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Abstract

Recent advances in large language models (LLMs) have produced increasingly
capable generators that can solve complex problems across diverse domains. Eval-
uating these generators’ outputs has shifted from human assessment to automated
verification using LLMs as verifiers. In this paradigm, verifier models assess the
correctness of solutions produced by generator models, a framework now central
to applications such as test-time scaling (TTS). In this study, we study generative
verifiers, which perform verification as a next-token prediction task by generating
chain-of-thought (CoT) reasoning followed by a binary verdict. We systematically
analyze verification dynamics across three dimensions: problem difficulty, gener-
ator capability, and verifier generation capability, conducting empirical studies on
2.3k mathematical problems using 14 open-source models (2B to 72B parameter
range) and GPT-4o. Our experiments reveal three key findings about verification
effectiveness: (1) Problem difficulty affects recognizing correct responses; (2)
Weak generators produce errors that are easier to detect than strong generators;
(3) Verification ability is generally correlated with verifier generation ability, but
correlation relationship varies with problem difficulty. These findings enable cost-
effective strategies in TTS applications. Specifically, we identify two patterns that
weak models can substitute for strong ones. First, given the same verifier, weak gen-
erators can nearly match stronger generators in post-verification TTS performance
(e.g., a 9B model matches a 27B model). Second, weak verifiers can approximate
strong verifiers in regimes where both achieve similar verification performance.

1 Introduction

Large language models (LLMs) have advanced rapidly in solving reasoning tasks such as mathematics
and code generation [16, 42], yet their outputs remain unreliable, often containing subtle or confident
mistakes [5, 16, 22, 39]. LLM verification [1, 12, 13, 22] has emerged as a central mechanism
for identify such errors in a scalable manner. Recent work has increasingly focused on generative
verifiers [24, 25, 47], which frame verification as next-token prediction: the model typically generates
a chain-of-thought (CoT) reasoning trace and then outputs a binary verdict token. This approach
has been shown to improve over earlier discriminative verifiers or reward models that assign scalar
scores to candidate solutions [22], as it better leverages the inherent text-generation capabilities of
LLMs. One valuable downstream application of automatic verification is test-time scaling (TTS),
where additional inference-time compute is allocated to improve generation performance. A popular
paradigm of TTS is the use of a verifier model to evaluate candidate responses, filter errors, and
identify correct solutions. This approach underlies techniques such as rejection sampling [2], re-
ranking [48], weighted majority voting [35, 37], and step-level generation [30].

Current practice often deploys strong verifiers, typically closed-source frontier models [14]. This
practice rests on the assumption that verification quality scales with a verifier’s generation capa-
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Figure 1: Overview of our study on verification dynamics. (a) We consider generative ver-
ification: an LLM generator produces a solution to a reasoning problem, and an LLM verifier
conditions on the problem and solution to generate a verification CoT followed by a binary verdict
(“Correct”/“Incorrect”). We design controlled experiments that vary problem difficulty, generator’s
generation capability, and verifier’s generation capability, investigating how each of these factors
influence verification performance. (b) Our analysis reveals three patterns: problem difficulty governs
recognition of correct responses (true positives); generator generation capability determines error
detectability (true negatives); and verifier generation capability correlates with performance in a
difficulty-dependent manner, revealing non-linear regimes left uncovered by prior work [3].

bility [3, 18, 32]. However, verifying a solution is often easier than generating one from scratch,
a phenomenon referred to as “verification asymmetry” [38]. For instance, solving a mathematical
problem requires creativity to devise a right approach, whereas verification amounts to confirming the
correctness of each deduction. This asymmetry appears in a number of fields. In convex optimization,
dual certificates enable efficient validation of optimality of a proposed solution, while in cryptography,
primality tests check if a number is prime without discovering new primes. These observations also
suggest that the capabilities required for verification may not be fully captured by generation ability.
Thus, studying verification as a distinct capability, rather than as a simple by-product of generation
strength, warrants investigation.

Despite extensive research on generation dynamics and the factors that influence generation quality [7,
28, 39], the dynamics of verification remain largely unexplored. In particular, there is a lack
understanding of how characteristics of problems and generators’ responses, and model capabilities
interact to determine verification effectiveness. Without understanding verification dynamics, one can
risk misallocating computational resources by defaulting to expensive frontier models when simpler
alternatives might suffice. This gap in understanding motivates our central research question:

What factors influence verification success?

In this paper, we present a systematic study of generative verification across three critical dimensions:
problem difficulty, generation capability of generators, and generation capability of verifiers. Figure 1
provides an overview of our study. We quantify verification performance by measuring the probability
of the verifier recognizing both correct and incorrect generated solutions in controlled experimental
settings. Concretely, we focus on verifiable problems with objective ground-truth answers, e.g.,
mathematical reasoning. This choice allows us to rigorously validate both the verifier and the
generator performance, while also simulating the reference-free evaluation settings in which verifiers
are typically deployed in practice. While our experiments use math as a testbed, we believe the
insights should extend to any domain where correctness can be reliably defined and checked.

Main Findings. Our study reveals that verifier generation capability is not the sole determinant of
verification success, with problem difficulty and generator capability playing critical roles in different
aspects, which are shown in Figure 1. Specifically:
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• Problem difficulty primarily governs recognition of correct solutions;
• Generator capability influences error detection; i.e, errors made by weak generators are easier to

detect than those by strong generators;
• Verifier’s generation capability correlates with verification performance in a problem difficulty-

dependent manner: saturated (or uncorrelated) for easy problems, linear for medium problems, and
threshold-limited for hard problems.

