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Abstract

Complex-valued neural networks (CVNNs) are increasingly used in settings where both
magnitude and phase of the signal carry information. In particular, deep networks with
the modReLU activation function have become standard in applications such as MRI recon-
struction, radar, and complex-valued time-series modeling. While approximation properties
of such networks have recently been analyzed in detail, their statistical capacity in the sense
of VC-dimension has not, to the best of our knowledge, been studied.

In this paper we formalize a natural class of fully connected deep complex-valued networks
with modReLU activation and real sign output, and view them as binary classifiers on R?¢
via the usual realification. Using tools from real algebraic geometry and a VC-dimension
bound for semi-algebraic concept classes due to Goldberg and Jerrum, together with quan-
titative bounds for quantifier elimination, we prove that for any architecture with W real
parameters and depth L, the VC-dimension of the corresponding hypothesis class is at most
on the order of W?2log W, with a universal constant independent of the particular architec-
ture.

On the other hand, by restricting to real inputs and parameters and exploiting results of
Harvey, Liaw, and Mehrabian and of Bartlett et al. on deep networks with piecewise-linear
activations, we obtain lower bounds of order W Llog(W/ L) for suitable depth- L architectures
within the modReLU class. Thus the VC-dimension of these networks grows at least linearly
in both W and L, and at most quadratically in W up to a logarithmic factor. Closing this
gap is an interesting open problem.

1 Introduction

In many signal-processing problems the natural data space is complex-valued. FExamples include MRI,
radar, wireless communication channels, and certain Fourier or wavelet representations of time series. For
such problems, complex-valued neural networks (CVNNs) have been proposed as a more natural alternative
to real networks; see, for instance, (10} 11} [12} [I8; [I3} [15) and the references therein. In these architectures
all weights, biases, and activations are complex, and the network computes a map from C% to C.

Recently, there has been considerable progress on the approximation theory of CVNNs. In particular,
Geuchen and Voigtlaender (6)) established explicit quantitative error bounds for approximating smooth func-
tions on compact subsets of C? by complex-valued networks with the modReLU activation function, and
showed that the rates are optimal up to logarithmic factors. Follow-up work has treated phenomena such as
depth separation and universality for narrow complex networks (7, [12). A recent survey by Lee, Hasegawa,
and Gao (I3)) gives a broad overview of complex activations, Wirtinger calculus, and optimization aspects.

In contrast, the statistical learning theory of CVNNs is still largely undeveloped. For real networks, a rich
body of work has characterized the VC-dimension and pseudo-dimension of various architectures since the
classical paper of Baum and Haussler (5) and the monograph of Anthony and Bartlett (I). For example,
deep ReLU networks with W real parameters and depth L are now known to have VC-dimension of order
W Llog W, and this dependence is essentially tight (9% [3). Related results characterize the pseudo-dimension
of real networks in regression settings (16} [20).
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For complex-valued networks there are, to the best of our knowledge, no analogous capacity results in terms
of VC-dimension. The only global complexity bounds we are aware of are recent norm-based generalization
bounds that control the generalization gap via a spectral-complexity measure for CVNNs (21]), which is a
different notion from combinatorial capacity. The main purpose of this work is to begin closing this gap by
providing VC-dimension bounds for a widely used complex-valued architecture family.

Contributions. At a high level, the contributions of this paper are as follows.

e We formalize a natural class of fully connected deep complex-valued networks with modReLU acti-
vation and real sign output, and view them as binary classifiers on R?? via realification.

o We show that the corresponding decision regions form a semi-algebraic family in (6, z) whose de-
scription complexity—in terms of the number and degree of defining polynomials—can be bounded,
in a way that depends only on the architecture and the number W of real parameters.

e Using a VC-dimension bound for semi-algebraic concept classes due to Goldberg and Jerrum,
combined with quantitative bounds on quantifier elimination, we derive an upper bound of order
W?2log W for the VC-dimension of this class. To the best of our knowledge, this is the first general
VC-dimension upper bound for fully connected deep complex-valued networks.

e By specializing to real inputs and constraining parameters appropriately, we show that our class con-
tains, as a subclass, real-valued networks with a fixed piecewise-linear activation. Results of Harvey,
Liaw, and Mehrabian (9)) and Bartlett et al. (3) then imply lower bounds of order W L log(W/L) for
suitable architectures, showing that the VC-dimension must grow at least linearly in both W and
L.

e We discuss how the same approach could be extended to other complex activations and to pseudo-
dimension, and outline several open problems, including whether the W?2log W upper bound can be
sharpened towards W Llog W in the complex-valued setting.

