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ABSTRACT

Recently, invariant risk minimization (IRM) was proposed as a promising solu-
tion to address out-of-distribution (OOD) generalization. However, it is unclear
when IRM should be preferred over the widely-employed empirical risk mini-
mization (ERM) framework. In this work, we analyze both these frameworks
from the perspective of sample complexity, thus taking a firm step towards an-
swering this important question. We find that depending on the type of data gen-
eration mechanism, the two approaches might have very different finite sample
and asymptotic behavior. For example, in the covariate shift setting we see that
the two approaches not only arrive at the same asymptotic solution, but also have
similar finite sample behavior with no clear winner. For other distribution shifts
such as those involving confounders or anti-causal variables, however, the two ap-
proaches arrive at different asymptotic solutions where IRM is guaranteed to be
close to the desired OOD solutions in the finite sample regime for polynomial gen-
erative models, while ERM is biased even asymptotically. We further investigate
how different factors — the number of environments, complexity of the model,
and IRM penalty weight — impact the sample complexity of IRM in relation to
its distance from the OOD solutions.

1 INTRODUCTION

A recent study shows that models trained to detect COVID-19 from chest radiographs rely on spuri-
ous factors such as the source of the data rather than the lung pathology (DeGrave et al.,[2020). This
is just one of many alarming examples of spurious correlations failing to hold outside a specific train-
ing distribution. In one commonly cited example, Beery et al.|(2018) trained a convolutional neural
network (CNN) to classify camels from cows. In the training data, most pictures of the cows had
green pastures, while most pictures of camels were in the desert. The CNN picked up the spurious
correlation and associated green pastures with cows thus failing to classify cows on beaches.

Recently, |Arjovsky et al.| (2019) proposed a framework called invariant risk minimization (IRM)
to address the problem of models inheriting spurious correlations. They showed that when data is
gathered from multiple environments, one can learn to exploit invariant causal relationships, rather
than relying on varying spurious relationships, thus learning robust predictors. More recent work
suggests that empirical risk minimization (ERM) is still state-of-the-art on many problems requiring
OOD generalization (Gulrajani & Lopez-Paz, 2020). This gives rise to a fundamental question:
when is IRM better than ERM (and vice versa)? In this work, we seek to answer this question
through a systematic comparison of the sample complexity of the two approaches under different
types of train and test distributional mismatches.

The distribution shifts (P*"(X,Y’) # P**(X,Y)) that we consider informally stated satisfy an in-
variance condition — there exists a representation ®* of the covariates such that P'"(Y|®* (X)) =
Pt (Y |0*(X)) = P(Y|®*(X)). A special case of this occurs when ®* is identity — P*" (X)) #
Ptest(X) but P2 (Y| X) = P*' (Y| X) — such a shift is known as a covariate-shift (Gretton et al.,
2009). In many other settings ®* may not be identity (denoted as I), examples include settings
with confounders or anti-causal variables (Pearl, [2009) where covariates appear spuriously corre-
lated with the label and P (Y| X) # P*s'(Y'|X). We use causal Bayesian networks to illustrate
these shifts in Figure |1l Suppose X¢ = [X¢, X§] represents the image, where X¢ is the shape of
the animal and X3 is the background color, Y ¢ is the label of the animal, and e is the index of the
environment/domain. In Figure[th) X§ is independent of (Y¢, X¥), it represents the covariate shift
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case (®* = I). In Figure [Ib) X§ is spuriously correlated with Y¢ through the confounder £¢. In
Figure [Tk) X§ is spuriously correlated with Y© as it is anti-causally related to Y. In both Figure
[Ip) and ¢) ®* # I; ®* is a block diagonal matrix that selects X7 .

Our setup assumes we are given data from multiple training environments satisfying the invariance
condition, i.e., P(Y|®*(X)) is the same across all of them. Ideally, we want to learn and predict
using E[Y|®*(X)]; this predictor has a desirable OOD behavior as we show later where we prove
min-max optimality with respect to (w.r.t.) unseen test distributions satisfying the invariance condi-
tion. Our goal is to analyze and compare ERM and IRM’s ability to learn E[Y |®*(X)] from finite
training data acquired from a fixed number of training environments. Our analysis has two parts.
1) Covariate shift case (¢* =

): ERM and IRM achieve

the same asymptotic solution e @ e @ e @
E[Y|X]. We prove (Proposi-
tion ) that the sample complex-
ity for both the methods is sim- @ @ @ @ @ °

ilar thus there is no clear win-

. . a) Environment for b) Environment for confounder-  ¢) Environment for
ner between the two in the finite covariate shift: No clear winner o anit TN i Ei-oasal st IRM wins
Sample regime For the Setup in (Proposition 4) (Proposition 5 and 6) (Proposition 5 and 6)

Figure [Th), both ERM and IRM

learn a model that only uses X¢. Figure 1: Causal Bayesian networks for different distribution shifts.

2) Confounder/Anti-causal variable case (®* # |): We consider a family of structural equation
models (linear and polynomial) that may contain confounders and/or anti-causal variables. For
the class of models we consider, the asymptotic solution of ERM is biased and not equal to the
desired E[Y'|®*(X)]. We prove that IRM can learn a solutlon that is within O(4/€) distance from
E[Y'|®*(X)] with a sample complexity that increases as O(Z ) and increases polynomially in the
complexity of the model class (Proposition [5] [6]; € (defined later) is the slack in IRM constraints.
For the setup in Figure [Ip) and c), IRM gets close to only using X{, while ERM even with infinite
data (Proposition 17 in the supplement) continues to use X5. We summarize the results in Table

Arjovsky et al.[(2019) proposed the colored MNIST (CMNIST) dataset; comparisons on it showed
how ERM-based models exploit spurious factors (background color). The CMNIST dataset relied on
anti-causal variables. Many supervised learning datasets may not contain anti-causal variables (e.g.
human labeled images). Therefore, we propose and analyze three new variants of CMNIST in ad-
dition to the original one that map to different real-world settings: i) covariate shift based CMNIST
(CS-CMNIST): relies on selection bias to induce spurious correlations, ii) confounded CMNIST
(CF-CMNIST): relies on confounders to induce spurious correlations, iii) anti-causal CMNIST (AC-
CMNIST): this is the original CMNIST proposed by |Arjovsky et al.|(2019)), and iv) anti-causal and
confounded (hybrid) CMNIST (HB-CMNIST): relies on confounders and anti-causal variables to
induce spurious correlations. On the latter three datasets, which belong to the ®* = | class de-
scribed above, IRM has a much better OOD behavior than ERM, which performs poorly regardless
of the data size. However, IRM and ERM have a similar performance on CS-CMNIST with no clear
winner. These results are consistent with our theory and are also validated in regression experiments.

2 RELATED WORKS

IRM based works. Following the original work IRM from |Arjovsky et al.[(2019)), there have been
several interesting works — (Teney et al., |2020; Krueger et al., [2020; |Ahuja et al., |2020; |Chang
et al., 2020; Mahajan et al., [2020) is an incomplete representative list — that build new methods
inpired from IRM to address the OOD generalization problem. |Arjovsky et al.|(2019) prove OOD
guarantees for linear models with access to infinite data from finite environments. We generalize
these results in several ways. We provide a first finite sample analysis of IRM. We characterize
the impact of hypothesis class complexity, number of environments, weight of IRM penalty on the
sample complexity and its distance from the OOD solution for linear and polynomial models.

Theory of domain generalization and domain adaption. Following the seminal works (Ben-
David et al.|[2007; 2010)), there have been many interesting works — (Muandet et al., 2013} |Ajakan
et al.l [2014; [Zhao et al., 2019; |Albuquerque et al., |2019; [Li et al.l 2017} |Piratla et al., [2020; Mat-
suura & Haradal 2020; Deng et al., [2020; |David et al., 2010; [Pagnoni et al.,|2018)) is an incomplete
representative list (see Redko et al.| (2019) for further references) — that build the theory of do-
main adaptation and generalization and construct new methods based on it. While many of these
works develop bounds on loss over the target domain using train data and unlabeled target data,
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Table 1: Summary of (empirical) IRM vs. ERM for finite hypothesis class Hs. €: slack in IRM con-
straints, v: approximation w.r.t optimal risk, J: failure probability, &, set of training environments,
n: data dimension, p: degree of the generative polynomial, L, L’: bound on loss & its gradients.

I Assumptions | Method | Sample complexity | O0OD |
Covariate shift case: ERM SVL; log (@) Yes
oot RM | max {35 Jog (4221), 56 bog (3)} | Ves

Confounder/Anti-causal variable ERM 81%2 log (2‘7:;‘1" ) No
case: B [Ye\fl>*(Xe)] is invariant, B -
el = 00 Proposiion GG | M s s (55%)

some (Ben-David & Urner, |2012; [David et al., 2010; [Pagnoni et al.| 2018)) analyze the finite sample
(PAC) guarantees for domain adaptation under covariate shifts. These works (Ben-David & Urner,
2012; David et al.l [2010; Pagnoni et al. [2018) access unlabeled data from a target domain, which
we do not. Instead, we have data from multiple training domains (as in domain generalization).
In these works, the guarantees are w.r.t. a specific target domain, while we provide (for linear and
polynomial models) worst-case guarantees w.r.t. all the unseen domains satisfying the invariance
condition. Also, we consider a larger family of distribution shifts including covariate shifts. The
above two categories are not exhaustive — e.g., there are some recent works that characterize how
some inductive biases favor extrapolation|Xu et al.|(2021)) and can be better for OOD generalization.

3 SAMPLE COMPLEXITY OF INVARIANT RISK MINIMIZATION
3.1 INVARIANT RISK MINIMIZATION

We start with some background on IRM (Arjovsky et al.,[2019). Consider a dataset D = { D} ¢, ,
which is a collection of datasets D¢ = {(xf,y¢,e)};c, } obtained from a set of training environ-
ments &, where e is the index of the environment, i is the index of the data point in the en-
vironment, n. is the number of points from environment, z{ € X C R"™ is the feature value
and y§ € Y C R is the corresponding label. Define a probability distribution {7¢}.cg,,., 7° is
the probability that a training data point is from environment e. Define a probability distribution
of points conditional on environment e as P¢, (X¢,Y¢) ~ P°. Define the joint distribution P,
(Xe,Y¢ e) ~P,dP(X¢,Y¢ e) =ndP(X¢, Y¢). D is acollection of i.i.d. samples from P. De-
fine a predictor f : X — R and the space F of all the possible maps from X — R. Define the risk
achieved by f in environment e as R°(f) = E¢[¢(f(X®),Y )], where £ is the loss, f(X°) is the
predicted value, Y ° is the corresponding label and [E€ is the expectation conditional on environment
e. The overall expected risk across the training environments is RB(f) = >_ ., 7 R°(f). We are
interested in two settings: regression (square loss) and binary-classification (cross-entropy loss). In
the main body, our focus is regression (square loss) and we mention wherever the results extend to
binary-classification (cross-entropy). We discuss these extensions in the supplement.

OOD generalization problem. We want to construct a predictor f that performs well across many
unseen environments £y, where E,; O & For o € E,;;\E, the distribution P° can be very
different from the train environments. Next we state the OOD problem.

i R 1
e, ) v

The above problem is very challenging to solve since we only have access to data from training
environments &, but are required to find the robust solution over all environments £,;;. Next, we
make assumptions on £y;; and characterize the optimal solution to equation|[T]

Assumption 1. Invariance condition. There exists a representation ®* that transforms X°€ to
Z¢ = ®*(X°®) andVe,0 € Eyy,Vz € *(X) satisfies E°[Y¢|Z¢ = z] = E°[Y°|Z° = z]. Also,
Ve € Ea, V2 € ®*(X), Var®[Y¢|Z¢ = 2] = &2, where Var® is the conditional variance.

The above assumption is inspired from causality (Pearl,[2009). ®* acts as the causal feature extractor
and from the definition of causal features, it follows that E°[Y¢|Z¢ = z]| does not vary across
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environments. When a human labels a cow she uses ®* to extract causal features from the pixels to
identify cow while ignoring the background. The first part of the above assumption encompasses a
large class of distribution shifts including standard covariate shifts (Gretton et al.,|2009). Covariate
shift assumes Ve, o0 € £y, Vo € X, P(Y¢| X = z) and P(Y°|X° = x) are equal thus implying
E¢[Y¢|X¢ = 2] = E°[Y°|X° = z]. Therefore, for covariate shifts, * is identity in Assumption[i]
A simple instance illustrating Assumptionwith ®* = liswhen Y® < g(X®)+¢°, where E¢[¢°] =
0,E°[(c%)?] = 02, ¢° L X¢. Using Assumption|I} we define the invariant map m : ®*(X) — R as
follows

Vz € ®*(X), m(z) = E°[Y°|Z¢ = 2|, where Z¢ = ®*(X°) (2)
Assumption 2. Existence of an environment where the invariant representation is sufficient. 3
an environment e € Eqy such that Y 1 X¢|Z°¢

Assumption 2]states there exists an environment where the information that X' has about Y ¢ is also
contained in Z¢. Define a composition m o ®*,Vax € X', m o ®*(x) = E¢[Y*¢|Z¢ = ®*(z)].
Proposition 1. If ¢ is the square loss, and Assumptions |I|and [2| hold, then m o ®* solves the OOD
problem (equation([I).

The proofs of all the propositions are in the supplement. A similar result holds for the cross-entropy
loss (discussion in supplement). For the rest of the paper, we focus on learning m o ®* as it solves
the OOD problem. For covariate shifts ®* = |, m(x) = E°[Y¢|X® = z] is the OOD solution. In
Arjovsky et al.| (2019), a proof connecting m o ®* and OOD was not stated. Recently, in [Koyama
& Yamaguchi| (2020), a result similar to Proposition E] was shown but with a few differences. The
authors assume conditional probabilities are invariant unlike our assumption that only requires con-
ditional expectations and variances to be invariant. However, their result applies to more losses.
m o ®* is the target we want to learn. |Arjovsky et al.|(2019) proposed IRM since standard min-max
optimization over the training environments &;, and ERM fail to learn m o ®* in many cases. The
authors in |Arjovsky et al.|(2019)) identify a crucial property of m o ®* and use it to define an object
called invariant predictor that we define next.

Invariant predictor and IRM optimization. Define a representation map ® : X — Z from feature
space to representation space Z C RY. Define a classifier map, w : Z — R from representation
space to real values. Define Hq and H,, as the spaces of representations and classifiers respectively.
A data representation P elicits an invariant predictor w o ® across environments e € &, if there
is a classifier w that achieves the minimum risk simultaneously for all the environments, i.e., Ve €
Eiryw € argmingey,, R°(w o @). Observe that if we we transform the data with representation
®* then m will achieve the minimum risk simultaneously in all the environments. If ®* € Hg and
m € H,, then m o ®* is an invariant predictor. IRM selects the invariant predictor with least sum
risk across environments (results presented later can be adapted if invariant predictor was selected
based on the worst-case risk over the environments as well) as follows:

sy, R(wo®)= eezg: TR (w o @) 5

s.t. w € arg min R°(w o @), Ve € &,
WEH w

From the above discussion we know m o ®* is a feasible solution to equation [3} It is also the ideal
solution we want IRM to find since it solves equation[I} Later in Propositions 4] [5] and[6] we show
that IRM actually solves equation equation [I] For the setups in Proposition [5] and [6] conventional
ERM based approaches fail thus justifying the need for above formulation.

3.2 SAMPLE COMPLEXITY OF GRADIENT CONSTRAINT FORMULATION OF IRM

In/Arjovsky et al|(2019), a gradient constrained alternate (derived below in equationd) to equation 3|
was proposed, which focuses on linear and scalar classifiers (Z = R, ® : X - R, H,, = R). In
this case, the composite predictor w o ® is a multiplication of w and & written as w - . (For binary-
classification predictor’s output w-®(x) represents logits.) From the definition of invariant predictors
and H,, = R it follows that if Voo € R, R%(1- ®) < R*(w - ®), then P is an invariant predictor.
For square and cross-entropy losses, R¢(w - ®) is convex in w. Therefore, a gradient constraint
|Vwjw=1.0R(w-®)| = 0is equivalent to the condition that Vi € R, R°(1-®) < R*(w-®), which
implies @ is an invariant predictor. Recall that IRM aims is to search among invariant predictors and
find one that minimizes the risk. We state this as a gradient constrained optimization as follows
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min R(®P)
PeHas 4)

st || Vijwz1.0R (w - ®)|| = 0, Ve € &,

We propose an e approximation of the above with € slack in the constraint. Define R,(<I>) =
Sece,, T Vijwe1.0R (w - ®)[|? and a set SV(e) = {® | R (®) < ¢,® € Hq}. Note that R’ is
very similar to the penalty defined in|Arjovsky et al (2019). The e approximation of equation []is

min R(®P) 4)

DSV (¢)
If ¢ = 0, then equation [4] and equation [5] are equivalent. In all the optimizations so far, the ex-
pectations are computed w.r.t. the distributions P¢, which are unknown. Therefore, we develop an

emplrlcal version of equatlonE]below (in equatlon@ and call it empirical IRM (EIRM). We replace
Rand R’ with empirical estimators R and R respectlvely For R we use a simple plugin estimator
(sample mean of loss across all the samples in D). For R’ we construct a new estimator that enables
the use of standard concentration inequalities. Define a set SV (e) = {® | R (®) < ¢, ® € Hg}.
min R(®) (6)
PeSV(e)

If we replaced S V(€) with Hg in equation @ then we get the standard ERM. ERM aims to solve
mingey,, R(P). The sample complexity analysis of ERM aims to understand the distance between
the empirical solutions and the expected solutions as a function of the number of samples. Similarly,
we seek to understand the relationship between solutions of equation [6]and equation 3]

Assumption 3. Bounded loss and bounded gradient of the loss. 3 L < oo, L' < oo such that
VO € Ho, Vo € X,Vy € Y, [U(@(x),y)| < L, |FRED|, o[ < L.