Our empirical analysis includes 2347 problems from eight mathematical reasoning benchmarks,
evaluated across 14 open-source models (2B to 72B parameters) and closed-source models.

Application to TTS. We demonstrate the practical implications of our findings for TTS. First, given
the same verifier, the TTS performance of a weak generator can match the performance of a strong
generator. For instance, Gemma2-9B achieves comparable performance to Gemma2-27B given a
fixed verifier. Second, we identify specific regimes where weak verifiers can substitute for strong
ones: with strong generators, on problems at both ends of the difficulty spectrum.

2 Related Work
LLM Verification. The deployment of LLMs as verifiers/judges has emerged as a central
mechanism for scalable evaluation, with recent efforts focusing on training more effective small
judge models through fine-tuning [36, 40, 41, 46]. Beyond single-model judges, recent work
explores self-verification and multi-agent verification, where models reflect on or critique their own
outputs [27] or collaborate in debate-style or hierarchical setups to improve reliability [17]. Several
studies analyze the correlation between judge capability and evaluation performance. Krumdick et al.
[18] demonstrate limitations without human grounding, while Tan et al. [32] provide benchmarks
showing judge effectiveness, and Chen et al. [3] reveal inherent self-preference biases. Unlike these
studies that conclude that verification quality primarily depends on model generation capability, we
identified other factors that play equally important roles in determining verification performance.

Verification for Test-time Scaling. Recent studies investigate verification in TTS and explore cost-
effectiveness strategies. Zhou et al. [48] introduce the JETTS benchmark, evaluating LLM-as-judges
across several TTS methods. Angelopoulos et al. [1] develop policies to balance weak and strong
raters for statistical efficiency. Stroebl et al. [31] analyze the fundamental limits of resampling with
imperfect verifiers, showing diminishing returns as verifier quality decreases. Singhi et al. [29]
study the trade-off between solving problems directly versus using verification, proposing compute-
optimal strategies. Saad-Falcon et al. [26] propose Weaver, which aggregates weak verifiers with
weak supervision to approach strong-verifier performance. While these studies focus on optimizing
verification given fixed model qualities, we studied when weak model can approach strong ones based
on problem and generator characteristics.

3 Experimental Setup
3.1 Preliminaries
Problem and Response Space. Let x denote a problem with ground-truth answer y∗(x). A model
response r to x consists of a CoT solution and a final answer a(r), and we consider the response
correct if a(r) = y∗(x). As discussed in Section 1, our study uses verifiable problems with objective
answers, allowing us to rigorously evaluate verifier outputs against ground-truth while simulating
reference-free evaluation settings.

Generator and Verifier. A generator G maps a problem x to a distribution over responses, denoted
r ∼ G(·|x). A verifier V takes a problem–response pair (x, r) and outputs a judgment of correctness.
In the binary case, V (x, r) ∈ {0, 1}, where 1 indicates acceptance and 0 indicates rejection. More
generally, a generative verifier produces a verification CoT explaining its reasoning, followed by an
explicit verdict such as “Correct” or “Incorrect.”

Generation Capability. We measure the generation ability of a model using its pass rate. For a
generator G and problem x,

pG(x) = Pr[a(r) = y∗(x) | r ∼ G(·|x)], pG(D) =
1

|D|
∑
x∈D

pG(x)

Here pG(x) is the pass rate on a single problem, i.e., the probability that G solves x correctly
on one sampled attempt. pG(D) is the pass rate aggregated over a dataset D, which we use as
the overall measure of a model’s generation capability. It denotes the average probability that
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the generator produces a correct solution across the dataset. Specifically, drawing K responses
{r1, . . . , rK} ∼ G(· | x), we estimate

p̂G(x;K) =
1

K

K∑
i=1

1
(
a (ri) = y⋆(x)

)
, p̂G(D;K) =

1

|D|
∑
x∈D

p̂G(x;K)

where 1(·) is the Indicator function. The empirical estimate p̂G is equivalent to the unbiased pass@1
estimator used in the previous work [45], which adopts it as a measure of the generation capacity. We
also measure a verifier’s generation capability using the same metric by prompting it as a generator.

In practice, we sample 64 responses per model-problem pair. We use temperature 0.7 and top-p 1.0
as default sampling hyperparameters, and adopt recommended settings when available (e.g., Qwen3
[44]). Ground-truth correctness is established with Math-Verify [19], supplemented by fallback
methods to reduce false negatives (details in Section A.2). These 64 responses per problem–model
pair are used to estimate generation capability and problem difficulty.

Problem Difficulty. We define the difficulty of a problem as the average pass rate across a set of
diverse generators G, d(x) = 1

|G|
∑

G∈G p̂G(x). This score reflects how broadly solvable a problem
is: if most generators succeed, d(x) is high (easy problem), while if few succeed, d(x) is low (hard
problem). It provides a model-agnostic way to partition problems by difficulty, extending prior
work [30], which measured difficulty relative to a single generator.

Verification Metrics and Evaluation. We evaluate verifiers using the following metrics. The true
positive rate (TPR) is the probability of accepting a correct response, while the true negative rate
(TNR) is the probability of rejecting an incorrect one:

TPR = Pr[V (x, r) = 1 | a(r) = y∗(x)], TNR = Pr[V (x, r) = 0 | a(r) ̸= y∗(x)].

We also report balanced accuracy, Accbal =
1
2 (TPR + TNR), which accounts for class imbalance.

For verification evaluation, we subsample 8 responses from each 64-sample pool, balanced with 4
correct and 4 incorrect when possible. For very hard problems with fewer than 4 correct responses,
we keep all correct ones and sample incorrect ones to reach 8 total (and vice versa for easy problems).
Each verifier evaluates responses from all 15 models over the full test set using greedy decoding,
unless a controlled subset is specified. The prompt template is given in Section C.

