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Abstract— Roboticists have used both analytic and optimiza-
tion methods for solving inverse kinematics (IK) problems. The
two strategies have complementary strengths and weaknesses,
but developing a unified approach to take advantage of both
methods has proved challenging. We present a new formulation
for optimization IK that uses an analytic IK solution as a change
of variables, which is fundamentally easier for optimizers to
solve. Extensive experimental comparisons across three popular
solvers demonstrate that our new formulation achieves higher
success rates than the old formulation and baseline methods
across various challenging IK problems, including collision
avoidance, grasp selection, and humanoid stability.

I. INTRODUCTION

Inverse kinematics (IK) is a fundamental problem in
robotics [1H5]. For a chain of rigid links connected by
movable joints, IK seeks to compute a set of joint positions
that achieves a desired Cartesian pose for the end-effector
of the chain. Early study of IK largely focused on symbolic
analysis [2]. The pose of the end-effector of can naturally be
written down as a function of its joint angles, so determining
joint angles for a desired target amounts to solving a highly-
structured system of trigonometric polynomial equations, a
process called analytic IK. Implementations of these solu-
tions can usually be obtained directly from robot descriptions
(e.g. URDF) via automated meta-solvers [SH8]]. With redun-
dant degrees of freedom, the system is underdetermined,
requiring additional self-motion parameters to disambiguate
solutions [9H12].

With the continued improvements to numerical computing
over the past decades, numerical algorithms for solving IK
have become incredibly prevalent [[13]. This has lead to a
broader scope, where IK problems are embedded as part
of grasping, motion planning, and even humanoid robot
stability [14H16]. In its most general form, IK is a broad
class of kinematic optimization problems [17, §6.1].

However, optimization IK is not without its challenges.
The IK constraint means the optimizer must find a solution
satisfying a nonlinear equality constraint. When adding addi-
tional constraints to the problem, such as collision avoidance
or humanoid stability, optimizers may get stuck in local
minima, or even fail to return a feasible guess.
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We present a unifying approach for solving optimization
IK problems for systems that have an analytic solution. The
end-effector pose (and self-motion parameters) are the deci-
sion variables, and the joint angles are determined in terms
of these variables via the analytic IK mapping, allowing us
to impose the original costs and constraints. In particular,
solving such an optimization problem with gradient-based
solvers is enabled by modifying the implementation of an
analytic IK function to support automatic differentiation, a
strategy presented in [18].

The proposed formulation trades off simplicity of the IK
constraint, which is linear in the new decision variables, for
greater complexity in other costs and constraints. The relative
benefit becomes apparent when inspecting the assumptions of
standard nonlinear solvers, which operate in either the entire
ambient space or the relative interior of the problem domain.
This either precludes the use of nonlinear equality constraints
altogether, as is the case for AGS [19, §8.1], CMA-ES [20,
§B.5], and NFQPIM [21], or requires converting the equality
to a pair of inequalities, resulting in a failure of the Linear
Independence Constraint Qualification (LICQ) that many
solvers rely on for numerical stability [22, §4][23 §2.2].

To evaluate our methodology, we perform a detailed
comparison between formulations (and baselines) across
three popular solvers representing three main paradigms for
constrained nonlinear optimization (interior point, augmented
Lagrangian, and sequential quadratic programming), for a
variety of scenarios. The new formulation achieves a higher
success rate than the old for every solver tested and for every
experiment, strongly suggesting that it is fundamentally
easier for optimizers to find feasible solutions for the new
formulation. The results presented here are a subset of a
broader work; the full preprint, containing additional details
and results, is available online [24].

II. METHODOLOGY

To represent changes of coordinates in Euclidean space,
we use monogram notation [17, §3.1]. AXEB ¢ SE(3) is the
pose of frame B relative to (and measured in) frame A (a
4 x4 homogeneous transformation matrix). When this pose is
a function of variables ¢, we write Ax B (q), e.g., the pose of
an arm’s gripper G in the world frame W with joint angles ¢
is written WX %(q). The position of frame B relative to (and
expressed in) frame A is denoted “p”Z, and the orientation
is denoted “o®. The homogeneous transformation matrix
described by a position and orientation is X (“p?, 40?).

An analytic IK function takes in three arguments:
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Fig. 1: Experiment setups. (b) shows 3 poses which are
feasible for one instance of the grasp selection experiment,
with the shelves hidden for visibility. (e) shows the nominal
stable configuration used in the Hubo experiments.

