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Abstract
Minimum-Norm Interpolators (MNI) in
overparameterized linear models have

gained attention as a tractable framework
for studying interpolation phenomena that
resemble empirical observations in neural
networks. Most prior work on these interpo-
lators either exploits closed-form solutions
when available or relies heavily on Gaus-
sian comparison results, such as the convex
Gaussian Min-Max Theorem (CGMT). In
this paper, we introduce a new perspective
on MNI under isotropic Gaussian covariates
by leveraging tools from high-dimensional
geometry. First, we obtain a “localized”
bound on the MNTI’s shrinkage of the origi-
nal ground truth that occurs under isotropic
Gaussian covariates when the norm is in an
isotropic position. Then, we prove a sharp
bound on the Mean Squared Error (MSE)
of the ¢1-MNI, as obtained by Wang et al.
[2022] via a geometric proof, which avoids
invoking the CGMT and instead relies on
the work of Fleury [2012] on Gaussian poly-
topes.?

1 INTRODUCTION

Recent experiments with neural networks have re-
vealed counterintuitive statistical phenomena: mod-
els that interpolate the training data can still gener-
alize well [Nakkiran et al., 2021]. In overparameter-
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ized regimes, it has been repeatedly observed that
models achieving zero training error—even on noisy
data—may nevertheless exhibit good out-of-sample
performance [Zhang et al., 2021]. Motivated by these
empirical observations, a substantial body of theoret-
ical work has studied this phenomenon, often referred
to as harmless interpolation or benign overfitting.

In the context of regression—the focus of this paper—
an interpolating estimator is one that fits the training
data exactly. However, such an estimator is generally
not unique; in linear models, for instance, the interpo-
lation constraints determine the estimate only up to
the null space of the design matrix. It is well known
that the particular interpolating solution can drasti-
cally affect generalization performance [Donhauser
et al., 2022|. A common selection mechanism is the
minimum-norm interpolator (MNI), which selects,
among all interpolators, the one with the smallest
norm.

Another motivation for studying MNIs comes from
the observation that many first-order methods exhibit
an “implicit bias” in overparameterized settings, and
under suitable initialization, they converge to certain
minimum-norm solutions [Gunasekar et al., 2018,
Oravkin and Rebeschini, 2021, Shamir, 2022].

Formally, in this work, we consider the standard
linear regression model with isotropic Gaussian co-
variates. We observe:

D = {(Xs,¥i) }i=1>

where X € R"*¢ is the design matrix whose rows are
i.1.d. isotropic Gaussian vectors N (0, I;). We focus on
the overparameterized setting, where d > n. Unless
stated otherwise, the noise vector & = (&1,...,&,) is
isotropic Gaussian and independent of X. We write
X = [x1,...,Xq] for its columns.

y = Xw, +§,
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The MNI, in the case of linear models, is defined via

Wy, = argmin{HwH : Xw:y}, (1)
weR?
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where || - ||: R — R, denotes an arbitrary norm.

Inner-product norms. When the norm || - || is in-
duced by an inner product, one can derive closed-form
expressions for w,. Prominent examples include the
£5-MNT in linear regression and the minimum-norm
interpolator with respect to a reproducing kernel
Hilbert space (RKHS) norm. In the minimum-/;
setting, these formulas enable precise analyses in
the proportional asymptotic regime where d,n — co
with d/n — v € (0,00); see, for example, Ghorbani
et al. [2021], Hastie et al. [2022], Mei and Monta-
nari [2022]. They also facilitate non-asymptotic risk
bounds for minimum-¢; and minimum-Hilbert-norm
interpolators: a series of works [Bartlett et al., 2020,
Tsigler and Bartlett, 2023, Lecué and Shang, 2022,
Chinot et al., 2020, Muthukumar et al., 2020b, Zhou
et al., 2023] characterizes the risk in terms of the
spectral decay of the feature covariance (for linear
regression) or of the associated integral operator (for
kernel regression).

Arbitrary norms. In general, MNIs do not admit
closed-form expressions when the norm in (1) is not
induced by an inner product. In this setting, consid-
erably less is known about their statistical behavior.
Koehler et al. [2021] provided a first general anal-
ysis using local uniform convergence for Gaussian
covariates, via the convex Gaussian min-max theo-
rem (CGMT) [Thrampoulidis et al., 2015], obtaining
non-asymptotic bounds on the prediction error of the
MNI without any inner-product structure. Building
on this approach, Donhauser et al. [2022], Wang et al.
[2022] studied MNI for ¢, norms with p € [1,2] in
linear models with isotropic Gaussian covariates and
derived sharp rates for its error. These analyses rely
crucially on CGMT. More recently, Kur and Bizeul
[2026], Kur et al. [2024] extended Donhauser et al.
[2022] to sub-Gaussian covariates using an approach
inspired by the geometry of 2-uniformly convex norms
(cf. Klartag and Milman [2008]).

1.1 Positions

The notion of a position is classical in high-
dimensional convex geometry: given a convex body
K c R? and a task at hand, one seeks a linear map
T € GL(d) so that the image TK is more “regular”
with respect to a chosen functional. Equivalently,
there exists a linear map T such that these inequali-
ties hold with T'K in place of K.

Milman’s M-position. First, we denote by K°
to be the polar/dual body of K, and B, denotes
the Euclidean unit ball in R?. We say that K is in

M-Position Milman [1986] when the maximum of
N(K,Bg),N(B4,K),N(K°, By),N(Bg, K°),

is upper bounded by C¢, for some constant C' > 0,
that is independent of K and n, where N'(A, B) de-
notes the minimal number of translates of A required
to cover B. Note that this position is far from being
unique.

Isotropic Position. K is in isotropic position if
the uniform measure over K has zero mean and
identity covariance. Recent progress (e.g., Klartag
and Lehec [2025], Bizeul and Klartag [2025]) shows
that isotropic convex bodies are, up to universal
constants, already close to M-position.

The unit balls of commonly used norms—such as
the Eg norms and the top-k norms—satisfy all of
the standard positions in geometric analysis, up to
scaling. Hence, by studying these norms alone, one
arrives at a misleading conclusion: that the notion of
position is somehow irrelevant. Indeed, we emphasize
that for general, arbitrary norms, the situation
is much more subtle—see Giannopoulos and Milman
[2000] and the monographs Pisier [1989], Artstein-
Avidan et al. [2015].

To be clear, throughout this paper, we refer to a
norm || - || lying in some position if ¢, K lies in this
position for some normalization constant ¢ > 0
and where K denotes the unit ball of || - ||.

1.2 The ¢;-MNI
The ¢; MNI, also known as basis pursuit (BP), is:

Wy = argmin{Hle : Xw = y}. (2)
weRd

It is well-known that it generalizes well in the noise-
less case but is highly sensitive to noise Candes
[2008], Donoho and Elad [2006]. For noisy data, up-
per bounds on the prediction error of order o2 have
been derived for isotropic Gaussian features Koehler
et al. [2021], Ju et al. [2020], Wojtaszczyk [2010], sub-
exponential features Foucart [2014], and even heavy-
tailed features Chinot et al. [2020], Krahmer et al.
[2018]. In the isotropic Gaussian setting and with
adversarial noise, Chinot et al. [2020] established a
lower bound of order o2/ log(d/n) (see also Chatterji
and Long [2021], Muthukumar et al. [2020a]). They
conjectured that the ¢,-MNT is inconsistent in the
non-adversarial case. This conjecture was recently
refuted by Wang et al. [2022]. These authors used
the convex Gaussian min—-max theorem (CGMT) to
establish the sharp rate:

2
(1+ 0(1)) a7y
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1.3 Setting

In this work, we present a new geometric perspective
on MNI in linear models with isotropic Gaussian
covariates. Our approach leverages tools from high-
dimensional geometry to obtain sharp error rates and
does not rely on the convex Gaussian min-max theo-
rem (CGMT) or any Gaussian comparison inequal-
ities. Our goal is to understand the mean-squared
error (MSE) of w,, that is, in the case of isotropic
covariates,
]ED[H@\H - w*”%]

We study the following decomposition of the MSE,
also used in Kur et al. [2024], which preset is a sum
of three terms, F1, Fy, E3, defined as follows:

By = E||Py, (B¢l | X]) — w.|>

where P,,, denotes the orthogonal projection onto
the span of w, € R%. This term intuitively measures
how much in /s-distance the MNI shrank from the
wy. Then, we define

Ey = |[Puw,)-Eel@n | X)) |5

where P, )1 denotes the projection to the orthogo-
nal complement (w,)*. And finally,

Es3 := ExVarg (@, | X) = E||@, — E¢[@, | X]||3,
that is the expected conditional variance.
Overview of our contributions.

(i) Theorem 1 characterizes the term F; in a local-
ized way under isotropic Gaussian covariates, for
any MNI, such that its unit ball is in isotropic
position. This yields the first localization princi-
ple for E; analogous to results for constrained
least squares estimators (cf. Chatterjee [2014],
Bartlett et al. [2005], Bartlett and Mendelson
[2002]). The characterization depends on the
mean norm of sections of the convex body K in
the direction wy, defined rigorously below.

(ii) Theorem 2 establishes a sharp risk bound for the
£1-MNI without invoking Gaussian comparison
inequalities or the CGMT. The approach draws
on tools from high-dimensional geometry, prob-
ability, and super-concentration, in particular
on the geometry of symmetric Gaussian poly-
topesFleury [2012]. We note that the connection
between Gaussian polytopes and BP was already
present in statistics Donoho and Tanner [2009,
2010], Efron [1965], but was not utilized in more
recent works on the benign overfitting.

Organization of this paper. Section 2 introduces
notation and preliminaries. Section 3 states our main
results. Section 4 provides a detailed discussion. The
remaining parts appear in the Appendix below.

