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ABSTRACT

Self-supervised learning (SSL) has emerged as a powerful framework to learn
representations from raw data without supervision. Yet in practice, engineers face
issues such as instability in tuning optimizers and collapse of representations dur-
ing training. Such challenges motivate the need for a theory to shed light on the
complex interplay between the choice of data augmentation, network architec-
ture, and training algorithm. We study such an interplay with a precise analysis of
generalization performance on both pretraining and downstream tasks in a theory
friendly setup, and highlight several insights for SSL practitioners that arise from
our theory.

1 INTRODUCTION AND SETUP

Self-supervised learning (SSL) aims to construct useful representations of data without the need
for pre-constructed labels. Though very powerful, SSL. methods can be challenging to implement
properly. They tend to suffer from various practical issues, such as instability and collapse during
training and the need to carefully tune parameters related to the architecture, optimization algorithm,
representation dimension, and form of augmentations. These challenges motivate new theoretical in-
sights to better understand why such issues arise and how to better address them. Our study focuses
on the joint-embedding framework and characterizes learned representations for given choices of
input distributions, data augmentations, and architecture. To obtain a fine-grained picture, we study
linear classes of functions endowed with a reproducing kernel, and analyze a theoretically friendly
loss function that models both contrastive and non-contrastive methods. To summarize our contri-
butions:

1. We detail several examples where optimal representations are found in closed form, illus-
trating the role of augmentations, architecture, and regularization in forming representa-
tions.

2. We provide new bounds on both the downstream and pre-training generalization error that
are sharper than previous works.

Let us consider the usual statistical learning problem, consisting in finding a mapping f from an
input x € X to an output y € ), that minimize the average disagreement based on a loss ¢ :

YxY =R,
R(f) = Ex,y)~pl€(f(X), Y], (1)

for p € Ayxy a distribution on I/O pairs. We denote by f* € argminR an optimal /O map
according to the risk. Mapping raw inputs (e.g., arrays of pixels), to outputs (e.g., classifying an an-
imal in an image), is in general a challenging task. An effective technique consists of first extracting
(or engineering) meaningful features ¢/ : X — R from input data before using those features to
search f under the form g o ¢ for g : R¥ — ) a simple function.

Though features 1) can be hand-engineered, joint embedding methods suggests to learn v by lever-
aging invariance to small perturbations of the semantic information contained in inputs. This can be
done with a variational framework akin to (1). In the following, we focus on a theoretically friendly
variant of VICReg (Balestriero and LeCun, 2022) and SimCLR (HaoChen et al., 2021), defined for
Y X — RF by

£(8) = BEx Ecer [I0(6) — v | X] + [Bele(©(©)T] - 1], @



where 5 > 0 is a parameter, and pairs of inputs/augmentations (X, &) follow a distribution p €
Axxx, whose conditional (¢ |X) arises from the choice of augmentation. The first term in £
enforces invariance of the representation ¢ to two augmentations £ and & of the same input X,
while the second term lowers risk of collapse by pushing coordinates v; : X — R of 1) = (¥;) ;e

to be orthogonal in L2,

Given a representation v, one can optimize for f through linear probing by constructing f = g o ¢
where g is a linear function. f is thereby in the class of functions

f:{waTl/)(m)‘weRk}. 3)

In practice, one might not know the optimal 1), but can estimate it as 1[) from empirical data, leading
to an estimate F of this class of functions.

2 REPRESENTATION LEARNING

In this section, we study the representations induced by pretraining with specific augmentations and
inductive biases. Equation (2) contains a closed form solution for i) upon noting that the invariant
part is a quadratic form.

Lemma 1 (Spectral embedding). There exists a linear positive symmetric operator T in L? for
which the operator I — T is positive and

ExEee [I0(9) - v(©I° | X| =2 Y ol (1 - T
]

i€k

As a consequence, if (\;) are the eigenvalues of T and (f;) are the corresponding eigenvectors, a
minimizer of L is V; = /i fi with u; =1 — B+ B,

In order to retrieve the eigenfunctions of 7" to minimize £, the “no-free lunch” theorem states that
one should search within a space of finite capacity ¥. For simplicity, we will focus on linear class of
functions that are endowed with a reproducing kernels. Let H be a Hilbert space, and (¢ a mapping
from X to H, we will search 1) within

U =A{z = folz)| folx) = (0, 0(x))y 0 € H} . “)

This generalizes the setting of HaoChen et al. (2021) where X is assumed to be finite and W is
parameterized by H = RY and p(x) = §,, as well as the setting of Saunshi et al. (2022) where
‘H is assumed to be finite dimensional. The regularized solution can once again be expressed in
closed-form.

Lemma 2 (Regularized population loss). For © € R*¥ ®@H, and a regularizer X > 0, the regularized
loss L(SO) + X ||©]|3 can be minimized in closed form with the operator

Tn=(1—-8)I+pT - AK ", (5)

where K = SST for S : H — L?(uz); 0 — fo the embedding of H in L2. Specifically, if (\;) are
the (decreasing) eigenvalues of T and (f;) the corresponding eigenfunctions, a minimizer is given
by 1; = max {\;, 0} f;.

In the usual statistical learning setting, it is usual to make A vanish as one get more pretraining
samples in order to remove the bias of the architecture. Yet, Saunshi et al. (2022) pointed out that,
in realistic situations, eigenvalues of 7" can have large multiplicity. As a consequence, defining the
optimal solution solely from 7' is somewhat ill-posed, whereas, when K is properly chosen, T’
could define a “more principled” representation ). Paradoxically, with this viewpoint, bias could
reduce the approximation error.

If T and K commute, and if (\;) are the eigenvalues of 7" and (f;) its eigenfunctions, then there
exists (6;) such that f; = fp, (4). Moreover, the optimal representation to minimize the regularized
loss are the f; that maximize S\; — A||6;]|° . In other terms, the regularization biases towards rep-
resentations that have a small complexity with respect to the model of computation. To ground the
discussion, we provide example on the effect of 7" and the inductive bias AK ~1.



Augmentation example Effect of the operator T'

Input (no augmentation) EEEEEEEEN -

Random noise ---. Attenuate higher order Fourier modes

Cropping COEEE 0] Keep Fourier modes within cropping windows
Translations ENENENENN Bias towards Fourier modes with cyclic invariance
Flipping EREEEEENN Equate eigenvectors of subsets related by flips

Legend: BN-1bit, Bl+1bit, Ldflippedbit, L[ random bit

Table 1: Effect of common augmentations on the optimal representation v through the operator 7'. With-
out augmentations, 1 could match any Fourier basis function. Augmentations filter out some of those
by attenuating their eigenvalues in 7', and the architecture will push 1 to pick some specific frequencies
among the remaining ones through the operator K. The table stylizes the effect of usual augmentations
on parity functions over bit streams. We refer the reader to Appendix E for further details and derivations.

Low-variation with localized augmentations. When augmentations (£ | X) are localized around
the input X, optimizing the loss £ (2) biases towards small gradients of ¢ along the directions of
augmentations. Formally for ¢ : X — R, using first order Taylor expansion, conditionaly to an
input X, || (&) — w(g’)||2 ~ (Vip(X), € — §’>2 . As a consequence, under isotropic augmentations,
the objective simplifies as £(1)) o« E ||V (X)||*, which enforces v to have small variations on
densely populated regions of the input space — reminiscent of popular approaches to tackle repre-
sentation and semi-supervised learning in the last two decades (van Engelen and Hoos, 2020), which
are particularly useful when data display a clustering structure (e.g. HaoChen et al., 2021).

The role of augmentations and architectures. When augmentations are not localized, which is
often the case in practice, harmonic analysis provides useful tools to study in-depth the role of
augmentations, in particular when data are uniform on the sphere or the hypercube. Our findings on
the hypercube are summarized in Table 1. In such a setting, we show that common augmentations
enforce smoothness, locality, or invariance to certain symmetries. For example, crops push  to
focus on details that can appear within the crop size, filtering out long-range interactions between
parts of the input that are likely to be spurious features. Additionally, changes to the architecture
and optimization scheme play an important role in the resulting optimal ¢). Generally, increasing the
amount of inductive bias by increasing A shifts 1) towards smoother functions, in the sense captured
by the H norm, which we illustrate in Figure 7. In practice, the right amount (captured here by the
parameter \) of inductive bias to enforce is often set by a mix of intuition, common knowledge and
empirical evidence. For example, Caron et al. (2021) links the inductive bias of early stopping to
beneficial outcomes noting that “training longer [...] has been leading to worse performance”.

3 CONVERGENCE ANALYSIS

This section proves sharp guarantees when working with the mean-square loss £(y,y') = ||y — ¢/ 1
with Y = R%, in the kernel regime where F is specified through ©, of Lemma 2 and F is de-
fined similarly with O as an estimate of ©,. The studies of many losses can be reduced to the
least-squares case thanks to calibration inequalities (Bartlett et al., 2006; Cabannes et al., 2021b)
or self-concordance properties (Ostrovskii and Bach, 2018). Remark that self-supervised learning
algorithms often incorporate strong augmentations leading to potentially different marginal distribu-
tions over inputs and augmentations. This discrepancy is often overlooked, many theoretical works
implicitly assuming py = p=. However, the optimal representation 1 is likely to be invariant to
augmentations, meaning that ideally, 1)(X) should have the same distribution when X ~ puz or
X ~ px, which we write formally as ¥ p= = 14px. Moreover, augmentations are likely to
spread the input data distribution, leading to the dominance py < p=. This motivates the following
assumptions and definitions.

Assumption 1 (Low expansion). Let ¥, = Ex..[p(X)p(X)T] be the covariance matrix of ¢
under the distribution T. Assume that there exists ¢, such that ¥, = cX,.

Assumption 2. For any i smaller than the number of positive eigenvalues of T\, the projection of
the target f* on f; in L?(uz) coincides with the projection on f; in L*(px).

We now give a simplified version of our downstream guarantees, assuming that the target function
of the downstream task is well represented by the pretraining problem, as well as pretraining guar-
antees. In effect, we improve the rates of HaoChen et al. (2021, Theorem 4.3) from n~ /2 to n~*
on both pretraining and downstream tasks.



103
10~1

w
<
o
g
8
o0 1072
8
8
% 102
=
[
oy
1073

—T ————
102 108
Number of downstream samples

Figure 1: Empirical downstream performance on a simple task (detailed in Appendix E) depends on the
number of both downstream samples (x-axis) and pretraining (y-axis) in log-scale. Along the left hand
side of the plot, convergence rates of n;TIE/ ? are observed with respect to the number of pretraining samples
(Theorem 2) while along the top, convergence rates of n;olwn are observed with respect to the number
of downstream samples (Theorem 1). At the bottom, a saturation phenomenon is observed where added

downstream samples do not result in noticeable benefits as the excess risk stalls at R(ILx ™) — R(f™).

Assumption 3 (Source condition). f* belongs to the positive eigenspace of T, i.e. f* €
Span {fz ‘ A > 0}

Theorem 1 (Downstream error). Let (X;,Y;) ~ p®™ be n samples drawn from the distribution for
the downstream task and { be the square loss. Define k\ < —+00 as the number of strictly positive
eigenvalues of T. Under Assumptions 1, 2, and 3, after a transitory regime, the average excess risk
of the optimally-regularized empirical risk minimizer f,, is

2 1.1
< 2kee n log(n)
n n

E[R(fa) = R(f")] 170 2y + iy (£6(50) = £4(50.)) + e ©)
where €2 is the noise level of Y (the supremum of conditional variances), k. < k is the effective
dimension of the representation 1) = © on the downstream task, c¢ i, < (kx —k)4 || f* HiZ(px) isa
constant relating to the concentration of the energy of f* the target function on the downstream task
with respect to the eigenspaces of T, cy 1, < HTA_ L= || is a similar constant taking into account

the decay of eigenvalues of Ty, and the index k in L}, indicates that we search over 1) : X — RF.

Theorem 2 (Pretraining). There exists an implementable algorithm that guarantees an average
excess risk

2
o2 og  4k5c3
—_ + PR A

E[R(fn) — R(f*) Ep, [L(SO,)] — L(SO) < 3k%cac) 7)‘ + (7

nm
where cx = 1+ K%ky/A\ i = 1+ k3/A2, ky is the number of positive eigenvalues of T, & is a
bound on |||, ox relates to the variance of E [(€) | X]|, and o¢ relates to the average variance of
(€] X). Moreover, when K = SST or the covariance of the ¢(£) has a finite number of positive

eigenvalues (e.g. X finite or H finite dimensional), with ci a constant that relates to the condition
number of K, this bound can be tightened to

2 .2
4cqecy

Ep, [£(50,)] — L(SO) < ®)

n

Conclusion. This paper presented a detailed theoretical framework to study self-supervised learning
in the kernel regime. Our analysis highlights the role of three operators: 7' linked with augmenta-
tions, K linked with architecture choices, and T} resulting from their interplay depending on the
regularization captured by the parameter A. Our analysis provides sharp generalization and con-
vergence guarantees that could be turned into practical insights and guidelines for practitioners to
improve the stability and performance of SSL algorithms (some of them being detailed in Appendix
A). As an example, Theorem 2 shows how multiple augmentations per sample, reduces the empirical
risk/stochastic gradient variance and improve performance, which was observed with the introduc-
tion of multicrops in Caron et al. (2020). An important direction for future work is to extend our
analysis to neural networks beyond the kernel regime, for instance by capturing the effect of non-
linear training dynamics and feature learning.
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A PRACTICAL INSIGHTS

In this section, we relate our theory to commonly observed phenomena when training SSL algo-
rithms and offer best practices informed by our findings.

A.1 THE DOWNSTREAM PROBLEM

Two regimes should be distinguished for the downstream problem. When few downstream samples
are available, few-shot learning requires a small effective dimension k. (6) to lower the estimation

error and avoid fitting noise. Limiting k. (or equivalently the capacity of F) can be done either
by decreasing the representation dimension k or applying regularization on downstream tasks. This
theoretical trade-off between effective dimension and number of downstream examples is illustrated
empirically by He and Ozay (2020, Figure 6). On the contrary, when accessing a substantial amount
of data for training downstream tasks, one could confidently augment the representation dimension
k to decrease the approximation error. This was notably observed on large-scale datasets by Garrido
et al. (2022, Figure 1): as k increases, the effective dimension k. converges to a limit, and the down-
stream performance keeps increasing until this limit is reached. Remarkably, our theory explains
this phenomenon: since k) is finite, as k increases, the effective dimension k. will be bounded by
the limiting case where k = k.

