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ABSTRACT

Machine Unlearning aims to remove specific data from trained models, addressing growing privacy
and ethical concerns. We provide a theoretical analysis of a simple and widely used method—gradient
ascent— used to reverse the influence of a specific data point without retraining from scratch.
Leveraging the implicit bias of gradient descent towards solutions that satisfy the Karush-Kuhn-
Tucker (KKT) conditions of a margin maximization problem, we quantify the quality of the unlearned
model by evaluating how well it satisfies these conditions w.r.t. the retained data. To formalize this
idea, we propose a new success criterion, termed (¢, d, 7)-successful unlearning, and show that, for
both linear models and two-layer neural networks with high dimensional data, a properly scaled
gradient-ascent step satisfies this criterion and yields a model that closely approximates the retrained
solution on the retained data. We also show that gradient ascent performs successful unlearning while
still preserving generalization in a synthetic Gaussian-mixture setting.

1 INTRODUCTION

Machine Unlearning is an emerging field motivated by growing societal and legal demands—specifically, the need for
machine learning models to "forget" specific data upon request. This concern has intensified following discoveries that
private training data can be extracted from model outputs or weights (Carlini et al., 2019; Haim et al., 2022; Fredrikson
et al., 2015). The demand is further reinforced by regulations such as the EU GDPR’s Right to be Forgotten, as well as
concerns about security and ethical AI. Machine unlearning addresses this challenge by aiming to undo the effect of
particular samples without incurring the cost of full retraining.

The concept of unlearning was first formalized by Cao & Yang (2015) in the context of statistical query learning and has
since been extended to deep neural networks. Broadly, two main approaches have emerged: retraining-based unlearning,
which ensures complete data removal but is computationally expensive, and approximate unlearning, which aims for
efficiency at the cost of weaker guarantees. Due to the stochastic and incremental nature of modern training procedures,
which entangle data contributions, it is nontrivial to reverse the effect of the data to be forgotten while minimizing
disruption to the retained data.

There is a large body of research on adapting given networks, namely, manipulating the weights post-training. For
a training set .S, a set of points Sgyeee € S to unlearn, and its complement Srewin = S\ Storget, @ direct approach is
to increase the training loss for samples in Sforger Using gradient steps. This direct method was first implemented in
NegGrad (Golatkar et al., 2020), simply taking multiple negative gradient steps for Sioreer With respect to the training
loss. Other gradient-related post-training methods use other losses and second order information for improved results
(Guo et al., 2019; Golatkar et al., 2020; Warnecke et al., 2021; Triantafillou et al., 2024; Graves et al., 2021). There are
also additional variants of NegGrad, such as NegGrad+ (Kurmanji et al., 2023), and Advanced NegGrad (Choi & Na,
2023) which add a recovery phase, performing additional training steps on the retained set. In this work, we study the
important building block of this foundational and widely-used method, a single gradient ascent step on the training loss
W.I.L. Sforge[.

One central question in the regime of approximate unlearning is how to measure unlearning performance. A common
criterion, inspired by differential privacy (Dwork et al., 2014), evaluates success by comparing the output distributions
of a model retrained from scratch with those of the unlearned model. This approach allows for approximate guarantees,
where the distance between the two distributions is bounded by small parameters (Triantafillou et al., 2024; Ginart et al.,
2019), providing a formal framework for quantifying the effectiveness of unlearning algorithms, albeit it is often too
stringent.



To provide a rigorous framework for analyzing unlearning, we turn to recent results on the implicit bias of neural
networks under gradient descent (Lyu & Li, 2019; Ji & Telgarsky, 2020). These works show that training tends toward
solutions that satisfy the Karush-Kuhn-Tucker (KKT) conditions of the maximum-margin problem. We use these
conditions to formulate an unlearning criterion: A successful unlearning procedure should modify the model from
satisfying the KKT conditions w.r.t. S to approximately satisfying them w.r.t. Sienin. This property is necessary
for successful unlearning. That is, since a network retrained only on Siepin converges to a KKT point w.r.t. Siegin,
then a successful unlearning algorithm also needs to obtain such a KKT point, at least approximately. Note that the
approximation relaxation here is analogous to the relaxation for the distribution distance, allowing bounds on the
deviation from exact solution attained by retraining.

In our work, we analyze the unlearning performance of one gradient ascent step of a carefully chosen size. We define a
new unlearning criterion for an unlearning algorithm A, called (e, 0, 7)-successful unlearning, using the KKT conditions
as discussed above. Next, in both linear models and two-layer neural networks trained with high dimensional (or
nearly-orthogonal) data, we prove that a gradient ascent step of an appropriate size is a successful unlearning algorithm.
In addition, we show a setting where unlearning using gradient ascent is both successful and does not hurt the model’s
generalization performance.

In a bit more detail, our main contributions are:

* For linear predictors, where the margin-maximizing solution is unique, we prove that gradient ascent with an
appropriate step size is a (¢, d, 7)-successful unlearning algorithm. Specifically, it yields an approximately
max-margin predictor for Siewin. Moreover, due to the uniqueness of the solution, the unlearned predictor
aligns closely—measured via cosine similarity—with the exact model retrained on Siein-

* We extend these findings to a two-layer neural network setting. Despite the added complexity and nonlinearity,
we prove that a single gradient ascent step is a (¢, d, 7)-successful unlearning algorithm for some small ¢, ¢, 7.

* We show that unlearning does not compromise out-of-sample prediction, using a synthetic mixture-of-
Gaussians dataset. We show that models unlearned via gradient ascent maintain generalization performance
comparable to the original.

RELATED WORK

Machine unlearning was initially proposed in the statistical query setting by Cao & Yang (2015) and later extended
to deep neural networks. The strongest unlearning guarantees are often formalized via differential privacy (Dwork
et al., 2014), requiring indistinguishability between unlearned and retrained model outputs. This was relaxed using
KL-divergence (Golatkar et al., 2020), while other lines of work evaluate unlearning effectiveness through privacy
attacks, such as membership inference or data reconstruction (Niu et al., 2024; Haim et al., 2022).

To achieve these goals, many methods aim to avoid full retraining. For example, SISA (Bourtoule et al., 2021)
partitions the training data into multiple shards to enable a faster future forgetting. Graves et al. (2021) proposed
saving intermediate gradients during training with respect to different training data points, enabling faster simulation of
retraining using these intermediate gradients without the forget set. Post-training approaches include fine-tuning for
Shetain 0nly (hoping for catastrophic forgetting of the rest of data) or with wrong labels for data in Storee; (Golatkar et al.
(2020); Triantafillou et al. (2024); Graves et al. (2021); Kurmanji et al. (2023)), or using different losses (Golatkar et al.,
2020). These techniques often rely on gradient-based updates, with loss functions adjusted for unlearning objectives.
Several methods also incorporate second-order information for better precision (Guo et al., 2019; Golatkar et al., 2020;
Warnecke et al., 2021).

The gradient-ascent method was first introduced by Golatkar et al. (2020) as NegGrad, applying negative gradient steps
to increase loss on the forget set. Its extensions, NegGrad+ (Kurmanji et al., 2023) and advanced NegGrad (Choi
& Na, 2023), add a recovery phase by performing fine-tuning on the retained set. In this work, we isolate the basic
component—gradient ascent—and study its behavior analytically.

On the theoretical side, Guo et al. (2019) analyzed linear models and proposed a certified unlearning framework.
Leveraging the existence of a unique optimal solution, they argue that inspecting the training gradients on the retained
dataset can reveal residual influence from the deleted point—particularly when the model incurs non-zero loss, which
may indicate incomplete unlearning. Sekhari et al. (2021) analyze unlearning capacity based on test loss degradation.
Our approach defines unlearning through the lens of KKT conditions, building on a line of work showing that training
converges to a KKT point of the margin maximization problem for the dataset.



implicit bias and margin maximization A great body of research has studied the implicit bias of training neural
networks with gradient methods toward solutions that generalize well (Neyshabur et al., 2017; Zhang et al., 2021). Our
analysis is based on the characterization of the implicit bias of gradient flow on homogeneous models towards KKT
solutions of the max margin problem, a result due to Lyu & Li (2019) and Ji & Telgarsky (2020). Implicit bias towards
margin maximization was previously studied also for linear predictors (Soudry et al., 2018), deep linear networks and
linear convolutional networks (Gunasekar et al., 2018). For a survey on implicit bias of neural networks see Vardi
(2023).

2  SETTINGS

Notations. For m € N, we denote [m] = {1,2,...,m}, and for I € [m], we denote [m]_; = [m] \ {¢}. We use
bold-face letters to denote vectors, e.g., x = (x1,...,74) € R%. We use ||x|| to denote the Euclidean norm of a vector
x. We denote by 1,50 the indicator function such that 1,59 = 1 if 2 > 0 and 0 otherwise. We denote by sign(z)
the sign function, sign(z) = 1 if > 0 and —1 otherwise. We denote by U/ (A) the uniform distribution over a set

A. For a distribution D, we denote by x ~ D™ a vector x that consists of m i.i.d. samples from D. We denote by
<X1 .X2>

cossim(x1, X2) the cosine similarity of vectors x1, X2, defined by cossim(x1,x2) = FAIEAR

2.1 ARCHITECTURES AND TRAINING
In this paper, we discuss unlearning in two fundamental models: a linear predictor and a two-layer fully connected

network. For an input x € R and a vector w € RY, we will denote a linear predictor by N(w,x) = w'x. Our
two-layer network is defined by

n
N(0,x) = Zuja(wjx) , (1
j=1
where 0(z) = max(z,0) is the ReLU activation function. For all j € [n], we initialize u; ~ U ({—ﬁ, ﬁ}) and fix
them throughout training. The parameters w1, . .., w,, are trained. We denote by 8 a vectorization of all the trained
parameters.

Given a training set S = {(x;, y;) }/™, we train our models using gradient descent over the empirical loss

m

LO) = 3" (N0 x))

i=1

where ( is either the logistic loss ¢(q) = log(1 4+ e~ 7) or the exponential loss £(¢) = e~ 9. That is, we have
0,11 =6, — BV L(0;), where 0, are the weights after the ¢-th training epoch, and £ is the step size. We consider the
limit where (3 is infinitesimally small, called gradient flow. More formally, in gradient flow the trajectory 6; is defined
for all t > 0 and satisfies the differential equation % =—VL(6,).

For a model N (0, x), where 0 are the parameters and x is the input, we say that N is homogeneous if there exists
C > 0 such that for every a > 0, and 8, x, we have N (a8,x) = a® N (6, x). We note that both a linear predictor and
a two-layer network, as defined above, are homogeneous with C' = 1.