Verification-Augmented Test-time Scaling. We consider the TTS setting of sampling multiple
responses from the generator and filtering with a verifier before evaluation. For each problem
x ∈ D, we sample K responses from the generator using a fixed temperature, with K = 64 in our
experiments. Without verification, TTS performance is measured as p̂G(D;K), the empirical pass
rate defined above. With verificaton, the verifier V evaluates each candidate, and only responses that
are deemed “Correct” are retained. The performance of verification-augmented TTS is measured as

p̂G,V (D;K) =
1

|D|
∑
x∈D

(
1

K ′

K∑
i=1

1
(
a(ri) = y⋆(x), V (x, ri) = 1

))

where K ′ =

K∑
i=1

1
(
V (x, ri) = 1

)
.

which is interpreted as the conditional pass rate, i.e., the fraction of correct responses among those
retained by the verifier. A corner case arises when the verifier rejects all responses (K ′ = 0); in this
case, we set the metric to the generator’s pass rate p̂G(D), so evaluation reverts to randomly selecting
from the original K responses, as in the non-verified setting. Further details appear in Section A.1.
We define the verification gain as the difference relative to the performance without verification:
∆p̂ = p̂G,V (D) − p̂G(D), which quantifies how much gain can be attributed to verification. Note
that our formulation of TTS differs from the common setting where a single “best” response (e.g.,
by weighted majority vote) is selected and then evaluated. Instead, we report the empirical pass
rate of the verifier-retained pool, which can be interpreted as the expected accuracy of uniformly
sampling one response from that pool. This expectation-based view captures the average quality of
verifier-retained responses without tying performance to a specific selection strategy.

3.2 Tasks and Models
Mathematical reasoning. We collect a total of 2347 problems from the test sets of eight mathemati-
cal reasoning benchmarks: GSM8K [4], MATH500 [11], OlympiadBench [10], AIME24/25 [21],
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AMC23 [21], Minerva-Math [20], and BBEH Multi-step Arithmetic [15]. We use the entire test sets
of these benchmarks, except for GSM8K, which we subsample from 1319 to 600 problems to balance
difficulty distribution and reduce the proportion of easy problems.

Models. We construct our model collection by including 14 models from four open-source families:
(1) Qwen2.5 at 3B, 7B, and 72B [34]; Qwen3 at 4B, 8B, and 32B [44]; (2) Llama-3.2 at 3B, Llama-
3.1 at 8B, and Llama-3.3 at 70B [9]; (3) Gemma-2 at 2B, 9B, and 27B [33]; (4) Ministral 8B and
Mistral-Small-24B; and one closed-source model GPT-4o [14]. All models are instruction-tuned
versions by default. These models are prompted as generators to produce solutions to problems, and
then prompted as verifiers to evaluate the responses. Our prompts are provided in Section C.

4 Experimental results
Our experiments focus on how problem difficulty and generator and verifier generation capability
influence verification performance. We present the three research questions and main findings below.

• RQ1: How does problem difficulty affect verification? (Section 4.1) As problems become
easier, TPR increases steadily, meaning verifiers becoming better at accepting correct responses
However, TNR shows no predictable relationship with problem difficulty. This indicates that
problem difficulty primarily influences correctness recognition but not error detection.

• RQ2: How does the generator’s generation capability influence verification? (Section 4.2) As
generators become stronger, TNR decreases substantially, while TPR increases only slightly. This
indicates that generator capability primarily determines how detectable errors are, with stronger
generators producing errors that are harder for verifiers to identify.

• RQ3: How does verifier generation capability impact verification? (Section 4.3) Verifier
generation ability and verification performance are generally positively correlated, i.e., problems
that a verifier can solve reliably are also easier to verify. However, the form of correlation depends
heavily on the problem difficulty: a linear correlation occurs only for medium-difficulty problems.
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Figure 2: Problem difficulty primarily shifts TPR while leaving TNR largely unchanged. Each
curve shows verifier performance across four difficulty groups, with the x-axis indicating problem
difficulty and the y-axis reporting TPR (a) and TNR (b). Colors denote model families, and line
styles indicate model size (small, medium, large).

4.1 How Does Problem Difficulty Affect Verification?

To examine how problem difficulty influences verification, we partition problems into four quartiles
by their difficulty score d(x). The lowest quartile (“Hardest”) contains the 25% of problems with the
smallest d(x) values, while the highest quartile (“Easiest”) contains the 25% with the largest values,
with the middle two quartiles representing intermediate difficulty.

Problem difficulty primarily influences the verifier’s ability to recognize correct responses. Our
analysis is conducted at two levels of granularity: response level and problem level. Both analyses
below reveal that problem difficulty mainly shapes the verifier’s sensitivity to correct responses, while
being uncorrelated with identifying incorrect responses.

At the response level, we compute the TPR and TNR of all responses within each quartile. As shown
in Figure 2, TPR increases steadily as problems become easier, while TNR shows no clear trend.
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This pattern is consistent across model families. At the problem level, we pool all responses from all
generators for each problem and compute a single TPR and TNR per problem. The distribution of
these metrics within each quartile is reported in Figure 8–9 of Section B.1. We observe that easier
problems yield higher and more stable TPR, while harder problems exhibit lower and more variable
TPR. In contrast, TNR distributions show no consistent correlation with problem difficulty. These
results suggest that problem difficulty primarily drives verifier TPR, which then helps explain why
and when the verification gains brought by weak and strong verifiers can converge in TTS. This
connection is examined in Section 5.