If every ® in the hypothesis class Hg is bounded by M and the label space ) is bounded, then
for both square and cross—entropy loss, £(®(-),-) and M| 1.0 are bounded. Define k =
Mminge, \R'( ) x measures how close any penalty can get to the boundary €. & quantlﬁes

how good the finite sample approximation R need to be in order to get S (¢) = S (¢). Define v
to quantify the approximation w.r.t. optimal risk.

Proposition 2. Foreveryv > 0,e > 0and 6 € (0,1), if He is a finite hypothesis class, Assumption
holds, k > 0, and if the number of samples |D)| is greater than max { 16{‘/4 g} log (%),

2 9 2
then with a probability at least 1 — §, every solution ® to EIRM (equation@ is a v approximation
of IRM, i.e. ® € SV (€), R(®*) < R(®) < R(®*) + v, where ®* is a solution to IRM (equation

Proof Sketch. The standard analysis in learning theory on ERM or regularized/constrained ERM
typically relies on linearly separable loss functions. In such cases, we can use standard plug-
in estimators and analyze their behavior using concentration inequalities. In our setting, R is
a weighted sum of squares of expectation and thus it is not linearly separable. We develop a
new way of expressing R’ that allows us to make it linearly separable. Next, in order to ensure
R(®*) < R(®) < R(®*) + v we first need to guarantee that the set of invariant predictors is ex-

actly recovered, i.e., S' (¢) = S (¢) (exact recovery is typically not required in existing constrained
analysis such as|Woodworth et al.[(2017)) |Agarwal et al. (2018)). We show that if the number of sam-

ples grow as »%2 even the closest points on either side of the boundary of the set S' (¢) are correctly

discriminated, which guarantees exact recovery of S' (€). Once the exact set is recovered, beyond
this we use standard learning theory tools to ensure R(®*) < R(®) < R(P*) + v.

The above result holds for both square and cross-entropy loss. For ease of exposition, we use the
standard setting of finite hypothesis class and extend all the results to infinite hypothesis classes
in the supplement (summary of insights from the extension are in Section [3.3.7). Next, we state a
standard result on ERM’s sample complexity. Define a ®T such that ®+ € arg mingeqy, R(P)

Proposition 3. (Shalev-Shwartz & Ben-David, 2014) For every v > 0 and § € (0,1), if Ho is
a finite hypothesis class, Assumption |3| holds, and if the number of samples |D| is greater than
8L2 log (2‘?{‘1") then with a probability at least 1 — 6, every solution ®' to ERM is an v approxi-

mation of expected risk minimization, i.e., R(®1) < R(®1) < R(®) + v.
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Proposmonlvs ISmce K < ¢, the sample complexity of EIRM grows at least as O (max{ - = 1/2 ).
Let us look at the two terms inside max- 1) -1 erowth term is similar to ERM, it ensures v approx-

imate optlmahty in the overall risk R, 11) growth ensures the IRM penalty R’ is less than e. A
direct comparison of sample complexities i in Proposmonsg]andE] suggests that the sample complex-
ity of EIRM is higher than ERM, which is not the complete picture. The two approaches may not
converge to the same solutions and IRM may converge to a solution with better OOD behavior than
one achieved by ERM. Therefore, a fair comparison is only possible when we also study the OOD
properties of the solutions achieved by the two approaches, which is the subject of the next section.

3.3 OOD PERFORMANCE: ERM vs. IRM

We divide the comparisons based on distributional shift assumptions that decide whether ERM and
IRM arrive at the same asymptotic solutions or not.

3.3.1 COVARIATE SHIFT

Assumption 4. Invariance w.r.t. all the features. Ve,o € &, and Vx € X, E[Y¢|X® = z] =
E[Y°|X° = z]. Ve € Eun, X ~ P%. and the support of P%. is equal to X.

As stated earlier, the first part of the above assumption follows from standard covariate shift assump-
tions (Gretton et al| 2009) and is a special case of the first part of the Assumption [T| with ®* set
to . If ®* = 1, then m (equation [2), which simplifies to m(z) = E[Y¢|X¢ = z], solves the OOD
problem equation[I] A generative model that satisfies the above Assumption []is given as

Y€ g(X¢) +¢° Ele?] =0, ¢ L X, E[(¢%)?] = o2 (7)
In the above model X € is the cause, Y ¢ is the effect, and g a general non-linear function (it satisfies
Assumption [d] with m = g). Next, we compare ERM and IRM’s ability to learn m under covariate
shifts. In Figure[l|a), we show Define & = ming, a,e,,4, £, | R(P1) — R(P2)], which measures
the minimum separation between the risks of any two distinct hypothesis in Hg.
Proposition 4. Let ¢ be the square loss. For every v > 0,¢ > 0and § € (0,1), if He is a finite
hypothesis class, m € He, Assumptions 3| d| hold, and

e if the number of samples |D| is greater than max { %4 8L> log(4mq") 16L/4 log(2)}, then with a
probability at least 1 — 6, every solution ® to EIRM (equanon@) satisfies R( ) < R(®) < R(m)+
v. Ifalso v < K, then ® = m.

o if the number of samples | D| is greater than 2L log( QIH o ), then with a probability at least 1 — 4,

every solution ®1 to ERM satisfies R(m) < R(@T) < R( )+ v. Ifalso v < F, then ®1 =m

Implications of Proposition [d, ERM and EIRM both asymptotically achieve the ideal OOD solu-
tion; the above proposition helps compare them in a finite sample regime. The second term inside

the max for EIRM, 1654 1og( ), does not depend on the size of the hypothesis class. Hence, for

(4\7-[<1>|)

large hypothesis classes, the sample complexity of EIRM equals = SL log Consequently, the

sample complexity of EIRM and ERM differs by a constant =5~ SL log( ). Thus we conclude, for large
hypothesis classes, both ERM and EIRM have s1m11ar sample complexity. Next we contrast the
sample complexity of EIRM in Proposmonl (9 , to Proposition I O(max{ 2 = u2 ); the addi-

tional covariate shift assumption in Proposition I helps get to a lower sample complexity of O( 5 ).
In Proposition[4}, we assumed square loss, but a similar result extends to cross-entropy loss as well.

3.3.2 DISTRIBUTIONAL SHIFT WITH CONFOUNDERS AND (OR) ANTI-CAUSAL VARIABLES

In this section, we consider more general models than equation [/, which only contained cause X ¢
and effect Y°. We also allow confounders and anti-causal variables. However, we restrict g to
polynomials. We start with linear models from |Arjovsky et al.[(2019).

Assumption 5.
e ~ Categorical({7°}oes,, ), Yo € &, m° >0
Y€ T (Z8) +e°, ¢ L Z¢, Ble®] = 0, E[(¢°)?] = 02, |e°] < P 3)
X¢ « S(Zy,75)
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We assume that Z component of S is invertible, i.e. 3 S such that S(S(Z1, Z2)) = Z1, and y # 0.
Ve € &, € > ‘” 7> 0. Define ¥¢ = E[X¢X*T]. Ve € &, ¢ is positive definite. The support

of distribution of Z° = (Z5,Z5), P%e, i
singular value of S), is also bounded.

(S) (maximum

In the above model, Z7 is the cause of X© and Y° but may not be directly observed. Z5 may
be arbitrarily correlated with Z¢ and €°. We observe a scrambled transformation of (Z§, Z5) in
Xe. If Z5 is an effect of Y¢ (Z5 < Y© 4 N¢), then Z3 is an anti-causal variable. If ¢ causes
both ¢ (¢ < H® + N°¢) and Z§ (Z5 <+ H®¢ + N°¢), then H€ is a confounder. In both these
cases, Z5 is spuriously correlated with the label Y. Consequently, the standard ERM based models

estimate Z5 from X° and end up being biased w.r.t the desired OOD model, which does not use
predict

Z5. It Assumptions |5} |2/ hold, then a linear model STy (xe X525 4TS Xe = T Z¢) solves the
OOD problem in equatlon E] (@ =S, m= ~T in Proposition EI) and it relies only on Z7. In the
supplement (Proposition 17), we prove that ERM based models do not recover ST

Assumption 6. Linear general position. A set of training environments &y, is said to lie in a linear
general position of degree r for some r € Nif || > n — r 4+ n/r and for all non-zero x € R™

dim (span{]Ee[XeXe’T}x —E° [Xeee]} ) >n—r )

e€&r

where span is the linear span, dim is the dimension, and recall n is dimension of X €. This assump-
tion checks for diversity in the environments and holds almost everywhere (Arjovsky et al.| | 2019).

Assumption 7. Inductive bias. Hs is a finite set of linear models parametrized by ® € R™ ( output
BTX). STy eHe. Fw>0,0> 0,5 VP € He, w < |2 < Q& 2w < ||STH|? < 3+2f§2

Informally stated, the above assumption requires the OOD optimal predictor STy to lie in the
interior of the search space and not on the boundary. If Assumptions E], hold then Assump-

tion [3| holds. Hence, we can use the bounds L and L’ on ¢ and ‘%(“’ e( —1.0 respectively
in our next result. Define the minimum eigenvalue across all X¢ as )\m,n = mmeeg” Amin(Ze)s

(24— §6f) @T T \/ Szli’(nl Next, we analyze how EIRM learns S’ T

Proposition 5. Let { be the square loss. For every € € (0,¢ew) and 6 € (0, 1) if Assumptlons@ 6]
(withr = 1), Elhold and if the number of data points | D| is greater than 16L log (2‘7{‘I ‘ ) then with

a probability at least 1 — 0, every solution & 10 EIRM (equanon@) satlsﬁes P = (ST )a, where
€ [1+Tﬁ’ 1—7'\/E]'

(WAmin)? and 7 =

€th =

Proof Sketch. In learning theory it is common to analyze the concentration of empirical risks
around the expected risks. In our case, we have a target ideal solution to equation (S'T'y) and
we want our empirical solutions to concentrate around that. A direct finite sample approximation
of equation [ is hard to analyze. Therefore, we introduce an intermediate problem in equation [3]
and then develop a finite sample approximation of it in equation [6] We first show that solving
equation [5] leads to solutions in the neighborhood of the target. To show this we use the linear
general position assumption. Next, we connect equation [ and equation [5| using our new estimator
for R and Hoeffding’s inequality.

Implications of Proposition[5} 1. Convergence rate of ERM vs. EIRM: Recall that ¢ is the slack
on IRM penalty R . Ifeis sufficiently small and the data grows as O(E%), every solution ® to EIRM
(equation@) is in /€ radius of the OOD solution, i.e., |® — STv|| = O(y/€). We contrast these rates
to ones in the covariate shift setting (Section[3.3.1). Let E[Y | X© = ] = ¥ . If the data grows as
O(5), then both ERM and EIRM solution converge to ¥ as |® — ¥ = O(v/7) (from Proposition
4. This shows that EIRM works in more settings (Proposition[d] [5) than ERM while matching the
convergence rate of ERM.

2. Sample complexity grows polynomially in data dimension to ensure OOD generalization:

Next, we set € = puegy with g1 € [0, 1), and |&;,| = 2n (satisfies Assumption[6|for 7 = 1). A simple
manipulation of terms in Proposition [5]shows that sample complexity with quadratic growth in data

dimension n, (’)(Z—Z log (%)), ensures ® = (S‘Tv)a with o € |

1 1
VRVET) VAV D
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3. Comparlson with Proposition 2} Lastly, we contrast sample complexity of EIRM in Propo-
s1t10r1 I O(=%), to Proposition l (’) max{ ) o7 L 1); the additional distributional assumptions in

Proposition help arrive at a lower sample complexity of O(E%) The bound in Proposition
O(max{%, 7z }), is larger than the one in Proposition 4| O(7;), and Proposition S O(Z%), but is
more general as it is agnostic to the distributional assumptions.

A simple illustration summarizing Propositions d} [5; Set S to identity in Assumption[5] Recall
Z$ and Z§ from Assumption[5] Since S is identity X © can be written as [X§{, X§], where X{ = Z§{
and X§ = Z§. If X§ L €°, then E[Y | X €] is invariant and Assumption |4|holds. This corresponds
to the setup in Figure[Th). We can now use Proposition[dand deduce that ERM and IRM have same
sample complexity and end up learning the ideal model that only uses the causal features X7. If
X5 < £° 4 N°¢, then this corresponds to the setup Figure[Ip), X7 is the cause and X is spuriously
correlated with label Y© through the confounder €°. If X§ < Y¢ 4+ N¢, then this corresponds to the
setup in Figure[Tk), X{ is the cause and X7 is anti-causally related to the label Y. In both these
cases, the ideal OOD solution that solves equat10nE]w1ll only exploit X{ ito make predictions. From
Propositions |5} it follows that IRM when fed with (’)( =) samples, it is in /€ radius of the target
OOD solution, while ERM is asymptotically biased and exploits X5 (Proposition 17).

We define a polynom1al version of the model in Assumption [5} We only need to change Y¢ <«

Y(Z5) + €° to Y « ', (Z§) + % (, is a polynomial feature map of degree p defined as
Q . R — R® , where ¢ is the dimension of the input Zf, (,(W) = (W,W @ W,...,(W ®
W..ptimes ® W)) = ((W®)?_ ) and @ is the Kronecker product. Also, ¢ = Y7 ¢ Can
we directly use the analysis from the linear case by transforming X ¢ appropriately? No, we first
need to find an appropriate transformation for the scrambling matrix .S that satisfies the conditions
(invertibiltiy) in Assumption [5 while maintaining a linear relationship between transformations of
X¢and Z°. We present the main result informally below (details are in the supplement).
Proposition 6. (Informal statement) For sufficiently small € and § € (0, 1), if Assumptions similar to
Propositionhold and |D| > 16L/4 log( 2|Hf’l ), then with a probability at least 1 — 6, every solution
& to EIRM ( equation sansﬁes P = ST (), where ST is the OOD optimal model (defined in
the supplement), o € 1+i\/’ - T\[]

Insights from the polynomial case and infinite hypothesis case. In the polynomial case, we
adapt the linear general position Assumption @ the number of environments |&;,.| are now required
to grow as O(nP). As a result, in the sample complexity analysis we discussed, we replace n

with n? to obtain that a sample complexity of (’)( log <2l7§¢l)) ensures & = STy(a) with
a €|

Ty ﬂq)’ T \/57 1)]. In the infinite hypothesis case, the main change in the results is

that we replace |Hq| with an appropriate model complexity metric (Shalev-Shwartz & Ben-David,
log (%)) ensures ® = (STy)a with

2014)). Consider Propos1t1on a sample complexity of (’)(
] in contrast to O( log (2”{4" )) in the finite hypothesis case. We

w2

o € [T vy Ty
showed the benefits of IRM for polynomial models and other extensions (non-linear .S) are future
work. In the supplement, we provide a dialogue explaining how our work fits in the big picture.

4 EXPERIMENTS

In this section, we discuss classification experiments (regression experiments with similar qualitative
findings are in the supplement). We introduce three new variants of the colored MNIST (CMNIST)
dataset in (Arjovsky et al.|[2019). We divide the training data in MNIST digits into two environments
(e = 1,2) equally and the testing data in MNIST digits is assigned to another environment (e = 3).
X+ gray scale image of the digit, Y 7: label of the gray scale digit (digits > 5 have Y* = 1 and digits
< b5 have Y? = 0). X°: final colored image and Y °: final label are generated as follows. Define
Bernoulli variables G, N, N°€ that take a value 1 with probability €, 8 and 8¢ and O otherwise.
Define a color variable C¢, where C°¢ = 0 is red and C® = 1 is green. Let & denotes xor operation.

