) % + o2t (1 2085 (I + tK)~ ) ) k(z )k(m*)T)
- ((za /21t T+ K) 7
02120852 (1/t - I + K)_Q) k(m*)kz(az*)T)

<1.6862 - Tr ((za A2t T+ K) 72

o (1)t T+ K)*Q) T)
=1.6862 - Eqy (Rlsk( Jxrr(®*,1/1); fo(w*)))
which proves part (c). O

Proof of Proposition 5.1. The proofs of the two parts are very similar, differing
only in the details.
For part (a), when X " X is a diagonal matrix with elements {s;; }/_,,

P
ly—XBl3=v y—2y" XB+B X XB=>(y7 —2(X"y)iBi +5:7) .

i=1

The constraint ||8]|cc = max; |f;| < ¢ is equivalent to |5;| < cfori=1,2,...p.
Thus,

ly — X85 st [|Blloe < ¢ — Z 2 (X Ty)iBi + suB?) st |Bi] < e Vi,

i=1
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which decomposes element-wise. In the absence of the constraint,
Bi=(X"X)"'XTy), = (XTy), /s

Assume (XTy)Z./sii > 0. Then, the optimal value for §; is (XTy)i/sii,
unless (XTy)i/sii > ¢, then, due to convexity, the optimal value is ¢, i.e.
BAZ' = min ((X—'—y)Z /Sii c). Accounting also for the case of (XTy)l. /sii <0, we
obtain

Bi(c) = sign ((XTy)l /s“) - min (’(XTy)Z /Sii 7c) .

The sign gradient flow solution is calculated as follows:

sign (—%@ (Hy — X,@(t)”i)) = sign (XTy — XTXB(t)>
| |

=sign [ [(XTy)i —sufi(t)| | = |sien ((XTy)z' - 81‘1‘@@))

Since element ¢ in the vector only depends on B through B,

20 s (< s (v - xae[)

dps(t)
ot

= sign((X "y)i — sufi(t))

1 if ()(T’y)z > S“'B(t)
=<¢ -1 if (XTy)l <Sii3(t) ,1=1,2,...p.

0 if (X Ty); = suB(t)
Thus, with 3;(0) = 0, 8;(t) = %t, depending on the sign of (X Ty);/s:. Once
ﬂi = (XTy)i/Sii (and sign(siiﬁi — (XTy)l) = 0), then Bl = (XTy)l/S” That
is,

Bi(t) = sign ((X "y)i/s:) - min (¢, [(X Ty)i/sii]) -

For part (b), when K is a diagonal matrix with elements {k;;} ,,

2 n " 2
= ! - k“al> .
2 ; ( Vkii

The constraint ||a||eo = max; |a;| < ¢ is equivalent to |a;| < ¢, fori=1,2,...n.
Thus,

Iy~ Kol =| (V&) 'y - VEa

n 2
||y _Ka||i(71 s.t. ||a||oo S Cc <— Z ( y]; — kiiai) s.t. |Oéz| S CVi,
i=1 w
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which decomposes element-wise. Assume y;/k;; > 0. Then, the optimal value
for «; is y;/kii, unless y; /ki; > ¢, then, due to convexity, the optimal value is ¢,
i.e. &; = min(y;/kii,c). Accounting also for the case of y;/k;; < 0, we obtain

&i(c) = sign(yi/ki;) - min(|y; /kiil, ).

The sign gradient flow solution is calculated as follows:

s (s (I~ Kalolfc) ) = sien(y - Ka(o)
|

= sign Yi — ki Gyi(t) = |sign(y; — kiiGii(t))

Since element ¢ in the vector only depends on & through &,

ag_it) = sign (66(?(75) (||y - Kd(t)||§(—1>>

1 if y; > kiiGi(t)
= sign(y,- - k”dz(t)) = -1 if Y < kudz(t) y 1= 1, 2, Loon.
0 if y; = kisdy(t)

04;(t)
ot

S

Thus, with &;(0) = 0, &;(t) = *t, depending on the sign of y;/k;;. Once &; =
yl/k“ (and sign(y; — ki) = 0), then &; = y;/k;;. That is,

Proof of Proposition 5.2. We first calculate the gradients of ||y — ®8||3, ||y —
®3||; and ||y — @B, respectively:

55 (v = 2812) = 7 (v - #8) (v - 28)) — " (y — @)
Since ||v||; = sign(v) Tv,

(Ily ®0|,) = (s1gn<y ®6)" (y — ®B)) = —® sign(y — 8P).

