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Abstract

We explore reinforcement learning methods for finding the optimal policy in the nearly linear-
quadratic control systems. In particular, we consider a dynamic system composed of the summa-
tion of a linear and a nonlinear components, which is governed by a policy with the same structure.
Assuming that the nonlinear part consists of kernels with small Lipschitz coefficients, we charac-
terize the optimization landscape of the cost function. While the resulting landscape is generally
nonconvex, we show local strong convexity and smoothness of the cost function around the global
optimizer. In addition, we design a policy gradient algorithm with a carefully chosen initialization
and prove that the algorithm is guaranteed to converge to the globally optimal policy with a linear
rate.

1. Introduction

Reinforcement learning (RL) is one of the three basic machine learning paradigms, alongside su-
pervised and unsupervised learning. RL is learning via trial and error, through interactions with an
environment and possibly with other agents. In RL, an agent takes an action and receives a rein-
forcement signal in terms of a numerical reward, which encodes the outcome of the chosen action.
In order to maximize the accumulated reward over time, the agent learns to select actions based
on past experiences (exploitation) and/or by making new choices (exploration). In recent years, we
have witnessed successful RL applications in many areas, including robotics control [16, 18], Al-
phaGo [27], Atari games [23], autonomous driving [17], and stock trading [7]. Despite its practical
successes, theoretical understanding of RL is still limited and at its primitive stage.

In an effort to better understand the theory of RL, there has been a surge of theoretical works
on the study of the Linear Quadratic Regulator (LQR) problem, which is a special class of control
problems with linear dynamics and quadratic cost functions [5, 9, 13, 21, 24]. In the seminal work
of [9], the authors studied an LQR problem with deterministic dynamics over an infinite horizon.
They proved that the simple policy gradient method converges to the global optimal solution with a
linear rate (despite nonconvexity of the objective). Their key idea is to utilize the Riccati equation
(an algebraic-equation characterization that only works for LQR problems) and show that the cost
function enjoys a gradient dominant property. Later on, this result has been extended to other
settings such as linear dynamics with additive or multiplicative Gaussian noise, finite-time horizon,
and modifications of policy-gradient methods [5, 13, 21, 24].

Despite the desirable theoretical properties of LQR, this setting is very limited in practice due to
nonlinear nature of many real-world dynamic systems. From a technical perspective, it is still not
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clear how much we can go beyond the linear setting and still maintain the desirable properties of
LQR. A preliminary attempt in this direction is to study learning-based methods for linear systems
perturbed by some nonlinear kernel functions of small magnitude, which is throughout denoted as
nearly linear-quadratic systems. The motivations for considering this setting are two-fold: (1) Many
nonlinear systems can be locally approximated by an LQR with a small nonlinear correction term
via local expansions. (2) Analyzing the nearly linear-quadratic system provides a natural perspective
to evaluate the stability of LQR systems. This could further address the question of how robust LQR
framework is with respect to model mis-specifications and, more broadly speaking, how reliable the
nearly linear-quadratic systems (including LQR problems as a special case) are.

Our Work and Contributions. In this work, we first study the optimization landscape of a special
class of nonlinear control systems and propose a policy-gradient-based algorithm to find the optimal
policy. Specifically, we consider nonlinear dynamics consisting of both a linear part and a nonlinear
part. The nonlinear part is modeled by a linear combination of differentiable kernels with small
Lipschitz coefficients. The kernel basis is known to the agent but the coefficients are not available
to the agent. In addition, we allow agents to apply nonlinear control policies in the form of a
sum of a linear and a nonlinear part where the nonlinear part lies in the same span of the kernel
basis for the dynamics. Our analysis shows that the cost function is locally strongly convex in a
small neighborhood containing both a carefully chosen initialization point and the globally optimal
solution. With these properties in hand, a zeroth-order policy-gradient method is proposed that is
guaranteed to converge to the globally optimal solution with a linear rate.

Related Work. Our work is related to three categories of prior work:

First, our framework and analysis tools are closely related to learning-based methods for LQR
problem and its variants, including the policy gradient methods in [5, 9, 12-14, 21, 24, 37] and actor-
critic methods in [15, 34, 38]. All these works focus on linear systems with a class of linear policies
and show the global convergence property. These works assume [linearity in both the dynamics
and control policies. In contrast, we make a step into the nonlinear world by analyzing the policy
gradient method for nonlinear systems (that are “near-linear” in certain sense).

Second, our work is also related to the literature on nonlinear control systems. See [26] for
a comprehensive review of this topic and [28, 29, 31, 35] for some recent developments such as
feedback linearization and neural networks approximation. While our work is largely inspired by
[25], this one is different from it. [25] considers dynamics consisting of a linear part and a small
(and unknown) nonlinear part. However, the authors only consider linear policies, whereas the agent
in our framework is allowed to explore nonlinear control policies, which is more general and leads
to a better solution. To the best of our knowledge, this is the first theoretical work that shows global
convergence for a system with both nonlinear dynamics (with continuous state and action spaces)
and nonlinear control policies in the learning setting.

Finally, our work is related to the line of works on policy gradient. In addition to LQR, policy
gradient methods have also been applied to learn Markov decision processes (MDPs) with finite
state and action spaces. See [1, 4, 6, 8, 11, 19, 20, 30, 32, 33, 36, 38] for some recent developments
that provide global convergence guarantees of the policy gradient method and its variants.

Notation. In this work, || - || is always the 2-norm for vectors and matrices, and || - || » is the
Frobenius norm. In addition, i1 < y2,y1 < yo and y1 2 y2 mean y1 < cyo,y1 = cy2 and y1 > cyo
for some absolute constant ¢, respectively.
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2. Problem Setup

We consider a dynamical system with state z; € R™ and control input u; € RP:
x4 = Az + Cop(xy) + Buy, (1

where A € R™*", C' € R™*4, B € R™*P, and a kernel basis ¢(z) = (¢1,--- , ¢q) ' (z) with ¢;(x) :
R" - R (i =1,2,---,d) that satisfies certain Lipschitz conditions (specified in Assumption 4.1).

