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Abstract

We introduce a novel particle-based algorithm
for end-to-end training of latent diffusion mod-
els. We reformulate the training task as mini-
mizing a free energy functional and obtain a
gradient flow that does so. By approximating
the latter with a system of interacting parti-
cles, we obtain the algorithm, which we under-
pin theoretically by providing error guaran-
tees. The novel algorithm compares favorably
in experiments with previous particle-based
methods and variational inference analogues.

1 INTRODUCTION

Diffusion Models (DMs) introduced in
( ), and further developed in ( );

( ), excel at numerous generative model-
ing tasks. Examples include image synthesis (

, ), protein design ( , ),
and language modeling ( , ). They wor
by progressively adding noise to data to transform the
data distribution into an easy-to-sample reference dis-
tribution, and then learn to revert this noising process.

However, these steps take place in the data’s ambient
space, which is typically high dimensional. For this
reason, DM training and inference prove computation-
ally expensive. To alleviate this issue,

(2022); (2021);

( ) and others proposed using a Variational Au-
toencoder (VAE) ( , ) to map
back-and-forth between the high-dimensional ambient
space and a low-dimensional latent space, and carry-
ing out the noising/de-noising steps in the latter. To
date, the world’s most popular DMs (e.g., Stable Diffu-
sion ( , )) fall into this Latent Diffusion
Model (LDM) category.

Proceedings of the 29*" International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

Recently, (2023); (2024);

( ) have reported performance gains for
parameter estimation in simple latent variable models
and generator networks by replacing variational approx-
imations with particle-based ones. Here, we investigate
whether this is also the case for LDMs and introduce,
to the best of our knowledge, the first particle-based
method for LDM training.

Contributions.

(C1) We recast the problem of LDM training as the
minimization of a free energy functional, charac-
terize the functional’s minima (Proposition 2.1),
identify a gradient flow that minimizes it, and es-
tablish its exponential convergence under standard
assumptions (Theorem 3.1).

(C2) Approximating the flow in (C1), we obtain In-
teracting Particle Latent Diffusions (IPLDs)—a
simple, particle-based, and encoder-free algorithm
for LDM training well-adapted to modern com-
pute environments—and we derive non-asymptotic
bounds on its error (Theorem 3.2).

Through several practical improvements, we obtain
an efficient and scalable version of the algorithm
(Section 3.3) and demonstrate its effectiveness in
numerical experiments (Section 5).

(C3)

(C4) Lastly, by approaching LDMs from the above un-
explored angle, we open the door to other novel
LDM training methods. In particular, our ap-
proach connects latent diffusion models to the rich
body of work on gradient flows and interacting
particle systems stemming from the optimal trans-
port literature ( , :

, )—a connection that can spur the design
of new algorithms as we demonstrate here.

Paper structure. The paper is organized as follows.
First, we review the necessary background on LDMs
and identify relevant loss functions (Section 2). Next,
we obtain IPLD: an algorithm for minimizing this loss
(Section 3). We do so by identifying a gradient flow
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that minimizes the loss (Section 3.1), approximating
t (Section 3.2), and incorporating a series of practical
improvements (Section 3.3). We then survey the re-
lated literature (Section 1) and experimentally compare
IPLD with relevant baselines (Section 5). We conclude
with a discussion of our results, IPLD’s limitations,
and future research directions (Section 0).

Notation. We use X = R% and Z = R% to de-
note the ambient and latent spaces, © = R% and
® = R% the decoder’s and DM’s parameter spaces
(c.f. Section 2), {x!, M} the training set, [M] :=
{1,..., M} the set of indices, and P2(R9) the space
of probability distributions on R¢ with finite second

moment. To denote product measures, we write
"M = (¢',...,¢M) € Po(Z)M for M-tuples of dis-
tributions ¢',...,¢™ over Z.

2 PRELIMINARIES

We consider latent-space versions of Denoising Diffusion
Probabilistic Models (DDPMs) ( ) ) similar
to those in ( ); ( );

( ). To be specific, for a
fixed data point = € X, we consider the following latent
variable model:

P0,6(T 20.5) = Pe(|20)Po (20: 1) (1)

where py(x|z0) = N(x;94(20),02I) is an isotropic
Gaussian decoder, with g4 : Z — X denoting a neural
network parameterized by ¢, that maps from the latent
space to the ambient space, and the prior

K

po(z0:x) = p(ex) [ [ pook(ze-1l2),
k=1

is a DDPM parameterized by 6 ( , ). The
DDPM end point is defined with a standard Gaussian
distribution pg (2) := NM(2k;0, I) at time K, and its
backward kernels are also Gaussian:

N(Zkfl; /J‘Q,k(zk)u B%I)v

where (k,z) — g (z) denotes a neural network pa-
rameterized by 0; and {B;}5_ | a fixed noise schedule.

Suppose we are given a dataset {x!, M} where
™ ~ Ddata for m € [M]. To fit the generative model in
(1), we aim to find parameters (6, ¢,) that maximize
the expected log-likelihood E, ... [logpg 4(X)]. Given
that we only have access to the empirical measure
pM . = (1/M) Zm 1 0zm, we approximate the ex-
pected log-likelihood with the empirical average:

p@,k(zk71|zk) =

1 M
)= 37 > logpg p(a™), (2)
m=1

where
Po.p(x) == /p9,¢(-73;ZO:K)dZO:K

denotes the probability density the model assigns to
a given datapoint x. This quantity is also called the
marginal likelihood.

2.1 Minimizing Free Energy

The direct computation of £(0,¢) (and consequently
of its gradients) is intractable, as pg 4(z) involves
marginalising over the latent variables zg.x. To cir-
cumvent this issue, we instead look at utilising lower
bounds on £(6, ¢). Using the standard lower bound of
marginal likelihood, we obtain using Jensen’s inequal-
ity that logpg 4(x) > E,[logpe ¢(x,-)/q(-)] for any
and distribution g over the latent space. We aim at
generalising this bound for M data points where ¢ is
the prior distribution defined by the DDPM in the
latent space.

To this end, consider the product measure ¢""™ ¢
P(Z)M and note that

1 Po ¢(9€m,20)}
l 0, > — E,~ |lo ’ 3
0:0)2 37 3B g0
where we have for all (6,¢) € © x ®:
P, (s 20) == /p0,¢('>ZO:K)dZI:K~ (4)

The negative of the quantity in the r.h.s. of (3) is
termed the free energy, denoted F (6, ¢, ¢*M) ( ,

):

NS . [ ¢"(x0) }
F(aa ¢7 q ) M "LZ:l Eq’" IOg p97¢,($m, ZO) . (5)
Noting that —£(0,¢) < F(0,¢,¢""M) for all
(0, 0,¢"M) € © x & x Po(Z)M, we see that minimiz-
ing () above over all parameters 6, ¢ and M-tuples
"M = (¢*,...,qM) is equivalent to maximizing £(6, ¢)
over all 6, ¢; see, e.g., ( ).

However, the joint density pg 4(z, 20) in () is still com-
putationally prohibitive to evaluate due to marginal-
izing over the entire diffusion trajectory z;.x. We
therefore resort to one more upper bound for the neg-
ative log-likelihood —¢(0, ¢), leading to the tilted free
energy (see Appendix for the full derivation):

o= g 2o [

where the expectation is taken with respect to ¢ (z0.x)
with ¢™(z0.x) := q(21.x]20)q m(zo) for all m € [M] and

H (2|2K-1)

q" (20:1)

_ 6
Paqsxm 20:K) ©

F(0, 6,4

Zl K\Zo
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is the forward process, a product of Gaussian kernels
as in DDPM.

Examining the second lower bound in (0), we note that
F can be decomposed as (cf. Appendix ):

F(0,6,q"") = F(0,6,¢"") + 5 Z Egm [R(6, 20)],
where
R(0, 20) = Dxr(q(z1:x20)|lpo(z1:x120)) > 0. (7)

So F amounts to a regularized version of F' that pe-
nalizes deviations from the forward process. Therefore,
we can alternatively view F as the free energy obtained
replacing pg (™, z0) in (5) with the tilted version:

Po.o(x™,20) 7= po,¢(2"™; 20) exp(=R (0, 20)),  (8)
for m € [M]. For this reason, similar arguments to

those behind ( , , Theorem 2) yield
the following result.

Proposition 2.1. (0,,¢,) mazimize ((0,¢) :=

M-t Zn]\f 1 log pe ¢( m) iff (9*7 B ql:M)

imize F  for some q¢YM, where Do,o(z™) =
[ Pos(x

™ 20.5 )dzo.x for all m € [M].
In an idealized setting where the backward process
parameterized by 6 is expressive enough to match the
chosen forward process, the penalty R (6, 2) vanishes,
and our tilted log-likelihood ¢(6, ¢) shares the same

maxima and maximizers with the true £(6, ¢) in (2).
Hence, for optimal parameters 6, such that

0, €0y :={0€0:R(,) =0},

Proposition implies that the minimizers (6, ¢)-
components of F(,¢,q""M), our tractable proxy for
optimization, also maximize the marginal log-likelihood
£, our objective of interest. While this is never perfectly
achieved in practice, we believe a close approximation
is possible when the forward and reverse processes are
chosen with care (generally, the more expressive the
latter is, the better).

Previous works such as ( )
restrict ¢ to mean-field Gaussian distributions of the
sort N (20; pyp (™), Xy (2™)), where the mean and (di-
agonal) covariance matrix are parameterized by an
encoder with parameters 1, and they optimize F over
(0, ¢,1). In the following, we take a different approach
and replace these parametric variational approxima-
tions with particle-based ones.

3 INTERACTING PARTICLE
LATENT DIFFUSION

To obtain an algorithm for minimizing F in (0), we
follow similar steps to those taken in ( )

to obtain particle-based algorithms for minimizing F'
in () for simpler latent variable models (in particular,
ones for which pg 4(x, z9) have a standard Gaussian
prior and do not have complex dependencies on latent
variables zp).

3.1 The gradient flow

To derive our algorithm, we search for an analogue
of gradient descent (GD) applicable to F(Q, &, q+M).
A single update step of GD in the Euclidean space
R? for minimizing a function f : R — R is given by
ZTp+1 = xk — hV, f(xg). This update step is exactly
the Euler discretization with step size h > 0 of the
continuous-time gradient flow &y = —V, f(x;). The
analogue of the continuous time gradient flow we now
identify resides in the joint space of parameters © x ® >
(0,¢) and distributions P2(Z)M > ql'M. Under this

geometry, VF = (VoF,V4,F,VF,. quﬁ‘) (see
Appendix for details):
| XM
VoF (0, ¢, ¢"M) =7 Z Egm [VoLp(0,20)],  (9)
1 M
V¢F( o] v M Z Egm [V logps(z™|20)] »

=1
(10)

vqmﬁ‘(97 ¢7 ql:M)

= [vzo : [qm(ZO)vZOLm(ev o, ZO)] -A )]7 (11)

where the last equation holds for all m € [M], and we
have defined:

Em(97¢7zo) = m‘ZO)) -

with Lp(6, z9) being the diffusion loss for the latent
space DDPM prior :

Z()qm(zo

log(p (= Lp(0.20),  (12)

q(Z1:. K |2
,CD(Q,Z()) —E q(z1.x120) |:10g (1K|0):| .