2 PRELIMINARIES

Notation

For functions f,g: Z — Ry, we write f < g if there
exists a constant C' > 0 such that f(z) < Cg(z) for
all z € Z. We write f 2 gifg < f,and f < g if
both f < g and g < f hold. We also use standard
Landau notation O(-), (-), ©(+), and write f < g
(equivalently, g > f) to mean f/g — 0. For sets
E,F in an additive group, the Minkowski sum is
E+F:={e+f:e€E, feF} for a singleton
E = {e}, we write e + F :={e} + F.

For any d > 1 and = € R?, we write ||z|, :=

d 1
(Zi:l |a:i|p) ® for p € [l,00) and ||z|e :=
maxi<;<q |z;|, and Bg denotes its unit ball.

For a convex body K C R? containing the origin, its
(Minkowski) gauge is

lz]|x :==inf{A > 0:2 € AK}.

For any m € N and measurable A C R™, we write | 4|
for its Lebesgue measure (volume) and |0A| for the
(m — 1)-dimensional surface measure of its boundary.
For a square matrix M, we may write |M| for its
determinant. Finally, symbols C,C1,¢,¢1,... > 0
denote absolute constants whose values may change
from line to line.

The mean norm of a convex set K C R? is defined
as

M(K) := E[|€]|x

here & ~ U(S%"!) is uniform on the unit sphere
in R?. For every convex body L ¢ R™ (for some
m > n+ 1), define

Mn(L) = Ex M(XL) = Ex.ll§lxc,
here & ~ U(S"!) and XL C R" is the Gaussian
image of L under a random matrix X € R"*™ with

i.id. entries N (0,1). For every w € K and ¢ > 0,
define the affine sections of K by

we (K0 (505 + ) = i)

The corresponding mean gauge is denoted by

K(w,t) :=

Mn(w7t) = MTL(K(wat)) = ]EHSHXK(w,t)
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Finally, r(K) and R(K) be the inner and outer radius
of a set K, and M*(K) is the mean width of a set
K, that is

M*(K)=M(K°) =E, .y sug(u,w).
we

3 MAIN RESULTS

3.1 On the shrinkage of the MNI
Recall that K C R? is the unit ball of (R?, || - ||).

Assumption 1. The following holds:
o M, (K)>1 and ||lwy] < |lws]l2 <1
o K is in isotropic position.

In words, noise is “harder” to interpolate than the
pure signal, and the 5 norm of the signal is compa-
rable to its norm in terms of | - ||. Hence, the unit
ball must be inflated to interpolate pure noise.

Assumption 2. With probability of at least 1 — d =3
1t holds

47 = || P,y (@) I3 S log(d)® - (B2 + Es)
for some universal constant C > 0.

For example, this assumption holds for £,-norm (with
an absolute constant) when p € [1,2]. Clearly, here
we implicitly assume a position to satisfy this assump-
tion. For example, if K is a very thin ellipse with
unbalanced eigenvalues, then its corresponding MNI
would not satisfy this assumption, as in this case, the
random variable [P, )1 (W, )|l2 is heavy-tailed.

To state our first result, denote by M,(t) :=
Mn(w*, t) and define the localization radius t, =
t (K, wy) as

argmax { M, (t) — t*M,(t) ||w.2/2},

t>0

We also define the offset radius £, > 0 as the
minimal ¢t > 0 so that

My (t) — My (1) w.]lz + O(d./V/n) < 0.

Note that the following relation always holds ¢, < ty.

Theorem 1. There exists a sufficiently large absolute
constant C' > 0 such that if d > Cn, then under
Assumptions 1-2,

E||Pu. (@) — w,s S 2

Remark 1. Here, we surpass the O(n~1/2) barrier
appearing in the analysis of [Zhou et al., 2023,
Lemma 10] under the consistency of the MNI, and
in particular, Es + E3 — 0. N

Remark 2. In the well-studied setting of the £,-MNI
for p € [1,2], and w, = (1,0,...,0), one can show
that

t. &~ argmax (Mn(t) -

t2Mn(t)>

telo,1] ’
without the deviations parameters, as the sections
are homothetic copies £, ball in R41. However, as
we only assume that K is isotropic, we carry the
offset d, and upper-bound it by t,. N

Remark 3. To upper bound the term Es, we would
require more structure on the norm than being
isotropic; we would require the norm to be 2-
uniformly convex or at least cotype 2 — we refer
to the work of the first author Kur and Bizeul [2026]
for more details. N

3.2 On the ¢(;-MNI

Our final result gives a sharp risk bound for the
£1-MNI, defined in (2) via a purely geometric
(non-CGMT) argument, that was obtained in Wang
et al. [2022].

Theorem 2. Let ¢ € (0,1/6), and assume that
d € (nlogn®, exp(n®)), and assume that w, is
O(n/log(d/n)®)-sparse. Then, with probability of
at least 1 — exp(—cynlog(d/n)~2), it holds that

2+pna)Mz,  1+0(1)
n ~ log(d/n)’

1% — w.]5 =

< log(d/n)™2, and M, 4 is defined in
Corollary 1 below..

where ppa S

We emphasize that our proof relies crucially on Fleury
[2012], who showed that a symmetric Gaussian poly-
tope satisfies the KLS conjecture in expectation.

Remark 4. In this version of this work, we prove
Theorem 2 for the zero regressor. It is possible to
generalize the result to sparse vectors, with additional
technical work that brings very few new statistical
insights. <

4 DISCUSSION

4.1 Theorem 1 in /,-linear regression

Consider the case of || - || = || - ||, for p € [1,2], and
let wy = (1,0,...,0), which obey Assumptions 1-2,
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see [Kur and Bizeul, 2026, Cor 2.]. It can be shown
Gordon et al. [2007], Paouris et al. [2017] that

ay_ Vn
M, (By) =< Py

max{(p— 1),10g(2/n)}.

For our theorem to be valid, we must assume that
M, = Mn(Bg) > 1, or equivalently,

d S O(min{n?/?, exp(n°)}),

where 1/p+ 1/q = 1. As the sections K (w,,t) are
homothetic B¢~! balls, we know that

Mo (t) — My (0) = My(1) - (1— (1~ 1)?) (1)

M,
1 p
~ My, -pt-|—| .
P (Mn>

Therefore, we need to balance t? < ptMP. Invoking
Theorem 1 yields

2p—2
- $2 o
B =12 =

~min {(p— 1), log(d/n)}p ,
recovering the result of Donhauser et al. [2022], Wang

et al. [2022].
4.2 CGMT and MNI

As we discuss in further detail in the extended version
of this paper, our proof is based on studying the
symmetric Gaussian polytope. It is defined as

P,q= Conv{iXi}?:l = XBf Cc R™.

And we prove that it has a vanishing finite volume
ratio. Specifically,

|Pn,d|
| Bn

1/n
rn)dBnchdand( ) — (1+0a/n(1))ma

Here, we denote 04/, (1) for a function f(n,d) which
vanishes as n,d/n — co. By using this volume bound
and applying a simple self-improvement argument,
our approach yields a sharper estimate on M,, 4 than
was obtained in Wang et al. [2022]. Specifically, our
approach establishes the following.

Corollary 1. The following estimate
M,.q = M,(B}) = (1 +0 <

Above, we define

a(n,d) = 2log(d/n) —lIn(d/n) —Inm 4+ 2 4 04/, (1).

In Wang et al. [2022], they proved a weaker upper
bound on M, 4 of

(1+Ofog(afny 2 £ = [ B

where t,, 4 is defined the solution to

n
P >t 4) = —.
gNN(rO)l)(Ig\ > tnd) pi

In this paper, they also claimed that a sharp esti-
mate on M, 4 implies an upper bound on the MSE.
Indeed, this is not an effect of CGMT, as our proof
suggest that an exact estimate on M, 4 determines
Dn,d that is defined as the sharpest upper bound of
the following:

—n 1/n

Lo B, N

< = < n,d
(Elgllp, )"

where the LHS follows from Jensen’s inequality. We
prove that p, 4 < 1/log(d/n)?, and are not sure if
this bound is tight or not. However, we believe that

Pn.a 2 1/(v/nlog(d/n)).

4.3 Theorem 2 for sub-Gaussian covariates

Theorem 2 deeply relies on the result of Fleury [2012],
who computed the exact distribution of a facet of
a symmetric Gaussian polytope. One may ask if
we can extend this result to sub-Gaussian matrices.
The key challenge is that Dvoretsky’s theorem only
holds for rotationally invariant distributions. For
completeness, we state it in its sharpest version (cf.
Paouris and Valettas [2016], Klartag and Vershynin
[2007]):

Theorem. Assume thatd >n-+ 1. Let P = ﬁX

and consider a convex body K C R®. Then, the
following holds with probability of 1 — exp(—cin):

M (K) (1= Cry /5 \fn - Var ({5 ) ) < (PE)
and
R(PK) < (1+C1 /3 ]\ffg()) ) M (K)

The lower and upper inclusion have different behav-
iors. Indeed, by the Poincare inequality for the uni-
form measure on the sphere, it holds that (x) < ().
When the inequality is strict, ||u|| ke is superconcen-
trated, where u ~ U(S?1).
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4.4 Small Ball Probabilities

Definition 1. The canonical simplex and its centered
version are defined via

A:={zeR": E x; =1} cmdAC::A—l—n.
n
i=1

Here, we state a useful lemma we proved that allows
us to establish a lower bound on the MSE of the
£1-MNI.