4.2 How Does Generator Capability Influence Verification?
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Figure 3: Generator capability influences verifier performance of identifying incorrect responses.
Heatmaps show (a) TPR and (b) TNR when pairing 15 verifier models (rows) with 15 generator
models (columns). Rows and columns are ordered by models’ generation capability, measured on the
same subset of problems. Values denote mean verification performance over the subset, red means
higher while blue means lower.

We study how generator capability affects verifier performance by pairing 15 verifier and 15 generator
models. For fairness, we restrict evaluation to the subset of problems where each generator produces
at least one incorrect response (for measuring TNR) and at least one correct response (for measuring
TPR). This ensures all verifiers are tested on the same problems set, removing variance from problem
selection. Figure 3 summarizes the results.

As shown in Figure 3a, TPR remains uniformly high across nearly all settings and increases further
with stronger generators. The heatmap is dominated by red, with values typically above 0.8, indicating
that most verifiers are already reliable at recognizing correct responses. As generator capability
improves, TPR approaches 1.0. This suggests that generator strength influences recognition of
correct responses in a relatively mild way. As we show next, generator capability plays a much
stronger role in shaping error detection rate TNR.

Generator capability correlates with error detection in verification. In Figure 3b, moving from
weaker generators on the left to stronger ones on the right, the heatmap shifts generally from red to
blue, indicating a substantial decrease in TNR. For example, for the Qwen2.5-72B verifier, TNR
drops from 0.68 on solutions generated by Llama-3.1-8B to 0.17 on those by Qwen3-32B. The overall
pattern is consistent across nearly all verifiers: weaker generators produce errors that are easier to
detect, while errors from stronger generators are harder to catch. These results show that generator
capability strongly modulates the detection of incorrect responses. In Section 5, we examine how this
dependence carries over to TTS, where verifier’s high TNR on weak–medium generators yields the
largest verification gains, higher than the same verifier achieves on strong generators.
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Figure 4: Diverse correlation forms between verification performance and generation capability.
Scatter plots show balanced accuracy as a function of verifier’s generation capability. Shapes indicate
model family and marker size denotes model scale. (a) Averaged across all problems, verifier genera-
tion capability exhibits a strong linear correlation with Accbal (R2 = 0.864). (b) Stratified by problem
difficulty, correlations differ: on hard problems, isotonic regression outperforms linear (0.88 vs. 0.64),
revealing a non-linear threshold effect; on medium problems, both fits are strong (0.96 vs. 0.90),
indicating linearity; on easy problems, isotonic captures saturation (0.97) while linear fails (0.48).

4.3 How does Verifier Generation Capability Impact Verification?
We measure verifier generation capability, and evaluate verification performance with balanced
accuracy (Accbal) on the entire test set. Each verifier is evaluated on responses from a range of
generators, and we report results both averaged across all problems and stratified by problem
difficulty. To characterize these trends, we fit linear and isotonic regression models [6] to each
difficulty bin and report R2 values as measures of fit quality.

Figure 4a shows a strong overall correlation between verifier generation capability and Accbal. This
result is consistent with prior work showing that evaluator accuracy tends to track evaluator’s task
performance [32], with the relationship appearing nearly linear [3]. While this global trend validates
findings in prior work [3], a closer inspection into the trend reveals highly non-linear regimes.

Verifier generation capability influences verification accuracy differently based on problem
difficulty. The stratified analysis reveals that the correlation is regime-dependent and exhibits clear
phase-transition behavior. We partition problems into 10 equal-width bins by problem difficulty
d(x) ∈ [0, 1]. In Figure 4b, we present three representative intervals: hard [0.1, 0.2), medium
[0.4, 0.5), and easy [0.8, 0.9), with the full analysis across all intervals shown in Figure 10 of
Section B.2. On hard problems (blue), Accbal improves as capability rises to roughly 0.1–0.2, but then
plateaus around 0.65, with little further gains. On medium problems (yellow), accuracy rises steadily
with capability, showing an essentially linear trend. On easy problems (red), capability saturates and
no longer predicts accuracy, suggesting other factors explain the residual variation. Regression results
(caption of Figure 4) confirm these patterns: linear models suffice for medium problems, whereas
isotonic regression better captures the nonlinear plateau and saturation.

These findings highlight the need for a regime-aware verifier strategy. On hard problems, strong
verifiers are not always necessary: once generation capability exceeds a threshold, performance
plateaus, and weaker verifiers suffice. On medium problems, increasing verifier generation ability
yields clear, consistent gains. On easy problems, the generation capability no longer predicts
performance, so other verifier properties must guide selection.

5 Application to Test-Time Scaling
Our analysis in Section 4 is conducted with verification itself as the end goal. However, our findings
have direct implications for TTS. We analyze two research questions in TTS settings that naturally
arise out of our previous findings, and present our results below:

• RQ4: Given a fixed verifier, can a weak generator match a stronger generator in TTS?
Weak generators can match stronger generators’ post-verification performance (e.g., Gemma2-9B
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Figure 5: TTS performance before and after verification when sweeping generator strength. (a)
Pass rate before (blue) and after (orange) adding a fixed verifier (GPT-4o), across generators ordered
from weaker (left) to stronger (right) by generation capability. (b) Bar chart shows the verification
gain ∆p̂ = p̂G,V − p̂G (left y-axis) for each generator. Lines show the verifier’s TNR and TPR on
the same datasets (right y-axis). Results reported on 119 problems with difficulty in [0.5, 0.6).

matches Gemma2-27B). Verification gains peak at weak-medium generators due to high TNR
filtering their errors while maintaining moderate TPR.

