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ABSTRACT

Looped Transformers have shown exceptional neural algorithmic reasoning ca-
pability in simulating traditional graph algorithms, but their application to more
complex structures like hypergraphs remains underexplored. Hypergraphs gener-
alize graphs by modeling higher-order relationships among multiple entities, en-
abling richer representations but introducing significant computational challenges.
In this work, we extend the Loop Transformer architecture’s neural algorithmic
reasoning capability to simulate hypergraph algorithms, addressing the gap be-
tween neural networks and combinatorial optimization over hypergraphs. Specif-
ically, we propose a novel degradation mechanism for reducing hypergraphs to
graph representations, enabling the simulation of graph-based algorithms, such as
Dijkstra’s shortest path. Furthermore, we introduce a hyperedge-aware encoding
scheme to simulate hypergraph-specific algorithms, exemplified by Helly’s algo-
rithm. We establish theoretical guarantees for these simulations, demonstrating
the feasibility of processing high-dimensional and combinatorial data using Loop
Transformers. This work highlights the potential of Transformers as general-
purpose algorithmic solvers for structured data.

1 INTRODUCTION

Algorithms underlie many of the technological innovations that shape our daily lives, from route
planners (Hart et al., 1968) to search engines (Brin & Page, 1998). In parallel, the advent of Large
Language Models (LLMs), which are built on the Transformer architecture (Vaswani et al., 2017),
has dramatically extended the boundary of what is achievable through machine learning. Notewor-
thy systems such as GPT-4o (OpenAI, 2024b), Claude (Anthropic, 2024), and the latest OpenAI
models (OpenAI, 2024c) have already propelled advances across a variety of domains, including AI
agents (Chen et al., 2024d), AI search (OpenAI, 2024c), and conversational AI (Mahmood et al.,
2023; Zhang et al., 2023a; Liu et al., 2024). As LLMs become increasingly capable, they open up
new possibilities for integrating algorithmic reasoning into neural models.

Building on this idea, neural algorithmic reasoning (Veličković & Blundell, 2021) has recently
emerged as a means to fuse the abstraction and guarantees of algorithms with the representational
flexibility of neural networks. By learning to mimic the step-by-step operations of well-known
procedures, neural networks can capture the generalization capabilities of algorithms. Following
a self-regression pattern, (Dai et al., 2018) introduces an embedding representation for iterative
graph algorithms, facilitating scalable learning of steady-state solutions. Meanwhile, (Khalil et al.,
2017) employs reinforcement learning and graph embedding to automate heuristic design for NP-
hard combinatorial optimization problems. By supervising the network on each intermediate state
rather than only the end result, (Veličković et al., 2020) shows how learned subroutines can trans-
fer across related tasks like Bellman-Ford algorithm (Bellman, 1958) and Prim’s algorithm (Prim,
1957). Encouraging results have also been obtained in simulating graph algorithms using looped
Transformers (de Luca & Fountoulakis, 2024), suggesting that Transformers may be capable of
executing procedural knowledge at scale.

Extending this paradigm to more complex relational structures, such as hypergraphs, presents new
opportunities and challenges. Hypergraphs naturally allow each hyperedge to contain multiple ver-
tices, making them especially suitable for capturing higher-order interactions present in many real-
world tasks. Recent studies (Xiao et al., 2022; Fatemi et al., 2023; Yang et al., 2024) illustrate how
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hypergraph-based representations can enhance relational reasoning, manage complex data interde-
pendencies, and support a larger subset of relational algebra operations. However, while standard
graphs often rely on symmetrical adjacency matrices to encode connections, hypergraphs are typ-
ically represented by incidence matrices, posing additional challenges. For instance, Helly’s algo-
rithm (Helly, 1930), which assesses whether a hypergraph exhibits the Helly property (Bretto et al.,
2002; Voloshin, 2002), requires operations over these incidence representations and has been shown
to be NP-Hard in certain extensions (Dourado et al., 2012). Similarly, converting hypergraphs to
graph-like structures often inflates feature dimensions linearly with the number of vertices due to
matrix-storage demands (Bretto, 2013; Lee et al., 2020). These insights collectively raise a central
question:

Can looped Transformers achieve neural algorithmic reasoning on hypergraphs
using O(1) feature dimensions and O(1) layers?

Our Contribution. In this paper, we answer this question affirmatively by extending the results
in (de Luca & Fountoulakis, 2024), which demonstrated the ability of Loop Transformers to simulate
graph algorithms.

We propose and investigate the hypothesis that Loop Transformers, with their iterative processing
and representational flexibility, are capable of simulating hypergraph algorithms. By leveraging
the inherent capacity of Transformers for parallel processing and multi-head attention, we aim to
demonstrate that these models can effectively encode and operate over hypergraph structures. The
contributions of our work are outlined as follows:

• We design a degradation mechanism (Theorem 4.1) to simulate graph-based algorithms,
such as Dijkstra, BFS, and DFS, on hypergraphs by dynamically degrading the incidence
matrix to an adjacency matrix implicitly. This process can be simulated by a looped Trans-
former with constant layers and constant feature dimensions.

• We propose a novel encoding scheme to simulate Helly’s algorithm (Theorem 4.2), which
incorporates hyperedge-specific operations into the iterative processes of Transformers.
This can also be simulated by a looped Transformer with constant layers and constant
feature dimensions.

Roadmap. We introduce the works related to our paper in Section 2. In Section 3, we present the
basic concepts, e.g., hypergraph and Loop Transformers. In Section 4, we detail our main results.
In Section 5, we introduce the construction of some basic operations. In Section 6, we present some
simulation results based on the basic operation. In Section 7, we give a conclusion of our paper.

2 RELATED WORK

2.1 NEURAL NETWORK EXECUTE ALGORITHMS

In recent years, the integration of neural networks with algorithmic execution has gained signifi-
cant attention, leading to the emergence of a body of work aimed at improving the efficiency and
performance of algorithmic tasks through deep learning techniques. This line of research focuses
on leveraging the power of neural networks to either approximate traditional algorithms or directly
replace them with learned models. (Siegelmann & Sontag, 1992) established the computational
universality of finite recurrent neural networks with sigmoidal activation functions by proving their
capability to simulate any Turing Machine. Later, (Pérez et al., 2021) proved that Transformer
architectures achieve Turing completeness through hard attention mechanisms, which enable ef-
fective computation and access to internal dense representations. Building with the framework
of looped transformer, (Giannou et al., 2023) uses looped transformers as the building block to
make a programmable computer, showcasing the latent capabilities of Transformer-based neural
networks. (de Luca & Fountoulakis, 2024) demonstrated that looped transformers can implement
various graph algorithms, including Dijkstra’s shortest path, Breadth-First Search (BFS), Depth-
First Search (DFS), and Kosaraju’s algorithm for strongly connected components, through their
multi-head attention mechanism.
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2.2 HYPERGRAPHS IN NEURAL NETWORKS

Hypergraphs have recently emerged as a powerful mathematical model for representing complex
relationships in data, and they have found promising applications in deep learning. Several works
have explored leveraging hypergraph-based representations to improve the performance of neural
architectures in various domains. For instance, (Feng et al., 2019) introduced a hypergraph-based
approach to enhance graph neural networks (GNNs), enabling better multi-way interaction modeling
for tasks like node classification and link prediction, while subsequent works extended convolutional
networks to hypergraphs (Yadati et al., 2019), incorporated hypergraph attention for improved in-
terpretability (Bai et al., 2021), and leveraged hypergraphs in deep reinforcement learning for faster
convergence (Bai et al., 2022). Hypergraphs have also been employed as a powerful framework
for advanced reasoning. Recent research (Xiao et al., 2022; Fatemi et al., 2023; Yang et al., 2024)
elucidates their capacity to refine relational inference, encapsulate intricate data interdependencies,
and facilitate a broader spectrum of operations within relational algebra, thereby augmenting the
expressiveness and computational efficacy of reasoning paradigms.