Theorem. The following holds for all e € (0,1) :

Pr ([|Z]s < (1 —2)E|Z]2) < exp(—cne?).
Z~U(rAC)(H [2 < (1 —¢€)E[|Z]|2) < exp(—cne”)

The proof of this lemma follows from standard cal-
culations of MGFs, and noticing that Z ~ Unif(A),
can also be presented as
(Z1,y..., Zn)

Z?:l Zi
where Z1,...,Z, ~ Exp(1l). However, as one can
easily show (cf. Paouris [2006]) a sharp bound of

P Zll2 > (1 E||Z|2) < — .
JPr (12l > (1+ B Z]1) < exp(—cyie)

7 ~

Namely, the tails exhibit different behaviors; one
is sub-Gaussian, and the other is sub-exponential.
Therefore, we would need a different approach for
the upper bound the MSE. Finally, we state a useful
bound that is known only to specialists; see also
[Alonso-Gutiérrez and Prochno, 2015, Corollary 5.1].

Theorem (Lemma 2.3 Paouris [2004]). Let K C
R™ be an isotropic convex body with a {s-diameter
C/n. Then, with probability 1 — exp(—cin) over
0 ~ U(S" 1), the marginal (X,0) satisfies for all
te [63, C\/ﬂ

>t < —cot?
X~1?Jr(K) {|<X,9>| > t} < exp(—cat?),

where the constants c1,ca,c3 > 0 depend on C' > 0.

In words, w.h.p., a random marginal of a bounded
isotropic K has a sub-Gaussian tail with parameter
O(1/\/c2), comparing the worst case that can be
sub-exponential.

5 PROOFS
5.1 Proof of Theorem 1

Note for a convex set L C R? that contains the origin,
and z € R™, we have

lzlxz = [l (X, 2)]lz,

where @2 is as the minimal norm/gauge solution

with respect to the origin.

Lemma 1. [[Kur and Bizeul, 2026, Lemma 1]] Let
P = %X, and assume that d > Csn for large
enough C3 > 0. Then, with probability of at least
1 —exp(—cn) it holds that

1 <r(PK) < M*(PK) < log(d)®.

The proof of this result is based on the recent works
of Milman [2015], Klartag and Lehec [2025], Bizeul
[2025], Bizeul and Klartag [2025] which concern
isotropic convex sets.

Lemma 2. [Kur and Bizeul, 2026, Cor. 2] Consider
a conver set L C R that contains that origin such
that

Roar- = M*(PK) /r(PK) = 6(1)

d7100

, and with of probability of at least 1 — over D

|G (X, &)|]2 € O(d.) By

Then, with probability of 1 — d=%8, for any fived u €
S*=t. it holds

l|ullxz

~ d*
— = —1|=0 .
EllullxL ‘ (\/ﬁ)

Finally, note that u can be arbitrary, as for any fixed
rotation matrix U, it holds UX ~ X. And the sets
L that we consider are the shifted sections of the
unit ball of || - ||k in the direction of w, intersected
with O(d,)-f> ball. Note that we can use the last
two lemmas due to Assumptions 1 and 2. The n~1/2
scaling in Lemma 2 is due to the fact that w.h.p.

1€ll2 = v/n.

To begin, we assume that ||w.|2 = [|Jws|| = 1, and
let Mg 1w, = ||[Wx + €|, and let

K = K N (d«Ba_1 x span{w,})

and denote by

K(t) = ((wt+wf) mf() — Wy

_ (A-tw,
Mg fw,

where where w; : Also, denote by

K(t) = ((wt—i—w*l) ﬁf() —wy

where wy := (}\2:2(1)‘3*. Denote by K, (t), Kn(t) to be

the coordinate projection of K(t), K*(t) over the
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design points, i.e. K,(t) := XK(t) C R", where
X 1= P, (X) . For every realization of X, £ it holds

Do € €+ twallz, () - K (t)

and
€+ t*W*HI?,L(t*) =€+ W*”nv

for some t, € [0, 1] that depends both in X, &. Also,
note that

for any t € R with equality for ¢ = t,. Note that for
t = 0, which is our “baseline”; there is no shrinkage
of the signal. Clearly, K (t) depends on X, £ as @ is
random variable. As we see below, we can prove our
theorem on K () instead.

Denote by

a(t)zi—O( bgn(d)t+t4>.

The main observation of this theorem is the following:
For any fixed &, we take expectation over X, and
with probability of 1 — d~'%° over wy, it holds

El[€ + twill s, () = 1€ + twill2 - ElI€l k., 1)

—(ta) M. P

where we first used that w, is uncorrelated from
K, (t), and under Gaussianity is independent, and
homogeneity of the gauge function. Then, we used
that with probability 1 — d=190 that

1€+ twill2 =14 a(t)
and Taylor’s expansion

1+ 2a(t) = 1+ a(t) + O(a(t)?).

Now, under Assumption 2, we know that for every
fixed p and t in our range it holds

log(d)“d,
€ + twallk, () — (1 +a(t)) - My(p) S Og(\/)ﬁ

Therefore, we discretize ¢, € [0,2] to cubes with
edge length of d='°°, and apply Assumption 2 to
each p;,t; on this discretization, take a union bound,
and note that for |t; —ta] = o(1) and |u1 — pe| = o(1)

1€ + 1wl &, () —11€ + L2 Wl K, (o) S
O([ty — ta| + |p1 — pal) My,

where we used Lemma 1, and therefore the triangle
inequality we conclude that

Ko — (L +a(t) - My(p) S h’g(d\/);d*

uniformly for all u,t. By choosing the proper p and
t such that

1€ + tw|

we can obtain that uniformly it holds

C
€+ wallg, )~ (L ale) - M (1) T

Hence, we combine (5),(4),(3), and conclude that

(5)

&+ willi
M <1-F.(t)
m£+W*

where F,(t) is defined as
d

My, (K (1)) = Mo (K (0) + a(t) My (K (2)) + O(

).

B

Clearly, F.(t) must be positive; otherwise, by (3), we
contradict the definition of the MNI. Meaning that
t« is upper bounded by the minimal ¢ > 0 such that
F.(t) = 0. In order to connect, K(t) and K(t), we
know that
[Mg+w, — Mn(K(0))] < EMn(O)v

By triangle inequality (and using that |Jws| = 1 and
M, (K) > 1), it holds

ct?  ~ ct?  ~
(1- Mn(t))K(t) C K(t)c (1+ Mn(t))K(t)

and therefore

My (K(t)) — M (K (1) S

e

and the proof is complete.

5.2 Proof Outline of Theorem 2

Notation

For a positive integer k > 1, we define [k] :=
{1,...,k}. For a matrix A € R"*? with columns
{A}L, C R™ and a subset S C [d], the matrix
Ag € R™¥I5l is composed by taking the columns
{A;}ies. Additionally, for a square matrix B € RF*k,
we denote

BfT _ (BT)fl _ (Bfl)T.

Consider a facet of F of the random polytope P, 4.
Note that it is defined by S C [d] and |S| = n and
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e € R? such that € = (g;);es € {£1}", such that
{eiX;}ies form a facet. We denote the barycenter
and the (scaled) normal, respectively, as

XgTe

1

Cr = — giX;and nr = —=——
" ; X5 ell3

Note that in this scaling nr € F, and F is contained

in the hyperplane
{v€R": (v,n7) = [nx|3}.

Throughout the argument below, we let F correspond
to the facet (with corresponding n-subset S and sign
vector €) which is selected by w,,. For any polytope
P, we will use F,,_1(P) to denote its collection of
facets (i.e., its (n — 1)-dimensional faces). We denote
by |Frn—1(P)| the number of facets.

5.2.1 Fleury’s work on Gaussian polytopes

Lemma 3 (Thm. 3 in Fleury [2012]). Suppose
that conv{e;X;}ics forms a facet for some signs
g; € {£1} and a subset S C [d] with |S| =n. The dis-
tribution of the matriz Xg, formed with the columns
€ X;,1 € S, conditional on it being a facet, is dis-
tributed as the product UA, where U and A are
independent,

Y

U ~ Unif(O(n)), A = [TW T

:l ) Y € R(n—l)xn,

where

o Y has columns {Y;}, distributed with density
proportional to

n
yyl-exo (= Y lvil3/2).
i=1

where | - | denotes the determinant.

o T, 4 denotes the distribution of |ng||2 is inde-
pendent of Y, and has the density

t P < t)dm —nt?/2
p()agNNng’l)(lgl_ )" exp(—nt®/2),

Note that the distribution of Y is close to being
Gaussian, as the determinant has very light tails; this
result is due to Goodman [1963], as we formulate
below. The distribution of T, 4 is close to the average
of the top n-entries of an isotropic Gaussian vector
in R%.

Lemma 4 (Lemma 6 in Fleury [2012]). In the nota-
tion Lemma 3, it holds

1 & I,_ ~
ZYi~N<O, 1>J_Y,
nizl n

where Y := (Ya—Y1,...,Y,—Y,).

In particular, it implies that ¢z — nr is independent
of nr and from Y. Throughout this work, we refer
to the distribution of a facet F as the “Fleury’s
distribution”.