We focus on the class of stationary Markovian strategies which are linear combinations of the
current state and kernels of the current state

u = — Ky — Kog(y), )

with K; € RP*™ and Ko € RP*4. In addition, we consider the following domain €2 (i.e., the
admissible control set) for K:

Q={K: |(A-BK)"|| < cpl, vt > 1, |C — BKs|| < 2}, 3)

for some ¢; > 1,p; € (0,1), and co > 1 (to be specified later). It is easy to show that such a
controller is asymptotically stable, i.e., ||z¢|| — 0 as ¢ — oo. Further, we consider the quadratic
cost function C : RP*("+d) _ R with K = (K1, K»):

C(K) = Egy~p [Z z{ Quy + uf Ruy| 4)

t=0

where the expectation is taken with respect to xy (drawn from a distribution D). The state trajectory
{x};2, is generated via the control policy K defined in Equation (2). Here, @ and R are symmetric
positive-definite matrices. The objective is to find the optimal policy K that minimizes the cost
function C(K).

3. Algorithm

Let us now present our policy gradient algorithm to learn the optimal control for minimizing (4).

Using a zeroth-order optimization framework, Algorithm 1 provides an estimate VC(K) for the
policy gradient VC(K). This estimate can be used in the following policy gradient update rule:

K™ = K" — gVC(K™), K° =K' )
where the initial policy K'"™ = (K], K}") is chosen by solving/learning a linear approximation

of the original system (1)-(4). Specifically, K {in is defined to be the optimal control policy for the
following problem:

o
Z xtTQact + utTRut
t=0

min E, ..p
K o

subject to Tt41 = Al‘t + But, U = —Kll’t. (6)
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It is known in optimal control literature [2, 3] that K {in is uniquely determined when (A, B) is
controllable. Let the positive definite matrix P be a solution to the Algebraic Riccati Equation
(ARE),

P=ATPA+Q—-ATPB(R+B"PB)'BTPA. (7
The optimal controller for the problem (6) is then given as:
Ki™ = (R+ B"PB)"'BTPA. ®)

Further, set KJ" = (R + BT PB)"!BTPC. It is easy to see that K} is well defined since the
matrix R 4+ BT PB is positive definite thus invertible. In the next section, we will show that:

* The optimal solution to the nonlinear control problem (1)-(4) can only be attained in a small
neighborhood of the controller K1,

« The cost function (4) is strongly convex and smooth in a neighborhood of K.

Utilizing these two facts, we can establish the convergence rate of Algorithm 1 to global optimality.

Algorithm 1 Policy Gradient Estimation

1: Input: Policy K = (K1, K3), number of trajectories J, smoothing parameter 7, and episode
length T'
2: forj=1,2,...,Jdo
3:  Sample a policy Ki=K+Ui , where U7 is drawn uniformly at random over matrices whose
Frobenius norm is r.

4:  Sample zg ~ D.

5 fort=0,1,...,Tdo

6: Set uy = —I?{xt — I?%¢(J)t)

7 Receive the cost ¢; and the next state x; 41 from the system.
8 end for R

9:  Calculate the estimated cost C; = Z?:o ct
10: end for R
11: return VC(K) = %ijo T%CAjUj, where D = p(n + d).

4. Main Results

In this section, we characterize the optimization landscape of the cost function and establish con-
vergence analysis of Algorithm 1. Particularly, we first show a local strong convexity result of the
cost function around the global minimum. Then, we prove that the global minimum point is close
to our carefully chosen initialization. Finally, we prove the convergence of Algorithm 1. Before we
state our main results, we make the following assumptions for problem (1)-(4).

Assumption 4.1 We assume that ¢ is differentiable, $(0) = 0 and ||p(x) — ¢(2)|| < €|z — 2|
for some £ > 0. Moreover, we assume that ||V ¢(x) — Vo(z')|| < O ||x — || for some ¢! > 0.

Assumption 4.1 states that the kernel function ¢ is ¢-Lipschitz and ¢'-gradient Lipschitz. The
following assumption is on the matrices (J, R and is standard in the literature [22].
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Assumption 4.2 We assume that ), R are positive definite matrices for which ||Q|| ,||R| < 1.
Further, R+ BT QB = oI for some o > 0.

The upper bound one (on the norms of ) and R) in Assumption 4.2 is for the ease of presentation
and can be generalized to any arbitrary number by rescaling the cost function. The second part of
the assumption guarantees that the cost function has quadratic growth and makes the problem well-
defined [25]. Our next assumption concerns the initial distribution of the state dynamics.

Assumption 4.3 We assume that the initial distribution D is supported in a region with radius Dy,
i.e., ||z|| < Dy for x € D with probability one. Also, E [1)(20)y(z0) "] = 0,1 for some o5 > 0,
where (z) = (z 7, p(z)")T.

Assumption 4.3 requires the state initial distribution to be bounded. This assumption simplifies
the proof in the latter sections and can be replaced by assuming a bound on the second and the third
moments [9]. Also, the covariance matrix E [¢(z0)t(z0) '] is assumed to be bounded below from
a positive constant matrix o, /. This “diverse covarate” assumption ensures that there is sufficient
exploration (in all directions of the state space) even with a greedy algorithm. Finally, we lay out
another regularity condition on the coefficient matrices (A, B) and the initializer K.

Assumption 4.4 The pair (A, B) is controllable. Let K'™ = (K1 K) be defined in Section
3. Also, let |[(A— BK™)|| < (i) for all t > 1, and ||C — BK§®|| < i for some
pin e (0,1) and cin, cin > 0.

Assumption 4.4 states that the controller K™ enjoys stability property. The controllablity as-
sumption on the pair (A, B) is standard in the literature [5].

We now state to our results. The first theorem characterizes the landscape of the cost function.
It shows that the cost function is strongly convex and smooth in a neighborhood of the initialization
K'"" when the Lipschitz constants ¢ and ¢ are sufficiently small. Further, we prove the optimal
controller K* is inside this region. We defer the proof to Appendix A in the supplementary material.

. . lin
Theorem 4.5 Denote I’ = max {||A]|, || B|,||C] , HKIIHH ,1}. Foranycy > 2di™, py € {pl . 1) ,

2
lin :rp < (1—p1)7(020)* < (1—p1)¥(020)?
22" iflS (c1+02)cch(1+F)8Dg’£ ~ \ (c1+c2)2c3ci5(1+1)6DF ) then

(a) there exists a region A(6) = {K : ||[K — K'™||, <&} C Qwith§ = % such that

4,42
[%eiDg .