2.3 LOOPED TRANSFORMER

First introduced by (Dehghani et al., 2019), the Universal Transformer, a variant of the Transformer
with a recurrent inductive bias, can be regarded as a foundational model for looped Transform-
ers. Empirical evidence from (Yang et al., 2023) suggests that increasing the number of loop it-
erations enhances performance in various data-fitting tasks while requiring fewer parameters. Fur-
thermore, (Gatmiry et al., 2024) establishes a theoretical guarantee that the looped Transformer can
execute multi-step gradient descent, thereby ensuring convergence to algorithmic solutions. Recent
research (Artur Back & Fountoulakis, 2024; Giannou et al., 2024) has deepened our understanding
of how specific algorithms can be emulated and how their training dynamics facilitate convergence,
particularly in the context of in-context learning. (Gatmiry et al., 2024; Chen et al., 2024b) showed
that looped transformers can efficiently do in-context learning by multi-step gradient descent. (Gi-
annou et al., 2023) uses Transformers as the building block to build a programmable computer,
showcasing the latent capabilities of Transformer-based neural networks. Beyond (Giannou et al.,
2023), (Liang et al., 2024c) proves that a looped 23-layer ReLU−MLP is capable of performing
the basic necessary operation of a programmable computer.

3 PRELIMINARIES

In Section 3.1, we introduce the fundamental notations used throughout this work. Section 3.2
outlines the concept of simulation, while Section 3.3 provides an overview of essential concepts
related to hypergraphs. Lastly, Section 3.4 describes the architecture of the looped transformer.

3.1 NOTATION

We represent the set {1, 2, . . . , n} as [n]. For a matrix A ∈ Rm×n, the i-th row is denoted by
Ai ∈ Rn, and the j-th column is represented as A∗,j ∈ Rm, where i ∈ [m] and j ∈ [n]. For
A ∈ Rm×n, the j-th entry of the i-th row Ai ∈ Rn is denoted by Ai,j ∈ R. The identity matrix of
size d× d is denoted by Id ∈ Rd×d. The vector 0n denotes a length-n vector with all entries equal
to zero, while 1n denotes a length-n vector with all entries equal to one. The matrix 0n×d represents
an n× d matrix where all entries are zero. The inner product of two vectors a, b ∈ Rd is expressed
as a⊤b, where a⊤b =

∑d
i=1 aibi.

3.2 SIMULATION

Definition 3.1 (Simulation, Definition 3.1 in (de Luca & Fountoulakis, 2024)). We define the fol-
lowing:

• Let hF : X → Y be the function that we want to simulate.

• Let hT : X ′ → Y ′ be a neural network.
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• Let ge : X → X ′ be an encoding function.

• Let gd : Y ′ → Y be a decoding function.

We say that a neural network hT can simulate an algorithm step hF if for all input x ∈ X , hF (x) =
gd(hT (ge(x))). We say that a looped transformer can simulate an algorithm if it can simulate each
algorithm step.

3.3 HYPERGRAPH

A weighted hypergraph is expressed as H := (V,E,w), where w is a function assigning a real-
valued weight to each hyperedge. The total number of vertices in the hypergraph is nv := |V |, and
the total number of hyperedges is ne := |E|. The vertices are assumed to be labeled sequentially
from 1 to nv , and the hyperedges are labeled from 1 to ne.

We define the incident matrix of the weighted hypergraph as follows:
Definition 3.2 (Incident matrix of hypergraph). Let H = (V,E,w) be a weighted hypergraph,
where V = {v1, v2, . . . , vnv

} is the set of vertices and E = {e1, e2, . . . , ene
} is the set of hy-

peredges, with nv = |V | and ne = |E|. Each hyperedge ej ∈ E is associated with a weight
w(ej) ∈ R+ and consists of a subset of vertices from V . The incident matrix A ∈ Rnv×ne

+ of H is
defined such that the rows correspond to vertices and the columns correspond to hyperedges. For
each vertex vi ∈ V and hyperedge ej ∈ E, the entry Ai,j is given by

Ai,j =

{
w(ej) if vi ∈ ej ,
0 otherwise.

In this paper, we use X ∈ RK×d to represent the input matrix, where d is the feature dimension
and K = max{nv, ne} + 1 is the row number we need for simulation. To match the dimension of
X and incident matrix, we use a padded version of A, which is defined as its original entries of A
preserved in the bottom-right block:
Definition 3.3 (padded version of incident matrix). Let incident matrix of hypergraph A ∈ Rnv,ne

+
be defined in Definition 3.2, let K ∈ N safisfies K ≥ max{nv, ne}+ 1 is the row number of X , we
define the padded version of incident matrix A as:

• Part 1. If ne > nv , we define:

Ã :=

 0 0⊤
ne

0nv
A

0K−nv−1 0(K−nv−1)×ne

 .
• Part 2. If ne < nv , we define:

Ã :=

[
0 0⊤

ne
0⊤
K−ne−1

0nv
A 0nv×(K−ne−1)

]
.

• Part 3. If ne = nv , we define:

Ã :=

[
0 0⊤

ne

0nv
A

]
.

3.4 LOOPED TRANSFORMERS

Following the setting of (de Luca & Fountoulakis, 2024), we use standard transformer
layer (Vaswani et al., 2017) with an additional attention mechanism that incorporates the incident
matrix. The additional attention mechanism is defined as follows:
Definition 3.4 (Single-head attention). Let WQ,WK ∈ Rd×da be the weight matrices of query and
key, WV ∈ Rd×d be the weight matrix of value, and σ be the hardmax1 function. We define the

1The hardmax, a.k.a., argmax, is defined by [σ(Φ)]i :=
∑

k∈K ek/|K|, where ek is the standard basis
vector for any k ∈ [K] and K = {k | Φik = max{Φi}}.
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single-head attention ψ(i) as

ψ(i)(X, Ã) := Ãσ(XW
(i)
Q W

(i)
K

⊤
X⊤)XW

(i)
V .

Remark 3.5. In this paper, we set da = 2.

The ψ function is an essential construction in the definition of multi-head attention:

Definition 3.6 (Multi-head attention). Let ψ be defined in Definition 3.4, let Ã be defined in Defini-
tion 3.3. We define the multi-head attention ψ(i) as

fattn(X, Ã) :=
∑

i∈MA

ψ(i)(X, Ã) +
∑

i∈M
A⊤

ψ(i)(X, Ã⊤) +
∑
i∈M

ψ(i)(X, In+1) +X,

where MA, MA⊤ , M are the index set of the attention incorporated the incident matrix, and the
attention incorporated the transpose of the incident matrix, and attention heads for the standard
attention which is defined in (Vaswani et al., 2017).
Remark 3.7. The total number of attention heads is |M |+ |MA|+ |MA⊤ |.

For the MLP (Multilayer Perceptron) layer, we have the following definition.
Definition 3.8 (MLP layer). Let ϕ be the ReLU function, let W ∈ Rd×d be the weight of the MLP,
where d is the feature dimension of X , let m be the number of layers. For j = [m], we define the
MLP layer as fmlp(X) := Z(m)W (m) +X, where Z(j+1) := ϕ(Z(j)W (j)) and Z(1) := X .
Remark 3.9. In the construction of this paper, we set the number of layers m = 4.

Combine the definition of multi-head attention and MLP layer, and we show the definition of the
transformer layer:

Definition 3.10 (Transformer layer). Let Ã be defined in Definition 3.3, let fattn be defined in
Definition 3.6, let fmlp be defined in Definition 3.8. We define the transformer layer as

f(X, Ã) := fmlp(fattn(X, Ã)).

Definition 3.11 (Multi layer Transformer). Let Ã be defined in Definition 3.3, let m = O(1) denote
the layer of transformers. Let the transformer layer f be defined in 3.10. We define the multi-layer
transformer as hT (X, Ã) := fm ◦ fm−1 ◦ · ◦ f1(X, Ã).