Lemma 5 (Thm. 4 in Fleury [2012]). : The expected
number of facets of n—1 dimensional number of facets
of P, q satisfies

EF,—1(Pna) = exp (27 'n - (ln(d/n) + ©(1))) . (6)

Note that this bound should be compared to the
loose upper bound on the number of facets, which is

o (Z) — exp(n- (log(d/n) + O(1)))

which is a significantly better exponent. First, re-
call the conic formula, which implies that for any
polytope P C R™, it holds

Pl=n""" )

F is a facet

[ F] - ozl

Now, let

& = {conv{Xy,...,X,} is a facet of P, 4}
and
Es,e = {conv{e1 X;,,...,e,X;, } is a facet of P, 4}

and note that the following holds for V' = E|P, 4| by
linearity of expectation and the conic formula:

V=nt!E Z
ec{—1,1}",|S|=n,SC]d]

=012 (4) PrEIELF Il

=0 E|F1(Poa) -EIYY |- |A]-ET, 4

les. - |F]- Izl

where we used that T), 4 is independent from the
facet F. Following the same rational, and using the
cr is independent from the normal nz and from Y,
we obtain the following corollary:

Corollary 2. Let £ := A1 N Ay N A3 where Ay be
an event on T, 4, i.e. the height of the normal; and

A, be an event on the span of Y, and As an event
on the cx. Then, it equals to

(A3) ' IE‘Pn,d

E|Ve| = JE:,IAd(Al) lz?r(AQ) n=1 g;::l Yi

where |Ve| is the volume of the cones that their facets
satisfies £.
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5.2.2 Reduction to Fluery’s distribution
Throughout this work, we denote by

and E(n,d) = n

Cln,d) = = log(d/m)?’

log(d/n)

Note that the distributions of T}, 4, and of Y, and
of cx — nr are sub-Gaussian; and therefore have
very light tails. However, the volume of the polytope
P, 4 has a high variance as observed in Paouris et al.
[2019] and references within. This is mainly due to
the fact that £¢ has a small Dvoretzky’s dimension.
Therefore, due to the decomposition of the volume
above, the large variance emerges from the number of
facets that suffer. In order to overcome this problem,
we show that

P,
exp(—Cy - C(n,d)) < [Pr.al

<exp(Cy-C(n,d
< B < esp(Cr-Cln.d)

with probability of at least 1 — 2exp(—C(n,d)) via
Dvoresky’s theorem and the KLS property of the
canonical simplex, see below for the definitions of
these objects.

Then, we would condition on events on 7}, 4 and
F and cr, with respect to Fluery’s distribution,
that holds with probability of at least 1 — exp(—C} -
C(n,d)). Therefore, by Corollary 2, and the last
equation, the total volume of the facets that do not
satisfy is at most exp(—C(n,d))|Py.q4l, i-€., most of
the facets of P, 4, in terms of volume, would satisfy
the event.

5.2.3 Canonical Simplex satisfies KLS
An isotropic convex body that satisfies the KLS with

an absolute constant, if for any 1-Lipschitz function
F:R*" - Rande>0:

(IF(X) —EF(X)| > ev/n) < exp(—cy/ne).
(7)

We refer to the last equation as the (KLS) condition.
It is well known that n - /A, is almost isotropic and
satisfies the last equation, see Barthe and Wolff [2009).
In particular, KLS implies the following (see also
Paouris [2006], Gromov and Milman [1983] for further
details)

Pr
X~U(K)

e Thin shell:

Pr ([ X2 — vn| <evn) = 1—exp(—cv/ne).

X~U(K)

e Isotropic constant: For any § € S”~! it holds

Pr(|(0,X)| <evn) > 1 —exp(—cy/ne).

X~U(K)

5.2.4 Proof Outline
First, note that:

1€lln = [1€]l 2, .o = l©n (X, )1,

where we used that P, 4 = X B¢. Furthermore, the
01-LNI has a special interpretation:

@n(Xf) = ||€||Pn,d "LU(X, S)

where w(X, €) € R? such that ||w(X,€)|lo = n, and
lw(X,€)|l1 = 1. Namely, it is the weighting of the
convex hull of the n-dimensional facet of the B¢ (that
in particular is a simplex) that gives € and whose
vertices are JF := conv{e; X, }ics-

Intuitively, we believe that a typical solution of w,
behaves as a random element in 2. To understand
how a random element behaves, recall the definition
of A, above, and that n-/\. satisfies the KLS property
and, in particular, most of its volume lies in its thin
shell. Therefore,

Eztmitan | Z]l2 = (1 £ 0(1/y/n)) -n =2

Hence, by Pythagoras’s law, we would expect that
most of the volume of P, 4, has an ¢ length that

satisfies
1+0(1)\° 2
\/||e/n||§ + (\/ﬁ) A

To further support this intuition, we use Fleury’s
distribution, which implies that a “typical” facet of
P, q is distributed as F = G/, where G is almost
distributed as a n x (n —1) Gaussian matrix, i.e with
iid N(0,1) entries. Hence, by ideas that emerge
from the restricted isometry property, we expect that
\/n- F is almost isotropic and that the volume of the
thin shell of \/n - F maps to the volume of the thin
shell of A.. Now, to estimate the £ norm of the w,,
recall that @, inflates P,, 4 by (14 0(1)) - Mp.q > 1
with high probability. Via a simple Dvoretsky’s and
geometric arguments, we would support this claim,
and show that

Mn,d = E”E”ﬂ ~

n/(2log(d/n))

and therefore, we expect that

1@l ~ (Mi.a - v/2/n)? = log(d/n) ™"

Roughly speaking, in all the remaining steps, we show
that Xw,, lies in a typical thin-shell of a “Fleury’s”
facet, and that w, lies in the thin shell of the n-
dimensional facets of the ¢¢ which are canonical sim-
plices. The main challenge, is that the @, induces
a different distribution on the polytope facets from
Fluery’s one, as discussed before.
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A Proof of Theorem 2

A.1 Remaining Preliminaries

We state a lemma that follows from Paouris and
Valettas [2016], see also Klartag and Vershynin [2007].
Let r(A), R(A) are the inradius and outradius of a
set A. For a matrix A, ||A| denotes its operator
norm. We also use the notation of B,, := \/n - B,,.

Lemma 6 (Boosted Dvoretzky’s theorem). Assume
that d > Cin. Then, the following holds with proba-
bility of 1 — exp(—cyn):

M*(K)

M*(K) (1 — eoy/n Var ('E”K)> < r(XK) < R(XK

(8)
for any convex body K C R™ and universal constants
c1,c2,c3 > 0.

Note that since ||&| k- is R(K)-Lipschitz, the Gaus-
sian Poincaré inequality shows the deviation from
M*(K) in the upper inclusion is larger than the devi-
ation in the lower inclusion implied by (8). Note that
the density of Y is “almost” a Gaussian matrix up a
'Y TY|-|A| For this, we use a result of Goodman
[1963], showing that

n
log|Y'Y|= Z log Z; where are independent Z; ~ x7.

=2

The following result follows by computing the mo-
ment generating function of the corresponding x?
random variables and a Chernoff bound.

Lemma 7. Let G be an (n—1) x n Gaussian matriz.
Set Sy, :=log |G|. There is a universal constant ¢ > 0
sufficiently large such that the following inequalities
hold for t > 0.

1. For the upper tail:

2
Pr(S, —ES, >t) <exp (— t > .
clogn

2. For the lower tail:

2
exp <—Clégn) t <logn

Pr(S,—ES, < —-t) < { Ne

cne t > logn.
Hence, using the last lemma and the upper bound
on the number of facets, we obtain the following
one-tailed estimate:

Corollary 3. With high probability over P, 4 it holds
for all facets simultaneously

~—

The next corollary follows from tail integration of the
determinant that our proof relies on the relation be-
tween GG, the Gaussian matrix, and Y from Fluery’s
distribution, which is almost Gaussian.

Corollary 4. Let A be an event G is smaller than
n~100 Then, it is smaller than n=°° over the proba-
bility space of Y.

In words, it means a rare event in G is also rare in
Y, however, it does not mean that those densities
are close, for example, in T'V-distance. We finally
state a lemma regarding the distribution of 7}, 4. To

%aﬁﬁ%ﬂe(@tﬁ E)%/R]\(/[\/(E[g ) ) ’

( :L’d)Q = 2log(d/n) —lIn(d/n) —Inm + o(1)

denote the mode of the density associated with the
random variable T, 4.

Lemma 8. Let 0 < e < ¢/log(d/n) and assume that
d > 4n > +/log(d/n). Then,

Pr {|Tn7d—MedTn7d| > s-tfl’d} < exp {—cn log(d/n)zez},

and in particular

1

50— MedT a S —=—=——rs
’ nlog(d/n)

This proof of the last lemma follows from a direct
computation on the distribution of Lemma 3. Next,
we would need the following lemma:

Lemma 9 (Lemma 2.3 Paouris [2004]). Let K C
R™ be an isotropic convexr body with {s-diameter
Cy/n. Then, with probability 1 — exp(—cit?) over
0 ~ U(S"1), the marginal (X, 0) satisfies

>t < —cat?
L X012 ) < 2esp(-eat?)

where the constants cy,ca,c3 > 0 depend on C' > 0.

In words, (X, 6) has a sub-Gaussian tail with param-
eter O(1/,/c2).

A.1.1 Step I: Global Properties of P, 4

First, we now provide a cheap estimate of the volume
of the polytope P, 4, and also on the mean norm
M, 4, which is sufficient to carry out the argument
for Theorem 2. We consider the truncated polytope
and corresponding Gaussian mean width,

K(n,d):==BNiBL, and M, 4:= M*(K(n,d)).

VF € Fo_1 (Pn,d)

log | Xx|-ES,, < \/n -1ln(d/n) - log(We use the shorthand notation P, 4 = M,, 4Py, 4.
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Lemma 10. Suppose that d 2 n. Then, with proba-
bility at least 1 — exp(—cn) (over X), we have:

(i) It holds that

C —~
1—-— )| -M,q4-B P,
< log(d/n)) n,d n C n,d

and in particular My q < (1+ W) ML

n,

(i) the volume satisfies the bounds

|Pn’d|§exp(C(n,d))|Mn’d-Bn| and exp(—Cy-C

)- M,

and consequently My, q > (1 — md

log(d/n)

The proof of this lemma appears below. Also, note
that

’anllz _1‘ <!
Mya 17 log(d/n)

and same bounds holds for E|P, 4, i.e.

610;(37") ‘Mn,dBn| < ]E|Pn,d| < eXp(C(ny d))lﬂn,dBn|

9)
via integrating the tail of R(P,, 4) with the tail bound
of Dvoretzky’s theorem.

Here, we provide its sketch: We apply Dvoretzky’s
theorem on the set K (n,d) C B{, from which we can
obtain a lower bound on the inradius of the projected
polytope P, 4, which in turn bounds from above the
expected norm of the projected body, M, 4.