Y, < L(X{),L : Human labeling,
Y© < L(X;) ® N, Corrupt the original labels with noise

C°«+— GY°@® N +(1-G)(N @ N°), Use G to select b/w anti-causal or confounded
X¢ <+ T(X,4,C°),T : transformation to color the image

(10)
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If the probability & = 1, then G = 1 and that gives us back the original CMNIST in (Arjovsky
et al., 2019), which we call anti-causal CMNIST (AC-CMNIST). If 8 = 0, then we get confounded
colored MNIST (CF-CMNIST). If 0 < 6 < 1, we get a hybrid dataset (HB-CMNIST). The above
model in equation has features of the model in Assumption , where X¢, C¢, L, T take the
role of Z¢, Z5, v, §. We set the noise N parameter 3 = 0.25, and the parameter for N¢ in
the three environments [, 32, 33] = [0.1,0.2,0.9]. Color is spuriously correlated with the label;
P(C¢ = 1|Y® = 1) varies drastically in the three environments ([0.9, 0.8, 0.1] for AC-CMNIST). In
the variants of CMNIST we discussed, P(Y¢|X ) varies across the environments. We now define
a covariate shift based CMNIST (CS-CMNIST) (P(Y¢|X€) is invariant). We use selection bias to
induce spurious correlations. Generate a color C'* uniformly at random. Select the pair (X¢, C°)
with probability 1 — ¢¢ if the label Y and C' are the same, else select them with a probability 1.
If the pair is selected, then color the image X < T'(X,, C¢) and Y© < Y°. Selection probability
)¢ for the three environments are [)!, 2, 13] = [0.1,0.2,0.9]. Due to the selection bias, color is
spuriously correlated, P(C¢ = 1|Y¢ = 1) varies drastically [0.9, 0.8, 0.1]. We provide the graphical
models for the CMNIST variants and computations of P(C¢|Y¢), P(Y¢|X¢) in the supplement.
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Figure 2: Comparisons: a) CS-CMNIST, b) CF-CMNIST, ¢) AC-CMNIST and d) HB-CMNIST.
4.1 RESULTS

We use the first two environments (e = 1, 2) to train and third environment (e = 3) to test. Other
details of the training (models, hyperparameters, etc.) are in the supplement. For each of the above
datasets, we run the experiments for different amounts of training data from 1000 to up to 60000
samples (10 trials for each data size). In Figure 2] we compare the models trained using IRM and
ERM in terms of the classification error on the test environment e = 3 (a poor performance indicates
model exploits the color) for varying number of train samples. We also provide the performance
of the ideal hypothetical optimal invariant model. Observe that except for in the covariate shift
setting where IRM and ERM are similar as seen in Figure[2h (as predicted from Proposition ), IRM
outperforms ERM in the remaining three datasets (as predicted from Proposition[5) as seen in Figure
[2b-d. We further validate this claim through the regression experiments provided in the supplement.
In CF-CMNIST, IRM achievs an error of 0.45, which is much better than error of ERM (0.7) but is
marginally better than a random guess. This suggests that confounder induced spurious correlations
are harder to mitigate and may need more samples than needed in anti-causal case (AC-CMNIST).

5 CONCLUSION

We presented a sample complexity analysis of IRM to answer the question: when is IRM better than
ERM (and vice-versa)? For distribution shifts such as the covariate shifts, we proved that both IRM
and ERM have similar sample complexity and arrive at the desired OOD solution asymptotically. For
distribution shifts involving confounders and (or) anti-causal variables and polynomial generative
models, we proved that IRM is guaranteed to achieve the desired OOD solution while ERM can be
asymptotically biased. We proposed new variants of original colored MNIST dataset from |Arjovsky
et al.| (2019), which are more comprehensive and better capture how spurious correlations occur in
reality. To the best of our knowledge, we believe this to be the first work that provides a rigorous
characterization of impact of factors such as model complexity, number of environments on the
sample complexity and its distance from the OOD solution in distribution shifts that go beyond
covariate shifts.
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7 SUPPLEMENT

7.1 DIALOGUE ON IRM CONTINUED

[In the original IRM paper by Arjovsky et al.|(2019), we left two graduate students ERIC and IRMA
strolling along the Parisian streets on a warm summer evening. A lot has transpired since then.
ERIC is now holed up inside his room at Cité Universitaire and IRMA has returned to her parents’
home in Provence. The two are talking through a Zoom call.]

e ERIC: After reading |Arjovsky et al.[(2019) and |Gulrajani & Lopez-Paz (2020), I was not
sure of how to understand the settings where IRM is beneficial over ERM and vice-versa?
From |Gulrajani & Lopez-Paz| (2020), I understood that ERM continues to be the state-of-
the-art if sufficient care is taken in performing model selection.
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IRMA: But after reading this manuscript I understand that there are settings where no matter
how one selects the model, ERM is bound to be at a disadvantage.

ERIC: What you say seems to contradict my understanding of |Gulrajani & Lopez-Paz
(2020).

IRMA: Actually, they ...

[IRMA’s audio and video freeze for a minute, leaving ERIC to ponder this conundrum for a little bit
on his own. IRMA stops her video and continues only with audio and the conversation is able to

resume.|

IRMA: Sorry, how much did you hear?

ERIC: You were just starting to explain why ERM can be at a disadvantage, but I didn’t
hear anything after that.

IRMA: Okay, let me start my explanation again. There is no contradiction. The current
manuscript says that in covariate shift settings, there maybe no clear winner. Many of
the datasets considered in |Gulrajani & Lopez-Paz| (2020) are perhaps similar to covariate
shift settings. Also, there could be another reason why IRM did not outperform ERM in
Gulrajani & Lopez-Paz (2020) and I will come to it in a bit.

ERIC: Yes, you are right! The datasets are human labeled images if I recall correctly. In
these datasets it’s safe to assume P(Y¢| X ¢) is close to invariant across domains (as long as
the cohort of humans in the different domains are not very different). What happens when
P(Y¢|X¢) varies a lot?

IRMA: Yes, when P(Y¢|X€) varies a lot, IRM can be at an advantage over ERM. In this
manuscript, I learned that when data generation involves confounders or anti-causal vari-
ables, it is possible to show that IRM methods converge to desirable OOD solutions with
good convergence rates.

ERIC: Interesting! I should read that. The experiment on colored MNIST by |Arjovsky
et al.| (2019) contained anti-causal variables right? Is that the reason why IRM performed
better than ERM?

IRMA: Yes, you are right. In the current manuscript, the authors also develop other variants
of colored MNIST (covariate shift based, confounder based, anti-causal based, and hybrid
of confounder and anti-causal). IRM retains its advantage on all but the first dataset. I liked
that IRM has advantage over ERM in confounded datasets as I believe many real datasets
can have confounders generating spurious correlations.

ERrRiC: Wow! These different variants of CMNIST sound exciting. Going back to the
covariate shift case, do you think that we can perhaps come up with a finer criterion to say
when IRM is better than ERM and vice-versa?

IRMA: Yes, actually I have been thinking about this problem and would be happy to share
my initial thoughts. Identifying a representation ®* that leads to invariant conditional dis-
tributions is crucial to the success of IRM. A subtle factor that is implicitly assumed is
representations obtained from multiple domains should overlap.

ERIC: Can you clarify what you mean by overlap?

IRMA: Sure! Consider the dataset from domain 1, say photographs of birds, and domain 2,
say sketches of birds. Imagine I have access to the oracle representation ®*. Now I pass the
data from domain 1 and 2 through ®* to get the representations. If these representations
from the two domains live in very different parts of the representation space, then we cannot
hope that IRM will offer any advantage. This is the other explanation, which I was going
to come to, why IRM did not outperform ERM in|Gulrajani & Lopez-Paz| (2020).

ERIC: How about when there is a complete overlap?

IRMA: Yes, if there is a strong or complete overlap in the representations from the two
domains, then it is possible that IRM can help. In fact I believe in such settings, if the
ERM models trained on the two domains disagree a lot, then that can be a strong indication
towards the models heavily exploiting spurious correlations. In such cases, I believe IRM
can again offer some advantage.

12
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e ERIC: I will try to put these ideas down on paper and meet you again for a discussion.

e IRMA: Great! I truly hope that it can be in person at the café in Palais-Royal where we first
started this conversation. So long for now!

[The students end their call.]

7.2 SUPPLEMENTARY MATERIALS FOR EXPERIMENTS

In this section, we cover the supplementary materials for the experiments. The code to reproduce
the results presented in this work can be found at https://github.com/IBM/OoDl

7.2.1 CLASSIFICATION

We first describe the model and other training details.

Choice of 74 and other training details We use the same architecture for both ERM and IRM.
We choose the architecture that was used in|Arjovsky et al.[(2019): 2 layer MLP. The first two layer
consists of 390 hidden nodes, and the output layer has two nodes (for the two classes). We use
ReLU activation in each layer, a regularization weight of 0.0011 is used for each layer. We use a
learning rate of 4.9e-4, batch size of 512 for both ERM and IRM. We use 1000 gradient steps for
IRM. As was done in the original IRM work (Arjovsky et al.| 2019), we use a threshold on steps
(190) after which a large penalty is imposed for violating the IRM constraint. We use the train
domain validation set procedure described in |Gulrajani & Lopez-Paz| (2020) to select the penalty
value from the set {le4, 3.3e4, 6.6e4, 1e5} (with 4:1 train-validation split). With the same learning
rate, we observed ERM was slower at learning than IRM. To ensure ERM always converges we set
the number of epochs to a very high value 100 (118 steps).

A. Covariate shift based for CMNIST
We provide the generative model for CS-CMNIST below.

Yy < L(Xg), C° < Uniform({0, 1})
Ue « Bernouni((ce Y )+ (1—(C°aYy))(1- we))) (11)
X T(X9,C)U° =1,V « YU =1

A.1. Compute P(C¢|Y?) and P(Y°| X°).

We compute P(C¢|Y®) and P(Y¢|X°) for the covariate shift based CMNIST described by equa-
tion|11} P(C*®|Y®) helps us understand how the spurious correlations vary across the environments.
P(Y¢| X ¢) helps us understand if the covariate shift condition is satisfied or not. Compute the prob-
ability P(C°|Y® = 1) = P(C°|Y; = 1,U°® = 1) as follows.
1 = P(C®=1,Y; =1U°=1)

)= P(Ce =1,Y¢ =1|Uc =1) +P(C* =0,Yg = 1|U¢ = 1)
_ PCe=1Yr=1U°=1) 71(1 )
YW P(Ce=a,Ye=bUc=1) 2 (12)
| RO =0yp=1U=h 1

YapP(Ce=aYg=bUc=1) 2

P(CC = 1|Yf = 1,U° = 1) = (1 — )

P(C® = 1|V =1,U° =

P(CC = 1,Yf =1|U° = 1)

P(C® =0,YF = 1|U° = 1)

From the above simplification we gather that P(C® = 1|Y® = 1) is 0.9, 0.8 and 0.1 in the three
environments. Define p; = P(Y,; = 1/X). In MNIST data it is reasonable to assume deterministic
labeling, i.e. p; = 1 or p; = 0. From the way the data is constructed we can assume that 7' is
invertible, i.e. from colored image X we can get back the grayscale image and the color X¢, C*.
We now move to computing P(Y“|X¢). We assume Y;* = 1 in the simplifcation below.
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Figure 3: Graphical model for CS-CMNIST

P(YS =1,C° =0,U° = 1|X) = P(Y} = 1|X5)P(C® = 0)P(U° = 1|Y¢ = 1,C° = 0)

= O'5pl1/}e

P(Yge =0,0°=0,U°= 1|X§) — ]p(yge — O‘X;)P(C'e = 0)P(U° = 1|Yge =1,C° =0)

=0.5(1 — p;)(1 — ve)

PV =11X°) =P(Yy = 11X5,0°=0,U°=1) = (13)
P(Yy =1,C°=0,U° = 1]X{)

P(Yy =1,0¢=0,U¢ = 1|X¢) + P(Y¢ =0,C¢ =0,U° = 1]X¢)

pﬂﬁa
P(Y¢ =1|X°) =
( X% 2pithe + 1 —pr — e

Observe that under standard assumption of deterministic labeling p; = 1, P(Y¢ = 1|X¢) remains
invariant and for high values of p; it is relatively stable across the environments.

A.2 Graphical model for covariate shift based CMNIST. In Figure |3} we provide the graphical
model for covariate shift based CMNIST described in equation

A.3. Results with numerical values and standard errors. In Table |2 we provide the numerical
values for the results showed in the Figure|2|a) along with the standard errors.

B. Colored MNIST with anti-causal variables (AC-CMNIST)

B.1. Compute P(C¢|Y¢) and P(Y¢|X¢). We first compute P(C°|Y¢). P(C® = 1|]Y° = 1) =
P(Ye® N°c=1Y®=1) =P(N¢ =0|Y°® = 1) = g° Therefore, P(C° = 1|Y°® = 1) is 0.9,0.8
and 0.1 in environments 1,2, and 3 respectively. Next, we compute P(Y¢[.X¢). We assume Y’ =1

in the simplfication below. We also assume deteministic labeling. In the simplfication that follows
we use 3 = 0.25.
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Method Number of samples Test error
ERM 1000 47.27 £ 0.72
IRM 1000 42.84 £0.94
ERM 5000 23.91£1.23
IRM 5000 28.85£5.21
ERM 10000 15.80 £ 0.63
IRM 10000 14.80 £ 0.30
ERM 30000 9.86 £ 0.32
IRM 30000 11.20 £ 0.64
ERM 60000 8.15 £ 0.37
IRM 60000 9.62 £ 0.67

Table 2: Comparison of ERM vs IRM: CS-CMNIST

P(Y® =1,0° = 0| X{)
P(Y® =1,0° = 0|X{)
)
) =

P(Y® = 1|V = 1)P(C° = 0]Y* = 1) = 0.755°

P(Y® =0,C° = 0| X¢

(

(

(
P(Y*=1,C°=0[X;) =P(Y° =0]Y; = 1)P(C° = 0]Y* = 0) = 0.25(1 — §°)

. e oo 3¢ (14)

P(Y®=1|X°) =P :l‘Xg’O :O):2ﬂe+l
P(Y¢ =1]|X°) = 0.25 (For environment 1)
P(Y* = 1|X*) = 0.428 (For environment 2)
P(Y® =1|X®) =0.964 (For environment 2)

B.2 Graphical model for anti-causal CMNIST In Figure ff] we provide the graphical model for
AC-CMNIST described in equation[I0](for G = 1).

B.3. Results with numerical values and standard errors. In Table [3] we provide the numerical
values for the results showed in the Figure[2|c) along with the standard errors.

C. Colored MNIST with confounded variables (CF-CMNIST)

C.1. Compute P(C°|Y¢) and P(Y¢|X¢). We start by computing P(C°|Y¢). Recall that C¢ =
(N @ N°). In the simplfication that follows we use § = 0.25.

P(N=0,Y°=1) - 0.75 % 0.5
P(N=0,Ye=1)+P(N=1,Ye=1) 0.75%0.5+0.25%0.5

=0.75
15)

P(N =0[Y®=1) =

We use the above to compute P(C® =0|Y*=1)=P(N =0,N°=0]Y*=1)+P(N =1,N°® =
11Ye=1)=(1-£%)0.754+0.258¢ = 0.75 — 0.53¢. For environment 1, 2, 3 the above probability
P(C® =0]Y°® =1)is 0.7, 0.65 and 0.30 respectively. Next, we compute the probability P(Y¢| X¢).
Suppose Y7 = 1 for the calculation below. We also assume deterministic labeling.
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Method Number of samples Test error
ERM 1000 78.04 £0.70
IRM 1000 77.12 +1.00
ERM 5000 75.23 £ 1.04
IRM 5000 74.89 £1.08
ERM 10000 74.68 +1.23
IRM 10000 60.42 £ 1.72
ERM 30000 69.87 £+ 0.39
IRM 30000 49.61 £ 2.57
ERM 60000 71.96 £ 0.55
IRM 60000 32.78 £2.70

Table 3: Comparison of ERM vs IRM: AC-CMNIST

P(Y*=1,C°=1]|Xy) =

P(Y®=1,C°=1X]) =P(Y° = 1Y) = 1)P(C° = 1|N =0) = 0.755°

P(Y*=0,C°=1]|Xy) =

P(Y=1,0°=1|X7) = P(Y* = 0]Yy = 1)P(C* = 1IN = 1) = 0.25(1 — )

B(Ye = 1X) = B(Y* = 1|X{, 0 = 1) = 5 "
@ 28° + 1

P(Y*® =1]|X¢) = 0.25 (For environment 1)

P(Y® =1|X°) = 0.428 (For environment 2)

P(Y*® =1|X°) = 0.964 (For environment 2)
C.2 Graphical model for confounded CMNIST. In Figure ] we provide the graphical model for
confounded CMNIST described in equation [I0| (for G = 0).