A.2 THE PRETRAINING PROBLEM

Usefulness of multiple augmentations per sample. Theorem 2 shows how multiple augmentation
such as multi-crops can result in faster convergence to an optimal representation . There, the
variance of the empirical risk depends on both ox due to variation over inputs, and o¢ due to
variations over resulting views after augmentation. With multiple augmentations per sample, one
can reduce the latter variance and improve performance, which was observed with the introduction
of multicrops in Caron et al. (2020). However, when the total amount m x n of pre-processed data
is held fixed, it is generally better to process many inputs with two views m = 2, rather than a few
inputs with many augmentations. This finding matches the empirical observations of Bardes et al.
(2022) that if available, fresh samples are always better than more views.

Capacity trouble in pretraining. Theorem 2 show that, without regularization restricting the capacity
of the model of computation, one cannot expect to meaningfully solve the pretraining task. This is
captured by the quantity c) that goes to infinity as A goes to zero. Such issues related to the lack
of regularization commonly arise in practice. Given n X m upstream samples (&;;), the empirical
minimization of VICReg can be implemented by approximating p with ), y d(ie; ;)/mm. In this
setting, 7" is the adjacency matrix of a graph with as many connected components as there are inputs
n, as detailed in Appendix F. All the connected components define a maximal eigenvector of the
empirical approximation to 7', leading to a “collapsed” representation ¢ = >_ j d¢,;/m. Regular-
izing forces the optimizer to search for representation inside the space ¥ which mixes those small
clusters letting meaning eigenfunctions emerging (see Figure 2 for an illustration).

A.3 GUIDELINES FOR PRACTITIONERS

Our theoretical study provides several insights that may be useful for SSL practitioners. We highlight
a few below.

Avoiding collapse. The common collapse phenomenon, where pretraining ends up fitting noise
instead of learning useful features, may be addressed in several ways. Our theory suggests to:

* Reduce the model capacity, through regularization (e.g., early stopping), or simpler archi-
tectures (e.g., a shallow CNN instead of an MLP). As a consequence, ¥ will have a lower
effective dimension, K will encourage “simpler” representations that can be learned with
less data, even without any data augmentation.

* Use stronger augmentations. T will become more compact, reducing k the dimension of
the “positive eigenspace” of T. The ideal ¢ will exhibit more structure, thereby its search
could be reduced to smaller spaces, making it harder to collapse.



Figure 2: Capacity trouble. Level lines of the top eigenfunction of empirical estimate of T’ for negligible
regularization (left) and small regularization X (right). Experiments are done with a Gaussian kernel with
scale about one tenth of the problem diameter, augmentations are represented as black dots, connected
by a line when they provide from the same input X. When X is negligibly small, capacity troubles arise,
infringing the recovery of the cluster structure on the right.

Incorporating priors. Representations are typically used for solving downstream tasks, thus it is
crucial to incorporate the right priors during pretraining. Our theory showcases the important role of
several factors. (i) Augmentations determine the nature of the invariance that is enforced (e.g., low
variations, short-range dependencies, translation invariance); affects top eigenfunctions of T'. (ii) Ar-
chitecture promotes “simple” representations (e.g., smoothness, locality); affects top eigenfunctions
of K. (iii) Regularization balances the interplay between augmentations and architecture; affects
top eigenfunctions of T). (iv) Pretraining data impacts both T" and K and their eigenfunctions, e.g.,
through clustering structure, or natural image statistics.

B MATHEMATICAL DETAILS AND SIMPLE PROOFS

B.1 TECHNICAL DETAILS

Several technicalities were left implicit in the main text, we discuss it now. In particular, we assumed
that there exists a minimizer f* of the risk R which is true when ) is finite, or when / is the least-
square loss and (Y | X) has a second order moment almost everywhere. Moreover, in the proof for
least-squares, we will assume for simplicity that )V = R. The same derivations still holds true when
Y = RF although it requires slight precautions such as working in ) ® # rather than in H (see
Cabannes et al., 2021b, for example).

Integers. The representation dimension k is an integer, and [k] denotes the set {1,2,--- , k}. For
simplicity, we abuse notations and denote by N the set of strictly positive integers.

Geometry. The product A X B denotes the set of elements (a,b) with a € A and b € B. The
notation a " denotes the adjoint of a which depends on the Hilbertian metric space one consider a
to be part of (e.g. the adjoint in L?(pz) is not the same as the adjoint in L?(px)). The notation a ' b
denotes the scalar product (a, b) with the Hilbertian metric space a and b are understood to be part
of. The Hilbertian norm on matrices or operators is denoted by ||-|| . (Frobenius), |||y or ||-|| ;¢
(Hibert-Schmidt). The operator norm is denoted by ||-|[,,-

Distributions. In order to define probabilities, X and ) are assumed to be Polish spacesa endowed
with the Borel topologies. We used the simplex notation A 4 to design the set of probability measure
on A, and the tensor notations p®™ to denotes the measure of n independent random variables all
distributed according to p. The notation ¢ p denote the measure of ¢(X) when X is distributed
according to the measure p. The notation p < u means that for any measurable set X the fact that
#(X) = 0 implies that p(X) = 0. The notation J, denotes the Dirac distribution, which satisfies
(f,0:) = f(x) using the duality bracket between functions and distributions. For any distribution
p, the space L?(p) is made of measurable functions that are square-integrable.

Functions. All functions such as ¢, f, ¥, ¢, and so on, are restricted to be measurable. The
notation o denote the composition of functions f o g(-) = f(g(-)). A function f : X — Yis



understood as an element of J¥, and we use some isomorphism such as (RF)* = (R*)*. We use
the notation R¥ ® H to denote linear bounded operator from # to R¥. This tensor product notation
generalizes matrix notations with R¥ @ R% = R¥*dn_In particular,

={z—>0p(z)|0cR" @H}.
For © € R* @ H, one can write © in row-style as an element of H* as well as its adjoint O €

H ® R in column-style which follows from the fact that 7 is self-adjoint when endowed with the
£2-product topology.

B.2 REMARK ON THE SPECTRAL CONTRASTIVE LOSS

Let us characterize (2) in order to easily implement it with unbiased stochastic gradient. We need to
get the expectation outside the norm. This can be done with the following derivations

BT~ 1|f = T (Ble(©)w(©)T] - DEREWE)T] - 1)
= Ee o [Tr (0(€)u(&) "o (€ 0(E)T)] — 2Ee [Tr ($(©)%(©)T)] + Tx(D)
= e [(4(6) (©)] — 2 |[0(©]°] + &

For the first part, we get

Ex Eee [[[9(€) — (&)

Asa consequence,

L(@;8) = 2(8-1) Ee[llW(€)[I")-28Ex Eeer [0(6) T (&) | X]+Eeer [($(€) (€)% +k. (9

In particular, when 5 = 1, we retrieve the spectral contrastive loss introduced by HaoChen et al.

(2021),
L(p) =2Ex Eeer [¥(€) "9(€) | X] = Ee e [(w(6) "0 (€))) + &

?| X] = 2B[[0(©)]Y] - 2Bx Ec.o [6(6) (€ | X]

B.3 PROOF OF LEMMA 1

First, notice that if we define for v : X — R, the mapping w(v¥) —
Ex [E¢¢ [||w(§) — ()| ‘X]], w is a quadratic form on L?(uz). As a consequence, it can be

represented with a linear self-adjoint operator L on L?(uz) such that w(v)) = (v, L)) L2(us) - BE

cause w(1) > 0, we have L > 0 (with > the Loewner order on symmetric operators, i.e. A = B if
A — B is positive). The following lemma show that L is bounded.

Lemma 3. For any ¢ € L?(uz), w(y) < 2 H¢||2LQ(ME). As a consequence, L < 21.

Proof. This follows from the fact that
w(¥) = Ex[Eee [I0() - (€)1 | X])
= Ex[Eeer [I4(6) — E[¢(©) | X] + E[$(6) | X] - v(€)I*| X]]
— Ex[Ece [[4(6) — ER(©) | XII° + IER(€) | X] - ()l | X]]
— 2Ex[Ee [|0(¢) ~ E[p(&) | X]I| X]]
=2 min_Ex[E¢ [[(6) - vo(X)[*| X])
< 2Bx [Ee [ | X]] = 2Be [lw©I] =21l ()

Hence for any 1), with the L?(uz) geometry we have ¢ " Ly) < 1) T4), which implies, since L is
self-adjoint, that || L||,, < 2. O



Because 0 < L < 21, let us introduce T = (21 — L)/2, we have 0 < T < 1 and, with the L?(u=)
geometry, for ¢ : X — R¥

k k
=B85 0 L+ B ()¢ (e) ] — 1| = 283w (T - Ty + |[E[(€)w(€) ] - I
=1

i=1
In order to diagonalize all operators without relying on integral formulations of the spectral theorem,
we introduce the following mild assumption.
Assumption 4. Assume that T" has a pure point spectrum.

Example 1. When the distribution of augmentation have a density p with respect to a any measure
and (x,€) — p(&|x) /p(&) is in L*(n), or when X is finite, T can be shown to be a compact
operator, hence to have a pure point spectrum according to the spectral theorem.

Proof. When X is finite, the L? spaces are finite dimensional, hence locally compact, which implies
that all operators are compact. To prove the case with density, let us develop T as an integral
operator. We have, in L?(uz) geometry, for f : X — R

2/T(I = T)f =ExE [|£(6) - S| X] = ExE [IF@I + 1€ - 2(£(€), £ | X]
= 2fTf —2Ex E[(£(€), £(§)) | X].

This allow us to identify 7" with the inner product, we have for g : X — R and p the density of
augmentations

fTTg=ExE[{f(€),9(¢) | X] =/(f(é%g(é’))p(élw)p(f’Ix) d¢’ d€px (dz)

o e ualda)p (€12 p(€ ] 2)
~ [ n=tag <f(§)7 [ n=taehae) s >

As a consequence, one can consider 7" as the integral operator in L?(juz) linked with the kernel
k(e €)= Jnx(dz)p(§lx)p (€] 2)
p(&)p(€)

When this kernel is bounded, or simply when & — k(&, €) belongs to L?(uuz), T is trace-class hence
compact. O

Let us now prove in order to minimize £, one should take the eigenfunctions of the operator (1 —
B)I + BT whose corresponding eigenvalues are the biggest positives ones. It can be proven with
simple geometry in a somewhat abstract space. To do so, remark that ¢ : X — R¥ in L?(u=, X, R¥)

can be represented as 1ﬁ eRF@ Lz, X, R) with the linear map that associates (1/)2T ) to a function
RS Lz(ug, X, R). Let denote Ts = (1 — 5)I + BT, the upstream loss can be characterized as

¥) =28 (i, (I — T)y) + || Eelap( ©w(E©) 1|

i€ k]

=28 (e] v, (I =Ty ey + |[Ee[ > el b(©w(€) Tejeie] ] =1
i€[k] i,j€[k]
2

=28 Z eiiﬁ(I — T)@Tei + Z e;rz/;@—rejeie; -1

i€k i,5€[K]

— 28Ty (1/)(1 TV ) v wa IH —23Tr (JJ(I - T)zZT) +Tr ((WT _ 1)2) .
=Tr (2B0(1 = T)9T + 0T o0 — 2007 +1).

=Trrz(ue) (JJTWZTJJ + 28I -T) - 21)1/71/3) + k.

= Trpaue) (D700 = 21507 D) + b = Trpague) (070 = Tp)? = T3) + k.
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In order to find the minimizer of £ with this new characterization, slight precautions are needed here
since the two operators are not trace-class. The following lemma takes those precautions in order to
finish the proof.

Lemma 4. Let A be a self-adjoint operator on L*(uz). Assume that there exists c such that A < cI
and that A is pure-point spectrum. Then if (\;, f;) denote the eigen-decomposition of A with \;
in decreasing order, the minimization of Tr ((B — A)? - Bz) under the constraint that B is a self-

adjoint positive operator of rank at most k, is reached for B = DT with ¢+ X — R¥ such that
i = max(0, A) /2 fi.

Proof. Let us decompose A into a positive part A, > 0 and a negative part A_ = 0 such that
A = A, — A_. Using the fact that B is positive self-adjoint, we get

Tr (B - A)? - A%) = Tr B® — 2B'/2AB"/2 = Tv (B® - 2B'/2A, B'/%) + 2Tv (B'/2A_B'/?)
> Ty (32 - 231/2A+Bl/2) .

Let us decompose B into k& symmetric operators of rank at most one as B = Zle B; such that
B;B; = 0 for any i # j € [k]. Using the different properties of the operators introduced, we
proceed with

k k
Tr ((B—A)* — A%) > > Tr(B}) —2Tr(BiAy) = Y |IBill2, — 2[BiAy |,y

=1 i=1

k k
> Y UIBill2, = 211Billop M5, Ax oy = D IBill2, = 21Billop | [T —Ts,) AL,
=1 =1 ) <1
k 2 j
=S IBillo, = ITT =1 AL | = I TIC - 1) A7,
=1 j<t J<i

k k
> —Z | H(I - HBJ-)A+H(2)p > _Zai(A-‘r)

i=1  j<i

where I15 denote the orthogonal projector on the image of B, and o;(A) the i-th singular value of
A (monotonically ordered with o1 (A) the biggest). The last inequality is due to the Courant-Fisher
min-max principle, This inequality can be achieved with I, the projection on the i-th eigenspace of
Aand || B;|,, = 0i(A). In other terms, B should match the first k positive eigenvalues of A. In the
case where A has less than & positive eigenvalues, then B should match all the positive eigenvalues
and be null on the range of A_. O

The following is a direct corollary of the proof above.

Proposition 5 (Uniqueness of minimizers). The minimizers of L are unique up to orthogonal trans-
formations and eigenfunction picking. More specifically, if U € R¥**¥ is orthogonal, i.e. UTU = I,
then L(¢¥) = L(UW); and if A\, = Ak41, one can choose different eigenfunctions as fi in the
eigen-decomposition (X, f;) of Ta.

B.4 PROOF OF LEMMA 2

Let us consider ¢ : X — R* with ; = fo, for0; € Hand S : H — L?(u=);0 — 07 ¢(-). We can
use the tensor notations introduced earlier to parameterized ¢ = SO T with © = (0:)ie[k) seen as

an element of R* ® H. The proof of Lemma 2 follows from the fact that

k k
1613 = 07|l = (SOT,(ST8)1SOT) .,y = D SOTK S0, =>4 K.
i=1

i=1

Since ¥ = S(H) = im S = im K/? = K'/2(L?(uz)), one can consider K~ as the inverse of K

such that for ¢; € ker K, ¢ K~'4; = +oc0c. This is what we implicitly assumed in the main paper,

11



which lead to the (1;) being all in . Note that in many cases, ¥ is dense in L?(uz) (Micchelli
et al., 2006), and one does not need to take such a precaution since the ker X' = {0}, and there is
only one way to define K~ on L?(uz).

B.5 SECOND PROOF OF LEMMA 2 WITH COVARIANCE OPERATORS

The proof given above of Lemma 2 might seem quite abstract for the reader unfamiliar with repro-
ducing kernel Hilbert space. In this subsection, we provide a somewhat more accessible proof of
this Lemma based on covariance operators.