C(K) is p-strongly convex and h-smooth in A(0) with yu = o0, h < =L

(b) the global minimum of C(K) is achieved at a point K* € A(/3).

Part (a) of Theorem 4.5 indicates that the cost function C(K) is strongly convex and smooth
within a §-neighborhood of the initializer K. Part (b) shows that the optimal controller K* lies in
a 6 /3-neighborhood of the initializer K. Consequently, the cost function is strongly convex and
smooth in a region that contains both the initialization K" and the global optimizer K*.

Given the landscape results, if VC(K) is assumed to be known, starting from the initialization
K" the policy gradient descent leads to finding the global minimum of the cost function C(K).
Hence, it is not surprising that Algorithm 1 converges to the globally optimal solution with one-
point gradient estimation in Algorithm 1. This result is formally stated in Theorem 4.6. The proof
of Theorem 4.6 can be found in Appendix B in the supplementary material.
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Theorem 4.6 Assume the conditions in Theorem 4.5 hold. Let ¢ > 0 and v € (0,1) be given.

Suppose the step size n < % and the number of gradient descent step M > ﬁ log (g\ / % .

Further, assume the gradient estimator parameters in Algorithm 1 satisfy r < min {g, ﬁegmd},

D? 4ADM 1 6DC,
J > ——log max {36 (C(K*) + 2h82)° 144Cr‘iax} T > log ———max
Cerad” v 1—p €grad”
where D = p(n + d) and Chax = %, and egrqg = min {%”,u ﬁ} Then with

probability at least 1 — v, we have C(K™M) — C(K*) < e.

This result shows that, despite the existence of nonlinear terms, finding the optimal control policy
is still tractable when nonlinear terms are “sufficiently small”.

5. Conclusions

We consider a nonlinear optimal control problem, characterize the local strong convexity of the cost
function, and prove that the globally optimal solution is close to the carefully chosen initialization.
In addition, we design a zeroth-order policy gradient algorithm and establish a convergence result
under a proposed policy initialization scheme of the nonlinear control problem. We hope these
results would shed light on the efficiency of policy gradient methods for nonlinear optimal control
problems when the underlying models are unknown to the decision maker. The future work is
to investigate the sample complexity of the algorithm and extend the analysis on quadratic cost
functions to more general cost functions.
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Appendix A. Proof of Theorem 4.5

Denote the value function and () function conditioned on the initial position as

Vk(z) = E [Z :cg—th + utTRut xo = x,u = — Koy — Kodp(y) | )
t=0
Qr(z,u) = z'Qr+u' Ru+ Vi(Az+ Co(x) + Bu). (10)

First, we provide a characterization of the value function, which is shown in the next lemma.

Lemma A.1 (Value Function) The value function takes the form

Vi(z) = 2 Pryx + G (2), (11)
where Py, satisfies
(A— BK))"Pg,(A— BK,) — Pg, + Q + K/ RK; =0, (12)
and G (x) is defined as
Grl(z) = Tr ((KQTRKQ +(C — BKy) Py, (C — BKQ)) 3 qﬁ(xt)qﬁ(xt)T)
t=0

+2Tr ((KIRKQ 4 (A— BE) T Pg,(C — BKQ)) f: (ﬁ(xt)x:), (13)
t=0
and {x,}{2 is the trajectory generated by the policy K = (K, K3) starting with the initial position
xo = T.
Proof By Bellman equation, the value function satisfies,
Vk(z) = z'Qu+ (KL’U + K2¢(x))TR(K1x + K2¢(95))
+Vic(Az = B(Kqz + Ka6(x)) + Co(x) )
= 2'(Q+ K| RK\)z + ¢(z) " K; REK»¢(x) + 22" K| RK2¢(x)
Vi ((A — BKy)z + (C — BK2)¢(J;)).
Define G (v) = Vi (z) — o Pk, x, we have

z' Py, x4 Gy (x)
= 2"(Q+ K| RK))x + ¢(z)" Ky RKyp(2) + 22" K| RK»p(x)

+((A — BEK)z+(C — BK2)¢(33))TPK1 ((A — BEK)z+(C — BK2)¢($)) + Gr(z1),
with 21 = (A — BKj)x + (C — BK3)¢(x). Since Py, satisfies (12), we have

Gr(z) = ¢)7 (KJ REs + (C — BE»)" Py, (C — BKQ))QS(x)

10
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+217 <K1TRK2 + (A - BE;) P, (C — BKQ))QS(:U) + Gre(z1)
= T (K] RE; + (C = BE2) " Pie,(C = BE2) ) d(@)(x)" )

2Ty ((KIRKQ +(A— BK)) Py, (C — BKQ))¢(;E):CT) + Gxla)

= Tr <(K2TRK2 +(C — BEK) ' Py, (C — BK2)) f: ¢(»’Ut)¢($t)T)
=0

2Ty ((Kl RE» + (A — BE,)T Pg,(C — BK>) ) i¢ (z0), )
t=0

Therefore (13) holds. |

To proceed, define a coefficient matrix M = (A, C), and a feature map ¢(z) = (27, ¢(z) ") T.
Then the dynamics (1) can be written as

ri11 = (A— BKy)xy + (C — BK2)g(x¢) = (M — BK)Y(xy). (14)

Given Assumption 4.1, it is easy to see that ¢(x) is £,-Lipschitz, i.e., |[¢(x) — ¢ (2')| < Ly ||z — 2|
with £y, := v/1 + ¢2. The following lemma gives us the gradient of the cost function C(K).

Lemma A.2 (Gradient of C(K)) The gradient of C(K) is

ViC(K) =2EYyY — BTSSY, (15)
where
— RK — B Pi, (M — BK), 2% = EZ¢ w)(z) S5 =B VG (we)(zr) .
t=0
(16)

Proof Recall the Bellman equation
Vic(r) = 2" Qr + (K(2)) RKy(x) + Vi (M — BEK)y(x)).