1) the target end-effector pose in WX§.. € SE(3),
2) continuous self-motion parameters iy € W, which

describes the point within a self-motion manifold, and
3) discrete self-motion parameters « € %, which speci-

fies the self-motion manifold being considered.

The output of the function is a set of joint angles for the
arm. So explicitly, an analytic IK function is denoted by

IK : SE(3) x ¥ x .# — RY, 1)

where #~ denotes the set of self-motion manifolds.

The domain of an analytic IK function typically does not
match the true set of reachable configurations. Analytic IK
functions generally do not consider joint limits, so that must
be added as a constraint. Furthermore, a robot arm generally
cannot reach all of SE(3), appearing within analytic IK as
domain-restricted functions like arccos (e.g. Eq. (18)]).

To handle the domain restrictions, we require that IK is
constructed to clip its inputs for domain-limited functions
like arccos, so for a non-reachable configuration, the joint
angles output by IK will not actually achieve the specified
end-effector pose. We construct probing functions

Dp:SEQ3)x ¥ x . # =R 2)

that return intermediate values from within the compu-
tations of IK before a clipping operation, such that if
Dip(WXE 4, k) > 0 forall k € [K], then the clipping within
IK has no effect. For example, if IK requires computing
arccos(t) for some intermediate quantity t = f("WX v, k),

we would introduce the probing functions

Dl : (WXGawa ’{) = 1— f(WXGaw7H>7
Dy : (VX 0, k) = L+ F(VXE 0, k).

(3a)
(3b)

If Dp(WX 4, k) > 0 for each k € [K], then WX is a
reachable configuration.

Imposing this reachability constraint in our optimization
problems is essential for convergence. This approach differs
from prior work, which directly checked that the resulting
end-effector pose matched the input to IK [18]. In that
formulation, the reachability constraint is always active,
even when the end-effector pose is not on the boundary of
the reachable set. With probing functions, the reachability
constraint is inactive when the end-effector pose is in the
interior of the reachable set.

Given the above machinery, we now construct the old
and new formulations for an optimization IK problem. Let
@by Gub € (RU{£00})? be the lower and upper joint limits,
and WX§_ the desired configuration of the end-effector.
Finally, we have generic functions f,g;,h; : R? — R for
i € [I] = {1,...,I} and j € [J] to represent the cost,
inequality constraints, and equality constraints (respectively).

The standard formulation for optimization IK is

min_ f(q) (4)
s.t. g e R? (4b)
xq) = VXE (4c)
b < g < qub, (4d)
9i(q) <0, Vie[l],  (4e)
hj(q) =0, vielJ]. @D

Here, the joint angles are the decision variables, and the
underlying “inverse kinematics” constraint is encoded in
(@d). f is a user-defined cost function — joint-centering is a
common choice. g; and h; are generic additional constraints,
such as collision-avoidance or humanoid stability.

The variable ¢ in (@) and constraint are readily
eliminated by the analytic IK function (T)). This results in an
optimization over the end-effector position p and orientation
o, the continuous self-motion parameters v € ¥, and the
discrete self-motion parameters k € 7,

Jin - f (IK(X (p,0), ¥, K)) (52)
st. peR3 0T, € U,k € X, (5b)
p="pGs, 0= "0, (50)

aw < IK(X(p,0), %, k) < qup, (5d)

gi IK(X (p,0),v,k)) <0 Vi e [I], (5e)

hj (IK(X (p,0),9,K)) =0 vielJ], (5D
Dy(p,0,4) >0 Vk € [K], (5g)

To solve this mixed-integer nonconvex optimization problem,
we fix a choice of kg € . (Since there are few choices for
Ko, one could easily solve the problem for each possible
choice.) The reachability constraint (5g) requires that the
joint angles output from the IK function actually achieve



the expected gripper pose. As the intent of our approach is
to remove nonlinear equality constraints, we represent ori-
entation with Euler angles. (One could also use exponential
coordinates, but not unit quaternions or rotation matrices).

We draw the reader’s attention to several key aspects
of this optimization problem. The most important part is
the elimination of the nonlinear equality constraint {@c) —
the only remaining nonlinear equality constraints are the
additional user-specified ones. Most solvers will be able to
satisfy the linear constraints up to the accuracy of a linear
system solve, ensuring feasibility of the IK constraint to a
very precise tolerance. With additional nonlinear equality
constraints, the performance difference between the two
formulations is less clear, but empirical evidence suggests
we can still match the performance of the old formulation
in runtime and success rate.