For both linear and two-layer ReLU networks, there is an implicit bias towards margin maximization, as implied by the
following theorem:

Theorem 2.1 (Lyu & Li (2019), Ji & Telgarsky (2020)). Let N(x,0) be a homogeneous linear or ReLU neural
network. Consider minimizing the logistic or exponential loss using gradient flow over a binary classification set
S = {(xiy)}m, € R? x {=1,1}. Assume that there is a time t, where L(6y,) < L. Then, gradient flow
converges in direction' to a first-order stationary point (i.e., Karush—Kuhn-Tucker point, or KKT point for short) of the
margin-maximization problem:

1 .
min o 10| s.r. Vie[m] y;N@O,x;)>1. 2)
lwe say that gradient flow converges in direction to some 0 if lim¢ 00 ﬁ = HZH .



Note that in the case of linear predictors a KKT point is always a global optimum,? but in the case of non-linear
networks this is not necessarily the case. Thus, in non-linear homogeneous models gradient flow might converge to a
KKT point which is not necessarily a global optimum of Problem 2.

While the above theorem captures the asymptotic behavior of gradient flow, namely as the time ¢ — oo it converges to a
KKT point, the behavior of gradient flow after a finite time can be characterized by approximate KKT points.

Definition 2.1. We say that 6 is a (¢, 0)-approximate KKT point for Problem 2, if there exist A1, ..., Ay, such that
1. Dual Feasibility: A1, ..., Ay, > 0.
2. Stationarity: |0 — 3", \iy; VN (x;,0)| < e
3. Complementary Slackness: Vi € [m], A; (y; N (x;,0) — 1) <.
4. Primal Feasibility: Vi € [m], y; N (x;,0) > 1.

We note that a (0, 0)-approximate KKT point is a KKT point. When training with gradient flow, the parameters after
finite time satisfy the following:

Theorem 2.2 (Lyu & Li (2019), Ji & Telgarsky (2020)). Under the conditions of Theorem 2.1, the parameters 0, at
time t point at the direction of an (e, 0;)-approximate KKT point for Problem 2, and (e, ;) — (0,0) as t — oc.

Hence, when training a model it is reasonable to expect that the trained model is an (e, §)-approximate KKT point of
Problem 2, for some small ¢, §.

2.2 AN OBJECTIVE FOR UNLEARNING

Let S = {(x;,4:)}™, € R% x {—1,1} be a dataset, and let (x,., y,-) be the example that we wish to unlearn. We call
the dataset S the original dataset, and Siein = S \ {(Xr, yr)} the retain dataset. Note that we focus on unlearning a
single data point. In Section 5 we will consider unlearning a subset.

Following Theorem 2.2, we assume that we start from a trained model that is an (¢, d)-approximate KKT point w.r.t.
the original dataset. We also note that for the same reason, retraining for Syer, will results in an (e¢*, §*)-approximate
KKT point w.r.t. Sgerain- Our objective can be stated as follows:

In the unlearning process, we wish to obtain a model that is close to an (¢*,0*)-approximate KKT
point w.r.t. the retain dataset, for some small €*,5*.

Indeed, in unlearning, we wish to find a model that is “similar” to a model that we could have learned if we had trained
on the retain dataset in the first place, and by Theorem 2.2 such a model must be an (¢*, 6*)-approximate KKT point
w.r.t. the retain dataset. Hence, our objective can be viewed as a necessary condition for successful unlearning. That
is, a successful unlearning algorithm needs to obtain a network which is close to an approximate KKT point, since
otherwise the network cannot be similar to a model which is retrained with the retained dataset.

More formally, we have the following definition:

Definition 2.2 (successful unlearning). For a dataset S, and a homogeneous model with parameters 6, we say that
A is an (¢, 0, 7)-successful unlearning algorithm w.rt. 0 and S, if for every point (x;,y;) € S there exists an

(e, 8)-approximate KKT point @ w.r.t. S\ (x;,y;), such that

cossim(.A(8,5,1),0) > 1 —71.

We note that from Theorem 2.2, retraining for time ¢ is a (¢, d;, 7)-successful unlearning algorithm with 7 = 0 and
(et,6¢) — (0,0). Our objective is to perform (¢, ¢, 7)-successful unlearning for small (e, §, 7) but in an efficient manner
that avoids retraining from scratch.

Definition 2.2 requires that the unlearned network .A(6,.S,1) and the approximate KKT point 6 have high cosine
similarity. Indeed, note that since we consider homogeneous networks, the scale of the parameters only affects the

2For linear predictors, the theorem was obtained by Soudry et al. (2018).



scale of the output, and thus to show that A(8, S, ) behaves similarly to 6 it suffices to consider their corresponding
normalized parameters. Moreover, for the normalized parameters, high cosine similarity implies small /5 distance, and
since the the model is Lipschitz w.r.t. the parameters, it implies a similar behavior.

2.3 UNLEARNING WITH GRADIENT ASCENT

m

Consider a network N (x, ) trained on a dataset S = {(x;, )}, € R? x {—1,1}. In this paper, we consider the
widely used Gradient Ascent method for unlearning. In this method, to unlearn a training point (X,., y..), we take a
gradient step towards increasing the training loss for this particular point. Namely, for a step size 3, the algorithm Aga
given 6, S and r, performs the following

AGA(Basa T‘) = 0+5V9£(QTN(XT70)) . (3)

Intuitively, training examples are often memorized in the sense that their training loss is too small, and gradient ascent
allows us to undo it, that is, reduce the level of overfitting for these examples.

The gradient ascent method is a significant building block in the widely used unlearning method NegGrad, that consists
of multiple such steps, and is the unlearning approach also for other variants of it (such as NegGrad+ (Kurmanji et al.,
2023) and advanced NegGrad (Choi & Na, 2023)) that additionally perform fine-tuning for the retained data.

In section 3 and section 4, we demonstrate that in both linear predictors and two-layer ReLU networks, respectively,
unlearning with a single step of gradient ascent (Aga) is (¢, d, 7)-successful, under certain assumptions.

2.4 DATA

We consider a size-m training set S = {(x;,3;)}™; € R? x {—1,1}. We make the following assumption on S, for
some parameters v, ¢ > 0.

Assumption 2.3. The training set S = {(x;,y;) }, satisfies

1. Forall (x,y) € S we have ||x|* € [L — v, 1+ ).
2. Forall (xi,v:), (x;,y;) € S withi # j we have |(x;,x;)| < ¢.

The data normalization assumption (Item 1 above) is very common, as data points with significantly different norms
might cause biases during training, toward higher norm data points. The latter assumption can be phrased as near
orthogonality of the data points, which is also quite common in the literature for high dimensional data (Frei et al., 2022;
Vardi et al., 2022), and holds with high probability for popular distributions. A profound example of a distribution that
satisfies both conditions with high probability is the Gaussian distribution N (0, é] 4), where d is the vector dimension.

Another example is the uniform distribution over the unit sphere S4~1.
Example. For a training set S = {(x;,y;)}I", where the x;’s are drawn i.i.d. from N(0,%1;), Assumption 2.3

log(d)

holds with probability at least 1 — (2me~%/%00 4 m2e=4/500 L om2d="2"), for ) = 0.1 and ¢ = 1.1% (see
Theorem A.1). Moreover; in Section 6 we will show that Assumption 2.3 holds with high probability for a mixture of
Gaussians.

3 LINEAR PREDICTORS

In this section, we consider a linear predictor N (w, x) = (w, x) trained on a dataset S = {(x;, ;) }7,. Recall that
when training a linear predictor, gradient flow converges in direction to the max-margin solution (i.e., global optimum
of Problem 2), and after time ¢ it reaches an (e, §;)-approximate KKT point of Problem 2 where (e, d;) — (0, 0) as
t — oo. Moreover, recall that for linear predictors, Problem 2 has a unique global optimum.

The following theorem shows that unlearning using gradient ascent (denoted by Aga) is (e, §, 7)-successful w.r.t. S
that satisfies Assumption 2.3 and w which is an approximate KKT point according to Definition 2.1, in two distinct
aspects. In the first part (item 1 below), we show it for 7 = 0, that is, Aga (W, S, 1) is a linear predictor which is an
approximate KKT point of the max-margin problem w.r.t. S\ (x;,y;). Then, we show it for e = § = 0, namely, the
cosine similarity of Aga(w, S, 1) and the max-margin predictor w.r.t. S'\ (x;,y;) is large.



Theorem 3.1. Let 0 < €1,0; < 0.5, ¢ < 0.1. Let x — (wW,x) be a linear predictor trained on dataset S =
{(xi,9:) }ix 1, where S satisfies Assumption 2.3 for ¢ < 0.1 and ¢ < ;L. Assume that w is an (€1, d1)-approximate
KKT point for Problem 2 w.r.t. S according to Definition 2.1. Then, the gradient ascent algorithm Aga, with an
appropriate step size, is a (¢, 6, T)-successful unlearning algorithm w.r.t. w and S for:

1. The case of ¢ = €1 + 224, 0 = 01 + - 516,1 _,_726,1 —0:

m— Ed
The predictor Aga(w, S, 1) has the dzrectzon of an (e 0)-approximate KKT point for the margin maximization
problem (Problem 2) wrt. S \ (%1, y1)-

2. Thecaseof e =6 =0, 7 = C(\/eqa + /€1 + \/61) for some universal constant C > 0:
Let w* be a max-margin linear predictor w.r.t. the remaining training set S \ (X, y;), i.e. the global optimum
of the Problem 2 w.r.t. S\ (x;,y;). Then, cossim(Aga(w, S,1),w*) >1—r.

We now briefly discuss the proof intuition. Due to the stationarity condition for w (Definition 2.1), we can express w as
weighted sum of the network’s gradient up to some error vector v, of norm €;

w = i AiyiVw N (W, %) + ve = Zm: AiYiXi + Ve, -

i=1 i=1

Then, by performing gradient ascent .Aga with the appropriate step size we get

Aca(w, Z&yzv N(w,x;) +ve = NuiVwN(W,x,) = Z AiliX; + Ve .
i=1 Ze[m] 1

First, one can see that the subtraction will result in a stationary condition w.r.t. S\ (x;,y;) and the original \;’s.
Observing the margin for a point (x¢, y;) (for t # 1),

(W, xy) § NiYi (X, Xe) + (Ve,, Xt)

we get that the change in the parameter vector (due to the gradient step) results in an additional term of at most
Ai|{x;, x¢)| compared to the original predictor’s margin. Due to the near-orthogonality of the data points in S
(Assumption 2.3), and a constant upper bound for \; which we prove, we get that this difference is of order O(:2).
Regarding the proof for (2), we consider the representation of w*

w* —ZA*yZV N(w,x;) Z)\ YiX -

i=1

For i € [m]_; we prove a small O(e; + €4) upper bound for the difference Aj — );, which implies that the two
predictors Aga (0, S, 1) and w* independently reach very similar KKT multipliers for the margin maximization problem

(Definition 2.1). This yield an 1 — O(/e; + /€1 + v/91) lower bound in the cosine similarity. For the full proof we
refer the reader to Appendix B.1.