Reusing the unbiased characterization of £ we have
L(; ) =2(8 — D Ee[llp(&)I°] — 28Ex Eeer [ T9(&) | X] + Eeer [(0(6)T9(€))%] + k.

= 2(8— 1) Tr (Be[(©)¥(€)T]) — 28Tr (Ex Beer [$(©)w(€)T | X]) + Tr (Be [w(€w(©)T]") +k,
where the last term provides from the fact that

Eeer [(£(€)T(€))%] = Eeer [0(©) T(E)W(E) ()] = Eeer [Tr (v(£)(€") Tb(
= Tr (e[ ()v (&) T Eer [ (€)0(€) T]) = Tr (Ee[v(E)e(€

~—
—
[\V]
~—

B.5.1 OPERATOR TECHNICALITIES
The search for ¢ will be done under the form ©¢ for © € R* @ H and ¢ : X — H. Let us discuss
technicalities related to the infinite dimensional operators that will appear.

Assumption 5. The Hilbert space H is separable, and the mapping o belongs to L?(jx) endowed
with Borel topology on both X and H.

Remark 6. The operator &> = E¢[p(€)p(€)T] € H @ H is trace-class.

Proof. This follows from linearity of traces, expectations, together with the fact that Tr AB =
Tr BA,

TrY =Ee Tro(€)e(e) " = l@lliz(.,, < +oo-

As a consequence, X is compact, hence has a pure point spectrum, and since H is separable it can
be diagonalized with its eigenvectors forming a basis of 7. O

We will see later that ©~1/2X xX~1/2 is indeed isometric to 7. Hence, under Assumption 4,
$~1/2% 4 ¥ ~1/2 has a pure-point spectrum. However, the following lemma shows that this operator
is bounded without using the fact that 7" < I.

Remark 7. The operator Sx = Ex E¢ e [p(&)p(&) T | X] € H@H verifies 0 < Sx = X with <
the Loewner order (A < B if B — A is semi-definite positive). As a consequence, Y. x is trace-class
and Y7125 3712 s continuous.

Proof. This follows from Jensen inequality applies to A — AAT, which can be proven using the
positivity of covariance operator.
0<E[(A-E[A)A-E[A)"], = E[A]E[A]T < E[AAT].
As a consequence,
Eee [0(©)p(€)T | X = 2] 2 Ee [p(&)e() T | X =],

which implies that

Yx XX
As a consequence, Tr ¥y < Tr¥ < 400 and ©~1/28x2~1/2 < I, and HE‘l/QEXZ_l/ZHop <
1. The positivity follows from the fact that Xx is a covariance operator Xy =
T
Ex [Ec [p(6) | X]E¢ [o(6) | X] ] O

12



B.5.2 OPERATOR FORMULATION

Let us begin by proving a variant of the lemma where everything is expressed in 7. We expand later
on the isometry between H and L?(uz) (due to the isometry between S and '/2) that allows us to
transfer it to the lemma written in the paper.

Lemma 8. For (6;) € H* and fo : © — (p(x),0), and a regularizer A € R

L((fo.)icm) + A D 16:]3 = Tr (21/2(2 0,07)5Y/2 — A2 — A% | 4k,
i€[k] i€[k]
with A and 3. being operator on H defined as
A=A =BT+ BEx — ATV D =F [p()p©)T], Tx =Ex[Eee [p(©)p(€) ] X]].
As a consequence, a minimizer O, of L is such that ©, matches the eigenvalue decomposition of A
on positive eigenvalues up to the k-th. Formally, if A = 3. . Niu; @ w; with u; € H and (\;) in

decreasing order,
0, = (Gi)ie[k], with 0; = \/max()\i,O)Eflﬂui.

Moreover; (fy,) are orthogonal in L*(uz), where = denotes the marginal distribution over aug-
mentations.

Proof. Let us now rewrite the different quantities appearing in £ based on the parameterization
1 = Op. We have
Tr (E[(€)(©)T]) = Tr (EIO2(E)p(€)TOT]) = Tr (OElp(€)p(§) 10T) = Tr (0307) = Tr (/207 0x!2).
The adjoint © " is taken with respect to the canonical topology on  and R”. Similarly,
Tr (Ex E [$(€)v(€)T | X]) = Tr (0Tx07T) = Tr (27251251 20T 051/2).
For the last term, we get
Tr (E[(&)y(&))?) = Tr (020 7)%) =Tr (0X0'080 ") = Tr (21/2@T929T621/2)
Collecting the different terms, we get
L(Og) +2\Tr(070) — k
=Tr (2(8 - 1)BY/20TOxY2 — 285125 51 1/251 /29 T@x!/2
+x20Toneox!/? + 22x 1220 Tox!/?)

2 2
_ <(21/2@T921/2 +(B—1)I-pE "2y 1/2 4 AE*) - ((ﬁ L) - BRIy 2 /\2*1) )

" ((21/2®T@21/2 V(1 - B)E + fEx — A)Z*W)2 - (2*1/2((1 —B)S + fSx — )\)21/2>2> .

This proves the first part of the lemma. Remark that the expression of the lemma is slightly dif-
ferent from the generalization to continuous X suggested by HaoChen et al. (2021) in their Ap-
pendix F, that would reuse the work of Schiebinger et al. (2015) considering the covariance oper-
ator with feature p(z) = ¢~ '/2(z) E[p(¢) | X = z] where q : © — Ex~,[k(z, X)] rather than
271/22)(271/2_

Finally, let us prove that the fp, are orthogonal in L2, we have
(o0 0,0 12y = \/m8X00 0) max(hg, 0) E[( 57120, 0(6) ) (57120, 0(6) )
= \/max()\“O max(\j,0) Efu; ©7Y2p(&)p(&) TR 2u,]

)
ZVmaXWO)maX 0)uf SV E[p(€)¢() 1157y,
)

= \/max()\“O max(A;,0)u Z—.FZ_l/QZZ_l/Qu]

= \/rnaux()\i7 0) max(X\;, O)UZT’U,j = \/maux()\i7 0) max(A;,0)d;;.
This proves the orthogonality of the fp, in L?(uz). O
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B.5.3 ISOMETRIC FORMULATION

Let us consider S : H — L?(uz); 0 — fo the embedding of the RKHS in L?(uz=).

Lemma 9. S is isometric to ©'/?, and K = S S is an integral operator that maps f € L*(ug) to
K f € L?(uz) defined for € € X as

Kf(&) =Ee [0()To(¢)f(E)]. (10)

Proof. This follows from the fact that both S and X.!/2 are a square root of ¥.. Indeed, . = S5,
since for 6 € H,

(0,5750),, = (50,50) 15, = Ee[S0(£)]

= E¢[(6, 0(€))°] = Ee[(8, (&) ® (€)9)]
= (0, E[p(§) @ p(£)]0) = (0,%0) .

As a consequence, S is isometric to X.1/2 (if we write the singular value decomposition of S as
USVT, then ©1/2 = USU ). Regarding the part in K, one can check with the same derivation that
ST = E[f(&)@(€)] € H hence the value of (K f)(€) = (STf)T¢(€) = E¢ [f(&’)w(é“’)%(f)é

Using the isometry one can replace ||.50|| = HEl/ 26|| with the Hilbertian norm on  and L?(uz),
so that for C' operating in #, Tr SCST = Tr ©/2C%!/2. Going back to the proof in A, one can
replace all the /2 by S or its adjoint at the right places to get the following statement.

Lemma 10. For © € R* ® H, and a regularized \ € R
L(SO)+A|0]2 =Tr((SOTOST —T\)?—T2) +k

where
T=5"T8xS"Y, Th=0-BI+pT-XK"', K=8585T,

with S : H — L*(uz);0 — fo the embedding of H in L?(uz), where u= denotes the marginal

distribution over augmentations. As a consequence, a minimizer O, of L;\ is such that SO
matches the eigenvalue decomposition of T on positive eigenvalues up to the k-th.

Proof. This lemma follows from the previous discussion. The fact that S~ T %.S~! equates to T on
the L?(juz)-closure of W is due to the characterization in Lemma 2. We can nonetheless prove it in
a more direct fashion, by adapting Lemma B.9 of Saunshi et al. (2022) to our case. O

B.6 REMARK WHEN T AND X COMMUTE

The fact expressed in the main text relies on the fact that when two operators commutes, they can
be diagonalized in the same basis.

Lemma 11. When K and T' commute, K and T’ can be diagonalized by the same eigenfunctions

(fi)-

Proof. When the operators commute, if f is an eigenfunction of 7" with T'f = Af, then TK f =
KTf = MK f. This means that the eigenspace of T, i.e. ker(T" — AI) are stable by K. As a
consequence, K can be decomposed with respect to the summation L? = @ respec(T) Ker (T — AT).
By diagonalizing the restrictions of K on each of those spaces, there exists a basis that diagonalizes
both K and T'. O

While we did not discuss it in the main text, one should not consider any eigenvalue decomposition
of T' but only the eigenfunctions that jointly diagonalize 7" and K. However, note that to find those
eigenfunctions, based on Courant-Fisher principle, one can take, recursively on¢ € N, f; = fp, an
eigenfunction in ker(7" — \;I) that maximizes or minimizes ||6;||. Those eigenfunctions ( f;) will
diagonalize T}, and the optimal representation will pick the ones that maximize f;" T f; as long as
this quantity is positive.
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If f; diagonalize K then f; € im K''/? = ¥ = im S, hence there exists a §; € H such that f; = S6;.
As a consequence, with the L2(uz) geometry, f;7 K1 f; = (56;)T(STS)~156; = [|6,]|. We use
this to derive that

FiTafi = (L= B) ] fi+ B Tfi = MK fi =1 B+ BN — X645

In other term the maximal eigenvalues of T} are found by maximizing SA; — A [|6;]%.

Remark 12. Recently, HaoChen and Ma (2022) have taken this second perspective on inductive bias
perspective by looking at the “barrier” case where one can only match eigenfunctions that belongs
to the function space V. In the kernel regime, this is deceptive since, for example, when considering

the Gaussian kernel o(z)To(z') = —exp(||lz — 2'||*), U is made of analytic functions (Sun and
Zhou, 2008), hence cannot parameterize any indicator functions without being one everywhere,
therefore their approach would fail to explain how the Gaussian kernel could learn fast under the
cluster assumption.

B.7 REMARK ABOUT VCREG

When £ = 0, finding 1 correspond in finding k functions (f,); that are orthogonal in L?(uz=)
and maximize 1 — A [|0]]*> = 1 — Af; K~ f, before multiplying them by (1 — X ||6;]|*). Using
Courant-Fisher min-max principle, the function (fy, ); are given by the k biggest eigenfunctions of
K.

B.8 REMARK ON ASSUMPTION 1
Under Assumption 1, there exists ¢, > 0 such that for any function f in the original space of
functions ¥ defined in (4),
2 2
||fHL2(pX) <ecr ||fHL2(M) )

This follows from the embedding S, and S, of H in L?(px) and L?(uz) respectively. We have
seen earlier that SJSH =3,.and S Sx =3,,. Let f € U, there exists § € H such that f = fy,

hence, using the isometry between S and $'/2,

2 2
1Folliaon) = 1Sx613(,y = [S26] = |EH2ERY2E20)

L2(px)

Px = M= Iz Px =

S HE;EI/QE 271/2

2
~1/2 — ||x-1/2 —1/2 2
(2], = [ 22| 1ol

op

We conclude by using the equivalence the fact that A < ¢B implies that B~/2AB~%/2 < ¢.I.

B.9 EXAMPLE OF ASSUMPTION 2

Example 2. If Yyu= = Yypx holds for the optimal representation o = (f;), with (f;) the positive

eigenfunctions of Ty, and there exists a measurable function g : R¥ — Y such that f* = g o), then
Assumption 2 is verified.

Proof. This follows from the definition of the different objects,

MY (f)=wfi,  with  w=argminEx., [|/(X) ~wf,(X)[?]

weR

We develop this last objective as

Exmpn [ £(X) = 0 fi(X)[*] = Ex e [l9(6(X)) = w0fi (ON*] = Bz pr [ 9(2) — w7 2|
= Ezne [ 700 =" (0|

Hence, the equality of the w and of the projections. [
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B.10  EXAMPLE OF ASSUMPTION 3

Example 3 (Cluster assumption). If the support of the density u= has k connected components, f*
is constant on those clusters, and A = 0, then Assumption 3 holds.

Proof. If u= has k connected components, then the indicators of those components will minimized
the invariant term E,, E [|[(€) — (&) ]| | X] while being orthogonal in L?(uz). As a consequence,
f* belongs to the space of the ( f;)i<- O

C CONTROL OF THE DOWNSTREAM CONVERGENCE

This section is devoted to the proof of Theorem 1. In all the following, k) designs the number of
positive eigenvalues of T) (including multiplicity) as an operator on L?(uz). We fix k < ky, and
design by F the span of the (f;);c(x). In the kernel regime, the space F can also be written as
F = {w"6.p|w € R} for O, the minimizer defined in Lemma 10. We denote by F the space

defined similarly from an estimate O of O..

The error on the downstream task could be decomposed into three quantities: the error on the down-
stream task linked with the capacity of F (11); the error on the upstream task linked to approxima-
tion error between F and F (12), the error due to the fact that the downstream task might not be
effectively solved within F (13).

Lemma 13 (Decomposition intuition). Let F and F be two closed convex sets of L2 (px), and I 7
design the orthogonal projection on the space F according to L?(px) geometry. For any function
f:X=>YVin F, the excess of risk (1) can be decomposed as

R(F) = RU) <= Tef G2, (1
+2|[( =TT, (12)
T =T )12 ) (13)

Proof. The proof of the lemma follows from classical characterization of the mean square error and
a triangular inequality. Introduce the following technical assumption.

Assumption 6. Assume (X,Y) — Y to belong to L*(p).

When £(y,y') = |ly —¢/||°, using the fact that (X,Y) — Y — E[Y | X] is orthogonal to any
measurable function that does not depend on Y in L?(p),

R(f) = E[If(X) = YII"] = E[| /(X) - E[Y | X]|*] + E[|E[Y | X] - Y|].
As a consequence, f*(z) =E[Y | X = z] and
* * (12
R =RU) =1 = F N2 (pn) -
Let us decompose the excess of risk with the orthogonal projection of F, we have

R(f) =R =1 = FT2pe = I = Taf e, + =T £}

(px
The second term is worked out as
* 2 * * 2
H(I_H]i‘)f L2(px) H(I_H]:‘)Hff + (I_H]?)(I_H]:)f |L2(px)
*]|2 %112
<2 H(I —1L)Irf L2(px) T H(I — ) -1r)f L2(px)
*|2 * (|2
<2|[(I =TA)TFS* || 2y + 1T = TRV 20
where the last inequality is due to the fact that projections contract distances. [

For linear probing (3), when the downstream task is learned with n data points and a noise level
g, (11) is expected to behave as 2k /n (Mourtada and Rosasco, 2022). In this linear setting, (12)

should be seen as a measure of angle between F and F seen through the eyes of f* (Davis and
Kahan, 1970; Kato, 1995).
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C.1 CONTROLLING (11)

The downstream task error relates to the generalization error of mis-specified linear model. To bound
it, we will use the convergence rates analysis through concentration of integral operators of Smale
and Zhou (2007) and Caponnetto and De Vito (2007). It requires reworking slightly the previous
decomposition.
Lemma 14 (Warm-up). Let F be the span of the (v3)ic], with Sy : R¥ — L? defined as Syw =
w1, then .