III. EXPERIMENTS

Throughout our experiments, we compare our new formu-
lation to the old formulation with three solvers: the interior
point solver IPOPT [23], the sequential quadratic program-
ming solver SNOPT [22]], and an augmented Lagrangian
solver [25) [26]] made available via the NLOPT interface [27]].
As a baseline, we compare with simply drawing random
samples from the self-motion manifold and picking the
lowest-cost feasible one. For our first experiment, we also
compare to a global mixed-integer convex relaxation, Global-
IK [28]. (It cannot be used for later experiments due to
scaling issues and unsupported costs/constraints.) We present
a “fast” and “precise” setting, where the latter uses a finer
(but more costly) relaxation, and a tighter approximation of
the collision-avoidance constraint. The experimental setups
are visualized in Fig. E], and success rates, optimal costs, and
runtimes for these experiments are included in Tables [[HITI]

Arm on a Table (Fig. is a classic collision-free 1K
problem: a 7DoF KUKA iiwa arm on a table, surrounded
by shelves and bins. We constrain the gripper to a specific
target pose and impose joint limits, collision-avoidance, and
a quadratic joint centering cost. We selected 100 random
targets and used 100 random initial guesses per target.

Grasp Selection (Fig. expands the previous problem
to target a range of poses; we require that a specified point
in between the fingers be coincident with the central axis of
a mug. We selected 40 random targets and used 40 random
initial guesses per target.

Mobile Manipulator (Fig. requires solving IK for an
arm mounted on a mobile base that can move around a table
with shelves. We return to targeting a specific gripper pose,
and solve for a very similar optimization problem to Arm on
a Table; we fix the end effector pose and impose joint limits
and collision-avoidance. We selected 100 end-effector poses
within the shelves and used 100 random collision-free initial
guesses per target.

Bimanual Manipulator (Fig. also requires solving IK
with a mobile base, but this time, two end-effector targets
are specified. Each constraint corresponds to a separate kine-
matic chain, with the base pose and torso lift joint coupling

them. For the new formulation, the decision variables are the
left and right end-effector poses, the respective self-motion
parameters, the base pose, and the torso lift. We selected 40
random targets and used 40 random initial guesses per target.

Humanoid Stability (Fig. [Te)) considers a humanoid reach-
ing task, where the robot must reach to a given target pose,
while simultaneously placing its feet so as to guarantee
stability. If both feet are flat on the ground, static stability
can be ensured by keeping the center of mass above the
support polytope: the convex hull of the points on the foot
making contact with the ground. These quantities can all be
computed efficiently as functions of the robot’s configuration,
making them amenable for optimization. In addition to
stability, we fix the end-effector pose of the right hand
to a randomly-selected target, and enforce joint limits and
collision avoidance. For the new formulation, we added a log
barrier cost on the reachability constraints, in effect forcing
this constraint to be satisfied at every intermediate iteration.
We do not include any joint centering, as we found it led the
optimizer to sacrifice feasibility to achieve a lower objective
value, and ultimately get stuck.

In the new formulation, static stability is the only nonlinear
equality constraint. However, its feasible set is positive-
measure in the end-effector and redundancy variables, and
we can rewrite this constraint as to be inequality-only; by
enumerating the (g) possible simplices represented by the
four corners of the two feet, Carathéodory’s theorem [29]
allows us to write static stability as a disjunctive inequality
constraint. We solved IK for 100 random right-hand targets
with both stability constraint formulations, each time using
the known stable initial guess.

IV. DISCUSSION

We have presented a new formulation for optimization-
based inverse kinematics, that leverages a known analytic
solution for the robot as a change of variables. This allows
us to write IK optimization problems with the end-effector
and self-motion parameters as decision variables, eliminating
nonlinear equality constraints. We compare our approach
with the corresponding standard formulation across three
solvers, each representing a different broad class of non-
linear optimization algorithms, and we also compare to two
baseline algorithms. Diverse practical experiments include
shelf reaching for fixed and mobile robots, grasp selection,
and humanoid stability, demonstrating relevancy to realistic
robotics tasks under consideration today.

When comparing the two formulations, the new formu-
lation consistently achieved equal or higher success rates.
The new formulation is consistently able to obtain extremely
feasibility tolerances (on the order of 10~17 or better),
many orders of magnitude below what solvers can normally
achieve in the presence of nonlinear equality constraints.
But results were mixed as to which formulation is faster,
and the poorer performance in optimal cost remains a
significant limitation of the new formulation. Overall, our
results strongly suggest that this new formulation is useful in
practice, particularly when additional challenging constraints
are present and current success rates are low.