In the construction of this paper, we set X ∈ RK×d, where K is defined in Definition 3.3, and d is
a constant independent of K. The matrix X stores different variables in its columns. A variable can
either be an array or a scalar. Scalars are stored in the top row of the corresponding column, leaving
the remaining K − 1 rows as 0. Arrays are stored in the bottom K − 1 rows of the column, leaving
the top row as 0. We use Bglobal to represent a column where only the top scalar is 1, while the
rest of the entries are 0. Conversely, we use Blocal to represent a column where the top scalar is 0,
while the remaining entries are 1. Additionally, we use P to represent the two columns of position
embeddings, where the first column contains sin(θi), and the second column contains cos(θi) for
i ∈ [K − 1]. Finally, Pcur is used to represent the position embedding of the current vertex or
hyperedge.

Algorithm 1 Looped Transformer, Algorithm 1 in (Giannou et al., 2023)

1: procedure LOOPEDTRANSFORMER(X ∈ RK×d, Ã ∈ RK×K , termination ∈ {0, 1})
2: while X[0, termination] = 0 do
3: X ← hT (X, Ã)
4: end while
5: end procedure

Definition 3.12 (Positional Encoding). Let δ be the minimum increment angle, and let δ̂ be its
nearest representable approximation. Define the rotation matrix Rδ̂ ∈ R2×2 as

Rδ̂ =

[
cos δ̂ − sin δ̂

sin δ̂ cos δ̂

]
.
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Initialize the positional encoding with p0 =

(
0
1

)
∈ R2. For each node i ≥ 1, the positional

encoding pi ∈ R2 is defined recursively by pi = R⊤
δ̂
pi−1. The positional encoding for node i is

represented as the tuple (p
(1)
i , p

(2)
i ), where p(1)i and p(2)i are the first and second components of the

vector pi, respectively.

Additionally, the maximum number of distinct nodes that can be uniquely encoded is bounded by

Nmax =

⌊
2π

δ̂

⌋
,

which is determined by the precision of δ̂.

4 MAIN RESULTS

Section 4.1 resents a dynamic degradation mechanism to extend Dijkstra, BFS, and DFS from graphs
to hypergraphs. In Section 4.2, we reformulate the Helly property test into a looped-Transformer-
executable algorithm and proves its correctness for weighted hypergraphs. Moving on to Section 4.3,
we show the looped Transformer can simulate deterministic hypergraph motif algorithms.

4.1 DEGRADATION

We observe that (de Luca & Fountoulakis, 2024) presents the running results of several algorithms
on graphs, which primarily include Dijkstra’s algorithm for the shortest path, Breadth-First Search
(BFS), and Depth-First Search (DFS). (de Luca & Fountoulakis, 2024) provides a general repre-
sentation of such algorithms in Algorithm 7 of their paper. Given that Dijkstra’s algorithm for the
shortest path, BFS, and DFS can be straightforwardly extended to hypergraphs (Gao et al., 2014)
by identifying the shortest hyperedge between two nodes and treating it as the distance between
those nodes, we propose a degradation mechanism in Algorithm 2. This mechanism allows dynamic
access to the shortest hyperedge between two vertices without storing static adjacent matrix. Using
this mechanism, we can extend Dijkstra’s algorithm for the shortest path, BFS, and DFS from graphs
to hypergraphs. We formally state the theorem regarding the degradation mechanism as follows:

Theorem 4.1 (Degradation, informal version of Theorem E.1). A looped transformer hT defined
in Definition 3.11 exists, consisting of 10 layers, where each layer includes 3 attention heads with
feature dimension of O(1). This transformer can simulate the degradation operation (Algorithm 2)
for hypergraphs, supporting up to O(δ̂−1) vertices and O(δ̂−1) hyperedges, where δ̂ defined in
Definition 3.12 is the nearest representable approximation of the minimum increment angle.

4.2 HELLY

The Helly property in a hypergraph refers to a specific condition in the family of its hyperedges. A
hypergraph is said to satisfy the Helly property if, for every collection of its hyperedges, whenever
the intersection of every pair of hyperedges in the collection is non-empty, there exists at least one
hyperedge in the collection that intersects all the others. This property is named after Helly’s theo-
rem in convex geometry, which inspired its application in combinatorial settings like hypergraphs.
We have reformulated the algorithm from Algorithm 3 of (Bretto, 2013), which determines whether
a hypergraph possesses the Helly property, into a form executable by the Looped Transformer, rep-
resented as our Algorithm 5. We now state the following theorem:

Theorem 4.2 (Helly, informal version of Theorem E.2). A looped transformer hT exists, where each
layer is defined as in Definition 3.10, consisting of 11 layers, where each layer includes 3 attention
heads with feature dimension of O(1). This transformer can simulate the Helly algorithm (Algo-
rithm 5) for weighted hypergraphs, handling up to O(δ̂−1) vertices and O(δ̂−1) hyperedges, where
δ̂ defined in Definition 3.12 is the nearest representable approximation of the minimum increment
angle.
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Algorithm 2 Degradation Iterate of hyperedge

1: idxhyperedge ← 0
2: valhyperedge ← 0nv∥1K−1−nv

3: iszerohyperedge ← 0nv∥1K−1−nv

4: candidateshyperedge ← Ω · 1K−1

5: visithyperedge ← 0ne∥1K−1−ne

6: terminationhyperedge ← 0 ▷ Initialization of visiting hyperedges
7:
8: procedure VISITHYPEREDGE(Ã ∈ Rnv×ne

+ )
9: if terminationhyperedge = 1 then

10: · · · ▷ Re-initialization of visiting edge, Lemma C.1
11: terminationmin ← 0
12: end if
13: idxhyperedge ← idxhyperedge + 1 ▷ Increment, Lemma C.2
14: valhyperedge ← A[:, idxhyperedge] ▷ Read column from incident matrix, Lemma C.7
15: for i = 1→ K − 1 do
16: iszerohyperedge[i]← (valhyperedge[i] ≤ 0) ▷ Compare, Lemma C.3
17: end for
18: for i = 1→ K − 1 do
19: if iszerohyperedge[i] = 1 then
20: valhyperedge[i]← Ω ▷ Selection, Lemma C.1
21: end if
22: end for
23: for i = 1→ K − 1 do
24: if valhyperedge[i] < candidates[i] then ▷ Compare, Lemma C.3
25: candidates[i]← valhyperedge[i] ▷ Update variables, Lemma C.1
26: end if
27: end for
28: visithyperedge[idxhyperedge]← 1 ▷ Write scalar to column, Lemma C.5
29: terminationhyperedge ← ¬(0 in visitmin) ▷ Trigger termination, Lemma C.6
30: terminationmin ← terminationmin ∧ terminationhyperedge ▷ AND, Lemma C.8
31: end procedure

4.3 FURTHURE DISCUSSION FOR THE POWER OF LOOPED TRANSFORMER

Our algorithm can be extended to the family of deterministic hypergraph motifs algorithms intro-
duced by (Lee et al., 2020). By using a similar proof as in Theorem 4.2, we can simulate Hyper-
graph Projection as a preprocessing step to obtain a static projection graph and simulate the Exact
H-motif Counting operation based on this static projection graph. Combining these observations,
we conclude that our algorithm can effectively simulate deterministic hypergraph motifs algorithms.
Specifically, Hypergraph Projection can be simulated using the selection operation in Lemma C.1
and the addition operation in Lemma C.10; Exact H-motif Counting can be simulated using the
AND operation in Lemma C.8, the comparison operation in Lemma C.3, and the addition operation
in Lemma C.10. Note that although our method can leverage a looped Transformer to simulate de-
terministic algorithms on hypergraphs, it cannot simulate algorithms involving stochastic processes
or sampling, such as random sampling on hypergraphs (see Algorithm 3 in (Lee et al., 2020)).

Furthermore, we can dynamically compute the hypergraph projection in a looped process, as pre-
sented in Theorem 4.1. The key difference lies in the computational resources: the static projection
graph requires O(K) columns for storage due to its size dependence on K, which prevents a solu-
tion in O(1) column space. However, if we employ a similar method to Algorithm 2, the storage
cost reduces to O(1) columns at the expense of requiring more iterations. Thus, our methods may
cover all sets of deterministic hypergraph motifs and show that the looped transfer is powerful.
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5 KEY OPERATION IMPLEMENTATION

In this section, we introduce some basic operations that can be simulated by a single-layer trans-
former, which serve as fundamental primitives in our theoretical framework. Using these primitives,
we can simulate complex deterministic algorithms that use hypergraphs or hyperedges as iterative
objects.