Iz f* = Sy E(X)w(X) ] E[Y ¢ (X)]. (14)
Based on data (X;,Y;), one can define the empirical risk minimizer f, = Sywy, where wy, is the
minimizer of

wy, € argf}?inz H’wT’L/J(Xi) - Y}H2 = [E Z go(Xi)go(Xi)T]_lﬁ ZYigo(Xi). (15)
weRk 55 i=1 j=1

Proof. The two formula can be proven at once by remarking that if I z f* is defined as Sy w for w
minimizing
2
Efljw”¢(X) - Y[ = T Blp(X)p(X) Tw - 20" BV p(X)] + Y]]

Minimizing this quadratic form leads to the first results. The second result is proven in the same
way after substituting the distribution over (X, Y’) by the empirical one n = 3", €n] O(X:,Yi)- O

As a consequence of this warm-up lemma, let us introduce some notations, for ¢y : X — R* and
some data (X;), define

Sy R = L (px);w — w9, Sy RF = 2(n);w — (wTH(X;))icn)s (16)

where (%(n) is endowed with normalized (i.e.  probability-like) scalar product {(a,b) =
n~! > _ic[n) @ibi. Similarly to Lemma 9, one can show that the adjoint of Sy and Sy, and the
covariance operators are

Sy L (px) = RY f = B, [f(X)w(X)], Sy 2(n) = R (Vi)ien — % Z Yih(X5).
]

i€ln
Sy = SuS] =By ()BT, By =88] = Sw(X)u(x)T] (7)

In this subsection, we will only consider S and ¥ associated with ¢ and we remove the indices for
convenience. To simplify notation when f € L?(px) we will write S f for S (f(X5))ie[n)-

Assumption 7 (Homoskedastic noise). There exists € > 0 such that for px-almost all x, the vari-
ance of (Y | X = ) is bounded by £°.

Lemma 15 (Bias-Variance decomposition). Based on data (X;,Y;), one can define the regularized
empirical risk minimizer f, = Sywy, with a regularization parameter v > 0 as

wn € argmin 3 " Y(X) —Yi|* 4 Il (18)
weR® =1

When doing so, under Assumption 7, the average excess of risk can be decomposed as, with M =

sup [[4(X)

>

w2 g2 M? _
Bl =T f [l < 5 (1450 ) T (5 42)7D)

- n
M2\ 1
+ 2y (Hm) e f" 24+ ) 12

~ N 2
+2Ex, HS(Z )8 —TI,) £ .

(19)
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Proof. Retaking the warm-up lemma, one can show that

wn = (8 +7) 7S (Ya)ien)-
As a consequence, using the usual bias-variance decomposition, and the fact that f* =
E,[Y| X =], we develop

~ N 2
[ = T2 "] = v, emo [ S+ 1) 78T (Vi — e

]
2 - —1 AT px *
} +|SE+N ST 1y
The first term can be worked out with Mourtada and Rosasco (2022) techniques as

~ ~ 2 2 R2
Beory |[SE+9 78700 - BN 1 X = Xlien[ | < S (14 2 ) w249 )

Ewvi | x=xyl
2

=Ewi 1 x=x [HS(ij +)TISTY —EY [ X = Xi])iepm)

under the assumption that the variance of (Y| X) is bounded by 2.
We work out the second term with
|SE+0 78T~ | < [SE+ ST~ T |+ [SE + ST - T
Once again, the last part can be worked out with techniques of Mourtada and Rosasco (2022) to get
2 R2 ? * —1 *
] §7(1+W> <H]3'f 72(24"7) H]Z-f >L2(px)'

This provides the decomposition of the lemma. O

‘S(f} + ) ST f — T f

E(Xiin)[

Let us work out the last term in (19).
Lemma 16. For t = H(z £ ) 2(S - ) (D 4 )

everywhere,

and M such that ||¢Y(X)|| < M almost
op

1 M? + X
<mind —— 14t- HE—WST [—T:)f*
L2(px) _mm{lt - R ’ I —1p)f

(20)

|5 +7) 78T ~1p

Proof. Letusset f = (I —I1z)f* and A, = A+~ for simplicity. Remark that f is orthogonal to
the image of S, hence S f = 0. We decompose the last quantity with

ST 4 (8,) 18T
U, — S )8 18T+ 2187 f

_y—1/2 1/2¢—1y1/25—1/27 Sy —1/2 —1/2a&T
= 3712 (B)2E IRl V2 (s - S)3 12 4 1) 51287

Using the fact that S is isometric to /2 which itself if smaller than E}/ 2 (with the Loewner order),

we have
s +n7sTa-1ps ) [5257]

< (1 “21/22—121/2
LQ(;)X)_(+ T

—-1/27 Sy —1/2
‘27 25— S5V

op
We know that
o — — 2
=272y < Ul + ) SN sup @) +9)
op TESUpp px

We also have that for A and A self adjoint and any ¢ > 0, the sequence of implications
HA—l/Z(A — ATV <t e AT ATVEHA- ATV <4

op

& —tA<A-A<tA

& (1-HA<A<(1+t)A

& 1+ tAT AT (1 -ntAT!
/2

& (1+t) P =<AV2AIA
Combining the different results leads to the lemma. O
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Probabilistic arguments will show that ¢, as well as H (441287 (1 -11 )
1/2

, vanishes to zero
in n~ /<. We will use Bernstein concentration inequality.

Lemma 17 (Bernstein concentration inequalities). Let denote by A a Hilbert space and by (Z;)cn)
a sequence of independent random vectors on A such that E[Z;] = 0, and such that there exists two
positive constants M and o such that for all m > 2

LS ENZIT] < mio M2

ze[n]

—nt?

In particular when the (Zi) are bounded by 3M, and o> = n~'Y,  E[Z2], the condition

Foranyt > 0,

holds. When, instead, Z; are symmetric matrices in R*** and |-|| is the operator norm, the
same bound holds with kexp(---) instead of 2exp(---) on the right-hand side, where o? =
H ze[n] E ] ’

Proof. See Corollary 1 in Pinelis and Sakhanenko (1986) for the first part, and Tropp (2015) for the
matrix version. O

Lemma 18. For any t > 0, the vector part in last term of the bias decomposition (19) can be
controlled with

P(|=52sT (-

) < 2exp ( —nt ) Q1)
=)= a(b+2M~—1/2t/3)

where b = 2Tr (X4 ~) 'S, M = sup [|[¢(X)| and a = || f*|| o + M ||f*|| 2. Moreover, this
vector part is bounded by y~'a®M?. The matrix part in the last term of (19) is controlled with

~ —nt?
P HE*W sone2| se) <k i 2
( 7 I 2 Sk sy =) @2)

Moreover, this matrix part is bounded by v~2M?*.

Proof. Let us introduce
Zi = (I =Tg) f*(X:) (S +7)20(X;) € RE. (23)
One can check that
1 N
= Z Zi=(2+7) 1/25 Y (I =T) [ (X)(X) = (S +7) V28T (1 = TIg) 17,
ze[n i€[n]

as well as, since im S =
E(Z]=S"(I-1z)f* =0.
Moreover,
120 = |2+ )7 200 [~ TL2) 7 (K| <7 2 e + M)
where R = supy ||#(X)]| and we have used the fact that
(1= T0p) f*(Xa) | < |F*(Xo)| + [ILaf*(X0)| = [/ (Xa)| + [(SSTHLf*, (X))
XD+ ([SSTH| o TS| o N < I e + MMl 2 -
Finally, we have
|2

Il = & [+ ) e 160 - e (x)

IA

E {40720 157 + 15702
T (54275 (1 e + M IS0

19



Using Bernstein inequality leads to the control on the vector term.

For the matrix term, let us introduce
Zi = U0 —EUU], U= (S 49)20(X5).
We have (£ +4) /22 - S)(Z+7) /2 =1 > ic[n) Zi» and
sup || Z|| < sup |U|* <y~ M>.

Finally, using the fact that |U;||> < U; sup ||U;||, with the variational definition of the mean, with
the infimum taken with respect to the Loewner order

E[Z}] = inf E[(Zi~a)®] X E(UU]")?] < sup |U|* E[U; U] = sup |U|]* (£+7)7'S < sup [U|* I
a

Applying the matrix version of Bernstein inequality leads to the lemma. O

We now turn the deviation inequalities of the last lemma into a bound on the average.
Lemma 19. Retaking the notation of the previous lemma.
A N 2 —3nry
Ex, HSE+ ST -1, f* < kex (
(X3) ( ’Y) ( ]:)f L2(px) p (3 + \/§)M2
16ab ~ 512a%2M?
+ + .
n 9yn?2

) (MO (M 1 27))°

2
,and Y =

op

—1/2
5

Proof. In essence, we have two random variables, X = HE; 1/ 2(5] -¥)x

. 2
HE; 1/2gT (I —=TIz)f* H the vector one. We proceed with computation using the fact that for X
positive E[X] = [,_ P(X > t)dt and that ab > ¢, implies for any s thata > 1+sorb > t/(1+s5),

1 M2 +9)x\?
E[min{lX,l—i—( ;LV) }YQ]

1 M2 +4)X)?
:/ P min{ g M) }Y2>t dt
te(0,5up(147~1 (M247)X)2Y?) 1-X gl
1 M2 49X 2
g/inf]P’<min{1_X,1+( ;’7) } >1+s>+]P’(Y2>t/(1+s))dt.

Rather than solving this in closed form, we will proceed with a much simpler bound that consists in
taking s = 1 without any optimization. It gives the much simpler formula

, 1 (M2 +9)X\° 1
<
E[mln{l_x,l—i— 5 ] <B(

- (1=X)?
For Y we can use the same technique as before, using that exp(—(a + b)~!) <
exp(— max(2a,2b) 1) < exp(—(2a)~!) + exp(—(2b) 1), we get

—nt
E[Y?] = IP’Y2>tdt</ 2 - " at
¥l ~/t>0 ( ) dt < t>0 P a(b+ 2M'y*1/2t1/2/3)

< 4/ e —nt +e —ni /2 dt
xp | ——=——+ xp | ——————

=205\ T 2w P\ " 4ariy172/3)

= 8abn~! 4 256a*M?*y"'n"2/9

> 2) sup(1+y (M2 +4) X )?Y2+2E[Y?).

We conclude the lemma with the previous one. O

Let us now simplify the constant that appear in the bound derived so far.
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Lemma 20 (Simplifying constants). The constant is the previous bound can be worked out as
TEE+N)T) <k M<ATkswplol. eSS 4TI ) < 1
We also have

1 N 2oy S NF N pmpey S 00 €2 <0% 0® =supE[Y?| X =]

As a consequence, the constant a appearing earlier is smaller than (1 + M)o.

Proof. The first bound is a direct application of the fact that ¥ < ¥ + ), hence Tr((X + )~ 1v)
Tr(I) = k. The second bound is due to the fact that ¢y = O, hence ||| < HC:)H Il
op

IAIA

[6]| 1ol 1nthe meantime, i & was reguarized
F

2

A g/j(@)+AHéH2 < £(0) = k.

8

F
For the part in f*, we have that

HEI/Q(E 4 7)71/21—[]}]0*

< el < -
Finally, the last equality is due to the fact that f*(z) is the mean of Y conditionally to X = z,

" 1/2
XN =IEY |X]| <E[Y?|X]'" <o
This ends the lemma O

Lemma 21. Under Assumption 7, when v = M? log(n)lwn*l, with 6 > 0, there existsa N > 0
such that for any n > N, the excess of risk of the regularized empirical risk (18) minimizer reads
2kee?  8M?log(n)lt 64ka
< +

)
Ecx, v [R(fa) =R(f7)] < 1 W2+ 2~ AT S

2 * (12
+I =Tz f|
n n

(24
where ke = Tr (S(3 + 1)) < k is the effective dimension, a = || — H]:-f*HLOo <Nl e +
M |[f|| 2 and M = sup [[¢[| < kA™" sup |||

Proof. When = clog(n)'*9n~! the excess of risk reads

oy kee? M? 2clog(n)! M2 N\
e o RU) RPN < S (1 s ) + 2B (14 ) 1 g +

+ O(exp(—log(n)'79/2)) + 2 ||I — T I1x f*

64ka

11462 M?

2 2
— I —Tlgf”
9cn log(n) * 77|

Taking ¢ = M? leads to the lemma. O

C.2 CONTROLLING (12)

An ideal control of (12) would leverage closed form solutions to both the population and empirical
risk and use concentration inequalities on integral operators similarly to Cabannes et al. (2021a).
Yet, it requires tools to control the concentration of the singular vectors of /25 ¢ 3-1/2 towards
those of ©~1/2% x ©~1/2 which are beyond the scope of this paper. Another solution consists in uti-

lizing derivations based on empirical processes concentration, together with the following “transfer
bound”.

Lemma 22 (Transfer bound). For © € RF @ H, and F = {x —w' Op(x) ‘ w E Rk},

2
2 _ 2
%;] g L?(pz=) Z &

k<i<ky
(1)

where 113L is the projection orthogonal on F in L*(7).

< L(O;A) = L(O.5 ), (25)

(n=) (k=)
@y - =)y,

(HE) X
ny=y,

2
L?(pz)
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Proof. For simplicity, let us remove the dependency to u= in the proof. Let us introduce C' =
SOOTST, C is a positive operator of rank k in L2, let us write it as C = Dicp] Higig; Wwith
i > 0.