C.3. Results with numerical values and standard errors. In Table 4] we provide the numerical
values for the results showed in the Figure[2b) along with the standard errors.

D. Colored MNIST with anti-causal variables and confounded variables (HB-CMNIST)
D.1. Compute P(C¢|Y¢) and P(Y°|X®).

We start by computing P(C¢|Y¢). Recall that C¢ = G(Y* @ N¢) + (1 — G)(N @ N°). G = 1 with
probability 6 and O otherwise.
P(Cc=1,Y°=1)

PO =1 =1) = 5 —T,ye =) + P(C° = 0,7° = 1) a
P(C®=1,Y°=1)=0(1 -3 + (1 —6)(0.25+ 0.553°) (18)
P(C®=0,Y°=1)=0(8°) + (1 — 6)(0.75 — 0.253°) 19)

We used # = 0.8 in the experiments. P(Y¢|X¢) can be computed on the same lines as was shown
for anti-causal and confounded model and it varies significantly across the environments.

D.2 Graphical model for confounded CMNIST.

In Figure ] we provide the graphical model for confounded CMNIST described in equation |10 (for
0<d<.

D.3. Results with numerical values and standard errors. In Table [5| we provide the numerical
values for the results showed in the Figure[2|d) along with the standard errors.
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Method Number of samples Test error
ERM 1000 65.21 £+ 0.64
IRM 1000 65.60 £+ 0.53
ERM 5000 67.91 £+ 0.40
IRM 5000 67.59 £1.14
ERM 10000 66.92 £+ 0.30
IRM 10000 59.26 £+ 1.62
ERM 30000 67.32 £ 0.28
IRM 30000 47.01 £1.37
ERM 60000 67.62 + 0.31
IRM 60000 44.92 £0.84

Table 4: Comparison of ERM vs IRM: CF-CMNIST

Method Number of samples Test error
ERM 1000 65.38 £ 0.56
IRM 1000 66.98 £ 0.61
ERM 5000 62.92 £ 0.99
IRM 5000 61.09 +1.74
ERM 10000 62.08 = 1.19
IRM 10000 51.46 + 1.22
ERM 30000 60.48 + 0.42
IRM 30000 34.96 £ 1.47
ERM 60000 59.70 £0.72
IRM 60000 32.80 £ 0.55

Table 5: Comparison of ERM vs IRM: HB-CMNIST

7.2.2 REGRESSION

We use the same structure for the generative model as described by |Arjovsky et al.|(2019). We work
with the four different variants on the same lines as CMNIST (covariate shift based, confounded,
anti-causal, hybrid). The comparisons in |Arjovsky et al|(2019) were for anti-causal and hybrid
models. The general model is written as

He + N(0,021,)

X¢ <« N(0,021,) + W), H®

YO Wi, X7+ N(0,02) + Wiy H®
XS5 W2V + N(0,15) + Wyo HE

(20)

He is the hidden confounder, X¢ = [X¢, X5] is the observed covariate vector, Y€ is the label. Dif-
ferent W’s correspond to the weight vectors that multiply with the covariates and the confounders.
The four datasets differ in the weight W vectors and we describe them below. o, is environment
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CF-CMNIST AC-CMNIST HB-CMNIST

X; grayscale image N¢ environment dependent N mnoise
noise

Yy digit label e environment index Y final label
C¢ color index X¢ colored image G select b/w anti-causal
confounded

Figure 4: Graphical model for CF-CMNIST, AC-CMNIST, HB-CMNIST
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Figure 5: Graphical models for the different regression datasets

dependent standard deviation, we use two training environments with 01 = 0.2 and g5 = 2.0
respectively and both environments .

e Covariate shift case (CS-regresion): In this case, we fix Wj_,2, Wj,_,y, and Wy,_,5 to zero
and we draw each entry of W;_,, from %N’ (0,1) and set W}, to identity.

e Confounded variable case (CF-regression): Set W,_,9 to zero and we draw each entry in
W1—>y7 Wh—)l) Wh—)?a Wh—>y from %N(O) 1)

e Anti-causal variable case (AC-regression): Set Wj,_.,,Wj,_,1 and Wj,_,5 to zero and draw
each entry of Wi_,, and W, from 2A/(0, 1).

e Hybrid confounded and anti-causal variable case (HB-regression): Draw each
Wh%y,Whal, Wh—a, Wl—)y and Wy%Q from %N(O» 1)-

We also present the graphical models for the four types of models used in Figure[3]

7.2.3 CHOICE OF Hg AND OTHER TRAINING DETAILS

We use a linear model that takes as input X°. For ERM we use standard linear regression from
sklearn. For IRM, we use 50k gradient steps with learning rate le-3, batch size is equal to the size
of the training data. We use the train domain validation set procedure described by |Gulrajani &
Lopez-Paz|(2020) to select the penalty value from the set {0,1e — 5,1e —4,1le — 3,1e — 2, le — 1}
(with 4:1 train-validation split). We average the results over 25 trials.

18
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7.2.4 RESULTS

We discuss results for the case when the length of the covariate vector X € is 10. The desired
optimal invariant predictor is W* = [W;_,,,0]. We will compare ERM and IRM in terms of the
model estimation error, i.e., the distance between the model estimated by the method W and the
true model given as || — W*||2. In Figures @ @ we compare the model estimation error
vs. the number of samples when the model. In these comparisons, we see that consistent with the
classification experiments and predictions from Proposition[din the covariate shift case (See Figure
[6) there is no clear winner between the two approaches. There are gains from using IRM in the other
cases (Figures[7] [8] [0). However, in the confounder case in Figure[7] the gains from IRM appear in
the low sample regime but are not there in the high sample regime. This is because for this setup
the asymptotic bias of ERM is also very small. In addition to the Figures [6] [7] [8] [0] we provide
the tables (see Table [6] [7} [B] O) with the numerical values for the mean model estimation (and the
standard error) error shown in the figures.

5 1.75 4 ERM 5 1751 —— ERM
— —
g 1501 —=— IRM g 1501 —=— IRM
g 1.254 S 1.25
= ®
1.00 1 1.00 1
£ £
075 4 0.751
(] (]
O 0.504 O 0.504
o o
§ 0.25 § 0.25 1
0.00 1 . - ; ’ = * = ] 0.00 1 . . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
Number of samples Number of samples

Figure 6: Comparisons: n = 10 CS-regression  Figure 7: Comparisons: n = 10 CF-regression

51!7°1 —— ERM 51!7?1 —— ERM
—_ —_
g 1501 —=— IRM g 1501 —=— IRM
g 1.254 S 1.25
= 3
1.00 4 1.00 4
£ £
% 0751 % 0751
(] (]
O 0.50 O 0.50
3 3
s 0.25 - s 0.25
0.00 T T T T T T T T 0.00 T T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
Number of samples Number of samples

Figure 8: Comparisons: n = 10 AC-regression Figure 9: Comparisons: n = 10 HB-regression
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Method Number of samples Model estimation error
ERM 50 0.65 £ 0.06
IRM 50 0.57+0.10
ERM 200 0.18 +0.02
IRM 200 0.13 +0.02
ERM 500 0.08 £ 0.005
IRM 500 0.08 £0.014
ERM 1000 0.037 £ 0.004
IRM 1000 0.051 £ 0.007
ERM 1500 0.021 £ 0.002
IRM 1500 0.045 £ 0.007
ERM 2000 0.018 £ 0.002
IRM 2000 0.035 £ 0.006

Table 6: Comparison of ERM vs IRM: n = 10 CS-regression

Method Number of samples Model estimation error
ERM 50 1.48 £0.15
IRM 50 0.59 £0.10
ERM 200 0.30 £0.03
IRM 200 0.20 £0.03
ERM 500 0.14 +0.01
IRM 500 0.15 £ 0.02
ERM 1000 0.10 £0.02
IRM 1000 0.09 £ 0.01
ERM 1500 0.07£0.01
IRM 1500 0.10£0.01
ERM 2000 0.07£0.01
IRM 2000 0.07£0.01

Table 7: Comparison of ERM vs IRM: n = 10 CF-regression

7.3 PROOFS FOR THE PROPOSITIONS

In the results to follow, we will rely on Hoeffding’s inequality. We restate the inequality below for
convenience.
Lemma 1. (Hoeffding’s inequality). Let 01, ...0,, be a sequence of i.i.d. random variables and
assume that for all i, E[0;] = p and Pla < 0; < b] = 1. Then, for any € > 0

me

IP’{I |Z:0i—u} >e} §2exp(—2m)

m

We restate the propositions from the main body. Next, we prove Proposition [I] from the main body
of the manuscript.
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Method Number of samples Model estimation error
ERM 50 1.57£0.18
IRM 50 0.821+0.20
ERM 200 0.90 £0.08
IRM 200 0.63 £0.08
ERM 500 0.81 £0.08
IRM 500 0.61 £0.05
ERM 1000 0.75 £ 0.07
IRM 1000 0.53 +0.04
ERM 1500 0.79 £0.07
IRM 1500 0.53 £0.05
ERM 2000 0.77 £0.08
IRM 2000 0.54 £0.04

Table 8: Comparison of ERM vs IRM: n = 10 AC-regression

Method Number of samples Model estimation error
ERM 50 1.81+£0.19
IRM 50 1.13£0.18
ERM 200 0.87 £0.09
IRM 200 0.68 £0.10
ERM 500 0.83 £0.09
IRM 500 0.67 £0.07
ERM 1000 0.76 £ 0.07
IRM 1000 0.61 +0.05
ERM 1500 0.77 £0.07
IRM 1500 0.63 £0.05
ERM 2000 0.74 £0.07
IRM 2000 0.58 £0.05

Table 9: Comparison of ERM vs IRM: n = 10 HB-regression

Proposition 7. If { is square loss, and Assumptions hold, then m o ®* solves the OOD problem
(equation([])).

Proof. Define a predictor w o ®*, where ®* is defined in Assumption|[I] Let us simplify the expres-
sion for the risk for this predictor R°(w o ®*) using square loss for £. Recall Z¢ = &*(X*¢)

21



Published as a conference paper at ICLR 2021

Re(w o ®*) :Ee[(ye E¢[Y¢| 2] + E°[Y*|Z2°] — (w0 & )(Xe)ﬂ
—E° :(Ye —E°[Y*|2¢]) } +1E€{ (E°[Y°]|2¢] — (wo & )(XE))2]+
QEe[(Ye CEC[ve|2]) (B V¢ 2¢] — (wo & )(Xe))]

=B | (v° = m(29)° | + B (m(2%) — w(2%) | + 22| (v - m(2)) (m(2) - w(2°)

=5[]+ iz - iy
= ¢+ E° [(m(Ze) - w(Ze))ﬂ
2D

In the above simplification in equation 2T} we use the following equation 22]and equation 23] which
rely on the law of total expectation.

o [(Y - m(ze)) (m(Ze) - w(Ze)ﬂ — E° {Ee [(Y - m(Ze)) (m(ze) - w(ze))
(22)

—F° {(Ee [ve|ze] - m(Ze)) (m(ze) - w(Ze))] ~0

E° {(Y - m(Ze))2] —E° [IE“" KY - m(ze))2 H = E° {Vare [YﬂZﬂ = (23

In the last equality in equation we use the Assumptlonl 1|and obtain £2. Therefore, substituting
w = min equatlonﬂachleves a risk of €2 for all the environments.

Ve € Eu1, Ré(mo @) = £2 (24)

Consider the environment ¢ that satisfies Assumption 2] Let us simplify the expression for the risk
achieved by every predictor f € F in the environment ¢ following the steps similar to equation[21]

r(f) =5 (vo -yl z) |+

[ Ay z9] — (X‘I)ﬂ +2Eq{(yq —Eq[Yq\Zq])<IEq[Y‘1|Z‘1] - f(Xq)ﬂ

— {(y —m(29)) ] +1Eq[ m( (x7)) } + 2B [(yq —m(29) (m(z7) - f(Xq))}
o]

€+WK<m>fuw1
(25)

In the above simplification in equation 23] we use the following equation 26]

o [(Yq - m(Zq)) (m(Zq) - f(Xq)))] = B¢ {Ee [(Y@ - m(Zq)) (m(Zq) - f(Xq)) ‘ZqH

=K {(]Eq [Y?29] — m(Zq)> (m(Zq) - f(Xq)ﬂ = 0 (Last equality follows from the Assumption 2))
(26)
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Therefore, for environment g satisfying Assumption[2]from equation[23] it follows that for all f € F,
RI(f) > £2. Therefore, we can write that

Vf € F, max R°(f) > RY(f) > &> 27)

e€€qn

Therefore, from equation|27|it directly follows that

i RE(f) > &2 28
min max R(f) = ¢ @8

We showed in equation[24} R¢(m o ®*) = &2 for all the environments.

Hence, f = m o ®* achieves the RHS of equation 28] This completes the proof. O

Some of the proofs that we describe next take a few intermediate steps to build. Here we give a brief
preview of the key ingredients that we developed to build these propositions.

e In Proposition[2] our goal is to carry out a sample complexity analysis of EIRM in the same
spirit as ERM. However, there are two key challenges that we are faced with - i) the IRM
penalty R’ is not separable (as it is composed of terms involving squares of expectations)
and ii) unlike ERM, IRM is a constrained optimization problem. To deal with i), we develop
an estimator in the next section that allows us to re-express IRM penalty in a separable
fashion. To deal with ii), we define a parameter « that measures the minimum separation
between IRM penalty and e. We show that as long as this separation for all the predictors in
the hypothesis class is positive, then we can rely on k-representative property from Shalev-
Shwartz & Ben-David|(2014) applied to the new estimator that we build to show that the set
of empirical invariant predictors " (¢) are the same as exact invariant predictors S' (e).

e In Proposition[3} our goal is to show that approximate OOD can be achieved by IRM in the
finite sample regime. This result builds on the infinite sample result from |Arjovsky et al.
(2019). In Theorem 9 in|Arjovsky et al.[(2019)), it was shown that for linear models (defined
in Assumption [5)) obeying linear general position[6} if the gradient constraints in the exact
gradient constraint IRM equation [4] are satisfied, then the OOD solution is achieved. We
extend this result to show that if the constraints in the approximate e penalty based IRM
in equation [5| are satisfied, then we are guaranteed to be in the /e neighborhood of the
OOD solution. Note that this result is again in the infinite sample regime as it proves the
approximation for solutions of the problem equation [5} which involves expectations w.r.t
true distributions. Next, we exploit similar tools that we introduced to prove Proposition 2]
to also prove the finite sample extension.

e In later sections, we show the generalizations to infinite hypothesis classes. In particu-
lar, we focus on parametric model families that are Lipschitz continuous. The extension
to infinite hypothesis classes is based on carefully exploiting the covering number based
techniques [Shalev-Shwartz & Ben-David|(2014) for the IRM penalty estimator that we in-
troduced. We also provide generalizations of the results for linear models to polynomial
models. To arrive at these results, we exploit some standard properties of tensor products.

7.3.1 EMPIRICAL ESTIMATOR OF R’

Next, we define an estimator for R . We first simplify R’ as follows.

Observe that

OE[t(w - ®(X°),Y*)]
ow

e |:8€(U) ) (I)(Xe),ye)
=K
w=1.0 ow

vw\w:l‘ORe(w : (I)) =

w_l.O:|

OB [((w - D(X*),Y*)] 2 e[ 00w B(X9),Y) 2
ow ‘w:l o) ( { ow w:l&l}

and

IV 0 B (w)] = (
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In the above simplification, we used Leibniz integral rule and take the derivative inside the expecta-
tion.

Also we can write E[X]? = E[AB], where A and B are independent and identical random variables
with same distribution as X. Therefore, we consider two independent data points (X€¢,Y®) ~ P¢

and (X¢,Y¢) ~ P°.
M(w-D(X°),Ye)
ow

w:l.O) (ag(w . q;(?f)(e)’ Ye)

e 2 _ e
IV apw—r.0R(w - @) = E [( ,,,_1.0)] 0

In the above the expectation E° is taken over the joint distribution over pairs of distributions of pairs
(X€,Y¢),(X¢ Y*®) from the same environment e.