Selection. Here, we present the selection operation. Given a boolean array, referred to as condi-
tion C, a target array E, and two value arrays, V0 and V1, the selection operation can achieve the
following: when the condition C is 1, the value from V1 will be written to the target array E, when
the condition C is 0, the value from V0 will be written to the target array E. By this operation, we
can combine two arrays into a single array. Furthermore, by setting the target array E to be the same
as one of the value arrays, i.e., V0 or V1, we can realize conditional updates. This means that the
value of an array will be updated if and only if a certain condition holds.

If V0, V1, E, and C are scalars, this operation can be directly applied to scalars, as the lower [K−1]
values are kept as 0. In the following lemma, we aim to show that the selection operation can be
simulated by a single-layer transformer. See details in Lemma C.1.

Increment. Here, we present the operation of increment using positional embeddings. Let C1

and C2 represent the positional embeddings corresponding to sin(·) and cos(·), respectively. The
primary objective is to employ a rotation matrix to update the angles encoded in C1 and C2 by
increasing the angular offset δ̂. The updated values are then written to the target locations D1 and
D2. Typically, when

C1 = D1 (1)
and

C2 = D2 (2)
, this operation can be performed in-place. See details in Lemma C.2.

Comparason. Here, we introduce the operation of comparison, which involves comparing two
arrays. In greedy algorithms, conditional updates are often employed, where the stored optimal so-
lution is updated only if the current solution is better than the previously stored one. This process
is captured in the condition update within the selection operation, as described in Lemma C.1. No-
tably, this requires a Boolean array as the condition input. For example, in Dijkstra’s algorithm, we
evaluate whether a path is shorter and update only those paths that are shorter than the currently
stored shortest paths. See details in Lemma C.3.

Read Scalar From Column. We present the operation of reading a scalar from a column. Let the
target column be denoted as E, the position embeddings of the source row C as C1 and C2, and the
source column as D. The array is stored in column D, and our objective is to extract the scalar at
the C-th position and write it to the top row of column E. In an MLP layer represented as XW , we
can extract a column using its column index. However, to extract a specific row index, we leverage
the property of the positional embedding,

p⊤i pj < p⊤i pi (3)
for i ̸= j. This operation enables more flexible operations on individual values within the array. See
details in Lemma C.4.

Write Scalar to Column. We present the operation of writing a scalar to a column. This operation
parallels the process of reading a scalar from a column. The construction in this step also employs
position embedding, analogous to Lemma C.4. See details in Lemma C.5.

Termination. In the greedy algorithm, we terminate the process and return the result after travers-
ing all objects. Here, we maintain an array, marking the traversed objects as 1. Notably, since the
value of

K − 1 (4)
does not always equal the number of objects (typically nv or ne), we fill the remaining positions
with 1. See details in Lemma C.6.
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Read from Incident Matrix. Instead of storing a static incidence matrix in a matrix X ∈ RK×d

, we utilize an attention-head-incorporated incidence matrix as defined in Definition 3.6. This con-
struction allows d to be a constant independent of ne and nv , implying that the feature dimension of
the model hT can be controlled in O(1). See details in Lemma C.7.

AND. This operation can be applied to both arrays and scalars because, even when the input col-
umn is always 0, the result of the AND operation will remain 0. This operation is particularly useful
when combining two conditions to trigger a specific operation. See details in Lemma C.8.

Repeat AND. Different from the regular AND operation described in Lemma C.8, the repeat AND
operation combines a scalar and an array. It can be understood as first replicating the scalar into a
length-K−1 array, followed by performing the regular AND operation. This operation is often used
in nested if statements. See details in Lemma C.9.

Repeat Addition. Similar to the repeat AND operation, the repeat addition operation first repli-
cates a scalar into an array and then performs element-wise addition between two arrays. This oper-
ation is commonly used when updating the distance to the next vertices. See details in Lemma C.10.

6 SIMULATION

We present the simulation result of visiting hyperedges iteratively in Section 6.1. We discuss the
simulation result of Dijkstra’s Algorithm in Section 6.2.

6.1 ITERATION OF VISITING HYPEREDGES

First, we present our result on visiting hyperedges iteratively. See details in Algorithm 2.

Lemma 6.1 (Visiting hyperedges iteratively, informal version of Lemma D.2). A looped transformer
hT exists, where each layer is defined as in Definition 3.10, consisting of 10 layers where each layer
includes 3 attention heads with feature dimension ofO(1). This transformer simulates the operation
of iteratively visiting hyperedges for weighted hypergraphs, accommodating up to O(δ̂−1) vertices
and O(δ̂−1) hyperedges.

6.2 DIJKSTRA’S ALGORITHM

Furthermore, we combine the iteratively visiting hyperedge pattern with Dijkstra’s Algorithm to
extend it to a hypergraph. For details, see Algorithm 4.

Theorem 6.2 (Dijkstra’s Algorithm on hypergraph, informal version of Theorem D.1). A looped
transformer hT exists, where each layer is defined as in Definition 3.10, consisting of 27 layers,
where each layer includes 3 attention heads with feature dimension of O(1). This transformer sim-
ulates Dijkstra’s Algorithm iteratively for weighted hypergraphs, supporting up to O(δ̂−1) vertices
and O(δ̂−1) hyperedges.

7 CONCLUSION

In this work, we extended the capabilities of Loop Transformers to the domain of hypergraphs, ad-
dressing the computational challenges posed by their complex structures. By introducing a degrada-
tion mechanism to simulate graph-based algorithms on hypergraphs and a hyperedge-aware encod-
ing scheme for hypergraph-specific algorithms, we demonstrated the feasibility of using Transform-
ers for hypergraph algorithm simulation. Our results, supported by theoretical guarantees, under-
score the potential of Loop Transformers as general-purpose computational tools capable of bridging
neural networks and combinatorial optimization tasks on structured, high-dimensional data. These
findings not only expand the applicability of Transformers but also open new avenues for solving
real-world problems.

9



486
487
488
489
490
491
492
493
494
495
496
497
498
499
500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539

Under review as a conference paper at ICLR 2026

ETHIC STATEMENT

This paper does not involve human subjects, personally identifiable data, or sensitive applications.
We do not foresee direct ethical risks. We follow the ICLR Code of Ethics and affirm that all aspects
of this research comply with the principles of fairness, transparency, and integrity.

REPRODUCIBILITY STATEMENT

We ensure reproducibility of our theoretical results by including all formal assumptions, definitions,
and complete proofs in the appendix. The main text states each theorem clearly and refers to the
detailed proofs. No external data or software is required.

REFERENCES

Josh Alman and Zhao Song. How to capture higher-order correlations? generalizing matrix soft-
max attention to kronecker computation. In The Twelfth International Conference on Learning
Representations, 2024a.

Josh Alman and Zhao Song. Fast rope attention: Combining the polynomial method and fast fourier
transform. manuscript, 2024b.

Anthropic. The claude 3 model family: Opus, sonnet, haiku, 2024. https://www-cdn.
anthropic.com/de8ba9b01c9ab7cbabf5c33b80b7bbc618857627/Model_
Card_Claude_3.pdf.

de Luca Artur Back and Kimon Fountoulakis. Simulation of graph algorithms with looped trans-
formers. arXiv preprint arXiv:2402.01107, 2024.

Song Bai, Feihu Zhang, and Philip HS Torr. Hypergraph convolution and hypergraph attention.
Pattern Recognition, 110:107637, 2021.

Yunpeng Bai, Chen Gong, Bin Zhang, Guoliang Fan, Xinwen Hou, and Yu Lu. Cooperative multi-
agent reinforcement learning with hypergraph convolution. In 2022 International Joint Confer-
ence on Neural Networks (IJCNN), pp. 1–8. IEEE, 2022.

Richard Bellman. On a routing problem. Quarterly of applied mathematics, 16(1):87–90, 1958.