• RQ5: Can weak verifiers match the gains of strong verifiers in TTS? The verification gain
gap between weak and strong verifiers narrows in three regimes: easy problems (high TPR for
both), strong generators (low TNR for both), and very hard problems. The gap is largest for
medium-difficulty problems with weak-medium generators.

5.1 Can a weak generator match a stronger generator in TTS?
We evaluate TTS with a fixed verifier (GPT-4o) by sweeping generator capability and reporting pass
rates before and after verification, along with the verification gain ∆p̂ (Section 3.1).

Verification gain peaks for weak–medium generators, enabling them to match stronger models
post-verification. As shown in Figure 5a, weak generators start with much lower pass rates but
improve dramatically after verification, reaching levels comparable to larger models. For example,
Gemma2-9B starts from a significantly lower baseline but, after verification, achieves a pass rate
nearly matching Gemma2-27B, with the gap shrinking from about 8.7% to 2.6%

Figure 5b explains this phenomenon. The TNR and TPR curves in the figure reflects our finding
in RQ2 in Section 4.2: when generator strength increases (left to right), TNR decreases sharply,
while TPR rises only modestly beyond the weakest model. This leads to the inverted-U pattern
in verification gain (gray bars), which peaks at weak–medium strength. In this regime, high TNR
enables effective error filtering while moderate TPR preserves sufficient correct responses, allowing
weak–medium generators to catch up to larger ones in post-verification performance. For the strongest
generators, however, errors are harder to identify without a substantially stronger verifier, leading to a
collapse in TNR and limiting further verification gains.

Figure 5 highlights this effect on a specific difficulty slice (d(x) ∈ [0.5, 0.6]), while Figure 11
includes the complete analysis across the full difficulty spectrum. We observe consistent trends across
different difficulty levels: in medium-difficulty problems, weak generators can match larger ones,
confirming that the “catch-up” effect is not limited to a single difficulty band. Overall, with a fixed
verifier, weak or medium generators combined with verification can achieve performance comparable
to larger models, providing a more compute-efficient alternative without loss of quality.

5.2 Can weak verifiers match the gains of strong verifiers in TTS?
We analyze the gap in verification gains between a strong verifier and a weaker one across problem
difficulty ranges and generator strengths, as shown in Figure 6. Our goal is to identify when this
gap narrows, since such regimes suggest weak verifiers can substitute for strong ones.

The gap narrows on easier problems. As shown in Figure 6a, the difference in verification gain
shrinks as problem difficulty decreases, which corresponds to the rising TPR in Figure 6b. This
mirrors our earlier finding in RQ1: easier problems improve TPR for both weak and strong verifiers.
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Figure 6: Weak vs. strong verifiers under varying problem difficulty and generator strength.
The x-axis shows problem difficulty, ordered from hardest to easiest measured relative to each
generator. (a) Verification gain gap (∆pVstrong −∆pVweak ) between a strong verifier (GPT-4o) and a
weaker one (Qwen2.5-7B) when applied to weak (Llama-3.2-3B), medium (Llama-3.1-8B), and
strong (Qwen2.5-72B) generators. (b) TPR increases as problems become easier. (c) As generators
strengthen, TNR decreases overall, and the TNR gap (shadow band) between strong and weak
verifiers narrows.

Consequently, even weak verifiers reliably recognize correct responses on easy problems, leaving little
room for strong ones to provide additional benefit. Noted that the practical impact of this narrowing
gap is limited because verification itself becomes less useful on easy problems. As seen in Figure 12,
verification gains decrease for both strong and weak verifiers on easy problems. Thus, while the gap
between verifiers narrows, this occurs in a regime where verification provides minimal practical value.

The gap narrows as generators become stronger. Figure 6a shows that increasing generator
capability reduces the difference between weak and strong verifiers. This is consistent with Section 4.2
(RQ2), where we observed that verifier’s TNR decreases as generator capability increases. Because
both weak and strong verifiers experience lower TNR, the gap between them also shrinks (see the
narrowing shaded band between solid and dashed curves in Figure 6c).

The gap dips in the hardest problem regime. In the hardest bins, the verification-gain gap again
becomes small. As shown in Figure 6b, weak verifiers even exhibit slightly higher TPR than
strong verifiers, reflecting a more aggressive tendency to mark responses as correct. From another
perspective, Figure 12 and RQ3 show that balanced accuracy quickly saturates on very hard problems,
leaving only small performance differences between verifiers.

These results indicate that strong verifiers provide the largest advantage in the medium-difficulty
regime, particularly when paired with weak or medium-strength generators. In contrast, at the
extremes such as very easy problems, very hard problems, or cases where generators are already very
strong, weak verifiers can approximate the strong ones in TTS. However, these convergence regimes
coincide with minimal verification benefit overall. As Figure 12a shows, verification gains for both
verifiers drop below 0.05 for very hard problems and very easy problems, while strong generators
(Qwen2.5-72B) yield peak gains of only 0.1. Thus, while weak and strong verifiers converge in these
regimes, this occurs where verification adds little value to TTS.

6 Conclusion
We studied LLM verification across problem difficulty, generator capability, and verifier’s generation
capability, revealing that verification success depends on interactions between these factors rather than
verifier’s generation capability alone. We found that problem difficulty primarily shapes correctness
recognition, generator capability influences error detectability, and verifier generation capability
correlates with verification in a problem-difficulty-dependent patterns. These insights have practical
implications on TTS. With a fixed verifier, weaker generators can approach the post-verification
performance of stronger ones. Weak verifiers can also substitute for strong ones in specific regimes
of problem difficulty and generator capability. This enables strategic model pairing that reduces
computational costs while maintaining performance quality. Our results advocate for a regime-aware
approach to allocate compute for verification. While our study focuses on math reasoning, these
principles extend to other domains with verifiable outputs, warranting future investigation.
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Appendix

A Additional Preliminaries and Setup

A.1 Verification-Augmented Test-time Scaling.