2 Preliminaries

In this section we collect the definitions and auxiliary results that will be needed. We assume basic familiarity
with VC-dimension; for background see, e.g., Chapter 3 of (19)) or (I} 20).

Semi-algebraic sets and VC-dimension. A set S C R"™ is called semi-algebraic if it can be expressed
as a finite Boolean combination of polynomial equalities and inequalities in the coordinates z1,...,z,. The
description complexity of a semi-algebraic set refers to the number of such polynomial conditions and the
maximum degree among them. A family of sets {Sp}oco (where © is an index set) is called semi-algebraic
in R™ if the set

{(0,2) e ® xR" : x € Sp}

is a semi-algebraic subset of RI™(©)+n

We will use the following general result on the VC-dimension of semi-algebraic set families due to Goldberg
and Jerrum (see also (I, Theorem 8.3) and (4, Theorem 7.38)).

Theorem 1 (Goldberg—Jerrum) Let F' = {Sp}oco be a family of subsets of R™ parameterized by © C
RWY. Suppose there exist integers s > 1 and d > 1 and polynomials py,...,ps € R[Uy,...,Uw, X1,..., X,]
of degree at most d such that for all 8 € © and x € R",

z €Sy < ®(sign(pi(6,2)),...,sign(ps(0,z))) = true,
for some fixed Boolean formula ®. Then there exists a universal constant C' > 0 such that
VCdim(F) < CW log(sd).

In words, if each set Sy is definable by a Boolean combination of a fixed number s of polynomial inequalities
of degree at most d, and the parameter space has dimension W, then the VC-dimension is at most on the
order of Wlog(sd).
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Complex-valued neural networks and modReLU. Letd > 1and L > 1 be integers. A fully connected
feedforward complex-valued network (CVNN) of depth L and input dimension d consists of:

e layer widths ng =d, ny, ..., np_1, np =1,
« complex weight matrices W) e C™*™~1 and complex biases b¥) € C™ for £ =1,...,L — 1,

« output-layer parameters W(£) e C'*"2-1 and b(F) € C.

Given an input 2(9) = z € C?, the network computes recursively for £ =1,...,L —1:
u® = WO L p0) ¢ cne,

Z§e) = O’(U;é)), j:].,...,ng,

and the output Fy(x) € C is given by
Fy(x) = W=D 4 pL),

where 6 denotes the collection of all real parameters (the real and imaginary parts of all weights and biases).
The total number of real parameters is

L L
W = 2271@715_1 + ZZW.
r=1 =1

Here 0 : C — C is a fixed complex activation function applied coordinate-wise. We work with the modReL U
activation, introduced by Trabelsi et al. (I8) and further analyzed by Geuchen and Voigtlaender (6). In
polar form z = re®® with r = |2| > 0 and 0 € [0, 27), modReLU is defined by

0, r+8<0,

(r+B)e?, r+8>0, (1)

UmodR(z) = {

where § € R is a (learnable) real bias parameter. In real coordinates z = x + iy (so that r = /22 + y?), the
activation can be described piecewise in terms of x and y.

The overall network defines a complex-valued function Fj : C¢ — C, and for binary classification we use the
sign of the real part as output:

ho(z) = sign(R(Fy(z))) € {+1,-1}. (2)

We view hgy as a classifier on R?? via the standard identification of C? with R??. More formally, let ¥ :
R2? — C? be the bijection that groups real coordinates into complex coordinates. For & € R??, we write
= U(#) € C? and define

ho(7) = sign(R(Fo(x)). 3)
Let H%‘?SR denote the set of all classifiers of the form obtained by varying # € R" over all possible
choices of weights and biases for a fixed architecture (ng,...,nz) as above. (Note that W depends on the

architecture; we keep this dependence implicit to avoid cumbersome notation.)

3 VC-dimension upper bound

Theorem 2 (VC-dimension of modReLU networks) There exists a universal constant C > 0 such
that for every choice of layer widths (ng,...,ng) with total number of real parameters W > 2, the VC-
dimension of ’H%‘:’SR satisfies

VCdim (HysR) < CW? log W.

In particular, for any fixed depth L, VCdim(?—l“M‘/“:’gR) = O(W?log W) uniformly over architectures with W
parameters.

The remainder of this section is devoted to the proof.
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3.1 Semi-algebraic representation of the decision map
The key step is to show that the family
{# e R : hy(F) = +1}
is semi-algebraic in (6, %), with description complexity controlled (in an appropriate sense) by W and the
architecture.