LON) —k=Tr((C—Ty)2—T2) =Tr (02 - 201/2TAC’1/2> .
Let us decompose T = Ty — T where T, and T"_ are positive. Since Ty < T, —C/2T\C/? =
C'/?T_C'/2, hence

s 2
L(O:2) k= Tr (02 B 201/2T+Cl/2) - Z/‘% —2p, T—Ql—/zgi

i<k

Minimizing this quantity with respect to u;, leads to

L(O:)) — L£(6;\) >ZA2 ZHTl/zgi !

i<k

Let us know introduce (f;) the eigenfunctions of T. With U = ({(g;, f;)%)i; € R¥*F* and \ =
(\;) € RF, we have

Z HTl/z g

Note that U is at most doubly stochastic since both (g;) and (f;) are orthonormal families, thus
|U]l < 1,and UTU = I. If one replace the f; by fi/||ILz|| in the definition of U that would

become U = diag( HH}-ﬁ || i<ky) 1U, U is still right stochastic. Hence

UTU < diag(||12 £, )? dins(T £, )

4
|7 | < aTuTuN= 3D R s
i<k i<kx

This allows to simplify the lower bound as

LO;N) = LO:;N) 2 N (AT fi = £TTaf) = D N4

= ( T+gz = Z Z /\ gzafj> = Z )\j)\mz <gi7fj>2 <giafm>2 = )\TUTU)\
i<k

i<k jym<kx i<k

It follows that

i<k k<i<kx
=S N (=T fi) = > N efil|”
i<k k<i<kx
DI [HEE ST SRR SV
i<k k<i<ka
This ends the proof of our transfer bound. O

The left-hand side in Lemma 22 is to be linked with the desired control of (12). In order to deal

more finely with distribution-shift, we introduce the following generic variant of Assumptions 1 and
2.

Assumption 8 (Low expansion). Assume that for any function of the original space of functions
fev®,

11 2oy < € (172200 )

with ¢ : R — R continuous, increasing and ¢(0) = 0.

Definition 23 (Distribution e-robustness). A close convex set of functions F will be said to be e-
robust to distribution shift conditionally to the function f if

where H(}T) is the projection orthogonal on F in L?(T).

S € ||fHL2(pX) 5
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Assumption 9. There exists a profile o : R?> — R increasing and bounded such that for any k € N,
Span{ fi}; ey is o(k)-robust to f*.

Lemma 24 (Decomposition). Under Assumptions 8 and 9, with F; the span of the (f;)ic

g

D+¢ Z\f 1) 2o | [ (M=) = T2

L2(p x) L2(p=)

(26)

Proof. Using the fact that I — Il is a projection when II is a projection, and that projections contract
distance, we get

H(I H(PX))

_ lex) (px) (u)
< |- ne)mer - nl)

_ (px)
+ || - g

L2(px) L2 (px)

(o2 )\ r(42) po
)—i—H(I—H]fX I

L2(px)

Under Assumption 9, the first term in the right-hand side of the previous equation is bounded by
o(1). Regarding the second term, under Assumption 8, for f € ¥ and f’ € F C U, we have

H( < ”-f - f/HLZ(pX) <( (H(f* f/||L2(H5)) .

Taking the minimum on the right—hand side and using the fact that ( is increasing leads to

o =<l )-

Lz(#s)) '

We are done with all the quantities that relate to the distribution shift. Under Assumption 3, we have

-

Applied to H(}’flg) f*, this leads to

|- =g

L2(px)

<¢ (H(IH;E‘E’)

[o-ngmg= ] =S, -

L2(pz) °
ist L2(p=)
<[ -1 A
; 7 Fid e L2(p=)
Collecting the previous equations leads to the lemma. [

To get a finer control of (12), remark that the left-hand side of (25) has some additional constraints
that can help us to tighten our bound. For simplicity, we will remove all the dependency to pz in
the following. In essence, we want to lower bound the A? and to upper bound the H (Or —Iz)fs H
The next lemma adds a constraint the maximal error one can make on (12) under a constraint on

L(O;N).
Lemma 25. When F is of dimension k and Fis of dimension k' we have

Do~ filF = k= K+ Y Upfi]* < ke 27)

i<k i>k

Proof. Let us consider two projection U and V' onto the span of (u;);c[x) and (v;);er) With (u;)sen
and (v;);en two orthonormal basis of the ambient space. We have, with Hilbert-Schmidt norm
everywhere,

2
IO =WI? = [UI* = 1UVII* =k = [UVI* =k = [[OV)"|" =k =K + K = [VU|* =k =K + |V = U)|”.

23
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Based on invariant of the Hilbert-Schmidt norm to adjoint, and the fact that projection are self-
adjoint, we have

IO =V)IP = I =V)UN* =k =k + VI = U)|* =k =k + (I - O)V|*.

Finally, we also know that since projection contracts distances ||(I — V)U||> < ||U||*> = k. The
claim of the lemma consists in writing explicitly

(7 = )T ||* = (| (T = ) TLF||* = 7 | (1 = T2 £
i<k
=k — K+ I -1 | =k =& + Y |Iafi]|* < k.
i>k
This is lead to the statement of the lemma. O

Given a control on (2), finding an upper bound on (12) reduces to a purely algebraic one. In order

to find the worse value that » 5, [(f*, fi)] H (HS#E) —1Iz)f; can take, let us introduce

L2(p=)

i = |Ur =T fll, =" fi)l- (28)
The previous results lead to the following maximization problem in order to find the worse value of
12),

maxz CiT; (29)
vk
subject to Z N2 — Z Ma? <e (Lemma 22)
i<k k<i<ka
Zx? =k—K+ Z 7 <k (Lemma 25)
i<k k<i<kx

C.3 KEEPING IT SIMPLE AND CONCLUDING AFTER CONTROLLING (13)

Solving smartly the algebraic problem above to get the best bound on (12) requires distinguish-
ing between many cases. While it might be relevant to distinguish those different cases and show
different convergence regimes, this subsection proceed in a simpler way, although less tight. In
particular, we can simplify the problem with respect to the (x;);x, using the fact that &’ < k (it is
minimum between the number of positive eigenvalues of T’ based on samples and k), it leads to
a:i_H =3 i<k z3 and $i+1+j =0, (29) becomes

machixi (29)
i<k
subject to Z(/\? —Ag)ai <e
i<k

In general, one could refine this formulation by introducing a probability argument that tells us how
much one can expect the error between II » and I to concentrates on the eigenspace linked to the
smallest eigenvalue of Tf. The problem shows two behaviors, if the ¢; decrease faster than the \;
than we want to charge the energy of (z;);<j on the smallest indices. Otherwise, we want to charge
the (;);<x on the biggest indices.

To keep it simple, we will optimize £ without any rank restriction first, which allow considering
Aky+1 = 0, before thresholding the rank to get to a space of dimension k.

Lemma 26. Under Assumptions 8 and 9, with F; the span of the first | eigenfunctions of T’,
2

o=
L2(px)
<t |a-ngr |, vaowreac (o e (26 - zen) ).

(30)
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where Ty = Zie[k] (A2 — )\i+1)1/2fifi—r. Moreover, when the search for F is done without rank

restriction on ©, before thresholding to get reduce Fioa space of dimension k, under the strong
Assumptions 1 and 2, as well as Assumption 3

H(I—Hﬁ) fr

< Ik = Rl 113y + 260 175 [y { £O:0) = £(O0 ). 6D

(px)

Proof. Keeping the algebraic notation above, this comes from a simple application of Cauchy-
Schwarz, for (a;) € R*

1/2 1/2

2.2
E :aixz

i€l

Nw\sw

§ Gy = E azxz > §
i<[l]

i<l iell] @i

When applies to the quantities in (28) and a; = \? — \? 41 and [ < k, the previous lemma leads to

[ - <o(l ‘ ; ‘H —mye
| —mgmg L <o)+ Z P F) ) M
1/2 1/2
2
Cs
<o) +¢ | Y i | <o) +¢ Za—; 3 a2a?
i<l i<t i€ll]
1/2
2 . 1/2
<o(l)+¢ o (e@n - L)
i<t ¢
We conclude by remarking that ZK;LZ = HT;lﬂ = (o)’
v ! L2(p=

For the second part, set Fy, the k first eigenfunctions to the all the one retrieve with the empirical
minimization of £, and F to be the span of all the eigenfunctions linked with positive eigenvalues
of T'. Let us rework the decomposition of the excess of risk, we have

|7 =15 R L RIS TS

-

) VL

2 2
|+ =g s

- H(H]}k,\

2 2
* * %112
< ||y, 1) || +2 | -1 e+ - TR s

< k= ka1 +2 (1 =11z, )

The last bound begin due to Assumption 3, as well as the lax bounding that on the operator norm of
two projections. When one could remove the k — k), we let it as we expect the quantity to behave it

this way, with a constant similar to || f*||* /k instead of || f*||°. O

We can now state the master theorem.

Theorem 3. Under Assumptions 3, 7, 8 and 9, there exists a regularizer -y such that the regularized
empirical risk minimizer verifies that: for any § > 0, there exists an Ns > 0 such that for any
n > Ns, the excess of risk of the regularized empirical risk (18) minimizer reads

2k > N 8M? log(n) 64ka

R(f) = R(f*) < ||f lz2pny + = —

n

: _ (px)
+jof |, —nEr

Fi

+do(l)? + 42 (HT =) g

(c@3) - utein) ).
(32)

LQ(px) L2 Uf )
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where F| the span of l-th first eigenfunction of T, k) the number of strictly positive eigenfunctions
of T, ke < k is the effective dimension of v in L*(px), a = HI— Hﬁf*| o Sl +

M|\ fllper M = sup|l9p] < kA suplloll, and Th = 3;cpq(NF = Nop) V2 fif 7. Moreover,
under Assumptions 1 and 2, we have the simpler bound

R(f) =R(f)

2k.c2  8M?Z%log(n)tto = . 64ka .12
< + " I ||L2(pX)+T+max(k_k)\70)”f 122 (o)

iz(us) {Ekx(é; A) = L, (045 )\)} .

n
+2¢, || T

Where © is understood as belonging to R*> @ H in this last expression.

C.4 DISCUSSION FOR DERIVATIONS WITH VANISHING BIAS

In this work, we have assumed that T’ was the right operator to define the solution of the repre-
sentation learning. This might offend the purist as it would be nicer to define a principled solution
that does not depend on the choice of the architecture (yet that might be easier to approximate with
some architecture than others). It suggests studying the convergence of T} towards 7" when A goes
to zero.

We use the following results to notivce how the solution define on 7)) is, in essence, much nicer than
the one define on 7, as T) as only a finite number of positive eigenvalues. This result relates the
eigenvalues of T with those of K. It notably proves that k) is finite when K is trace-class, which
is one claim of Theorem 1.

Lemma 27 (Relating capacity between K and T)). If (u;) are the eigenvalues of K, then the
number of eigenvalues of T that are bigger than t € R is smaller than the cardinality of
{i| pi > N/ (1 —t)} . Moreover, if there exists g > 0 such that Tr (K'/9) < +o0, then there exists a
cq such that if (u;) are the eigenvalues of K, we have p; < c,i~%. As a consequence, in this setting,
forany t € R, the number of eigenvalues of T that is bigger than t is smaller than (c,(1—1t)/\)*/9.

Proof. Let us consider the set of eigenvectors (f;) whose eigenvalues are bigger than ¢. Consider
the span of this space, we want to quantify its dimension. We know that all unitary vectors in this
span satisfies

t< xTTAa: <a'"Ter—- Xz 'K 'a<1-Xz' K 'x

Hence
1-—t
Ty —1
K ——
T z < 3

This means that this span does not intersect the span of ¢; for ; the eigenvectors of K~ such that
the eigenvalues are bigger than A/(1 — ¢). In other terms, this linear space does not intersect a linear
space of co-dimension d where d is the cardinality mentioned in the lemma statement. Let us denote
by U the space we are interested in and by V' the space it does not intersect beside in the origin, and
by E the ambient space Since U NV = {0}, the quotient (U + V') /V is isomorphic to U, hence

U+V

dim(U) = dim ( ) < dim (5) = codim(V) = d.

This concludes the proof of the first part of the lemma.

/

The second claim follows from the fact that u; ? are summable and decreasing, hence the sequence

Sn=> <n ,u}/ % is a Cauchy sequence. As a consequence, there exists N € N, such that for any
s > N/2, we have
suyl? < oy — Sy < 1/2.

Hence, for all s > N, we have i, < s/, hence ji,/s~'/? is bounded. Denoting by c, the
maximum, leads to the first result. The final statement is a consequence of the fact that c,i77 >

M/ (1 —t) implies i < (cy(1 —t)/\)/4. O

26



Example 4. When considering the radial basis function kernel p(z)T o(z') = exp(— ||z — 2||?),

U is the space of analytical functions (Sun and Zhou, 2008), which is known to be small compared
to L*? spaces (Kolmogorov and Tikhomirov, 1959). As a consequence, one can think as ¢ = +00 in
the previous lemma. More in general, when @ is bounded, K is trace-class and one can take ¢ = 1.

Proof. The capacity of K is relates to the capacity of K ({ f ’ [ flp2(e) < 1}) which itself relates

to the capacity of ¥ = im K'/2. This explains why ¢ can be taken, in essence, as arbitrarily big
(Bach, 2023).

When ¢ is bounded, the following
Tr(K)=Tr(SST) =Tr (STS) = Tr (E[p(X)e(X)T]) = E[Tr (¢(X)p(X)")]
= Elp(X) o(X)] = E[ll¢(X)]*] < +o0,

proves that K is trace class. O

We let for future work a more precise study of the inductive bias: in essence, the choice of architec-
ture W perturbs 7' by AK ~! to make it T}, and ideally, we would like to quantify the speed at which
T\ converges to 7" when seen through the eyes of f* as we decrease the regularization parameter. In
the kernel regime, it could be characterized by perturbation theory (Kato, 1995), and refinement of
Davis-Kahan theorem (Davis and Kahan, 1970) taking into account Assumption 3.

D CONTROL OF THE UPSTREAM EXCESS OF RISK

In order to control the excess of risk, one can use technique steaming from optimization as well as
technique steaming from classical statistical learning.

D.1 RADEMACHER COMPLEXITY

First, let us remark that £ is a quadratic function when parameterized with A = 070 € H ® H.
Lemma 28. Let© € R* @ H, denote A =0"O c HRH

£(50) = 2(8-1) Eel(A, 0(€)0(&) )] -28Ex Ber [(A, 0(€)0(&)T) | X]+Ecer [(A 0(€)oe)T)’] +h.
(33)
Moreover, the regularization reads X ||©]* = ATr A = X (A, I).

Proof. Consider ¢ = Oy, we have

L5 8) = 28 = D Eelb(§) (©)] — 28Ex Beer [w(6) () | X] + Eer [((€)T4(€)] + .
= 28 — D Ecle(§) Ap(€)] — 28Ex Bee [0(6) Ap(€) | X] + Ecer [(#(€)TAp(€)?] + k.
= 28— D E[Tr (Ap(€)p(€)T)] — 26 Ex Eeer [Tr (Ap(€)(€)T) | X] + Beer [Tr (Ap(©)p(€)T)’] + k.

The lemma follows from the characterization of the Hilbert-Schmidt geometry with the trace, the
fact that A is self-adjoint, and that the regularization reads ||©* = Tr©T ©. O

Let us recall three useful facts from the statistical learning literature.