A.1.2 Step II: Volume reductions

Here, we state few volume reductions techniques that
we use throughout our proof. To see this, note that
for every fixed ImX, the map

€]l
El€lln

is O(E||€]|/+/n)-Lipschitz by the ball inclusion under
the event of the previous step. Therefore, we can
assume that

E—

E|Pn,d N B,| > exp (—O\/ﬁ) | B,

Remark 5. In the extended version via super concen-
tration methods, we would show that

E|Pp.a N By| > exp (_bg(zgn)> Bl

Let A be an event on a facet F such that under
Fleury’s distribution, it holds with probability of at
most exp(—CC(n,d)). Then, we know by Markov’s
inequality, that

U Maa-7
F satisfies A

< exp(—C3C(n, d))|0B,],

where we used Lemma 7 and its corollaries.

This means that for a set of directions B C \/n-S"~!
lies in the cones whose their facets satisfy the event A,

then it me@ns that we have to inflate P, 4 by at least
@4—@)§C’V§@(§ ﬁ%RéCébﬁﬂté’f‘n @b of the measure of

B. To see this monotonicity of the volume, and its

n-homogeneity, means that we need to inflate by =
such that

(1+2)" > exp(CC(n,d))

which is equal to z > Clog(d/n)~/?, However,

this would contradict the ball inclusion and_ esti-

mates on M, 4 from the previous step, as B,, C
C] D

(1+ Vog(d/n) ) Pn.a-

Therefore, we obtained the following corollary:

Corollary 5. Let A be an event on a facet F such
that under Fleury’s distribution, it holds with proba-
bility of at most exp(—CC(n,d)). Then, with proba-
bility of at least 1 — exp(—CyC(n,d)), W, would lie
in a facet that satisfy A°.

To prove the lower bound on the MSE, we show that

c 1— —C
SrA.N ( log(d/n
n

NG

B, (Mp.a) = My 4 U

A is n-dimensional facet of B¢

(where we view A, as a set in R*! and B, _; is
the ¢3-ball with radius one in R™~!) does not have
enough volume, i.e., we show that

|XB;d(Mn)d)\ < exp(—c1C-C(n,d))|Pp.a| < exp(—c1Co-C(n,d))| By

which means that with probability of at least 1 —
exp(—cC(n,d))

1 — sy
52> log(d/n)'/4
Hw’ﬂHZ = IOg(d/TL)
To prove the upper bound, we would need to adopt a
more refined approach, as will become clearer below.
Very roughly speaking, we would show that

. € L+ ot
Bn,d(Mn’d) = Mn,d' U E + AN 7\/5
A is n-dimensional facet of B‘f

=A4
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|XB;,d(Mn’d)mBn| < exp(—=c1C-C(n, d))| P a| < exp(—

and as the ||€||2 = /n, provides the desired bound
with the same probability. Yet, this argument is
much more delicate, as will be seen below.

A.1.3 Step III: Canonical Simplex
First, we introduce the following useful lemma:

Lemma 11 (Small ball probabilities for a simplex).
The following holds for all € € (0,1) :

Pr ([|Z]2 < (1 - €)E|Z]2) < exp(—cne?
Z~U(rAC)(H l2 < (1 —€)E[Z]|2) < exp(—cne?),

and also the converse holds, i.e., for e € (0,c)

, Pr. (122 < (1= 9E|Z]l2) > exp(—cans?).

The proof of this lemma follows from standard cal-
culations of MGFs, and noticing that Z ~ Unif(A),
can also be represented as

(Z1,y...,Zn)
Z?:l Zi

where Z1,..., 7, ~ Exp(1), for completeness it ap-
pears below. Surprisingly, it does not appear in
the literature. Now, we prove the easy part of the
theorem, on the lower bound on the MSE

7 ~

Lemma 12 (Lower bound on the MSE). With prob-
ability of at least 1 — Cy exp(C(n,d)), it holds

C
1~ g

—~ 2>

Proof. Recall that we need to prove that w, ¢
B, 4(My,q) as discussed in Section A.1.2, by showing

exp(—cy/n) - |0B,| < |0P,.4 < exp(c-C(n,d))|0B,|.

By choosing ¢ > Cs - log(d/n)~/* for some C3 > 0
in Lemma 11, we have that

|A_| < 670-C(n,d)‘A|

for some large enough C' > 0. Now, by Lemma 7, it
holds
VF € Fpo1(Pra) |XsA_| <exp(—ci-C(n,d))-E|F|,

Therefore, we conclude that

XB;d(Mn,d) <exp(—C-C(n,d))|0P, 4| < exp(—Cs -

(10)

ayllr€ tve digédB,the fact that we can set C > 0 to

be large enough. Hence, by Section A.1.2, the claim
follows.

O
To see why this approach cannot work for the upper
bound side, as one can easily show that (cf. Paouris
[2006]) that

P Zll: > (1 E||Z]2) > —
2ob i U121l > (14 €)E| Z]l2) > exp(—cv/ne),

Namely, the tails of || Z||2 exhibit a different behavior;
one is sub-Gaussian, and the other is sub-exponential.
Meaning that we would need to use a different argu-
ment, as

XB;} ((My,a)| > e VR [0, 4,

(11)

i.e., the “outer part” has too much volume, as we
cannot infer that

e~V Toatdrm 0P, 4] < | Bl

A.1.4 Step III: Reduction to the thin shell
of F

The following follows from the Fubini theorem and
Lipschitz concentration:

Lemma 13. Let G be a (n—1) x n Gaussian matriz
with N(0,1) i.i.d. entries, and let 6 € (0,1). Then,
with probability over G of at least 1 — exp(—ciné?),
the following determinsic equation holds:

Pr  (||GX|]2 < 14+8/20||vnX |2 > 146) < exp(—cnd?).

X~U(Ae)

The proof of this lemma appears below. This lemma
means that most of the thin shell of the F will emerge
from thin shell A, and only exp(—cnd?) of the thin
shell volume emerges from the areas that are J-far
from the thin shell of A. Namely, we have the desired
sub-Gaussian tail, and note that by Corollary 4, this
holds for the distribution of Fluery’s facet Y.

In the next steps, we prove the following:

Lemma 14. With probability of at least of 1 —
exp(—C - E(n,d)) over &,

1€ = lI€llnerll2 = (1 + O(log(d/n)™")) - M.

where E(n,d) = n/log(d/n)?, and |||, - F contains
£.

@ﬁ@ré@réla@r& theorem follows, by Lemma 13, it
holds that with probability of 1 — exp(—caE(n,d))



Gil Kur®, Zong Shang, Paul Simanjuntak, Guillaume Lecué, Reese Pathak™"

that

Now, we show that

2 = _ = _
18— (1+0(1) og(d/n))-LEllntn 2 Ul _ (1 +0WNied 72 ;+2012 ;—n S log(d/n) >/ *Med T2, < log(d/n) ">/ *n
n

n  2log(d/n)

And by Pythagoras, the claim follows, as

Wn, = [|€lln1n/n L [[€]ln1n/n

and ||€||, ~ M, 4, and therefore |[|£],1,/n|3 =
(1+0(1))/21og(d/n).

A.1.5 Step IV: On the height of the facets
of Pn,d

In this part, we will need to study the heights of
the facets of the random polytope P, 4. We remind
that T), 4 is the distribution ||nz||2, Recall that when
a facet F is drawn from Fleury’s distribution (see
Lemma 3) it satisfies the following with probability
of 1 — exp(—cne?):

ler —nrllz S e (12)

Hence, with probability of at least 1—exp(C-C(n, d)),
it holds

ler —nzllz < log(d/n)~*/* (13)
We denote this event by &;.

Consider the linear functional defined via (6, -), where

0 := SE=Br_ and the isotropic constant of F
ler—nrl2

implies that most of the volume (surface area) of

F lies in a “thin slab” in the direction of 6. For-

mally, there exists and event & with probability of

1 —exp(Cnlln(d/n)), such that for all facets, it holds

Pr((2,0)] </ 2/

>0.9 14
ZnU(F) n )z (14)

and we also recall the thin-shell property

e e o

n

(15)
Under the event of the last three equations (with
e =0(1/4/n)) and Lemma 8, we apply Pythagoras’s
law, and obtain that

P 2 (MedT? ,+2+0(1 > 0.9
ZNUr(f)(IIzllz (Med Ty 4 42+ O(1/v/n)) >

As by scaling by M, 4, we know that
Med T77 ;4 2M; ; —n 2 —/n,

where de = My qTy.q. It which follows from the
fact that

|pn7d| > exp(—cy/n)| B,

To see this, Apply Lemma 8 with d(n,d) =
Cilog(d/n)~%/* and combine it with Corollary 3,
that the total of volume of cones that their facets
would have normals lower than §(n,d) - M, 4, is at
most

exp(—Cs-C(n,d)) ~E|Pn’d| < exp(—Cy-C(n,d))|B,|

which contradict our argument in Section A.1.2, as
it contradicting the definition of M, 4. Now, for
Z ~ U(Py,q), with probability of 0.9, it holds

1Zl]2 < (1 +log(d/n)~>/*) - v/n
by using the conic formula, we conclude that
|Pn7d| Sexp(n- 5n,d)‘Bn|7

where 6,, 4 < log(d/n)~5/* with high probability (and
the same holds in expectation).