We write

R (®) = Z 7Te||vw|w:1.0Re(w : (P)||2
ec&yr
empe 8€(w i (I)(Xp)7 YE)
= Z m°E [( w0

3D

w:l.O) (6£(w ' (I;(’I;)J(E)’ YE)

)]

In the above simplification, we used equation Define a joint distribution P over the tuple
(e,(X°,Y®),(X°Y®)), where e ~ {m°}oeg,,, (X Y®) ~P¢and (X, Y°) ~ P Also,

e€&yr

I@((e, (X°,Y°), (X, f/@))) = m°P°(X°, Y)PE(X¢, V) (32)

We rewrite the above expression equation|31|in terms of an expectation w.r.t PP, which we represent
as [E follows

R () :E{(af(w"l;f)ye) w_lio)(ﬁf(w@;(fe)v?e) w_l'o)] (33)
Define
; <h7 ((XE,Ye),(Xa?C))) _ (aaw.qgfe)yg w_llo)(aé(w.q;(fe),?e) w:m) (34)
Substitute equation 3]in equation [33]to obtain
R(®)=E {z’ (h, ((x°,v°), (5(8,176)))] (395)

We construct a simple estimator R (®) by pairing the data points in each environment. For simplic-
ity assume that each environment has even number of points. In environment e, which has n. points
we construct % pairs. Define a set of such pairs as

D = {{(25_1, ¥5i_1), (355, ¥5) 121 Yo (36)
N 2 £ , - -
R (®) = D] Z Zé (hv (XS54, Y5-1), (XSmYQei))) (37)

ec&yy i=1

There can be other estimators of R (®) where we separately estimate each term
IV wjw=1.0R(w.®) |2 and 7€ in the summation. We rely on the above estimator equation 37| as its
separability allows us to use standard concentration inequalities, e.g., Hoeffding’s inequality.
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7.3.2  ¢-REPRESENTATIVE TRAINING SET FOR R AND R’

We use the definition of e-representative sample from|Shalev-Shwartz & Ben-David! (2014) and state
it appropriately for both R and R

Definition 1. A training set S is called e-representative (w.r.t. domain Z, hypothesis H, loss { and
distribution D) if

Vh € H,|R(h) — R(h)| < e (38)
where R(h) = Ep[l(h(X),Y] and (X,Y) ~ D.
Following the above definition, we apply it to the set of points D defined above in equation l?
is called e-representative w.r.t. domain X, hypothesis Hg, loss / (equation and distribution P

(equation [32)) if N ,

V® € Ho, |R (P) — R (D) < € (39)
where R’ (®) = E [6/ (h7 ((Xe,ve), (Xe, Ye)))} (from  equation | and
(e,(X¢,Y°), (X, Y¢)) ~P.

Recall the definition of , £ = mingey, |R () — €|. Next, we show that if D is 5 -representative

w.rt X, He, loss 6/, distribution IP then the set of invariant predictors in equation@ (S‘ v (¢) ) and the
set of invariant predictors in equation 5| (S' (¢)) are equal.

Lemma 2. If & > 0 and D is g-representative w.rt X, He, loss ¢ and distribution P , then
SV(e) = SV(e).

Proof. First we show S"(¢) C §"V(e). From the definition of , k = mingecs, |R (®) — € it
follows that V® € Hg
IR(®)—¢|>r = R(®)>c+rorR(®)<e—rk (40)
Consider any ® in S'(e).
R (®) <e 1)
Given the definition of x and equation 40 we obtain
R(®)<e = R(®)<e—r (42)
Therefore, S (€) C SV (e — k). Also, it follows from the definition of the set S' (¢) that S (e —
k) C S"(e). Hence,
SV(e) =SV (e — k) (43)
Consider any ® in S' ()
(®) < e — k (From equation A3)
(@)~ R(®)+ R (®)<e—r (44)
R(®) <e—r+|R (D) - R (®)

R/
R/

From the definition of 5-representativeness it follows that |R'(®) — R

(®)| < % and substituting
this in equation 44 we get

R(@®)<e—r/2 = R(®) <e = SV(e) CSV(e) (45)

Next we show SV (e) C SV (e).

Consider ® € SV (¢)
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R(®)<e
R (®) - R (®)+R(®) <e (46)
R (®) < e+ |R(®)— R (D)

A/

From the definition of £-representativeness it follows that |R'(®) — R'(®)] <
this in equatlonﬁlwe get

% and substituting

R (®) <e+ g (47)
From equation it follows that R (®) < e + £ = R'(®) < e. Therefore, ® € S (¢). This

proves the second part SV (¢) € S (¢) and completes the proof.
O

Lemma3. Ifx >0, D is %-representative w.rt X, Ho, loss ¢ and distribution P (joint distribution
over (e, X€,~Ye) defined in SectionA and and D is g-representatfve wrt X, He, loss ¢ and
distribution P, then every solution ® to EIRM (equation E]) satisfies ® is in SV (¢) and R(®*) <
R(®) < R(®*) + ¢, where ®* is the solution of IRM in equation

Proof. Given the condition in the above lemma, we are able to use the previous Lemma@]to deduce

that $" (€) = S'(¢). This makes the set of predictors satisfying the constraints in EIRM equation@
and IRM equation 5] the same.

®* solves equationand d solves equation@ From £ -representativeness we know that R2( i) -5 <
R(®). From the optimality of ® we know that R(®) < R(®*) (®* € 8" (¢) = §"(€)). Moreover,
from %-representativeness we know that R(®*) < R(®*) + 5. We combine these conditions as

2
follows.

R(®) - 5 < R(®) < R(®") < R(*) + (48)

v
2

IIAN

Comparing the first and third inequality in the above equations we get R($) < R(®*)+v. From the
optimality of ®* over the set S'(¢) and since ® € SV () it follows that R(®*) < R(®). Hence,
R(®*) < R(®) < R(®*) + v. This completes the proof.

O

Next, we prove Proposition [2| from the main body of the manuscript.

Proposition 8. Foreveryv > 0,e > 0and 6 € (0,1), if Ho is a finite hypothesis class, Assumption

holds, k > 0, and if the number of samples |D| is greater than max 16L" g} log (@),

2 9 2
then with a probability at least 1 — §, every solution ® of EIRM ( equation@ is a v approximation
of IRM, i.e. ® € SV (¢), R(®*) < R(®) < R(®*) + v, where ®* is a solution to IRM (equationE])

Proof. From Lemmal we know that if D is §—representat1ve w.rt X, He, loss ¢ and distribution

P and if D is 5-representative X', Hg, loss ¢ and distribution IP’ then the the claim in the above
Proposition is true.

Define an event A: D is 7-representat1ve w.r.t X, He, loss £ and distribution P.

Define an event B: D is g-representative X, He, loss ¢ and distribution P.

Define success as A N B. Next, we show that if | D| is greater than max { 165~ 8L }log (4Pal),
then P(AN B) occurs with a probability at least 1 — 6. P(ANB) =1— P(A° U BC) >1-—P(A°)—
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P(B¢). If we bound P(A°) < g and P(B¢) < %, then we know the probability of success is at
least 1 — 4.

We write

P(A) = P({D :Vh € Ho, |R(W)—R(h)| < g}) = 1—IP’({D :3h € Ho, |R(W)—R(h)| > 5})

P({D:Hhe?—l@,m(h)—R(h)\ > g}) :IP’( U {D:|Jiz(h)—R(h)| > 5})

< P({D:|R(h)—R(h)| > %})

heHas

The loss function is bounded |¢(®(-),-)| < L. From Hoeffding’s inequality in Lemmal|l|it follows
that

- v | D|v?
: - — < —
IP({D \R(h) — R(h)| > 2}) < 2exp( 1 ) (50)
Using this expression equation[50]in equation 49} we get
D2\ _ 6 8L2  /4[Ho|
_ < - = > —
2|’Hq>\exp( Y ) < |D| > 2 log( 5 ) (51)

P(B) = P({D: Vh € Hao, |R ())~R (h)| <

]P’({D:Hhe?-L<p,|R'(h)fR'(h)|>g}):IF’( U {D:|R'(h)fR'(h)|>f})

heHs
<y P({D:|R’(h)—R/(h)| > g})

heHa

The gradient of loss function is bounded |W|“’=1-0| < L’. From the definition of
¢ (h(-),-) in equation we can infer that |¢'(h(-),-)] < L. Recall that R (h) =
B¢ (n, ((x4,79),(X,79)))]

From Hoeffding’s inequality in LemmalT]it follows that

P({D: 1R ) - K ()] > £}) < 200 (= D) oo (- 1215) s

Using the above equation [53]in equation 52| we get

|D|x? § 16L" 4| Ho|
Q‘Hq"eXp(_ 16L'4) 3 = IPlz=5 1°g< 5 ) 4
Combining the two conditions in equation[51]and equation [5T| we get that if
16L/* 8L? 4 M|
D] 2 max { =5, T Flog (=5+)
then with probability at least 1 — § event A N B occurs.
O
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7.3.3 PROPERTY OF LEAST SQUARES OPTIMAL SOLUTIONS

We first remind ourselves of a simple property of least squares minimization. Consider the least
squares minimization setting, where R(h) = E[(Y — h(X))?].

E[(Y - h(X))?] =E[(Y = B[Y[X] +E[Y|X] - h(X))’]
= Ex[E[(Y - E[Y|X])"|X]| + Ex|(E[Y]X] - h(X))’] (55)
= Ex |[Var[V]X]| + Ex | (E[Y|X] — h(X))’]

In the above simplification, we use the law of total expectation. Both the terms in the above equations
are always greater than or equal to zero. The first term does not depend on h, which implies the
minimization can focus on second term only.

min R(h) = Ex |Var[Y|X]] + min Ex | (E[Y|X] - n(X))’] (56)

Assume that P has full support over X'. Define Vx € X,h*(z) = E[Y|X = z|. Vh,R(h) >
Ex [Var[Y}X]]. Since R(h*) = Ex {Var[Y’X”. Therefore,

B € argminEx | (E[Y|X] - h(X))’] (57)

Moreover, we conclude that h* is the unique minimizer. Observe that Ex [(E [Y|X ] — h(X ))2} is

zero for h = h*. From Theorem 1.6.6 in (Ash et al., [2000), it follows that any other minimizer is
same as h* except over a set of measure zero.

Recall the definition of m(z) = E[Y¢|X°¢ = z]

Lemma 4. Let { be the square loss. If Assumptiond] holds and m € Hg, then m uniquely solves
expected risk minimization m € arg mingey, R(®) and also uniquely solves IRM ( equatlon@)

Proof. R(®) =3 ¢, m°R*(®). From Assumption 4| and the observation in equation |7} it fol-
lows that the unique optimal solution to expected risk minimization for each R° is m. Therefore, m
also minimizes the weighted combination R.

To show the latter part of the Lemma, if we can show that m € S'(e), then the rest of the proof
follows from the previous part as we already showed m is a minimizer among all the functions in
Ha and SV () C Ho.

Suppose m ¢ S' (¢). This implies there exists at least one environment for which ||V, j,,=1.0 R (w
m)[|? >0 = Vyu=1.0R*(w-m) # 0. As aresult 3 w in the neighborhood of w = 1.0 where
R¢(w -m) < R°(m) (if such a point does not exist and all the points in the neigbohood of w = 1.0
are greater than or equal to R°(m) that would make V,,,,—1 oR°(w - m) = 0, which would be
a contradiction). Therefore, R°(w - m) < R¢(m). However, this is a contradiction as we know
that m is the unique optimizer for each environment. Hence, m ¢ S'(e) cannot be true and thus
m € S"(e). This completes the proof.

O

Next, we prove Proposition [] from the main body of the manuscript.

Proposition 9. Let ¢ be the square loss. For every v > 0, > 0and § € (0,1), if He is a finite
hypothesis class, m € He, Assumptions 3| d| hold, and

e if the number of samples |D| is greater than max { %4~ 8L> log(4mq") 16L/4 log(2)}, then with a

probability at least 1 — 6, every solution ® to EIRM (equanon@) satisfies R( ) < R(®) < R(m)+
v. Ifalso v < F, then ®' = m.

o if the number of samples |D| i 8L> log(=52! qu’l ), then with a probability at least 1 — 0,
every solution ®' to ERM satisfies R(m) < R(@T) < R( )+ v. Ifalso v < R, then ®1 =m
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Proof. We first cover the second part of the Proposition. From Proposition 3] we know that the
output of ERM will satisfy R(®+) < R(®') < R(®T) + v. In this case from Lemmald] it follows
that ®+ = m. From the definition of % and the fact that v < & implies that &' = m. We now move
to the first part of the Proposition.

For EIRM we will derive a tighter bound on sample complexity than the one in Proposition |2| since
we can now use the Assumption Observe that Ve € &, Vijw=1.0R°(w - m) = 0 (see the proof
of Lemma @) Therefore, R (m) = 0.

Define an event A: D is %—representative w.r.t X, He, loss ¢ and distribution P.

’

Define an event B: D is such that |R (m) — R (m)| < 5. Since R'(m) =0, |R (m)—R

£ = IR (m)| < 5 = R'(m) < 5. Therefore, m € SV (e).

(m)] <

If AN B occurs, then R(m) < R(®) < R(m) + v; we justify claim next. Suppose ® solves
equation@ If event A occurs, then from £ -representative condition we know that R(®)—5 < R(®).
From optimality of & it follows that R(®) < R(m) (event B = m € 8" (¢)). Moreover, from

& -representative property, we conclude that R(m) < R(m) + 5. We combine these conditions as

follows.

R(®) — £ < R(®) < R(m) < R(m) + & (58)
From the above we have R(m) < R(®) < R(m) + v. Recall the definition of & and since v < &

= & =m.

Next, we bound the probability of success. P(ANB) =1— P(A°U B°) > 1 — P(A°) — P(B°).
If we can bound P(A°) < £ and P(B¢) < £, then we know the probability of success is at least
1-94.

We write

P(A) = B({D: Vh & Ha, |R()~R()| < 5 }) = 1-B({D: 3h & Ha. [R()—R(W)| > T})

v
2 2

From equation [51]if the condition

SL2  /4|Ha|
> 27
1D = v2 10g< 0 )

is true, then is true, then event A° occurs with probability at most g.

(59)

We write P(B) = P({ D, |R (m) = R (m)| < §}) =1=P({D: |k (m) - F'(m)| > 5}).

The gradient of loss function is bounded \W\w:m\ < L. From Hoeffding’s inequality in

Lemmal/I]it follows that

A NG ’ € |1)|€2
P({D.|R (h) — B (h)] > 5}) g2exp(—16L,4) (60)
We bound the above equationby % to get
|D|e? ) 16L/ 4
2expl—yg) < 5 = IDI 2 - loa(p) b
Combining the two conditions equation [59]and equation [61]
8L? 4|He|, 161" 4
> - i
|D| > max{ 2 log( 3 ), = log(é)}
This ensures P(A N B) > 1 — 4. This completes the proof.
O
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Before stating the proof of Proposition[5} we will prove an intermediate proposition. For clarity, we
will restate the result (Theorem 9 from Arjovsky et al.[(2019)) next.

Proposition 10. (Theorem 9|Arjovsky et al.|(2019)) If Assumptions [B|and [6] (with r = 1) hold and
let ® € R (® £ 0), then

PTEC[XX>T]|® = PTEC[X°Y €] (62)
holds for all e € &, iff ® = ST+.
Next, we propose an e-approximation of Proposition [T0}
Define ¢y = %(mmim(m —8V/2).

Proposition 11. Let ¢ be the square loss. If Assumptions[3] 6] (with r = 1) and[7]hold , then for all
0 < € < €, the solution ®

R(®) < e (63)
1 1

1 el€¢rl 7 91 el€tr] ]
1+2wkmin \/ emin 1 2w A min cmin

Proof. Let us start by simplifying V., j,,—1.0R°(w - ®), using square loss for ¢ and linear represen-
tation ® € R"*1,

satisfies ® = ST~(c), where o € |

=2E°[(®TX¢)?] — 2E°[®T XY ]

OE° (Ve — w - BT X*)?
Vlw=1.0R(w- @) = i w a ‘w:m

=20 E°[X°X®T|® — 20 E°[Y°X°]
(64)
Plug the above equation |64]in the condition R (®) < € to get

, 2
R (®) = Zweuvww:m}z@(w P2 = 427% (@TEe [(XeXT]® - ®'E [XSYS]) <e

(65)
From the bound on 7¢ in Assumption |§|it follows that for each e € &,
2 Eir
(@T]Ee [XeXe,T] (p o (bT]Ee [Xeye]) S %
" (66)

< / 6|‘S't7_“|
- 47Tm|n

Note that if the condition above equation[66]is not true, then the preceeding condition in equation [63]
cannot be true as contribution from one term in the summation itself will exceed €. In the above
equation [66] we are using the positive square root since RHS has to be greater than or equal to zero.