4 Two-LAYER RELU NETWORKS

In this section, we extend our analysis to two-layer ReLU neural networks. We consider a neural network of the

form N(x,0) = Z ujo (w x), trained on dataset S = {(x;,y;)}7,. Note that unlike the linear setting, the non-

smoothness of N (x 0) implies that even small perturbations in @ can cause significant shifts in the model’s gradients.
This introduces new challenges and, as a result, leads to a slightly weaker guarantee.

The following theorem establishes that unlearning using gradient ascent with an appropriate step size, constitutes an
(¢, 0, 7)-successful unlearning w.r.t. S that satisfies Assumption 2.3 and € which is an approximate KKT according to
Definition 2.1, where €, d, and 7 are small quantities determined by the KKT approximation parameters of 8 and the
underlying data characteristics. This implies that the unlearned parameter vector Aga (6,5, 1) is close—in terms of

cosine similarity—to an approximate KKT point 6 corresponding to the retained dataset S \ (x;, y;).
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Figure 1: Effect of deviation from the correct step size on the KKT approximation parameter € for a two-layer
network. The x-axis shows the step size as a fraction of the step size from Theorem 4.1, and the y-axis shows the KKT
approximation parameter e of the unlearned model w.r.t. the retain dataset.

Theorem 4.1. Let 0 < e1,61 < 1,0 < ¢4 < 0.01. Let N(x,0) = Y ujo(w, x) be a two-layer ReLU network as
i=1

defined in Eq. 1, such that 6 is an (e1, 61)-approximate KKT point for Problem 2 w.r.t. S = {(x;,y;)}1", according
to Definition 2.1, and suppose that S satisfies Assumption 2.3 for 1 < 0.1 and ¢ < ;4. Then, the gradient
ascent algorithm Aga with an appropriate step size is a (e, 0, T)-successful unlearning algorithm w.r.t. 0 and S, for

_ 9eq€1 23eq4 _ 9eq01 22.6e4 _ 82¢4
6761—’_m—9ed—’_\/m’éiél—’_m—9ed—’_ m and T = m "

In Figure 1, we show the effect of varying the step size around the appropriate value [3; from Theorem 4.1 when
unlearning a point (x;,y;) € S. The x-axis represents the step size as a fraction of 5;, and the y-axis shows the resulting
KKT approximation parameter € w.r.t. the retain dataset. We use a two-layer network (Eq. 1) trained on a 10-point
dataset in R190, and apply Aga (6, S, 1) to a random data point. We can see that significantly deviating for 3; results in
a worse approximation variable. See Appendix E for more details.

4.1 PROOF SKETCH

We now outline the main ideas behind the proof. In this setting, unlike the linear setting, comparing the original
parameter vector € with the unlearned parameter vector Aga (6, .S, 1) is nontrivial. Although the unlearning procedure
introduces only a small perturbation, it may lead to significant changes in the activation map—the pattern of neuron
activations across the data. Specifically, we define the activation map as the set of neurons w; that are active on a
data point x;, i.e., (w;,x;) > 0. A key challenge arises when even small weight changes cause certain neurons to flip
activation status.

To address this, we introduce an additive correction term (or "fix") for each weight vector w, for j € [n], that restores
the activation pattern. Using the stationarity conditions satisfied by € (Definition 2.1), we express each w; as a weighted
sum of the network’s gradients, up to a small error term v, ;:

m m
W, = Z )\iy,;ngN(xi, 0) + Ve,j = Uj Z )\iyi(f%jxi + Vey,j

i=1 i=1
where o7 ; denotes the local derivative of the activation function.

After applying the gradient ascent step, the contribution of the forgotten point (x;, ;) is removed, which may alter
the activation state of some neurons. To mitigate this, we construct a correction vector using a small scaling factor
c=0 (%), forming a new weight vector:

Wi = w; — u im0y X + |uj|\og e Z xy sign((xx, w;)) .
ke[m]_;

This correction reintroduces a small averaged influence from the retained points, specifically those where w; was
previously active. For a data point x; where w; was originally active, the new inner product becomes:



(Wi, xe) = (Wi, Xe) = wdyio] (%1, %) + |ujlho] o Y (xe, xe) sign((xe, w;)) -
ke[m]
Since the data points x; and x; are nearly orthogonal (i.e., (x;, x;) = O(;:L), see Assumption 2.3), the middle term is
of the same order as the correction, thus the correction term restores the activation. As a result, the corrected weight
vector w; remains active on X, preserving the original activation map. This activation preservation is essential: it

enables us to meaningfully compare 6 and 6 in terms of margin, gradient differences, and parameter norms, facilitating
the rest of the proof.

In establishing stationarity, the fixed vector introduces an additional error term beyond the original stationarity bound.
In addition, because the activation map is preserved, we can upper bound the change in the margins of the remaining
data points by a small factor of order O (%) Similar to the linear case, this margin deviation appears in both the upper
and lower bounds, so we slightly rescale 0 to restore feasibility and obtain an approximate KKT point for Problem 2
with respect to the reduced dataset S\ {(x;, y;)}. To complete the proof, we show that Aga (8, S, 1) remains close—in

cosine similarity—to the rescaled 6, differing only by the small fix and the minor scaling. The complete proof is
provided in Appendix C.2.

5 UNLEARNING BATCHES OF DATA POINTS

In the previous sections, we analyzed the unlearning of a single data point. We now extend these results to the case of
unlearning a set of data points. Let Sioreec C S denote a subset of size k. We unlearn Sgorge; Using a natural extension of
the Aga algorithm, namely by performing a step that consists of the k gradients of the points in Soger, With appropriate
coefficients. We denote this algorithm by Ay ga. Formally, for some real coefficients {{,}, the algorithm Ay ga
performs the following

Ak—GA(07 57 Sforgel) =0 + Z ﬁrveﬁ(er(Xra 0)) .

(x'r‘ ,yr)G Sf(!rge&

In the case of linear predictors, the algorithm Ay g4 still satisfies the result from Theorem 3.1, but with slightly modified
additive terms in the bounds on the KKT-approximation parameters ¢, §, while the bound on the cosine similarity (i.e.,
the parameter 7) remains unchanged. See a formal statement and proof in Appendix B.2.

For two-layer networks, we show that the result from Theorem 4.1 holds when unlearning a subset Siorge; Using the
algorithm Ay ga, but with slightly modified parameters €, §, 7. See Appendix C.3 for the formal statement and proof.

6 GENERALIZATION OF THE UNLEARNED CLASSIFIER

In this section, we show that if @ satisfies Definition 2.1 and the dataset S satisfies Assumption 2.3, then unlearning
via a single gradient ascent step (i.e., Aga) may not harm generalization. As a concrete example, we consider a data
distribution Dy such that a dataset from this distribution satisfies w.h.p. Assumption 2.3 with parameters ¢ < 0.1 and
¢ < 4o+ The distribution consists of two opposite Gaussian clusters, such that the cluster means have magnitude d~“
for some « € (0, 1), and each deviation from the mean is drawn as ¢ ~ N(0, 51,). We show that both the original

model and the unlearned model can generalize well, that is, classify the clusters with high probability.

Formally, our data satisfies the following. we denote the dataset by S = {(x;,y;)}7", ~ Dy, where Vi €
[m], (x;,9;) € R? x {—1,1}, and where D¢ is detailed as follows. It consists of a mixture of two Gaussians
with means gy, p— € R such that ||py| = d® for & € (0,1), and p— = —p. For each i, we choose
pi ~ U{ps, p—}, then x; ~ N(p;, 514) and finally y; = 1if p; = p4 and —1 otherwise. Note that we can
denote x; = p; + ¢; where ¢; ~ N (O, é[d). We refer the reader to Lemma D.5, where we prove that for a given

€ > 0, mand o, S satisfies Assumption 2.3 for 1) < 0.1 and ¢ < || |® + 2 || ]| 105(;) + 1.110\3;/%1) < o, wp.
log(d)

= ) for large enough d.

> 1 — (2me~ 1700 + m2e~ 4590 4 2m2d-

The following theorem shows that the unlearned network achieves generalization bounds comparable to those of the
original classifier. Combined with the fact that it is close to an approximate KKT point of Problem 2 with respect to the



retained dataset (as established in Theorem 4.1), this demonstrates a clean setting where unlearning is successful, and it
does not hurt generalization.

Theorem 6.1. Let 0 < ¢q < 0.01. Let N(x,60) = > ujo'(ijx) be a two-layer ReLU network as defined in Eq. 1,
=1

j=
such that @ is a KKT point for Problem 2 w.r.t. S = {(x;, ;) }i~y ~ Dy} according to Definition 2.1. Fix | € [m]

and denote by Aga(0, S, 1) the parameters vector obtained by the gradient ascent algorithm Agy for the data point

(x1,y1) € S with the appropriate step size from Theorem 4.1. Then, w.p. > 1— (2me_TdOO +m2e=4/500 4 9 2q— 5 )

over the choice of the dataset S, both N (x, 0) and N (x, Aga(0, S,1)) generalize. Namely,
log(d)

Pr [yeN(x¢,0) > 0] > 1 — (267% + me= 50 L oamd="= )

(xt,yt)~Dma

Pr [yeN (%0, Aca(0,5,0) > 0] > 1 — (2~ 0 + me~ /50 1 2d— 5% .

(xt,yt)~Dma

We briefly outline the intuition behind the generalization proof. Due to the small cluster means and relatively large
variance, the data points in S are nearly orthogonal. Although the deviation from orthogonality is small, it is crucially
structured: the inner product sign is determined by whether two points belong to the same or different clusters, namely

X;,X; arein the same cluster = (x;,x;) >0,
x;,%; are in different clusters = (x;,x;) <0.

Now, using the fact that the classifier @ satisfies the stationarity conditions with respect to S (Definition 2.1), we denote
it by the weighted sum of its gradients direction, and consider its inner product with some x; ~ Dy

m

(Wi, xt) = O MV, N(xi,0), %) = u; > Nyio ;(xi, %) -

i=1 i=1

Since the inner product and the label align, we get that the activation map is of the same sign as u;, hence each training
point contributes positively to the classification of other points in the same cluster, and negatively to the others. This
similarity of contribution implies that removing a point from .S during unlearning does not significantly degrade the
model’s classification accuracy. The full proof is provided in Appendix D.2. Finally, we note that Theorem 6.1 can be
readily extended to the case of unlearning a subset of data points using the algorithm Ax.ga discussed in Section 5.

7 DISCUSSION AND FUTURE WORK

In this work, we analyze the theoretical effectiveness of a single gradient-ascent step as a machine unlearning algorithm.
Focusing on post-training unlearning methods, we propose a new criterion for unlearning success—called (e, §, 7)-
successful unlearning—based on approximate satisfaction of KKT conditions. We prove that, in both linear models and
two-layer neural networks, applying a gradient-ascent step .Aga with an appropriate step size w.r.t. the point we wish to
forget is a (e, d, 7)-successful unlearning algorithm with some small €, d, T, for a dataset .S that satisfies Assumption 2.3
and a parameter vector 6 that is an approximate KKT point according to Definition 2.1. In the linear case, we
additionally achieve near-exact recovery of the margin-maximizing predictor, implying stronger unlearning guarantees.
We also demonstrate a clean distribution where unlearning is both successful and does not hurt generalization. Together,
our results offer a rigorous foundation for analyzing gradient-based unlearning and confirm the practical utility of this
simple yet widely used technique.