We first note that all operations used in the network computation can be described by polynomial equalities
and inequalities in real coordinates. The following real functions and relations are semi-algebraic:

1. Addition and multiplication: (u,v) — u+ v, (u,v) — uv on R.

2. Absolute value and maximum: u — |u|, (u,0) — max{u,0}.

3. Square root (on t > 0): ¢+ \/t.

4. The complex modulus and the condition |z| + 8 > 0 for z = x + iy € R? and 3 € R.
5

. The modReLU activation omoqr : R® — R2, mapping (z,y, 3) to (R(0modr (T + i¥)), S(0modr (z +
iy))), as defined in ().

Items (1) and (2) are standard: the graphs of addition and multiplication are algebraic sets in R3; the
absolute value function satisfies |u| = v if and only if v > 0 and v? = u?, and max{u, 0} can be expressed via
wand |u| as (u+ |u|)/2. For (3), the graph of the square root function on ¢ > 0 is given by the semi-algebraic
set

{(t,r) eR?:r >0, 72 =t}.

For (4), write |z| + 8 > 0 as
IrelR (TZO, r? = a2 442, 7"+B>0).

The set of quadruples (z,y,[5,r) satisfying these polynomial (in)equalities is semi-algebraic, and by the
Tarski—Seidenberg theorem its projection onto the (z,y, §)—coordinates, which is precisely

{(z,y,B) : lo + iyl + B > 0},
is also semi-algebraic.

For (5), recall that opmear (2) equals 0 when r+ 3 < 0, and equals (r+8)z/r when r+8 > 0 (with r = |z| > 0),
and that by definition 0,0qr(0) = 0. Introduce an auxiliary variable  and consider the subset of R® with
coordinates (x,y, 8,u,v,r) given by the disjunction

(r>0, =24y r+ <0, u=0, v =0)
(inactive region) and
(r>0, 2 =2>4+9% r+8>0, ur=(r+ )z, vr:(rJrﬂ)y)

(active region), together with the special case © =y = 0, u = v = 0 (which is compatible with both regimes
and matches the convention opeqr (0) = 0). This is a finite Boolean combination of polynomial equalities and
inequalities, hence defines a semi-algebraic subset of RS. Its projection onto the (z,v, 3, u,v)—coordinates
is exactly the graph of on04r, and therefore, again by the Tarski—Seidenberg theorem, this graph is semi-
algebraic.

The above argument is not constructive in the sense that we do not write the defining polynomials for the
projection explicitly, but instead use the existence of an equivalent quantifier-free description guaranteed by
quantifier elimination. This is sufficient for our purposes, since we only need to know that there is some finite
collection of polynomials (with degree bounded in terms of the architecture) whose sign pattern determines
the decision.
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Lemma 1 (Semi-algebraic decision map) For the network class defined above, there exist integers
s > 1 and d > 1, depending only on the architecture (ng,...,nr), and polynomials pi,...,ps €
R[Uy,...,Uw, X1, ..., Xo4] of degree at most d such that for all & € RW and all # € R??,

ho(%) = +1 <= ®(sign(p1(0,1)),...,sign(ps(6,2))) = true,

for some fixed Boolean formula ® independent of 6 and &. Moreover, there exist absolute constants cg,c1 > 0
such that one can choose s and d so that

s < (W)W and d < 29",

In particular, the family of sets
Sy :={z € R?*: hy(Z) = +1}

is semi-algebraic in (0,%) with description complexity controlled by s and d, and log(sd) = O(W log W)
uniformly over architectures with W parameters.

Proof. For each layer £ and neuron j we introduce real variables to represent the real and imaginary parts
of the pre-activation and post-activation outputs for that neuron, for a generic input  and parameter 6.
The relations between these variables, Z, and 6 are:

« affine linear equalities expressing the pre-activations as real linear forms in the previous layer’s
outputs and the real and imaginary parts of the weights and biases;

o the semi-algebraic constraints describing the modReLU activation, as in item (5) above, which relate
the pre-activation (z,y), the bias parameter /3, the auxiliary radius variable r, and the post-activation
output (u,v);

o at the output layer, linear relations expressing the real part of Fy(x) as a real linear combination
of the last hidden layer outputs and the output weights and bias, together with the inequality
R(Fp(z)) > 0 implementing the sign decision.

Collecting all these constraints yields a first-order formula in the language of ordered fields, with free variables
(0, %) and finitely many auxiliary variables representing intermediate quantities (pre- and post-activations,
radii 7, etc.). The number of such auxiliary variables is bounded by a constant multiple of the total number
of neurons, and hence is O(W); each pre-activation introduces two real coordinates and each activation intro-
duces one radius variable. Similarly, the number of atomic polynomial equalities and inequalities appearing
in the formula is bounded above by a constant multiple of the total number of neurons and connections,
and hence by coW for some absolute constant c; > 0. Moreover, the degrees of the polynomials involved
are uniformly bounded (at most 2 for the constraints involving magnitudes, and 1 for the affine linear
constraints).

