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ABSTRACT

In reward-free reinforcement learning (RL), an agent explores the environment
first without any reward information, in order to achieve certain learning goals
afterwards for any given reward. In this paper we focus on reward-free RL under
low-rank MDP models, in which both the representation and linear weight vectors
are unknown. Although various algorithms have been proposed for reward-free
low-rank MDPs, the corresponding sample complexity is still far from being sat-
isfactory. In this work, we first provide the first known sample complexity lower
bound that holds for any algorithm under low-rank MDPs. This lower bound
implies it is strictly harder to find a near-optimal policy under low-rank MDPs
than under linear MDPs. We then propose a novel model-based algorithm, coined
RAFFLE, and show it can both find an e-optimal policy and achieve an e-accurate
system identification via reward-free exploration, with a sample complexity sig-
nificantly improving the previous results. Such a sample complexity matches our
lower bound in the dependence on ¢, as well as on K in the large d regime, where
d and K respectively denote the representation dimension and action space cardi-
nality. Finally, we provide a planning algorithm (without further interaction with
true environment) for RAFFLE to learn a near-accurate representation, which is
the first known representation learning guarantee under the same setting.

1 INTRODUCTION

Reward-free reinforcement learning, recently formalized by Jin et al.| (2020b), arises as a powerful
framework to accommodate diverse demands in sequential learning applications. Under the reward-
free RL framework, an agent first explores the environment without reward information during the
exploration phase, with the objective to achieve certain learning goals later on for any given re-
ward function during the planning phase. Such a learning goal can be to find an e-optimal policy,
to achieve an e-accurate system identification, etc. The reward-free RL paradigm may find broad
application in many real-world engineering problems. For instance, reward-free exploration can
be efficient when various reward functions are taken into consideration over a single environment,
such as safe RL (Miryoosefi & Jinl 20215 Huang et al., 2022)), multi-objective RL (Wu et al.,|2021)),
multi-task RL (Agarwal et al.,[2022;|Cheng et al., 2022)), etc. Studies of reward-free RL on the theo-
retical side have been largely focused on characterizing the sample complexity to achieve a learning
goal under various MDP models. Specifically, reward-free tabular RL has been studied in |Jin et al.
(2020a); Ménard et al.| (2021)); Kaufmann et al.[(2021); Zhang et al.|(2020). For reward-free RL with
function approximation, |Wang et al.[ (2020) studied linear MDPs introduced by [Jin et al.| (2020b),
where both the transition and the reward are linear functions of a given feature extractor, Zhang et al.
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(2021b)) studied linear mixture MDPs introduced by |Ayoub et al.| (2020), and Zanette et al.| (2020b)
considered a classes of MDPs with low inherent Bellman error introduced by [Zanette et al.[(2020a).

In this paper, we focus on reward-free RL under low-rank MDPs, where the transition kernel admits
a decomposition into two embedding functions that map to low dimensional spaces. Compared with
linear MDPs, the feature functions (i.e., the representation) under low-rank MDPs are unknown,
hence the design further requires representation learning and becomes more challenging. Reward-
free RL under low-rank MDPs was first studied by|Agarwal et al.| (2020), and the authors introduced
a provably efficient algorithm FLAMBE, which achieves the learning goal of system identification
with a sample complexity of O( i 2iﬁ9d7 ). Here d, H and K respectively denote the representation
dimension, episode horizon, and action space cardinality. Later on, Modi et al.| (2021) proposed
a model-free algorithm MOFFLE for reward-free RL under low-nonnegative-rank MDPs (where
feature functions are non-negative), for which the sample complexity for finding an e-optimal policy
scales as O(%ﬁfw) (which is rescaled under the condition of Zle r, < 1 for fair comparison).
Here, dry denotes the non-negative rank of the transition kernel, which may be exponentially larger
than d as shown in |Agarwal et al.| (2020), and 7 denotes the positive reachability probability to all
states, where 1/7 can be as large as \/dry as shown in Uehara et al. (2022b). Recently, a reward-
free algorithm called RFOLIVE has been proposed under non-linear MDPs with low Bellman Eluder
dimension (Chen et al.,2022b)), which can be specialized to low-rank MDPs. However, RFOLIVE is
computationally more costly and considers a special reward function class, making their complexity
result not directly comparable to other studies on reward-free low-rank MDPs.

This paper investigates reward-free RL under low-rank MDPs to address the following important
open questions:

e For low-rank MDPs, none of previous studies establishes a lower bound on the sample com-
plexity showing a necessary sample complexity requirement for near-optimal policy finding.

e The sample complexity of previous algorithms in |Agarwal et al.| (2020); Modi et al.| (2021) on
reward-free low-rank MDP is polynomial in the involved parameters, but still much higher than
desirable. It is vital to improve the algorithm to further reduce the sample complexity.

e Previous studies on low-rank MDPs did not provide estimation accuracy guarantee on the
learned representation (only on the transition kernels). However, such a representation learning
guarantee can be very beneficial to reuse the learned representation in other RL environment.

1.1 MAIN CONTRIBUTIONS

We summarize our main contributions in this work below.

e Lower bound: We provide the first-known lower bound Q(H;#) on the sample complexity
that holds for any algorithm under the same low-rank MDP setting. Our proof lies in a novel
construction of hard MDP instances that capture the necessity of the cardinality of the action
space on the sample complexity. Interestingly, comparing this lower bound for low-rank MDPs
with the upper bound for linear MDPs in [Wang et al.| (2020) further implies that it is strictly
more challenging to find near-optimal policy under low-rank MDPs than linear MDPs.

e Algorithm: We propose a new model-based reward-free RL algorithm under low-rank MDPs.
The central idea of RAFFLE lies in the construction of a novel exploration-driven reward, whose
corresponding value function serves as an upper bound on the model estimation error. Hence,
such a pseudo-reward encourages the exploration to collect samples over those state-action
space where the model estimation error is large so that later stage of the algorithm can further
reduce such an error based on those samples. Such reward construction is new for low-rank
MDPs, and serve as the key reason for our improved sample complexity.

e Sample complexity: We show that our algorithm can both find an e-optimal policy and achieve
an e-accurate system identification via reward-free exploration, with a sample complexity of
~ 3 52 2
O(%ﬁdm), which matches our lower bound in terms of the dependence on € as well as

on K in the large d regime. Our result significantly improves that of @(H ziﬁg‘f) in |Agar-

wal et al.| (2020) to achieve the same goal. Our result also improves the sample complexity of

= 57o5 43
O(%)

in|Modi et al.|(2021) in three aspects: order on K is reduced; d can be exponen-
tially smaller than d,- as shown in|Agarwal et al.|(2020); and no introduction of 1, where 1/
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can be as large as v/dpy. Further, our result on reward-free RL naturally achieves the goal of
reward-known RL, which improves that of 0) (H ng 2) inUehara et al.[(2022b) by O (H?).

e Near-accurate representation learning: We design a planning algorithm that exploits the
exploration phase of RAFFLE to further learn a provably near-accurate representation of the
transition kernel without requiring further interaction with the environment. To the best of our
knowledge, this is the first theoretical guarantee on representation learning for low-rank MDPs.

2 PRELIMINARIES AND PROBLEM FORMULATION

Notation. For any H € N, we denote [H] := {1,..., H}. For any vector z and symmetric matrix
A, we denote ||x]|, as the ¢ norm of = and ||z||4 := V& T Az. For any matrix A, we denote || A||
as its Frobenius norm and let o;(A) be its i-th largest singular value. For two probability measures
P,Q € Q, weuse ||P — Q|rv to denote their total variation distance.

2.1 Episobic MDPs

We consider an episodic Markov decision process (MDP) M = (S, A, H, P,r), where S can be
an arbitrarily large state space; A is a finite action space with cardinality K; H is the number of
steps in each episode; P : S x A x & — [0,1] is the time-dependent transition kernel, where
Py, (8h+1|sh,an) denotes the transition probability from the state-action pair (s, ay) at step h to
state spy1 in the next step; v, : S x A — [0, 1] denotes the deterministic reward function at step
h; We further normalize the summation of reward function as Zf r, < 1. A policy 7 is a set of
mappings {7, : S = A(A)}re[m), Where A(A) is the set of all probability distributions over the
action space .A. Further, a ~ U(.A) indicates the uniform selection of an action ¢ from A.

In each episode of the MDP, we assume that a fixed initial state s; is drawn. Then, at each step
h € [H]. the agent observes state s;, € S, takes an action a;, € A under a policy 7, and receives a
reward 1, (sp, ap) (in the reward-known setting), and then the system transits to the next state sp1
with probability P, (sp+1|sh, ar). The episode ends after H steps.

As standard in the literature, we use s;, ~ (P, 7) to denote a state sampled by executing the policy 7
under the transition kernel P for h — 1 steps. If the previous state-action pair (sp—1,an—1) is given,
we use s, ~ P to denote that sj, follows the distribution Py (-|sp—1,an—1). We use the notation
Esp an)~(Pm) ['] to denote the expectation over states s, ~ (P, 7) and actions ay, ~ .

For a given policy m and an MDP M = (S, A, H, P,r), we denote the value function starting
from state sy, at step h as V}:PJ(S}L) =K,/ a0, )~(Pm) {Zﬁ:h The (Shrs ah/)|sh] - Weuse V. to
denote Vl’)TP,T(sl) for simplicity. Similarly, we denote the action-value function starting from state

action pair (sp, an) atstep h as Q p,.(sh,an) := rn(sn, an) + Es,  ~p [V}ZT+1’P7T(S}L+1)|S}L, ap| -

We use P* to denote the transition kernel of the true environment and for simplicity, denote
E(s,,an)~(P*,x -] as Ex[-]. Given a reward function r, there always exists an optimal policy 7*
that yields the optimal value V. . = sup, V7. ,.

2.2 LOW-RANK MDPs

This paper focuses on the low-rank MDPs (Agarwal et al., [2020) defined as follows.

Definition 1. (Low-rank MDPs). A transition probability P} : S x A — A(A) admits a low-rank
decomposition with dimension d € N if there exists two embedding functions ¢ : S x A — R?
and u} : S — R such that P} (s'|s,a) = (¢} (s,a), uj(s')),Vs,s' € S,a € A.