This work opens several avenues for further exploration. First, while we focus on a gradient-ascent step, it would be
valuable to analyze the effect of an additional recovery phase for the retain data, including those used in NegGrad+
and related variants, under the same KKT-based framework. Second, it would be interesting to develop tighter bounds
connecting approximate KKT satisfaction with practical privacy metrics, such as membership inference risk. On the
applied side, evaluating unlearning methods under the new success criterion can lead to interesting comparisons between
different methods. Moreover, a broader integration of our theoretical criterion with empirical privacy guarantees (e.g.,
differential privacy) could help bridging the gap between formal definitions and real-world deployment in safety-critical
applications. Finally, extending our results to deeper architectures and additional distributions remains an important
challenge.
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A PROOFS OF DATA PRELIMINARIES FOR SECTION 2.1

Theorem A.1. Let a set S = {(x;,y;)}™, such that Vi, x; € R and x; ~ N'(0,213), y; € {—1,1} andn € N.
Then, wp. > 1 — (2me‘d/500 + mPe~ /500 L om2d- e )) the dataset S satisfies Assumption 2.3 for 1) = 0.1 and

log(d)
6 =11

Proof: Assumption 2.3 have 2 conditions:

1. Forall (x,y) 2el =y, 1+l
Follows from Lemma A.7 w.p. > 1 — 2me™ 500.

2. Forall (xi,:), (%;,;) (i, x5)] < @
log(d
From Lemma A.8 we have that w.p. > 1 — (m2e~%/5% 4 2m2d="%") For all (x;, ), (x4,y;) €S
log(d)
X, <l1l——&—.
i < 11125

Lemma A.1. Let w € R™ such that w ~ N(0,021,,). Then:
P [Hsz < 0.90211} <e W0,

Proof: Note that H = H2 has the Chi-squared distribution. A concentration bound by Laurent and Massart (Laurent &
Massart, 2000, Lemma 1) implies that for all £ > 0 we have

w2
Pr {n — H—H > 2\/nt] <et
o
Plugging-int = c - n, we get
2
Pr{nHwH ZZﬁn}Pr[HwH (1—2/0) }
o

1

Thus, we have for ¢ = 455

pelT =0 -s ] e [Jo) < ] <o

9 n
Pr||w||? < —o?n| <e 0 .
10

And finally,

Lemma A.2. Let w € R™ withw ~ N(0,0°1,,). Then:

Pr {Hw”2 > 1.10271] < e 500 .

Proof: Note that | = |2 has the Chi-squared distribution. A concentration bound by Laurent and Massart (Laurent &
Massart, 2000, Lemma 1) implies that for all £ > 0 we have

2
Pr [HMH —n>2vVnt + Zt] <et
g
Plugging-int = c - n, we get

Pr [HH —n>2\fn—|—20n} — Pr {HH (2v/c+ 2¢ + 1)n| < o™ .
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_ _1
Thus, we have for ¢ = =00

w 2 w 2 1 2 n
Y s qan| =P H*H > (2t = 4 1)n| <e 5.
r{HaH = "] r[ B Y R R I
And finally,
Pr {Hw”2 > 1.10271] < e 500 .

Lemma A.3. Forany i € [m], with probability > 1 — (2¢~5m), ||z;]|*> € [0.9, 1.1].

Proof: Usmg Lemma A.1 to lower bound ||a;|* for z; ~ N(0, L) w.p. > 1— e 100, and use Lemma A.2 to upper
bound ||z;]|* w.p. > 1 — e~ 500, O

Lemma A4. Let u € R", and v ~ N(0,0%1,,). Then, for every t > 0 we have

t2
> < - .
Pl 2 ull] < 2exp (5 )

Proof: We first consider <m, v). As the distribution N/(0, 0%1,,) is rotation invariant, one can rotate u and v to get
@ and ¥ such that ﬁ = e, the first standard basis vector and (ﬁ, v) = <Hu|\ 0). Note, v and ¥ have the same

distribution. We can see that (ﬁ, ) ~ N(0,0?) since it is the first coordinate of ¥. By a standard tail bound, we get

that for ¢ > 0:
pr [l ol = o] = eI >|_}=Pr[|al|zt1szexp(—2i).

t2
Pr{[(u,v)| > [[ul t] < 2exp | —-—= | -
202

Therefore

O
Lemma A.5. Let u ~ N (0,0%1,), and v ~ N(0,031,). Then, for every t > 0 we have
Pr [|(u,v)| > 1.1oyy/nt] < e 500 + 2¢~1"/203
Proof:
Using Lemma A.2 we get that wp. < e~500 we have ||ul| > 1.1014/n. Moreover, by Lemma A.4, w.p. <
2exp ( ) we have |(u,v)| > ||u|| t. By the union bound, we get
n 2
Pr [|[(u,v)| > 1.1o1v/nt] < Pr[||lul| > 1.1o1v/n] + Pr[|{u, v)| > [ju|[t] < e”500 + 2exp <22> .
93
O
Lemma A.6. Let u,v ~ N(0, 11;). Then,
log(d) _ log(a)
Pr ||(u,v)| > 1.1 <e” 500+ 2d
)] 2 1125
Proof: Using Lemma A.5 forn =d, 01 = 09 = % and t = %. O]



Lemma A.7. Let a dataset S = {(x;,y;)}1"; be such that Vi, x; € R% and x; ~ N'(0, 11,), for m < d. Then, w.p.
> 1—2me~ 500, Forall (x,y) € S, x| € [0.9,1.1]

Proof: We prove both upper and lower bounds.

Pr Lré% {Hxillz} < 0.9} =
=Pr [Eli € [m], |la:]* < 0.9]

< ZPr {H$Z”2 < 0.9} < me~ 00
i=1

where the last inequality holds due to A.1.

Pr [max {HxiHZ} > 1.1} -

1€[m]

— Pr [az' € [m], ||z > 1.1]
m

< ZPr {HleQ > 1.1} < me~ 50
i=1

where the last inequality holds due to A.2, and the claim follows. O

Lemma A.8. Let a dataset S = {(x;,y;)}- be such that Vi, x; € R and x; ~ N'(0, 114), for m < d. Then, w.p.

> 1 — (m2e=4/50 4 2m2d—"%5), For all (x;, y;), (x5,95) € S, [(xi,%x;)| < 1.1%

Proof: We prove an upper bound.

Pr {I?;?JX{IWWI} > 1'1log(d)}

Vd

— Pr [Hi.j € [m], (x5, ;)] > 1.1

I & log(d _ _ log(d)
SZZPr [(mi,zj> > 1.1 \g/(&)] <m2em /50 4 om2d= 3

i=1 j=1

where the last inequality holds due to Lemma A.6. O

B PROOFS FOR SECTION 3

Lemma B.1. Let eg,¢,6 < 0.5 and let N(w,x) be a linear classifier trained on a dataset S = {(x;,y;)} ™

i=1
and assume that w is an (¢, 0)-approximate KKT point satisfying Definition 2.1, and S satisfies Assumption 2.3 for
¥ <0.1,¢ < L. Note, for readability of the proof we denote €1 by € and 61 by 0. Then,

max \; <24

Proof: We look at A\, = max; \;. If \, = 0 we are done, since the r.h.s is non-negative. Otherwise, we define
Ve =w — >." \iyiX;, and by item (2) from Definition 2.1 we have that ||v.|| < e. Hence, we have

m
W= A\yiX; + Ve,
i=0

and from item (3) of Definition 2.1 and A, > 0, we have 1 + /\% > y,N(w,x,) > 1. Therefore,
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5 m
S 2 N0 = DA 0 v Al ;;E b o

2A(L=9) = Y Al xp)| = x| (vl

i#re[m]
Z)\r<1_¢)_)\r'¢(m_ )—6v1+¢
where the last two inequalities holds due to Assumption 2.3 and Cauchy-Schwartz inequality.

Solving for A, leads to to
N((1=9)=p(m—1)) = (L+ey/1+9)A 5 <0.

Since ¢ < 0.1 and ¢ < 4% we get

(1*¢)*¢(m*1)20.9—(m—1)46—:;20.9—%>07

and we get that

(14 e/TF9) + VT e/ LT 0P+ A(L—9) —o(m - 1))

Ar <
= 2(1—0) - om — 1)) @
Plugging in€,6 < 0.5,1 < 0.1 and ¢ < 4%, we get
VA eVTHD) + VI +eVTH9) +4((L— ) — ¢(m —1)d _
"o 2((1=v) —¢(m —1)) B
(1+0.5V/1.1) + \/(1 +0.5v/1.1)2 + 2
= 2(0.9 — £ (m — 1))
(1+0.5v1.1) + \/(1 +0.5V1.1)24+2 361
< < <24.
2(0.9 - %) 1.55
0

Lemma B.2. Let ¢q,¢,6 < 0.5 and let N(w,x) be a linear classifier trained on a dataset S = {(x;,v;)}"q,
and assume that w is an (e, §)-approximate KKT point satisfying Definition 2.1, and S satisfies Assumption 2.3 for
Y <0.1,¢ < g%, Let t € [m].Then,

1 0.6e4 + 1.1€ < 1 1.2¢4 + 2.15¢ + 2.29

2 2 =N = 2 2
[l [l (] [

Proof: We begin showing the result for the more general case of €,§ < 0.5. Let ¢t € [m]. Looking at an upper bound of
the margin, we have

1 <y N(W,x¢) =y Z Ay (Xi, Xe) + g (Ve xe) <A [[x]|* + Z Ail (i, x4)[ 4 (Ve, x¢)
i=1 i#te[m]

i + 6(m = 1) max A, + (v, 1)

< [ee® + 240(m — 1) + €|

where the last inequality hold due to Lemma B.1 and Cauchy-Schwartz inequality. We solve it for \; with plugging in
¢ < ;% getting a lower bound for it
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1 24¢(m—1) 1 0.6eq+1.1¢

> _ _ > _
e || Ixell ™ Jce ||

We note that 1 — 0.6e4 — 1.1e > 0.15 > 0, the therefore \; > 0. Next, to find an upper bound for \;, we look at a
lower bound of the margin

6 m
1+ v > yN(W, %) =y, Z)\iyi<xiaxt> + Ye(Ve, Xe) 2Nt ||Xt||2 - Z Ail (i, x¢)| = (Ve x¢)
¢ i=1 i#te[m]
>N [eel|* = p(m — 1) max Ap — (Ve, X;)
>N [peel|* = 246 (m — 1) = ellxl|
where again the last inequalities holds due to Lemma B.1 Cauchy-Schwartz inequality. We get
A7 e ]]” = M1+ 246 (m — 1) +e|x)) = 6 < 0

and solve for A, with plugging in ¢ < < [|x,[|* < (1 — %), < 0.1 we get an upper bound for

4m?