Rishi Bommasani, Drew A Hudson, Ehsan Adeli, Russ Altman, Simran Arora, Sydney von Arx,
Michael S Bernstein, Jeannette Bohg, Antoine Bosselut, Emma Brunskill, et al. On the opportu-
nities and risks of foundation models. arXiv preprint arXiv:2108.07258, 2021.

Alain Bretto. Hypergraph theory. An introduction. Mathematical Engineering. Cham: Springer, 1,
2013.

Alain Bretto, Stéphane Ubéda, and Janez Zerovnik. A polynomial algorithm for the strong helly
property. Information Processing Letters, 81(1):55–57, 2002.

Sergey Brin and Lawrence Page. The anatomy of a large-scale hypertextual web search engine.
Computer networks and ISDN systems, 30(1-7):107–117, 1998.
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Appendix
Roadmap. In Section A, we introduce more related work. In Section B, we introduce some tools
from previous work. In Section C, we present the missing lemma in Section 5. In Section D, we
present the missing proof in Section 6. In Section E, we present the missing proof in Section 4. We
discuss our impact statement in Section F.

A MORE RELATED WORK

A.1 LARGE LANGUAGE MODELS

Transformer-based neural networks (Vaswani et al., 2017) have rapidly become the leading frame-
work for natural language processing within machine learning. When these models scale to billions
of parameters and are trained on expansive, heterogeneous data, they are frequently called large
language models (LLMs) or foundation models (Bommasani et al., 2021). Representative LLMs
include BERT (Devlin et al., 2019), PaLM (Chowdhery et al., 2022), Llama (Touvron et al., 2023),
ChatGPT (OpenAI, 2024a), and GPT4 (OpenAI, 2023). Such models exhibit versatile capabili-
ties (Bubeck et al., 2023) across a broad array of downstream tasks.

In pursuit of optimizing LLMs for specific applications, a variety of adaptation strategies have been
introduced. These range from using adapters (Hu et al., 2022; Zhang et al., 2023b; Gao et al.,
2023a; Shi et al., 2023), calibration methods (Zhao et al., 2021; Zhou et al., 2023), and multitask
fine-tuning (Gao et al., 2021a; Xu et al., 2023; Von Oswald et al., 2023; Xu et al., 2024c), to prompt
tuning (Gao et al., 2021b; Lester et al., 2021), scratchpad techniques (Nye et al., 2021), instruction
tuning (Li & Liang, 2021; Chung et al., 2022; Mishra et al., 2022), symbol tuning (Wei et al., 2023),
black-box tuning (Sun et al., 2022), reinforcement learning from human feedback (Ouyang et al.,
2022), chain-of-thought reasoning (Wei et al., 2022; Khattab et al., 2022; Yao et al., 2023; Zheng
et al., 2024), and more.

Recent relevant research includes works on tensor transformers (Sanford et al., 2024; Alman &
Song, 2024a; Liang et al., 2024f; Li et al., 2024c; Zhang et al., 2025), acceleration techniques (Xu
et al., 2024a; Wu et al., 2024b; Shen et al., 2024a; Liang et al., 2024a; Qin et al., 2023; Song et al.,
2024; Hu et al., 2024a; Shen et al., 2024b; Shi et al., 2024; Wu et al., 2024a; Ke et al., 2025; Hu
et al., 2024b;c; Li et al., 2024e; Hu et al., 2024f; Chen et al., 2024e; Ke et al., 2024; Liang et al.,
2024b; Li et al., 2024d; Hu et al., 2024e; Liang et al., 2024d; Li et al., 2024f; Hu et al., 2023; Li
et al., 2024b; Alman & Song, 2024b; Chen et al., 2024c), and other related studies (Demirel et al.,
2022; Shrivastava et al., 2023; Gao et al., 2023c; Liang et al., 2024e; Song & Yang, 2023; Chen
et al., 2024a; Xu et al., 2024b; Li et al., 2024g; Deng et al., 2022; Gao et al., 2023b; Chen et al.,
2024f; Li et al., 2024a; Hu et al., 2024d; Sinha et al., 2023; Zhang et al., 2024; Zhang, 2024; Li
et al., 2025).

B TOOLS FROM PREVIOUS WORK

Here, we present the lemma of Iteratively visiting to find minimum value.

Lemma B.1 (Get minimum value, Implicitly in (de Luca & Fountoulakis, 2024)). If the following
conditions hold:

• Let the transformer be defined as Definition 3.10.

Then, we can show that a 7-layer transformer can simulate the operation of getting the minimum
value in Algorithm 3.

C MISSING PROOF IN KEY OPERATION IMPLEMENTATION

In Section C.1, the operation of selection is discussed. In Section C.2, the operation of increment is
discussed. In Section C.4, the operation of reading scalar from column is discussed. In Section C.3,
the operation of comparison is discussed. In Section C.5, the operation of writing scalar to column
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is discussed. In Section C.6, the operation of termination is discussed. In Section C.7, the operation
of reading from incident matrix is discussed. In Section C.8, the operation of AND is discussed.
In Section C.9, the operation of repeat AND is discussed. In Section C.10, the operation of repeat
addition is discussed.

C.1 SELECTION

Lemma C.1 (Selection). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let Ω represent the maximum absolute value within a clause.

• Let V0, V1 be the index for clause values, where X[i, V0], X[i, V1] ∈ [−Ω,Ω] for i ∈ [K].

• Let C be the index for conditions, where X[i, C] ∈ {0, 1} for i ∈ [K].

• Let E be the index of the target field.

Then we can show that a single-layer transformer can simulate a selection operation, which achieves
the following: if X[i, C] = 1, the value X[i, V1] is written to X[i, E]; otherwise, the value X[i, V0]
is written to X[i, E], for all i ∈ [K].

Proof. Because only the MLP layer is needed, we set all the parameters in the attention layer to 0
while keeping the residual connection. Let S1, S2 be the index for the scratchpad. We construct the
weights in MLP as follows:

(W (1))a,b =

{
1 if (a, b) ∈ {(V0, V0), (V1, V1), (C,C), (E,E), (Bglobal, Bglobal), (Blocal, Blocal)};
0 otherwise,

(W (2))a,b =


1 if (a, b) ∈ {(E,E), (V0, S1), (V1, S2)};
−Ω if (a, b) ∈ {(C, S1), (Bglobal, S2), (Blocal, S2)};
Ω if (a, b) = (C, S2);

0 otherwise,

(W (3))a,b =

{
1 if (a, b) ∈ {(E,E), (S1, S1), (S2, S1)};
0 otherwise,

(W (4))a,b =


1 if (a, b) = (E,S1);

−1 if (a, b) = (E,E);

0 otherwise.,

where W (1) is defined as an identity operator, W (2) is defined to perform the selection, W (3) is
defined to sum the terms, W (4) is defined to write the term on scarctchpad to column E.

C.2 INCREMENT

Lemma C.2 (Increment). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let δ̂ be the nearest representable approximation of the minimum increment angle in posi-
tion encoding defined in Definition 3.12.

• Let C1, C2 be the index for source position embedding, D1, D2 be the index for target
position embedding.

Then we can show that a single-layer transformer can simulate an increment operation, which
achieves X[1, D1]← sin(arcsin (X[1, C1]) + δ̂), X[1, D2]← cos(arccos (X[1, C2]) + δ̂).
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Proof. Because only the MLP layer is needed, we set all the parameters in the attention layer to 0
while keeping the residual connection. Let S1, S2 be the index for the scratchpad. We construct
W (1) corresponding to the rotation matrix, which is defined in Definition 3.12. W (2,3) is defined as
identity operator, and W (4) is defined to erase the previous value in X[:, D].

(W (1))a,b =



cos(δ̂) if (a, b) ∈ {(C1, S1), (C2, S2)};
− sin(δ̂) if (a, b) = (C1, S2);

sin(δ̂) if (a, b) = (C2, S1);

1 if (a, b) ∈ {(D1, D1), (D2, D2)};
0 otherwise,

(W (2,3))a,b =

{
1 if (a, b) ∈ {(D1, D1), (D2, D2), (S1, S1), (S2, S2)};
0 otherwise,

(W (4))a,b =


1 if (a, b) ∈ {(S1, D1), (S2, D2)};
−1 if (a, b) ∈ {(D1, D1), (D2, D2)};
0 otherwise.