For normalization, we assume ||¢}(s,a)|l2 < 1 for all (s,a), and for any function g : S —
0,1], || [ 15 (s)g(s)ds||2 < v/d. An MDP M is a low-rank MDP with dimension d if for each
h € [H], P, admits a low-rank decomposition with dimension d. We use ¢* = {¢} }rec(m) and

w* = {p}, Y he(m) to denote the embeddings for P*.

We remark that when ¢, is revealed to the agent, low-rank MDPs specialize to linear MDPs (Wang
et al., [2020; Jin et al.l 2020b). Essentially, low-rank MDPs do not assume that the features {¢p, }1,
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are known a priori. The lack of knowledge on features in fact invokes a nonlinear structure, which
makes the model strictly harder than linear MDPs or tabular models. Since it is impossible to learn
a model in polynomial time if there is no assumption on features ¢, and p, we adopt the following
conventional assumption from the recent studies on low-rank MDPs.

Assumption 1. (Realizability). A learning agent can access to a model class {(®, ¥)} that contains
the true model, i.e., the embeddings ¢* € &, u* € .

While we assume the cardinality of the function classes to be finite for simplicity, extensions to infi-
nite classes with bounded statistical complexity (such as bounded covering number) are not difficult
(Sun et al., 2019; |Agarwal et al., [2020).

2.3 REWARD-FREE RL AND LEARNING OBJECTIVES

Reward-free RL typically has two phases: exploration and planning. In the exploration phase, an
agent explores the state space via interaction with the true environment and can collect samples over
multiple episodes, but without access to the reward information. In the planning phase, the agent is
no longer allowed to interact with the environment, and for any given reward function, is required
to achieve certain learning goals (elaborated below) based on the outcome of the exploration phase.

The planning phase may require the agent to achieve different learning goals. In this paper, we focus
on three of such goals. The most popular goal in reward-free RL is to find a near-optimal policy that
achieves the best value function under the true environment with e-accuracy, as defined below.
Definition 2. (e-optimal policy). Fix ¢ > 0. For any given reward function r, a learned policy 7 is
e-optimal if it satisfies Vg:’r Vi . <e

For model-based learning, |[Agarwal et al.| (2020) proposed system identification as another useful
learning goal, defined as follows.

Definition 3 (e-accurate system identification). Fix ¢ > 0. Given a model class (@, ¥), a learned
model (¢, /1) is said to achieve e-accurate system identification if it uniformly approximates the true

model P*, i.e.,Vr,h € [H], EX [ ‘<$h(8h,ah),ﬂh(~)> - Pﬁ(-ISh,ah)HTV} <e

Besides those two common learning goals, we also propose an additional goal on near-accurate rep-
resentation learning. Towards that, we introduce the following divergence-based metric to quantify
distance between two representations, which has been used in supervised learning (Du et al.| [ 2021b).

Definition 4. (Divergence between two representations). Given a distribution ¢ over § x .4 and
two representations ¢, ¢’ € ®, define the covariance between ¢ and ¢’ w.r.t g as X, q)~q(®, @) =

E [QS(S, a)d' (s, a)T] . Then, the divergence between ¢ and ¢’ with respect to ¢ is defined as
T
Dq(¢a ¢,) = 2(s,u,)r\/q(gb/v (rb/) - 2(s,a)qu((yzslv (rb) (E(s,a)f\/q(d)y ¢)) z(s,a)mq((zsv (rb/)

It can be verified that D, (¢, ¢') = 0 (i.e., positive semidefinite) and D (¢, ¢) = 0 for any ¢, ¢’ € .

3 LOWER BOUND ON SAMPLE COMPLEXITY

In this section, we provide a lower bound on the sample complexity that all reward-free RL algo-
rithms must satisfy under low-rank MDPs. The detailed proof can be found in Appendix [C]

Theorem 1 (Lower bound). For any algorithm that can output an e-optimal policy (as Definition[2)),

if H > max(24¢,4),S > 6,K > 3 and § < 1/16, then there exists a low-rank MDP model M

such that the number of trajectories sampled by the algorithm is at least 2 (Hede )

To the best of our knowledge, Theorem [I] establishes the first lower bound for learning low-rank
MDPs in the reward-free setting. More importantly, Theorem [T] shows that it is strictly more costly
in terms of sample complexity to find near-optimal policies under low-rank MDPs (which have
unknown representations) than linear MDPs (which have known representations) by at least a factor
of Q(K). This can be seen as the lower bound in Theorem for low-rank MDPs has an additional

term K compared to the upper bound O (dsg 4) provided in |Wang et al.| (2020) for linear MDPs.

4
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This can be explained intuitively as follows. In linear models, all the representations ¢ : Sx.A — R?
are known. Then, it requires at most O(d) actions with linearly independent features to realize all
transitions (¢, ). However, learning low-rank MDPs requires the agent to further select O(K)
actions to access the unknown features, leading to a dependence on K.

Our proof of the new lower bound mainly features the following two novel ingredients in the con-
struction of hard MDP instances. a) We divide the actions into two types. The first type of actions is
mainly used to form a large state space through a tree structure. The second type of actions is mainly
used to distinguish different MDPs. Such a construction allows us to separately treat the state space
and the action space, so that both state space and action space can be arbitrarily large. b) We explic-
itly define the feature vectors for all state-action pairs, and more importantly, the dimension is less
than or equal to the number of states. These two ingredients together guarantee that the number of
actions K can be arbitrarily large and independent with other parameters d and .S, which indicates
that the dependence on the number of actions K is unavoidable.

4 THE RAFFLE ALGORITHM

In this section, we propose RAFFLE (see Algorithm[I]) for reward-free RL under low-rank MDPs.

Summary of design novelty: The central idea of RAFFLE lies in the construction of a novel
exploration-driven reward, which is desirable because its corresponding value function serves as
an upper bound on the model estimation error during the exploration phase. Hence, such a pseudo-
reward encourages the exploration to collect samples over those state-action space where the model
estimation error is large so that later stage of the algorithm can further reduce such an error based on
those samples. Such reward construction are new for low-rank MDPs, and serve as the key enabler
for our improved sample complexity. They also necessitate various new ingredients in other steps of
algorithms, as elaborated below.

Exploration and MLE model estimation. In each iteration n during the exploration phase, for
each h € [H], the agent executes the exploration policy 7,1 (defined in the previous iteration)
up to step h — 1, after which it takes two uniformly selected actions, and stops after step h + 1.
Different from FLAMBE (Agarwal et al., 2020) that collects a large number of samples for each
episode, our algorithm uses each exploration policy to collect only one sample trajectory at each
episode, indexed by (n, h). Hence, the sample complexity of RAFFLE is much smaller than that
of FLAMBE. In fact, such an efficient sampling together with our new termination idea introduced
later benefit sample complexity.

Then, the agent estimates the low-rank components é;") and ﬂgn) via the MLE oracle with given

model class (®, ¥) and a dataset D} as follows
MLE(D}) := arg maxeyca, ucw Z(s,a,s/)ep;; log (¢n(s,a), un(s’)) .
Design of exploration reward. The agent updates the empirical covariance matrix U, }(L") as

r(n n 7(n T,h+1 7,h+1 7(n T,h+1 T,h+1
Oy = M + 3270 33 (57" g )@ (s 0P T (1)

(r,h+1)  (7,h+1) (7,h+1)
h ) O, S

where {s y8p41 )} is collected at iteration 7, episode (h + 1), and step h.

Next, the agent uses both d;gln) and U }(Ln) to construct an exploration-driven reward function as
b (5,0) = min{an| 8} (s, @)l o), 1}, 2)

where &, is a pre-determined parameter. We note that although individual 132”)(3,@ for

each step may not represent point-wise uncertainty as indicated in [Uehara et al| (2022b), we
find its total cumulative version VI . ., can serve as a frajectory-wise uncertainty mea-
sure to select exploration policy. To see this, it can be shown that for any 7 and h,

E* H <<;3§Ln)(8h,ah),ﬂ2n)(~)> — P]’:("Sh,ah)HTv} < C/Vg&»}g(m + /<=, where ¢ is a constant
and ¢,, = O(logn). As iteration number n grows, the second term diminishes to zero, which indi-
cates that V;(";) B(m) (under the reward of (™)) serves as a good upper bound on the estimation error
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for the true transition kernel. Hence, exploration guided by maximizing Vﬁ o) will collect more

trajectories over which the learned transition kernels are not estimated well. This will help to reduce
the model estimation error in the future.

Algorithm 1 RAFFLE (RewArd-Free Feature LEarning)

1: Input: &,, (,, € > 0,6 € (0,1), regularizer \,,, model classes {(u,$) : p € ¥, ¢ € D}.
2: Initialize mo(+|s) to be uniform; set DY) = (.

3. Phase I: Exploration Phase

4: forn=1,...do

5 forh=1,...,H do

6: Use m,—1: roll into sp_1, uniformly choose a;,—1, ap, enter into sy, Sp4+1-

7 Collect data s(" h aﬁ” Moo s(” k) aEZ" ) s ;";;).

8: Add the triple (s\"") a{™" ssﬂ)) to the dataset D = D U{(s{™™ a{™"), gﬁr?))}
9:  Learn (¢", ﬂ;”)) = MLE(D}).
10: Update transition dynamics P(™ as P™) (s'|s,a) = (6\" (s, a), i\™ (s')).

11:  end for

12:  Update empirical covariance matrix U(”)

as in Equation H

13:  Define exploration-driven reward function 52”) as in Equation .

14:  Define an estimated value function Vp(n) e based on P(™) and b("™ as in Equation .
15:  Find exploration policy 7, = arg max, VP () j(m

16: if QV;(’;) jon T 2VE Gy < e then

17: Terminate Phase I: Exploration Phase and set pe = 13(”)7 be = 13("), MTe = Ty, Ne = N
18:  endif

19: end for

20: Phase II: Planning Phase
21: Option 1 (learn near-optimal policy): Receive reward function r = {rh}thl, and compute

policy T = arg max, VPF

22: Option 2 (system identification): let P = pe. }
23: Option 3 (learn near-accurate representation): call Algorithm of RepLearn and obtain ¢.
24: Output: policy 7, learned transition dynamics P¢, learned representation ¢.