Step IV+: Improving our bounds

Note that we may use the previous step, with the
improved estimate of

| P4l S exp(Cn - log(d/n) /%) B,|
rather than the one of
|Pr.d| < exp(CC(n,d))|Bn|

and reiterate. It is not hard to verify that it would
give the following estimate:

Lemma 15.
exp(—CV/n) - |By| < E| P, a| < exp(C - E(n, d))|By|
wgere E(n,d) < n/log(d/n)? as defined above.

which significantly improved Dvoretzky’s estimate
by a factor of log(d/n)3/?. Note that this self-
improvement argument would stop when

ne < nlog(d/n)?e?

where the left-hand side comes from our volume ra-
dius estimate, and right hand side emerges from
Lemma 8. Meaning that

e =< log(d/n)~2,
and conclude that

E|]5n,d| < exp(Cn/ log(d/n)2)|Bn|.
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Remark 6. In our extended version of this manuscript,
we would discuss whether this bound can be improved
further. 4

Another observation that this argument implies a
sharp esimate of

n

Mn,d = (1 + O(log(d/n)_Q)) . m

*

where a8 the mode of T}, 4. Now, as

(th.a)* = V/2log(d/n)

B Missing parts

Proof of Lemma 11. Let Zy,..., 7, LR Exp(1),
S =3%"",Z, and define

7
X=—=€eA,
S

Then X is uniform on the simplex, and the rescaled
Y is isotropic in R":

EY =0, E|YV|2=n—-1.
We want to bound, for § € (0,1),

Y = n(n—&-l)(X—l).

24/2log(d/n)
by taking square
(t;.4)° = 2log(d/n) —1n(d/n) + Inm + o(1)

meaning

_lIn(d/n) + 1n7r+0 In(d/n) +lnw p(6) =Pr(|Y[5<(1-0)(n—1)).
24/2log(d/n)

We have
n+l 1< —2 - S
Y2 = -N 727 Z="=.
|| ||2 72 <TL ; 2 > ) n
Equivalently,

d

M, = (1+O<log<d/”>_2”'\/ 2log(d/n) —ln(d/n) —

A.1.6 Step V: Upper bound on the MSE
We denote by

cr =M, qcr and nr = M, qnr and F= My, qF .

Let us combine what we have so far, first we can
assume that the normal of facets F that the w,, lie
at (with probability of 1 — exp(—cE(n,d)) satisfies

|nx|2 — Med T, 4 < log(d/n)~2 - v/n
Now, using Fluery’s distribution, we know that
17r — €72 < (1+ O(log(d/n)™")) - M.q
Now, as ||€||2 = v/n, we know that
I€ — exll2 < (1 + O(log(d/n)™")) - Mya

Now, we can apply Lemma 9 with K = FNC1B,,—1
and ¢ < log(d/n)~!, and it holds that

My, a
P X0 < —"2 L >1— —c3E(n,d
P {0l s s | 2 e B d)
where 6 = ﬁ Note that Flurey’s distribution

implies that 6 is drawn uniformly from the sphere.
We conclude that

I€ = e7ll2 = (1 + O(log(d/n)~*))v/n

with probability of at least 1 — exp(—cE(n,d)). And
as explained in Section A.1.4, the claim follows, as
in those facets

1€ = l€lnerllz = (1 + O(log(d/n)™")) - My,a

) =1 "
Thus, for 6 € (0,1),
Pr(|Y[3 < (1= 8)(n—1)) = pr<; SECLE 1))
U

We control the numerator and denominator sepa-
rately. Set the event

F:={Z<1+3/8}.

On F' we have
1 2
pr(UQ SQ—&’F) SPr(US( +9/8) ) §Pr<Us2—5).
7 2—90 4
Thus we conclude that
)
p(8) < Pr(F°) + Pr <U <2-— 4) . (16)
Bounding Pr(F°). For Z ~ Exp(1), its mgf is
1
Mz(\) =Ee? = —— A< 1.
Z( ) € 1_ )\7 <

Recall Z = 23" | Z;. Then, for t > 0,
Pr(Z >1+t) <exp(—n[t—In(1+1)]).
In particular, for 0 <t <1,
2
Pr(Z>1+1t)< exp(—né) ,

where we used t —In(1+t) > t2/6 for t € [0,1]. Thus,
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Small ball for U. The moments of the exponential B.0.2 Proof of Lemma 10

are E[Z¥] = T(1 4+ k) = k!. Let W = Z%. For any  Claim (i): We begin by controlling the (normal-

A >0, apply the exponential trick with exponent An:  jzed) variance of the map & — 1€l k¢ ()0, Where
5 & ~ 4 =N (0,1;); we do this below in Lemma 16.

Pr (U <2- 4) =Pr (B_MU > 6_/\n(2_5/4)) Then, by the boosted form of Dvoretzky s theorem

) (Lemma 6 apphed to K(n,d) C B{, we have
< eAn(2—6/4)E[e—>\ >, Wl} e2An ,—Adn/4 (]Ee

. r(Pn,a) > r(XK(n,d))
Usingl -z <e*<1l-x+% for z > 0, we get
{1 c
2

* 5 n,d)° *
e n > M*(K(n,d)) n.Varw(M)} > M (K(n,d))(l_
(Ee )" < (1 — AEW + 2IEW2> < (1—2X+12)%)" < exp(—2An =+ 12X°n) ’

since EW = E[Z?] = 2 and E[W?] = E[Z%] = 24.  The first part of Lemma 10 now follows by an inte-

Therefore, gration argument. Namely, let £ denote the event on
5 which the inequality (17) holds. Then, for d > 2n,
<U <2- > < exp<12)\2n — Aén) . we have
Choosing A = §/96 yields Mya< 1$+ /71[‘3)( . ||£||§(Bd JPE < 1+ log(d/n))Jrcexp
n M.
PriU<2—-| <exp|l——== |- —
< 4> < 768) where above we simply recognize M, , =
M*(K(n,d)).

Conclusion. Combining with (16),
Lemma 16. Suppose d > 2n. Then, it holds for

2 2 2
p(0) < exp(—ms>+exp( i n> 2 exp(—M> K(n,d) = B{ N 3 BY, that for & ~~4 = N(0,14),

768 768 €l

Ell & (n,a)0 1
; Vi < : ) < .
Equivalently, for all § > 0, aly, M*(K (n,d))/) ~ nlog?(d/n)

o“n

2
Pr(||Y2<(1—-0)n) <2 exp(—)
( 2 ) 768 Proof. Let f({) = ||£||K(n,d)°; we also denote by

[0 Ina C [d] the (random) subset of n largest coordi-
nates (by magnitude) of £. It is easy to see that,

with probability one,
B.0.1 Proof of Lemma 13

Without loss of generality, we consider the isotropic f&) = 1€l k(n,ae = 1 Z |&:)-
simplex scaled by 1/4/n, which we denote here by " i a
A, and G is a Gaussian matrix scaled by 1/y/n. For )
some 0 € (0,1), we can see that In particular, we have 0;f = SIg]‘;lﬁl{i € I,q}, for
y i € [d]. Tt follows that
EqUnif xwvoi(a) ([[GX ]2 < 1 + 5 1 Xll2 > 1) / -1 7 1”GX”2<1+612 LHXH2>1dXdG In 1
(R ||L2 2 mclla while [0 fl| L1 (v, = nd _d
A Rn)HenclelzGﬂa‘u gg}ﬁﬁ{é ”Xi?l (5 inequality, we have
= [ROGXI Lo BB 1 4
191711200\~ nlog(er/d/n) ~ nlog(ed/n)’
< exp(—c1né?), log ( ualfnLle)) Blevid/n)
(18a)

where we used Fubini’s, and that for any z € S*7!,

Gz it hold On the other hand, writing £ for the order statistics
T2 1 olas

(sorted by decreasing magnitude), we have

Ef(€) = M*(K(n.)) = *ES € = \/log(d/m),
By Markov’s inequality (on the matrix G), the proof Z

is complete. (18b)

Pr{||Gz]l2 <1 -6/2} < exp(—cd®n).
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where the last relation follows from standard
estimates for the order statistics of a Gaussian
random vector (e.g., see [Gordon et al., 2007, Lemma

3.1]). Combining relations (18a) and (18b), we
obtain the result. O
Claim (ii): By integrating with polar coordinates

and using Jensen’s inequality, for any centrally sym-
metri convex body K C R", it holds that

(%)” ([ 1o doaa®) " > T

Therefore we have

1

My,q > (1—exp(— C(n,d)/n) =

cn))-exp(—

Define the event

X5l
E1: =4 — P <y
1 { Jn +

X 21og &4 +2
and ”S’ﬁgl_}_g for all S C
n

NG

2log <4

Lemma 17. The event & holds with probability at
least 1 — 2exp(—2n).

Proof. Fix t > 0. We claim that the following tail
bounds hold:

Pr{EIS,s X sell,, >
(19a)

Xse \/210g &
Pr{ﬂS,e:%Zl+%}<exp Wﬁ;ﬂﬂzy*

(19b)

To obtain the claimed bounds, we begin by noticing
that for any fixed n-subset S C [d],|S| = n, it holds
that

Now, inequality (19a) follows by the standard
Davdison-Szarek tail bound for operator norms of
Gaussian random matrices, and then applying a
union bound over all (Z) < (%)” many n-subsets
S C [d]. Inequality (19b) follows by a union bound
over all n-subsets applied to the the Borell-TIS in-
equality; we also used Jensen’s inequality to estimate
E[Xs.llyg < n. Finally, taking ¢ = 2 and union
bound over the events underlying inequalities (19)

and

o = IXserll,, 1Xs.e s = [ Xs.erlls

yields the claim. O

Proof.