(1+2.4(m — 1) + € |xel) + /(1 + 240(m — 1) + € }xe[))? + 4 .25

t = 2
2%l
142454 (m—1)+ey/TH+ ¢ +1+245-(m—1) + €1+ 1) +46(1 + )
— 2
2 x|l
1 2454 (m—1) +e/T+ ¢+ 2452 (m — 1)+ e(1 + ) +45(1 + ¢)
— 2 2
[l 2 [l
1 245 4+ ev/1.1+ 245 + ¢(1.1) + 46(1.1)
— 2 2
1%l 2%l
1 1.2¢4 + 2.15€ + 2.26
— 2 2
[l [l
which finishes the proof. O

We next define an (¢, d,y)-approximate KKT. It is very similar to the (¢, d)-approximate KKT definition given in
Definition 2.1, with an extra ~y relaxation of the margin.

Definition B.1. A (¢, §,v)-approximate KKT for ming 1011 s.2.Vi € [m], y;N(0,%;) > 1: Iy, ..., A such that

1M, Am >0

<e€

2. H9 — > AivuiVeN(0,x;)
) 2

=1

3. Vi e [m], i (yiN(G,xi) — 1) <4
4. Vie[m], yuN(0,x;) >1—~

Now, we show that scaling an (e, 0, v)-approximate KKT can result in an (¢, §’)-approximate KKT, and determine the
scaling effect on the approximation parameters.

Lemma B.3. Let a network N(0,x) be such that N (0,x) is a 1-homogeneous function with respect to the weights.

Let S = {(xi,yi)}™, be a dataset. Then, if 0 is a (€, §, v)-approximate KKT (according to the above Definition B.1)
w.r.t S with corresponding {\;}™ , then ﬁ@ is a (ﬁe, max,, )\pﬁ + ﬁé)-appmximate KKT (according to

Definition 2.1) w.r.t S with with the corresponding \; = C'\; .
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Proof: Let N(6,x) a 1-homogeneous function with respect to the weights, and 0 be a (e, d, v)-approximate KKT.
From 1-homogeneity, for all C' > 0
N(CO,x) =CN(6,x)

and the gradient is 0-homogeneous, meaning

VoN(CO,x) =VoN(0,x) .

We denote C' = ﬁ, and show that C8 satisfies the conditions in Definition 2.1.

< Ce.

i=2 i=2

2. Leti € [m]. Then, y;N(CO,x;) = Cy;N(0,%x;) > C(1—v) =1

3. Leti € [m]. Assume \; (y;N(0,x;) — 1) < 4. If \; = 0 we are done. Else, \; > 0and y; N(0,x;) < 1+ /\i
Then,

1. HC@ - Z C)\iyiVQN(CH7XZ‘)

=C H0 — > AyiVeN(0,x;)

i (iN(C0,%x;) —1) = X (CyiN(0,x%;) — 1) <
/\i P 1—’}/

which finishes the proof.

B.1 PROOF FOR THEOREM 3.1
Proof: Note, for readability of the proof we denote €1 by € and ; by 4.

m

Using the stationarity condition in Definition 2.1 for w, we denote v. = w — > \;y; VN (W, X;), so we get that
i=1

Ive]| < eand

w = Z)\iylv N(w,x;) +ve = Z)\lylxl—kvé.

=1

Let ! € [m], we wish to take a negative gradient step of size 3, such that
vag(le(W, Xl)) = 7>\lylva(W7 xl)

so we pick a step size 5 = m Then, when taking one gradient ascent step for (x;, y;) of size 5, we get the

following w

\ﬁ/’ = Z )\iyiva(Waxi) + Ve — )xlyleN(w,xr) = Z /\iyixi + Ve .
i=1 i€[m]

B.1.1 PROOF OF 1. W HAS THE DIRECTION OF AN (€ + 54— § + Jeg 4 T. 26d) APPROXIMATE KKT POINT

m—egq
FOR THE MARGIN MAXIMIZATION PROBLEM FOR \ (xl, v1).

For readability, we show that w satisfies the conditions for (¢, 0 + %7 O'6#)-21pproximate KKT by Definition B.1,
and then use Lemma B.3 to deduce that ﬁvﬁr satisfies the conditions for (4 ¢ §4 e 4 T 25‘1) -approximate

mfed m—e€q
KKT according to Definition 2.1.

m

(1) Dual Feasibility: For all i € [m]_;, \; > 0. directly from dual feasibility for w (Definition 2.1).
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(2) Stationarity: H\?V = Y AyiVw N(W,x;)|| < e Since Vi N(W,x) = VN (W, x) = z, one can write

i=1

Z )\zyzxz +v. = Z AzyszN(Wv Xi) + Ve

i€[m]_y i€[m]_y
and the claim follows from (2) stationarity for w (Definition 2.1).

Let ¢t € [m]_;. Using the definitions of w and W, we can write the margin as

YN (W, x0) =y Y Ny (%in %) + v (Ve Xi) = N (W, %) + ye g (x, %) - &)
i=1

Using this equality we prove the next two conditions:
(3) Complementarity Slackness: For all t € [m]_;, As (y: N(W,x;) — 1) < 5+ %. If A\; = 0 we are done. Else,

A+ > 0. From complementarity slackness of w being an (e, §)-approximate KKT, we know that y: N (w,x;) < 1+ /\%.
We use 5 to lower bound the margin of y; N (w, x;), getting

1) .
1+ N >y N (W, X¢) =ye N (W, X¢) + ye Ny [(Xi, %) |
t

2y N (W, x¢) — M| (%1, %) |
>y N (W, %) — pmax A, ,
P

plugging in ¢ < 7% and the A, upper bound from Lemma B.1 we get

. . € R 0.6¢
YeN (W, x¢) — <Z5H1;}X Ap = ye N (W, x¢) — ﬁlﬁl > YN (W, x¢) — md :
We deduce an upper bound for the margin of N (W, x;)-
N 5 0.66d (5 + >\t€d 5 + 72 4€d (5 + Lddeq
N <14 — =14+ —2r 14— 14 —"
Ye (W7Xt) + )\t + m + At =1+ )\t =1+ >\t

as desired.
(4) Primal Feasibility: For all t € [m]_;, y: N(W,x;) > 1— 0'6#. We use 5 to lower bound the margin of N (W, x;),
and use primal feasibility for w (Definition 2.1), getting

YN (W, x¢) = ye N(W,x¢) — ye | (%, %) | > 1 = N[(xa,x0)| > 1 = ¢In;;aux)\p :

Plugging in ¢ < ;2 and the \;, upper bound from Lemma B.1 we get that

2.4¢q < 0.6¢4 ’
dm T m

d)m;zx Ap <

Hence, y; N (W,x;) > 1 — %06¢a

- m

To conclude, we showed that W is an (e, § + 1-42ce 0-0ca).

scaled weights ﬁ w. Foreg; <1 We calculate

m

-approximate KKT by Definition B.1 . Finally, we look at the

€< m e:(1+ cd )eze—i— c€d

1 — 0.6eq m — €q m — €q m—eq

m
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and

0.66d 6 + 1.446d 56 7 2
e d 2¢q
max A n + m__ <5+
3 pl_oﬁffl 1— %0ea = m—€g m

and get from Lemma B.3 that 7w isa (e <4 § 4 9 4 T-2¢a) gpproximate KKT by Definition 2.1 w.r.t.

m—eq’ m—eq m

S\ (%7, y1). We note that w and —g5e; W have the same direction, which finishes the proof.

m

B.1.2  PROOF OF 2. Cosine — Similarity(w, w*) > 1 — C(y/eq + \/eq + /&) FOR SOME C > 0.

Let N(w*,x) be a max-margin linear predictor w.r.t. the remaining training set S \ (x;,y;). Hence, w* is a KKT
point of the margin maximization problem (2) w.r.t. {x;, yi}ie[m]fl , as in Definition 2.1 (with € = § = 0). From the
stationarity condition we denote w* =3, Afyix;.

Let t € [m]_;. We use Lemma B.2 to prove tight bounds for A; and A}. For a given ¢, \; and A} are close up to a small
additive factor depend on €4, € and 0. For \; we can use the results from Lemma B.2 directly, having

I 0.6eq+1.1e <)< 1 1.2¢4 4+ 2.15¢ + 2.26

2 2 = At = 2 2
[l [l [l [l

Q)

For A}, since w* is a KKT point of 2 w.r.t. S\ (x1, y1), we have a dataset of size m — 1 and ¢ = § = 0. To accommodate

the different parameter, we note that ¢ < 4m < ﬁ, conclude that

*

1 . O.6€d 1 1.26d (7)

2 2 =7t = 2 2
el ™ [l [xell™ el

And, similar note hold for B.1 resultmg in A* < 2.4. We are now ready to prove the cosine similarity lower bound. For
W= i, N¥iXi tveand wr =37 ATy, we have

wow®)  liepmy, MYiXi Ve, X ieimy, A YiXa)

W lw=[ [ [l

We upper bound the norm of the predictors, when using 6 and 7 for any i € [m]_; separately, bounding \; ||x;||> and
A# ||x;]|? respectively. Upper bounding ||w||* we get

2

||W||2: Z Aiyixi +ve| = Z AiYiXi + Ve, Z AiYiX; +Ve) =

ie[m] 1 Ze[m] 1 iE[m],l
- Z )\zszz, Z )\zyzxz + 2 Z )\zyzxza ve <Ve> ve>
i€[m]_; i€[m]_; i€[m]_;
< Z Mo+ > Adelxioxi) +2 Y Nilxi, ve) + €
i€[m i#kE[m] i€[m]_;

From 6 we get that \; [|z;]|> < (1 + 1.2¢4 + 2.15¢ 4 2.26), from Lemma B.1 we get that for all 4, \; < 2.4 and by
Assumption 2.3 we get that for all i,k € [m] (x;,x) < ¢. Using Cauchy—Schwarz inequality we get that for all
i € [m], (x5, ve) < ||%ill[|[Vell < ey/1+ 4. Plug it all in we have

19



W< >0 N al®+ D Adwlnxe) 2 D> Ailxi,ve) + €

i€[m]_, i#ke[m] i€[m]_y
< (14120042156 +220) Y N+24me Y Nit+e/IT+¢ > Ai+é
ie[m],l iE[m],L iE[m]—L
< ¥ ((1+1.26d+2.156+2.25)+2.4m¢>+6\/1+1/))+62
iE[m],l

We denote A = Zie[m],, A; and plug in ¢ < 74 and ¢ < 0.1 and get

v < Z i ((1—|—1.26,1—}—2.1564-2.25)—|—2.4m¢)—|—€\/1—|—¢)—|—€2

i€[m]_y
<A ((1+1.2¢4 + 2.15¢ 4+ 2.20) + 0.6¢4 + 1.1€) + €2
< A(1+ 1.8¢4 + 3.25¢ + 2.26) + €