C.3 COMPARISON

Lemma C.3 (Comparison). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let Ω represent the maximum absolute value within a clause.

• Let C, D be the index for the column for comparing.

• Let E be the index for the target column to write the comparison result.

Then, we can show that a single-layer transformer can simulate a comparison operation, which
achieves writing X[:, E]← X[:, C] < X[:, D].

Proof. Because only the MLP layer is needed, we set all the parameters in the attention layer to 0
while keeping the residual connection. Let S1, S2 be the index for the scratchpad. We construct the
weights in MLP as follows:

(W (1))a,b =


1 if (a, b) ∈ {(E,E), (D,S1), (D,S2)};
−1 if (a, b) ∈ {(C, S1), (C, S2)};
−Ω−1 if (a, b) ∈ {(Bglobal, S2), (Blocal, S2)};
0 otherwise,

(W (2))a,b =


1 if (a, b) = (E,E);

Ω if (a, b) = (S1, S1);

−Ω if (a, b) = (S2, S1);

0 otherwise.

(W (3))a,b =

{
1 if (a, b) ∈ {(E,E), (S1, S1)};
0 otherwise,

(W (4))a,b =


−1 if (a, b) = (E,E);

1 if (a, b) = (S1, E);

0 otherwise.
,

where W (1) and W (2) are defined to simulate less than function, W (3) is defined as identity layer,
W (4) is defined to erase the previous value in X[:, E] and write the term on scarctchpad to column
E.
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C.4 READ SCALAR FROM COLUMN

Lemma C.4 (Read scalar from column). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let Ω represent the maximum absolute value within a clause.

• Let C1, C2 be the position embedding for source row, C be the row index for the source
scalar, and D be the cloumn index for source scalar.

• Let E be the index for the target column.

Then, we can show that a single-layer transformer can simulate an increment operation, which
achieves writing X[1, E]← X[C,D].

Proof. The key purpose is to move the information from the local variable to the global variable.
The core operation of this construction is to use the hardmax to select the value from a specific
position. The position encoding in Definition 3.12 satisfied that p⊤i pj < p⊤i pi for i ̸= j.

In the first attention head, we use the standard attention, which is not incorporated the incident
matrix to clear the column E preparing for writing:

(W
(2)
K ,W

(2)
Q )a,b =

{
1 if (a, b) ∈ {(P1, 1), (P2, 2), (Bglobal, 2)} ;
0 otherwise,

(W
(2)
V )a,b =

{
−1 if (a, b) = (E,E);

0 otherwise.

where W (2)
K and W (2)

Q are constructed to perform an identity matrix, and W (2)
V is constructed to

erase the value in column E.

We also need another standard attention head to write the value:

(W
(1)
K ,W

(1)
Q )a,b =

{
1 if (a, b) ∈ {(P1, C1), (P2, C2)};
0 otherwise,

(W
(1)
V )a,b =

{
2 if (a, b) = (D,E)

0 otherwise.
,

where W (1)
K and W (1)

Q are constructed to indicate the row, and W (1)
V is constructed to indicate the

column.

Noticing that the writing value head writes values in all rows of column E. We establish the MLP
layer as follows to erase the unnecessary writing:

(W (1))a,b =


1 if (a, b) = (E,E);

−Ω if (a, b) = (Bglobal, E);

0 otherwise,

(W (2,3))a,b =

{
1 if (a, b) = (E,E);

0 otherwise,

(W (4))a,b =

{
−1 if (a, b) = (E,E);

0 otherwise,

C.5 WRITE SCALAR TO COLUMN

Lemma C.5 (Write scalar to column). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.
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• Let P be the index for the position embeddings.

• Let Ω represent the maximum absolute value within a clause.

• Let D be the index for source value, i.e., source value is X[0, D].

• Let C1, C2 be the position embedding for target row, E be the index for target column.

Then, we can show that a single-layer transformer can simulate the operation of writing a value to
a column, i.e., X[C,E]← X[0, D].

Proof. The key purpose is to move the information from the global variable to the local variable.
The core operation of this construction is to use hardmax to select the value from a specific position.
The position encoding in Definition 3.12 satisfied that p⊤i pj < p⊤i pi for i ̸= j. Since the MLP layer
is not needed, we set all parameters to 0.

First, we construct the first attention layer to write scalar:

(W
(1)
K ,W

(1)
Q )a,b =

{
1 if (a, b) ∈ {(P1, C1), (P2, C2)};
0 otherwise,

(W
(1)
V )a,b =

{
2 if (a, b) = (D,E);

0 otherwise.

where (W
(1)
K and W (1)

Q ) are constructed to find the row C, and W (1)
V ) is constructed to write scalar

from column D to column E.

The above construction will write some unwanted value to the top row, so we construct another
attention head to erase the unwanted value:

(W
(2)
K ,W

(2)
Q )a,b =

{
1 if (a, b) ∈ {(P1, 1), (P2, 2), (Bglobal, 2)}
0 otherwise,

(W
(2)
V )a,b =

{
−1 if (a, b) = (Bglobal, E);

0 otherwise.

where we use Bglobal is used to store global bias.

C.6 TERMINATION

Lemma C.6 (Termination). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let P be the index for the position embeddings.

• Let Ω represent the maximum absolute value within a clause.

• Let C be the index for the executed variable.

• Let E be the index for the target column.

Then we can show that a single-layer transformer can simulate the operation of writing a value to a
column, i.e. X[1, E]← (no zero in X[2 :, C]).

Proof. We construct the first attention layer to erase the previous value in column E:

(W
(1)
K ,W

(1)
Q )a,b =

{
1 if (a, b) ∈ {(P1, 1), (P2, 2), (Bglobal, 2)} ;
0 otherwise,

(W
(1)
V )a,b =


−1 if (a, b) = (E,E);

1 if (a, b) = (Bglobal, E);

0 otherwise,

whereW (1)
K andW (1)

Q are constructed as identity matrix,W (1)
V is constructed to replace the previous

value in column E by 1, which will be used in the following construction.
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In the second attention head, we want to construct an attention matrix that can extract information
from all the entries of X[2 :, C]:

(W
(2)
K )a,b =


−1 if (a, b) ∈ {(Bglobal, 1), (Bglobal, 2)};
1 if (a, b) ∈ {(Blocal, 1), (Blocal, 2)};
0 otherwise,

(W
(2)
Q )a,b =


1 if (a, b) ∈ {(Bglobal, 1), (Bglobal, 2)};
−1 if (a, b) ∈ {(Blocal, 1), (Blocal, 2)};
0 otherwise,

and the attention matrix is as presented below:

σ
(
XW

(2)
Q W

(2)⊤
K X⊤

)
= σ

2


−1 1 · · · 1
1 −1 · · · −1
...

...
. . .

...
1 −1 · · · −1


 =


0 1

n · · · 1
n

1 0 · · · 0
...

...
. . .

...
1 0 · · · 0

.
We construct the value matrix as:

(W
(2)
V )a,b =


Ω if (a, b) = (C,E);

−Ω if (a, b) = (Blocal, E);

0 otherwise,

after this, the top entry of column E is 1−Ω+ Ω
n

∑
i(X[i, C]). Applying ReLU units, we construct

the MLP layer as follows:

(W (1))a,b =


1 if (a, b) ∈ {(E,E), (E,S1)}
−1 if (a, b) = (E,S2);

0 otherwise,

(W (2,3))a,b =

{
1 if (a, b) ∈ {(E,E), (S1, S1), (S2, S2)};
0 otherwise,

(W (4))a,b =


1 if (a, b) ∈ {(E,E), (S2, E)};
−1 if (a, b) = (S1, E);

0 otherwise.

which writes ϕ(1 − Ω + Ω
n

∑
i(X[i, C])) to X[1, E]. It’s easy to know that if only if all the value

are 1 in X[2 :, C], X[1, E] gets value 1.

C.7 READ FROM INCIDENT MATRIX

Lemma C.7 (Read from incident matrix). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let P be the index for the position embeddings.

• Let C be the index for the source row/column index.