Design of exploration policy. The agent defines a truncated value function iteratively using the
estimated transition kernel and the exploration-driven reward as follows:

Z,ﬁ(m,z;m)(shv ap) = min {17 bgln)(smah) + P( )Vhﬂ+1 pn) b(n)(8h7 ah)} )

V}:P(n) 7i)(n) (Sh) ]:E |: h p(n) b(n) (Sh, a’h):| (3)
The truncation technique here is important for the improvement of the sample complexity on the
dependence of H. The agent finally finds an optimal policy maximizing VPW B and uses this

policy as the exploration policy for the next iteration.

Novel termination criterion. RAFFLE does not require a pre-determined maximum number of
iterations as its input. Instead, it will terminate and output the current estimated model if the

optimal value function V () b plus a minor term is below a threshold. Such a termination criterion

essentially guarantees that the value functions under the estimated and true models are close to
each other under any reward and policy, hence the exploration can be terminated in finite steps.
Such a termination criterion enables our algorithm to identify an accurate model and later find a
near-optimal policy with fewer sample collections than FLAMBE in |Agarwal et al.[(2020) as we
discuss in the exploration phase. Additionally, our termination criterion provides strong performance
guarantees on the output policy and estimator from the last iteration. On the contrary, Uehara et al.
(2022b)) can only provide guarantees on a random mixture of the policies obtained over all iterations.
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Planning phase. Given any reward function r, the agent finds a near-optimal policy by planning

with the learned transition dynamics P< and the given reward r. Note that such planning with a
known low-rank MDP is computationally efficient by assumption.

5 UPPER BOUNDS ON SAMPLE COMPLEXITY

In this section, we first show that the policy returned by RAFFLE is an e-optimal policy with respect
to any given reward r in the planning phase. The detailed proof can be found in Appendix [A]
Theorem 2 (e-optimal policy). Assume M is a low-rank MDP with dimension d, and Assumption
holds. Given any ¢, € (0,1), and any reward function r, let @ and P be the output of RAFFLE
and m* := argmax. Vp. . be the optimal policy under the true model P*. Set ¢, = O(\/m)
and N, = O(d). Then, with probability at least 1 — §, we have V[J:,T — V3. . < ¢ and the total
number of trajectories collected by RAFFLE is upper bounded by O(%)

We note that the upper bound in Theorem [2] matches the lower bound in Theorem [I]in terms of the
dependence on € as well as on K in the large d regime.

Compared with MOFFLE (Modi et al., 2021)), which also finds an e-optimal policy in reward-free

RL, our result improves their sample complexity of O (%) in three aspects. First, the or-
der on K is reduced. Second, the dimension dzy of the underlying function class in MOFFLE
can be exponentially larger than d as shown in |Agarwal et al.| (2020). Finally, MOFFLE requires
reachability assumption, leading to a factor 1/7 in the sample complexity, which can be as large as
v/ dpy . Further, Theorem naturally achieves the goal of reward-known RL with the same sample

complexity, which improves that of O (H *d K* ) in|Uehara et al.| (2022b) by a factor of O(H?).

€2

Proceeding to the learning objective of system identification, the learned transition kernel output by
Algorithm [T] achieves the goal of e-accurate system identification with the same sample complexity
as follows. The detailed proof can be found in Appendix B}

Theorem 3 (e-accurate system identification). Under the same condition of Theoremand let P€ =

{95, 15, } be the output of RAFFLE. Then, with probability at least 1 — 6, P achieves e-accurate

system identification, i.e. for any m and h: EX {H<$;(Sh,ah),ﬂ;(~)> - Pg(-\sh,ah)H V} < e
T

and the number of trajectories collected by RAFFLE is upper bounded by O(%)

Theorem significantly improves the sample complexity of O( H zifggd7) in|Agarwal et al.| (2020)
on the dependence of all involved parameters for achieving e-accurate system identification.

6 NEAR-ACCURATE REPRESENTATION LEARNING

In low-rank MDPs, it is of great interest to learn the representation ¢ accurately, because other
similar RL environments can very likely share the same representation (Rusu et al., 2016, Zhu
et al.l 2020} Dayan, [1993)) and hence such learned representation can be directly reused in those
environments. Thus, the third objective of RAFFLE in the planning phase is to provide an accurate
estimation of ¢. We note that although RAFFLE provides an estimation of ¢ during its execution,
such an estimation does not come with an accuracy guarantee. Besides, Theorem [3] on system
identification does not provide the guarantee on the representation ¢?, but only on the entire transition
kernel P. Further, none of previous studies of reward-free RL under low-rank MDPs (Agarwal et al.,

2020; Modi et al.,|2021; |Uehara et al., 2022b) established the guarantee on ¢.

6.1 THE REPLEARN ALGORITHM

In this section, we present the following algorithm of RepLearn, which exploits the learned transition
kernel from RAFFLE and learns a near-accurate representation without additional interaction with
the environment. The formal version of RepLearn, Algorithm [2] is delayed in Appendix [D] We
explain the main idea of Algorithm [2|as follows. First, for each h € [H],t € [T], where T is the
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number of rewards, Ny pairs of state-action (s, ap) are generated based on distribution gj,. Note
that the agent does not interact with the true environment during such data generation. Then, for any
h, if we set the reward r at step h to be zero, Q% T(sh ,ap,) can have a linear structure in terms

of the true representation ¢} (sp, ar). Namely, there exists a wy, decided by r, P* and 7 such that
Q}E*’hﬁr(sh, an) = (¢} (sh,an), wp). Then, with the estimated transition kernel P that RAFFLE

provides and the well-designed rewards r™, Wﬁth . (Sn,an) can be computed efficiently and
serve as a target to learn the representation via the following regression problem:

. t
AT MIN, ¢t erit Drer] Do(snan)ens (@F yne (5h:an) = (dnsnan) wh))® @)

The main difference between our algorithm and that in Lu et al.| (2021) for representation learning is

that, our data generation is based on P from RAFFLE, which carries a natural estimation error but
requires no interaction with the environment, whereas their algorithm assumes a generative model
to collect data from the ground-truth transition kernel.

6.2 GUARANTEE ON ACCURACY

In order to guarantee the learned representation by Algorithm 2]is sufficiently close to the ground
truth, we need to employ the following two somewhat necessary assumptions.

First for the distributions of the state-action pairs {qs }7L_, in Algorithm I 2| it is desirable to have
P(-|s,a) approximates true P*(-|s, a) well over those distributions, so that Q7% ,  (sn,ap) can ap-
proximate the ground truth well. Intuitively, if some state-action pairs can hardly be visited under

any policy, the output P(-|s, a) of Algorithm I cannot approximate true P*(-|s, a) well over these
state-action pairs. Hence, we assume reachability type assumptions for MDPs as following so that
all state-action pairs is likely to be visited by certain policy. Such reachability type assumption is
common in relevant literature (Modi et al.| 2021} |/Agarwal et al., [2020).

As discussed in Section intuitively, if some state action pairs can be hardly visited by any policy,

the output of Algorithm 1| P(-|s, ) can not approximate true P*(-|s, a) well over these state action
pairs, so a standard reachability type assumption is necessary so that all states can be visited.

Assumption 2 (Reachability). For the true transition kernel P*, there exists a policy 7° such that

minges }P’ZO ($) > Tmin, Where ]P’ZO () : 8 — R is the density function over S using policy 7° to
roll into state s at timestep h.

We further assume the input distributions {qh}hH:1 are bounded with constant C'z. Then, together
with Assumption for any (s,a) € S x A, we have g, (s,a) < C’mian’zU (s,a), where Ciyip = SE-.

Mmin
Next, we assume that the rewards chosen for generating target ()-functions are sufficiently diverse
so that the target Q. h’r(sh, ap,) spans over the entire representation space to guarantee accurate
representation learning in Equation (). Such an assumption is commonly adopted in multi-task
representation learning literature (Du et al., 2021bj |Yang et al., 2021} |Lu et al., [2021). To formally
state the assumption, for any h € [H], let {r"'},c7| be a set of T rewards (where T' > d) satisfying

rZ’t = 0. As a result, for each ¢, given 7%, there exists w} " € R? such that Qe jypni(Snsan) =

(0% (snyan), wh™). Let Wi = [wh”, ..., wl"] € RIXT,
Assumption 3 (Diverse rewards). The smallest singular value oq(W}) of W} defined above satis-
fies o2(W}) > Q(L), i.e., there exists a constant Cp > 0 such that o3(W}) > &L

We next characterize the accuracy of the output representation of Algorithm [2]in terms of the di-
vergence Definition 4| between the learned and the ground truth representations in the following
theorem and defer the proof to Appendix

Theorem 4 (Guarantee for representation learning). Under Assumption (I| and Assumption |3} for
any €,6 € (0,1), any h € [H], and sufficiently large Ny, let P be the output transition kernel of
RAFFLE that satisfies Theorem With probability at least 1 — 0, the output gzNS of RAFFLE satisfies

« 1 2 € . log 2
| Pantor 0172 = O(stGams + £\ /255, )
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We explain the bound in Equation (3)) as follows. The first term arises from the system identification
error € by using the output of RAFFLE, and can be made as small as possible by choosing appropriate
€. The second term is related to the randomness caused by sampling state-action pairs from input
distribution {gy, } ¢, and vanishes as Ny becomes large. Note that Ny is the number of simulated
samples in Algorithm[2] which does not require interaction with the true environment. Hence, it can
be made sufficiently large to guarantee a small error.

Theorem [ shows RAFFLE can learn a near-accurate representation, based on which learned repre-
sentations can be further used in other RL environments sharing common representations, similarly
in spirit to how representation learning has been exploited in supervised learning (Du et al.,|2021b).