B

Let T (v) be a vector denoting the sign of the largest (absolute) value in v,
such that

sign(vg) if d = argmax |vg |
Leo(v)a = {O else '

Then v s = I (v) v, and

% (lly - @8] y—8B)T(y - BB)) =~ Ly 8P).
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The three update rules for gradient descent in 8 are thus

Brii =B+ (y-®By),  for |y @Bl
Brs1 =B +n- @ sign (y - ‘I’Bk> , for [ly — @B (23)

Brii =B+ @ le (y—®B:),  for |y - Bl

Since the gradient of ||y — Ka|%_, is —(y — Ka), the update rules for
gradient descent, sign gradient descent and coordinate descent are, respectively

Qi1 =G+ (y— Kéy)
Q1 = G +1 - sign (y — Kéy) (24)
d[ﬁ,l :dk+77~ﬂoo(y—de).

By multiplying each term in Equation 24 by ®T, and using 8 = ® "« and
K =®®", and thus Ka = ®8, we obtain Equation 23.

O

Proof of Proposition 5.3. For KGD, let Ly(&) := ||y — K&|3. Then L)(&)
~K(y— Ka), LY(&) = K? and higher order derivatives are zero. With Aé&
7 - (y — K&), according to Taylor’s theorem

Lo(Gpy1) — La(bg) = La(by + Aby) — La(dig)

1
= Lo(6i) + Ly(Gu) T A&+ S AGT L5 (k) Ad: — Lo (éy)
= - (y—Ka) K(y—K&)+ "~ (y - Ko) K*(y - K&)
<0 (Y~ Ko) K(y — K&) + < smax(K)(y — Kéu) K(y — K&).

Factoring out - (y— Ka) " K (y— K &), and using that (y—Ka) ' K(y—K&) >
0, since K is positive semi-definite, we see that La(&yi1) — La(dx) < 0 if
NS ®

For KSGD, L (&) := ||ly— K&||; =sign(y— K&)' (y— K&). Then L (&) =
— K -sign(y— K a) and higher order derivatives are zero. With A& = 7-sign(y—
K &), according to Taylor’s theorem, for < mini<i<, (|y — Kéy;)

Li(Gpy1) — Li(Gr) = Li(Gr + Ady) — L1 (Gy) = Ly (Gy) + L' (6) T Aé
= —n-sign(y — Ka)' K -sign(y — Ké&) < 0.

For KCD, let I (v) be a vector denoting the sign of the largest (absolute)
value in v, such that

sign(vg) if d = argmax |vg |
Lo (v)a = {0 else ’
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50 that ||v]|c = Ioo(v) Tw. Furthermore, let Lo (&) == ||y — Kélloo = Lo (y —
Ké&) " (y—Ké&). Then L (&) = —K -1 (y — Ka) and higher order derivatives
are zero. With A& = n - I (y — K&), according to Taylor’s theorem, for n <
mini<i<n (|y — Kéil;)

Loo(@ii1) — Loo(Gk) = Loo(Gy + Aby) — Loo (@) = Loo(Gi) + L' (G) T A
= n-lo(y—Ka) K -I.(y— K&) <0.

Proof of Proposition A.1. Let f+ =[fT, 1T, y+ =[y",g"]", and let
j:: [Inxn Oan*] = Rnx(n+n*)

denote the training data selection matrix, so that f = I f+ and K = I -
[KT K*T]T — fK**jT

Differentiating Equation 17a with respect f+ and setting the gradient to O,
we obtain

= 55 (=27 307" )

=17 (IF" —y) + AT
pt FT 7 sk —1 -1 2T
— f :(II+>\(K ) ) I'y.
According to the matrix inversion lemma,
(D-CA'B)"'cA'=D'Cc(A-BD'C)™".

For A=I,B=1,C=1" and D= X\K**)"!, we obtain
—1

A A _1 A A A A
(/\(K**)*1+ITI) IT=1/x K*IT |I+1/AIK**Q"

=[KT,K*T|T =K
= [Ilf] M+ K)™,
and thus
N K -
fr= {K] (K +AD) "y,

Before differentiating Equation 17c with respect to f+, we first note that
according to the definition of §,

5t
+ + -1 I, A+ N AT 2t
v {y o’ }[0 fx](y” )=Ly= T
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Now, differentiating Equation 17¢ with respect f+ and setting the gradient to

0 we obtain

0 (1) + a+]2 Ay a2
0=-2(|ly" - A

af(gp f’uw+ﬂfb)