Taking gradient in K on both sides of the Bellman equation, we have

8:61

]
ViVic() = 2REG()(0) + ViV (o) + (G ) TVt

where 1 = (M — BK)v(x). Note the directional derivative of z; in K along the direction A is
x [A] = —BAY(x). Then we have

2} [A]T VoV (21) = —p(z) "ATBT (2P, 21 + VG i (21))
—TrAT (—QBTPlelz/J(a:)T - BTVGK(xl)w(a:)T> .
This leads to

Vi Vi(z) = 2RK¢(2)¢(x) " — 2B Pk, (M — BK)y(2)¢(x) " — B'VGx(21)h(x) " + ViV (21)

11
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- (2RK — 2B P, (M — BK)) b(@)(x)T — BTGk (a1)d(z)T + ViV (a1)
=2Ek Z 1/1(33t)¢($t)T - BT Z VGK(%&HW}(%:)T-
t=0 t=0

Taking expectation over x( and then we are done. |

With Lemma A.1 and Lemma A.2, we provide a formula for C(K") — C(K), which is shown in
the following cost difference lemma.

Lemma A.3 (Cost difference lemma) For any K = (K1, K2) and K' = (K|, K},), we have
C(K") — C(K) = Tr(K' — K)"(R+ B Pi, B)(K' — K)SVY + 2Tr(K' — K)T Ex2Y)

+EY  [Gr((M — BK')i(x})) — G (M — BK)ip(x}))] - (17)
t=0

Proof By [9, Lemma 10], we have
Vier(z) = Vie(z) = > Axc(f, up),

where {z}} is trajectory generated by x(, = x and u; = —K't(z}), and Ag(z,u) = Qx(z,u) —
Vi () is the advantage function.
For given u = —K'i(x), we have

Ag(z,u) = Qg (z,u) — Vi (x)
= 2" Qz + (K'y(x)) ' R(K'y(x)) + Vi (M — BK")i(z)) — Vi (x)

= (K'¢(x)) ' R(K"$(x)) — (K9 () R(KY(x))
+ V(M = BK')(x)) = Ve (M — BK)3)(x))

=(2) (K~ K) ' R(K' = K)¢(z) + 2¢(2) " (K’ — K)" RK4(x)
+ V(M = BK')p(x)) = Vie (M — BK)3)(x)).

We next compute the last two terms

Vie(M — BK')(x)) — Vic((M — BK)(x))

— (M - BK')(2))" P, (M — BE"Y(x)) — (M — BK)i(x))" Pr, (M — BK)i(x))
+ G (M~ BK')b(2)) — G (M — BK)(a)

— ()T (K — K)TBTPKlB< K) (2) + 20(2) (K — K')T BT Py, (M — BK)(x)
+ G (M = BK')b(z)) — Gi (M — BK)i(x)).

Substitution back, we have

Ag(z,u) = P(2) (K — K)(R+ B Pk, B)(K' — K)¢(x)
+2¢(2)" (K’ — K)"(RK — B' P, (M — BK))y(z)

12
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+ Gk (M — BK')y(z)) — Gk (M — BK)¥(x)) .

In consequence, we have

C(K') = C(K) =R Ax(},u})
t=0

= Tr(K' — K)"(R+ B' Pg,B)(K' — K) EZw(a«"QW(xQ)T
+2Tr(K' — K)'(RK — B" Pk, (M — BK)) Y t(x})
t=0

+EY [Gr((M - BE')(x})) — G (M — BK)i(})]

t=0

Next, we show that the state trajectory has an exponential decay property regardless of the initial
state. In consequence, the cost function C(-) is bounded.

Lemma A.4 (Stability of the trajectory {z;}) Assume that K € Q and { < ic ’Z L Then we have
the following holds.

(b) Let{x:} and {x,} be the state trajectories starting from x and x|, respectively. Then ||z; — x}| <

cpt |zo — x| In consequence, g—% < cpl.
(c¢) Let {x,} and {x}} be defined as above. Then ‘ % — g;”é < %pt—l o — @]l

Proof Let f(x) = (C — BK3)¢(z). Then we have

Hf Fa) = H<C—BK2><¢><93) H IC = BE||[|¢(z) — ¢(2)|| < et ||z — 2],
IVf(@) = V@) = (€ - BE2)(Vé(z) D =10 = BR:| [|Vé(x) - Vo(@)|| < est! [ = ||

Note that we have ;11 = (A— BKj)xy + f(x¢). Applying Lemma 4 in [25] and then we are done.
|

We provide an auxiliary lemma that will be used in the rest of the proof.

Lemma A.5 When HK - Kli“HF < ¢ <1, we have

201(1 +1I)?

Pk || <Cp
1P| -

(18)

where P, is the solution of Lyapunov equation,

(A— BK;)" Pg,(A - BK;) — Pk, + Q + K] RK; = 0.

13
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Proof Note that

oo

P =Y ((A - BKl)T)t (Q + K{ RK)(A — BK})'.
t=0

Then we have

& 1+ (1+0)%)  2¢(1+71)?
1Pl <~y @+ KT A | < A 4+ ) < CEEUEDD 26007 ()
1—pi Pl 1—p1 1—p1

where we used the inequality ||K|| < ||K — K'™|| + ||[K™|| <6 +T <1+T. [ |

We show the last result before the proof of local strong convexity property. The next lemma
yields the local Lipschitzness of Gk (z).

Lemma A.6 (Local Lipschitzness of G (z)) When HK - K“nHF < 0, and when ||z||, ||2'|| <
(c1 + c2)eDo, we have

HVGK( ) — VGk(x ’ (19)
coc? 4 c2cb 2 .
where L = > 126(1(::)1;) 0+ 3Dlg(1£1;)r£) ¢ with D = (c1 + ¢2)c®Dy.
Proof We first compute the gradient of G i () as follows
Op(z¢) | Oxy 0¢(¢) Oxy
G =2 | Fi2 2 F7?
VCx(@ Z [ oz, ] * Z o) P 0w

O(x:) | Ozt
Oxy | Ox’

0o(x
=2 Z { x1) " FE — 7 () T RK, 8;;) + 21 P, (C — BK3)

where we define wx (z;) = — K2 — Kog(x) and

Fi2 = (F2)" = K] RK, + (A — BK}) Py, (C — BK>),
F22 = K} RK, + (C — BK>) " Py, (C — BK>).