Lemma 29. Ler R(() = Ez[(((,Z)], (* be the minimizer of L inside a domain for ¢, and
Cn be the minimizer of R(z,)(() = 2 > i) U(C; Z;) based on exchangeable data Z; such that

n

E(z,)[R(z,)] = R. The average excess of risk of (y is bounded by Rademacher complexity as

1 n
R(Cn) — R(Cx) < 4E(z,),(00) [Slép - Z oil(C, Zs) (34)
=1

where o; are i.i.d variables taking values one and minus one with probability one half.
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Proof. The proof is a classical result from learning theory (Bartlett and Mendelson, 2002), its proof
consists in introducing both the empirical risk of ,, and ¢, and bounding the difference between
the empirical and population of ¢ by the supremum of this deviation over the entire domain of (.
This is followed by the replacement of the population risk by the average empirical one, and a
symmetrization trick that introduce the variable (o;) based on exchangeability of the (Z;). O

Lemma 30. For linear model, the Rademacher complexity can be bounded as

< —=VElIZ|’] (35)

Ez,),(0) | sup Zaz Z:, C) \f

I¢li<m T

Proof. This is a classical result on Rademacher complexity of ball constraints predictors (Bartlett
and Mendelson, 2002). O

Lemma 31. Moreover, when h : R — R is Lipschitz, the following contraction principle holds

1 n
sup Zaz )] < sup [|dh(z IIE[St;pﬁsz(Z )]
=1

Proof. This follows from contraction of space capacity by Lipschitz functions (Vitushkin, 1954),
see Meir and Zhang (2003) for a proof in the context of machine learning. O

We can now state the convergence property based on Rademacher complexity.

Lemma 32. Let ©,, € RF @ H be the minimizer of the unbiased regularized empirical version of
L based on a dataset D,,. Assume that D,, is built from n input samples (X;) and m augmentation
per samples (&;;), then the average excess of risk is bounded by

2 2
Ep, [£(50,)]—(56) < SR IAls <m+1+ﬁ V2r2sup [[Al] g (m +1>>7 G6)

Vn m m?

where k is a bound on ||p(X)]|.

Proof. Following the previous lemmas on Rademacher complexity we have

Ep,[£(S0,); Al — L(SO; \) < 8Ep, , sup ! ;B Z o <A7711 > <p(£ij)<p(&jf>

j€[m]

+8Ep, » sup - Z o <A — > cp(&j)so(&k)T>

LE[n] j€[m/2];j+k—1=m
+4Ep, o % > Ui% 3 (Aplen)eEn) )
| i€ln/2iti—1=n k,le[m]
< B Nls (4 _ gy, E_Hii@(g.)@(g.my? X]_W
< I 2o eteete s | ¥
m/2 1/2
+ 2R lls | gy (B ()2 3 w(6e(6) s | X
L ! .
+ Bl | asup (4, pt0)pte) ) B Hn}bgijzlw@w@ﬂuzs
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To work out those terms, remark that if (Z;) are i.i.d. variables,
2 2
1 1 1
B[~ > Z| 1=E[|- > Z -E[Z]|| ]+ |EZ]|* = - E[|Z — E[Z]*] + |[E[Z]”.
P ichl P icwm P

While one could work out each term, the lemma consists in simply bounding ¢ by &, hence all the
mean and standard deviation one can obtain with expression of ¢ by k. O

The expression in the main text is due to the following lemma.

Lemma 33. When minimizing a regularized risk, one can reduce the search of © under the con-
straint || Al g < A7tk

Proof. When regularizing we have
2
1Al rs = €8] ;15 < 18llgp 1Oll5rs < 1©171s
and for minimizer of the empirical or population risk
Ael” < £(se) +Allel” < £(0) =k,

which explains the statement of the lemma. O

The attentive reader would remark that compared to the bound of HaoChen et al. (2021) we gain a
factor k£~1/2. Indeed, this factor could be recovered in HaoChen et al. (2021) by using the techniques
of Maurer (2016) rather than a trivial bound on Rademacher complexity of vector-valued function

spaces in k max;c |y 7@(]—}) with HaoChen et al. (2021) notations.

D.2 CONVEX OPTIMIZATION

When a least-square problem benefits from additional structure, such as smoothness or strong con-
vexity, results from convex optimization could lead to improvement over the usual convergence rates
in n~1/2. Recall basic results from convex optimization.

Lemma 34. Let L(O) = E4[¢(O, Z)] be a convex function optimized over a convex domain. Given
n samples (Z;), (unbiased) stochastic gradient descent with final averaging can achieve an excess

of risk
Ez) L(©) — L(©.) < V2MVn~'/? (37)

with M2 = |0, — Ol|” and V2 = E[|[Vel(©, Z;)||*]. Moreover, if L is a-smooth, then it can
achieve

E(z,) L(O) — £(©,) < V2Mon™'/? + aM?*n™! (38)
where o2 = E[||VL — V{||*). Finally, when L is a-strongly convex, it achieves
: 2V2
E(z, — i) < ——.

As a consequence, given n data samples, there exists an empirical estimate of O that guarantee
those generalization bounds.

Proof. This lemma is a direct consequence of Theorems 6.1, 6.2 and 6.3 of Bubeck (2015). O

It should be noted that when parameterized with A = ©7©, L is a quadratic form as stated by
Lemma 28, yet it is minimized over a non-convex domain, the domain of symmetric operator of
rank k. We will relax this constraint and consider the harder problem of optimizing over A in the set
of self-adjoint positive operators. This is justified by the fact that Theorem 3 provides guarantee on
the downstream task, even when one relaxes the rank constraint on A.
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To benefit from Lemma 34, one should consider an unbiased expression of £. Consider the mini-
batch scheme that consist in sampling two inputs X7, X5, and m augmentations &;; for each X,
formally

X~ pS2 Gy~ (40)

Here 1 denotes the marginal of p with respect to X, which is likely to match py, and u|x denotes
the distribution of = conditionally to X.

Lemma 35. An unbiased formulation of L is based on { defined as

vats0:3) = 20 S e o) - 20 S pleelen)”

j€m) m(m —1) 1<j#k<m
2 m

% Z Z o€ ()T 9(E)pEne) T (a1
'=1j,k=

Moreover, when L is regularized, one has to add +\I to get a gradient on the regularized risk.
Proof. This formula follows from Lemma 28. O

In order to bound the norm squared of the gradient, one can use the following lemma.

Lemma 36. For { given in (41), bounds on the gradient norm and its variance are

IValll <267 + &*sup AL, and  E[|Val = VLI’ < (0% +m ™ og)(L +sup [A]%),
(42)
where o x relates to the variance of E [1)(§) | X| and o¢ relates to the average variance of (| X).

Proof. Let us decompose V/ into three terms V{ = a + b + ¢ as appearing in (41), we have

lall <201 = B) |e(©)e(©) T < 2(1 - B)x?
1Bl < 28]je(©eE)T|* < Br>
llell < [[{A, @(©)e(€)T) @(€)p(€) || < sup [|A] &™.

To bound the variance, one can proceed with
E|Vl—VL|* <3E|a—Eld|*>+3E|b—E[]*+ 3E]|c—E[d|*.
Let us begin with the part in a,

2 2

Bl 3 wlée(n)” ~Ele@e@)]| | =E [||- 3 v@elen) ~Ele©e©T | X = Xi)

i€[m] i€[m]
FE [|E©e©)T | X = X1] - Elp(©)e() I
_ %Ex Eg [H@(E)«ﬂ(ﬁ)T —Elp©)e©)T | X]|° ’ X} +E [H]E[@(E)Sﬂ(f)T | X] - E[@(&)@(&)T]HQ} :
Similarly, the part in b can be expressed as
Bl - BB = 26 ( 2 Bx Be [Jo(©0(6)T - Blo(©e€)” |17 | ])
+28E [[Elp(©)0(¢)T | X] - Elp(©)p@)T]|"].
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Finally,

Eflle - Bl = — Ex Be [ (4, 0(€00()) 0l€)p(€)T ~ELA, 9(€)0le)T) 0(€)ole)T | X, X' | X, X']
+E[|E[ <§’>T> P(©p(&)T | X, X'~ EI(A, (€)Y (&) TIII ]
= S ExEe (A, T & p(©0le) —Elp(©e(€) 8 9(©e(€)" | X, XD | X, X]

+E [|\<A, E [so £)sa<£'f @ p(E)p(€)" | X, X'T ~E[p(&)¢(€)T @ p(€)e(€)"]
— I Ex Ee [ 0(€)2(6)T @ p(€)e(€)T - Elp(©)p()T @ w(©)e()T | X, X']|

+ IAIE [J[E [e()e(€)T @ 9()p(€)T | X, X' ~ Elp(E)p(€) T ® p(E)p(€)

+ Ug(,:s))

As a consequence, we get

E|ve— vt <3 (20 %l 25 [ 2%2 | 2 A2 (283
Ve — " < (1-p5) ?JFUXJ +25 T+UX,2 + sup ||Al 2

where
02, = Ex Eg [Hso@)so(éﬁ ~Elp(©)e©)7 \X 1| x]
0% = E [[Elp(@)e©) | X] - )]
025 = Ex E [Hw(w(ef - E[go(&)sa(s'f | x1)1°| x]
0% 2 = E [|[Elp(©)e(¢)T | X] - Elp(©)e(¢)TI|’]
08s = ExEe [[|o(©)0(€)T @ 0(©)p(€)T —Elp()p(€)T @ p(©)p(e) | X, X'I|* | X, X']
ks =E [[E[p(©)e(€)T © p(©)p(€)T | X, X'] ~ Elp()e(€)T @ p(©)e()TI|I"]

Using the fact that m? > m and choosing the right oy and o leads to the lemma. O

The following lemma states the convexity properties of £

Lemma 37. As a function of A, the ob]ectlve L is a-smooth wzth a = k4, where k is a bound

on ||p|l. Moreover, when X is finite, it is o'-strongly, with o bemg the square of eigen gap of
K=2S8ST.

Proof. This is a consequence of Lemma 28, £ is a quadratic function, with the quadratic part being

E[(A, 9(&)p(€) 7)) = (A, Elp(¢)p(¢)T] @ Elp(€)p(¢) TIA) = (A, S @ TA) .
In other terms, the hessian of Lis X QY € "H®2®H®2 As aconsequence, X®Y < X ® X[,

HZH I < k*I. Similarly, ¥ ® ¥ > ||Z 1” I= 'yff where ¢ is the eigen gap of X, hence of
K. O

There are few remaining difficulties that must be addressed before concluding. First, although the
identity is not Hilbert-Schmidet, it should be noted that the term in A will only contract distances in the
stochastic gradient descent. As a consequence, optimizing the regularized risk will only contract the
descent trajectory (to prove it formally one could go back to the proofs of Bubeck (2015)). Finally,
we have described a descent in the space of self-adjoint positive operators, without incorporating
any constraints on the rank of A. Notice that based on Lemma 33, on can restrict the search of
A to inside the domain ||A]| < k)/A. Finally, if A minimizes the loss £, then one can show that
thresholding its eigenvalues to make it of dimension at most k£ can only increase the loss £ by a
bounded multiplicative factor. We note that without explicit regularization, the previously described
stochastic gradient descent algorithm with early stopping has a regularization effect that could be
studied in the spectral filtering framework of Lin et al. (2020).
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E EXAMPLES

This section is devoted to illustrate what 7" and K are under simple distributions thanks to harmonic
analysis techniques.

E.1 HARMONICS ANALYSIS ON THE SEQUENCE OF BITS, A.K.A. THE BOOLEAN HYPERCUBE

A fine-grained analysis of the role of classical augmentations can be derived in settings that allow
précise derivations. We shall focus on invariant data distribution such as the uniform distribution,
and augmentations consisting of permutations or perturbations of coordinates that left this distri-
bution invariant. While such distributions may lack structure present in real data, they allow for a
precise study of the effect of certain architectures and augmentations, which may also partly apply
to more realistic data. The study involves the construction of appropriate L? bases that ease the
study of the effect of both the kernel operator K and the smoothing operator 1" defined from aug-
mentations. These are closely related to the study of invariant kernels (see, e.g., Bietti et al., 2021;
Bietti, 2022; Mei et al., 2021; Misiakiewicz and Mei, 2022).

Will focus here on the data that are n-bit inputs on the Boolean cube X = {1, +1}% with uniform
distribution. To be able to use the harmonic analysis tools to their fullest, we assume that inputs
are sampled from the uniform distribution on X", In this setting, the space of function L?(X) =
L?(X,R, juy) is defined through the usual scalar product, for f,g: X — R,

(£.9) = Eanr [F@)o(a)] = 57 3 F@)gl).

reX

E.2 THE ROLE OF AUGMENTATION

Let us know analyze the role of augmentation in the definition of 7" on the Boolean cube. For
simplicity and ease of notation, we assume indexing of the bits is taken mod d, e.g., z_1 = x4.

E.2.1 STUDY THROUGH PARITY FUNCTIONS

Parity functions. A useful basis in this space are the parity functions, which can be seen as Fourier
functions in this L2-space (O’Donnell, 2014). They are defined for each subset S C [d] as counting
the parity of x within this set

xs(z) = H x;. 43)
icS
Lemma 38. The parity functions x s form an orthonormal basis of L*(X).

Proof. 1t is straightforwards to check that (xs,xs) = 1. If S # S’, then w.lo.g. there is an
i €5\ 9, and we have

(xs,xs) = Ez[zixs\ (i} (2)xs ()] = Eu; [23] Bz X\ i} (%) x50 (7)] = 0.
This proves orthogonality of this basis. O

Let us begin with augmentations that are easily to study with the parity basis.

Proposition 39 (Random noise). Consider the flip of each bit of x© with probability equal to p
formally via the operation

— ®d

where the operation x © y applies pointwise multiplication and the distribution Ber({—1,+1},p)
returns the value —1 with probability p and +1 with probability 1 — p. Under the augmentations
& =X ®vy, T is diagonalized in the parity basis with

Txs = |1 —2p|"" xs. (45)

In other terms, T applies a factor |1 — 2p| S| to reduce the effect of higher order Fourier functions.
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Proof. Recall the formula g'Tf = Ex E¢ ¢ [(f(€),g(¢")) | X]. As a consequence, with y,y de-
noting the noise strings (each bit equal to —1 with probability p) and S A S’ = (SUS’)/(SNS’),

X:ngXS’ =Ex[Eyy [xs(X ©y)xs (X © y)]] =Ex Ey.y HXiyi H ij;

ies jes
H Xy ]Ey,y’ H yzy;‘|

1€ESAS’ 1€SNS’
= Elxsas (X)] - |1 — 2p|I925 11 — 2p2IS05'T = |1 — 2p|l¥1 55 5.