Now consider the set
G =1{6,z) e R"T24 . R(Fy(¥(z))) > 0}.

By construction, (6, %) € G if and only if there exist auxiliary variables satisfying all of the aforementioned
polynomial equalities and inequalities together with the additional inequality R(Fp(x)) > 0. Hence G is
definable by a first-order formula in the theory of real closed fields whose atomic predicates are polynomial
(in)equalities of degree at most 2, and the number of atomic predicates is at most coW.

By quantifier elimination for real closed fields (Tarski-Seidenberg; see, e.g., (I7;4)), there exists an equivalent
quantifier-free formula in which G is defined by Boolean combinations of polynomial equalities and inequal-
ities in the free variables (6, %) alone. Quantitative bounds for quantifier elimination (see, for instance, (4,
Theorem 14.16)) imply that there are constants cp, ¢c; > 0 such that one can choose a quantifier-free formula
with at most

s < (W)W
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distinct polynomials, each of degree at most
d S 2C1W’

in the variables (0, ). (The precise form of these bounds is not important; what matters is that s and d are
at most exponential in a linear function of W.) Writing these polynomials as pi,...,ps and absorbing the
structure of the quantifier-free formula into a Boolean function of their signs yields the desired representation

(0,%) € G < ®(sign(p1(6,2)),...,sign(p,s(0,7))) = true.

Finally, note that hg(Z) = +1 is equivalent to (6,Z) € G, so the level sets Sy are exactly the fibers of G in
the Z—coordinates. The bound on log(sd) follows immediately from the bounds on s and d:

log(sd) < logs+logd < ¢;Wlog(coW) + W = O(W log W).

This proves the lemma.

3.2 Proof of the VC-dimension bound

We now combine Lemma || with Theorem [1|to prove Theorem[2} Consider the family F = {Sp}gcrw defined
by

S = {& € R?**: hy(F) = +1}.
By Lemma (1} there exist polynomials p1,...,ps in R[Uy,...,Uw, X1, ..., X24] of degree at most d (with s
and d depending only on the architecture (ng,...,nr) and the choice of activation) such that each Sy is

describable by a fixed Boolean formula in terms of the signs of p;(f,%). Thus we may apply Theorem
Since dim(©®) = W, we obtain

VCdim(Hp ™) = VCdim(F) < CW log(sd),

for some universal constant C' > 0. By Lemmal[I] we have log(sd) = O(W log W) uniformly over architectures
with W parameters, so there exists a constant C’ > 0 such that

VCAim(Hpt) < CW-C'WlogW = (CC') W?log W.

Renaming the product CC” as C yields the claimed bound in Theorem

3.3 Lower bounds and comparison

We now record a lower bound, obtained by specializing known results for real-valued networks with piecewise-
linear activations to an appropriate subclass of the modReLU architecture.

Proposition 1 (Lower bound) Let W, L be positive integers with W sufficiently large compared to L.
Then there exists a fully connected depth-L complex-valued network with modReLU activation and at most
W real parameters whose associated classifier class (with sign output as in (2)) has VC-dimension at least

w
cWL logf s
modR

for some universal constant ¢ > 0. In particular, for suitable architectures, the VC-dimension of Hyrp
grows at least on the order of WLlog(W/L).

Proof sketch. Harvey, Liaw, and Mehrabian (9)) and Bartlett et al. (3) show that for any fixed piecewise-
linear activation function ¢ : R — R with a constant number of pieces, there exist depth-L real-valued
networks with activation ¢ and at most W real parameters whose VC-dimension is at least ¢W Llog(W/L)
for some universal constant ¢ > 0. Their results apply to arbitrary such 1, not just ReL.U.

Fix a real constant /30 and consider 1e restriction of the modReLU activation to the real line with this fixed
bias:
¢ﬂo (Jf) = §]E(OmodR (33 + ZO))



Under review as submission to TMLR

For each Sy, ¢g, is a piecewise-linear function of  with at most three linear pieces (depending on the sign of
Bo). Thus ¢g, satisfies the assumptions of (9;[3), and hence there exist depth-L real networks with activation
¢35, and at most W’ real parameters whose VC-dimension is at least ¢W’Llog(W'/L) for some ¢ > 0 and all
sufficiently large W/, L.