For z, x’, we have

VG (z) — VGk (2')]|

x:&)]TFE{I— WK(xt)TRKgaqb(xt) — 1 (z )TRK26¢( /)]

aiL't
0 5]
+$tT+1PK1(C — BK3) gzt) - ($;+1)TPK1 (€ - BK2 xt
0o (x! 09( 0 0
_ WK(:U;/)TRKQ gg(‘qjt) + (x£+1)TPK1(C o BK2 gg‘rt ‘ ’ ﬁ _ ﬁ
Ly }

We compute bounds term by term. Firstly, we have
| [6a0) - o@h)] " FR| < eflwe = ol [ ER| < el =o' |FR]]-

14
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We have the following bound on || F2! ||

| P2 = || K7 B+ (€~ BE) Py (A - BE)|

< K[ [R] M K2l + € — BR[| || P, || [|A = BEL]]
< 1K1l [ Kzllp + c1c2Cp

1
< 3 HKH% + c1¢0Cp

1
< Z

< 2(1 + F)2 + c1c9Cp
5CQC§)(1 + F)2 _ o2
2(1=p1) 7

where we use the assumption ||R|| < 1, the bound on || Pk, | < Cp as in Lemma 6 [25] and the
bound on || K|z < 1+T. It follows

5lcoct(1+T
|6t — o)™ F2t| < 22D o
Next, almost surely, we have
00w oo 00(a))
‘T{'KRKQ oz, i (zy) RK» oal
d O¢(x)  O0p(x
< i) = mac) | 1 e | 2552 |+ ol 1 e [ 222 - 22050

< UKl + 2| Ka) | K| || — o3| + € (1K || + €| Ke]) e || K2 H%ﬁ — x|
< (/243 |Kl[pc|z—2|| + (¢/2+ ) | K|} De ||z — 2|

< (¢/2+4 2+ D)2+ Del)(1+T)%c |z — 2|

= (1/24 0+ D)1 +T)%c|jz — 2|

<2(0+ D)1 +T)2ey ||z — 2|,

where we use the bound on ||z¢|| < ¢||zo]| < (1 + ¢2)c2Dy =: D and the fact £ < 1/2. Further,
we have

0oz 0o(z)
AP (C = BE) I — (a1, )T P (€ - ) P50
0o (x 0o (x 0o ()
< |41 — 2}41) T Pk, (C — BK) a( tt) + || (#141) " P, (C — BK») < a(x;) N 8;;)
8¢ (z1)  Op(x;
< llzess — 2|l 1PN IC — BEN | 22E | a2 1 1 — B || 2202 90Mat)
Ox}

S CPCQE th-i-l — xt+1H + DCPCQE Hl‘t — xtH
< cexCp(L+ D) ||z — 2|

3026%(14—1“)2 , ,
< 1_—m(€+D€)Hx—x H

15
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Also, notice that

Op(x] 0p(x;
oty 72— mitet) RE 2S5 4 (af0) Pa (C - B 2550
xy ox;
< C|2i]| CF + ([ K|l + € Kall) [Jat]] |52l + Cpeat || 244 |
<UDCH + (£/2+ )| K|} D + c2(CpD
<UDC# 4 (3/2)¢(1 +T)?D + c24CpD
- 114Dcyc3(1 4+ T)?
- 2(1—p1)
Plugging in all these results, and using ||% 9z, ‘|| < ¢p' and ‘ 9z, _ % < % =1 — 2|, we
have
VG (z) — VGk(2')]|
5lcaci(1+1T)2 , 9 3caci(1+T)? , Oxy
<2 +20+ D01 +T ———({+ D¢ —-—
Z[ — +2(04 DIY(1+T)2¢; + - (¢+ D) || o
22 11€D0201 1+F) Oz Oy
2(1 = p1) ox Oz’
2 1 r (14 T1)%D 11¢Dcyc3(1+ )2
< % ( Ocact(1+T)2 0t Seaci (1+T) E’) e — /|| + 2 (Dcac(1+T)?% col'c? : e — /|
L—p L—p L—p 20=p1)  (1-0p)
40coc}(1+T)*  176Dc3cf(1+T
< Ocacy( +2) 0+ 76Dc5cf(1 + 1) 6’) Hx_m/H
(1 —p1) (1—p1)?
_ [(Beac®(1+ 1)t 3Dc3c8(1 + r)2€, o2
= Tlea—pp 16(1— p)? ’
which shows that VG i () is L-Lipschitz in . [ |

With these preparations, we proceed the property of local strong convexity of the cost function
C(K), which is stated in the following lemma.

lin
Lemma A.7 (Local strong convexity) For any c¢; > 2ci®, p; € [p L 2“ 1) co > cin if 6,0, 0"
satisfy

5 < (1—p)ogo (1—p)togo and ¢ < (1—p)oo
= 144(c1 + ¢2)cT2Dy’ — 4beac®(1+T)0D3’ = 27(c1 + e)c3c (1 + T)AD3

(20)

Then there exists a region A(0) = {K : HK — K“nHF < (5} C Q with pn = o0 such that for
K,K' € A(9), we have

C(K') = C(K) > Tr ((K' - K)TVO(K)) + % [ @1)

lin
Proof We first show that A(J) C Q for any § < min{ 211“_(; £r %} Consider the following
1

dynamics

241 = (A— BEK))z; = (A — BKI™)z, + B(KI" — Ky

16
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Set f(z) = B(K!™ — K;)z. Simple computation shows f has Lipschitz constant ¢; = I'd. Fol-
lowing the same argument in [25, Lemma 4(a)], together with the conditions, we have

lzell < 2¢3™(p1™ + 261™Lp)" 1ol < e1(pr™ + (1= p1))! [laoll < e1pf ol -

Hence, we obtain

which is desirable. Similarly, we have

IC - BK:|| < ||C — BKY

1B | BY = K| < 416 < 2 < e

which follows K € (.
Next, we prove the local strong convexity property of C'(K). By Lemma A.3, we have