Po(20:x) (13)

The gradient flow then reads

(etad)ta'

Using the results of ( ), it is straight-
forward to obtain sufficient conditions under which the
flow converges exponentially fast to F’s minimizers.
We state a concise version of the result and associated
assumptions; we defer the full statement and proof to
Appendix . Let pg¢(-) := Do,¢(x, ) be the unnor-
malized tilted posterior, and 79 () = po,¢(-)/Ag,6 be
its normalized version with Ag ¢ being the normalizing
constant.

@My = —VE(0,, by, ¢iM). (14)

'We point out that the loss is dependent on the number
of diffusion time steps K.
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A1 (Model regularity). We assume that

1. Forall z € Z, (9,¢) = 7?9@(2) and (9,¢) = A9,¢
are differentiable;

2. for all (8,¢) € © x ®, Ty 4 is twice continuously
differentiable;

3. Po.s(z) >0 forall z€Z and (0,¢) € © x D.

A 2 (Regularity of solutions). For any initial condi-
tions (0, ¢,¢""M) € MYM  the gradient flow has a
classical solution (01, ¢, qF™M )i>0 with (6o, ¢o, q¢"™) =
0,6, q"M). Furthermore, for all m € [M] and t >0,
@™ has a Lebesgue density in C12(]0,0) x Z,RT) and
(0, ¢¢) € CL([0,00),0 x ).

A 3 (Strong log-concavity). For all x € X, the tilted
joint density pg ¢(x,z) is A-strongly log-concave in
(0, ,z) for some A > 0.

Theorem 3.1. Suppose Assumptions A -A 5 hold,
then ¢ has a unique mazimizer (04, dx) and the flow
converges exponentially fast to it: for A independent of
M and allt > 0,

16 60) — (0. 62)]] < \/Q[F(é)o,%,jg: )= Rl e

where we denote F, := inf (g, q1:0) F(0,6,¢"™) and

[| - || denotes the Euclidean norm.

Proof (Sketch). Given the fact that (6,¢,z9) +—
log(ps,s (2™, 20)) is A-strongly concave for each m in
[M], it follows that

M
=M Z log po,(x

m=1

00, ¢, 25 ™), (15)

is also A-strongly concave. The result is then an ap-
plication of the extended log-Sobolev inequality under

strong log-concavity (cf. Definition and
( )), whence the exponential convergence fol-
lows from Grénwall’s inequality. O

3.2 Approximating the flow and a simple
algorithm

In almost all cases, (9—11) defines an intractable set
of equations and we must approximate it. To do so,
we exploit the fact ( , , Section 2) that
they form the Fokker-Planck equation satisfied by the
law of the following McKean-Vlasov SDE (

M
1
d, = Z Eqr [VoLp(0r, Z%)] dt, (16)
m=1
M
dgy = Z Eqp [V logpe, (x™|Z5%)] dt, (17)
dzy, = vzoﬁmwt, o, Z0%)dt + V2AW]™, (18)

where we define the last equation for all m € [M],
" denotes the law of Z",, and (W}*);>¢ denotes a
d, X M-dimensional Brownian motion.

However, the laws (¢} );>0 are unknown and the con-
tinuous time axis intractable, so we must approximate
the former and discretize the latter. In particular, for
each m we approximate the laws using an empirical
distribution:

N
m 1
qi" (dzo) =~ N Zézgzn(dzo),

n=1

which is formed with N weakly-dependent particles
zy" SR 2y "N all (approximately) distributed accord-
ing to ¢™; and we discretize the time axis using the
Euler-Maruyama scheme:

M N
0141 =0, — (h/MN) Z ZV()ﬂD 0. Zoy"), (19)

m=1n=1

M N
+ (h/MN) YY" Vylogps, (+™Z55"),

¢t+1
m=1n=1
(20)
2yt = Z5" + WV [L7 (O, b, 255"
+V2hW™™ Y(m,n) € [M] x [N], (21)

where h > 0 denotes the discretization step size,
WEMAN 5 T 5 M x N-dimensional standard Gaus-
sian random variable, and T denotes the total num-
ber of steps. Under the conditions in Theorem ’s
premise, and a further Lipschitz gradients assumption,
it is straightforward to obtain error bounds for (19-21)

using the results in ( ).

A 4 (Lipschitz gradient). The log-likelihood
(0, 0,20) = logpgs(ax™, z) is differentiable
and its gradient is L-Lipschitz for some L > 0, i.e. for
all (07¢a ZO)7 (0/7¢/326) EOXPx Z;

) ¢7 ZO)
S L”(ev ¢7 ZO) -

|ver (o -V, ¢ 2|l

(@, ¢, ).
Theorem 3.2. Suppose that the premise of Theo-
rem and A/ hold, and that R has Lipschitz gra-

dients. For all sufficiently small h > 0, there exists a
constant Cy, N of order O(hY2 4+ N—1/2) independent of
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T, ape(0,1), and a C > 0 independent of (h, N,T),
such that

E [|(0r, 1) — (05, 6)|P]/* < Con +Cp" VT €N,

where (04, @) denote £’s unique mazimizer.

Proof (Sketch). Given the extra Lipschitz gradients
assumption on logpg ¢(z, 20), the result follows from
bounding the spatial and temporal discretization errors
separately, which are then combined with the exponen-
tial convergence result in Theorem 3.1. We defer the
full proof to Appendix . O

In particular, Theorem shows that the error can
be made arbitrarily small by picking N, T sufficiently
large and h sufficiently small.

3.3 A practical algorithm: IPLD

While amenable to theoretical analysis, the algorithm
defined by (19-21) performs poorly in practice when
applied to models of the sort we are interested in for
several reasons. We deal with these one at a time and
obtain a practical discretization, Interacting Particle
Latent Diffusion (IPLD), which is well-suited to modern
computing environments.

Subsampling. The updates in (19-21) incur a
O(NMK) computational *, which proves prohibitively
expensive for all but the smallest of training sets. We
overcome this issue by subsampling similarly as in

( ); ( ). First, we
) more concisely as

(01, b¢) —

1:M,1:N
ZO t

rewrite (19—

(Or1, Pr41) =

1:M,1:N
Z0t+1

hV (9,6) Lt
— (MNh)vzé:M,l:N,Ct
+ \/ﬁWtLM’l:N,

where £, = (MN)='SM S (Lm0, ¢, 205")]
with £™ defined in (12). Then, we replace the loss
L; with the following unbiased estimate:

ﬁt = li(@t, (bt, Zé;y’lZN) (22)
1

== L0y, 2™") —1 LaP
N|B| (m’n)GZBX[N][ D( t7ZO,t ) ng¢>(w |ZO7t )i|

where B denotes a subset of [M] of size |B| drawn
uniformly at random (and independently of all other
random variables), and L£p denotes the O(1)-cost unbi-
ased estimate of the diffusion loss Lp specified in Ap-
pendix A.1; so bringing down the cost to O(N|B|). We

%We use the convention in optimization ( )
and only include the dominant gradient evaluation cost

add noise to the particles’ updates scaled by +/|B|/M
to match the variance of the noise in the full-batch up-
dates in (21). See Algorithm | below for pseudocode.

Algorithm 1 Interacting Particle Latent Diffusion
(IPLD)

: Inputs: Dataset {2™},,cn, stepsize h,

! , parameters ¢, 6

. 1:M,1:N
: particles 2y
: while not converged do

Sample a mini-batch of indices B C [M]

1
2
3
4
5: Compute £; = L(6;, ¢1, zé MENY i (02)
6
7
8
9

for (m,n) € [M] x [N] do
if m e B then
25" 2" = (MNR)V e Ly
end if
10: P Ry C Ll
11: end for
12: 41 < 0 — hVL,

13: ¢t+1 — ¢t — thﬁﬁt
14: end while

15: Outputs: (9t7¢t>zétMlN)

Distributed Training. (19-21) require O(MN)
memory. However, IPLD is well-suited for distributed
training: Zj;"’s update for a given pair (m,n) is inde-
pendent of that for all other pairs, and requires only
access to the mth datapoint. Thus, in distributed se-
tups, we allocate each accelerator a disjoint subset of
the training set and it handles the corresponding up-
dates for all IV particles, reducing per-device memory
costs and communication costs. This contrasts with
autoencoder-based LDMs that necessitate synchroniz-
ing gradients for encoders (typically, deep networks)
when trained end-to-end.

Reweighting and annealing. We re-weight the dif-
fusion loss Lp similarly as in ( ), as this
re-weighting is known to improve sample quality (
; , ); see Appendix
for details. Furthermore, we anneal the KLi term in
the free energy, replacing the summand in (0) with:
—Egm [log py(2™|20)] + 7 Dxr.(¢™ (20)|[po(20)), Where
Yt : [0,00) = (0,00) denotes the (non-decreasing) an-
nealing schedule. This is a practice commonly used
when training deep Latent Variable Models (LVMs)
to encourage accurate reconstruction during the early
stages of training ( , ; ;
, ). Adjust—
ing F correspondlngly results in ¢ premultiplying Lp
in (11); which in turn corresponds to adjusting the
noise levels in (15,21) by multiplying a factor of |/v;
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(cf. Appendix for details).
Preconditioning and momentum. When training
simpler latent variable models with algorithms sim-
ilar to ours, ( ); ( )
observed that preconditioning the models’ parameters
similarly as in RMSProp ( )
mitigated ill-conditioning and stabilized the tramlng.
( ) further noted gains in both training
speeds and test-time performance by incorporating mo-
mentum into the parameter and particle updates. Here
we precondition and incorporate momentum for both
the parameters and particles. We use optimizers like
AdamW ( ) ) for the former
and adaptive Langevin algorithms ( ;
, ) for the latter. Lastly, we choose dlfferent
step sizes hg, hg, and h, respectively for 0, ¢, and the
particles to account for the multi-scale nature of the
interacting particle system ( ;
, ). We provide the pscudocodc for
the full training algorithm in Appendix

4 RELATED WORK

Interacting Particle Algorithms. Interacting par-
ticle systems have long been the foundation of much sta-
tistical and optimization methodology, e.g. ( ,

, ). Their use in
algorlthms that fit latent variable models by jointly up-
dating model’s parameters and a latent-space particle
cloud to maximize the likelihood is more recent:

( ) proposed several such algorithms and

( ) improved their performance by incorpo-
rating momentum into the algorithms’ updates (see
also ( ); ( );

(2021); (2025);

( ); ( )). The theoretical
guarantees of our algorithm are derived from the re-
sults in ( ). Similar error bounds have
been established in ( ) for an alter-
native approximation to the gradient flow featuring
noise in the parameter updates. Also related to our
method are numerous works approximating gradient
flows with particles to obtain alternatives to conven-
tional Variational Inference (VI); e.g.,

(2016); (2022); (2023);
(2023); (2021). Lastly,
there is a growing body of work exploring training

methodologies for generative models in the ambient
space using particle-based methods ( , ;
) ) ) ) )

5 ’ )

Latent Diffusion Models. There have been various
attempts at incorporating DMs into LVMs as the prior

po(z). ( ) proposed to jointly train a
continuous-time score-based DM ( , ) in
the latent space of a deep hierarchical VAE (

, ). Similarly, ( )
considered the joint training of a discrete-time DM with
a conventional VAE. ( ) instead applied
a discrete-time diffusion prior to a Vector-Quantized
Variational Autoencoder (VQ-VAE) (

, ). The seminal work by
( ) can also be viewed as learning a diffusion prior
post training of the VAE. Additionally, several studies
have proposed a trainable forward process for diffu-
sion models ( , ; , ,b;

, ), which can be viewed as gener-
alizations of latent diffusion models. More recently,
combinations of diffusion-based priors with other types
of probabilistic models in hierarchical VAEs have been
explored, such as Energy-based Model (EBM) (

, ) and Variational Mixture of Posteriors
prior ( , ). Additionally, the
work by ( ) can also be viewed as an
VAE with a consistency model ( , ) learn-
ing the aggregated posterior. Concurrent to our work,

( ) also considers the joint training of a
latent diffusion model with the VAE, but their objec-
tive is instead based on the REPresentation Alignment
(REPA) loss ( , ), which require forward
passes through pretrained vision foundational models
like DINO ( , ; , ).