For the upper bound of ||w*||* we do similar calculations, using 7 and Lemma B.1 getting

2

lw* || = Z Nyl = (> Nuixi, Z AT yixi)
elm

% ze[m] ! i€[m]_
< Z DR S o)
1€[m] i#ke[m]_;
< (1+1.2eq+2156+2.20) > A +24m¢ Y A
i€[m]_; i€[m]_;

W.L.O.G, we assume that ) _, €lm]_ >, e[m] A} (the other direction is proven similarly). This allow as to upper
bound ||w*||® using A;, with plugging in ¢ < < 1L, we get
[w* ) (1+126d > A +24mé Z Al

i€[m]_, i€[m]

< (1+1.2¢) Z Ai + 2.4m¢ Z Ai

i€lm]_y i€lm]_y

< A(141.8¢q)

For the norm multiplication we have

W] [w* [ = A/ IW)? [w*]1* = V/IA (1 + 1.8eq + 3.25€ + 2.28) + €2] [A (1 + 1.8¢4)]

SA\/(1+C(ed+e+5))+f(1+ced)

e 2
<AM/1+C(eg+e+d)+—+ —Ceqy

A A
e 2
<A+A C’(ed—l—e—i—é)—i—K—I—KC’ed

for some constant C' > 0, where the last inequality hold since 1 + v/ > /1 + z for all z > 0. We next lower bound
the inner product of w and w*
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= Z Ai¥iXi + Ve, Z )‘y7x7 =

1€[m]_ i€[m]_;
Z Azyzxz» Z A; sz1 Z )\finmVJ
i€[m]_ i€[m]_y i€[m]_y
> Z AP ||xZ|| Z A A (X4, Xgo) Z A (X4, Ve)
i€lm i#£kE[m]_; i€[m]_y
Here, we use the lower bound for \* [|x;[|> > (1 — 0.6¢4), the upper bound A* < 2.4 from Lemma B.1, and the

Cauchy—Schwarz inequality, having

Z N ||| — Z A Ak (X4, Xgo) Z AH{X;,Ve)
€lm

i£k€[m]_; i€lm]_,

(1 —0.6€q) Z Ai—24me Y Ni—e/IT+d >\

i€[m]_, i€[m]_; i€[m]_;

1

and by plugging in ¢ < £, < 0.1 we have

(W, w") > (1—0.6€ea) > A\ —24m¢ Z Ni—e/1+9 Y N

ie[m] ]—l ZE[?’)’I] 1
> A(1—0.6eq —0.6e4 — 1.1¢)
> A — A(1.2¢4 + L.1€)

Join all the bounds toghter, we get for the cosine similarity

<W,W*> - A—A(1.2€d+1-1€)
IWlHlw=l] = 5 L A\/C(ed Fet o)+ S 4 CCey

A(1.2¢4 + 1.1¢) +A\/C(ed+e+5) + % + %Ced
A+A\/C €1+ e+0)+ %+ 206

>1-

(1.2¢4 + 1.1¢€) +\/C (ea+e+d)+5 +5Ceq

>1-

1+\/C 6d+6+5)+x+fced

2 2
> 1—(1.2€d+1.1€)—\/C(€d+€+5)+j\+j\ced

‘We note that by Lemma B.2

1 : 1.1
S )\iz(m—l)< 2_066d+2 e>

]| (b

>(m —1)0.9 (1 — 0.6¢4 — 1.1¢)
>0.1(m—1),
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Concluding,

(W, w*) €2 €2
— T >1—(1.2¢4+1.1€ Cleg+e+0)+ + Ceq
W |w*| = ( )~ ( ) 0.1(m—1)  0.1(m—1)
> 1- Gy (Vea+ve+ o)
for some constant Cy > 0. O

B.2 PROOF FOR FORGETTING SUBSET OF POINTS USING Ax.ga — LINEAR PREDICTORS

We formalize and prove the statement for unlearning a subset of data points. Here, the term successful unlearning is the
natural extension of Definition 2.2 to unlearning a subset, rather than a single point.

Theorem B.1. In the same settings as Theorem 3.1, let Spyreer C S be a subset of size k.

Then, the extended algorithm Ak.ga, with appropriate coefficients {5, }, is an (e, 6, T)-successful unlearning algorithm
w.r.t. w and S, where:

1. The case of ¢ = €1 + — eled , 0 =201 + ﬁled +72€d T=0:

The predictor Ai.ga (W S l ) has the dlrecnon of an (e, 0)-approximate KKT point for the margin maximization
problem (2) w.rt. S\ (xl, Yr)-

2. Thecaseof e =6 =0, 7 = C(\/eqa + /€1 + \/61) for some universal constant C > 0:
Let w* be a max-margin linear predictor w.r.t. the remaining training set S \ (X;, y;), i.e. the global optimum
of the 2 w.rt. S\ (xy,y;). Then, cossim(Ay.ga(w, S,1),w*) > 1 — 7.

Proof: Let a forget set Sy C S such that |Sy| = k. We denote Iy = {i : (x;,y;) € Sy}. We denote S, = S\ Sy and
I. = {i: (x;,y;) € S;}. The proof is highly similar to the proof for unlearning single point in B.1.

Similarly, we denote v, = w — > A\;y; VW N (W, x;), so we get that ||v¢|| < e and

i=1
m

w = ZAZ%V N(w,x;) +ve = Z)\zlep&—vE.

=1

According to the algorithm Aj_ga, we take a step consists of the sum of k£ gradients w.r.t. data points in Sy with the
following sizes- For any (x;, y;) € Sy, we sum a gradient of size § = m We get

w = zm: )\iyiva(W,Xi) + Ve — Z )\lyleN(W,XT) — Z Aiyixi +v..

i=1 lely icl,

PROOF OF 1. W HAS THE DIRECTION OF AN (€ + 7“—, 0 + f”sd + L:2kea). ApPROXIMATE KKT POINT FOR THE
MARGIN MAXIMIZATION PROBLEM FOR S\ (x, yl)

(1) Dual Feasibility: For all i € [m]|_;, \; > 0. Same. directly from dual feasibility for w (Definition 2.1).

(2) Stationarity: H Z AiyiVwN(W,x;)|| <e. Same asinB.1.

i=1

(3) Complementarity Slackness: For all ¢ € [m]_;, A¢ (y:N(W,x;) — 1) < d+ %. Using the same Equation 5
we get
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0 .
1+ ~ >y N(w,x¢) =y N (W, x¢) + 4 Z Ay (X1, xq) |
¢ lel;

>y N WXt E )\l Xl,Xt
lely

zytN(VAV7Xt) - kd)max >‘p )
p

plugging in ¢ < ;% and the A\, upper bound from Lemma B.1 we get

0.6k
YN (W, %) — kpmax A, > y N (W, %) — ki2_4 > 4N (W, %) — €d .
P 4m m
We deduce an upper bound for the margin of N (W, x;)-
6 0.6keq §+ 22 kMeq 5+ B-k2.4ey § 1 Lddkeg
N <l+— =14 5m 7P 9 5m <1 m
YN (W, x¢) +)\t+ - + /\t <1+ y <14 .
as desired.

(4) Primal Feasibility: For all t € [m]_;, y:N(W,x) > 1 — % We use 5 to lower bound the margin of
N (W, x;), and use primal feasibility for w (Definition 2.1), getting

YN (W, x¢) = ye N(W,X¢) — 4y Z Ayi|(xy, %) > 1 — k(bmax)\
lEIf
Plugging in ¢ < ;% and the )\, upper bound from Lemma B.1 we get that

2.4/€6d < O.erd

kpmax A, <
2 m

N 0.6k
Hence, y; N (W,x;) > 1 — =74,

We showed that w is an (e, 6 + %7 %)—approximate KKT by Definition B.1 . Finally, we look at the scaled
weights 1_(,%%\fv For ¢; < 1 We calculate

1 n ( € ) €€
k d d
e < e= |1+ €=¢€+
0.6ke - m _ m __ mo_ ’
1-— Td % €d k €d k €d
and
\ 0.%6,1 . 5+ 1.4;Lnked e dey . 7.2keg
max
p 4 1— 0.6keq 1— 0.6keq — % —€g m
m m

and get from Lemma B.3 that dew isa(e+ “_d O+ = 66‘1 -+ L. 2’“‘1) -approximate KKT by Definition 2.1

w.rt. S\ (x1,y;). We note that w and —Ww have the same dlrectlon, which finishes the proof.

170.6k’;

PROOF OF 2. Cosine — Similarity(w, w*) > 1 — C(\/eq + /€1 + V/§) FOR SOME C > 0.

Let N(w*, x) be a max-margin linear predictor w.r.t. the remaining training set S \ Sy. Hence, w* is a KKT point of
the margin maximization problem (2) w.r.t. {X;, ¥; }ic1,, as in Definition 2.1 (with ¢ = § = 0). From the stationarity
condition we denote w* =) iel; Aryix;. We have same bounds for A\; and A7, since it is independent of the unlearning.
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The rest of the proof remains the same but the substitution of } ;. (,,,; , Ai in 32,7 A;, and the lower bound for it - by

Lemma B.2
1 . 1.1
AZMZ(mk)( . 6)
iel, [l x|

>(m —k)0.9(1 — 0.6eq — 1.1¢)
>0.1(m — k),

That have no significant effect on the final bound

(W, w*) €2 €2
———_>1—(12¢qg+ 1.1€) — /| C(eq + €+ ) + + Cleg+e+0
|W]| [|w*]| ( ( 0.1(m—k) 0.1(m—k) )
>1-C, (\/a+ﬁ+\/5)
for some constant Cy > 0. O

B.3 THE IDENTITY IS AN UNSUCCESSFUL UNLEARNING ALGORITHM

To complement Theorem 3.1, we provide the following remark, that shows that keeping the original predictor is
not a successful unlearning algorithm. Particularly, for any €', ' > 0, we show that for the predictor as defined in
Theorem 3.1, its cosine similarity to any (¢, 6')-approximate KKT point for S\ {(x;,y:)} is relatively large.

Remark B.1. In the same settings as 3.1, the algorithm A;(6,S,r) = 0, is (¢, 0, 7)-successful only for T >

c
C(eq + €) for some C > 0. "

As a short intuition for the proof, we note that the original network weight parameter, denoted as

w = i AiyiVw N (W, %) + ve = Zm: AiYiXi + Ve,

i=1 i=1

consists of a sum of m summons, while any other KKT point w.r.t. S\ {(x;,¥;)}, W, consists of a sum of the (m — 1)
gradients of the remaining dataset. This gap creates an inevitable angle between the two vectors.