=Ex |E,

Therefore, in the case of bit-flip augmentations, 7" is diagonalized in the parity basis. O

Proposition 40 (Cropping/Masking). Consider the cropping operation within a window of size w,
formally defined as

Z; ifi € [a,a+ w)
M®(z)]; = , ~U([d]), 46
M ()] {Ber({—l7 +1},0.5) otherwise “ (1) (46)
where [a,a + w) = {a,a+ 1,...,a +w — 1}, a is drawn from the uniform distribution over [d|,

and the distribution Ber({—1, +1}, 0.5) returns a random bit with equal probability for +1 and —1
thus effectively masking the values outside of the window in [a,a + w). Under the augmentations
& = MY (X), T is diagonalized in the parity basis with

max {1 + w — diam(5), 0}*

Txs = pE

XS with diam(S) = min{v|v,a € [d]; S C [a,a +v)}.

(47
In other terms, the action of cropping effectively removes any dependence on the kernel with parity
functions of high order whose support falls outside the windows of size w.

Proof. In this setting,

XsTxs = Ex[Eaplxs(MY(X))xs (M (X))]]

1o
=g 2B | I @ I w I o I %

a,b=1 ieSnfa,a4+w)  i'€S\[a,a+w)  FES'N[bb+w)  j'€S\[bb+w)
1< 1<
& Z Lscla,atw) Lsrcpprw) Ex[xs(X)xs (X)] = Z Z 1sC(a,a4w) 157 Clbbtw) 05,5
a,b=1 a,b=1
1< ’
- (d > 1sg[a,a+w>> 05,5
a=1
The count of the sum relates to the diameter of .S. O

Proposition 41 (2D Cropping). Consider that 2D setting X = {—1, +1}de where inputs are
organized into an m x d grid. Consider the cropping operation to a window of size v X w, formally

i+ ifi € la,a+v),j € [b,b+w)
vaw itim = LTitjim le ) ) ) b) ~ U d) .
[ ab @)lis {Ber({1,+1},0.5) otherwise ’ (a,) (fm]  {d)

(48)
Under the augmentation £ = M;’;w(X ), T is diagonalizable in the parity basis and
1 . .
Txs = m(lJrv—dlamel S)i_ (14w — diam,, S)i_ XS (49)
where diam,, S is the diameter of S projected onto the first dimension.
Proof. This follows from the proof of the 1D case. O
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Proposition 42 (Flipping). Consider the operator which, with probability p, flip the indices into
reverse order, formally
[R(7)]; =z ;. (50)

Under the augmentation £ = R(X),
T=(1-2p+2p°)] +2p(1—p)J, (51)

where .J is the involution that matches any set S to its mirror S = {—i|i € S}. In this setting, T is
diagonalized by the \/2(xs + x5) and V/2)(xs — x3) for S C [d].

Proof. In this setting,

X§Txs = (1 —p)* +p*) Ex [xs(X)xs (X)] +2p(1 — p) Ex [x5(X)xs/(X)]
= (1—2p+2p*)ds.5 + 2p(1 — p)dg g/,

which explain the lemma. O

Remark 43. Up to now, we have studied all the operators in the space L*>(X, R, ux ) while the main
text considered those operators in L*>(X, R, uz), this is justified by the fact that all transformations
studied earlier let invariant the uniform distribution, hence

L*(px) = L*(uz). (52)

E.2.2 STUDY OF TRANSLATIONS THROUGH CYCLIC PARITIES

In order to study augmentations that consist of permutations, and more specifically translations,
the parity basis is not adapted to diagonalize T'. Instead we define below a different basis that
incorporates cyclic symmetries (Misiakiewicz and Mei, 2022). We note that a similar study may be
carried on other distributions, e.g., uniform on the sphere, product of spheres, or torus (Bietti et al.,
2021; Bietti, 2022; Favero et al., 2021; Mei et al., 2021).

Cyclic parity functions. The functions yg are polynomials that can be grouped by their de-
gree ¢ = | S| into spaces Vs, whose direct sum yields the full L?(X) space, with

Vs = 15 < 151 =03 = ).

Those different spaces can be further decomposed into orbits under the action of a group. In par-
ticular for the group of permutations G = &,, we define the action A : G x X — X denoted
Ala,z) =a-x as

(a-2)i = 2q-1(3)
To give a concrete example of the study of augmentations through harmonic analysis, let us fo-
cus more specifically on the action of translation, which form a sub-group of permutations. For
simplicity, we will denote this group [d] which is understood as Z/dZ, acting on X as

(a-); =Ti_q

where i — a being understood modulo d. Define the orbits of this action as {S + a|a € [d]} for

S C [d]. On those different orbits, one can define the following “cyclic parities” iy, g : X — C:
irkm ks imkd

Yim.s 2irkm/ks _ Vd Z 2imk it /d

XS+k XS+k where ks = |orb(9)],

1
R 2

e
kelks]

keld]

(53)
where m € [kg] and S is taken as a representant of an orbit.
Lemma 44. The cyclic parities (¢, s), for m € [ks]| and S is a set of representers of each orbit

of the translations action, form an orthogonal basis of L*(X , C, i) where i is the uniform measure
on X. Moreover, they diagonalize the operators A : L?> — L? defined as Af(x) = Af(a-z). S for
any a € [d).
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Proof. The first part follows from the fact that L?(X’) can be decomposed into the direct sum linked
with the Vy, for ¢ € [0, d], that each subspace can be decomposed into the orbits of the action
translation orb(S) = {S +a|a € [d]} (note that translation do not change the cardinals of the
sets S invariant). Those latter spaces can be parameterized through the discrete Fourier transform,
yielding the 1., 5.

A natural way to “find” those basis is when trying to diagonalize an operator 7' such that
(ngXgr)& s'clq) that is block diagonal, where each block corresponds to a circulant matrix on
an orbit, which can be diagonalized with the discrete Fourier transform (see, e.g., the proof of
Proposition 2 in Misiakiewicz and Mei, 2022). This is especially the case for operator of the lemma

AXS = XS+a

The above is only nonzero when [d] - S intersects [d] - S’, which implies orb(S) = orb(S’) thereby
constructing a block diagonal structure where A is . Indexing the elements of the i-th block by
Sik = S; + k for k € [d], we have

T
XSi,kAXSLk/ = 1Si,k:Si,k/+a7 = ]-Si—‘rk‘:S,;—‘rk"—‘ra, = 1k—k/:aa

which only depends on the value of (k — k’). Therefore, each block above is a circulant matrix
which is diagonalized by the discrete Fourier transform. The eigenvectors of this matrix are

1 imkm ks
Uy = —— XM/ S gy where ks = |orb(S)],
NP

ke(ks]
for m € [kg] and the corresponding eigenvalues read

2imkm
Hm = Z Ckskexp( ks >7

kelks]

where
¢i = Llizq,

Using the fact that we wrote those matrices for e; ~ X g4, yields the lemma. O

The study of the operator T can be simplified thanks to its square root A : L?(u=z) — L?(ux)
formally defined by

Af(x) =Ee [f() [ X = ] (54)
and verifying
(fs T9>L2(#E) =Ex E¢ ¢ [f(f)g(gl)‘X] = (Af, A9>L2(#x)' (55)
This decomposition will be particularly useful, when py is invariant under the action of permuta-
tions (i.e. px is an Haar measure), which implies py = pu= =: u.

Lemma 45. In the uniform Boolean setting, when augmentations are defined as & = a - X where a
is a permutation sampled from the probability distribution p € Ag,,

Tf(z)= Y plap(®)f((a'b) ).

a,beGy

Proof. The square root of 7" is defined as Af(z) = >_, ., P(a)f(a - x). Let us focus on the case

where p(b) = 4=y, using the fact that py is the uniform measure, which is an Haar measure, we
can compute the adjoint of A,

(AF )1 = 51 2 AT @) = 53 3 pla)f(a- a)g(a)

reX reX
= LY @) mgla a-a) = & 3 pla)f@)la )
ved TEX
- <f’$ = pla)g(a™ 'x)>L2(ux) '
= (AT 12y
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In the general case, we get by linearity,

ATf(@) =Y pla)f(a™" - x).

[ASCP]
Computing T = A" A leads to the result. Remark that if we further assume that p is symmetric (i.e.,
p(a) = p(a™!)), then we have AT = A, so that T = A% O

This allows us to characterize more finely the effect of translation on the operator 7.

Proposition 46 (Translations). Consider the translation operator defined formally as

[To(2))i = Zi—a, a~peAqg (56)
Under the augmentation £ = T, (X), T is diagonalized in C by the cyclic parity functions (53).
(md
/()
where p is the Fourier transform of p, defined for w € [d] by

plw) =Y pla)exp (QZ;““") (58)

a€ld]

d2

2
Tm,s = ) Ym, s, 57

Proof. In the case of translation, we have

Af(@)= 3 pla)f(a-2) = 3 pla)Auf (@),

a€ld] a€ld]

were Ay, be the operator that associate f to z — f(k-x), it is a translation operator and retaking the
proof of Lemma 44, Ay1,, ¢ = e~ 2™km/ksq), o This leads to

—2iTam d —2imam d md
A m,S — T m,S — 7" - m,S — —p|-— m,SH
Ums= Y pla)exp ( s > Ums =Y s p(a) exp < s ) Vm,s s ? ( s ) Vm,s

a€lks] a€ld]

and

[/ md 2 N

p(k)‘ 'wm,Swm,S'
S

This proves the lemma. ]

d2
T:A*A:Zk—2
m,S S

We now show how different sampling distributions over translations induce varying smoothing ef-
fects in the operator 7.

Example 5 (Smoothing effect of translations). 7o see the effect of augmentation strength, consider a
distribution p over translations that takes the form p(a) = wpo(wa), where py is a localized window
shape (e.g., uniform or Gaussian) that sums to 1. Here w =~ 1/A is inversely related to the window
size A\, which controls the “strength” or range of augmentations. Then we have

[B(m)[* = [o(m/w)|* = [po(Am)|*.
Here, the squared Fourier coefficients |po(m)|? typically decay with the frequency m, which shows
that T has a smoothing effect that penalizes eigenfunctions ., s with larger m, i.e., those which
oscillate more quickly. The above formula also highlights that the increasing the augmentation
strength A will lead to faster decay with m, while leaving the translation-invariant eigenfunctions
(m = 0) unaffected.
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E.3 THE ROLE OF ARCHITECTURES

A particularly useful feature space ¢ to define the linear class of functions W is the set:
d
¢ X =R x> (esxs())scay (59)

for any sequences (eg) € R2". Linear model of this form can be diagonalized in the parity basis,
which allows one to effectively study the interplay between the role of augmentation and the role of
the architecture.

Lemma 47. For any linear model defined through the features o in (59), the integral operator
K : L*(X) = L?(X) is diagonalized in the parity basis,

Kxs = c§xs- (60)
Proof. This follows from the fact that K f(z) = d~* > wreldl k(z,2')f(z') where k(xz,z') =
p(z) (). O
Among those classes of functions are dot-product kernel that verifies k(z,y) := o(z) " p(y) =

h(||z — y||*) = h(zTy). Once again, those kernels are particularly well adapted to the Fourier
geometry of the Boolean hypercube.

Lemma 48 (Spectral decomposition of dot-product kernel). Any dot-product kernel is diagonal-
izable in the parity basis. Specifically, there exists (ui)ie[07d] € R such that, when iy is the
uniform distribution on the hypercube,

Kxs =vs)xs- (61)

Proof. One can check that 2 Ty = d — 2k for k the number of bits that differs in z and y. Define Q,
the degree-¢ averaged polynomials of degree ¢ as

> xsonst) = () Quatte) (62

SCld],|S|=¢

for any Boolean strings = and y. The ()¢ 4 are well defined since the left-hand side is translation in-
variant. Moreover, leveraging the orthogonality of the s, one can show that the (Q¢,q)¢c[o,q) form

a basis of functions on {d — 2k | k € [0, d]}. More exactly, the m — (¢) _1/2Qg,d(m) are orthonor-

mal basis of the L? space endowed with 7 the pushforwards measure of the uniform distribution on
X through the mapping © — (x,y) for any fixed y, and the dimensions match. As a consequence,
there exists v, such that

d
) = ¥ () Quatian)
£€[0,d]
where v, can be found by computing the scalar product between h and Q; in L?(7).

Ve = <h7 Q€>L2(T) . (63)
Finally, using the fact that, in the uniform setting, K f(z) = d~! > v k(@ 2") f(2') where
k(z,2') = p(x) T¢(z'), we have
Kxs(z) =By [h((@, Y)xs(M]=> v > xs/(@)Elxs (V)xs(Y)] = vexs(x).
4 S’Cld],|S"|=¢

This ends the proof of this lemma. O

Lemma 47 can also be shown on the sphere. Its proof showcase the (), which act as normalized
Legendre (or Gegenbauer) polynomials. See, e.g. Smola et al. (2000); Bietti et al. (2021); Mei et al.
(2021) for details. Note that for common kernel functions on the sphere, such as the ones appearing
in the NTK, the v, decay polynomially with k£ (Bach, 2017; Bietti and Mairal, 2019).

The features (59) are rich enough to describe the neural tangent kernels of simple architectures with
fully connected or convolutional layers. First, we describe the general form of such NTKs as below.
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Proposition 49 (Linearization of simple network). Define a simple neural architecture as

\/72 . oan) o (<w“ (kA+s)>>’ (64)

i€[N] keld/A] s€[w]

where xEZ)) = (T, Thy1, + , Thpq—1) I8 a local patch of size q (with indices being defined modulo

d), w; the weights initialized from a rotation-invariant distribution W, o : R — R is an activation
Sfunction, w € N is the size of the average pooling window, A € N is the pooling window, and N is
the channel number. The linearization of this network near initialization yields the kernel

k(x, 13/) = ‘P(z)T Z Z << (kA+g)7ygk)A+g/)> /Q> (65)
k:E [d/A] s,s"€lw]

where

h((u,v) /q) = Ewow [0 ((u, w) /@) ((v,w) /v/@) + o' ((u,v) /D)o ((u,0) /v/g) - (u, v) /((16]6)

Proof. Such alinearization can be found, e.g., in Proposition 3 of Misiakiewicz and Mei (2022). [J

Proposition 50 (Linearization of a fully connected network). A one hidden layer fully connected
layer

fre(z Z aipo(w; )

can be linearized as a dot-product kernel with kpc (x, y) = h(z "y/d) for h defined in (66). More-
over, the resulting integral operator K¢ is diagonalized in the parity basis as

Kroxs = va(d, |S])xs,
where the coefficients are given by vy, (d, £) = (h, Qg)Lz(T) as in (63).
Note that eigenvalues vy, (d,f) are non-increasing with ¢, and for fixed ¢ and large d they sat-

isfy v, (d, ) = ©4(d="). More generally, it can be shown that limg_, . d*v;,(d, {) = jtk h(t ’t o

Proof. The first part is a direct consequence of the prior proposition with w = 1 and ¢ = A = d.
The second part is due to Lemma 48, and (62). For the statements on eigenvalues, see (Yang and
Salman, 2019). O

Proposition 51 (Linearization of a convolutional network). A convolutional layer followed by a

fully connected layer
fern®) = 3 o (w53,

i€[N] ke(d]
can be linearized with the h of (66) as

kenn(w,y) =4 Z h<< Tky y(k)>/q>

In the Boolean setting, the resulting integral operator Kconn is diagonalized in both the parity and
the cyclic basis as

(q+1—diam(8))+ o <
KCNN'l/)m,S _ {V}L(Q7 |S|) q wm,Sv lf dlam(S) =~ q,

0 otherwise.
where vy, (q, £) are defined by Proposition 50.