Decoder-only Models. Connected to our work are
other methods that, similarly to us, optimize latent vari-
ables rather than relying on an encoder network. Sev-
eral studies ( , ; , , ;
, 2020; , 2022; » 2023)
have considered short-run and persistent Langevin
dynamics within an Expectation-Maximization (EM)
framework to train latent variable models featuring a
top-down generator network. Also related to our work
are approaches like ( );
( ) that optimize latent distributions as an
alternative or enhancement to Generative Adversarial
Networks (GANs) ( , ).

5 EXPERIMENTS

We evaluate IPLD’s performance on two synthetic
datasets (Section 5.1) and three image datasets (Sec-
tion 5.2) 7. In the synthetic case, we benchmark against
the closest VI analogue to IPLD we have been able to
locate in the literature: DIFFUSIONVAE (

, ); see the end of Section 2 for more details.
For the image datasets, we additionally compare with
several other decoder-only LVMs (cf. Section 7).

3Code available at
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Models FID(})  Models FID(})
Decoder-only LVMs DAMC ( , ) 30.83
PGD ( , 2023) 101.4 LP-EBM ( , 2020) 37.87
MPGD ( , ) 91.7 EBM-SR ( , ) 23.03
DAMC ( , 2023) 57.72 DiffusionVAE ( L, 2021)  67.95
LP-EBM ( , ) 70.15 DiffusionVAE* 29.24
EBM-SR ( R ) 44.50 Ours
VAE IPLD (1 particle) 22.86
DiffusionVAE ( , ) 1531 IPLD (5 particles) 21.55
DiffusionVAE* 62.07 IPLD (10 particles) 21.43
Ours . (b) FID(J) of models trained on CelebA64.
IPLD (1 particle) 51.60
IPLD (5 particles) 48.30 Models FID({)
IPLD (10 particles) 46.95 DAMC ( , ) 18.76
- LP-EBM ( , 2020) 29.44
(a) FID(}) of models trained on CIFAR-10. We g oo va s ( ) ) 20.89
report both the original results from :
) and our re-implementation (denoted by —Ours )
"1 of the VAE with a Diffusion Prior (DirrusionVAE)  IPLD (1 particle) 17.55
using the same architecture (see Appendix I3). IPLD (5 particles) 14.02
IPLD (10 particles) 13.51

(c) FID({) of models trained on SVHN.

Table 1: FID scores for CIFAR-10, SVHN, and CelebA64 estimated using 50,000 samples.

GMM Circles
= 1 0.6
<
?>_<, 0.8 0.5
[a)
S 06 04
=

1 4 {6 64 25 1 4 {6 64 256
Number of particles Number of particles
Figure 1: Estimated MMD between the ground truth
and the distribution learned with IPLD (solid line)
and DirrusioNVAE (dashed line) for the GMM (left)
and concentric circles (right) datasets. Shaded regions

indicate +1 standard error.

Figure 2: Samples generated by IPLD trained with
varying numbers of particles for 1,000 steps (showing
the first two out of d,, = 64 dimensions).

5.1 Synthetic Datasets

We first validate the effectiveness of our method on two
toy datasets. We generate these by first sampling from
a distribution on a 2-dimensional latent space, and then
mapping the samples into a 64-dimensional ambient
space using a matrix A € R?*%4 with orthogonal rows.
We consider 1) a Gaussian Mixture Model (GMM) with
25 components as in ( );
( ), and 2) a distribution concentrated on concen-
tric circles similar to that™ in scikit-learn. We train
both DirrusioNVAE and IPLD for 1,000 steps and vary-
ing numbers of particles N = 1,4, 16,64, 256 (in the
case of DIFrusioNVAE, N refers to the number of sam-
ples drawn from the encoder at each step). For both
datasets, increasing N increases the quality of the sam-
ples generated by IPLD (Figure 2). To quantitatively
compare IPLD and DIFrusioNVAE, we estimate the
Maximum Mean Discrepancy (MMD) ( )
) between the distribution learned by each and the
ground truth. The MMD values are averaged over 50
training runs and the standard error is reported. For all
particle numbers, IPLD outperformed DiFrusioNVAE
(Figure 1). See Appendix for more details.

5.2 Image Modeling

Next, we test our model on three image datasets:
CIFAR-10 ( , ), SVHN (

4
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Figure 3: Samples generated with IPLD trained on
CIFAR-10, CelebA64, and SVHN. The CelebA64 sam-
ples have been curated for better visualization. See
Appendix for additional samples.

, ), and CelebA64 ( , ). As
before, we benchmark against DirrusioNnVAE using the
same decoder, diffusion model, and 4 x 8 x 8-dimensional
latent space as for IPLD. We train both models for
the same number of epochs (400 for CIFAR10 and
SVHN, 200 for CelebA64); see Appendix for details.
For IPLD, we vary the particle number N = 1,5,10
(we use a single particle for DirrusioNVAE because
back-propagating the corresponding gradients through
the model’s encoder with more particles proved too
memory-consuming for our hardware). We warm-start
the multi-particle IPLD runs using a single particle as
in ( ); see Appendix for details.
In both cases, we compute Fréchet Inception Distance
(FID) scores for the trained model (Table 1). IPLD
outperforms DirrusioNnVAE, and its performance in-
creases with the number of particles used for training.
IPLD also proves competitive with previous decoder-
only models discussed in Section 1 (see also Table 1).

6 DISCUSSION

Like many before us, we recast fitting an LDM via max-
imum likelihood as minimizing a free energy functional
(Section 2). Unlike others, we then identify a gradient
flow that minimizes the functional and approximate it
using systems of interacting particles (Sections 3.1, 3.2),
and we theoretically characterize both the flow and the
approximations (Theorems 3.1, 3.2) under standard
assumptions. Following these steps, we obtain IPLD
(Section 3.3): a theoretically-principled algorithm for
end-to-end LDM training. Because it entails updating
a cloud of particles and each particle’s update is inde-
pendent of the others’, IPLD is well-suited for modern
distributed compute environments and is easy to scale.

In numerical experiments involving both synthetic and
image data, IPLD compares favorably with relevant
benchmarks (Section 5). However, our results on the
image datasets fall short of today’s state-of-the-art. We
believe this may be due to the relatively small latent
spaces, decoder, and DM architectures we use (e.g.,

compare Appendix with , Ap-
pendices G.1,2)) and our limited computational budget
(e.g., compare Appendix with ( ,
Appendix E)), rather than a fundamental limitation
of the approach. Our work may be limited by the fact
that, to date, LDMs trained in a two-stage manner
(e.g., (2022)) have achieved results that
those trained end-to-end have not, and our approach
is fundamentally an end-to-end one. However, recent
works such as ( ) have demonstrated
promising breakthroughs in end-to-end LDM training,
and their innovations are relatively straightforward to
incorporate in our algorithm. Further improvements
may be possible through more careful subsampling
schemes than that in Section and the use of vari-
ance reduction techniques ( , ). Indeed,
we hope our work paves the way to other more effective
particle-based algorithms for LDM training.

Lastly, our theoretical analysis is limited to the simpli-
fied algorithm in Section 3.2. However, we believe that
it may be possible to extend the analysis to more prac-
tical versions using techniques along the lines of those
used to study adaptive optimizers ( , )
and momentum-enriched interacting particle systems

( , 2024; ; 2024).
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5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a)
(b)

()

The full text of instructions given to partici-
pants and screenshots. [Not Applicable]
Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]
The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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Supplementary Material for Training Latent Diffusion Models with
Interacting Particle Algorithms

A Derivations

A.1 Derivation of the Training Objective

We derive the training objective, the tilted free energy F(6, ¢, ¢**™) in (¢) and include a derivation of the standard
reparametrized diffusion objective Lp(0, z9) analogous to ( ); ( ). For
convenience, we re-state the objective for a single data point here and omit the superscript m:

; — ‘I(ZOK)}
F(0,6,q) == Eq(z0.) [log oo@ o)) (23)

Negative Lower Bound. To see that —F (6, ¢,q) is a lower bound of the log-likelihood log pg, ¢ (), we first
note that the tilted free energy in (23) can be re-written as:

q(20)q(21:x|20) }
6,6 (|20)pe (21K |20)Po (20)
q(20) +log q(z1:x|20) ”

Po,6(x, 20) po(z1:x|20)

F(@, o, Q) = Eq(zo)Q(Z1;K|ZO) [log

= Eq(z0) {Eq(n;xm {log
q\ Z
= Eq(zo) l:lOg ( 0)

po.s(x,20)
where we have assumed the independence structure of the decoder py(z|z0.x) = pg(x|20); the first term is the
usual free energy F(0, ¢,q) = Eq(.,) [log q(20) — logpe,¢(, 20)] in () and the second term is non-negative. It is
thus easy to see that the tllted free energy F(,¢,q) is obtained by replacing pg ¢(z™, z9) in (7) with the tilted
Po,6(x™, 20) == po,o(x™, 20) exp(—R(, 20)), where R(6, z0) = Dkw(q(z1:x |20)|Ipo(21.x|20)) -

} + Eq(z0)[DxL(q(21:x[20)[|Po (21: 5 [20))]5

Using Jensen’s inequality, we see the negative of the first term is an upper bound of —log pg ¢ (z):

Po,6(, 20) Po,(, 20)
Eq(z0) [— log C](ZO):| > —logEq(.) {(](2’0) = —log pg,s(z),

which leads to the sequence of inequalities:

F(8,9,q) > F(6,0,q) > —logpg 4 (). (24)

An alternative form of the objective F (0, ¢, q) amenable to computation can be obtained by decomposing it as
follows:

//10 pZ1K q(z1:x|20)dz1:x q(20)d20 —/log Mq(zo) dzp. (25)

0(20:K) q(20)

Diffusion Objective Lp(6,z0)

A.1.1 Derivation of the Diffusion Objective

The diffusion objective Lp (0, zp) can be re-written as:

K
Lp(0, 20) = / ( log prc (zc) + log 11120)_ Y log q’“(z’“'z’“—l)> q(z1.x]70)dz1. (26)

poa(z0l21) i pok(ze—1lzk)
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We can re-write g (2x|2x—1) using Bayes’ rule as:

q(zk|20)

qe\Rk|Zk—1) = Qe(Rk—1|%k;%0) 7~ -
Grlor) = el 20000 7 )

Combined with the Markov assumption ¢(z1.x|20) = ¢(zk|20) H?:z qr(zk—1|2k, 20), We can rewrite (20) above as:

Lp(0,20) = Eq(z1.x|20) [PxL(q(2K|20) |P(2K)) — log pa.1(20]21)] (27)
K

+ Eq(z1.x120) Z Dxr(qr(zk—1|2k 20) |lPo.k (21—12k)) (28)
k=2

Gaussian Transition Kernel. For the forward process, we take

a2kl 2k—1) = N (213 /1 = Brzi—1, BrI), (29)

where {S;}_, is a linear noise schedule with 3, = (1 — k/K)By + (k/K)Bk. Using the notation ay, := 1 — S
and &y, := H§:1 o, we can derive the k-step transition kernel:

q(zk]20) = N (zk; Vagzo, (1 —ag)l), Vk=1,...,K. (30)

By Bayes’ rule, we can compute:

@k (2r—1]2k, 20) = N (2h—15 fir (21, 20), BrI), (31)
NG Vag(l — ag_
(21, 20) = Yok 15 20 + ] 2 1)Zk (32)
1-— (673 1-— A
For the backward process, we set:
pr(zx) = N(0,1) (33)
pok(zr—1lzk) = N(zr—1;p0.k(2x), Bel) Vk=2,... K (34)
poa(20l21) = N(2k—1; po.x(2x), 1) (35)
Using the formula for the Kullback-Leibler divergence between isotropic Gaussian distributions, we obtain:
1 T—a\  de | B+ ik (zr: 20) — pox(z) I
D _ _ =1 _ = ;
KL (G (2k—1|2k, 20) |Po.k (2k—1]2k)) 5 108 ( 3, > 5 T 2(1 — ay) (36)
- dy(1 —ag)? —d, + agllzl?
Dxr(q(zx|20)llpo(2k)) = —log(1 — ak) + ( ) 5 x|l (37)
d. _ 20 — 19,1 (21)]?
—1 = —log(27(1 — —_— 38
o8(pofz0l1)) = G Tog(2r(1 —an)) + 0 /AU (39)

Note that in contrast to the standard pixel-space DDPM, we have the extra term in (37) depending on the latent
20; we also use a Gaussian distribution with identity variance for pg(zg|z1) in (38) instead of the independent
discrete decoder from ( ).

Reparametrization. We adopt the same e-prediction reparameterization as in ( ) to write:

ok (2x) = fi <Zk, \/17;@ (2 — V1 —ay 69,k(2k))> = \/loTk <Zk - V%@,k@k)) )

which gives:

1;O¢k> _ e dz5k+ﬁk||€_€0,k(zk)”27 (39)
k

2 2a5,(1 — ay)
where € ~ N(0, ) is a random vector in R?% sampled independently from a standard Gaussian. Additionally,
using the forward k-step transition kernel, we can write 2z, = 2 (20, €) = \/arzo + /1 — a@xe. Up to a constant

1
Dxr(qr(ze—1l2x, 20) |po.x (2r-1]21)) = 3 log (
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term independent of 6, we have the loss function Lp (6, zp; €) ~ ﬁ(@, 20; €, k), where we sample k ~ Unif(1,..., K)
and € ~ N(0,I). We thus have the following loss:
. Ly, 2 | axlzl? k=1
Lp(0, 2056, k) =4 2 ”Z%k o1 (z1(z0, DI + 5 axllzoll? l (40)
mHE - fe,k(zk(ZOaf))” + =5 if2<k<K
In practice, we follow the approach in ( ) to use a simplified version of the diffusion objective:
. R 1y — 2 axllzoll® i —
ﬁsimple(ea 205 6) ~ ﬁsimple(e, 20; €, k‘) = 2 ”ZO Ne,l(zl (2'07 62)” _+ ol if k 1 (41)
lle — €o.x(2x (20, €))|" + 1 if2<k<K

More specifically, we draw a minibatch of indices B C [M], standard Gaussian random variables €™" ~ N (0, I),
and t"™" ~ Unif(1, ..., K) for m € B,n € [N] to approximate the loss by:

~ B,1:N 1 A m,n, _m,n ym,n
£simple(97 ) ) = |B|N E ‘Csimple(ea 2o €77, e ) (42)
(m,n)EBX[N]

To simplify the notation, we will denote the one-sample approximation Lgmpie(6, 25 "; ™™ t™") with

Lsimple(0, 2y"") as in Section and we use the same simplified notation in the rest of the appendix.

A.2 The Euclidean-Wasserstein Geometry on R% x R x Py(R%=)M

To obtain the gradient flow in Section 3.1, we view the product space of parameters and probability distributions
R x R x Py(R%)M as a Riemannian manifold. We will equip this product space with suitable tangent spaces
and Riemannian metrics, which enable us to define the gradients and perform optimization. We omit the subscript
on zo and denote it by z for simplicity throughout this section.

Tangent spaces. Using the same set-up as in ( ), we concatenate the parameters as ¢ :=
(0,¢) € RP, where D = dy + dy, and assume the approximate posterior is a distribution with strictly positive
density w.r.t. the Lebesgue measure and support Z = R?%. We let the product manifold be MM := RP x Py (Z)M,
For each point (9, ¢'"M) € MM we can define the tangent space TMYM and its dual T* MM as:

T(,Lg,ql:]\/l)MLM = ngRD X H Tq?!LPZ(Z)
me[M]

T(tg,ql;l\/f)MltM = T,;RD X H T;mPQ(Z)
me[M]

where we note that TyRP = T¥RP =2 RP. For each ¢™ € P(Z), we also define the tangent and cotangent space
of Pa(Z) at ¢ as in ( ):

TmPa(Z) := {r Z—>R: /r(z)dz = 0}
T;nPa(Z) :={f:Z— R} /R

where the cotangent space T, P2(Z) is identified with the space of equivalence classes of functions that differ by
an additive constant.

Furthermore, we define the duality pairing, which is a triplet (T g1, T(jquliM),

(-,-)) with
<.’ > : T(ﬁ’ql:M)MLM X T(*,b}ql:M)Ml:M —R

being a bilinear map that is the sum of the Euclidean inner product on the parameter space and the duality
pairing on the Wasserstein-2 space:

(™), (0, M) = () + 3 )
me[M]
where the Wasserstein-2 duality pairing is (T4mPa(Z), TpnP2(Z),(-,-)) with (-,-) : TymPo(Z) x TjuP2(Z) — R
given by:
(r™m ™y = /fm(z)rm(z)dz, vr'™ € TymPa(Z), ™ € TymPa2(Z). (43)
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The metric. We can thus equip the manifold MM with Riemannian metric g = (9(0,q1:M)) (9,q1:M e MM
defined as:

g(ﬁ,ql‘M)((Ta rl:M)7 (Tl, Tll:M)) = <(Ta rl:Nj)7 G(ﬂ,ql‘M)(Tlv TIl:M)>7 \V/(’ﬁ, qltM) € Ml:N[a

where Gy qunry TMEM 5 T* MEM g an invertible, self-adjoint, and positive-definite linear map. We will only
consider tensors in a block-diagonal form (cf. ( , Chapter 2)), which defines the metric via:

<(7_’ rl:M), G(,y’qle)(Tl,Tll:AI» _ <,7_7 GﬂT/> + % Z < m GVE/”T/m> V(T, rl:M) c TMI:M, (197 ql:JV[) c Ml:M.
me[M]
(44)
Here we take Gy : TR? — T*RP as the identity map (which corresponds to the usual Euclidean metric) and
Gl : TPy(Z) — T*P2(Z) to be the tensor for Wasserstein-2 distance on Py(Z) defined through its inverse:

(G) ===V (aV.f), Y[ € CX(P:(Z)). (45)
When the context is clear, we will also write (7, 7'}y = (7,Gy7’) and (r™,7"™)gm = (r™, Gl.r"™).
The gradient. To perform gradient descent on manifolds, we further need an analogue of the gradient for

a smooth function F : MM — R as in the Euclidean space. This is a vector field VF : M*M — TMEM
satisfying:

. ‘ P04t q"M 4 M) P(9, gt M)
1:M 1:My\y _ ) ’
9(197(]1:1\4)(VF(197 q )a (Ta r )) - }E}(l) t (46)
W(r, M) € TAMEM | (9,g1M) € MIM

By expressing in local coordinates, we can compute the gradient as:
VE0,q"M) = Gl o 0F(0,¢"M), V(0,¢"M) € MMM, (47)
where 0F : MYM — T* MM is the first variation of F' defined as the unique cotangent vector field satisfying:

F 1M 1My _ F 1:M
<(T,T1:M),5F(19,q1:M)> — lim (19‘”7',(] +tr ) (ﬂvq )

V(T,Tl:M)ETMLM, ( .q 1M) MlM
t—0 t

(48)

The distance function. To define the distance on the manifold MM we recall that the Riemannian distance
function is defined as the length of the minimizing geodesics v : [0,1] — MM between (¥, ¢'*M) and (7', ¢'V'M):

. . o . LS g (o
d./\/ll’M ((197 ql.M)v (19/7 q/LM))Q = H%f/o g(ﬂt,q}M)('Y(t)f}/(t))dt = Hﬁ - 19/”% + M Z sz (q ) (q/) )27 (49)
m=1

where the second equality follows from ( , Section 4.3) and W5 is the Wasserstein-2 distance on Pa(Z).

A.3 Derivation of the Gradient Flow

Equlpped with the tools above, we now derive the gradients of the averaged free energy ( b, " M) =

-1 Zm:l F (4, ¢,q™), where F™ is the single-datapoint free energy for 2™. We first compute the single-
datapoint first variation (1), and then lift it componentwise to the averaged objective:

Lemma A.1. Given the free energy of the form in (25):

0 = [ 200200z~ [10n (p‘?’qif)) o(2)dz. (50)

The first variation 6F (0, ¢, q) = (3,F (0, 6, q), 50 F (6, ¢, q), 5¢F(9, ®,q)) 1s given by:

5,F (6, 6.q) = log (pf((j)z)) +Lo(6,2) (51)
59F /V@[:D 0 Z )d (52)

5¢F(0,¢>, q) = —/V¢ log ps(x]2)q(2)dz (53)
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Proof. For eqgs. (72) and (53), it suffices to note that by grouping the parameters into 6 := (6, ¢) € © = R”, we
can compute by Taylor expansion:

F(é—l—ﬁ,q)zﬁ(é,q)—i—/f(é—&-ﬁz dz—/f@z dz
B.0)+ [t V556,2)) + oft)la(2)dz

I
el

=F(0,q)+t <T, / \ (2 z)q(z)dz> + oft)

where we have set f(0,2) := Lp(0,2) — logps(z|2) and used f(0 +tr,2) = f(0,2) + t{,V5£(0,2)) + o(t).