Proof: In this section, we show that the original network w is not a good candidate for the unlearning tasks according to
the (e, d, 7)-successful definition (Definition 2.2). Formally, we look at the simple unlearning algorithm A;(w, S, r) =
w. We show that for any (¢, §’)-approximate KKT point w, where €/, ¢’ < 0.5 and €4 < 0.1, there exists C' > 0 such
that

~ C
cossim(w,w) <1— —+C(eg+e+¥€),
m

leading to
C
>—-C .
T2 (a+e+€)

We recall that due to the stationary condition for the original network w w.r.t. the full dataset S we have

m
w = Z AiyiVwN (W, X;) + ve = Z AiYiXi + Ve .
i=1

1€[m]

We denote an (€, §)-approximate KKT point of the margin maximization problem w.r.t. the retain dataset S \ (x;, y;) by
w. From the stationarity condition we get that

{{]: Z )Tz-yixi—i—Vg.

i€[m]_y
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Next, we show that the cosine similarity between w and w is lower bounded by % + Cl(eq + € + €). We denote
w =w — v, and w = w — v¢. For the cosine similarity between w and w we have

(W, w) _ (WHve,W+ve)
[l [l [[wil [[w]|

cossim(w, w) =

We first use Cauchy—Schwarz inequality and separate it into two expressions

(W + Ve, W + vg)

cossim(w, w) =

[[wil{Iw
w,w)  [{ve w)| + [(ve, )| + [(Ve, ve) |
~ Wl [[wil [l
w,w) Vel 1wl + [Ivell [[w]| + [[vell [[vell ®)
— wllwll Wil fIwl]

We next lower bound the norm of the parameter vectors. We note that

[wil = llw + vl > [lw] —e

and

Wl = || > M| = (D0 Awixi, > Aigixi) =

i€[m] i€[m] i€[m]
>3 Nl = >0 Nl xe)
i€[m)] i#£k€e[m]
> Nl =0 Y Ak
i€[m)] i#k€[m)]
Similarly ||w]| > ||w|| — € and
2
HiH?: Z )Tiyixi Z )‘ylxza Z Azyzxz
i€[m]_; i€[lm]_; i€[m]_,
> 3 Nl o Z mk.
i€[m]_; i£kE[m

We now upper bound the inner product (w, W), having
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Z Azyzxz; Z )‘lyzxz =

i€[m] S
Z AiYiXi, Z >‘ y7X7 < Z j\vvlyixiy >\1sz1>
i€[m]_, i€[m]_ i€[m]
S Z Azyzxu Z )\zyzxz ‘ + | Z Alyzxzv )\1le1>|
ze[m i€[m]_y i€lm
< D0 NP DD Adxoxe) + Y Adi(xi i)
i€[m]_; i#ke[m] i€[m]_;
< S0 MNP He YD Adte YN
1€[m] i#k€[m]_; 1€[m]_;

Plug it all in, we get for the first summon at 8

(w, w)
Iwil Iwi —

D icpm]_, NiNi Ji]|* + DD itkeim]_, NiAk DD ey, AN

por)) ~——  \
(/i 22 12l = & Zpepm Mt — ) Wzie[m]_l N2l = 6 X pnepm, Aihe )

We first note that by Cauchy—Schwarz

oA < Z il o Al

i€[m]_; 1€[m]_ i€[m]_;

and

S oans YN Y x

i€[m] i€[m]_, i€[m]_,

=)
We now reduce the nominator and denominator by \/ Dicm) i A ||xi||2\/ Yicim] A2 ||lx;]|°>. We denote b =

(14 1.2e4 4 2.15¢ 4+ 2.20),a = (1 — 0.6¢4 — 1.1¢), and use Lemma B.2 in which for all i, a < X; ||x;]|° < b. We
calculate the summons in the nominator after reduction, having

Zie[m],l Xi}‘l ”Xz”2
~2
Vet N Il S, 2 el
Y\ =2
¢Zi7ﬁke [m]— L/\zx\;€ ¢ Zz7éke[m] l)\ Zi#ke[m] A2 _ o

3.6°
Vit A il /iy A2 [l ¢zze il iy, A il

D iem)-, O - DD icim)_, PY _ 1.2be,
\/ZiG[m]—z As Hxi||2\/zie[m]_z, A7 HXin Zie[m]fz Aidi [l ma

<1,
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and for the denominator we have ,
Eie[m] A7 Nl -
= =
Zie[m] A7 i

2 2
0 Ligkeim) MMk _ ¢\/Zi¢ke[m14 A \/E#ke[mm A SO =D Y iepm A
Yicim A lill* T icimy A2 il T e Al

)

d
3.6

€
<

€

€
< ;
Ve M Nl — 092vm

the same for )TZ and €, and finally

Nl _24b 268
~2 — . < .
Zie[m]_l A @il 0.91a2m am

Plug it all in we have

(w, w)
Wil Wl —

. , _ N
2 icm)y N %llT + DX shemy, Nide + O ey, AN
2 2 2 S -
Vit 111 = 6 i Ak — ey Sy A 101l = 6% e Ak — ¢
1+ 0.28¢4 + L2bea

< 4ma
\/1 — 0.28¢a — W\/1 —0.28¢a — ggo7m T S
14+ 0.28¢4 + 715331

<
(1-028¢ — gt ) |1+ 2800

forany 0 < z < 1 we get that

1 x
1+ s1- 4
and thus in conclusion we have
(w, w)
[[wil{lwi —
1+ 0.28¢q + L2
(1028 - ) |1+ 200
14 0.28¢q + L2 (1 - O.66b>
T 1-0.28¢4 — ﬁ am

1—0.28¢q — 0_96:\% am

C
<]1l-—-—
< m—|—C’(ed+e+a,

0.56€q + L2 4 ek 0.66b
G+ i 09aym O_ )

27



which finishes the upper bounded the first summon of the cosine similarity at 8. We now upper bound the second
summon, we recall that w = w — v and therefore ||w|| < ||w|| + €, and similar for w, and thus,

Ivell I + [Ivell lwll + [Ivellllvell _ ellwll+€ +Elwl+e+ec e &  e+ete
[[wll 1wl wll il il Twll

[[w| [|w]]
We look at the norm lower bound. We note that

Wil = [lw + vel| > [lw] — €,

and

[wl® = (> Ayixi, Y Nigixi) =
1€[m)] 1€[m]

>3 Mzl =0 Y A
1€[m] i#k€[m]

> > Aila— ¢mb]
1€[m]

> m0.9a [a — 0.6€4]
>m0.9a[l —1.2¢4 — 1.1¢] > 0.1m

and similarly |w||> > 0.1(m — 1). Plug in to the denominator of the above fraction we get

€ n € e+ +¢€€ € . € n e+ +ée
[wi ~[w[  [wlw] —0lm-e 01(m—-1)—€ (0.1(m—1)—¢)

5 < Ci(ea+e+e)

which means that there exists C such that

~ C
cossim(w,w) <1— —+C(eg+e+¥€),
m

Thus, concluding the proof. O

C PROOFS FOR SECTION 4

C.1 LEMMAS FOR PROOF C.2 OF THEOREM 4.1

Lemma C.1. Let S = {(X1,41), .-, (X, Ym)} such that Vi € [m],x; € R and let {w;}}_,, Vj € [n],w; € R%
Assume the data distribution D satisfies Assumption 2.3 for some 1, ¢. Givenl € [m] and ¢ € R, for j € [n] and
r € [m]_;, we denote

A= Z o(xk, X,) sign((xx, wj)) .
kem]

Then,
ijxT >0=
c(1=9)—(m—2)cp <A, <c(l+1)+ (m—2)co
WijT <0=
o1+ 9) — (m—2)ep < Ay < —e(1— ) + (m — 2)eo
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Proof:
Z o(xk, X,) sign((xg, w;)) =
kem]
= c||x. || sign((x,, w;)) + (Xp, Xr) sign((xx, w;))
kem]_,k#r

From Assumption 2.3 we know that (1 — ¢) < ||x,[|* < (1 +4), for k # 7, —¢ < (x,%,) < ¢ which finishes the
proof. O

Lemma C.2. Let S = {(X1,41), -, (X, Ym)} such that Vi € [m],x; € R and let {w;}_, Vj € [n],wj € R

Assume the data distribution D satisfies Assumption 2.3 for some ¢ < 0.1, ¢ < 2. Givenl € [m], and c = 5%, for
j € [n] and r € [m]_,, we denote

A; = Z exy; sign((xx, wj))
ke[m]_;

Then for j € [n],
22¢4

Jmn

| |j] Ao A | <
Proof: We first look at the norm of A, having

2

1A 07 = | > exusign((xr, wy))|| =

ke[m]
Z exy sign((xg, w;)), Z exy sign((xg, w;)))
k:G[ 1—1 ke[m]
Z Xk, Z Xp)
ke[m] kelm]_y
<AL Ikl Y (ex)
ke[m]_y s#ke[m]_;

< (m(1+ ) +m?9)

we plugin ¢ <0.1,¢ <

4mn’ - 2mn
2 e2(1.1+£2)
A2 d (1_1 2 €d ): d In
14517 = 2 mm 4dmn 4mn?
and
1.1+i;‘
18] < =Y
mn

From Lemma C.3 we have that max;¢[,,,) A; < 20.4n. As for all j € [n], |u;| = ﬁ, and Jl/,j > 0, joining all together

we have
L1+ <2
|||uj|)\lale H = \u]|)\lolj 1A]| <720 An W
< LogqV/I1ES
Vn 2y/m
€4 ( 1.1+ <4
m

204+ 5 VITHE) _ 22
vn - vmn'’
as desired. O
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Lemma C.3. Ler N(0,x) = Z ujo(w; 1x) be a two-layer fully connected neural network, trained on S =

{(x1,91)s s X, Ym) }, and let 0 < €4,€,0 < 1 such that 6 is an (e,0)-approximate K KT point for the mar-
gin maximization problem for S according to Definition 2.1 for A1, ..., Am, and S satisfies Assumption 2.3 for ¢ = 0, 1,
[n], u; ~ U{—ﬁ, ﬁ} Then, Fori € [m] we have

maxq > uihio);, > ulkio] ;o < 2.5+5.25¢+245 <102,
jEJ4 jeJ_
and therefore also

> ulNio; <5+ 10.5¢ + 4.85 < 204,

j=1
and
Ai <n(5+10.5¢ + 4.85) < 20.4n .