• Let D be the index for the target column.

• Let Pcur be the index for the position embedding of row/column C.

Then we can show that:

• Part 1. A single-layer transformer can simulate the operation of reading a row from A, i.e.
X[:, D]← Ã[C, :].

• Part 2. A single-layer transformer can simulate the operation of reading a column from A,
i.e. X[:, D]← Ã[:, C].
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Proof. Following from Definition 3.6, we can either employ ψ(i)(X, Ã) or ψ(i)(X, Ã⊤). So, read-
ing a column and reading a row is equivalent in our setting. Considering the reading row case, we
construct one attention head as follows:

(W
(1)
K ,W

(1)
Q )a,b =

{
1 if (a, b) ∈ {(P1, (Pcur)1), (P2, (Pcur)2)};
0 otherwise,

(W
(1)
V )a,b =

{
2 if (a, b) = (Bglobal, D);

0 otherwise,

where W (1)
Q and W (1)

K are constricuted to get row C following from Definition 3.12. W (1)
V is used

to move row C of matrix A to column D of matrix X .

For the second attention head, we use a standard attention head to erase the previous value in column
D.

(W
(2)
K ,W

(2)
Q )a,b =

{
1 if (a, b) ∈ {(P1, 1), (P2, 2), (Bglobal, 2)};
0 otherwise,

(W
(2)
V )a,b =

{
−1 if (a, b) = (D,D);

0 otherwise,

Where W (2)
K , W

(2)
Q are constructed to make the attention matrix as identity matrix, W (2)

V is con-
structed to erase value. For the MLP layer, we just make it as the residential connection by setting
all parameters to 0.

C.8 AND

Lemma C.8 (AND). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let Ω represent the maximum absolute value within a clause.

• Let C and D be the index for the executed variable.

• Let E be the index for the target column.

Then we can show that a single-layer transformer can simulate the operation of AND, i.e.
X[1, E]← X[1, C] ∧X[1, D].

Proof. In this construction, we want to have ϕ(X[1, C] + X[1, D] − 1), so that if and only if
X[1, C] = 1 and X[1, D] = 1, we have ϕ(X[1, C] + X[1, D] − 1) = 1, otherwise ϕ(X[1, C] +
X[1, D]− 1) = 0. Because only the MLP layer is needed, we set all the parameters in the attention
layer to 0 while keeping the residual connection. We construct MLP layers as follows:

(W (1))a,b =


1 if (a, b) ∈ {(E,E), (C, S), (D,S)};
−1 if (a, b) = (Bglobal, S);

0 otherwise,

(W (2,3))a,b =

{
1 if (a, b) ∈ {(E,E), (S, S)};
0 otherwise,

(W (4))a,b =


−1 if (a, b) = (E,E);

1 if (a, b) = (S,E);

0 otherwise,

where W (1) is the core of the construction, W (2,3) are defined as an identity operator, W (4) is used
to erase the previous value and move the result in scratchpad to column E.
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C.9 REPEAT AND

Lemma C.9 (Repeat AND). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let Ω represent the maximum absolute value within a clause.

• Let C be the index for a Boolean value.

• Let D and E be the index for two columns, where each entry is a Boolean value.

Then we can show that a single-layer transformer can simulate the operation of repeat AND, i.e.,
X[i,D]← X[1, C] ∧X[i,D] ∧ ¬X[i, E] for i ∈ {2, 3, · · · ,K}.

Proof. In this construction, we only use MLP layers. For multi-head attention layers, we just make
it as the residential connection by setting all parameters to 0.

(W (1))a,b =


1 if (a, b) ∈ {(D,D), (C,D), (D,S1)};
−1 if (a, b) ∈ {(E,D), (Bglobal, D)(Blocal, D)};
0 otherwise,

(W (2,3))a,b =

{
1 if (a, b) ∈ {(D,D), (S1, S1)};
0 otherwise,

(W (4))a,b =


1 if (a, b) = (D,D);

−1 if (a, b) = (S1, D);

0 otherwise.

where (W (1)) is used to construct ϕ(X[1, C] +X[i,D]−X[i, E]− 1), (W (2,3)) are constructed as
identity layers, (W (4)) is constructed to erase previous value in column D.

C.10 REPEAT ADDITION

Lemma C.10 (Repeat addition). If the following conditions hold:

• Let the transformer be defined as Definition 3.10.

• Let Ω represent the maximum absolute value within a clause.

• Let P be the index for the position embeddings.

• Let C be the index for a scalar.

• Let D be the index for a column.

Then we can show that a single-layer transformer can simulate the operation of repeat addition, i.e.
X[:, D]← 1K ·X[1, C] +X[:, D].

Proof. We build the first attention head as:

(W
(1)
K )a,b =

{
1 if (a, b) ∈ {(Bglobal, 1), (Bglobal, 2)};
0 otherwise,

(W
(1)
Q )a,b =

{
1 if (a, b) ∈ {(Bglobal, 1), (Bglobal, 2), (Blocal, 1), (Blocal, 2)} ;
0 otherwise,

(W
(1)
V )a,b =

{
1 if (a, b) = (C,D);

0 otherwise,
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where we have

σ
(
XW

(1)
Q W

(1)⊤
K X⊤

)
= σ

2


1 0 · · · 0
1 0 · · · 0
...

...
. . .

...
1 0 · · · 0


 =


1 0 · · · 0
1 0 · · · 0
...

...
. . .

...
1 0 · · · 0

.
Using the first attention head, we can repeat X[1, C] as a column. For the second attention head, we
just select the column to erase the first value in column D.

(W
(2)
K ,W

(2)
Q )a,b =

{
1 if (a, b) ∈ {(P1, 1), (P2, 2), (Bglobal, 2)};
0 otherwise,

(W
(2)
V )a,b =

{
−1 if (a, b) = (C,D);

0 otherwise.

Where W (2)
K , W

(2)
Q are constructed to make the attention matrix as an identity matrix, W (2)

V is
constructed to erase value. For the MLP layer, we just make it as the residential connection by
setting all parameters to 0.

Algorithm 3 Iteration of minimum value

1: idxcur, valcur ← 0, 0
2: idxbest, valbest ← 0, Ω
3: visitmin ← 0nv

∥1K−1−nv

4: terminationmin ← 0 ▷ Initialization of minimum value
5:
6: procedure GETMINIMUMVALUE(x ∈ Rd)
7: if terminationmin = 1 then
8: · · · ▷ Re-initialization of minimum value, Lemma C.1
9: terminationmin ← 0

10: end if
11: idxcur ← idxcur + 1 ▷ Increment, Lemma C.2
12: valcur ← x[idxcur] ▷ Read scalar from column, Lemma C.4
13: if valcur < valbest then ▷ Compare, Lemma C.3
14: valbest, idxbest ← valcur, idxcur ▷ Update variables, Lemma C.1
15: end if
16: visitmin[idxcur]← 1 ▷ Write scalar to column, Lemma C.5
17: terminationmin ← ¬(0 in visitmin) ▷ Trigger termination, Lemma C.6
18: end procedure

D MISSING PROOF IN SIMULATION

Theorem D.1 (Dijkstra’s Algorithm on hypergraph, formal version of Theorem 6.2). A looped
transformer hT exists, where each layer is defined as in Definition 3.10, consisting of 27 layers,
where each layer includes 3 attention heads with feature dimension of O(1). This transformer sim-
ulates Dijkstra’s Algorithm iteratively for weighted hypergraphs, supporting up to O(δ̂−1) vertices
and O(δ̂−1) hyperedges.

Proof. Let Dijkstra’s algorithm be considered as described in Algorithm 4. Following from
Lemma 6.1 and Lemma B.1, the operation of iteratively visiting vertices and hyperedges requires
18 layers, as established in these lemmas. For the remaining part of the algorithm, the operations
include 4 selection operations, 1 add operation, 1 compare operation, 1 repeat AND operation, 1
write scalar to column operation, and 1 trigger termination operation. According to Lemma C.1,
Lemma C.10, Lemma C.9, Lemma C.3, Lemma C.5, and Lemma C.6, these operations together
require 9 layers. Therefore, the total number of layers required to simulate Dijkstra’s algorithm is:

18 + 9 = 27

layers of the transformer.