For (51), we recall the first variation is linear, thus it suffices to compute 8, [ Lp (0, 2)q(z)dz and &, [(loggq(z) —
log ps(x|2))g(2)dz separately. Now note that:

/EDGz z) +tr(z) dz—/ﬁDﬁz)(dz+t/ﬁD92)()z
and for the latter we note that log(z + t)(z + t) = log(z)z + [log(z) + 1]t + o(t), from which it follows:
/log <W> [q(z) + tr(z)]dz = /(log q(2))q(z) + [log q(z) + 1]tr(z) + o(t)dz
/logp¢(x|z)q(z)dz —t [ logpg(x|z)r(z)dz
=/ 1lo a(2) z)dz
= [1os (s e

+t/log (pf((;I)z)> r(z)dz + o(t)

where we have used that [ r(z)dz =0 for all r € TP»(Z). O

Proposition A.2. Under the normalized product geometry of Appendix , the gradients of the averaged free
energy F(0, ¢, M) with respect to (0, ¢,q""M) are given by:

M

VoF(0, 6, "M = 1‘14m1 / VoLp(0,2)] ™ ()d= (54)
M

VoF0.6.0 ) == 3 [ Watoanate )" (0 (59

Vo F(0,6,4"M) [ [log (W) - @(&z)” . vme M), (56)

Proof. Recall that on the manifold MM the gradient can be computed from the first variation via the metric
tensor (17):

v(§7q1:1\/1)F(§ q ) G_G 1 M)(Sﬁ'(é,qle),

where 6 = (0, $). For the parameter block, the metric is Euclidean, so the 8- and ¢-gradients are the corresponding
averaged first variations. For each distribution ¢™, we have

- . 1 ~
Sqm F(0,6,4"M) = 170, (0, 6,4™),

where 5qF ™ is given by Lemma with x replaced by ™ and ¢ by ¢™. Since the inverse metric on the mth
Wasserstein block is M (G}.)~", the factor M ~" in dgm F is cancelled, yielding

mF( ¢1 ) - ( '") 15 me ¢7 )
Recalling that —f=-V., - (¢V.f) for a € C>®(Ps gives the desired result.
11 h GZV 1 for all C VA he d d 1 O
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A.4 The Full Training Algorithm

We detail the algorithmic considerations in Section and provide the pseudocode for practical training in
Algorithm

A.4.1 KL Divergence Annealing

We note that annealing the KL divergence with v, is equivalent to applying the same weighting to the gradient of

the entropy and the prior terms. In our case, we modify the gradient flow in (9-14) as follows:
Vo (0r, 61,0 = < Z By (z0.0) [VouLp (01, 20)] (57)
V¢F(0t’ ¢t’ qtl: Z ]E (z0,¢) v¢ 10gp¢t( |ZO,t)] s (58)
vqmF(Qh ot q,}: ) = vzo ’ [q (Zo,t)vzo 10gp¢t (xm|20,t)] (59)
=1V - 10" (20,) Vi [log 4™ (20,6) = LD (01, 20,4)]],  Vm € [M] (60)

which correspond to the Fokker-Planck equation of the following system of SDEs:

M
1
0y = =7 D Egpiag) [VonLo(0r, Z5)] dt, (61)
m=1
M
dey = MZ ar (zo) [Vologpy, (™| Z53)] dt, (62)
AZ, = Voo [log(pa, (7| Z53) = L (Or, Z§))dE + /27 AW, Ym € [M)] (63)

Thus, we only need to adjust the amount of noise injected to the in (21) by setting /2h, to v/2h.7: and weigh
the diffusion loss L (0, z9) by 7¢. Using the KL annealing scheme and re-weighted diffusion loss (11) discussed in
Section 3.3, we thus modify the loss in (22) with:

A 1:M,1:N 1 A m,n m|._m,n
Lot ™) = g 2 [elempieGo25") — logpa(e™ ") (64)
(m,n)eBX[N]
where ﬁsimple is the simplified diffusion loss in Appendix and we take v = cxp min(1,¢/T) for T the number

of KL warm-up steps and cg, a constant coefficient.

A.4.2 Preconditioning and Momentum

To avoid flat minima and ill-conditioning, we use an adaptive version of Langevin dynamics similar to

( ); ( ) based on Adam ( , ). In particular, we update each particle by
running:
2hZ m
zoimy < 204 Fh G M 4 W(Gt PRI N (myn) € [M] x [N] (65)

where h, is the stepsize of particle updates, and we compute the moment M;™" and the preconditioner G}*" by:

M e aMPT + MN(1L = )V o £(01, 60, 2520 (662)
~ . . ®2

VbV 4 (1 — b)diag ([Mszgmc(et, 627 ) (66D)

G (V™ 4 o)/ (66¢)

Here £ is defined as in (64), € > 0 is a positive constant to avoid numerical instabilities, 0 < a,b < 1 are
hyperparameters like in Adam ( , ) (we take a = 0.9,b = 0.999 following the default), and we
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used the notation diag(v®?) to denote the diagonal matrix with the (4,7)!" entry being v2d;;. In practice, we set
the preconditioner on the noise in (65) to Gy = I during the first epoch for numerical stability. We also scale
the noise by |B|~! in implementation to prevent the noise from dominating the gradient. We now present the full

algorithm for training.

Algorithm 2 IPLD with adaptive Langevin dynamics

1: Inputs: Training data points {z™ },,e[as), optimizers Opt,, Opt, Step sizes hg, hg, h,, KL weights ~;, Initial
particles {2'0" } (m.n)e[n)x (] sampled from N(0, I), Initial parameters ¢, 6.

2: while not converged do

3: Sample a mini-batch of indices B C [M]

4: Compute the loss £(0;, qﬁt,zéfiw’lw) as in (61)

5: for (m,n) € B x [M] do > Update the particle cloud
6: Compute momentum M;™" and preconditioner G} as in ((0)

7: Sample independent Wy, for (i,m) € [N] x [M]

8: if m € B then

9: 2041 < 207 +h GO M
10: end if
11: 2 gt 2R (G YR
12: end for > Update model parameters
13: 9t+1 — Opte(hg, 915, ﬁ)

14: ¢py1 < Opty(hg, b1, L)
15: t+—t+1

16: end while

17: return Qt,gﬁt,zéjy’lw

B Experimental Details

For simplicity, we use a Gaussian decoder with identity covariance py(z|z0) = N(x; g4(20),I) throughout the
experiments, where g4 is the decoder network parametrized by ¢. We also fix the noise schedule {/J’k}kK:l as the
linear schedule used in ( ) with Byp =1 x 1074 and Bx = 0.02 with K = 1000.

B.1 Details on the synthetic experiments

Data. We create the training data by first drawing 10,000 samples from: 1) a GMM with 25 components of

dimension d, = 2 as in ( ); ( ), and 2) a concentric circle distribution also

of dimension d, = 2 similar to that in scikit-learn’( , ), then we project the data into a

higher-dimensional ambient space with dimension d, = 64 using matrices A € R% X% with orthogonal rows. We

generate the matrices using the default implementation in PyTorch of orthogonal weight initialization ( ,
). For better visualization, we set the first 2 x 2 block to the identity for the concentric circle dataset.

Architecture. For the diffusion backbones, we use a multi-layer perceptron (MLP) with 3 hidden layers, each
having 128 hidden units and ReLLU activation. The decoder is parametrized by a single linear layer which is
equivalent to a matrix with dimension d, X d,. For the DirrusioNVAE, we implement the encoder also using
a single linear layer equivalent to a matrix of size d, x 2d,, where it outputs the mean and diagonal of the
log-covariance matrix.

Training. We train all models for 50 epochs with a batch size of 500. We use the AdamW optimizer (

, ) with a learning rate of 1 x 1073 for all models. For IPLD, we use a version of adaptive Langevin
dynamics ( , ) (cf. Algorithm 2) to optimize the particles; we set the step size to 1 x 107! for faster
convergence. The KL annealing constant cgy, is set to 0.01 and number of warm up steps is set to 1000 (cf.
Appendix A1),

5
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Evaluation. We report the MMD ( , ) between the generated samples and the ground truth
on the GMM dataset. For samples {z;}/"; ~ P and {y;}7"; ~ Q, the unbiased Monte-Carlo estimate of MMD is
defined as:

MMD(P, Q) ~ Zkal,xj oD ZZk (yi, y;) ZZM“%

=1 j= lljl 7,1]1
j#i J#i

s
Ey

where we use the Radial Basis Function (RBF) kernel k : R% x R% — Rs( with a bandwidth v = 0.1 defined
as k(z,y) = exp (—'y||x - y||2) A total of m = n = 10,000 samples were generated via the reverse process to
compute the approximation of the MMD. We repeat the training runs with 50 different random seeds (thus
different initializations) and report the mean and standard error. The error bars shown in Figure | are the
1-standard error /4/50, where the standard deviation & is estimated using numpy’s default implementation.

B.2 Details on the image experiments

Architecture for IPLD. We adopt the Diffusion Transformer architecture DiT-S, the smallest configuration

from ( ), as the backbone for our latent diffusion model. We use a patch size of 1 x 1,
as our latent space of dimension 4 x 8 x 8 is relatively small. For the Gaussian decoder pg(z|zo), we use a
simplified version of VAE’s decoder without attention from ( ). We comment that in line

SVHN  CIFAR-10 CelebA64

z-shape 8x8x4 8x8x4 8x8x4
Base channels 128 128 128
Number residual blocks per resolution 2 2 2
Channel Multiplier 1,2,3 1,2,3 1,2,2,3
Batch Size 128 128 16
Number of Epochs 400 400 200
Diffusion Learning Rate le-4 le-4 le-4
Decoder Learning Rate 2e-4 2e-4 2e-4
Particle Step Size 5e-2 5e-2 5e-2
KL Warm-up Steps 40000 40000 40000
KL Constant Coefficient 0.001 0.01 0.01
EMA Decay Rate 0.999 0.999 0.9999
EMA Start Step 40000 40000 40000

Table 2: An overview of IPLD’s settings for the experiments. Here z-shape refers to the shape of the latent vector,
which in the case of IPLD, is the shape of a single particle. We refer the readers to LDM ( , )
and the implementation thereof for more details on the architecture.

with recent discussions on latent diffusions ( , ), the spatial structure of the latent space is crucial
for the successful training of a latent diffusion model. Therefore, we choose to use a decoder that can induce
explicit spatial structures in the latents z instead of the ones used in the EBM literature ( , ), which
compress the images to a flattened vector. However, we note our decoders have similar or fewer parameters than
the implementation of ( ) (both around 18 million parameters).

Architecture for DirrusioNVAE. We use the exact same diffusion backbone and decoder for our re-
implementation of VAE with diffusion prior ( , ). For the encoder ¢y4(zo|z) of the VAE,
we parametrize it with a Gaussian N (zo; p14(), X4), where Xy is a diagonal matrix. The encoder’s architecture
also follows from ( ), which is an inverted version of the decoder.

Training and Evaluation. As in the synthetic experiments, we use the AdamW optimizer (

, ) for with a learning rate of 2 x 10~* for decoders (and encoder for DirFusioNVAE) and 1 x 10~4 for
diffusion backbones; an exponential learning rate schedule with rate v = 0.999 was used for the decoder. For
IPLD, we use adaptive Langevin dynamics ( , ) with step size 5 x 1072 and exponential learning
rate decay with v = 0.995 across all configurations following ( ). Similar to
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( ), we maintain an Exponential Moving Average (EMA) of the weights of the diffusion model for evaluation;
the hyperparameters for EMA are reported in Table 2. To evaluate the generative performance, we calculate the
FID ( , ) between the true data and 50,000 generated samples using the DDIM sampler (

, ) with 100 network function evaluations (NFEs).

B.3 Warming-up with one particle

For the image experiments, we use a warm-started approach ( , ) for faster training. Namely, we
initiate TIPLD with a single particle {zm }me[ns) and run Algorithm 2 for 200 epochs on SVHN and CIFAR-10
(100 on CelebA64) before switching to N > 1 particles by replicating the each particle {2, }near for N times.
We point out that due to the noise added in Langevin dynamics, the particles do not collapse to a single point.