Proof. The first part corresponds to the case w = A = 1. The second part is due to the expansion
of h over the Qy basis, which leads to (see Eq. (30) in Misiakiewicz and Mei (2022) for details)

kenn(z,y) = > g~ vn(q:|S]) (g + 1 — diam(8)) 4+ xs(2)xs(y)-
SC[d],diam(S)<q

The fact that K let the {S | |S| = a, diam(S) = b} invariant, since the eigenvalues only depends on
|S| and diam(S), allows to change from the parity basis to the cyclic basis. O
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When pooling is included in the kernel and w > 1 in (64), then the architecture enforces local
translation invariance. As a simple example, consider the setting of global average pooling w = d
where strict invariance to translations is enforced and parity functions are projected onto their sum
of elements of the orbit to form the eigenbasis. In this case, K is no longer diagonalized in the parity
basis, but it is diagonal in the basis of cyclic parities.

E.4 INTERPLAY BETWEEN AUGMENTATIONS AND ARCHITECTURE

In the uniform Boolean setting, the interplay between augmentations and architecture is made easy
by the fact that many operators K and 7' commutes.

Lemma 52. The operator K associated with a dot-product kernel in the uniform Boolean setting
commutes with all the operators T' that can be built from bitwise noise, cropping, translations or
index flip.

Proof. In the case of a dot-product kernel in the uniform setting, the spaces Vy ¢ are eigenspaces
of K. Those spaces are left invariant by all the 7' defined through usual augmentations, since
translations and index-flip operations preserve the cardinality of subsets. As a consequence, K
and T can be diagonalized in the same basis, hence they commute. O

As a consequence of the previous lemma, the integral operator K associated with the linear model
of fully connected layer commute with all the operators 7" defined for usual augmentations. It is also
the case for the convolutional layer with 7' deriving from random noise, cropping, or translation.! As
a consequence, the interplay between the architecture and the augmentations can be studied easily.

Example 6 (Interplay between FC kernel and translation augmentations). Recall from Ex-
ample 5 that when sampling translations from a localized window, the eigenvalues of T
are of the form |p(m)|> and typically decay with the frequency index m in Y, s =

ﬁ Zke[ks] e2imkm/ksy o o for any set S with no periodicity. In contrast, the eigenvalues

vi(d, |S|) of K for eigenfunctions 1., s decay as ©4(d~151), independently of m. Regulariza-
tion with parameter X thus shrinks the eigenvalues to |p(m)|? — vy, (d, |S|)~! after pre-training.
This most notably eliminates contributions from eigenfunctions 1., s where m is small (i.e., near-
invariant) but |S| is large. See Figures 6 and 8 for an illustration.

Example 7 (Interplay between kernel for CNN and translation augmentations). Consider the setting
as before in Example 6 with translations sampled from a localized window. For a single layer CNN

with patch width q, eigenfunctions correspond to parity functions x s, or cyclic parities 1, s where

diam(S) < q with corresponding eigenvalue vy, (q, K)w Here, the eigenfunctions 1y, s

of T for S with diameter larger than q are completely eliminated, regardless of the regularization
strength X, . For eigenfunctions ., s where diam(S) < ¢, the CNN shrinks the contribution to

Ip(m)|? — Mvn(q, 8)%“1@))*1, which shrinks more when diam(S) is larger.

E.5 REMARK ON THE SPHERE SETUP

In experiments, we also consider a setup with uniform data on the sphere X = S?~!, with augmenta-
tions consisting of permutations, and a dot-product kernel () " (y) = h(z "y). A natural choice
of basis functions for L2(X) in this case are spherical harmonics (Efthimiou and Frye, 2014). These
consist of homogeneous harmonic polynomials, and similar to the parity case, these can be grouped
by degree, leading to orthogonal spaces Vg ¢ of spherical harmonics of any degree £ > 0, with

2£+d2(£+d3>

]\7(d7 f) = dim Vd,g = / d—2

It is well-known that for dot-product kernels, K is diagonal in such a basis (Smola et al., 2000; Bach,
2017), with decaying eigenvalues that only depend on the degree ¢. These are given analogously to
the hypercube setting by

Vh(d7 E) = EtNT[h(t)QE,d(t)]a

'Since it lets invariant the orbit of translation.
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Figure 3: Interplay between T and K as a function of . Illustration of the commuting case in a setting
where (\;) = (.9,.75,.5) and (]|6;]°) = (.4,.25,.125). When X\ = 0, the minimizer ¢ : X — R
of (2) is defined through T, here . = f1 (i = 1, shown in blue), when X is big ¥, = f3 (green)
mainly depends on K, while in-between an interplay comes into play leading to 1. = f2 (orange). Those
three regimes could be named respectively the “augmentation”, the “architecture” (or VCReg) and the
“interplay” regime. This abstract setting can be built with a two-layer ReLU network and cropping as
detailed on Figure 4.

=

= == X{1,6}

<

= X{1,3,5}
;g == X{1,2,3,4}
g \

g _——"\"

[

0

& \

kN

Regularization parameter A

Figure 4: Illustration of the interplay between 7" and K as a function of A where K is the NTK of a 2-
layer ReLU network and 7" performs crops of window size 8 on 12-bit inputs. Here we plot eigenvalues of
three different parity functions in the eigenbasis of both operators. Parity functions which large diameters
have smaller eigenvalues for 7' (here, the parity function with largest diameter is x (1,6} (X) = X1Xb6).
Eigenvalues of K, in contrast, bias towards parities supported over fewer bits. Therefore, small regular-
ization biases towards parities with small diameter whereas added regularization penalizes parities with

high cardinality.

where @), 4 are now Legendre (Gegenbauer) polynomials of degree ¢ orthogonal w.r.t. a different
d—3

measure d7(t) = (1 —t?)"= dt over [—1,1].

Since the spaces V; , are left stable by the operator T' = AT A, it is possible to show that there
exists a choice of spherical harmonics that also diagonalizes T (see, e.g., Bietti et al., 2021, Lemma
12). We may then see the eigenvalues Ay ; of 1" in this basis as capturing the invariance of the
corresponding harmonic Y} ;, in particular Y} ; is invariant to all augmentations when Ay ; = 1, and
non-invariant or only partially invariant when A\ ; < 1.

Ordering A ; at fixed k by decreasing j, the interplay between 1" and K then resembles the one
described, e.g., in Figure 6.

F EXPERIMENTS

F.1 IMPLEMENTATION DETAILS

Previously, we extensively studied the embedding of # in L? defined as S : H > L2;0 — () T6.
Given samples (&;;)i<n,j<m. all the action on H can be reduced to the span of the ¢(&;;) (which is

known as the representer theorem), and S can be reduced to the embedding S : H — R"™:60 —
(-L-(X;;) "6);;. This leads to the implementation

nm

Th=8+(1-p8)T - )K.
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COCIHIOD
Figure 5: Extending Figure 7. The i-th row representing the i-th eigenfunctions of 7’ (ordered by de-
creasing eigenvalues). Regularization X increases over the columns as A € {0,.1,1,10,100}. Small
A biases towards functions invariant to the translation augmentation chosen here whereas large \ biases
towards smoother functions on the sphere corresponding to low order spherical harmonics in this setting.

The last two on the right are artifacts of the instability of the pseudo-inverse for K (leading to the imple-
mentation oK "' = 0 while we have defined ¢ ' K !¢ = +00 when K¢ = 0).
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Eigenvalues of T’ Eigenvalues of K Eigenvalues of T'\

n— 3

Figure 6: Trade-off on eigenvalues between T" and K. Illustration of a harmonic setting where 7" and
K are diagonalized in the same basis. This basis is parametrized by an “invariance score” (zx = m in
(53)) and a “complexity score” (y = |S| in (53)). The eigenvalues A, ,(A) for A € {T, K, T} are
represented with colors and displayed in a grid associated with z € [15] and y € [8]. The sole use of the
operator 1" biases towards invariance (lower ) with high complexity (lower y), while the sole use of K
bias toward low complexity. The interplay between the two results in 7 whose biggest eigenfunctions
have high invariance and low complexity, and corresponds to an ideal representation ).

A=0 A=1 A = 102

Figure 7: Interplay on the sphere. Level lines of the 7-th eigenfunction of 7’ for three different A.
Augmentations consist of translations of the z,y, z coordinates together with Gaussian perturbations.
K is the integral operator associated with the radial basis function. Without regularization (left), the
eigenfunction is highly localized at clusters corresponding to the action of the augmentations. Increasing
the regularization biases towards smoother harmonic eigenfunctions of K (middle and right).

Where, 7' € R is the matrix equal to the following where we index elements in R™™ by 4j with

i € [n]and j € [m],
T =1+ Z €;j 6;,
ijk
and K is the Gram matrix defined as

nm - el Kep = k(&ij, &) = 0(&i5) To(Er)-

Note the the matrix 7" — I can be seen as the adjacency matrix of the graph that connects augmenta-
tions if and only if they come from the same input. Equivalently, T canbe seen as a Laplacian matrix.
An eigenvector of Ty in R™™ is projected back onto L? thanks to SS~! = §§(S5T)~! = K] K1
where

nmK, = (go(:c)—rcp(&j))ij e R"™.

F.2 EXPERIMENT DETAILS FOR FIGURE 8

We consider data uniformly distributed on the sphere S¢~! with d = 8, augmentations consisting
of cyclic shifts of {—1,0, 1}, and a dot-product kernel of the form k(z,y) = (1 + 2 "y)x(xTy),
with k(u) = 1 — arccos(u) /7.

The target functions f; are given by:

1 3

F@) =53 Qualay)
1 J;

£i@) = 5> Qualay)

1

J

where ()¢ q are the Gegenbauer polynomials introduced in Appendix E.5. Note that f3 is a cyclic-
invariant spherical harmonic of degree 3, while f; is a non-invariant spherical harmonic of degree 1
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Figure 8: Trade-off on downstream errors. Effect of pretraining regularization A on the empirical down-
stream error for two tasks on the sphere S7. The targets f; are polynomials of degree £ € {1, 3}, with
only f3 invariant to translations. K is built from a dot-product kernel that acts as a regularizer on degrees,
while 7" is built from local translations. Designing v from 7" alone (A = 0) is helpful to learn globally
invariant polynomials in the downstream, while increasing the regularization \ helps to learn polynomials
of small degree. Experiment details in Appendix F.2.

(though is has some local shift stability). Labels on the downstream tasks are generated from the f}
without noise.

Figure 8 shows the downstream relative excess risk || f,, — TE 132 /11f7 1|3 2, approximated over 1500
test datapoints, as a function of the regularization parameter A used in pretraining. We use the
same n = 300 samples for pretraining and downstream linear prediction. Pretraining uses all 3
augmentations for each sample, with a representation dimension £ = 20. The downstream prob-
lem is solved with kernel ridge regression using the induced kernel from pretraining, and the ridge
parameter is tuned on test samples to avoid dealing with model selection issues.

F.3 EXPERIMENT DETAILS FOR FIGURE 1

Figure 1 considers a classification problem involving four classes with a pretraining task specifically
constructed to design a representation 1) : X — RF for k = 4 that solves this particular classification
problem. The dataset we consider is the halfmoon dataset, where X = Z + 1(7.,y50e2 + U,
Z ~U(S*),and U ~ N(0,0%I) for 0 = 0.1. Augmentations apply Gaussian noise, { = X +
V for V.~ N(0,02I) with ¢ = 0.1. This setting corresponds to that with a Laplacian where
L(Y) ~ ||V¢||2LQ( px)- As a consequence, the ideal ¢ will correspond to the top eigenvalues of the
Laplacian. Le., the first two span the constant functions on both moons, the next two are waves
with a single oscillation on a given moon, etc. In essence, one can view the harmonics on L?([0, 1])
as ¢ — cos(2imwx + x) for x € {0,7/2} and w € N, deforming the segment [0, 1] to match
one moon, and duplicating this basis on the other moons. In this setting, eigenfunctions are not
analytic, since analytic functions cannot be dissociated on two different manifold (e.g., a locally
constant analytic function is globally constant). As a consequence, searching for the eigenfunction
with the radial basis function kernel (U only contains analytical function in this case (Sun and
Zhou, 2008)) requires proper tuning of the regularization parameter as a function of the number of
samples. This explains our choice of the exponential kernel in this experiment, which corresponds
to p(x) Tp(y) = exp(— ||z — y|| /o) and is associated with the looser Sobolev space that is still
a Reproducing kernel Hilbert space (in R2, this is H'). This improves the learning of the top
eigenfunctions of 1" without varying A, better illustrating the convergence rates of Theorems 1, and
2.
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In our experiments, we fixed A\ = 1072 and the scale of the exponential kernel o to be about one fifth
of the problem diameter. We plot the eigenfunctions of 7" derived empirically with n,,. = 2000
samples in Figure 10. The classification tasks aims to learn the four classes described on the left of
Figure 9. Class labels include some noise as indicated by the level lines of the conditional probability
of Y as a function of X shown in the middle of Figure 9. A training set example is shown on the
right of this figure with 140, = 100. In the experiments we fix & = 5, which ensures that there is
strong correlation in performance between the pretraining and downstream tasks. The downstream
task is optimized with a least-squares surrogate: we learn g : X — R* that minimizes the least-
square error E[[|g(X) — ey ||*] before decoding it as f(X) = arg max; ¢ 4] 9;(X) to get an estimate
of the ideal mapping f* : X — ). We report the downstream generalization error on both the
least-squares (surrogate) loss and the 0-1 loss on Figure 11. This error is computed as the average
over 100 trials on the pretraining task and 200 trials on the downstream task.

Class regions z—=PY =1|X=1) z—=P(Y =2|X =1) Training set

Figure 9: Setting of Figure 1. The downstream task consists in learning four classes in X = R? with
are represented on the left. Those classes are generated with noise. The level lines of the conditional
distribution of Y given X are represented on the middle for the left moons; the right moon follows the
same structure. A training set example is on the right.
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Figure 10: Eigenvalues of T estimated empirically with 2000 pretraining samples on the problem that

yield the empirical rates displayed on Figure 1.
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Figure 11: Averaged downstream error computed over 100 trials on the pretraining task and 200 trials on
the downstream task, for both the least-squares loss (right) and the 0-1 loss (left).
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