In Section 3, we have defined that TTS performance without verification is measured as p̂G(D;K),
while the performance of verification-augmented TTS is measured as

p̂G,V (D;K) =
1

|D|
∑
x∈D

(
1

K ′

K∑
i=1

1{a(ri) = y⋆(x), V (x, ri) = 1}

)

where K ′ =

K∑
i=1

1{V (x, ri) = 1}.

There are two corner cases require special handling when using these metrics.

Case 1: The verifier rejects all candidates. If the verifier assigns “Incorrect” to every response,
then K ′ = 0. In this case, there is no accepted response to evaluate. To ensure that the metric remains
well defined and comparable to the baseline, we fall back to the generator’s empirical pass rate:

p̂G,V (D;K) = p̂G(D;K).

This corresponds to randomly selecting one of the K samples, exactly as in the non-verified setting.
Intuitively, if the verifier provides no usable signal, performance should revert to the generator alone.

Case 2: The verifier is undecided. In some situations, the verifier does not produce a clear verdict
(e.g., neither “Correct” nor “Incorrect”), which we denote as V = −1. We refer to this as the
verifier being undecided. To handle these undecided cases, we introduce a randomized acceptance
rule: when V = −1, the response is retained with probability q ∈ (0, 1) and rejected otherwise. In
our implementation, we set q = 1

2 , corresponding to flipping a fair coin. To avoid randomness in
evaluation, we use the deterministic expression corresponding to the expected value of the randomized
coin-flip procedure. In this view, each undecided response contributes a fractional weight q to both
numerator and denominator. This yields the estimator

p̂G,V,q(D;K) =
1

|D|
∑
x∈D

∑K
i=1 1 {a (ri) = y⋆(x)} (1 {V (x, ri) = 1}+ q1 {V (x, ri) = −1})∑K

i=1 (1 {V (x, ri) = 1}+ q1 {V (x, ri) = −1})

For the choice q = 1
2 , undecided responses are half-weighted in both numerator and denominator.

This ensures that responses with uncertain verifier judgments still influence the metric proportionally,
while keeping evaluation stable and unbiased.

A.2 Evaluating the Response Correctness

Here we detail the evaluation procedure for establishing response correctness, including fallback
methods. Ground-truth correctness is determined using Math-Verify [19]. If Math-Verify fails to
parse an answer or returns incorrect, we recheck with other string-matching verifiers from open-source
repositories lm-eval [8], Dr.GRPO [23], and Qwen2.5-Math [43]. We further apply GPT-4.1-mini
and Qwen2.5-72B to conduct reference-based evaluation and check the equivalence of the model
prediction and ground-truth answers. The prompt template for LLM-based verification is provided in
Section C.

B Additional results

B.1 Problem difficulty
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Figure 7: TPR and TNR trends across problem difficulty for each verifier model. Each panel shows
the TPR and TNR of a single verifier across four difficulty quartiles. Across all models, TPR
increases steadily as problems become easier, while TNR remains largely unchanged, confirming that
problem difficulty mainly affects recognition of correct responses rather than rejection of incorrect
ones.
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Figure 8: Problem difficulty has a strong effect on TPR across problems. Each boxplot shows
the distribution of per-problem TPR for 15 verifier models, grouped by difficulty quartiles (hardest
25% to easiest 25%). Easier problems yield consistently higher and less variable TPR, while harder
problems result in lower and more dispersed TPR.

Figure 9: Problem difficulty has little effect on TNR across problems. Each boxplot shows the
distribution of per-problem TNR for each verifier model, grouped by difficulty quartiles (hardest
25% to easiest 25%). In contrast to TPR, the TNR distributions remain narrow and stable across all
quartiles, indicating that problem difficulty has minimal impact on rejecting incorrect responses.
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B.2 Verifier generation capability
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Figure 10: Correlation between verification performance and generation capability across
problem difficulty ranges. Balanced accuracy as a function of verifier generation capability for
difficulty ranges from (0.0,0.1) to [0.9,1.0). Performance shows three distinct regimes: threshold-
limited plateaus on hard problems (0.0-0.4), sharp monotonic increases on medium problems (0.4-0.7),
and high variance despite capability saturation on easy problems (0.7-1.0). Marker shapes indicate
model family; sizes represent model scale.

B.3 Test-time scaling

16



G2-2
7B

M-8B L-3B L-8B

Q2.5
-3B

G2-2
B
G2-9

B

Q2.5
-7B

M-24
B

Q2.5
-72

B
L-70

B
gp

t-4
o
Q3-4

B
Q3-8

B

Q3-3
2B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  (0.0,0.1)

G2-2
7B

M-8B L-3B L-8B

Q2.5
-3B

G2-2
B
G2-9

B

Q2.5
-7B

M-24
B

Q2.5
-72

B
L-70

B
gp

t-4
o
Q3-4

B
Q3-8

B

Q3-3
2B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0
Pa

ss
@

1 
R

at
e

Problem Difficulty (Pass@1 rate)  (0.0,0.1)

G2-2
B

M-8B L-8B
G2-9

B
L-3B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

Q2.5
-72

B
gp

t-4
o
L-70

B
Q3-4

B
Q3-8

B

Q3-3
2B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.1,0.2)