Such a real network can be viewed as a special case of our complex-valued modReLU architecture by:

« restricting the input to lie in R? ¢ C? (identified with = + i0),

o constraining all weights and biases in the complex network to be real (i.e., imaginary parts fixed to
Z€ro),

o fixing the modReLU bias parameter of each unit to be the constant Sy.

Under these restrictions, the complex-valued network computes exactly the same real-valued function on R?
as the corresponding real network with activation ¢g,. The number of free real parameters in this subclass of
complex networks is W', whereas the total number of real parameters (if one counts the fixed bias parameters
as well) is at most W < ¢y W’ for some architecture-dependent constant ¢; (since the number of units is at
most linear in the number of weights and biases).

It follows that for any sufficiently large W, L one can choose W’ > W/¢; and obtain a depth-L complex
modReLU network with at most W real parameters whose classifier class has VC-dimension at least
w’ c w W
W'Llog— > — WLlog— > co WLlog—
¢ 8 L — C1 OgC]_L =@ 8 L
for some universal constant ¢y > 0 and all sufficiently large W, L with W larger than a fixed multiple of L.
This proves the proposition.

Combining Proposition [I] with Theorem [2] we obtain, for suitable depth-L architectures and large W,
w
caWLlog— S VCim(HpEt) < W2 log W.

Thus the VC-dimension grows at least linearly in both W and L, and at most quadratically in W up to a
logarithmic factor. Narrowing this gap—for instance by sharpening the upper bound to something closer to
W Llog W in the complex-valued setting—is left as an open problem.

4 Discussion and related work

We have shown that the VC-dimension of deep complex-valued networks with modReLU activation and W
real parameters is at most on the order of W2 log W, uniformly over fully connected architectures of a given
size. The proof relied on two main ingredients: (i) the modReLU network computation can be encoded
as a semi-algebraic family with description complexity controlled by the architecture and the number of
parameters, and (ii) semi-algebraic concept classes of this type have VC-dimension bounded by O(W log W)
in terms of the number of parameters and the logarithm of the number and degree of defining polynomials,
via the Goldberg—Jerrum theorem. Quantitative bounds on quantifier elimination then imply that log(sd) =
O(W log W), yielding the O(W?log W) bound.

On the lower-bound side, by restricting to real inputs and parameters and fixing the modReLU bias parameter
across units, we obtain a subclass of our complex-valued architecture that falls within the scope of the nearly
tight VC-dimension bounds of (95 [3)) for networks with piecewise-linear activations. This yields lower bounds
of order W Llog(W/L) for suitable depth-L architectures within the modReLU class. Taken together, these
results show that the VC-dimension of deep modReLU networks grows at least linearly in both the number
of parameters and the depth, and at most quadratically in the number of parameters up to a logarithmic
factor.

Our work suggests a number of directions for further research. First, it would be interesting to explore
whether the W2log W factor can be improved, perhaps by exploiting finer properties of the modReLU
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activation and the specific structure of complex multiplication, in analogy with the sharpened analyses for
ReLU networks in (9 [3). Second, one may ask whether similar VC-dimension bounds hold for other complex
activations beyond modReLU, or for convolutional and recurrent complex-valued networks. These extensions
are not automatic, as they would likely require new semi-algebraic encodings or bounding techniques beyond
the direct analogues of known analyses of real ReLU networks. Finally, one could study pseudo-dimension
and other complexity measures for complex-valued architectures, and compare the resulting generalization
guarantees to norm-based bounds such as those of (21)).

Limitations. Our analysis is restricted to fully connected feedforward architectures with modReLU acti-
vation, and we do not track constants or lower-order terms in the VC-dimension bounds. The semi-algebraic
encoding relies on quantifier elimination, which is known to be computationally heavy; we use it only as
a theoretical tool, not as a practical algorithm. The resulting O(W?log W) upper bound is unlikely to be
optimal, as suggested by the nearly tight O(W L log W) bounds available for real-valued piecewise-linear net-
works (9 B). We also do not address data-dependent or norm-based complexity measures for complex-valued
networks, nor do we consider convolutional, recurrent, or attention-based architectures.

Reproducibility Statement

This is a theoretical paper. All claims are stated as formal theorems, lemmas, or propositions, with proofs
provided in the main text or as proof sketches that rely on standard results from real algebraic geometry
and VC theory. No datasets, code, or hyperparameters were used. The results can be checked by following
the derivations and cited references.

Broader Impact Statement. This work is purely theoretical and studies the combinatorial capacity of
a class of complex-valued neural networks. We do not anticipate direct negative societal impacts beyond
those already associated with general advances in machine learning theory. Any downstream impact will
arise only through applications that use complex-valued networks; in those settings, standard considerations
around fairness, robustness, and potential misuse of models still apply.
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