Interior Point Augmented Lagrangian Sequentia}l Quadratic Global-IK
Experiment d|d (IPOPT) (NLOPT) Programming (SNOPT) Sampling
New Old New Old New Old Fast | Precise

Arm on a Table 701 0.8951 0.5392 0.8733 0.049 0.9144 0.463 0.88 0.97 1.00
Grasp Selection 715 0.9893 0.9875 0.47 0.47 0.7344 0.6625 N/A N/A 0.525

Mobile Manipulator 10| 4 0.7182 0.5946 0.405 0.0074 0.368 0.2884 N/A N/A 0.95
Bimanual Mobile Manipulator | 18| 6 | 0.7819 0.5243 0.68 N/A 0.3289 0.2466 N/A N/A 0.32
Humanoid Stability (Inequality) | 31 | 19 0.97 0.70 0.67 N/A N/A N/A N/A N/A N/A
Humanoid Stability (Equality) |31 |19 0.96 0.96 0.46 N/A N/A N/A N/A N/A N/A

TABLE I: Success rates for each experiment, where any feasible solution is treated as a success. For each solver, the
formulation with the higher success rate is bolded, and the overall highest success rate has a gold star. We also report the
dimension of the configuration space (abbreviated d) and the dimension of the constraint manifold (abbreviated d’). Each
general nonlinear solver achieves a equal or better success rate with the new formulation than the old in all but one case.
The Global-IK baseline was only tractable for the first experiment due to runtime issues. The sampling baseline is only
effective when d’ is low and requires careful tuning on a per-experiment basis.

Interior Point Augmented Lagrangian Sequentie_ll Quadratic Global-IK
Experimen[ (IPOPT) (NLOPT) Programmlng (SNOPT) Samp]ing
New Old New Old New Old Fast | Precise
Arm on a Table 14.1 14.6 143 11.3 14.2 15.0 55 5.8 6.1
Grasp Selection 9.22 5.83 10.9 3.6 10.9 14.0 N/A N/A 7.44
Mobile Manipulator 8.46 7.28 8.62 3.44 10.8 6.81 N/A N/A 14.58
Bimanual Mobile Manipulator 35.2 25.5 30.6 N/A 37.7 29.8 N/A N/A 43.8

TABLE II: Average optimal costs for each experiment, restricted to successes. For each solver, the formulation with the better
optimal cost is bolded, and the overall lowest cost has a gold star. We do not include the humanoid stability experiments, as
these were pure feasibility problems. The old formulation often finds lower cost solutions, in part because it has a simpler
cost landscape and is not restricted to a single branch of the IK function.

Interior Point Augmented Lagrangian Sequentie}l Quadratic Global-IK
Experiment (IPOPT) (NLOPT) Programming (SNOPT) Sampling
New Old New Old New Old Fast | Precise

Arm on a Table 0.14 (0.11) | 0.07 (0.04) 0.98 (0.84) | 0.24 (0.16) ]0.025 (0.025)|0.02 (0.02) 289 3362 0.101

Grasp Selection 0.45 (0.46) [0.15 (0.15) 2.68 (3.84) | 0.81 (1.13) 1.07 (1.47) | 0.36 (0.26) N/A N/A 1.69
Mobile Manipulator 0.68 (0.52) [0.17 (0.12) 1.37 (3.52) | 0.23 (0.32) 0.90 (1.17) | 0.18 (0.17) N/A N/A 0.60
Bimanual Mobile Manipulator | 1.33 (0.64) | 0.40 (0.16) 6.01 (4.76) N/A 2.25 (2.30) (0.18 (0.09) N/A N/A 1.73
Humanoid Stability (Inequality) |1.26 (1.12) 3.45 (1.82) [25.82 (17.82) N/A N/A N/A N/A N/A N/A
Humanoid Stability (Equality) |1.61 (1.31) 1.65 (1.50) ]36.37 (24.00) N/A N/A N/A N/A N/A N/A

TABLE III: Mean runtimes for each experiment in seconds. For each solver, the formulation with the shortest runtime is
bolded, and the overall shortest runtime has a gold star. For the nonlinear optimizers, the entry in parentheses is restricted
to only the successes. (This is not done for Global-IK, since we do not set a timeout, and not done for sampling, since its
runtime is constant.)

o9

(a) Old formulation, equality. ~ (b) Old formulation, inequality. = (c) New formulation, equality. ~ (d) New formulation, inequality.

Fig. 2: Diverse solutions from the Hubo experiments, from the different formulations and stability constraint representations.
All solutions were obtained with IPOPT.
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