‘CDTEe [XeXe,T] P — (I)T]Ee [Xeye]

‘We compute the second derivative of loss w.r.t w

OEe[(ve - oTXw)’|  o(2uB[(@TX*)?] - 2B [@T X°V])
ow? B ow
=20"E[X°X“T]®
=20T5°d

V?uRe(w ' (I)) =

(67)

Since Y¢ is symmetric, we can use the eigenvalue decomposition of ¥¢ = UAUT in equation
to get ®TX® = @TUAUT®. Substitute & = UTd to get TRD = GTAD > \in(Zo) || @)% =
Amin(Z)@TUUT® = Apin(Xe)||®]|2. From Assumption we have Amin(Ze) > Amin and from
Assumptionwe have ||®||2 > w. Therefore, we can deduce that 20 "%¢® > 2\ i,w. Therefore,
the second derivative defined in equation [67)is always greater than or equal to 2Aminw.

V2 R (w - ®) > 2\minw > 0 (68)
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Lete =2 Z'Tffn’{n‘ = Elrgmﬁ'g‘l. We rewrite equationin terms of V,jy—1.0R°(w - ®) and € to get

|vw|w:1.ORe(w ’ (I))| < 6,

, ) (69)
—e < vw|w:1.0Re(w : (b) Se
Since the second derivative (equation [68) is strictly positive and larger than or equal to Aminw =—>
3 w® in the neighborhood of w = 1.0 at which Ve R°(w - ®) = 0. This holds for all the
environments in &;,.. Define
c(w) = VR (w - @)

Also, define ¢ (w) = 03(5). Also, ¢ (w) = V2 R*(w-®). Suppose V [py=1.0R (w-®) = ¢(1) < 0.
Since for all w, ¢/(w) > 0 (from equation [68), 3 w® > 1, where c(w®) = 0. Using fundamental
theorem of calculus, we write

c(w) — (1) = / ¢ (w)du > 2Aminw(w — 1)
1
Substituting w = w*® in the above
c(w®) —¢(1) > 2 minw(w® — 1)
—c(1) > 2 minw(w® — 1)

’ f‘gm"
e(1) € omin
¢e<1— <1 =1 70
wo= 2)\minw = 2)\minw * 2Aminw ( )
Suppose Vw,wzl.oRe(w.@) = ¢(1) > 0. Using fundamental theorem of calculus we can write
1 !
c(l) — c(w) = / ¢ (u)du > Apinw(1 — w)
Substituting w = w*® in the above
(1) — e(w®) > 2Aminw (1 — w®)
c(1) > 2 minw(1 — w®)
’ €lE¢r]
c(1) € P
€>1- — =1- 71
o= 2>\minw - 2>\minw 2Aminw ( )
1 [el€trl 1 [el€trl
Define 7y = —min ¥ rm0_ y)) — —2=2mn V="' Combining equation 70| and equation|71|and
1= 2“">1‘min \/elrmt':‘ 1Jrz“")l‘min \/%
using the definition of 7; and 72, we can conclude that w® € [Tlm’ ﬁ] If we reparamterize

e

wé = ﬁné, then ° € [2,m1]. We expand this condition V,|,y— e R*(w - ®) = 0.

0 e e Tye, \2 e T ye\2 elaT veye
S B [(Ve = 87X w)"] = 20E[($TX*)?] - 2B° [@TX“Y"]
= 207 [E°[X°X“T|bwe — B [X°Y*]]
ZQ(I)T']EQ[X T} w — E°[X XeT]ST’y E[X°e eH
- (72)
— 207 [E*[X°XT] (0u* - ST ) E° [x°]
— 207 [E*[X°X*T] (<I>w ) B [x°e ]| =0
— 297 :]E"‘[ XX T}( )—Ee [Xegﬂ -
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Assume that @5 +1ne #* ST% for all e € &,. If this assumption is not true and ¢ i +1ne = STW for
some e € &, then it already establishes the claim we set out to prove in this Proposition (since

n° € [n2, m).

Define ¢¢ = {Ee [XeXe*T] <<I> 1+1ne — S‘T’y) — E¢ [Xese]] From the Assumption @ and since

(I)H-lne # ST, we know dim(span{qe}> >n—1.

From rank-nullity theorem we know dimension of kernel space of ® (rank of ® is 1) is n — 1. From
equation [72] it follows that ¢° is in kernel space of ®. Therefore, dim(Ker(®)) = n —1 =

dim (span qe}) < n — 1 which leads to a contradiction.

Therefore, @ﬁne — ST+ at least for one environment.

If & = STy(1+7°), then @[> = [STyIP(1 +7°)> > [ISTHIP(1 +m2)* > [|STH|?5 >

w. In this simplification, we use (1 + 72)? > L ; > L s =
(o V) (kv

= % and ||5’T7H2 > 2w (from Assumption|(7). This ensures that for any solution of

1

7V N2
(1+ 3—2\/5)
the form @ﬁ the assumption || ®||? > w is automatically satisfied.
I ® = ST (10, then [ 8]2 = [ST7[2(1-477) < 5721 +m)? < [§T9]2(2222) < 0,
In the above simplification, we use (1 + n1)? < L > < L > =
(g VER) (- V)
1 — 342V2 ST A |2 2 : .

7 = and ||S"v|]* < —=—7=Q (from Assumption (7). This ensures that for any
(1-va2v2) ’ Ve
solution of the form (bfnﬂ the assumption ||®[|? < € is automatically satisfied.

The entire proof so far has characterized the property of ® that satisfies R () < e. But how do we
know such a ® exists. Recall Sty € Hg. For each environment ¢ € &,

Vulw=1.0R(w - ®) = PR [XeXe’T]q) — dTEe [XeYe]
_ ’YTSEE I:XEXG’T} ST’V . ’YTSES [Xeye}

=~TE[Z{Z Ty — B [Z5Y ) (73)
=B[22y - TEC (227 T |y — A TEC [ Z7e]
=0

We use Assumption |5|in the simplification above in equation |73| Therefore, R (St'y) =0andasa
result the existence of a ® that satisfies R’ (®) < eis guaranteed. This completes the proof.

O
Before proving Proposition [5] we first establish that Assumptions [5] and [7] are sufficient to ensure
that Assumption [3|holds and we can thus use bounds L and L’ defined in Assumption
Proving Assumption [3|for square loss ¢ from Assumptions From Assumption 5} we have

Z° = (21, 7Z5)
X¢=S8z° (74)
Xl < ISzl

From Assumption 5] ||.S|| is bounded and || Z¢|| is bounded = | X¢|| is bounded as well (from
equation [74). Therefore, there exists X" < 0o, s.t. || X || < XUP.
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Ye = (ST’)/)TXG +€e
V| < ISTAIIIXCN + [e°] =

[ 2
ye Q.XxsuP + ssup
Y=< 3422

In the last step of equation 75| we use ||ST+||? < 3 2\[9 (Assumptlon , | Xl < X=P derived
above (equation , and |e¢] < %P (Assumption [3). Therefore, Y© is bounded and there exists a

K such that |[Y¢| < K < VQX5UP 4 59 Therefore, Y& € Mg and for all X, Y sampled from
the model in Assumption 5| we have

(75)

[((I)(Xe)’ye) =(Y° - (bTXe)2 < (K + \/ﬁXsup)Q (76)

. HpT
Q0TS jeTx(@Tx - v)| < (Vaxm)(ax e LK) ()

From equation we conclude that ¢(®(-),-) is bounded and there exists an L such that

10(®(-),)| < L < (K + VQX*)2 From equation , we conclude that %;X’Y)
w=1.0

is bounded and there exists an L’ such that ‘W’ ’ < L' < (VAXsP)(vVAXP + K).
w=1.0
Define con = 552 0 (hwin)* and 7 = 5

Next, we prove Proposition 5| from the main body of the manuscript.

Proposition 12. Let ¢ be the square loss. For every € € (0, ey) and § € (() 1), if Assumptions@ EI
(withr = 1), Bhold and if the number of data points | D| is greater than 16L log (%) then with
a probability at least 1 — 0, every solution & 1o EIRM (equanon@) satlsﬁes P = (STv) «, where

1 1

Proof. Define an event A: {D : V& € Hg, | R (®) — R ()| < 5}. If event A happens, then

R(®)<e

R (®)— R (®)+ R (®) <e

R (@) < e+ R (@) - B (@) 78)
R(@) <y

If event A happens, then every solution $ to EIRM (equation @) satisfies equatlon From equa-
tion [78] we see that we should substitute ¢ with 35 and use Proposmon If the Assumptions

|§| (with r = 1) I hold and event A happens, then for all 0 < *6 < € the output of EIRM equa-

tion 6| & = S*(«v), where a € [—— 1\/35|£”|,1_ - 1\/36‘%‘] = [1+T\/, — Tf} Note that

2w 2min 2w A mi 2 min

%e < e = € < ep. Hence, all that remains to be shown is that event A occurs with a probability

at least 1 — §. Next, we show that if |D| > 166712/4 log(2|HI ), then with probability 1 — § event A
happens.

Now we need to bound the probability P(A). We will find an upper bound on the failure probability
using Hoeffding’s inequality (Lemma T)) and the bound L’ (derived in equation[77) as follows. We
redo the same analysis as was done in equation [54]for reader’s convenience.
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~ NG

P(4) =1-P({D: 30 € Ho, R (@)K (@) > S }) =P |J {D: IR (@)-F (@) > %})

p( U {D:1F@-R@l>5})< Y P{D: IR (@ -R(@)]>3}) < 2 Hole™ oA
decHy PeHy

2 Hple TobA <5 — P(AS) <5

6L (2\H¢,|

D| >
D] = €2 1)

) — P(A%) <5
(79)

Hence, we know that if |D| > 1‘1—%/4 log (%) then with probability 1 — ¢ event A happens.

The proof characterized the property of d that satisfies R’ (<f>) < e. But how do we know such a &
exists; we show that a ® always exists. Consider a ® that satisfiess the following.

€
2 (80)

From equation [73|in the proof of Proposition , we know that R’ (3T7) = 0. From equation
STy € Hg satisfies R/(@) <.

O

Since equation [6]is a constrained optimization, a penalty based version (IRMv1) was proposed by
Arjovsky et al. (2019) that minimizes R(®) + AR’ (®). Both Propositions [4|and Proposition can
be extended to IRMv1. Below we show the sample complexity analysis for IRMv1 applied to the
setting assumed in Proposition[5] Sample complexity analysis of IRMv1 below shows that distance

to the OOD solution decays as O(/1/)). Define A, = max{502/3€m, 1}
Corollary 1. For every 6 € (0,1), A > A, ifAssumptions@ E](with r=1), E]hold, and |D| >
max 642%:32 log (4‘7:;‘1" )7 32252‘2 log(%)}, then with a probability at least 1 — & every solution ®

of IRMv1 satisfies & = (ST)a, where o € [— =1

5 7
1+704/3%  1-7T0o/3%

Proof. The empirical version of IRMv1 minimizes

R(®) + AR ()

Let us compute the risk achieved by the ideal invariant predictor S‘Tw.

R(ST) = 3 B | (v =T8x)"] = 3 wme (T 2)"| = 30w [(e)?] = o

e€E, e€€r €€y
(81)
Define event A: {D : |R($T’y) — R(S’T'y)| < %}
If event A holds, then
R(8™) <o+ (82)
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If event B holds, then |R' (STy) — R (§T+)| < & and if we plug in R (ST+) = 0 (from equa-
tion[73)), then

R(STH) < (83)

M\m

Define success as AN B. If event AN B occurs, then from equation[82]and equation [83]the following
is true for any solution ® of IRMv1

R(®)+ AR (@) < R(ST) + MR (STy) < 0? + S+ A5 (84)
Since R(®) > 0 it follows that
2 £ NG ’ ’ 2 £ ’ 2 £
R@y<™ 2415 = R@)-R@+R@ <215 = R@)y<’ 2
(85)

In the last implication in the above equation [85] we use the condition that event B occurs. Let
2 . . .
€ = 2 and substitute in the above equation [85|to get

, 20 02 502 02 o?
Recall Proposition and see i takes the role of e. If % <€ = A2 g‘e’h then

the condition in the Proposition is true, then every solution of IRMvl1 is ST~(a), where
1 1 1 1

(= =
@ [1+ 1 \/SU2|£QT|’1_#\/M] [1+7—a\/%’ 1—7—0\/%]

@ Amin 2X7min @ Amin 2\ min

We arrived at the above result assuming A N B occurs. We will now show that if |D|
max{ 161;?’\2 10g(4|7;“" ), Sff‘g log( )}, then with a probability at least 1 — §, A N B occurs.

We write P(A) = ]P’({D L R(ST) — R(STH)| < 5}) —1- IP’({D R(ST) — R(STH)| >
%}) From Hoeffding’s inequality in Lemmaandit follows that

IP’({D (|R(STy) — R(STH)| > %}) < 2exp ( - |D|62)

E
|D|e? 0 o 0
_ < = < Z
Qexp< 8L2)_2:>IP’(A)_2
82 4 )
> oy < =
D| 1og(6) — P(4°) < 3 (87)

Next, we will show next that if |D| > 1(56—%,4 lo (4‘7{‘1" ), then with probability at least 1 —  event B
happens.

Now we need to bound the probability P(B). We will find an upper bound on the failure probability
using Hoeffding’s inequality and [3]as follows

B(B) = 1-P({D: 30 & Ho. |K (@)-F (@) > £ }) =P( | {D: IR (@)-F (@) >})

o

p( U {b;|1%’(q>)-3’(q>)|>§}) <Y P({[):|R’(q>)_R’(q>)|>§})g2m@|e—%‘r
PeHae PcHe
2[Hale” o < P(B°) <

)
=5 =
L’4 4
16 ( \’HQI)

[\')‘Q’)

D] >

N

= P(B°) <
(88)
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Hence, we know that if |D| > 1662“1 log(‘”%‘i"), then with a probability at least 1 — g event B
happens.

Combining equation[87]and equation 88 we get if
161" 4|Ha|\ 8L? 4
D12 mase { 5= tow (=52 <5 102 (5) }
then A N B occurs with at least 1 — ¢ probability. Substitute € = % and this completes the proof.
O

7.4 EXTENSIONS: POLYNOMIAL MODELS, INFINITE HYPOTHESIS CLASSES,
BINARY-CLASSIFICATION

7.4.1 POLYNOMIAL MODEL

In the main body of the work, we did not cover the polynomial model in detail due to space limita-
tions. In this section, we study the polynomial model and show how the results for the linear model
can be generalized to this case. We first begin by stating the model itself.

Assumption 8.
e ~ Categorical(7®), 7 > 0Ve € &,
YO =rT¢(Z7) + €% e L Z§, Ble?] = 0,E[(e%)°] = 02, [e°] < & (89)
X =5(21,%3)

Assume that Z§ component of S is invertible, i.e. 3S such that S(S(Z¢,Z5)) = Z¢ and also
S'tv # 0. In the above (, is a polynomial feature map of degree p defined as (; : R* — R“I, where
a denotes the dimension of the input to the map (5, (3(W) = [W, W@ W, ... (W @ W...p times ®
W)] = [(W®)P_] and @ is the Kronecker product. Also, a = Y"_, a'. Ve € &,,m¢ > %
The support of distribution of Z¢ = [Z{, Z5], P%,., is bounded and the operator norm of S, || S| =
Omax(S) (Omax(S) is maximum singular value of S), is also bounded.

Define Z¢ = (Z¢, Z5) and say Z¢ € R¢ and Z§ € R%.

Can we directly use the analysis from the linear case? We cannot directly use the polynomial map for
the features as we also need to find an appropriate transformation of the matrix .S, which preserves
the linear relationship between the transformed features and the transformed variables Z. We carry
out this exercise below.

Define S = diag [(S ®i)f:1} , where S is a block diagonal matrix with diagonal matrices defining it

given as {S, S®2 S®p}.

Define X¢ = (J(X*¢), where ('(X*) is the polynomial feature map of degree p of n dimensional
input X¢. Similarly, define Z{ = (;(Z7), where (;(Z7) is the polynomial feature map of degree p
of ¢ dimensional input Z¢ and define Z¢ = (;*d(Z ¢), where C;*d(Z €) is the polynomial feature
map of degree p of ¢ + d dimensional input Z¢ = (Z7, Z5). Observe that each component of Z is
alsoin Z.

From the model we know that X¢ = SZ*. We would like to remind the reader of the mixed product
property of tensors. Consider matrices A € R**7, B € RF*! ¢ € R/*P, D € R!X4,

(A® B)(C® D) = (AC) ® (BD) (90)

In the expressions that follow, we exploit the mixed-product property of Kronecker product stated
above.