7 RELATED WORK

Reward-free RL. While various studies (Oudeyer et al.,[2007; Bellemare et al., 2016} [Burda et al.,
2018 |Colas et al., 2018} |[Nair et al.l 2018} [Eysenbach et al., 2018} |(Co-Reyes et al.l 2018} [Hazan
et al., 2019; Du et al.} 2019} |Pong et al.l 2019} [Misra et al., [2020) proposed exploration algorithms
for good coverage on the state space without using explicit reward signals, theoretically speaking,
the paradigm of reward-free RL was first formalized by Jin et al.| (2020a)), where they provided
both upper and lower bounds on the sample complexity. For tabular case, several follow-up stud-
ies (Kaufmann et al.,2021; Ménard et al.,|2021) further improved the sample complexity, and Zhang
et al.| (2020) established the minimax optimality guarantee. Reward-free RL was also studied with
function approximation. [Wang et al. (2020) studied linear MDPs, and [Zhang et al.| (2021b) studied
linear mixture MDPs. Further, [Zanette et al.|(2020b)) considered a class of MDPs with low inherent
Bellman error introduced by [Zanette et al.| (2020a). |Chen et al.| (2022b)) proposed a reward-free al-
gorithm called RFOLIVE under non-linear MDPs with low Bellman Eluder dimension. In addition,
Miryoosefi & Jin|(2021) proposed a reward-free approach to solving constrained RL problems with
any given reward-free RL oracle under both the tabular and linear MDPs.

Reward-free RL under low-rank MDPs. As discussed in Section |1} reward-free RL under low-
rank MDPs have been studied recently (Agarwal et al.| [2020; [Modi et al., 2021), and our result
significant improves the sample complexity therein. When finite latent state space is assumed, low-
rank MDPs specialize to block MDPs, under which algorithms termed as PCID (Du et al.| [2019) and

HOMER (Misra et al., |2020) achieved sample complexities of O(M) and O(M),

min(ntv2,e2) min(n3,e2
respectively. Our result on the general low-rank MDPs can be utilized to further improve those
results for block MDPs.

Reward-known RL under low-rank MDPs. For reward-known RL, [Uehara et al.| (2022b)) pro-
posed a computationally efficient algorithm REP-UCB under low-rank MDPs. Our design of the
reward-free algorithm for low-rank MDPs is inspired by their algorithm with several new ingre-
dients as discussed in Section 4] and improves their sample complexity on the dependence of H.
Meanwhile, algorithms have been proposed for MDP models with low Bellman rank (Jiang et al.,
2017), low witness rank (Sun et al.,2019), bilinear classes (Du et al.,[2021a)) and low Bellman eluder
dimension (Jin et al.||202 1)), which can specialize to low-rank MDPs. However, those algorithms are
computationally more costly as remarked in|Uehara et al.| (2022b)), although their sample complex-
ity may have sharper dependence on d, K or H. Specializing to block MDPs, [Zhang et al.| (2022)
proposed an algorithm called BRIEE, which empirically achieves the state-of-art sample complexity
for block MDP models. Besides, Zhang et al.|(2021a) proposed an algorithm coined ReLEX for a
slightly different low-rank model, and obtained a problem dependent regret upper bound.

8 CONCLUSIONS

In this paper, we investigate the reward-free reinforcement learning, in which the underlying model
admits a low-rank structure. Without further assumptions, we propose an algorithm called RAFFLE
which significantly improves the state-of-the-art sample complexity for accurate model estimation
and near-optimal policy identification. We further design an algorithm to exploit the model learned
by RAFFLE for accurate representation learning without further interaction with the environment.
Although e-accurate system identification can easily induce H e-optimal policy, the relationship be-
tween these two learning goals under general reward-free exploration setting remain under-explored,
and is an interesting topic for future investigation.
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A PROOF OF THEOREM 2]

We first provide a proof outline to highlight our key ideas in the analysis of Theorem [2} and
then provide the detailed proof. To simplify the notation, we denote the total variation distance

| P Csnsan) = PiCsnan)| by £ (s an).

Proof Outline for Theorem[2] Step 1 provides an upper bound on the difference of value functions

under estimated model P(™) and the true model P* for any given policy 7 and reward r, as given in
the following proposition (see proposition ] in appendix [A.2).

Proposition 1 (Informal). There exist constants ¢, = O(logn) and ¢ = O(1) such that for any
policy w and reward r, with high probability, we have

N c
T -n
<V o0 T

This proposition is inspired by |[Uehara et al.| (2022b), while it generalizes to non-stationary setting
and arbitrary reward scenario from infinite stationary MDP and fixed reward. The main proof idea
is to first notice that for any reward, we have

™ ™
’VP*,r - me)’r

g T T
‘VP*,T - Vﬁ(n)7r < Vp(n,)7'f(n)' (6)
Crm O Cn 7 Tn Tn . :
Then, we show that Vp(m,f(n) < oy pom TV < me))g(n) + 4/ due to the optimality of
the exploration policy 7,.
Step 2 shows sublinearity of the summation of Vg(n ) b which is an upper bound of value function

difference under the true model with the estimated model (see proposition [5in appendix [A.3).

Proposition 2 (Informal). Under the same setting of Proposition|l| with high probability, the sum-

mation of value functions Vg% Bm under exploration policies {Ty, },c[n] With exploration-driven

reward functions b(™) s sublinear; as given by

3 7t o < O (1 RTRF ).

n€[N]

Step 3 combines Step 2 and Step 1. We are able to conclude that RAFFLE will terminate with
polynomial sample complexity such that, the value function difference of P* and the returned envi-

ronment P€ is at most €.

Proposition 3. With high probability, RAFFLE terminates after at most O (H?d*K(d? + K)/€*)
iterations, and the output model P satisfies

i Cn,
= Ve joo Ty e <e/2,

where 1 is the iteration number where RAFFLE terminates, i.e. pe = p(ne),

U s
VB = Vi,

Finally, with some algebraic operations, Proposition [3| concludes the proof of Theorem 2} O

A.1 SUPPORTING LEMMAS

We first present the high probability event.

Lemma 1. We define 11,, to be a uniform mixture of previous n — 1 exploration policies:

Hn == U(ﬂ'(),ﬂ'l, ...771'”,1).

Denote the total variation of P™) and P*, and the expected matrix of U, }(Ln) as follows.

13
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I (snyan) = prf('|5h7ah) - pf(bn)("sh’ah)HTv ’ v

U;(zndz =n K [¢(sns an)(@(sn,an)) '] + A, ®
S’;:(NM(YA;L)

Wi =n B [blenan)(@(snan)T] + Al ®

(8h,an)~(P*,I1,)

where A\, = Psdlog(2nH|®|/d)) and B3 = O(1) is a constant coefficient. Suppose Algorithm
runs N iterations and let events &y and &1 be defined as follows.

(‘:0:{VTLE[N],}LE[H],S}LES7CL}L€A7 E [ }(Ln)(‘sh?a’h)2:| <<n}7
.eh~(P*Z;{nn,)
ap~

& = {Vn € [N],h € [H],sh € S,ap € A,

=[5 s

where ¢, = log (2|®||¥|nH/d) /n. We further denote { = N(n = log (2|®||¥|NH/J) for sim-
plicity. Denote £ = £y N &7 as the intersection of the two events. Then, P[E] > 1 — 6.

<ol <ol ] o}
(U}(Li’)l’qg)_l ¢h 1( ) (U}(lﬂ;)l)_l ¢h 1< ) (U}ii)17$)_l

Proof. By Corollary [2in Appendix EI, we have P[€y] > 1 — §/2. Further, by Lemma 39 in Zanette
et al.| (2021)) for the version of fixed ¢ and Lemma 11 in [Uehara et al.| (2022b)), we have P[&;] >
1 — ¢/2. Therefore, P[€] > 1 — §. O

Based on Lemma [I] we can bound the exlporation-driven reward in RAFFLE as follows.

Corollary 1. Given that the event £ occurs, the following inequality holds for any n € [N]|,h €
[H],Sh €S,ap € A:

min —_—
5

where G, = 51/203n(, (K + d?).

)

Aﬁbn)(shvah)H(Um))—l ’1} < by (sn, an) < 3ay (%:ﬂ(sh’ah)H
h,é

(CAPOR

Proof. Recall B;L")(sh, ap) = min {dn

Agbn)(s, a)H(ﬁ(n))i1 , 1}_ Applying Lemma we can im-
mediately obtain the result. " O

The following lemma extends the Lemmas 12 and 13 under infinite discount MDPs in|Uehara et al.
(2022b)) to episodic MDPs. We provide the proof for completeness.

Lemma 2. Let Py, 1 = (¢p—1, tn—1) be a generic MDP model, and 11 be an arbitrary and possibly
mixture policy. Define an expected Gram matrix as follows

My_1,6 =1 +n F?P* o [¢h—1(8h—1,ah—1) (Qsh—l(Sh—l,ah—l))T} .
sp_1~(P*,
ap_q~II

Further, let fr,_1(sp—1,an—1) be the total variation between P}_, and Py_ at time step h — 1.
Suppose g € S x A — Ris bounded by B € (0,0), i.e., ||gllcc < B. Then, Vh > 2,V policy mp,
E  [9(sn,an)|sn—1,an-1]

sp~Pp_q
AR~ Th

< ||¢h—1(8h—13ah—1)||(Mh71’¢)—1 X

\/nK E [P(snan)] + MdB2 B2 B [fua(snorianen)?)
Sh™ »

sp_1~(P*,II)
an~U ap—1~1
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Proof. We first derive the following bound:

E  [9(sh,an)|Sh—1,an-1]
ShNPh—l
W e

/ > g(sn, an)m(anlsn)(@n-1(sn-1,an-1), pn—1(sn))dsn

Shoay,

)

Mp_1,4

< l[¢n—1(sn—1,an—1)ll (s, _, )1 Zg(sh,ah)ﬂ'(ah|3h)ﬂh—1(5h)dsh

where the inequality follows from Cauchy-Schwarz inequality. We further expand the second term
in the RHS of the above inequality as follows.