The boundary of the polytope P, 4 can be decom-
posed facially as follows. For any x € 0F, 4, there
exists some facet F € F,,_1(Py,q) for which we can
write

for some z € A..
(20)

x=cr+(zx—cr)=cr+Xrz,

Thus, by translation invariance of volume:

|]:ﬂ (C}-+7“B£L)| |Xs)5Acﬂ7‘Bg|

[d],[S| = Wfﬁ)&)‘.]:tl}}:n/}nax

. > mi . |
fef,fn Pua) 7] Scideclotiyr  |XgeBo
1 |S|=n
( )= (21)
M \ 18%1(1%” e %(Ibdchat 7 Xgezis || Xgel,,-Lipschitz,
KLS for the centered simplex A, gives
XseA N L (X)BY| 1 @
] ’ L > —_ f X = {E ~Uni
T Reead S o0 T,

(22)
Additionally define

ezl and i a(X) = = (LX) +r D (X).

n—1(Pn,d ’
(23)
Note by the triangle inequality applied to display (20),
we have

OPnara(X)By >
FeFn—1(Pn,a)

FAler+ri)(X)).

o ore, combining inequalities (21) and (22), i
(24 4/2log S + t)f} < exp( }TlL(I)flc'fQihat an,d N7rna(X)BY| > 0P, 4. Hence

it follows that

[zl F| < R( Pr,a)|0Pp,a] <

>

-Fefn—l(Pn,d)

On the event &, using that Cov(A
have

W der +2+ (14 ¢1)y/2log <4 log &2
(X)) < 1+ < 14cy n”

foralle,e € {—1,137. V™
Applying Dvoretzky’s theorem we also have with
probability at least 1 — exp(—cin) that

e) X #In, we

r2)(X) < ROXK (n,d)) < My (14e3—

) < Mn,d+c3-
Mn,d

Hence, combining the previous two inequalities, and
using that M, 4 < /log(ed/n), it holds that

|Poal < exp (04 M- BEI.

log?(led/n))
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Note that the norm induced by K (n,d)° corresponds
to the averaged top n-norm. By, applying L1 — Lo
Talgarnd’s inequality to the average of the top n-
order statistics of a Gaussian vector in R?, we obtain

that
€1l & (n,ay° 1
Var — < . 24
( i, ) ~log@me Y

and also note that R((XK(n,d)) < Mn,d + O6(1)
with high probability over P, 4. Note that by

We observe that f,, 4 is log-concave, as V,, 4 is convex.
Thus, the mode t* is the unique minimizer of V,, 4.
The proof of the tail bound is based on several ele-
mentary lemmas controlling V,, 4 and its curvature
near the mode.

Lemma 18. Let V =V, 4 and t* = t;7d. Then:
(i) V' is nonincreasing on Ry ;

(ii) for every s < t*,

Steps I and IT and the KLS property of the sim- V() )
plex and Fluery’s distribution, we know that (1 — Vi(s) = V(t") > 5 (t"—9)%
exp(—Cépq)) - | Fr—1(Pn,q)| of the facets of P, 4 sat-
isfies
c (#i) for everyés >t
|GSACO <1+) ! Tr(GTGS)'IE”ZH2'Bn—1| > ‘GSACQ (14’1) 'Bn—1| 1 (4%
v SN v < VI ey
>0.9-|GsAl, 2

where we used that ||Gs|| < |Gs/vnllr = (1 +
O(1/4/n)) -+ v/n with probability of at last 1 —
exp(—cn). Hence, it holds that

max
€Fn—1(Pn.d)

|Pn,d| /S (
F
(25)
where the last inequality follows from the upper
bound on R(P, 4) as by this inclusion, we can control
all the barycenters 5 norms, i.e . ||cx||2, uniformly
with probability of at least 1 — exp(—cn). We con-

clude that

Cn ~
|Pn.,d‘ S exp(i) . |Mn,dBn|

Vlog(d/n)

Finally, by the lower and upper inclusions, it holds
with probability of 1 — exp(—cn) that

exp(—cn/+/log(d/n))| Bl < |Pr.a

and proof is complete.

B.0.3 Proof of Lemma 8
We write, for ¢ > 0, F(t) := Pr{|g| < t}, where
g~ N(0,1). We write the density of T}, 4 as

1

L a(t) = F(t d—n —nt2/2 _ — n,d(t).
fra(t) Zna (1) e T
Here, we set
1 n
a(t) == (d—n)l —t2
Vinalt) = (d = n) g 705 + 5

Throughout, we use the following shorthand notation:

L :=log(d/n), t* =1, 4 m = Med T, 4.

c\" ~ ;
[Xsela 1+ % ) 1Bl S explCn/vog(a/m)|,.0:5,

Lemma 19. Fize € (0,1). Then

v o(t
6 exp{— n7d( n,d) 2(* )

Pr {Tn,d < (1-¢) Z,d} < 5 € Ungd
|55t:1 d Vril,d(t:z,d)

Lemma 20. Suppose that d > 4n. Then there exist
absolute constants ¢, C > 0 such that

V<t ,<CVL and  enL <V, (ty 4) < CnL.

n

Lemma 21. For every fixred K > 0, there exist
constants cx,Ck > 0 such that if

K
cxnl <V, (t) < CgnL  for allt € [t;‘hd, that

i)

< exp(en/v/log(d/n)liBmima 22. For every fized K > 0, there exist

constants cx, Cx > 0 such that for every r € (0, %),

we have

Ck
Pri{T o>t ,+r} < ——ex {—c nLrQ}.
{ ,d ,d } T\/ni P K

Lemma 23. The median satisfies MedT;, 4 > t;’d.

Lemma 24. There exists an absolute constant ¢ > 0
such that fna(ty, 4) > cvnlL.

We first show how these lemmas imply the proposi-
tion.

Proof of Lemma 8. Fix ¢ > 0; denote r := et*.
By Lemma 20, we have t* < Cv/L, and hence, for a

sufficiently small ¢ > 0, ¢ < { implies r < Ko for

L7
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an absolute constant Ky > 0. We first locate the
median. Fix A > 0. Lemma 22 with K = A yields

A
Pr {Tn’d >t + \/ﬁ} < % exp(—caA?).

Evidently, we can chose A so large that the right-
hand side is strictly smaller than 1/2. By Lemma 23,
we have m > t*, and hence for a sufficiently large
Cy > 0, we have

Co
VnL’

thereby furnishing the second claim of Lemma 8.

tr<m<t"+

We next prove the tail bound around the median.

Throughout, we denote by ry = \/CnLL We proceed in

two cases.

Case 1: r > 2rg. Since m < t* +1rg < t* +r/2, we
have

{Tha<m-—r}C{T,q<t‘—r/2}. (26a)
Also, since m > t*,
{Tha>m+r} C{Thq>t" +r}. (26D)

Hence, by Lemma 19 and Lemma 20 for the lower
tail, and Lemma 22 for the upper tail (recalling that
r < %) we have for sufficiently large C' > 0 and
sufficiently small ¢ > 0 that:

max { Pr{Tyq > t*+r},Pr{T, 4 < t*fr/Q}} < ¢

Hence, a union bound and the inclusions Eqs. (26a)
and (26b) yield

!

rvnL

Since rvnL > 2Cy, the prefactor is bounded by
a universal constant. Hence, after decreasing c if
necessary, we obtain the desired inequality in this
case:

Pr{|T,q—m|>r} < exp(—cnLr?).

Pr{|Ty.a —m| > r} < exp(—c'nLr?).

Case 2: 0 < r < 2rg. In this case, we have m + r <
t* + 3rg. For every u € [m, m + r|, we have u > t*,
and Lemma 18(iii) together with Lemma 20 implies

V/l (t*)
2

V(u) —V(t*) < (u—t*)* <.

ex
rvnL

Above, C’ depends only on Cy. Therefore, Lemma 24
yields

fra(u) = fra(t*) exp(—=(V(u)=V (")) > ' vVnL
Again, ¢’ only depends on Cjy. Consequently,
Pr{|T,.a—m| <7} >Pr{m < T, 4 < m+r} > rvnL.

Hence, using 1 —u < e %

, we have

Pr{|T,.a —m|>r} <1—rvnL <exp(—crvnL).

Now, in this case, we have rv/nL < 2Cjy; equivalently
rvnL > ﬁn[ﬂz, which yields

Pr{|Tn.a—m| > r} < exp(—c’nLr?).
Combining the two cases proves that
Pr{|T.a —m| > r} < exp(—c"'nLr?).

Recalling that r = et* and using Lemma 20—-namely
that (¢*)2 > L—we conclude that

Pr {\Tn’d —Med T, 4| > Et;,d} < exp{—c"'nL**},

as needed. O

B.0.4 Proof of Lemma 18
We use the shorthand V' =V,, 4 and t* = t;‘hd. Define

_ PO _2()
Ylamy =~ Fe ™

so that
V'(t) = nt—(d—n)R(t),

A direct computation gives

S'(t) = 2R(t)R'(t)+R(t)+tR' (t) = R(t) (1-t*—3tR(t)-2R(t)?).

Since R(t) > 0, it is enough to show that
H(t) :=1-t*=3tR(t)—2R(t)> <0  forall t > 0.