C(K') — C(K)
= Tr(K' — K)' (R+ B Pg, B)(K' — K)SW + 2Tv(K' — K) " Exs%Y

+EY [Gr((M — BE')$(2})) - Gre(M — BE)p(a}))]
t=0

= 2Tr(K' — K) Ex3%Y + 2Tr(K' — K)T Eg (2% — 54%)
+Tr(K' — K)'(R+ B Pk, B)(K' — K)24

+EY  [Gr((M — BK')¥(2})) = Gr((M — BK)(a;))]
t=0

> Tr(K' — K)T(2ExY%Y — BTSSY) + 2 Te(K' — K) T E(39) — %)
+Tr(K' — K)'(R+ B Pk, B)(K' — K)%4

+Te(K' — K) BT B VGx(zei)(z) —EY VGK(:UQ+1)w(w2)T]

t=0 t=0

_ éEZ |B(K' — K)p(a)||”
t=0

> Tr(K' — K)"VC(K) + Tr(K' — K)" (R + B Pi, B)(K' — K)SVY

—2||K" — K| o 1Bl B30 - =8|

EY VGi(zi)v(m) —EY VGr(xi ()"

t=0 t=0

L _ & ,
~ S EYIBIP K~ K| )]
t=0

- |5 - K| £ 1BI

F
2

)

where we have applied the descent lemma over G by the Lipchitz property in Lemma A.6. To
check the conditions of the lemma, since ¢ < 1, we note that

|(M = BE")ip ()| = ||2}44 || < Do,

17
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H(M — BK)Qﬂ(:L‘;)H < H(A — BKI)-%';H + H(C — BKQ)(Z)(Z‘;)H < (01 +€CQ)CDO < (Cl + CQ)CC().

To proceed, we need the following lemma.

4c¢*I'D2

Lemma A.8 For K, K' € A(0), there exits constants Cp = 3(c1 + CQ)E C; = a—p)2

(1=-p)*’
Cy = LC4 /2 such that

|Ex| < Cp||K — K

a||EK’ _EK”F < Cl HK/_KHF7

EY VGr(zi1)(z)" —EY  VGi(aty) ()"
t=0 t=0

AT
F

By assumption, E1)(z0)1(z0) " = 0,1, and R+ BTQB = oI. Following the same argument
in [25], we have

T (K= K)T(R+ BT P, B)(K' — K)21)
—Tr (((K - K)(E%‘?)l/Q)T (R+ BT Px, B)(K' — K)(z%m)
2 Tr ( ((K - K )(E}”{?)I/Q)T (R+B'QB)(K' - K)(Elfgf’)l/2>

-
> om (18- ) ) (K- K2
= o Te(K' — K) T (S7) (K’ — K)
> 0,0 ||K' = K|}

Combining Lemma A.8 and the above lower bound, we have

C(K') — C(K) > Te(K' — K) VC(K) + u[|K' - K|}

F2€2 2D2
201Cp +T'LCy + glwcpo] HK/—KH;,

where . = o,0. It remains to show that

LT202 2Dk
20,Cpd +TLO) + ——2 0 < &
2 1-p 2
Wril'ie Lipschitz constant L = £Cy + ¢'Cyr, where Cp = % and Cp = %- Then
we have
LT3 Dy

L
201Cgd +TLCY + 3 <2C1Cg6 +TLCy + §F01

— 20,CRd + gml (LCy + 0'Cp) < g

18
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as long as
s< M (1—p)ogo
~— 12C1Cg 144(61 + 62)66F2D0,
fe B _ (=ploo
T OTCiCy 45cac®(1+T)6D3”
el < K _ (1 — p)50-$0-

—IarciCp o 27(01 + 02)03611(1 + F)4D8 ’
|

To prove Lemma A.8, we first need the following result, a bound on the directional derivative
of the state.

Lemma A.9 The directional derivative of x; w.rt. K = (Ki, K3) along the direction A =
(A1, Ag) satisfies,

2¢°T
1Al < = llzoll I1A] 22)

Proof The dynamics are
Ti+1 = (A — BKl)%g + (C - BKQ)QZ)(SUt)

We compute the directional derivative w.r.t K = (K7, K2) along the direction A = (A1, Ay):

)1 [A] = (A — BK))2}[A] — BAyay + (C — BKz)a‘b(;t)x;[A] — BAsg(zr)
= Z(A — BKl)tfk <—BA11‘k + (C — BKQ)an(Z; ) L[A] BA(Z)(aZk)>

k=0

Taking the norm and applying the Lipschitz smoothness, we have

[EAmA H<Zcm (BN A lzkll + cat |24 Al + 1B (| Azl € [l )

t
<3 cueatr A + 3 ens 1B (1] + £ Aales* o]
k=0
t X t 1 pt+1
= 3" crealpl 7 || AT+ capn IBI (A + € Aall) o) L1
0 P —pP1

We assume that z}[A] < apl,where o = (2cic||zo|| | B|| (| ALl + £||A2]])) /(p — p1). Then we
have,

2 ap 1
H(;;H < 26102@01 g ap1 T3

19
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cieal (p1/p)* -1 1
p p/p—1 2

By induction, we conclude that

i 2
) V26T
< Y2t o 1A
pP—p —-p

[t A]|] < 2exc 1B zoll (1AL + € [|Az])

where in the last step we use the assumption that £ < 1 and the basic inequality a+b < 1/2(a? + b?).
|

With Lemma A.9, we prove the perturbation analysis on the covariance matrix E%’Z’.
Proof [Proof of Lemma A.8] Note that the directional derivative of Z}Z’(w w.r.t. K along the direction

Ais
o (1) ()
PP/ o t) 1 T / T
(ER18] = B3 =5 Pailaliten) T+ (e =g al[AT
Then we have
|yal|, < EY 260 ||syial] )
t=0
> V22T
SEY 2y ol |A] tyep’ |20
t=0 P
43T D3
< s [AlE.
(1—-p)
Now, set g(t) = E}p;it( K'—K)* Since the above result holds for any K, it follows
|zt == = ls)) = 9017
1
= ‘/ g'(t)dt
0 F
1
< [Mlg @] a
43T D3
< a2 1K =Kl
(1-p)