2

H/ > g(sn an)m(an|sn) n—1(sn)dsn

Mp-1,¢
(4) 2
7
sn prm (/ > 9(sns an)mn(anlsn)n (Sh)be(Sh—l,ah—l)dSh) + AndB?
Shah i~1’I Sh an
2
2
=n E E |:9(5h7 an)|sh—1, ah1:| + A\ndB
sp_1~(P*,II) sp~Pp_1
ap_1~T ap~Th
(3) 2 )
< 2n E E 9(sh,an)|Sh—1,an—1 + A\pdB
spo1~(P* D) | s ~Pp
ap_q1~I1 ap~Th

+ 2nB? E [fn1(sh_1,an_1))°
sh_1~(P*,ID)
ap_1~11

(id) ,
< 2n E E  |g(sh,an)
Sho1~(P* ) | sy ~PE_
ap 1~ AR T

+ 2nB? E [fr—1(sn—1,an-1)?]
Sp_1~(P*IT)
ap—1~I

Sh—1, ah_1:| + )\ndB2

(iv)
< 2K E [g(snan)?] + X\dB® + 2nB? E [fh-1(sn—1,an-1)"],
Sh,N(P*MJ'I) sh,_1~(P;I,H)
Sh ap—1~

where (i) follows from the assumption that ||g||cc < B, (i¢) is due to that fr_1(sp_1, ap— 1) is the
total variation between P7_, and P,_ at time step & — 1 and the fact that (a + b) < 2a2 + 2b2,
(iit) follows from Jensen’s inequality, and (iv) is due to importance sampling. This finishes the
proof. O

Based on Lemma we summarize three useful inequalities which bridges the total variation f,(Ln)
and the exploration-driven reward ZA);L”)

Lemma 3. Define

W =n B [d(snan)(@(snan)T] + Mo, (10)

15



Published as a conference paper at ICLR 2023

where N, = Bsdlog(2nH|®|/5). Given that the event £ occurs, the following inequalities hold.
For any n, when h > 2,

E ff(LN)(Sh,ah) Sh—lyah—1:| < ap A/(hn—)l(sh—l’ah_l)H (n) 7 a
shNP("r) L (Uh71 43)71
h—1 Y
ahN"r
E i(Ln)(Sh;ah) Sh—l,ah—1:| < ap H‘lﬁ—l(sh—l?ah—l)H(U(") - (12
sh~Pr_q L o
A~
E BEL")(Sh,ah) Sh—1,0h-1| < Vn ||¢271(sh717ah71)|| w0 (13)
sh~Pr_q L e

ap ~

where

n = \/2B3nCn (K + d?),  yn = \/4583n( Kd(K + d2).

Specially, when h = 1,

E_[A"(1a0)] < VEG, E m%mﬂ<w%¢f7 (14)

alp~T ayp~T

Proof. We start by developing Equation (TT)) as follows. Given that the event £ occurs, for h > 2
we have

E {fﬁ")(sh,ah) Shlaah1:|
SILNP;&%
(thﬂ'
(@) || -
< ’¢(n_) Sh—1,0p—1 H X
h 1( ) (U;(Li)Ld;)_l
nK E [f;(Ln)(Sh, ap)?l+ Ad+n E [f,(fi)l(Sh—l, ah—l)Z}
sp_1~(P* IIp) sp_1~(P* IIp)
ap_1,ap~U ap_1~U
sp~P*p(lsp—1,ap-1)
(Z) A(n)( )H
> 21\ Sh—1,0n—1
" w0
nk E ™ (31y an)2] + And + nK E [f;@l(Sh—l, ap—1)?
s,l_lrw(P*,Hn) sh’_QN(P*,Hn)
ap_1,ap~U ap_g,ap_1~U
sp~P* L Clsp_1.ap_1) Sh—1~P* p_1Clsp_2,ap_2)
(ORI
< o0 nvan-n)|| o VERGK F Bsndad
(Uh,—l,({s)71
< (7% (Zggﬂb_)l(shflaahfl)H )

(U}(:i)1,4§)_1
where (i) follows from Lemma [2|and the fact that f,(L") (sh,an) < 1, (i) follows from importance
sampling at time step & — 2, and (474) follows from Lemma

Equation (T2) follows from the arguments similar to the above.

To obtain Equation (I3)), we first apply Lemma 2 and obtain

E [3,(1”)(5;1, an)

sp~PE_

5h—17ah—1:|

ap ~Tn

< H¢271(3h71aah71)H(W}(Ln) )-1 \/WK E [{%”’(sh,ah)}ﬂ + And,

—1,¢* sp~(P*,Tpn)
aj, ~U
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where we use the fact that 52")(3;1,%) < L We further bound the term
DR oy ~cee i [(B (sn, an))?] as follows:
ayp ~U

2 (n) )2
" SILN(}]:DE*rnn) {<bh (Sh’ah) :|
ap ~U

. 2
<n E a2 ¢(n)(8h ah)H X
arel I CHe

sp~(P*,Ilpn)
ap~U

Y 22 [l gm :
<n B [9a2]|80" (snan)|

CASIRE
-1

ZQdZtr n E <ZA)§Z (sh,ah)(b( )(sh,ah)T n E [(ﬁh(sh,ahw( )(sh,ah) 4+ ML
Sh~ (P T Sh~ (P T

< 9a2tr(I) = 942d,
where (i) follows from Lemmal[l] and we use tr(A) to denote the trace of any matrix A.

Hence,

E |:8§Ln) (Sh,(lh)
-1

Sh—1, (Zh—1:| < H¢Z—1(Sh—1, (1}1_1)||(W}(71>1 ) VIKA&Zd + N\ d

< [[Sh-a(sn-vs an-0) [y 0

where the last inequality follows from that &,, = 5, and the definition of y,, In addition, for h = 1,
we have

E [fGna)] €\ /K B 1 6n0)] < VEG.

a1~Tp aq~i

and

) <u
E [b(817a1 < an\/ ||¢1 Slaal)‘

ay1~Ty

(n)y—
(U ,<f>) 1:|

A 7 2
< 3an\/Ka1EL{ I(bl(sl’al)H(Uijg)_l:l

2BKa2d dK
HRayd = 15any/ —,
n n

A.2 PROOF OF PROPOSITION[I]

Equipped with Lemma [3] the following proposition provides an upper bound on the difference of

value functions under the estimated model P(™ and the true model P* for any given policy 7 and
reward 7.

Proposition 4 (Restatement of Proposition . For all n € [N], policy = and reward r, given that
the event € occurs, we have

U U
’VP*,T - Vﬁ<n>,r

S Vg(n),z’;(n) =+ V KCn-

™
VP(n) NN

Proof. Step 1. We first show that ’VI’L = Vi .

17
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Recall the definition of estimated value functions Vh pen (5n) and Qh pny . (8hyan):

QZ715(71)7T(5h7ah) = min{Lrh(S}uah) + P(n)Vhﬂﬂ P, (Shﬂlh)},
Vf:ls("),r(sh) - IE [szﬁ("),r(sh’ (lh)i| '
We develop the proof by induction. For the base case h = H + 1, we have

’ H+1, Pn) T SH+1) - VHW+17P*7T(SH+1)’ - O V;IT+1 P f(n) (SH+1).

Assume that ’ 1, B T(shﬂ) - Vhﬂ+1,P*,7‘(sh+1)‘ < Vhﬂﬂﬁ(n)’f(n)(shﬂ) holds for any sp1.

Then, from Bellman equation, we have,

‘Q p(n Sh7ah) QZ,P*,T(SfHah)

= [PV s (0o an) = PEViTy pe (s, an)

=B (Vhwﬂ PO Vhﬂ+1,P*m> (sn,an) + (pf(bn) - P;) Vil pe - (Shs an)

(@)
< min {L f}(Ln) (Sha ah) =+ P(n)

< min{l’fﬁ )(Shvah) "’P( )V;17r+1 P f(n)(sh,ah)}

T v
Vh+1 JZICONT Vh+1,P*,

|

= Q. po g (0 an), (15)

where (i) follows from the (action) value function is at most 1, and (i¢) follows from the induction
hypothesis.

Then, by the definition of VT

B (sn), we have

thﬁm,r(sh) — Vi ps o (n)

= IE |:QZ7]AD(71)’T<sh7 ah):| - 17[*; [QZ,P*’T(ShMG/h)} ’

|

IN

B (|07 o, (5100) = Qe C5n000)

INE

) R
£ [ B, o) (S ah)}

= Vﬂ—ﬁ)(n) f(“') (Sh),
where (i) follows from Equation (15).

Therefore, by induction, we have

‘Vg*,r o ng,r < Vlgw,f(n)'
Step 2. Then, we show that VP(") o S V;(n) b T VEC,.

By Equation (TT) and the fact that the total variation distance is upper bounded by 1, with probability
atleast 1 — §/2, we have

Sp-1| < E min | a,
Ap—1~T

18

d)gi)l(sh,l’ ah*l)” (n) ) 1 th Z 2.
e, )
(16)

E |:f}(zn)(8h7ah>

P(">,’Tl'
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Similarly, when h = 1,

a}gw{ fn)(sl’al)} S\/ ey [(fl (317(11))2} < VK. (17)

Based on Corollary [T} Equation (I6) and «;,, = 5é,, we have

E [[}El”)(sh,ah) sh} > [E |min (an ég")(smah)H(U(n))il ,1)] > A(IE) |:féi)1(3h+1,ah+1) sh] .
4 4 h,é P
(18)
For the base case h = H, we have
N E [VHTr P f<n>(5H) SHl} = [f}}”(sﬂ,aH) SHl]
P ’ ’ P(n
< E{ ﬁq (SH—1,aH-1)|SH~- 1]
{ [ -1, P00 jom (SH—1,011-1) SH—l}}
= H 1,P(m), b(n)(sH 1)-
Assume that E ) . |:Vhﬂ+1,15(n),f(") (Sh+1) sh] < Vh B ) ,(sn) holds for step h + 1. Then, by

Jensen’s inequality, we obtain

Sh—l]

< min {17 E {fﬁ")(sh’ ap) + P(n)ViZT+1 By fa) (sn,an)

E VTr n n
JE Vb o (o0

15("'),71'

)

E [V;:r+1 P(n) f(n)(Sthl)

P &
)

:

(@) ~(n
< mln{l,E [b;jl(shflaahfl)} + . E
T Pn) .

)

S mln {17E |:b§L )1(517, 1,Qp— 1)i| + (IE:} [Vhﬂp(n) l;(n) (Sh)
pn ’ ’

= min{l E[ h—1,P() h(m) (Sh—l,ah—l)}}

VTr —1,P(n) b(m(sh 1)

where (i) follows from Equation (18], and (i7) is due to the induction hypothesis.

y

By induction, we conclude that

Vlg(”),f(") — IE [fl(‘?) (817 (11):| + P(]E |:‘A/27j15(n)’f(n) (82)

< VKG + Vi jm
Combining Step 1 and Step 2, we conclude that

’Vf;*,r - Vlg(n),r‘ < VEG+VEw jo-
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A.3 PROOF OF PROPOSITION[2]

The following lemma is key to ensure that RAFFLE terminates in finite episodes.