G2-2
B

M-8B L-8B
G2-9

B
L-3B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

Q2.5
-72

B
gp

t-4
o
L-70

B
Q3-4

B
Q3-8

B

Q3-3
2B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.1,0.2)

G2-2
B

L-8B L-3B
G2-9

B
M-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B

gp
t-4

o

Q2.5
-72

B
Q3-4

B
Q3-8

B

Q3-3
2B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.2,0.3)

G2-2
B

L-8B L-3B
G2-9

B
M-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B
gp

t-4
o

Q2.5
-72

B
Q3-4

B
Q3-8

B

Q3-3
2B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.2,0.3)

G2-2
B

L-3B
G2-9

B
L-8B M-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B

gp
t-4

o
Q3-4

B

Q2.5
-72

B
Q3-8

B

Q3-3
2B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.3,0.4)

G2-2
B

L-3B
G2-9

B
L-8BM-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B
gp

t-4
o
Q3-4

B

Q2.5
-72

B
Q3-8

B

Q3-3
2B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.3,0.4)

G2-2
B

L-3B
G2-9

B
L-8B M-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B

gp
t-4

o
Q3-4

B

Q2.5
-72

B
Q3-8

B

Q3-3
2B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.4,0.5)

G2-2
B

L-3B
G2-9

B
L-8BM-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B
gp

t-4
o
Q3-4

B

Q2.5
-72

B
Q3-8

B

Q3-3
2B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.4,0.5)

G2-2
B

L-3B
G2-9

B
L-8B M-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B
Q3-4

B
gp

t-4
o
Q3-8

B

Q2.5
-72

B

Q3-3
2B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.5,0.6)

G2-2
B

L-3B
G2-9

B
L-8BM-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B
Q3-4

B
gp

t-4
o
Q3-8

B

Q2.5
-72

B

Q3-3
2B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.5,0.6)

G2-2
B

L-3B
G2-9

B
L-8B M-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B
Q3-8

B
gp

t-4
o
Q3-4

B

Q3-3
2B

Q2.5
-72

B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.6,0.7)

G2-2
B

L-3B
G2-9

B
L-8BM-8B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

L-70
B
Q3-8

B
gp

t-4
o
Q3-4

B

Q3-3
2B

Q2.5
-72

B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.6,0.7)

G2-2
B

L-3B L-8B M-8B
G2-9

B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

Q3-4
B

L-70
B

gp
t-4

o

Q3-3
2B

Q3-8
B

Q2.5
-72

B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.7,0.8)

G2-2
B

L-3B L-8BM-8B
G2-9

B

G2-2
7B

Q2.5
-3B

M-24
B

Q2.5
-7B

Q3-4
B
L-70

B
gp

t-4
o

Q3-3
2B

Q3-8
B

Q2.5
-72

B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.7,0.8)

G2-2
B

L-3B L-8B M-8B
G2-9

B

Q2.5
-3B

G2-2
7B

Q2.5
-7B

M-24
B

L-70
B
Q3-4

B
Q3-8

B

Q3-3
2B

gp
t-4

o

Q2.5
-72

B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.8,0.9)

G2-2
B

L-3B L-8BM-8B
G2-9

B

Q2.5
-3B

G2-2
7B

Q2.5
-7B

M-24
B
L-70

B
Q3-4

B
Q3-8

B

Q3-3
2B

gp
t-4

o

Q2.5
-72

B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.8,0.9)

G2-2
B

L-3B L-8B M-8B

Q2.5
-3B

G2-9
B

G2-2
7B

Q2.5
-7B

Q3-8
B
Q3-4

B
M-24

B

Q3-3
2B

L-70
B
gp

t-4
o

Q2.5
-72

B

Generator Models

0.0
0.2
0.4
0.6
0.8
1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.9,1.0)

G2-2
B

L-3B L-8BM-8B

Q2.5
-3B

G2-9
B

G2-2
7B

Q2.5
-7B

Q3-8
B
Q3-4

B
M-24

B

Q3-3
2B

L-70
B
gp

t-4
o

Q2.5
-72

B

Generator Models

0.0

0.2

0.4

0.6

0.8

1.0

Pa
ss

@
1 

R
at

e

Problem Difficulty (Pass@1 rate)  [0.9,1.0)

Figure 11: Verification-augmented TTS performance across the full range of problem difficulties.
Each pair of figure corresponds to a different difficulty interval (measured by pass rate d(x)), with the
left panel showing pass rates before (blue) and after (orange) verification, and the right panel showing
verification gain ∆p (bars) alongside the verifier’s TNR (green) and TPR (purple). Compared to
Figure 5, which focused only on problems with d(x) ∈ [0.5, 0.6], this includes all possible difficulty
range.

17



Generators
Weak (Llama3.2-3B)
Medium (Llama3.1-8B)

Strong (Qwen2.5-72B)
Verifiers

Strong (GPT-4o) Weak (Qwen2.5-7B)

(0-
0.1

)

[0.
1-0

.2)

[0.
2-0

.3)

[0.
3-0

.4)

[0.
4-0

.5)

[0.
5-0

.6)

[0.
6-0

.7)

[0.
7-0

.8)

[0.
8-0

.9)

[0.
9-1

.0)

Problem Difficulty

0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35

Ve
rif

ic
at

io
n 

G
ai

n

(a) Verification Gain

(0-
0.1

)

[0.
1-0

.2)

[0.
2-0

.3)

[0.
3-0

.4)

[0.
4-0

.5)

[0.
5-0

.6)

[0.
6-0

.7)

[0.
7-0

.8)

[0.
8-0

.9)

[0.
9-1

.0)