:_K**y++K**f++)\f+
wsy + At At s [ 3 AT A At At
=Ky —f)+rf =-K (ITy—ITIf >+)\f

= 7= (@] [&]w
Using the matrix inversion lemma,
(D-CA'B)"'cA'=D'Cc(A-BD'C)!,
with A=I, B=1,C=[KT,K*T|T and D = I, we obtain

(s ) "[)-[] [reonr 2]

and thus

Fr= {II{{] (K+AD) 'y, 0

Proof of Equation 19. With 7(t) = f(t) — y we obtain dzgt) = d’:;it) and the
first part of Equation 18 can be written as

M) K = A1) = exp (1K) o
Now, R
F0)=0 = fo=7(0)=-y = N(t) =—exp(~-tK)y

Solving for f(t), we obtain

f(t) = (I — exp(—tK))y.

Finally,
df*(t) o * 2 _ *
T K (y - f(t)) = K" exp(—tK)y
— f*(t)=c— K*K 'exp(—tK)y.
Now

)

A

f*(0)=0 = c=K*'K 'y = f*(t)= K*K~'(I —exp(—tK))y. O
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Proof of Equation 19 with momentum and Nesterov accelerated gradient. Anal-

ogous to the case of & in the proof of the Remark 4.2, for momentum and
Nesterov accelerated gradient, Equation 18 generalizes into

af (1) K N
_ . dt — _
¢ WLm][mMyﬂ@-
dt

Solving the differential equations in the same way as for Equation 19, we obtain

f(t) I t
- = I— -——K . |

[f%w KNI

Proof of Proposition A.2. When K™** is a diagonal matrix with elements
{ku}?:fl y ki >0,

2

[ =7l = ni_? (ki (y! — fj>)2.

The constraint ||f+HOO = maxi|fi+\ < ¢ is equivalent to |f:\ < cfori =
1,2,...n+n*.
Thus,
+ +112 + sy + +1) 2 +
Hy —f HK st e <o = Y (kuly = 1) st 1 1< e i,
i=1

which decomposes element-wise to

A 2
fi = argmin (kuty, — £)) st 1f 1 <e (25)
i er

We solve Equation+25 separately for tl&e two cases ¢ < n and ¢ > n. For ¢ > n,
we have defined y; to be a copy of f; , which means that the reconstruction
error is always 0 and Equation 25 reduces to

A

2
f: = arg min (k”(y:— - f:—)) s.t. |f1+| é c

i er (26)
: + +.) 2 + +
= arg min (kii(yi = f; )) + Xl fi [ =Nlfi |,
fiher

for \; = max(0, k;; (yz+ —c)), where the first equality is due to Lagrangian duality,
and the second is due to the reconstruction error being 0.

First assume A\; = 0, in which case Equation 26 reduces to the ill-posed
problem ﬁ = arg min £ er 0. However, in this case, we can use Equation 3 with

A = 0. Since a diagonal K** implies K* = 0, we obtain, for i > n, f: =0. If,
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on the other hand, A; > 0, then f: = arg min /\i\fﬂ = 0. Thus, for i > n,

regardless of \;, f-+ =0.

2

fi R

For ¢ < n, we have y: = ;. Assume y; > 0. Then, the optimal value for
f: is y;, unless y; > c, then, due to convexity, the optimal value is ¢, i.e.

A.

f: = min(y;, ¢). Accounting also for the case of y; < 0, we obtain

pet sign(y;) - min(|y;|,¢) ifi <n
() = ) iyl )

0 if i > n.
The sign gradient flow solution is calculated as follows:

2

sign <_8fi(t) <Hy+ - f+(t)HK**>> = sign (K**(y+ = f+(t)))

= sign | |kis(y; —: fr@)| | =sien ([[k“(yi _c{? i(t))]?_lb

_ [[Sign(kn(yio— fi(t)))]?—lj| 7

where [sign (ks (i — fi(t)))]7"_, € R” and 0 € R"". Since element i in the vector
depends on f+ only through f;, and since k;; > 0,

A+
Ut (it (v -1 ol )

— af; (t) _ {sign(kii(yi — fi@®)) ifi<n

ot 0 ifi>n
1 ifignandyi>f:(t)
={-1 ifi<nandy < f, (t)
0 ifi>n0ryi=f:(t).
Thus, since f: (0) =0, f; (t) =0, for i > n. For i < n, f: (t) = +t, depending

+

on the sign of y;. Once f: =y; (and sign(ky;(y; — f; ) = 0), then f; =g

i sign(y;) - min(t, |y;|) ifi<n
0 if > n.
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