Proposition 5 (Restatement of Proposition [2). Given that the event & occurs, ( =
log (2|®||¥|NH/0) the summation of the truncated value functions VPZ“;) jny under exploration
policies {Ty, }ne|n) is sublinear, i.e., the following bound holds:

Y Vi s T VEGy < 320HA/B5K (& + K)N

ne[N]
Proof. Note that VIZT Py jmy S 1 holds for any policy 7 and h € [H]|. We first have
T Tn (n) Tn Tn
Vp(n) ,b(m) Vp* ) < }E { 1 VQ J2) b(n)(Sl,al) VQ P+ b (sl)al)]
— D n) Trn * Tr'VL Trn
= }rE [(Pl ) Vz By e (81, 01) + P <V2 B jm ~ Va e b(n)) (s1, al)]
< = { 1( )(Sl’al) + Py (V;;;(m Bn) Vzﬂya* b(n)):|
<
H
< E(span)~(P*omn) lz F (s, an)| = Vel s
h=1
which implies V7" By oy < V”" oy T Vor Ay
Applymg the Equation (I3) and Equation (T4), we obtain the following bound on the value function
VP: b(n)*
H

Vit =2, B [

1 e~

H

. dK
<2 S . {7" H(bh‘l(sh‘l’“’1‘1)H<W,i”)1,¢*>‘1} * 150‘”\/7
H

h=2 et~
dK
< x n —.
a f; Sh ~(P* Tn |:7n |¢h(8h,ah)|(Wfi,<i*)1:| * 15an n
- AR~ T
Similarly, we obtain
H
Vitim =2 _E [f;(fl)(Sh,ah)]
het Shy )
h n
H
< E |:an H¢271(3h717ah71)H(U<n) )1] + VK¢,
Sp—1~(P*,mn) h—1,¢*

h=2 "oy

H
< E , E O‘TLH(bZ(Sh’ah)H(U(") )1 + VK.
— sp~(P*,mn) hog*
- Ap~Tn
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Then, taking the summation of V "

Z V;f f(”>+b(”> K
n€[N]
<> o/ K2 Y VEGH Y Y B 0 16 ). |
n€[N] ne[N] h=1 a;(~7r:n) *
+ 2 Z -y

e i) 4y OVEI T € [N], we have

[anlistnanig,, ]

, T

ne[N]h=1
* 2
Y o VIRN 4 xS |V S CE L e,
h=1 n€[N] “ap~mn
H
2
tany Y |KN Y E {|¢;(sh7ah)||(w>*)l]

h=1 T e

7 VEIBAR (K + PN + H/T55CdR (K + @) y/dNC
+ H /B3 (K + d?)/dKNC
< 32CHd\/B5K (d? + K)N

where (%) follows from Cauchy-Schwarz inequality and importance sampling, and (i¢) follows from
Lemma([I0] Hence, the statement of Proposition [j]is verified. O

A.4 PROOF OF PROPOSITION[3]

Based on Proposition |5} we argue that with enough number of iterations, RAFFLE can find P
satisfying the condition in line 15 of Algorithm|I]

Proposition 6 (Restatement of Proposition . Fix any § € (0,1),e > 0. Suppose the algorithm

14 g 2 42 2 2 3 52 2 2 . . . .
runs for N = 2 Bl d K(d"+K)log (2€|<DH\P|H 4 K(d"+K)/ (@) iterations, with probability at least

1—90, RAFFLE can find an n. < N in the exploration phase such that 2Vﬂ”5 O bno +2/ K¢, <e
In other words, Algorlthmlcan output pe = pne) satisfying the condition in line 15. In addition

)V,;z —vE. | <e.

P(ne) r

Proof. We show that the algorithm terminates by contradiction. If it does not stop, applying Propo-
sition 3] we have

NJ2 < S0 (Vi o+ VEG)

n€[N]

< 32CHd\/BsK(d + K)N

Therefore,
212/33H2d2K(d2 + K)C2

N < >

€
Recall ¢ = N(y = log(2|®||¥|NH/S). Using the fact that n < clog?(a,n) = n <
4clog? (ame), Ve > €2,n > 1, o, € R, it can be concluded that

2B H2d? K (d? + K ) log? (2|®|| V| H3d* K (d? + K) /(6€%))

2 )

N <

€

which is a contradiction.
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Therefore, there exists an n, =
P gatisfies

O (L& +K) log® (21| HP P K(&+ K) [ (O)) y gych that PC =

5 =

2V ptme) pnor T 2\/KGn, <e.

Combining Proposition[d] we finish the proof.
O

Proof of Theorem|2| Recall that P is the output of RAFFLE in the n.-iteration. Then, by Proposi-
tion

VI;*,’I” - Vlj*,r
<Vie,.— Vi, +e€/2
(Z) T T
S VPE,T - VP*,'r‘ + 6/2

<e€/2+¢€/2
= 67

where (7) follows from the definition of 7. The number of trajectories n.H is at at most

O (H3d2K(d2 + K) log®(|1®||¥|H3d? K (d® + K)/(cse?)))

€2

B PROOF OF THEOREM [3]

In this section, we adopt the same notations as in Appendix [A] The following lemma provides an
upper bound for the estimation error of any learned model from the true model.

Lemma4. Fix¢ € (0,1), forany h € [H],n € N¥, any policy 7, with probability at least 1 — §/2,
]E [ f(Lﬂ) (Sh’ ah):| S 2 \V4 KCn + QVg(nn) Ok

sp~(P*,7)
spom

Proof. Recall that fén)(s,a) - Hp}(L")(.‘Sva) — P}’:(-|s,a)”TV, Fix any policy 7, for any h > 2,
we have

oL — [ )
];E% ) [ h7ﬁ>(n)7i,(n)(sh7ah):| - E Ph thp(n))g(n)(sh,l,ah,l)}
sp~ (P, m) sp_1~(P(M), ) L
ap~T ap 1~
< [min L1, 5™ 4 P
= min 1,6, (Sh—1, an—1) 1V pn) jom (Sh—15Qn—1)
sp_1~(P() o) L , ,
Ap—1~T
_ AT
- E h_1.P() B(71)(Sh*17ah71)i|
s;L71~(P("),7T) - ’ ’
Ap—1~T
<..
< E Q7 4.0 (51,00 ]
= arom 17P(7L),b(n)( i )
YT
= Vi jom (19)
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Hence, for h > 2, we have

(n) @ ()
E [fh (Shaah)} < E {bh_l(shq,ahq)}
sp~(P(7) )

oy PO

,\
INS
=

AT
sk 1NEEF’(n) ) [Q}L_lvfj(")y?)(")(Sh_17ah_1):|
ap_~m

(iid)
< Vi

P pn) (20)

where () follows from Equation ll (ii) follows from the definition of QZ_ L jm (Sh=1,an-1)
and (4i7) follows from Equation (19). /

E ~(P*,x) {f;(lm(sn,ah)] < E [fign)(sh,ah)} +
S (P )
ap e~

[fﬁ")(sh,ah)} - {f;(ln)(shaah)}

sp~(P*,m)

sp~ (M) )
ap~w

o
(1) . R
< (V;T(n),g(n) +VKG) + (\/ K¢, + ng)’g(n))
(44) R

< oVRG 42V

where the first term in (4) is due to Equation and Equation (14)), the second term in (i) is due to
Proposition 4] and (i¢) follows from the definition of . O

ProofofThegrem By Proposjtion@ letn. = O (H2d2K(d2+K) log?(|®| \\I’Q\NH3d2K(K+d2)/(652)) ) ,

€
with no more than n.H trajectories, RAFFLE can learn a model P, bonus b¢ and policy 7. at the
ne-th iteration satisfying 2Vg§ je T2/ KGn, < € Then, following Lemma we have

E[I1BiCIsnan) = BiClsman)lr | < 2V/KG, +2Vi:, <.

C PROOF OF THEOREM [I](LOWER BOUND ON SAMPLE COMPLEXITY)

C.1 STEP 1: CONSTRUCTION OF HARD MDP INSTANCES

Our hard MDP instances is inspired by |Domingues et al.[(2020) for tabular MDPs. However, the
lower bound in [Domingues et al| (2020) requires S > K, where S, K denote the cardinality of
state and action space respectively. Our hard MDP instances remove the assumption that S > K
by constructing the action set with two types of actions. The first type of actions is mainly used
to form a large state space through a tree structure. The second type of actions is mainly used to
distinguish different MDPs. Such a construction allows us to separately treat the state space and
the action space, so that both state and action spaces can be arbitrarily large. We then explicitly
define the feature vectors for all state-action pairs and show our hard MDP instances have a low-
rank structure with dimension d = S. In a nutshell, we construct a family of HdK MDPs that are
hard to distinguish in KL divergence, while the corresponding optimal policies are very different as
shown in Figure[I]

First, we define a reference MDP M, as follows. We start with the construction of the state space
S and the action space A.

s Let S = {suw: 50,5050} Uieipy 76[2i_1]{3i’j}, where sy, $5,5, and s, denote ‘wait-
ing state’, ‘outlier state’, ‘good state’, and ‘bad state’, respectively. The states in
Uierp,jejpi-1{s™'} form a binary tree, where 5™/ denotes the j-th branch node of the
layer 3.
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Figure 1: Hard MDP instances.

s Let A = {aw,a’,a?}|J Ao, where a,, denotes ‘waiting action’, a',a? are two unique

actions that form the binary tree, and |Ag| = K — 3.

Then, the transition probabilities of M, are specified through the following rules.
* The initial state is the waiting state s,,.

» If the agent takes the waiting action a,,, before time step H, waiting state s,, stays on itself.
Otherwise, s,, transits to the root state s!>! of the binary tree.

Mathematically, P, Sy |Sw, aw] = 1<z, and Ppls™ 5w, a] = Lozg, ornsi-

e When i < D, for states s* in the binary tree, we have the following transition rules:

— If the agent takes actions a; or as, g deterministically transits to its children
s T12i=1 or s7+1.2J respectively.

Mathematically, P, [s*+127 71587 q!] = 1, and P[s*F1:27 589 a?] = 1.

— If the agent takes any action other than a' or a?, the agent will reach the outlier state
So-

Mathematically, P [s,|s7, a] = 1,Va # a', a®.