To prove the second inequality, we first notice that

HVGK(l'tJrl)($t)T - VGK(:E;H)(%)THF

< VG (arar) - VGrclatn)| il + [V Gaahs)| las -
< Lljass —afya | el + L lfatya | 20 — 4]

20
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312
<metHK'—K

= 11—

which follows

EY VGx(zi41) ()" —EY  VGx(ah ()"
t=0 t=0

<E i HVGK(%H)(%)T - VGK(x;Jrl)(x;)TH
=0

F

F

0 3 2
<&y 12— k|

1—
t=0

<P k- k|
“’1 K~ K|,

Finally, we bound || E¢||. Note Ein = 0. Indeed, by assumption, Prain = P and it follows

(R + 13T11>1qin13)1(hn BTPK?“A,
(R+ BT PgimB)Ky" = BT P,

which gives us Fyim = RK'™ — BTPK%m(M — BK'"™) = 0. Then we have

1Bk |l = |1Ex — B
< HR(K _ Klin)

n HBT(PKl — Py} (M — BK)H n HBTPKF.B(K _ Klin

+F\/C%+C% HPKl —PKlin

2rsc? HK Klin
(1-

< (1+12Cp) HK _ Klin

< (1+1%Cp) HK _ Klin

+I'(e1 + ¢2)

e
<31+ c)—=
( ) p)?

(1-

where we used the result in [25, Lemma 12]. ]

HK _ Klin

Similarly, we show the cost function C(K) is h-smooth. The formal statement is as in the
following.

Lemma A.10 Under the same conditions in Lemma A.7, with h = 912 for any K, K" € A(9),
we have

h
C(K') - C(K) < Tr (' - K)TVC(K)) + SIE - K3 (23)
To prove the lemma, we need the following bound on qu(w.
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Lemma A.11 Under the same conditions in Lemma A.4, we have
2 12
e

Proof By Lemma A.4, we have

= < B pwea?
t=0

[e.e]
2
SEEY il
t=0

2 2
- Ewc
< 2c¢2 D}
—_— 1 _ p .

2
E [|zoll

Proof [Proof of Lemma A.10] By Lemma A.3
C(K') - C(K)
= Tr(K' — K)"(R+ B Pi, B)(K' — K)S% 4+ 2Tr(K' — K)" Ex2%Y
+E)  [Gr((M — BK')y(x})) — Gr((M — BK)y(x}))]
t=0
= 2Tr(K' — K) Ex3% + 2Tr(K' — K)T Eg (2% — 50%)
+Tr(K' — K) (R4 B Pk, B)(K' — K)24
+E)  [Gr((M = BK')y(x})) — Gr((M — BK)y(x}))]
t=0
<2TH(K' — K) ExgS% + 2Tr(K' — K) T Ex (00 — 2%)
+Tr(K' — K) (R4 B Pg,B)(K' — K)X4

+E Z; T ((K’ — K)'BTVGk (i) ()" + % |B(K' — Kw(wé)\f)

= Tr(K' — K) VC(K) + 2Tr(K' — K)T Ex(34Y — %)
+Tr(K' — K) (R4 B Pg,B)(K' — K)S4

+ EZTr(K’ ~K)"BT [VGK(J%HW(%)T - VGK(%HW(Q?:&)T}
t=0
= L / |12
+EY 5 |B(K' — K)i(x})||
t=0
< Tr(K' — K)TVC(K) + 2||K' - K|, | Ex| Hz;"gf - E}/’(wHF + & - K| HR + BTPKIBH Hz}"gﬁ’

22
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|5 K] 1B B VG (e)b(a) —EY VGi(atyy)a)"

t=0 t=0

=L
+EY S IBIP K — K| o]’
t=0

F

< T(K' — K)TVC(K) + (5 + |R+ B P, B| | =3

JIE - K

Using upper bound on || P, || and HZ%’ , we get

2 “R+BTPKIB“ Hzﬁiﬂ

§u+2<1+r20

T2\ 22D} T*c*Di
L—p

=: h.
l—p = (1—=p)?

Finally, we characterize the global optimality of C(K) as in the next lemma.

Lemma A.12 (Global Optimality) Under the conditions in Lemma A.7 and if further ¢, ¢’ satisfy

2(1 — p)3o.0 , 2(1 — p)iogo
P< DT PIORT g < .
T 9O D2 an = 9(c1 + e2)c3c0TA D

For K € Q\ A(0/3), we have

(24)

C(K) > C(K"'m).
Proof Note that Fyim = RK'™ — BTPK{in(M — BK''"™) = 0. Then we have

C(K) = C(K™) = 2Tr(K — K™) T B Xy + Tr(K — K'™) T (R + B Py B)(K — K™%}

FEY [Grun(M = BE))(at) = Grom (M = BE™))s(ay)]
t=0

= Tr(K — K'™)" (R + BT Py B)(K — K"™)53¥
+EY. [GKHD((M — BE)(x1) — G gm (M — BK“H))zp(xt)} .
t=0

With the same argument as in Lemma A.7, we can show that

. . . 112 . 112
Tr(K — K™ (R + BT P B)(K — K™)S3 > 0,0 HK LS Y HK _ lin

=
Also, apply the descent lemma on —G i, We obtain
G (M — BK))Y (1) — G gin (M — BK"™))tp(¢)

. L . 2
> — Te(B(K = K™)(21)) VG o (M = BK)(a1)) = 5 || BIK = K™)(a)|

v

~ 1B || K - K

[ L sl — 5 NBI [ — K o)
P t t+1 2 P t
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. L 12
2 2t+1 2 1 242 2 2t 12 1
> — LT, p" 1 D3 HK—KIH = ST D} HK—K”‘ .
. L 12
> —LTlyc?p* D2 HK - K| - ST D} HK -kt
Indeed, the conditions are satisfied since
|(M - BE)y <xt | = lzeaall < elleoll < eDo,
H(M ~ BKin)yy H - ‘ (A— BKl")z, 1+ (C - BKgn)qb(xt)H < (1 + Les)eDo < (e1 + e2)eDy.
Then we have
: [ r2£2 D} L2 LT D?
C(K) _ C(Khn) > lp—= H Klln wc 0 HK Khn
F 1- F
Since HK - KHHHF > §/3, it suffices to show that
F2€2 c2D? , 212
[,U _ £ H Khn _ LFE"/)C DU > 0.
F 1—-0p

This condition is indeed satisfied since
£F2£162D3 < E
2 1—p — 2
LTy c? D} _ 1o
1—-p — 6
as long as
2(1 — p)ioo
9coc™(14T)0D3’
V< 2(1 — p)togo
= 9(c1 + e2)c3c0(14+T)4DE”

Combining Lemma A.7 and A.10, we prove part (a) of Theorem 4.5. Further, by substituting o
chosen in Lemma A.7 into Lemma A.12, we finish the proof of part (b) of Theorem 4.5.