25



1350
1351
1352
1353
1354
1355
1356
1357
1358
1359
1360
1361
1362
1363
1364
1365
1366
1367
1368
1369
1370
1371
1372
1373
1374
1375
1376
1377
1378
1379
1380
1381
1382
1383
1384
1385
1386
1387
1388
1389
1390
1391
1392
1393
1394
1395
1396
1397
1398
1399
1400
1401
1402
1403

Under review as a conference paper at ICLR 2026

Algorithm 4 Dijkstra’s algorithm for shortest path

1: procedure HYPERGRAPHDIJKSTRA(A ∈ Rnv×ne
+ , start ∈ N)

2: prev, dists, distsmasked, changes, iszero← 0K−1

3: visit, dists, prev← 0nv∥1K−1−nv , Ω · 1K−1, [K − 1]
4: visit[start], termination← 0 ▷ Initialization of minimum value and visiting hyperedges
5:
6: while termination is false do
7: for i = 1→ K − 1 do
8: if visit[i] is true then
9: distsmasked[i]← Ω ▷ Selection, Lemma C.1

10: else
11: distsmasked[i]← dists[i]
12: end if
13: end for
14:
15: GETMINIMUMVALUE (distsmasked) ▷ Get minimum value, Lemma B.1
16:
17: if terminationmin is true then
18: node← idxbest

19: dist← valbest ▷ Selection, Lemma C.1
20: end if
21:
22: VISITHYPERDEGE (A) ▷ Degradation, Theorem 4.1
23:
24: if terminationhyperedge = 1 then
25: candidates← candidateshyperedge ▷ Selection, Lemma C.1
26: end if
27: for i = 1→ K − 1 do
28: candidates[i]← candidates[i] + dist ▷ Addition, Lemma C.10
29: end for
30: for i = 1→ K − 1 do
31: changes[i]← candidates[i] < dists[i] ▷ Compare, Lemma C.3
32: end for
33: for i = 1→ K − 1 do
34: if terminationmin = 0 and iszero[i] = 1 then
35: changes[i]← 0 ▷ repeat AND, Lemma C.9
36: end if
37: end for
38: for i = 1→ K − 1 do
39: if changes[i] = 1 then
40: prev[i], dists[i]← node, candidates[i] ▷ Selection. Lemma C.1
41: end if
42: end for
43: visit[node]← visit[node] + terminationmin ▷ Write scalar to column, Lemma C.5
44: termination← ¬(0 in visit) ▷ Trigger termination, Lemma C.6
45: end while
46: return prev, dists
47: end procedure

Lemma D.2 (Visiting hyperedges iteratively, formal version of Lemma 6.1). A looped transformer
hT exists, where each layer is defined as in Definition 3.10, consisting of 10 layers where each layer
includes 3 attention heads with feature dimension ofO(1). This transformer simulates the operation
of iteratively visiting hyperedges for weighted hypergraphs, accommodating up to O(δ̂−1) vertices
and O(δ̂−1) hyperedges.

Proof. Let the operation of visiting hyperedges iteratively be defined as described in Algorithm 2.
This operation requires 1 increment operation, which requires single layer transformer to construct
the following from Lemma C.2, 2 compare operations, which require 3 layers transformer to con-
struct the following from Lemma C.3, 3 selection operations, which require 3 layers transformer to
construct following from Lemma C.1, 1 AND operation which require single layer transformer to
construct following from Lemma C.8, 1 read-from-incident-matrix operation which requires single
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Algorithm 5 Helly, Algorithm 3 in (Bretto, 2013)

1: idxx ← 0
2: idxy ← 1
3: idxv ← 0
4: termination← 0
5: helly← 1 ▷ Initialization of Helly
6:
7: while termination = 0 do
8: hyperedgex ← A[:, idxx]
9: hyperedgey ← A[:, idxy]

10: hyperedgev ← A[:, idxv] ▷ Read column from incident matrix, Lemma C.7
11: hyperedgex ← hyperedgex > 0
12: hyperedgey ← hyperedgey > 0
13: hyperedgev ← hyperedgev > 0 ▷ Compare, Lemma C.3
14: intersection← hyperedgex ∧ hyperedgey ∧ hyperedgev ▷ AND, Lemma C.8
15: hellyv ← ¬(1 in intersection)
16: if hellyv = 1 then
17: helly← 0
18: termination← 1 ▷ Selection, Lemma C.1
19: end if
20: idxv ← idxv + 1 ▷ Increment, Lemma C.2
21: if idxv > nv then
22: idxv ← 1 ▷ Selection, Lemma C.1
23: idxy ← idxy + 1 ▷ Selection and Increment, Lemma C.1 and Lemma C.2
24: end if
25: if idxy > nv then
26: idxx ← idxx + 1
27: idxy ← idxx + 1 ▷ Selection and Increment, Lemma C.1 and Lemma C.2
28: end if
29: if idxx = nv then
30: termination← 1 ▷ Selection, Lemma C.1
31: end if
32: end while
33: return helly

layer transformer to construct following from Lemma C.7, 1 write-scalar-to-column operation which
requires single layer transformer to construct following from Lemma C.5, and 1 trigger-termination
operation which require single layer transformer to construct following from Lemma C.6. The whole
algorithm can be constructed by

1 + 1 + 1 + 1 + 1 + 2 + 3 = 10

layers of the transformer.

E MISSING PROOF IN MAIN RESULTS

We are now ready to show our main results based on our previous components.

E.1 DEGRADATION

Theorem E.1 (Degradation, formal version of Theorem 4.1). A looped transformer hT defined in
Definition 3.11 exists, consisting of 10 layers, where each layer includes 3 attention heads with
feature dimension of O(1). This transformer can simulate the degradation operation (Algorithm 2)
for hypergraphs, supporting up to O(δ̂−1) vertices and O(δ̂−1) hyperedges, where δ̂ defined in
Definition 3.12 is the nearest representable approximation of the minimum increment angle.
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Proof. Using the same construction as Lemma 6.1, we can show that 10 layers can iterate the al-
gorithm. Furthermore, for an incident matrix, we require its dimensions to be within the smallest
computable precision. Therefore, it is necessary to ensure that there are at mostO(δ̂−1) vertices and
O(δ̂−1) hyperedges.

E.2 HELLY

Theorem E.2 (Helly, formal version of Theorem 4.2). A looped transformer hT exists, where each
layer is defined as in Definition 3.10, consisting of 11 layers, where each layer includes 3 attention
heads with feature dimension of O(1). This transformer can simulate the Helly algorithm (Algo-
rithm 5) for weighted hypergraphs, handling up to O(δ̂−1) vertices and O(δ̂−1) hyperedges, where
δ̂ defined in Definition 3.12 is the nearest representable approximation of the minimum increment
angle.

Proof. This algorithm requires 3 increment operations, 5 selection operations, 1 AND opera-
tion, 1 compare operation, and 1 read-from-incident-matrix operation. By applying Lemma C.2,
Lemma C.1, Lemma C.8, Lemma C.3, and Lemma C.7, each of these operations can be constructed
using a single-layer transformer, as detailed in the corresponding lemmas. The total number of lay-
ers required for the entire degradation operation is: 3 + 5 + 1 + 1 + 1 = 11. Thus, the degradation
operation can be constructed using 11 layers of transformer. Furthermore, for an incident matrix,
we require its dimensions to be within the smallest computable precision. Therefore, it is necessary
to ensure that there are at most O(δ̂−1) vertices and O(δ̂−1) hyperedges.

F IMPACT STATEMENTS

This research shows how Looped Transformers can learn to perform complex calculations on hyper-
graphs, which map intricate relationships between many items. This could lead to more powerful
AI tools for solving complex problems. As this work is theoretical and focuses on the capability of
these models, we don’t foresee direct negative societal impacts.

LLM USAGE DISCLOSURE

LLMs were used only to polish language, such as grammar and wording. These models did not
contribute to idea creation or writing, and the authors take full responsibility for this paper’s content.
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