* Leaf state s”>7 uniformly transits to good state s4 and bad state s, no matter what action
the agent takes.

Mathematically, Py, [s¢|s”7, a] = Py [sp|sP7,a] = 1,Va € A.
* Good state sg, bad state s, and outlier state s, are absorbing states.

Now, we define the features as follows, which are S-dimensional vectors.
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Sw ¢h(swaaw) = (1a070575u07070) M (Sw) = (]]-hgﬁ7070575707070)
(S ) (051703751070)30/#01111 2 (81’1) = (1h>H7130575707070)

s9i <D ¢gp(shI,a%) = (0,0, €41 2j+w-2,0,0,0),w0=1,2 pup(s"*) = (0,0,e4,,0,0,0),1 <k <D
on(s ) (0,0,05_5,1,0,0),a # a',a? wn(so) = (0,0,05_5,1,0,0)

SDJ d)h( D.j a) <O70a0575307 éa 2) /’Lh(sg) = <03070575707150)

Sg7 Sp ¢h(50’ ) - :u’h(sg)a ¢h(8ba a) = Mh(sb) Mh(sb) = (07 0705—55 0,07 1)

So d)h(sm ) = ,uh(so)v

where 0g_5 € R5~% denotes the S — 5 dimension vector with all zeros and e;; € R5-% denotes
the one-hot vector that is zero everywhere except the (2¢~! + j — 2)-th coordinate. Here 2 < i <
D,1<j <271,

For each (h*,0*,a*) € {14 D,...,H+ D} x [2P~!] x A, we define an MDP M 4+ ¢« ,+) through
M. Specifically, the only difference of M+ ¢+ 4+) from My is that the transition probability from
and action a* to the good state s, increases €, i.e. Pp+[sy[sP**, a*] = L + o,
and P, [sp|sP* a*] = % — €0, where €g will be specified later. We note that the features of
M 1+ 4+ o~y are the same as those of M except that ¢y (s2¢, a*) = (0,0,05_5,0, 3 +€0, 3 —¢€0).
We remark here that the cardinality K of A can be arbitrarily large, so that the resulting lower bound
will hold for both d < K and d > K regimes. In addition, although in our hard instances, d = 5, it

is straightforward to generalize it to the regime with .S > d if we set the outlier state S, to be a set
of outlier states S,,.

the leaf state sP-*"

Definition of reward: the reward can only be attained in two special states: the good state s, and
the outlier state s, at the last stage H.

1
VS € -’4’ ac Aa T},(S,a) = ]]-{s:sg,h:H} + E]l-{s:so,h:H}a

and 73, (s, a) still belongs to [0, 1].

C.2 STEP 2: ANALYSIS OF HARD MDP INSTANCES

Proof of Theorem([l} Let ey = 2e.

For any MDP M« .+, the optimal policy is to take action a,, to stay at state s,, until stage h* — D,

and then take the corresponding action to the only state s”-¢" at stage h*. At state s”-*", the agent
takes the only optimal action a*. The optimal value function V;/t(h* ) = % + €p, and the value

function of the output policy of Alg is given by

*

T _ = _ X ok
VMo v amy) = 5 T EOPMW oy 802 = 87y ane = a7, @D
where Pﬂ/\;t(h* o 0 is the probability distribution over the states and actions (s, ap,) following the

Markov policy 7 in the MDP M j,« ¢+ ,+). We remark that the reward of outlier state are specially
designed to be 1/2 at stage H to make Equation hold for policy 7 falling into the outlier state.

Hence,
* T _ T L %
VM(h*,l*‘a*) - VM(h*,e*,a*) - ( H:DM(]L* 0% .a x)[ h* =8 ,Qpx =04 ])
T '
= 26(1 — PﬂM(h,*,[*,a*) [Sh* =S8 ,Apx = a*])
and
N « 1
* T TTr _ At % -
VM(h*)[’*’a*) VM(h* 0% a*) S €< PM(,I*,[*’G*) [Sh* =S5 ,apx = a ] 2 2 (22)

The transitions of all MDPs are the same when the leaves states are reached. We define the event

~ * 1
7 = iy . =gt s =a¥]l > =
E(hr 0 a%) {PM(,,*,Z*,Q*)[Sh s"ians =a’l > 5o
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From Equation 1i the event is equal to the event {V/’(/[(’ cay T V/&(h* oo S€h Asaresult,

a*)
T _ * TTr
P(h*)(*}a*) [5(h*,€*,a*)] = P(h*7f*7a*) VM(h*,E*,a*) - VM(h*TZ*,a*) S € Z 1-—6.
(he t=.a%) = sy < 7 This

inequality holds because the agent is likely to fall into the outlier state s,. We denote Py and E to
be with respect to M.

Recall that N7, Z:;,:l ]]-{(SZ* ,82* ):(S[* ,a*)} such that Z(h*,@*,a*) N(‘I—h*7e*

Now, we invoke an intermediate result in the proof of Theorem 7 in |Domingues et al.| (2020) to
conclude that

Eo [Njie )| 2 @ [(1 Py [{efue 40y} ) Tos <;) - log(Q)} .

Summing over all (h*, £*, a*), we have

Bolr] > 3 Eo [N ie.an)]

(h*,€*,a*)
S 1 ALK P [er 1 1 ALK 23
= 16¢2 B Z 0 {E(h*,f*,a*)] og(g)— og2]| . (23)
(h*,£*,a)
Notice that
Z Py [E(Th*7z*,a*)] =g Z ]].{]P)j\cl— o [she=st ape=a*]2 1) <1. (24)
(h* 0% ,a*) (h* 0% .a*) (h* 0% ,a*)

Substituting Equation into Equation yields

Eo[7]

\%

17, 1.
— (ALK —1)log(=) — ALK log 2
16€2 {( ) los () 08 ]

1 1
> ALK log(~
322 o8(3),

vghere we use the fact that § < 1/16. With the assumption of K > 3,5 > 6, we have d = S. Taking
H = % and with the assumption of D < H/3, we have
HdK 1
Eo[r] = Q (eglog(6)) -

Then following the analysis similar to that for Corollary 8 in Domingues et al.| (2020), with proba-
bility at least 1 — ¢, the number of iterarion is at least

o (P 1),

D ALGORITHM [Z: REPLEARN AND PROOF OF THEOREM {4
We first present the full algorithm in Section [f]below as Algorithm [2]

D.1 SUPPORTING LEMMAS

We first show that Q’TI3 .. Can approximate Q7% « . well over distribution {an} nepm) by following
two lemmas.

Lemma 5. Given any 6 € (0,1). Let P be the output ofAlgorithm for any policy T and rewards
r, with probability at least 1 — §, we have

E s an)m(P.m) HQ}B*’hm(smah) - Q’;M(sh,ah)u <e

E(sh,a;L)N(P*,ﬂ') HQ}T?*JL,T(S}L? ah) - Qﬂﬁ‘,h,r(sh’ ah)H <e.
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Algorithm 2 RepLearn: Representation Learning in Planning Phase of RAFFLE

1: Input: Sample size Ny, state-action pair distributions {qs }/__,, special designed reward func-
tion {r"'} ), 1y, err) and policy {m'};c(7, and estimated transition kernel P from the output
of Algorithm|I] model class: .

2: Initialize D}’ = 0.

3: forn=1,...,Nydo

4. forh=1,...,Hdo

5: fort=1,....,Tdo

6: Choose (s}"",a}"") ~ gy and add (s}, a}"") to dataset D" = Dy~ U (s}, ajh).
7: end for

8: end for

9: end for

10: forh=1,...,H do

11:  Learn (¢p,@),...,w]) as in Equation (4).
12: end for

13: Output: ¢ = {Qi;h}he[Hy

Proof. Define fh(sh,ah) = Hﬁh(~|sh,ah) — P*(:|sp, an) v and f is a collection of all fh, ie.

{fh}he[H]'

E(Sh,ah)'\/(ﬁ,ﬂ') HQ}T’*,h,r(Sm ah) - Q71§>7h7r(8h7 ah)H

(i) .
< Elopan)m(Pom) [Qz,ﬁ, (sns ah)]
@
<VES
(ZZ’L)

< /2, (25)

where (4) follows from Equation , (i4) follows from the definition of V and @, and (i) follows
from the proof of Theorem 2}

Then for the second inequality,
E  [|@F nolonan) = Q3 (onan)]
(sh,an)~(P*,m) Y

< B @Bl - @, (o)
(snyan)~(P,m) w

+‘E(a‘h,ah)~(P",7r) HQZ*,;L,,,-(Sh»ah,)*Q"pﬁ,r(Sh,ah)H “E(ap, ap)~(Bm) HQE*,;M,(Sh,,ah,)fQ;’,m,(Sh,ah)H )

(1)
(i)
<

€,

where the first term in (7) is due to Equation and Equation (14}, the second term in (i) is due to
Step 1 in Propositionand (i) follows from the proof of Theorem O

Lemma 6. Given any 6,e € (0,1) and the output of Algorithm |I} under Assumption 2| for
any policy m and rewards r, let the input distributions {qh}thl are bounded with constant

Cp. Denote Cnpin = nC—B Then with probability at least 1 — 0, for each h € [H],
E(S;L,G}L)N(Jh |: Q?’*,h,r(sha an) — Q};’h’r(sha an) } < €Chin.
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Proof. First, together with Assumption [2| for any (s,a) € S x A, we have ¢(s,a) <
Cminpzo (57 0,), then

]E(Shaah)"’q}z HQg*,h,T‘(S}H ah) - Qﬁp,h,r(sh’ ah)H
= /Qh(shvah) ‘Q?*,;L,T(Shv an) = Q”p,h’r(%ah)‘ dspdap,
(Z) /Omlnph Sh, 'QP* h, 7A(Sh,ah) Q;h’r(sh,ah)’ dshdah

= C’min E HQ}TD* hr(shvah) 7Q7T13h (Sh;ah)H
(sprap)~(P*,70) 7 o

(i2)

S EC’mina

where (i) follows Assumption2]and (i7) follows Lemma 3] O

The lemma above shows that for any reward r, Q}g,h,r(sh’ ap,) can be the target of Q%. ;, ,.(sn, an)
when (s, ap) are chosen from given distribution gj,.

We then show that for any h, when reward r is set to be zero at step h, Q. , . has a linear structure
w.I.t 7.