§2¢ = diag|(S°)1_y | (2201 | = |(529)°)] = [(X9L ] = G(x) = X o1
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Define S = dlag[ (S®H)P_, ]
SXe =8872° = dlag[(g e }dlag [(S®Z) _1} [(Ze@i)f:l}
[

diag [((59)%)7_ | [(2#,] = [(8s29)°, | = (26| = Gzn) = 2
92)

P nPtl_n

The dimensionality of X© is n = o nt= T
P

Assumption 9. Inductve bias. Hg is a finite set of linear models (bounded) parametrized by ® €

R". STy € He. Tw > 0,2 > 0,VP € Ho,w < [|®|> < Qand 2w < ||STy|? < 3+§ﬁ9’

We next compute the norm of S in terms of the norm of S. Recall we are using operator
norm defined as ||S|| = omax(S). ||IS] = Hdiag{(S‘g’i)le}H. Since S is a diagonal ma-
trix ||S] = maxi=1_H{IS®|[}. Also, note that|[S¥‘|| = |[|S||" (Laub, 2005). Therefore,
|IS|| = max;—1..._,{||S]|*}. Hence, if ||.S|| is bounded, ||S|| is also bounded.

Also, || Z¢||* = 3=, [|2®"||*. Observe that || Z=®*|| = || Z¢||". Hence, if || Z¢| is bounded, || Z¢]| is
also bounded. Since X¢ = SZ¢. We can conclude that || X¢|| is also bounded. We can now follow
the same line of reasoning as in equation [74] equation [75]equation [76] equation [77]to conclude that
the loss and the gradient of the loss are bounded.

We rewrite the above model in Assumption [§]as a linear model in terms of the transformed features.

e ~ Categorical (7€), 7 > OVe € £
Y =7'7Z1 4% L Z,° E[°] = 0,E[(¢°)?] = 02, |e%] < P (93)
Xe=282z°

We showed above in equation |92] that Z¢ defined in equation [91| component of Z¢ is invertible,

SSZe¢ = Z¢. We have also shown above that support of Z¢ is bounded and the norm of S is
bounded and as aresult || X¢|| and the loss and the gradient of the loss (conditions in Assumptlonl
are satisfied) are bounded. We adapt the linear general position assumption (Assumption [6) for the
polynomial case below.

Assumption 10. Linear general position of training environments. A set of training environments
Etr is said to lie in a linear general position of degree r for some r € N if || > n —r+ n//r and

for non-zero x € R"™ and

dim (span{Ee[XeXe’T]x —Ee [Xe’Tz-:e]} ) >n —r 94)

ecr
We denote E[X¢X®T] = %,
Assumption 11. For all the environments e € E,,., 3. is positive definite.

Define the minimum eigenvalue over all the matrices . as Amin = mineeg, A(X.). Define &, =

24—16v2 ™" Y 2
=5 e (@Amin)

From the analysis in this section, we see that we have been able to construct a linear model identical

to where the role of X¢, Z¢, S, S, 3¢, Amin, € is taken by X¢, Z¢, S, 5.5, Amins én. Now we
are ready to use the result already proven for linear model and state the next Proposition in terms of
the parameters for the polynomial model.

Proposition 13. Let { be the square loss. For every ¢ € (0,&"), 6 € (0,1), if AssumptzonsES’l @]
. (withr = 1), ! hold and if the number of data points |D)| is greater than % log (2‘7;‘1" ),

then with a probability at least 1 — 6, every solution ® to EIRM ( equatton@) satisfies P = (g’T’y) Q,
1 1
where o € [H—Tﬁ’ 1—Tﬁ]'
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7.4.2 INFINITE HYPOTHESIS CLASSES

In the work so far we have assumed that the hypothesis class H 4 is finite. In this section, we discuss
infinite hypothesis class extensions. Before we do that we state an important result on covering
numbers that we will use soon.

Lemma 5. (Shalev-Shwartz; & Ben-David, 2014) Define a set A = {a € R* |a]|> < AP}
Covering number for n-cover of A given as N, (A) is bounded as

2v/ AsUPkN k

N, (A) < (7) (95)
n

A. Infinite Hypothesis Class: Confounders and Anti-causal variables

In this section, we seek to extend Proposition [5to infinite hypothesis classes.

We restate the Assumption [/|for linear models.

Assumption 12. Inductve bias. Hs is a set of linear models (bounded) parametrized by ® € R™

Ho = {PER", 0 <w< [[P? <0} STy € Ha 20 < [|STH]? < 57250,

Note that the only difference between Assumption[7]and Assumption[I2]is that the hypothesis class
is not required to be finite anymore.

We already established in equation[75] equation[76] equation [77] that from Assumptions[5|and[7] we
can show that the conditions in AssumptionE]hold, i.e., loss and the gradient of the loss are bounded,
and also X ¢, Y© are bounded . The same conclusion follows from Assumptions [5]and Assumption
Hence, for the rest of this section, we can state that || X¢|| < XP, |Y¢| < K, the square loss

£(®(-),-) is bounded by L and W’ _isbounded by L'. In the next lemma, we aim to

w=1.0
show that if Assumption andhold, then R’ (®) is Lipschitz continuous.

Lemma 6. If Assumption |5 and|12| hold, then R’ (®) is Lipschitz continuous in P.

Proof. The output of the model [T X | < ||®||[| X || < VQXP (From Cauchy-Schwarz).

R (®) =3 nE° [@TX@(@TXff _ Ye)} ’
IR (@1) = B ()] = | > n (B[ @] x (@] x* - v°)] e [T X (@] X~ v*)] 2)(

< zz:ﬂﬁ
e

2 2
E¢ [@IX@ (@7 x° - Ye)} _E [@}X@(@gxe . Ye)} ‘

(96)

We bound each term in the summation in the equation[96]above
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E° {@IXE(QIX"‘ - Y"‘)} e [cnge(cnge - Y@)} ’
— | (B [olxe(@]x* - v*)| — B [o]x* (@] X — v*)] ) (B [0 X (@] X — )| +
B [0 X (01X~ v°)])|

IN

E* :<1>IX6 (@7 x° — Y@)} _Ee {@}X@(égxe — Ye)} ‘mesup(\/ﬁxsup +K)

IA

E[o] X (@] X~ V)] B[] X*(@] X - V*)| + B [0 X* (@] x* - v*) |-
g

—

I X(PT X — Y@)} ’2x/ﬁX5“P(\/§XS“P +K)

Ee

(@TX° — BT X°) (@TX* — Ye)} T E° [cnge (@7 x° — <1>§Xe)} )Q\FQXS“P(\/QXS“P +K)

B[ (@] X° — 0X°) (@] X~ Y*)]

IA

VX (VAXSP 4 K) 4

Ee o] X (o] X° — @}X@)} ’2\/5X5“p(\/§Xs“p +K)
) 97)

We bound each term in the last line in equation[97]

Ee[(@] X - @ X°) (o] X* - v°)]|

<E°[| (@] x° - o] x°)

|(@Txe—v)

}

< (\/ﬁXsup + K)]Ee H(‘I)l _ (I)Z)TXe)H (98)
< (VX + K)E[||®; — ®||X**P] (Cauchy-Scwarz)
< (VXSSP 4 K)X5P ||y — &, ||

E° {@QXE(@IXE - <I>§X€)} ‘

< Ee[ G

(@] X° — @] X°)

]

< \/QXSL"’IE@[ (B — y)TX€) } (Cauchy-Scwarz) ©9)

< VAQXSPES[[| B — Py XUP]
< VO(XP)? 1 — sl
Substituting equation [08]and equation[99]in equation[97]to get
IR (®1) — R (95)] < 2VQ(X™P)2 (VXS + K)(2VQX + K)||®; — Bs| (100)

Therefore, R’ is Lipschitz with a constant C' < 2v/Q(X%P)2(v/ QX 4 K)(2V/QX + K).
O

We just showed that R is Lipschitz continuous and we set its Lipschitz constant as c'.
Proposition 14. Let { be the square loss. For every e € (0,¢") and 6 € (0,1), if Assumptions@ @
(withr = 1), hold and if the number of samples |D| is greater than 32615/4 {n log (@) +

log (%)} then with a probability at least 1 — § every solution ® to EIRM (equation@) satisfies
d = ST(a), where a € |

1 1 ]
14+7ye? 1—1/e
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Proof. Following the proof of Proposition [5 our goal is to compute the probability of event A:
{(V® € Hg, |R () — R (D)| < 5}. We construct a minimum cover of size N, (He) (See Lemma
with points C = {®; }3’-:1

Compute the probability of failure at one point ®; in the cover
~ ’ ~ 7 2
P[{D R (®;) — R ()] > EH < D¢~ Ganr (101)
We use union bound to bound the probability of failure over the cover C as follows

€2|D|

p[{D: max | (@) - & (2;)] > EH < 2N, (Ho)e 5207t (102)
Now consider any ® € Hg and suppose ®; is nearest point to it in the cover.

NG

IR'(®) - R (®)| = |[R () - R(® @) + R (®;) - R'(®;) + R (¥,
<|R'(®) — R (®;)| +|R (®;) — R (®;)| +|R (®;) — R (®)] <

) — R ()]
IR (®;) — R ()] + 21C’
(103)

In the above simplification, we exploited the Lipschitz continuity of R'. Therefore, for each ® € Hg

|R'(®) - R'(®)] < max R (®;) — R ()| + 20C"

Ny , L ) (104)
_ < ) — .
foax R (®) - R'(®)] < pax [R(®;) — I (2;)] +2C
&2
Set ) = g5 in equation|104{and from equation|102) with probability at least 1 — N,(Ha)2e™ Sarrd
nax IR (®) — R (®)| < ¢/2 (since max IR'(®,) — R (®;)| < ¢/4) (105)
2
We bound N, (Ha)2e™ S < ¢ and solve for bound on | D| to get
8L" 2N,
|D| > — log( ”((SH®)) (Use Lemmal3))
4 (106)

B o (1Y) 41 (2]

|D| >

Therefore, if condition in equation[T06 holds, then event A occurs and following the same argument
as in the proof of Proposition 5] the proof is complete.

O

B. Infinite hypothesis class: Lipschitz continuous functions

In this section, we seek to extend Proposition [2] and ] to infinite hypothesis class of Lipschitz con-
tinuous functions that we formally define next. Define a map ® : P x X — R from the parameter
space P and the feature space X to reals. Each p € P is a possible choice for the representation
®(p, ). Consider neural networks as an example, P represents the set of the values the weights of
the network can take.

Assumption 13. ¢ : P x X — R is a a Lipschitz continuous function (with Lipschitz constant say

Q).
P C R¥ is closed and bounded, thus there exists a P < oo such that ¥p € P, ||p||*> < P.
X C R™ is closed and bounded, thus there exists a X*'P < oo such thatVz € X, ||z| < X*P.

Y C Ris closed and bounded, thus there exists a K < oo such thatVy € Y, |ly| < K
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Assumption 14. Lipschitz loss and gradient of loss. R(®) is Lipschitz with a constant C, R () is
Lipchitz with a constant c'

From Assumption[I3|derive the conditions in Assumption[3jand Assumption[14® : Px X — R
is a continuous function defined over closed and bounded domain P x X (domain is compact) and
as a result ® is bounded say by M.

Consider square loss £(®(p, X),Y) = (Y —®(p, X))? < (M + K)?2. Hence, there exists an L such
that [£(®(-),)| < L < (M + K)*.

ew2().) is bounded: ‘w‘ ‘ = (Y — ®(p, X))®(p, X)| < (K + M)M.
w=1.0 w=1.0
Hence, there exists an L’ such that |M‘ | <L <(K+MM

Lemma 7. If Assumption|l13|holds, then R(®(p,-)) and R’ (®(p,-)) are Lipschitz continuous in p.

R is Lipschitz:

R(®(p,) — R(®(g, )| = | 307 (B @(p, X°) = Y*)2) ~ E*[(@(q, X) — V)]

< Zw ve)!| —Ef[(@(e, x) - V)’ |
=2

E* [(cb(p, X¢) —
B0

)
(p, X¢) — ®(q, X‘@)}]Ee [cb(p, X€) 4 ®(q, X) — QY} ’

Je<|

]2(M+K)

(I)(pv Xe) - (I)(qv Xe)

SZWEEG[
<Z7r [

< ||p —qll2(M + K)Q

(p, X¢) + ®(q, X°) — 2YH

(p, X¢) — ®(q, X°)

(107)

Therefore, R is Lipschitz with a constant C' < 2(M + K)Q
R is Lipschitz:

@)~ R (00 )| = | 7 ( (2, x%) (@0, x) ~ )] ~E[a(g, X% (80, x) - )] )|
=2

D(p, X)(@(p, X*) = V)] ~ B[(q, X)(@(q, X*) = Y*)]”|

(108)

We bound each term in the summation in the equation [96]above
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< (E@ (p, X°) (<I> (p, X°) Y@)} E* [ (g, X°) ((g, X°) — V)| ) |20 (01 + K)
< (Ee X°)(0(p, X°) Y@)} e [ XY (B(p, X°) — Ye)} R [@(q,XG)(q)(p,Xe) - Ye)}—
E¢ {Cb(q,Xe)( (0. X Ye)} ‘2 (M + K)
= | (B*[(@(p, X°) = (a, X) (@(p, X°) = Y*) | ) + B [@(g, X°)(®(p, X°) — B(q, X)) | [2M(M + K)
< (Ee [(®(p, X°) — ®(q, X)) (B(p, X°) — Y°) ])’2M(M+K)+
E¢ {(I)(q,Xe)( (p, X°) — B(q, X°)) HQM M + K)

(109)
We bound each term in the last line in equation [T09]
(B [(@(p, X°) — D(g, X)) (®(p, X°) ~ Y*)])

< E°[|(®(p. X°) — ®(q. X°))||(@(p, X) — Y*)]] (110)
< (M + K)Qllp—dll

[E[®(q, X)(B(p, X°) — B(q, X°)]|
< E[|®(q, X)||(®(p, X) — ®(q, X°)]] (111)
< MQ|lp — 4|l

Substituting equation[TT10]and equation[TT1]in equation[T09]to get
IR (2(p.)) = B (R(g.)] < 2M(M + K)(2M + K)Q|lp — d (112)
Therefore, R is Lipschitz with a constant C' < 2M (M + K)(2M + K)Q.

C. EIRM: Sample complexity with no distributional assumptions

In this section, we discuss the extension of Proposition 2] to the infinite hypothesis class case. Con-
sider the problem in equation |§] and replace the € with € 4+ «. Define distance between the two sets
S"™ (e) and its approximation S' (e + &) as follows

dis(k) = geg\l/z(mzin)helgli\p(e)d(g,h) (113)

where d(g, h) is some metric that measures the distance between functions g and h. Observe that if
a < b, dis(a) < dis(b).
Assumption 15. limy_,o dis(x) = 0

Define

2 14 /
D" = max {222 [og (22OVPEY g (2], 227 1o (BEVPRY 10 (2)])
v ) K )
Proposition 15. For every v > 0 and § € (0,1), if Assumption 13} [I5] hold, then 3 k > 0 such
that if the number of samples |D| is greater than D*, then with a probability at least 1— 0, every
solution & to EIRM (replace € with € + K mequatlon@) in SV (€ + 2k) and |R(®) — R(®*)| < v,
where ®* is a solution of IRM in equation 3]
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Proof. We divide the proof in two parts.
Define an event A: {D : Vp € P,|R (®(p,-)) — R (®(p,-))| < K}.

In the first half, we will show that if event A occurs, then SV (e) € S"V(e + k) C S"(e + 2x) and
then bound the probability of A not occuring.

/

R (®(p,) <e = R (D(p,") — R (®(p,")) + R (B(p,")) < ¢ =

N , N . (114)
R (@(p,) < e+ R (2(p,) = B (2(p,)] = R((p) Setn
Therefore, S" () C SV (e + k)
E@p)Setr = R@p)-E@p)+R@p)<ectn = o

R(®(p,")) < e+r+|R (®(p,) — B (®(p,-))] = R (®(p,") < e+2k
Therefore, S (¢ + k) C SV (e + 2k)

We bound the probability of event A not occurring. Using the covering number (from Lemma[5) we
construct a minimum cover of size b = N, (P) with points C; = {p;}5_,.

Compute the probability of failure at one point p; in the cover

x2|D|

@y )| > 5 }] <2075 (116)

/

P{D: IR @@;) - R

We use union bound to bound the probability of the failure over the entire cover C; as

~ ’ N _ r2|D|
P{D: max [F (®(p;,) ~ B (®(0;. )] > 5 }| < Ny(Pp2e™ 5% 1)

Now consider any p € P and suppose p; is nearest point to it in the cover.