This is immediate when t > 1. If 0 <t < 1, then

t
F(t) =2 [ os) ds < 2t0(0),
0
which implies

e—t2/2
R(t)i‘f((tt))z —.

for all u € [m,7

S(t) == R(t)*+tR(t),

V" (t) = n+(d—n)S(
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Therefore, Choosing 6 = 1/,/V" (t*) yields
—t2/2 3 e~ Vit 1 -V (t*
H(t) < 1—3tR(t) <1—3e /gl—%<o. ) _u2/2du2§e v
/V// t* 6 V”(t*)
Hence S’(t) <0, s0 V"' (t) = (d—n)S’(t) <0on R4,
e it o
proving item (i) For (27)(b), Lemma 18(ii) gives
If s < t*, then V/(¢*) = 0 and the fundamental .~ -
theorem of calculus gives / VO gt < o=Vt / e—V”(t*)(t*—s)2/2 ds
t* * t‘k 0 0
_ *\ 7 _ . " t*
Vv = [ [ v yae= [ @V do v [ v g,
o
By item (i), we have V" (x) > V" (t*) for s < x < t*, N oo o
and therefore <e VO )/ e VT2 gy,
t*
V/l t* .
Vi(s)=V(t") > 2( )(t - 5)27 Using the elementary bound
which proves item (ii). oo 1 [ —Bz?/2
/ e P2 gy < E/ we P2 gy = & B2 (8,x > 0),

Similarly, if s > t*, then
s o s with 8 = V" (¢*) and x = et*, we obtain (27)(b).
V(t") :/ / V" (y) dy dx :/ (s—2)V"(z) d.
tx Jix t* B.0.6 Proof of Lemma 20

Again by item (i), now V" (z) < V"(t*) for x > t*, We write V =V, g and t* =1t ;. Set
and hence

V// +* to = \/Z
vie) Vi) < T e,

2 We first show that t* > t3. Since V is convex, it
proving item (iii). suffices to prove that V’(tg) < 0. Using the identity
B.0.5 Proof of Lemma 19 . 26(s)

We write, for short, Vi(s) =ns —(d—n) F(s) < ns —2(d —n)g(s),
T=Twa  Z=Zna  V=Voar V=t fg TLIEE that o(te) = (2m)12e1/2 =
We claim that (277)_1/2\/ n/d, we obtain
A (;) ;ef‘/(t*) and /t V) q < W xp‘{ %’(ﬁ}/ﬁ 1— n
- 6 V”(t*) 0 1% )3 { ( E) E} ’
(27
Assuming (27), we obtain If we set

t— 11 (4%
Pr{l <t} = l/ eV g < 7(@{,&@@ e viog(1/z) - \/> 1-2)
Z Jo Set*/ V" (t*) 2

then V'(tg) < dy(n/d). A direct calculus check
shows that ¢ (z) < 0 on [0,1/4]. Since d > 4n, we
To prove (27)(a), we use Lemma 18(iii). For every  have n/d € (0,1/4], hence V'(¢y) < 0, proving that
4> 0, t* > /L. We next prove the upper bound on t*.
Since d > 4n, we have L > log4 > 1, and thus

t*+6 5 .
7> / V@) 4 > e—V(t*)/ oV ()22 g, t* > /L > 1. Using V'(t*) = 0, we get
t

as required.

* 0
* 2¢( ) (d — TL) * *
Changing variables u = x/V"(t*), we get nt* = (d —n) F7) < FQ) P(t") < Cdo(t™).
e V() oV VI o—3/2 dy From the form of the Gaussian density, this implies

/V// ) ’ e~ (/2 > c2t*; taking logarithms yields (¢*)?
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2L 4+ C < CL. Finally, using again V' (t*) = 0, we
have

R(t") = 1;/((;:)) - dfnt*'
Therefore,
V' (t7) = 0+ (d—n) (R(t)? + *R(t"))

=n+ (t*)* + n(t*)* < CnL,

d—n
where we used the fact that the middle term is at
most %(t*)? On the other hand, the display above
also yields

V'(t*) > n(t*)? > nL,
as required.

B.0.7 Proof of Lemma 21
Fix K > 0, and write t* = ¢}, ;. Let

* * K
te{t,t +—]

VL

Since

V" (t) = n+(d—n) (R(t)*+tR(t)) > (d—n)tR(t) = (d—n)

it suffices to lower bound t¢(¢) in terms of t*¢(t*).
Write t = t* + u with 0 < u < K/v/L. Then
2

o(t) = (") exp (— tru— ).

2
By Lemma 20, t* < C\/f, SO
* u2

exp(—t u—?) > Cck.

Also t > t*, hence
to(t) > cxt*(t*).
Using V'(t*) = 0 and ¢* > 1, we obtain
2(d — n)t*¢(t*) = nt**F(t*) > enL,

because F(t*) > F(1) > 0 and (t*)? > L by
Lemma 20. Therefore,

V"(t) > cknL.

For the upper bound, note that R is decreasing be-
cause R’ = —5 < 0. Hence
n

R(t) < R(t") =

t*.
n
Therefore,

V'(t) < n+(d—n)(R(Et)? +tR(t))
n2
d—n
By Lemma 20, t* < CvL and t < t* —|—K/\/f <

CkgVL. Thus V" (t) < CgnL, as claimed.

=n+ (t*)% + ntt*.

B.0.8 Proof of Lemma 22

Fix K >0and let 0 < r < % We set m,. =
info<yu<r V”(t;yd + u). By Lemma 21, we have
m, > cgnlL. Moreover, the fundamental theorem of
calculus gives us

mTTQ

V(t*—i—r)—V(t*):/(r—u)V”(t*—!—u) du > 5 and V'(t"+r)
0

Moreover, from the convexity of V', we have the affine
lower bound

V(t* +r+s) > V(" +r)+sV' (¢ +r) for all s > 0.

Therefore,
o0 . oo i e V() my1
/ V) gp < o=V +r)/ oSV (1) gg < exp (— r
- = 0 = myr 2

On the other hand, by (27)(a),

Tng > ——e V),
’ 6 V”(t*)
2t0(1) & oq to(t
UEiftg Lém&a él(}, ngn%’ely V"(#*) < CnL, we deduce

that Z, ¢4 > c%. Dividing the two estimates and

using m, > cxnlL gives

C
Pr{T,a>1t, 4+7} < K exp(—cgnLr?),

rvnlL

as claimed.

B.0.9 Proof of Lemma 23

Let f = fn,q denote the density of T3, 4. For z €
[0,¢*], Lemma 18(i) implies

VIt — z) - V() :/O (= WV" (" — u) du 2/0 (z — W)V (" +
Thus
F# —2) < f(t* +2)  forall z e [0,¢]

Integrating over x € [0, t*] gives

Pr{T, s <t} = / ft*—z) da < / f(t*+x) de < Pr{T,, 4 > t*}
0 0

Hence Pr{T,, 4 < t*} < 1/2, and therefore every
median satisfies Med T}, 4 > t*.
B.0.10 Proof of Lemma 24

Write t* =}, ; and V =V, 4. Decompose the nor-
malizing constant into two parts:

t* oo
Zpna=T_+I,, I := / eV A, I = / eV dt.
0 t

*
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By Lemma 18(ii),

*

e~ V(")

Lemma 25. For A > —k, it holds that

—V(t ) 3\2

logEexp(AX}) < ——

t
I < e—V(t*)/ V=92 g < ©
0

/VI/ t*
where the last step uses Lemma 20.

Fix w := % We further split I; in to two tersm
such that I+ = I_;,_,l + I+,21

t*+w
I+’1 = / e
t‘k

By Lemma 21 with K = 1, we have V" (t) > enL on
[t*,t* + w]. Hence, for 0 < u < w,

-V (t) dt7

“ L
V(*u) -V () = / (ums)V"(t* ) ds > D0,
0

Therefore,
67V(t*)

vnL

I+,1 < er(t*)/ efanu2/2 du<C
0
Also,
V(t*4+w) -V (t*) > enLw? = en,

Using convexity exactly as in the proof of Lemma 22,
we obtain

, =V Fw) eV () Oe—V(t*)
< < e "< (—m.
2= V'(t*+w) = envVL ~ VnL

Combining the bounds on I_, Iy, and Iy 5, we
conclude that

efv(t*)
Zna <C Ny
Equivalently,
Foalt) = o=V (") . C\/E,

an

)

which proves the lemma.

B.0.11 Proof of Lemma 7

By Bartlett’s decomposition, we can write the deter-
minant |G| as a product of independent y; random
variables. In particular, we have

S,—ES, = ZXk, where X = log xrx—Elog xk.
k=2

Define the cumulant generating function,

P(A)

We use the following lemma.

=logEexp(A(S, —ES,)), Ae€R.

o0
I, ::/ eV qt.
t* 4w

V' (t*4+w) > enLw = enV'L.

“ 4k

Proof. Using the fact that x3 is distributed as a
Gamma random variate with shape parameter k/2
and scale parameter 2, it follows from standard iden-
tities for Gamma random variables that

e D(EY)
T(k/2)"

Above I'(z) = [*t*~'e~'dt and we set 1) = I"/T.
leferenmatlng the 1dent1ty above at A = 0, we obtain

Exy =

1 1
Elog xx = 3 log 2 + iz/f(k/Q)

Hence,

log Eexp(AX}) = log I'(E£2

SR TS L

- 2 \k? o (k+2x)? “ 4k
Above, relation (i) is the Taylor expansion of the
logarithm of the Gamma function and inequality (ii)

used log(1 + x) — x < 22/2, which holds for z > —1;

we applied it term-wise with = = £ +)‘2m. O

Applying it to the sum S,, —ES,,, we have for A > —1

that
3 22 2
BN < A Z < Alogn.
k=2
Therefore, for t > 0 and with A = ﬁ, we have
t2
P{S,~ES, > t} < exp {-At-+A’logn} = exp { - 3
4logn
Similarly, applying the same argument with A =
~Togn We have
t2
P{Sn—ESn < —t} < exp {)\t+)\2 log n} = exp {— }, fort €
4logn

For the lower tail and for ¢ > 2logn, we require a
different argument. In this case, we write

28, = log |G|? = Zlogxk—Zg—f—Y

k=2
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where we set Z; = log X% and Y = ZZIB, Z1.. Then,
using the fact that P{x3 < u} = 1 —e~%/2 < u/2,
we have

P{S,—ES, < —t} = ]EYIP{X§ < S

The final relation used that Ex, > = (k —2)~! for
k > 3. Note that

k
EZ, = 2F log v, — 10g2+z/1(§) < log(k — 1).

The final inequality comes from the log-convexity of
I

k k T(k/2+1/2) kE—1
=) =(logl) (=) <log ——""2 =log | ——
1”(2) (log )(2)— ®T(k/2—1/2) Og( 2 )
which holds for integers k > 2. Consequently,

n
eESn — H B2 < (n— 1)L
k=2

Hence, combining the previous displays,

n—1 _
o2t

)

P{S, —ES, < —t} <

for t > 0, as needed.

2ES,, —2t e2ES,—2t
— | Y} <
e 2

k=

3

1

— =

Xk

€2ES"’ —2t

2(n —2)!
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