B.4 Computational Resources

For all experiments, we use NVIDIA GPUs. We use a single RTX 3090 for all synthetic experiments. For image
experiments, the 10-particle version of IPLD training runs on CIFAR-10 and SVHN datasets were performed on
two RTX A6000 GPUs or a single A100 GPU. The remaining image experiments were performed on a single
L40S GPU. Our longest experiment takes about 27 hours on a single A100 GPU, which is around 2.5 GPU days
measured in V100 using the conversion rule in ( ).

C Proofs of Theoretical Results

Notation and assumptions. We denote pg 4(-) as the unnormalized density for:

Po,6(@, ) = po(|)po(-). (67)
Similarly, we define pg 4(-) as the unnormalized density for:
ﬁg,¢($,') = pg@(l’, ) exp(fR(0,~)), (68)

where pg (2, z0) = po(20)pe(z|20) and R(0, z0) := Dkr(q(z1:x]20)||pe(#1:x120)). In multi-datapoint settings, we
add a superscript to denote the dependence on 2™ i.e.

P () = Do, (™, ). (69)
The M-datapoint version is defined as:
M M
po.s(z"M) = 11 rbroz™) = 11 Bos(a™,2™). (70)
m=1 m=1
And the joint log density is:
("0, ¢, 2) := log pyy (2) = log pe(x"™[2) + log py(2). (71)

We also denote my'",(+) := po,s(-|2™) as the normalized density and define similarly 73", (-) := pg,4(-|z™) for the

tilted model. We further denote the normalizing constant of pg ¢(z,-) as Ag 4 and that of py 4(z,-) as Ag4. We
recall the definition of the free energy F(0, ¢, q) as:

q(%0) }
F8,¢,q) :=E, ., |log —20 | 72
( ¢ Q) q( 0) |: gp6,¢($,20) ( )
We set the modified free energy as:
F(0,6,q) = Egreg log —1C0K) — F(6, ,q) + Ey(zo) [R(6; 20)] (73)
) K ql(z0: K p9’¢($7ZO:K) k) K q(zo K

M

The tilted free energy aggregated over multiple data points {a™}_; is defined as:

M
F(0,6,4) = 22 >0 F(0,6,4™). (74)
m=1
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For clarity, we drop the subscript on zg and instead write z for the latent variable in subsequent sections and we
use the notations © := R% & := R% for the parameter spaces and Pz(Z) for the space of probability measures
over the latent space Z = R%, which we assume to have densities with respect to the Lebesgue measure. We
define the product manifold and the distance d4 as in Appendix

M= ©x®xPo(Z), dml(0,0,9),(0',¢',4) = VI(0,0) — (0, + dw (¢,4')- (75)

When (0, ¢, q) are random variables, we overload the notation d to denote:

d((6,6,9), (¢, ¢, d")) == VE[I(6,6) — (6, ¢")|1?] + Eldw (a,¢')?]. (76)
To extend the above to multiple datapoints, we set:
MM = 0 x & x P(2)M, (77)
| M
dagias (66", (0,0, ) s= \[10.0) = (0.0 + 72 D dwa (g™ g™ (78)
m=1

We additionally denote P4 (Z) as the subset of Py(Z) with densities differentiable almost everywhere w.r.t. the
Lebesgue measure. We use a superscript 1 for related product spaces (e.g., M and M) to indicate the
restriction to P1(Z).

We now restate the full assumptions for the theoretical results in the main text.

A1l (Model regularity). We assume that
1. Forall z € Z, (8,¢) — To,4(2) and (6, ¢) — Ag 4 are differentiable;
2. for all (8,¢) € © x &, 7g 4 is twice continuously differentiable;

3. po,s(z) >0 forall z € Z and (0,¢) € © x D.

A2 (Regularity of solutions). For any initial conditions (0, ¢, q*) € MYM  the gradient flow has a classical
solution (0, ¢y, ¢t M )i>0 with (0o, o, @6 M) = (0, ¢, ¢"™M). Furthermore, for all m € [M] and t > 0, ¢/ has a
Lebesgue density in C12([0,00) x Z,RT) and (6, ¢;) € C1([0,00),0 x ®).

A3 (Strong log-concavity). For all z € X, the tilted joint density po.o(z,2) is A-strongly log-concave in (6, ¢, z)
for some A > 0.

C.1 Full Statement and Proof of Theorem

We now provide the full statement and proof of Theorem 3.1. The strategy will be the same as
( ), where we first establish the extended log-Sobolev inequality under strong log-concavity and subsequently
the extended Talagrand inequality. Our main difference from ( ) is that 1) we work with the

tilted model pg 4 (x, z), which has an additional component arising from the diffusion loss (cf. Lemma ('.9), and
2) we consider the multi-datapoint setting, which leads to a different definition of the manifold and the distance
thereon.

C.1.1 Extended Log-Sobolev Inequality
In this section, we show that strong log-concavity implies extended log-Sobolev inequality. We first define the
M-datapoint version of the extended log-Sobolev inequality in ( ):

Definition C.1 (Extended Log-Sobolev Inequality (xLSI)). Denote F, := inf (g, g0y e pqrinin F(0,¢,q"M) as

the optimum of F(0, ¢, ¢**). We say the measure (pg,4(dz**))( 4)coxs satisfies the extended log-Sobolev
inequality with constant A > 0 if for all (0, ¢,¢"™M) € MMl we have:

2A[F (0, ¢, q" M) — E] < 1(0, ¢, q"™M), (79)
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where we define 1(0, ¢, ¢*M) as:
I LMy . F LMy2 . / 1 1 \<)
(0.0,6") = Vo0 F (0,0, +MmE:1 V.log | =

po,¢($m, z)
> /|7 (srsmm)

Using the functional 1(6, ¢, ¢"*™) defined in (30), we can state the following extension of de Bruijn’s identity:

2

q"(dz)

2

+a7 q™(dz).

M 2
1 =~ m m
i Z/V<9,¢> log po.¢ (2™, 2) ¢ (d2)
m=1

Proposition C.2 (de Bruijn’s Identity). Under Assumption A”, we have:

d - . .
aF(etaqétaQtl.M) = _I(eta(bfnqtl.M)a Vt > 0. (81)
Proof. By definition,
1 < q;" (%)
ot - 1 35 o (Y grias]
( t ¢t qy ) Mﬂ; g p@hqbt( , ) gt ( )

Under Assumption A2, we can differentiate under the integral sign and the flow satisfies

M) 9. a9 toe (5 )

M
.. 1 _ m m
(O d0) = 57 > /V(w) log pa,,¢, (2™, 2) 4" (dz).
m=1
Using integration by parts, for each m we obtain

S [ostararas) = [ostar @)+ 2L a:

—— [{ V1ot ()7 1o (]m»qmz)

and
d ~ m m ~ m ) m
& log(peu@ (‘T ) Z))qt (dz) = <v(0,¢) 10gp9t7¢t (1‘ ) Z)a (0157 ¢f)> q¢ (dz)
/ <V log(ps, ¢, (2™, 2)), V. log (W)> g/ (dz).
Do, (l‘ Z)
Therefore,
SO onat) = |G b0 - / v.tog (Y griay
dz ty Pt 4, ty Pt pehqb,( , ) t
_I(eta ¢ta qt' )7
where the last equality follows from the definition of I in (20). O
We need a few auxiliary results that are extensions of those in ( ).

Lemma C.3 (Geodesics on MY*M). A curve y(t) : t € [0,1] — MYM s a geodesic if and only if y(t) =
(Yo (), ¥ (1), Vg1 (£), ..., gm (1)), where vo and 7y are geodesics in the Euclidean parameter space and each ygm is
a geodesic in (Po(Z),dw,). In particular, if v(t) is a geodesic in M*M connecting (0, ¢, q"M) and (0', ¢, (¢')1M)
then
Yo(t) = (1 —t)0 4+ t0',
To(t) = (1= 1) + 1,
’qu(t):(ht)#gma mzly"'aMa
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where o™ ’s are Wasserstein-2 optimal transport plans for (¢, (¢')™) and hi(z,2') = (1 — t)z + tz’. Furthermore,
if ¢ ’s have densities with respect to the Lebesgue measure, then we can also write:

Yo (1) = (L = 1d + ¢V ") %q™,  Vm € [M],

for some convex function f™.
Proof. The first claim follows from the definition of the product metric (7). The second claim is a result of the

characterization of geodesics (cf. ( , Theorem 5.27)). The last claim follows from Brenier’s
theorem (cf. ( , Theorem 1.17)). O

Lemma C.4 (Geodesic convexity of F) Under Assumption A5, the tilted free energy F(@, b, " M) is A\-geodesically
conver on MYM | that is, for any pair (0, ¢,q M) and (0',¢', (¢')"M) in MYM and any geodesic y(t) connecting
them, we have:

FO0) < (- 070,60 +170,¢', @)) ~ XD d 0 ((0,0.0, 0. ()

Proof. First recall that F(6, ¢,¢"M) = M~ "M Em (2 [log(g™(2)) — £™(6, ¢, 2)]. We note that the negative

entropy ¢™ — [log(q™(2))q (dz) is geodesically convex on Py(Z) (cf. ( , Theorem 7.28)) and
thus the average ¢'"M s M~! Z 1 [ log(g™(2))g™(dz) is geodesically convex on Po(Z)™. By an argument
similar to ( , Lemma 21), we can show the map V : (0, ¢,2) — —M ! 271\7{:1 [ 078, ¢,2)g™(dz)

is A-strongly convex along the geodesic «(t):
1
—- [ % Z P (30(0), 30(0), 210 (1)(d2)
/ 7 2 ém -0+t (1 —t)p+tgd', (1 —t)z +t2') " (dz,d2’)
/ TP Vim0, 6, %)+t (@, ¢, ) o™ (dz, d2)

/ Zn b2)— (8,8, )20 (dz d2)

. . At(l—t . .
= L=V (0,6,05) + v (0., ()~ a0 (0,6,05), 0. () )2
where we have used Lemma in the second equality and the strong log-concavity in the inequality. The
conclusion follows from the definition of the product metric (78). 0
We similarly provide an extension to ( , Lemma 22):

Lemma C.5. Let v(t) be a geodesic in MM connecting (0, ¢, ¢" ™M) and (¢, ¢', (¢')*'M). Then we have:

it EEDZED > 2 52 (30009 F0.0007)+(06) = 0.6 V0 F 06,0

Proof. The proof is an adaptation of ( , Lemma 22) by noting that the computation can be
done separately for each m. O

Theorem C.6 (Strong log-concavity = xLSI). Suppose Assumptions A1 and A7 hold, then the family of
measures (ﬁ97¢(d21:M))(97¢)€@X¢, satisfies the extended log-Sobolev inequality with constant A > 0.
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Proof. The proof extends that of ( , Theorem 6) to the product manifold © x ® x Po(Z)M. Let
v(t) be a geodesic in MM connecting (6, ¢, ¢*M) and (¢, ¢, (¢)1*M). By Lemma , we have:

. F(y(t) = F(4(0) _ - _ - : A . .

htrgéﬁf (7( )) - (7( )) < F(e/’¢/7 (q/)l.M) _ F(97¢,q1'M) o §dM1:1\4((9,¢, ql.M)7 (6/,¢/7 (q/)l.M))Q.
Setting (6, ¢, (¢)'M) = (6,, ¢, (¢.)"™M) to be a minimizer of I and using the previous Lemma (.7, we obtain:

_ 1 M _

F(0.6.4"™) =y < =57 37 (301, VP (0.6.4) = {(00.6.) = (0.6). Vio.0)F (0.6.4))

m=1
A

d/\/ll M((97 ¢7q1:M)7 ( * ¢*7 . M))

1 3 - .
< S duala™ ) [9aF @ 6.0+ 162 6.) = 0. 0IVi0.F (6. 6,05
m=1

A .
- §dM1’M((9a¢7q1‘M)7( *a¢*a 11%)) )

where we have used the definition of the inner product on the tangent space 7,P3(Z) and Lemma

|qu(0)||q"” = V. "~ idHL?(qm) =dw,(¢", ¢."),

and the Cauchy-Schwarz inequality. One more application of the Cauchy-Schwarz inequality yields:

F(0.¢,q"

1/2
Z dws (™, 47)? + (0, 6) - mwuﬂ

1/2
[;4 > |9 @.00m, +1V 00 0.0, >||2]

A . .
- §dM1:M ((97 ¢a ql.J\/l)a (9*, ¢*7 qiM))Q

. . A . .
= dgar ((0,6,07), (0, 60, )N 1(0,6,44M) = Sdpgrns ((0,6,07), (05, 6, 07)?