Lemma 7. For any h € [H), policy w and given (sp,an) € S X A, given any r such that r is set
to be zero at step h, i.e. ry, = 0, then Q}*,h7r(sh, ap,) is linear with respect to ¢*(sp, ap), i.e. there

exist a wy, such that Q%. ;, .(8h,an) = (&} (sn, an), wy).

Proof.

Q$*1h»7“(sh’ an) = rn(sh, an) + E9h+1NP*( [sh,an) [VP* h+1, r(Sh+1) ‘Sha ah]

[
\

P (snt1|sn, an)VEs pip(Sne1)dsntn

<¢ Sh, Gh), MZ(8h+1)V5nh+1,r(8h+1)d8h+1>

= (o5 (sn-an), wy) ,

where w} = fMZ(ShH)Vg*,hH,T(3h+1)d5h+1~

D.2 PROOF OF THEOREM 4

Proof of Theoremd, We allow ¢ and Q7 B
multaneously, i.e. ¢(Dy"") = (@n(sy"),. - onlsy )T € RY @ and Q7' (DY) =

( P,h,rhvt(sh ),...,QPhTht( s T e RN, After we estimating ¢, and then taking it as
hot

to apply to all the samples in a dataset matrix si-

known, from the property of linear regression in Equation , for any reward function r
policy 7t we got

, any

@ = (@ (D) T A (DN (D)) TQE (DY)

7 Nyt ot Nyt
¢h(th ) Pq;h(DNf t) P,h,'r‘hrt (th )7
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where P (o = ¢~>h( )(gbh( DY T ¢h(Dijjf’t))T¢~>h(D;:[f’t)T, represents the projection

operator to the column spaces of on(D Nf *). Then
P

2
n ot Nyt
2 [Py i @7
te[T]
2
th ""t t Nf,t
= 3 [[on@i 9 - Qe (217
te[T]
2
Nf * - t Nyt
- }E)yh’rh,t(’Dh )
te[T
B ot nt it - n,t nf 2
- Z Z Qe prnt (8375 057) = Phr“(sh ")
te[T]| n=1

(i) nt ot at TNf log

< Ny Z Esp,an)~an [(QP* R G P h,rhot (Sh ) h \/ —=:
te[T)

(444) ot nt m, at / TNf log 2

< Ny Z E ($hsan)~qn HQP*,h,rh,f (Sh tv ap t) %P hrh t(sh aah =3

te[T]
(iv) TNy log 2
< CoaNyT + || =228, (26)

where (i) follows from minimality of {gbh}te[T and {w}, },c(r)» (1) follows Hoeffding’s inequality,

(#44) follows that ‘Qﬂ—*,h,rhv‘ (spt apt) — B oh (spt,ap )‘ < 1 and (v) follows Lemma

As aresult:

2

>

te[T]

=

te[T]

N,t
{H Sn(Dy! tQP’”" (P")
te[T)

Pt D wh
¢h(fo it ¢h( Jwp,

2

Nyt
Pr e QFe s (DY)

IN

2
n t Nyt Nyt
+HP$h(DNf't) (Q?D*,h,rhvf(phf ) = Qp e (D1 ))
h

2}
xt Nyt s Nyt
<) CotaNsT + + 2 AP e QB e (P 1)) = QF s (PRI
te[T) te(T]

(i1) / 2
< 2€C(minj\]fir + 2TNf 1Og 57

where (i) follows from || Av||, < o1(A) ||v||, and (4i) follows from that al(P; SN ) < 1and
h h
the process to derive Equation (26). }

—~
=)
=

TNf log 2 T'Nylog 5
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Table 1: Comparison among provably efficient RL algorithms under low-rank MDPs.

METHODS SETTING SAMPLE COMPLEXITY
FLAMBE (AGARWAL ET AL.,2020) LOW-RANK MDP O( H22K9d7)
MOFFLE (MODI ET AL., 2021) LOW-NONNEGATIVE-RANK 0(%)
HOMER (MISRA ET AL., 2020} BLoCK MDP O(d8H4K4(:2 + "13 ))
RAFFLE (OURS) LOW-RANK MDP QMK (11 )

' We do not include reward-known RL under low-rank MDPs in this table and only focus
reward-free RL. The detailed discussion of reward-known RL under low-rank MDPs can be
found in Section[7l

We finally use the technique in|Du et al.[|(2021b)) to derive the super population guarantee.

/ 2
2€CmianT + QTNf 10g g

> > ||PE e GH(D D Ywh*

2

te[T] d)"(D B
- Nt N - A7
o A A A AR B PR
F
= 3 @i )T (1= dn(DR ) (@D )T Gn(DR ) (DY T) 61(D
te[T]
= 2 Np(wh) Dy (67, ),
te(T)
(i) ~
> 0.9 ) Ny(w},") Dy, (&%, dn)wj
te[T)
—Ong Z H qn ¢}u¢h 1/2 L
te([T]
> 0.9N7 || Dy, (91, 6) /W F
(id)
> 0.9Ng Hth ) 1/2H Wi)

CDT

)

2 008 Dy 61,800

where (¢) follows from lemma B.1 in Du et al.|(2021b) and Ny can be large enough, and (i7) follows
from that ||AB||?: > ||A||i1 02, (B), where oin(B) denote the smallest singular value of matrix
B. Then
2edein d 2 log 5

09Cp ' 0.9Cp \| TN,

~ 2
| Pan (1,072 <

E MORE DISCUSSION ON RELATED WORK
In this section, we first summarize the directly comparable work in Appendix [E]

E.1 LoOW-RANK MDPS IN EXTENDED RL SETTINGS

Many studies have been developed on various extended low-rank models. Wang et al.[(2022);|[Uehara
et al. (2022a) studied partially observable Markov decision process (POMDP) with latent low-rank
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structure. Zhan et al.| (2022) studied predictive state representations model, and applied their results
to POMDP with latent low-rank structure. (Cheng et al.|(2022);|Agarwal et al.|(2022) studied benefits
of multitask representation learning under low-rank MDPs. |Huang et al.| (2022) proposed a general
safe RL framework and instantiated it to low-rank MDPs. [Ren et al.| (2022) studied reward-known
RL under low-rank MDPs and proposed a spectral method to replace the computation oracle. We
note that even given those further developments, our results on lower bound and representation
learning are still completely new, and our algorithm design and result on sample complexity are so
far still the best-known result for standard reward-free low-rank MDPs.

E.2 DISCUSSION ON OPTIMISTIC MLE-BASED APPROACH FOR DIFFERENT SETTINGS

There is some concurrent work also using an optimistic MLE-based approach for different settings
(POMDP) (Liu et al., 2022; (Chen et al.,|2022a)). We elaborate the key differences between our paper
and |[Liu et al.| (2022); /Chen et al. (2022a) as follows.

* The two POMDP papers mentioned above study reward-known setting, whereas our focus
here is on the reward-free setting.

* Although optimistic MLE-based approach is used in both settings, the design of exploration
policy in the two settings are different. Our algorithm identifies which estimated model is
used for exploration policy design and then calculate the exploration policy based on bonus
terms designed for the value function. However, the POMDP papers construct a confidence
set about the true model and solve an optimization problem within this generic model set.
Such an oracle may not be easy to realize computationally.

* Due to the hardness of POMDP, MLE approach only guarantees that the estimated distri-
bution of the trajectories is close to the true one. In contrast, in low-rank MDP we study
here, we show that the estimation error for the transition probabilities is controlled at each
time step.

F AUXILIARY LEMMAS

Recall f}(bn)(s, a) = ||]5,§n)(|s, a) — P} (|s, a)||rv represents the estimation error in the n-th itera-
tion at step h, given state s and action a, in terms of the total variation distance. By using Theorem 21
in|Agarwal et al.| (2020), we are able to guarantee that under all exploration policies, the estimation
error can be bounded with high probability.

Lemma 8. (MLE guarantee). Given § € (0,1), we have the following inequality holds for any
n, h > 2 with probability at least 1 — §/2:

log (2|®||¥|nH/d
S B [iman Snte whereg, = SCAYRI)
0 sp_1~(P*,mr) n
= (ap—_1.ap)~U(A)

sp~P*(lsp_1,ap-1)

In addition, for h = 1,

n—1
> E [f(s1,01)%] <k

= ai U (A)

Divide both sides of the result of lemma Lemma [§ by n, and define II,, = U(7y,...,7Tp—1), We
have the following corollary which will be intensively used in the analysis.

Corollary 2. Given ¢ € (0, 1), the following inequality holds for any n, h > 2 with probability at
least1 —6/2:

E [f7 (s an)?] < Ca-

sp_1~(P*,In)
ap_1,ap~U(A)
sp~P*(lsp—1,ap-1)

In addition, for h = 1,
[f1(s1,01)°] < .

E
a1 ~U(A)
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The following lemma (Dann et al) 2017) will be useful to measure the difference between
two value functions under two MDPs and reward functions. We define P,Vj,41(sn,an) =
Egp, (-|sn,an) [V (8)] for shorthand.

Lemma 9. (Simulation lemma). Suppose Py and P»> are two MDPs and r1, 5 are the corresponding
reward functions. Given a policy m, we have,

Vhﬂzpl,’l‘l (Sh) - V}:PQ,TQ (Sh)

H

= Z I(EP . [71(snrsan) = ro(spr,an) + (Prw — Pon )Vii iy py o (Snrs ans)|sn]
h=h P

H

= Z IEEP ) [71(shrsan) = ro(sprsan) + (Prw — Pan )Vii g1 py o (Shs ans)|sn] -
hi=h "o kT

The following lemma is a standard inequality in regret analysis for linear models in reinforcement

learning (see Lemma G.2 in|Agarwal et al.| (2020) and Lemma 10 in|Uehara et al.| (2021)).

Lemma 10. (Elliptical potential lemma). Consider a sequence of d x d positive semidefinite matrices
X1,..., XN withtr(X,,) <1 foralln € [N]. Define My = \oI and M,, = M,,_1 + X,,. Then

N

N
E tr (XnM;_ll) < 2logdet(Mpy) — 2log det(My) < 2dlog (1 + d)\> .
n=1 0

If we choose any subset of the set { X,, M ' }N_  we can still get a sublinear summation as follows.
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