IR (®(p,-) — R (®(p, )| =
IR (®(p,")) — R (®(p;, ) + B (®(pj,-)) — R (B(p;, ")) + R (®(p;, ) — B (®(p,-))| (118)

N

< |R'(®(p;,")) = R (2(p;, )| +20C
In the above simplficiation, we exploit the Lipschitz continuity of R.
Therefore

¥p € PR (D(p,-)) — B (B(p,))| < max R (B(ps,-) = B (B(ps, )] + 2nC’ o
max IR (2(p, ) — R (2(p,))| < max |R(®(p;,-)) — R (@(p;, )| +2nC’ e

x2|D|
Set n = ;7 in equation and from equation with probability at least 1 — N, (P)2e™ sz
gleaglR/(‘P(p? ) = R (®(p, )| < & (since max R (@(p;, ) — R (@(p;, )| < K/2) (120)
;€C1

x2|D|

We bound N, (P)2e™ s* < § and solve for bound on | D| to get

1Dl = 8:2/4 log (QN%(P)) (121)
D12 22 [i10g (SR 1104 (2]
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Therefore, if condition in equationholds, then event A occurs. If event A occurs, then S 'V(e) -
SV(e+r) C SV(e+2k).

®(p*,-) is a solution to IRM equationand it satisfies V®(p, -) € SV (e) R(®(p*)) < R(®(p, ).
Define an event B: {D : Vp € P, |R(®(p,-)) — R(®(p,-))| < 5.
If event B occurs, then for a solution ®(p, -) of equation E] (where € is replaced with € + k) satisfies

< R(@®(p,) < R@G",) < ROP",) + 5 (122)

Using the covering number (from Lemma we construct a minimum cover of size b = N, (P) with
points C1 = {p; }5_,.

Let us bound the probability of failure at one point p; in the cover

R v _v2|D]
B|[R(®(p;. ) = R(®(p;, )| > 7| < 2¢~ iz (123)
We use union bound to bound the probability defined as
P[{D: max |R(®(p;,) — R(@(p;, )| > T} < N (P)2e 2 (124)
precy VR 3 1 7

Now consider any p € P and suppose p; is nearest point to it in the cover.

Therefore, for each p € P

IR(®(p, ")) — R(®(p;,-))| < max [R(®(p;,-)) - R(®(p;,-)| + 2nC
P (126)

max [R(®(p, ) = R(®(p, )| < max [R(2(ps, ) = R(®(p;, )] + 2O

v2|D|
Setn = g5 in equation and from equation with probability at least 1 — N, (P)2e” 2172

NG N

max [R(®(p, ) — £ (2(p, )| < v/2 (since max R (®(p;,-) — R(®(ps, )| < v/4) (127)

2
We bound N,,(P)2e” oy < ¢ and solve for bound on | D| to get

2L2 2N, (P
|D| > 31/2 log( %( ))
32L° 16Cv Pk 2 (128)
> i S Z
1Dl = v? [kzlog( v ) +1Og(5)}

Therefore, if condition in equation holds, then with probability at least 1 — g event A occurs.
Also, if

S o (EYTEY o (2)] 22 [k BTV 10 (2]} 20

o1 s (2 ) 5
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then the event A N B occurs with at least 1 — ¢ probability.

Project ®(p,-) € SV(e + k) on S (e), i.e., find the closest function in terms of the metric dis, to
obtain ®(p, -). If event A occurs, then p € S' (e + 2x). The distance ||p — p|| < dis(2x).

[R(®(p, ) — R(®(p, )| < C[lp — pl| < Cdis(2r) (130)
We choose k¢ such that k < kg (use Assumption such that C'dis(2x) < v.

R(®(p*,) < R(®(p,-)) < R(®(h,-)) +v (131)

Therefore, by combining equation amd equation we can conclude that if event A N B
occurs, then ®(p,-) € SV (e + 2x) and |R(®(p*,-)) — R(®(p,-))| < v. From the conditions on
|D|, we know that A N B occurs with probability 1 — §. We substitute ®(p*, -) as ®* and ®(p, -) as
@ and this completes the proof. O

D. OOD Performance: Covariate shift case

In this section, we discuss the extension of Proposition ] to the infinite hypothesis class case.
v = {4 o (3552 o ()] (1))

Define D} = 32L° [k log (7160;/1?’“) + log (%)]

V2

Proposition 16. [If Assumptions hold, m € Ho and if the number of samples |D| is greater
than D3, then with a probability at least 1 — §, every solution ® to EIRM satisfies R(m) < R(®) <
R(m) + v.

If Assumptions hold, m € Hqe and if the number of samples |D| is greater than D3, then with
a probability at least 1 — § every solution ®' of ERM satisfies R(m) < R(®") < R(m) + v.

Proof. We begin with the first part. Following the proof of Proposition [5] our goal is to compute
the probability of event A: {Vp € P, |R(®(p,-)) — R(®(p,-))| < 5}. Using the covering number
(from Lemma we construct a minimum cover of size b = N, (P) with points C = {p; }gzl.

Compute the probability of failure at one point p; in the cover

. v _%|D|
P{D: [RO(p;,) = R(O(p, )| > 7 }] < 27 502 (132)
We use union bound to bound the probability of failure over the cover C
. v _v2|D|
P{D: max |R(@(p;. )~ R(2(p;, )] > | }] < Ny(P)2e 552 (133)

Now consider any p € P and suppose p; is nearest point to it in the cover.

|R(®(p,-)) — R(®(p, )| =
[R(®(p, ) = R(D(pj,-)) + R(®(p;,-)) — B(D(p),-)) + R(®(p;,-)) — B(D(p, )| (134)
< |R(®(p;,-) — R(®(p;,-)| +20C
In the above simplification, we used the Lipschitz continuity of R. Therefore
7 € P, [R(®(p. ) = R(P(p,))| < max |R(®(pj,) = R(®(p;, )|+ 20C
’ (135)

max |R(®(p, ) — R(®(p,))| < max [R(®(p;,-)) = R(®(p;,-))| + 2nC
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1/271,
Set ) = g in equation|135|and from equation|133|with probability at least 1 — N, (P)2e" 322%

At

max [ (9(p, ) — & (@(p. )| < v/2 (since max |R (@(p,.)) =  (@(p;. )| < v/4) (136

\
We bound N,,(P)2e™ G < ¢ and solve for bound on | D| to get

D] >

8VL22 o <Nn§73)
T [es () s ()]

V2

) (Use Lemmal3))

(137)
1D >

Therefore, if condition in equationholds, then event A occurs. Observe that the optimal solution
p* for expected risk minimization p* € argmin,ecp R(®(p,-)) satisfies ®(p*,-) = m(-) (From
Lemma [ and m € Hs). If event A occurs, then from same argument used in equation 48] a
solution p™ € P of ERM satisfies R(®(p*,-)) < R(®(pT,-)) < R(®(p*,-)) + v is true.

We now move to the second part. From the first part of the proof, we conclude that when

ID| > % [m (@) +log(%)} (138)

with a probability at least 1 — 5 event A occurs.

Define an event B: D is such that | R (m) — R (m)] < 5. Since R'(m)=0,|R (m) — R (m)| <
<

§:>|R( )|§§:>R( m) §Theref0rem€8'v() -
We write P(B) = P({D : |R (m) — R'(m I=3h=1- P({D: |R (m) — R (m)| > §}). The

( )

gradient of loss function is bounded | ) lw=1.0] < L. From Hoeffding’s inequality in Lemma

[Mit follows that

SN |D|e?
< —_
B(D: & (h) = B ()| > 5) < 2exp (= 10755 )
|D|e? é
_ < Z
zeXp( 16L/4) =3
16L’4 4
>
|D| log (5) (139)

Combining the two conditions equation and equation [139]
3212 32CV Pk 4\71 161" 4
|D| Zmax{ [kl (7> + log <7)}, log <7>}
v ) €2 ]

This ensures P(AN B) > 1 — 4. If event A N B occurs, then we follow the same justification as in
the proof of Propositionto claim that a solution p € P to EIRM equation|[f]satisfies R(®(p*, -)) <
R(®(p,-)) < R(®(p*,-)) +v

This completes the proof.

7.4.3 EXTENSIONS TO BINARY CLASSIFICATION (CROSS-ENTROPY)

In the main body of the manuscript, we focused on regression (square-loss). In this section, we
discuss the results that can be extended to binary classification (cross-entropy) loss. We will not go
in the order in which the results were introduced in the manuscript but in an order that makes for
easier exposition for the classification case.
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We begin by showing how to extend Proposition [ to binary classification (cross-entropy). Recall
that the entropy of a distribution Py is H(P) = —Ep|log(dP)]. Recall that the cross entropy of
Q relative to P is H(P,Q) = —Ep|[log(dQ)] = H(P) + KL(dP||dQ). The cross entropy loss ¢
for binary classification when using a predictor f : X — [0, 1] (f(X€) is the probability of label
1 conditional on X©) is given as £(f(X®),Y*) = Y<¢log (f(X®)) + (1 — Y*)log (1 — f(X°)).
For the discussion below Q(Y¢|X¢) is defined in terms of f as follows Q(Y*® = 1|X°¢) = f(X®)
(Q(Y* =0]X°) =1 — f(X*)).

Re(f) =Ee[e(ye, f(Xe))]

= B[V log (£(X)) + (1= Y*)log (1 - f(X°))]
= E[E° [V X log (f(X*)) + (1~ E[Y*|X“]) log (1 - /(X°))]
= B[PV = 1]X°)log (£(X¢)) +P(Y* =0]X*)log (1 - f(X*))] (140)
- E@{ (P( Y€|X Y@\Xﬁ))}
=E°[H(P(Y°|X°)) + KL(P(Y*|X)||Q(Y*|X)]
= B° [H (P(Y¥|X%))] + B [KL(P|X9) Q(r|X)]

From the above it is clear that Q(Y¢|X¢) = P(Y¢|X ) minimizes the risk in an individual environ-
ment.

Assumption 16. Invariance w.r.t all the features. Foralle,o0 € E, andforallz € X, E[Y¢|X¢ =
z] = E[Y°|X° = z]. X¢ ~ P%. and Ve € &y support of Ps. is equal to X.

Observe that in the binary-classification setting the above assumption amounts to equating the con-
ditional probabilities P(Y¢| X¢) and P(Y°|X°).

Recall that map m (from equation[2) simplifies to Vz € X
m(x) =E°Y4 X =z] =P(Y°®=1|X°=1x) (141)

If Assumption [T6holds, then from cross-entropy decomposition in equation [T40]it is clear that m
solves the OOD problem (as it is optimal w.r.t each environment). It is also the unique minimizer.
We can justify it based on the same argument presented in equation [56] Suppose there was another
optimizer which was different from m over a set with a non-zero measure. Over such a set the the
KL divergence term inside equation will be greater than zero, thus making the second term in
equation [T40] positive thus contradicting the optimality. This shows m is the unique optimizer. The
rest of the arguments presented in the proof of Proposition [ carry over to this case. Therefore,
Proposition A extends to the cross-entropy loss.

Note that Proposition [2]s proof was agnostic to loss type and only used boundedness, which holds
for both cross-entropy as long as the probability output are in the strict interior of [0, 1] defined by
[Pmins Pmax] C [0, 1]. We could not generalize Proposition to cross-entropy loss and that is left as
future work.

Next, we move to showing how Proposition[I]can be generalized to binary classification.

Assumption 17. Existence of an invariant representation. 3 ®* : X — Z such that Ve,0 € Ey
andVx € X, E[Y¢|®*(z)] = E[Y°|D*(z)].

Recall m defined in equation[2] Vz € ®*(X)

m(z) =E[Y|Z° = 2] = P(Y* = 1|X° = 2) (142)
Define a composite predictor w o ®*. Substituting f = w o ®* in equation [I40|we get the following.
For the discussion below, a distribution R(Y¢| X ¢) is defined in terms of w o ®* as follows R(Y ¢ =

11X°) = wo & (X) (R(Y® = 0|X¢) = 1 —w o ®*(X°)).
Re(w o ®*) = E° [H(P(YﬂZe))] +E° [KL(]P(Y@|Z€)||R(Y@| (Ze))] (143)
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If all the data is transformed by ®*, then from the above decomposition equation it is clear that
R(Y*¢|Z¢) = P(Y©|Z°) is the optimal predictor for each environment. Hence, w*(Z¢) = P(Y*© =
1]Z¢) is the best choice for w.

Assumption 18. Existence of an environment where the invariant representation is sufficient. 3
an environment e € Eqyy such that Y¢ L X¢|Z¢, where Z¢ = &*(X°).

We derive a relationship as follows for the environment ¢ satisfying Assumption[T8]
P(Y?Z%, X)) =P(Y?Z?) (follows from conditional independence in Assumption[I8) (144)
Also, note that since Z9 = ®*(X?) we have
P(Y?]Z9, X7) = P(Y?X9) (145)

From equation[T44] and equation[I45|we have
PY[X1) = P(Y?|Z?) (146)
We use equation[T46]in the cross entropy decomposition from equation [I40]
Ro(f) = B2 [m(B(ve|20)) | + B2 [KL (B 2 Qv 0| x0)| (147)

Recall Q(Y? = 1|X7) = f(X?) (Q(Y? =0|X7) =1— f(X7)). Also, recall w*(Z?) = P(Y? =
1/Z7). From the above it is clear that f = w* o ®* is the optimal predictor for environment g.

RI(w* o &*) = EI [H(P(Yq\Xq))} (148)

The expected conditional entropy for environment e is defined as H¢ = E® {H (]P’(Ye\Z 6))} is the

risk achieved by w* o ®*. Also, He¢ measures the amount of noise in the environment. This is much
like the variance that remains in the least squares minimization. In the next assumption, we state that
the noise in all the environments is bounded above. We also assume that one of the environments
which achieves the maximum noise level is environment ¢, which satisfies Assumption@

Assumption 19. Ve € £y, H® < HYP, H9 = H*"P

Therefore, ~

R (w* o ®*) = H*"P (149)
From equation [T43]for all the environments

Re(w* 0o ®*) = H® (150)

Observe that max.cg,,, R(w* o ®*) = H*'P. From the above assumption it is clear that for all
predictors f : X — [0, 1].
VS, max RE(f) = RU(f) = B
e€lall
_ 151
min max R¢(f) > H*" (>

f e€€an

Since max.cg,, R¢(w* o ®*) = H“P, we conclude that w* o ®* is the predictor that solves the
OOD problem in equation[I} This completes the extension of Proposition|[I]to cross-entropy.

7.4.4 ON THE BIASEDNESS OF ERM

Consider the model in Assumption 5] For each environment e € &, define a vector p¢ =

E°[e°X¢]. Define a matrix p with p° as column vectors p = [p!,..., pl€I]. Define a vector
7= [r', ..., 7], where recall from Assumptionwo is probability a point comes from environ-
ment o.

Proposition 17. If Assumption[5|holds, He is a linear hypothesis class with parameter ® and if the
rank of p is at least one, then ERM is asymptotically biased, i.e., even with infinite data ERM will
not achieve the desired solution S'~, except over a set of measure zero of probability distributions

.
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Proof. Consider the case when ERM has access to infinite data, i.e., we are solving the expected risk
minimization problem stated as mingey,, R(®). We will consider the linear model in Assumption
and assume Hq linear hypothesis class parametrized by ® € R™. We simplify the V4 R(®) for
the square loss below

VaR(®) = > 7B (v - @Tx*)X'] (152)
e€&yr

We compute the gradient for & = STy as

Vop—gr, B(P) = Z n°E° {(Ye - VTSXe)Xe} (Use Assumption 3)

e€lyr

=Y 7E°[e°X°]

e€Er

(153)

Recall p° = E°¢[e°X°] and p = [p!, ..., pl¢I]. Recall 7 = [r!, ... «l¢]]. Setting the gradient
defined in equation to zero and using the above matrix notation we get

pr=0,1T7=1,7>0 (154)

If 7 satisfies equation then ERM is unbiased, else it is not. Consider the set of vectors in the
probability simplex {7 [ 1T# = 1,7 > 0} and define a uniform probability distribution over it.
Since rank of p > 0 at least one of the columns of p is non-zero. As a result a uniform random
draw from this set of probablity distributions would have zero probability of satisfying p7 = 0.
Therefore, ST+ is not the optimal solution to ERM and thus the solution of ERM would be biased
away from S’T*y.

O

In Proposition [5] we had assumed Assumptions [5] [6} [7] hold. If we also assume that rank of p is at
least one, the Proposition [5| continues to hold. If for at least one e € &, E¢ [56X e] is non-zero,
then the rank of p is at least one. From proof of Theorem 10 in|Arjovsky et al. (2019), linear general
position continues to hold except over a set of covariance matrices with measure zero even when
one of the [£°¢ [56X 8] is non-zero.

Also, in the above Proposition we only required that rank of p is at least one. However, if
we make the additional assumptions [5] [6] [7] the result of the above Proposition continues to hold.
Therefore, if Assumption [5] [6] [7] hold and rank of p is at least one, then ERM is asymptotically
biased and IRM can be within /¢ neighborhood of the ideal solution with the sample complexity
shown in Proposition 3}
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