Problem Difficulty

0.000
0.025
0.050
0.075
0.100
0.125
0.150
0.175

Ve
rif

ic
at

io
n 

G
ai

n 
G

ap

(b) Verification Gain Gap

(0-
0.1

)

[0.
1-0

.2)

[0.
2-0

.3)

[0.
3-0

.4)

[0.
4-0

.5)

[0.
5-0

.6)

[0.
6-0

.7)

[0.
7-0

.8)

[0.
8-0

.9)

[0.
9-1

.0)

Problem Difficulty

0.4

0.6

0.8

1.0

Tr
ue

 P
os

iti
ve

 R
at

e

(c) TPR

(0-
0.1

)

[0.
1-0

.2)

[0.
2-0

.3)

[0.
3-0

.4)

[0.
4-0

.5)

[0.
5-0

.6)

[0.
6-0

.7)

[0.
7-0

.8)

[0.
8-0

.9)

[0.
9-1

.0)

Problem Difficulty

0.2

0.4

0.6

0.8

Tr
ue

 N
eg

at
iv

e 
R

at
e

(d) TNR

(0-
0.1

)

[0.
1-0

.2)

[0.
2-0

.3)

[0.
3-0

.4)

[0.
4-0

.5)

[0.
5-0

.6)

[0.
6-0

.7)

[0.
7-0

.8)

[0.
8-0

.9)

[0.
9-1

.0)

Problem Difficulty

0.5

0.6

0.7

0.8

0.9

B
al

an
ce

d 
A

cc
ur

ac
y

(e) Accbal

Figure 12: Analyzing verification gain gaps and TPR/TNR/Accbal between weak and strong
verifiers under varying problem difficulty and generator strength. The x-axis of all subfigures
shows problem difficulty measured relative to each generator. (a) Verification gain (∆p) for both
strong (GPT-4o, solid lines) and weak (Qwen2.5-7B, dashed lines) verifiers across three generators:
weak (Llama-3.2-3B), medium (Llama-3.1-8B), and strong (Qwen2.5-72B). Both verifiers show
inverted-U patterns, with gains peaking at medium difficulty. (b) Verification gain gap (∆pVstrong −
∆pVweak ) between strong and weak verifiers. The gap is largest for medium-difficulty problems and
narrows at both extremes (very easy and very hard problems). (c) TPR increases steadily as problems
become easier for all generator-verifier combinations. (d) TNR shows higher values with weaker
generators and decreases as generators become stronger, with the gap between weak and strong
verifiers narrowing for stronger generators. (e) Balanced accuracy (Accbal) improves with problem
easiness. Shaded regions visualize the performance gap between strong and weak verifiers for each
generator. The gap is smallest at hard problems.

18



C Prompt templates

Response Generation Prompt. Here, we provide the prompt for generating model responses to math
questions. For each model, we use its default system prompt as specified in the model documentation.

### User Prompt
{problem}
Please reason step by step, and put your final answer within \\boxed{{}}.

Verification Evaluation Prompt. Below we present the prompt template used to evaluate verification
performance.

### System Prompt
Please act as an impartial judge and evaluate the correctness of the response provided by an AI
assistant to the user prompt displayed below. You will be given the assistant’s response.

When evaluating the assistant’s response, identify any mistakes or inaccurate information. Be as
objective as possible. Avoid any biases, such as order of responses, length, or stylistic elements
like formatting.

Before providing an your final verdict, think through the judging process and output your thoughts
as an explanation

After providing your explanation, you must output only one of the following choices as your final
verdict with a label:

1. The response is correct: [[Correct]]
2. The response is incorrect: [[Incorrect]]

Use the following template:
Explanation: Your detailed thought process as an explanation.
Verdict: [[Correct]] or [[Incorrect]].

### User Prompt
<|User Prompt|>
{question}

<|The Start of Assistant’s Answer|>
{response}
<|The End of Assistant’s Answer|>

Fallback Verification Prompt. When Math-Verify returns unparsable or incorrect results, we employ
LLM-as-judge as a fallback mechanism for correctness verification. Below we provide the prompt
template used for this secondary verification step:

### User Prompt
Given a math problem, its correct answer, and the model’s generated answer, determine if the
model’s generated answer is correct.

VALIDATION CRITERIA:
1. Identify the final answer, which is usually put inside \\boxed{{answer}} or **answer**.
2. The answer must be mathematically equivalent to the correct answer
3. The answer must be complete with a clear final result
4. The answer must not just contain similar numbers - it must reach the correct conclusion
5. If the generated answer contains multiple different final answers or is ambiguous about which is
the final answer, mark it as ’False’

IMPORTANT: Just having the same numbers as the ground truth is NOT sufficient - the model must
actually solve the problem correctly and provide the correct final answer in the designated format.

Respond with ’True’ if the answer is correct and complete, and ’False’ if it is incorrect or
incomplete.
Directly provide your judgement ’True’ or ’False’ without any other description.

Problem: {problem}
Correct Answer: {ground_truth_answer}
Model’s Generated Answer: {model_response}
Your judgement:

19


	Introduction
	Related Work
	Experimental Setup
	Preliminaries
	Tasks and Models

	Experimental results
	How Does Problem Difficulty Affect Verification?
	How Does Generator Capability Influence Verification?
	How does Verifier Generation Capability Impact Verification?

	Application to Test-Time Scaling
	Can a weak generator match a stronger generator in TTS?
	Can weak verifiers match the gains of strong verifiers in TTS?

	Conclusion
	Additional Preliminaries and Setup
	Verification-Augmented Test-time Scaling.
	Evaluating the Response Correctness

	Additional results
	Problem difficulty
	Verifier generation capability
	Test-time scaling

	Prompt templates