1
< I 9, (ba ql:M)v

< 5l
where we have upper bounded the first term using Young’s inequality ab < a?/(2)\) + Ab?/2 in the last step. [

C.1.2 Extended Talagrand-type Inequality

We now show that xLLST implies an extended Talagrand-type inequality. Throughout this section, we assume
Assumptions A and A2 hold. We first provide the M-datapoint version of extended Talagrand in

(2025).

Definition C.7 (Extended Talagrand-type Inequality). The family of measures (pg ¢(d LMY) (0,6)coxa satisfy
the extended Talagrand-type inequality with constant A > 0 if for all (0, ¢,¢"™) € MY

2[F (0, ¢, ¢"M) — F,] > A inf d((8, ¢, g" M), MLM)2 (82)
(0,¢,q1:M)€ Ml:]u

where MM .= arg mingg g q1:mye Aqi:m F(6,,¢"M) is the optimal set of F.

The proof hinges on a few auxiliary results adapted from ( ).

Lemma C.8. Under Assumption A”, we have:

d . . .
&dMl‘M((et7¢t7QtLM)a(95¢7q1.1\1)) S I(atvqstaQtl.M% vt > 07

where 1(0, ¢, q"M) is defined in (20).
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Proof. For (0,¢,¢""M) € MM we define the velocity field v}*™ = (v},...,vM) as:

v (z) = =V log N:{f& . Ym e [M].
Po, ¢, (2)
Using the proof to ( , Lemma 16), for each m, we have:

d m m m m m m
&sz(Qt »q )2 < 2dW2(Qt »d )\//Hvt (Z)HQ% (dz).

By the Cauchy-Schwarz inequality, we have:

m m\2 m . m m m
&Tr P sz(Qt »q ) S nrn;:lsz(qt »q )\// ||vt (Z)Hth (dz)

Combining this with the definition of the Euclidean counterpart:

1000~ @ 6)IF =2 <jt<ot,¢t>, (60, 60) — <9,¢>>> < 2|V 0.0 P (00, 60, ) | 102, 00) = (0. 9

we obtain with an application of the Cauchy-Schwarz inequality similar to Theorem

d1 1 M 1/2 . " "
a§dM1zm((9t7¢t,qtl:M)v(9,¢,q1:M))2 < <MmZ_IdW2(qzn,qm)2> (Mynzﬂ/vtrn(z)||2q:n(dz)>
+10000) = (0. )V 0.6 F 01, 00,017

<100 60 i (06007, 0,0,4")),

which implies the conclusion. O

Lemma C.9. The tilted free energy F(Q, b, q"M) is lower semi-continuous on MYM:L,

Proof. We can re-write F(6,¢,¢"M) = M~ SM_ F(0,6,¢™) + Egn[R(0,2)], where we recall R(6,2) =
Dy, (q(zl;K|zo)||p9(zl;K|zo)) > 0. We note that it suffices to show that U : (6, q) — E,[R(9, 2)] = [ R(0, 2)q(dz)
is lower semi-continuous on © x Py(Z) (hence © x P1(Z)), since ( , Lemma 18) shows that the

untilted free energy F'(6, ¢, q) is lower semi-continuous on M?!. The conclusion thus follows from the definition of
the space (MM d ).

0
0

To show U is lower semi-continuous, let {(6,, ¢.) }nen be a sequence in © X Py(Z) converging to some (fso, ¢oo) €
© x P2(Z) in the topology induced by das. The convergence in dyy, implies weak convergence of ¢, — goo (

, ) and we have 6,, — 0. Since R is non-negative and continuous in both arguments, by applying
Portmanteau theorem on the product measures p,, := dg,, (df) ® g, (dz), we have:

liminf U (6, ¢,) = lim inf/R(Hn,z)un(dH,dz)

n—o0o n— oo
> / RO, )10 (0, d2) = U (6o, go0),

which concludes the proof. O

Lemma C.10. Denote M, = argming g q1:m)eaq1:m F(6,0,¢"M) as the set of minimizers of F and F, :=
inf g 4 gr:mryepgrim 13'(9,(;5, q'"M) as the optimal value. Under the extended log-Sobolev inequality, for a Cauchy
sequence {(0r, bn, ¢5M) bnen in MYML there exists an increasing sequence of t, — +oco such that:

(0, ¢tnaQt1,;M) = (O, s Qi:M) € M,, asn — +oo,

for some (0x, ¢x, ¢1M) € M, in the topology induced by d g1 on MBM,
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Proof. Since both the Euclidean space and P2(Z) are complete metric spaces ( , , Theorem 6.18),
the product space (MM d ) is also complete. Therefore, the sequence (foo, doo, ¢5M) is also Cauchy in

o0
MM and converges to some limit (Ao, oo, ¢1M) € MM By the lower semi-continuity of F', we have:

Fy € F(foo, $o0, g2M) < liminf F(6;,,, ¢y, q2") = Fi,
n— oo "

oo

where the first inequality is by the optimality of F, and the equality follows from the fact the exponential
convergence induced by xLSI (cf. the rightmost inequality of Theorem below). O

Theorem C.11 (xLSI = Extended Talagrand-type Inequality (xTsI)). Suppose the family of measures
(ﬁ@,(j)(le:M))(g,d,)e@X@ satisfies the extended log-Sobolev inequality with constant A > 0. Then it also satisfies the
extended Talagrand-type inequality with the same constant A > 0.

Proof. Using Lemma and the xLSI, an argument similar to that in ( , Theorem 4) yields the
following sequence of inequalities for any (6, ¢, ¢*M) € MM

d . . . I(eta¢t7q1:M)
7dM13M((0tv¢taq%'M)v(97¢aq1'M)) < I(gt’ast’qg.M) = ~ : =
dt 2>\[F(0t7¢t7qg-M) - *]

Using de Bruijn’s identity (51), we have:

d w[ﬁ(at,fm,qw)— )

d . .
&dMle((gt,étaqg.M%(Gad)aql'M)) < *& b\

For any interval (¢,t'), integrating yields:
dMle ((et’7 ¢t'7 qtlI:M)7 (07 ¢7 qLM)) - dMl:M ((et, ¢ta qtl:M)7 (97 (b’ qlzl\/[))

< \/2[F(0t7¢t7qth) - F*] _ \/2[F(6t’7¢t'7Qg’:N[) - F*]
- A A '

(83)

We can thus construct a Cauchy sequence {(6;, , ¢+, , qtl;M Vnen in MEML from (43) for some increasing sequence
t, — +oo. By the previous Lemma , we have the limit point (fso, doo, ¢1M) € M. Setting (¢,t') = (0,t,)
in (83) and letting n — 400, we have:

2(F (6o, o, a5™) — F]
Y )

d,/\/lliM ((003 ¢07 Q(l):M)a (900, ¢007 q(ioM)) < \/
whence the conclusion follows by noting the distance function is continuous and the infimum is attained. O

We now state the full-version of Theorem

Theorem C.12. Suppose Assumptions A1-A 5 are satisfied. Then, ? has a unique mazimizer (04, @x) and the
flow converges exponentially fast to it: for some A > 0 independent of M,

Q[F(etad)hqtl:M) - F*] < \/Q[F(901¢07qéM) - F*]G_At

dMlﬁM((eta ¢t7 qtl:]\/[)7 (9*7 ¢*7 qiM)) S \/ Y —= A ) vt > 0; (84)

where F, = inf g ¢ g1 yeprim F(6,0,¢"™M) and || - || denotes the Euclidean norm.

Proof. Under Assumption A3, each map (6, ¢, z) — log Dy 4(2™, 2) is A-strongly concave. Hence the product
density

M
ﬁ9,¢($1:M,21:M) — H ﬁ9,¢(xm’zm)
m=1
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has joint log-density

M
U0, ¢, 2"™M) = log pp,g (2", 2M) = Y " log g ¢ (2™, 2™),
m=1

which is strictly concave in ((6, ¢), z2*™). Applying ( , Theorem 4) with parameter u = (6, ¢)
and latent variable 2z yields that the marginal log-likelihood

M
09,9) = 1og/ﬁe7¢(x1:M7Z1:M)dZLM =D logio(a"™)
m=1

has a unique maximizer. Since 5(9, ®) = M~Y(0, ), the same pair (6,, ¢, ) is the unique maximizer of ‘.

Under the log-concavity assumption, the family of distributions (g, g(dzM ))(0,6)coxa satisfies the extended
log-Sobolev inequality (cf. Definition ) using Theorem

The rightmost inequality in (31) then follows from a combination of de Bruijn’s identity (%1), the extended
log-Sobolev inequality, and Gronwall’s lemma.

The leftmost inequality follows from a combination of the uniquness of minimizers and Theorem . O

Remark C.13. Since 1 has a unique maximizer (6, ¢,) and Proposition identifies the corresponding minimizer
of ', we can write F, = F(0,, ¢, 755 ) and ;M = 75" where we recall Tp,(-) = P (-|2) is the true posterior
distribution.

C.2 Proof of Theorem

We now provide the proof to Theorem 3.2. The proof will be based on the spatial and temporal discretization
error bounds established in ( ), which are combined with the exponential convergence result in
Theorem . In what follows, we will use the notation

0:=(0,9)

s to denote the concatenation of the diffusion prior and decoder parameters as in Appendix
First, we recall the additional assumption.

Assumption /| (Lipschitz gradient). The log-likelihood gm(é, z) :=logps(x™, z) is differentiable and its gradient
VO™ = (Vl™, ¥V, 0™) is L-Lipschitz for some L > 0, that is, for all (0,z2), (0, 2') € (© x ®) x Z:

IV (@, 2) — VI (@, 2)]| < L||(G.2) - (@, ).