Appendix B. Proof of Theorem 4.6

We first characterize the gradient estimation as in the following lemma.

Lemma B.1 Under conditions in Theorem 4.5, when K € A(20/3), then given eg,0q > 0, for any
v € (0,1), whenr < min {g, %egmd},

132 413 1 ﬁ max
J> log —— max {36 (C(K*) + 2hs?)? 14403113)(} T > log S2Y

2 b
egm a" v 1—-m €grad”

24(1 ) 2 D2

where D = p(n + d) and Cyax = 0, then with probability at least 1 — v,

HVC(K) - VC(K)HF < eqrad-
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Proof Denote C,.(K) =

Egr~gan(r) C(K + U), where Ball(r) is the ball with radius 7 in Frobenius
norm centered at the origin. Then by [10, Lemma 1], we have

D
VC (K) = 2 IEUNSphere(r) C(K+U)U.

Further, define C; = C(K + Uj), where U; ~ Sphere(r). Then, the error in gradient estimation can
be decomposed into three parts,

e e,

~

J J
DU~ VC(K) Z U+ > e
= =

Vv
=eg

=e3
Firstly, by definition, VC,.(K) = Eygai(r) VC(K + U). Since r < g, K +U € A(9), in
which the cost function C(+) is p-strongly convex and h-smooth. Then we have

J
< |VC(K) — VC(K)| p + Z

731

m\ u>
m\ )

F

1
e1 < Eypan(r) [VC(K + U) = VC(K)||p < hr < o Cerads

where we have used r < 3ihegrad

~ J
Next, notice that {%Cj Uj} are i.i.d. with expectation VC,(

- K). Again, by h-smoothness,
]:
D, D h D
7AQC Ujl| < 763» < — (C(K*) +3 | K +Uj —K*||§> < — (C(K*) + 2h8?).
F

Then, by matrix Bernstein inequality, we have

P (62 < egrad) >1-—2Dexp | — _ (egraaJ/3)? :
’ J ((D/fr)(e(x) + 2h62))

>1-v/2,

2
where we have used J > 36D

émd

> (C(K*) + 2h62) log 4D

Finally, to bound e3, we further decompose it into two parts. Define C; = E ZtT o [zf Qzy + v/ Ruy]
where u; = —(K + Uj)y(x). Then, we have

| N

%\
w\ @)

AL

F

TV
‘=eq

Note that

‘é\]‘ = i {xz—@zt —l—u;—Rut
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<3 Il 1@l + (el (& + U ROk + 1)
t=0
< (1QI+ & || (& + U R(K + )} 3 el
t=0

(14 2(2T)? Z p?t D}

_3a +T)2c 2D3

11— =! Cmax,

where we have used the fact K+U; € A(8) and thus || + Uj|| < 1+T. Since, E | G;U; — C; Uj‘ Ui =
0, by matrix Bernstein inequality, with probability at least 1 — v//2,

€grad =~ (eradt]/6)2 v
p( <ﬂ)>1_2p _Ced /BT Sy Y
“4="6 )= P\ g =Ty

max

144D Cm

where we have used J > i log =~ 4D . Also, we have

grdd

i |:$:th + utTRut}

t=T+1

o]

<(1QI+ & & + vy rE + U)]) X al?
=T+1
< Cmaxp2(T+1)' o

As such, we have

e5 <

< |

1
Cmaxp2(T+1) < 6 €gorad,

1 6DCmax
1-p1 €grad”

which completes the proof. |

where we have used 7" > log Hence, eg < éegrad with probability at least 1 — %,

With Lemma B.1, we prove convergence rate of Algorithm 1.

o~ / m
Proof [Proof of Theorem 4.6] Let F,,, be the filtration generated by {VC(K m )} . Define the

. m’=0
following event:

En = {Km’ € Ball(K*,8/3),m’ =0, ... m}
N {H?C(Kml) - VC(Km/)HF < egraq,m’ =0,...,m — 1} ,

where Ball(K*,6/3) = {K : |[K — K*||» < §/3}. Itis easy to see that both K™ and the event &,
are J,,-measurable. We want to show the following inequality:

v

E [1(Eps1)| Fn] 1(Em) > (1 - M) 1(En), 25)
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i.e., if event &, is true, conditioned on F,, the event £,,1 1 happens with high probability. Note that
on event £™, we have || K™ — Kli“HF < | K™ — K*|| g + || K1 — HF < 24/3, which follows
that K™ € A(6). Under our selection of parameters, with probability at least 1 — v/M, we have

Hﬁ\C(Km) - VC(KW)HF < egrag. It follows that K™ ! € Ball(K*,6/3). Indeed, by pi-strong
convexity and h-smoothness,

[t K < K™ gVe(E™) — K o [0 - ve)|

< (T —=nu) |IK™ — K*||p + negraa

) 5
<(1- nu)g + Negrad < 3

where we have used egrag < %“ in the last inequality. As such, taking the expectation of (25) on
both sides, we have

P(Emt1) = PEmt1 N Em) = E[[1(Ens1) 1 Fnl 1En)] = (1= 77 ) P(Em).

Unrolling this recursive relation, we obtain P(€,,) > (1 — ﬁ)M P(&) = (1— ﬁ)M >1—w.
Now, on event &,,,, we also have

M-1
[ = K[| o < (1= i)™ (| K = K[|+ megraa D (1= )™
m=0
S(l—w)Mng@
2e
< 4 /Z=
=~ h’

where we have used M e log < v/ 2€h> and egrag < 14/ 55, Finally, by h-smoothness, we have

C(KM) < C(K*) + HKM K*HF <C(K*) +

which is desirable. |
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