We now consider the continuous-time system of SDEs that correspond to the gradient flow:

_ 1 My
do; = Vg/m Z Zﬁm(et’z)qm’"(dz) dt (85)

m=1n=1
Az =V 00y, Z]"™) dt +V2dW™™, (myn) € [M] x [N] (86)
where ¢;" := Law(Z;"") is the law of the particles at time ¢. Since the Z;" are i.i.d., we note that the first
equation is equivalent to df =V [ M~! Zn]\le 0™ (0y, 2)qi™(dz) dt, where ¢ is the law of Z;™" for any n.

Lemma C.14. Under Assumptions A1, A7, and A/, the system of SDEs in (85)-(50) admits a unique strong
- n 1:M,1:N . .
solution (0¢, Z, 7" )i>0 and the solution satisfies

dagion (B, Q1M (0., QEMANY) < Ce™™, vt > 0,

where C > 0 is a constant independent of N and t, and we defined the empirical distributions to ¢ and q}* as
mN = N1 25:1 dzmm and QMY .= N1 ZT]:[:I dzmm respectively, where Z{"" are i.i.d. samples from 75,
(cf. Remark ).
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Proof. The existence and uniqueness of a strong solution follows from Proposition 8 in ( ) by
replacing the system of SDEs therein with ours. To prove the inequality, we note that by a coupling argument for
each pair (Z;"", Z/""), we have:

g (01, Q7™ N), (05, QUMN))? < 16, — 6, + Z ZE Nz =z |7
m=1n=1
=116 — 6> + Z:EIIZml ZH ]
5ovay 5 e o 2¢M = 2 =
:dMliM((gtvlJt. )3(9*7(1*. )) < 2 [F(907q0) 7F*]7
where we used Theorem in the last inequality. O

Lemma C.15 (Spatial Discretization Error). Suppose Assumptions A7 and A/ hold. Then the following system
of SDEs:

m=1

M N
~ 1 ~ o~ _
N _ _gmgN m,n
Y =+ 3 n§:1v9£ (6N, Zm™") dt (87)
AZ"" =V 06N, ZMY A+ V2dW™", (myn) € [M] x [N, (88)

has a strong solution (9N, ZFMNY,so. Furthermore, there exists a constant C(N) > 0 of order O(N~1/2)
independent of t and M, such that:

Ay (B, GEN), (B, @EMN)) < O(N), Vi >0,
where QN .= N-1SN | dzmn for each m € [M] and Q7N is defined as in Lemma

Proof. The proof is a modification of ( , Lemma 13) by replacing the SDEs therein with (37)-(55).
More specifically, we define the quantity & as:

M N
o 1 1 N
= ||9£N—9t||2+ﬁ E N E |z — Z7" P, (89)
m=1 n=1

and we will show that E[¢/] < C(N) for some constant C'(N) which upper bounds the spatial discretization error.
Using It6’s formula:

M N
1
NN 2 N m NN mn
dlloy — 6 —2<0 et,MNﬂ;;w 6, 2"") —V, /Mze (61, 2)g;" (dz>>dt (90)
4|z -z _2<Zm"—ZZ”’",VZ£m(0tN,ZZ”’") LBy, 2 )>dt. (91)

Adding and subtracting (MN)~'Y>, " V0™ (0;, Z,™™) from (90) and summing with (01) scaled by (MN)~*
yields:

M N
2 N n o Zm,n o m,n
dg = — Z Z2[<9§V — 0, V(0N Z") — V40, 20 )>dt

/\

ZImm g iGN | 2 — Vzim(ét,Zf“”)>]dt+2Givdt,

where we defined the term GYV as:

M

N
1 ~
GN .= i G N where GPY = <9N —et,NE j (@, Z]™) = V5 /e 0y, 2)g™ (dz)>

m=1



Tim Y. J. Wang, Juan Kuntz, O. Deniz Akyildiz

Using the strong log-concavity A3, and taking the expectation yields
dE[¢]N] < —2XE[¢N]dt + 2E[G]dt.

Following the same argument as in ( , Lemma 13), together with the analogous second-moment
bound from ( , Proposition 26) and the L-Lipschitz gradient assumption A, we can upper
bound |E[G]™"]| for each m € [M]:

ElG]| < L 2 1A 6] (1or2 + Bl1Z017) + 5 ) < L\/ L (1l + 1201 + ). (2)

N N

Now we have the following differential inequality for E[¢]N]:

d 2 ~ d
—E[ENV2 < —AR[ENV2 + Ly = (1602 + E[|| Zo||2] + =2 ).
SEIENY? < ABIENY2 + Ly [ (1602 + BN Z0]12 + 5 (93)
Applying Gronwall’s lemma yields the result:
1—e ™ML |2 [ - d,
B2 < e+ L2 2 (g Lz + L), (94)
A N A
where the first term is zero due to construction. O

Lemma C.16 (Temporal Discretization Error). Suppose Assumptions A5 and A/ hold. Then for the following
Euler-Maruyama scheme for the SDEs in (37)-(88):

M N
. - h - _
N,h N,h N,h m,n,N,h
Vi1 =0 + 3w DY vl ) (95)
m=1n=1
Zy Nt = N L g0y, Z7 N+ VRRWE, (myn) € [M] x [N], (96)

we have for h < 1/(A+ L) with X being the strong concavity constant in Assumption A5 and L being the Lipschitz
constant in A/, there exists a constant C'(h) > 0 independent of k and N of order O(h'/?), such that:

At (B, QEMNM), (3, QEMN)) < VRC(R), Yk €N,

Proof. The proof is a direct adaptation of ( , Lemma 14) by replacing the discretization therein
with egs. (95) and (90) and using the same argument for the M x N equations for the particles and replacing the
loss with M1 2%21 ™ for the parameters. O

Theorem C.17. Suppose that the premise of Theorem and A/ hold, and that R has Lipschitz gradients. For
all sufficiently small h > 0, there exists an O(h'/? + N=/2) constant Cy, n independent of T, a p € (0,1), and a
C > 0 independent of (h, N,T), such that

- < o112 .
E[lfr - 6.P] " < Cuw +Co" VT EN,
where 9* denotes {’s unique maxrimizer.

Proof. The proof follows from a combination of Lemma , Lemma, , and Lemma by an application
of the triangle inequality and the definition of the metric dyi:m. O

D Additional Results

D.1 Interpolating the Latent Space

As a deep LVM, IPLD is able to learn a smooth latent space, enabling semantically meaningful interpolations. In
Figure |, we take two indices mq, mg € [M] from the training set indices and extract the particles z;" 1’0, 2y 2,0
from the particle cloud. We compute the linear interpolation via lerp(z,y,s) = sz + (1 — s)y between those

particles for s € [0, 1] and decode back into the pixel space with the decoder gg.
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Figure 4: Linear interpolation between the particles learned on the CelebA64 training set.

D.2 Evolution of the Particle Cloud

We also visualize how the particle cloud 21 AN e volves through the gradient flow. To achieve this, we save

the particle cloud at training epochs {0, 5,10, 15, 20, 25, 30, 50, 75,90} and pass them through the decoder gy
(Figures Ha and 5b). We note that there is an intriguing perceptual similarity between the particle evolution and
the posterior mean E[zg|x;] of a diffusion model. For comparison, we show the evolution of the posterior mean

predicted in Figures 6a and 6b. The posterior mean is computed by a pretrained score network taken from
( ) in the pixel space via Tweedie’s formula ( ) ): Elwo|zy] ~ (Vi) i + 02Va, s0(xe, 1)),

where o7 is the variance of the reverse process and sg(7,t) is the score estimating network. We remark that
there have been several recent works attempting to delineate the connection between diffusion and gradient flow
( , ; , ; , ). Our method can be thought as an attempt of
learning the gradient flow via a diffusion model.

(a) CIFAR-10 (b) CelebA64

Figure 5: Evolution of the particle cloud of IPLD trained on the CIFAR-10 and CelebA64 dataset with 5 particles.
Zoom in to view the details better.

(a) CIFAR-10 (b) CelebA64

Figure 6: Evolution of the predicted E[zg|x;] of DDPM trained on the CIFAR-10 and CelebA64 dataset.

D.3 Ablation on Diffusion Weighting

As reported in ( ); ( ), using the simplified diffusion objective can yield samples
with better visual quality. To verify this effect within our framework, we compare two variants of our model:
IPLD likelihood using the diffusion loss in (40) and IPLD usual using the loss in (12). We train all models with
the same training hyperparameters specified in Appendix . The results in Table 3 show that the simplified
objective yields a consistently better FID score, which aligns with prior findings.

D.4 Ablation on Two Stage Training

( ) hypothesized that backpropogating the diffusion loss to the VAE directly make the latent space
simpler. They suggested this could inadvertently "hack" the denoising objective, leading the diffusion model to
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SVHN CIFAR-10
IPLD usual 17.55 51.60
IPLD likelihood  18.62 53.22

Table 3: Ablation study on diffusion weighting. The final FID scores are reported.

simply predict noise from the VAE’s Gaussian approximate posterior.

To investigate this, we conduct an ablation study comparing end-to-end training and two-stage training. We
train both models with 1 particle using the same training hyperparameters; for two-stage training we detach
the gradients on the particles before passing them to the diffusion model, hence preventing backpropogating
the diffusion loss. We show in Table /| that end-to-end training in IPLD does not suffer from the same issue
observed in ( ). This aligns with the results in ( ), who also found benefits to
end-to-end training. It is important to note, however, that both our experiments and those of ( )
were conducted on relatively lower-resolution datasets. Therefore, the conclusions drawn here may not directly
extrapolate to the larger-scale experimental settings used in ( ).

SVHN CIFAR-10 CelebA64
IPLD usual 17.55 51.60 22.86
IPLD detached 19.07 52.96 23.19

Table 4: Ablation study on two-stage training. The final FID scores are reported.

D.5 Runtime and Memory Comparisons

In Table 5, we benchmark the peak memory usage and walltime for a single forward-backward pass with a batch
size of 64 on a single A6000 GPU (48GB) for both DirrusioNnVAE and IPLD: Using torchrec ( ,

Table 5: Performance comparison on a single A6000 GPU. Lower values are better.

Method Peak Memory (GB) | Walltime (s) |
DirrusioNVAE 1-particle 5.19 0.15
DirrusioNVAE 5-particle 17.51 0.54
DrrrusioNVAE 10-particle 33.89 1.01
IPLD 1-particle 4.19 0.12
IPLD 5-particle 17.26 0.49
IPLD 10-particle 33.62 0.98

) and custom sharding strategies enabled by it, we implement a distributed version of IPLD by allocating
each accelerator a different subset of the particles (cf. Section 3.3). The results in Table 6 confirms the scalability
of our algorithm.

Table 6: Performance of our custom distributed IPLD implementation on two A6000 GPUs. Lower values are
better.

Method Peak Memory (GB) | Walltime (s) |
IPLD 1-particle 2.81 0.09
IPLD 5-particle 9.62 0.29

IPLD 10-particle 17.95 0.56
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D.6 Additional Uncurated Samples

We present additional uncurated samples of IPLD trained with 10 particles on CIFAR-10, SVHN, and CelebA64
dataset produced by the DDIM sampler ( , ) with 100 NFEs. We remark that only the CelebA64
samples in the main text have been curated for better visualization.

Figure 7: Uncurated samples on CIFAR-10.
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Figure 8: Uncurated samples on SVHN.

Figure 9: Uncurated samples on CelebA64.
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