Proof: Let J, = {j € [n] : u; > 0} and J_ = {j € [n] : u; < 0}. Denote o = max;c[y, ( > Ui\ 0”> and
JeJy

Q_ = MaX;c[m] ( > u?/\iagyj . w.l.o.g. we assume a4 > «a_ (the other direction is proven similarly). We denote
JjEJ

Q= y = MaX;eg[m (Z UGN 0”> ,and k = arg max;c(,,,) (Z u?)\iag’]). If A\ = O the claim follows.
JEJ+ JjeJ4

Using the stationarity condition in Definition 2.1 for 8, we denote v, = 6 — >~"", \;y;VoN(0,%;), and v, ; =
Z UjA ,y,a ;Xi, such that v is the concatenation of all v, ; and |[vel] = e. Using this notation we have for all
je [ } the inner product

W, X =u; Z Niyio; ; (Xiy Xi) + (Ve j, Xk)
i=1
m
2
= Meyeohy Xkl g D> Niiol j(xiXek) + (Ve Xk -
i=1,i#k
To upper bound «, we use the Complementarity Slackness condition in Definition 2.1 to first bound the margin and
then solve for . First, since for all j € [n] and k € [m], |u;| = T and o, ; < 1, we get that a < At Z 0 < Ak
=1

1 1

SO e S o

Then, using the Complementarity Slackness condition for 8 we get that y, N (6, x;) < 1+ )\% <1+ g. To use the o
notation we express the margin with in terms of sums over J and J_

g - T T T
1+ o >y N(0,x1) = ys Zuja(wj Xk) = Yk Z ujo(w; xp) + Z ujo(w; Xy)
j=1 JEJ+ jEJT_
Now, to divide both sides of the inequality by yx, we need to know its sign. We separate to two cases for yy:

Casel: y, =1
We lower bound the margin

0
1—&——>N0x;C ZuJ ka Zua ka

jeEJ 4 JeEJ -
T T
> E ujW; Xp + E u;o(W; Xp)
JEJ+ jeJ
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Where the last inequality hold since for all y € R, y < o(y). We lower bound separately the first summand, getting

m
D ouwixe =y (whioh kel g Y Ao (ki xk) + (Ve xk)

JjeJ 4 JjeJ ¢ i=1,i#k
m
(=) Y uihoh ;=6 > > whol;— > ui|(ve, xs)]
jedy jedy i=1,i%k jed,
>(1 =)o —d(m—Da— > wj|(ve,xx)| -
VISEAS

Using Cauchy—Schwarz inequality we have

S e xe |<f||vewmax 2ol < ey/T+ 0,

JjeEJ 4

Z ui[(Ve,j,Xp)| \f

VISES

getting

Z ujw;rxk >(1—)a—dm—1Da—e/1+0.

JeJ+

Bounding the second summand we have

m
> wjo(wixe) = > wio {uideo; Ixell” +u; D Aol (xi,%k) + (Ve X)

jeJ_ jEJ_ i=1,i#k

m
> wio [ uy Y Nwiod (ki xk) + (Ve xk))|

JjeEJ- i=1,i#k
m
> > ujo {lugl D ol sl x|+ (Ve )]
JjeJ- i=1,i#k
m
2 Z“jff |uj| Z Aiog &+ [(Ve g Xp)|
JjeJ- i=1,i#k
m
> =6 > > wihiol ;= > |uil[(ve s xa)|
jeJ_ i=1,itk jeJ_
> —p(m —a—ey/T+¢,

and combining the two results we have

1) )
1+7>1+/\—>ykN9Xk Zujw xk—i—Zuj ka
jeJ 4 jeJ_

(1 —)a—d(m—1)a—¢(m — 1o
=a((1 =) —26(m —1)) = 2\/T+ 9,
getting
a2((1—w)—2¢(m—1))—a(1+26m) —5<0.

Note, for our setting ¢ < 0.1 and ¢ <

I 50 we get that

€4 €d
— ) — -H>09-2—(m—-1)>09 - —
(I1-v)—=2p(m—-1)>0 2 o (m—1)>0 " >0,
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hence solving for o we get

1+2GW+\/ L+ 26T+ )2 +45 (1 — ) — 26(m — 1))
2((1 —v) —2¢(m —1)) '

Case 2: y;, = —1 is very similar.
First we have
0

—-1—-—=N(0,xi) < E U;o ka E ujw Xk ,
Q

JEJ 4+ jeEJ-

for the first summand we get

m

ujo (wjxy) = ujo | —usAeot Ixel® +u; Ao i (Xi, Xk) + (Ve j, Xi)
J »J »J

jEJ4 jEJ4 i=1,ik

m

D wio fug Y Nioy|(xiyxk)| + (Ve )|

jedy i=1,ik

m
Zujo' u; Z Ao &+ (Ve g, X))

IN

<
JEJ+ i=1,i#£k
m
2
<o Y D whol i+ Y (Ve xi)]
i=liZkjeJy JEJ4

<o(m—Da+ey1+¢

and for the second

m

S uiwlxe =Yy | —upheoh el g > Nigiodj (xi,xk) + (Ve g, Xe)

jeJ- jeJ- i=1,ik
m
2 2
<-01-1) Z UiAROY ; + Z Z uiNio; ; + Z ui[(Ve 5, Xk)|
jeJ- jeJ_ i=1,i#k jeTy

—1=-P)a+o(m—1a+e/1+9¢
combining the two results leads to the same upper bound

1+26W+\/ 14+ 2ey/T+ )2 +46 (1 —1p) — 2¢(m — 1))
2(1 =) —2¢(m —1))

< 1, and get

1+2e\/f+\/ 1+ 2ey/T+ )2 +45 (1 — ) — 2p(m — 1))
2((1 —v) —2¢(m - 1))
14 2.1+ /(1 +2.1€)2 + 45(0.9)
2(0.9 — 255 (m — 1))
1+21e+ (1+2.1€) +1.95
- 2(0.9 — 2<¢)
< 2+4.2¢+1.90
- 0.8

<2.545.25¢+2.46 <10.2
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meaning for all ¢ € [m] we have

maxq > uiNio) ;Y ulkio] ;o < 2.5+ 5.25¢ + 2.45
jeJL jeJ_

SO
> uihio); <54 10.5¢ + 4.85 < 20.4

] —
J€E[n]

using the fact that for all j € [n] and k € [m], |u;| = ﬁ and o, ; < 1 we also get that

A\ < 5+ 10.5¢ + 4.86 < 5+ 10.5¢ + 4.86

— 2 — 1
,Z U505, n
Jj€n]

< n (54 10.5¢ + 4.86) < 20.4n

O

Lemma C4. Let N(0,x) =

[INGE

=

ujU(WJ-TX) be a two-layer fully connected neural network, trained on S =

J
{(x1,91)s s X, Ym)}, and let 0 < €4,¢,0 < 1 such that 0 is an (e,0)-approximate KKT point for the
margin maximization problem (2) for S according to Definition 2.1 for \i,...,\n,, and S satisfies Assump-
tion 2.3 for ¢p = 0,1, and ¢ < 4. Assume ¥j € [n],u; ~ U{—ﬁ, 1 We denote o =

mn nJ*

MaX; ¢ (max { ZJ uf)\iog,j, Z; u?)\io,aj}). Then, For i € [m] we have
JE€EJ+ JeEJ-

: 2y 2y €d
E "\, 0 E “\;os . » > 045 —2.32— —0.
min ‘ uj /\lam, ‘ Uj)\ﬂm 0.45 —2.32 " 0.96¢
JjEJ+ jeJ—

and therefore also

Y udNol; > 0.9 - 4645 —1.92¢
i=1 ’ "

and .
N> 09— 4.64-% — 1.92¢
n

Proof: Let J; = {j € [n] : u; > 0} and J_ = {j € [n] : u; < 0}. Denote vy = min;cpy, ( > u3A¢J§7j> and
JeJy

Q= MiN;¢ ) < > u?/\iogyj . w.l.o.g. we assume oy < a_ (the other direction is proven similarly). We denote
jeJ_

@ = ay = minepm > u?)\ia;’j ,and k = arg Min; ey, > Ui/\iag,j .
JjeJy JjeJy
Using the stationarity condition in Definition 2.1 for 6, we denote v, = 6 — >_"" |, \;y;VoN(0,x;), and v, ; =
m
Wj — > ujAyio; ;X;, such that v, is the concatenation of all v ; and [|v¢|| = €. Using this notation we have for all
i=1
j € [n] the inner product

m
WX =u; Y Ayio] (%0, Xk) + (Ve i, Xk)
i=1

m
= Neynoh; [%ell* +uy Y Nyiol j(xi, %K) + (Ve Xp) -
i=1,itk

33



To lower bound «, we use the primal feasibility condition in Definition 2.1 to first bound the margin, and then solve for
a. To use the o notation we express the margin with in terms of sums over J and J_

g - T T T
1+ o >y N(0,x1) = ys Zlujo(wj Xk) = Yk EZJ ujo(w; xp) + GZJ ujo(w; Xy)
J= JeJ+ Jed -

Now, to divide both sides of the inequality by y;, we need to know its sign. We separate to two cases for yy:

Casel: y, =1
We upper bound the margin

1< N(O,x) < E u;o ka E uijk
jeJ 4 JjeJ -

Where the last inequality hold since for all y € R, y < o(y). We lower bound separately the first summand, getting

m
Z ujo (W;rxk) = Z ujo ujkkafw- ||ka2 +uj Z /\iyiag’j<xi,xk> + (Ve j Xk)

o jeJy i=1,i%k
m
< o [ ugheog Ixell® +ui Y X (ki xa)| + (Ve g x5)]
jeJy i=1,i#k
m
<Y wio [widot ,(L+8) +up Y Mot 6+ (Ve k)]
jedy i=1,i#k
m
<(1+4) Z u?/\kafw» +¢ Z Z uf)\iag,j + Z wi|(Ve,j, Xk )|
jeJg i=1,itkjeJ, jegy

Using Cauchy—Schwarz inequality we have

1
Zujuvw,xkl—TZ (Ve Xk} < = IVell Vi g [l | < /T4

jeJy JjeJ+

getting

Z ujo (ijxk) <A+ P)a+ ¢lm —Damax + /1 + .
JeJy
For the upper bound of the second summand we have

m
Z ujijxk = Z uj | ujAroy llxx|” + uj Z Aiyiog (X, X)) + (Ve j, Xk)

jeJ_ jeJ_ i=1,i%k

m

<y [ wdkog (L) +uy > Niog 6 — [(Ve s X))

jeg_ i=1,i£k
S (1+¢)04+¢(m* 1)amax+€\/ 1+7/}7
and combining the two results we have

1< N(@0,xk) < Zu] ka Zu]w Xk

jeJ 1 jeJ -

<2(1+¥)a+ 2¢(m — 1)amax + 26/ 1+ 9
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and solving for o we have
0> 1—2¢(m — 1)amax — 26/ 1T+ 9
- 2(1+4) '

Case 2: y;, = —1
First we have

1> NOxk) > Y uywixe+ Y uo(w]xp)
JEJ+ JjeJ-

we get for the first summand

m
i (wixk) = Y uy [ —upheot el w0 Moy j(xi k) + (Ve Xe)

jeJ 4 jeJy i=1,i#k
m
>—(14+9) > whog;—¢ D D uihiol;— > ul(ve, Xi)]
JEJ 4 i=1,i#k jeJ ¢ JjEJ 4

> —(1+1))a — ¢(m — )amax — ey/1+ 9

And for the second summand

m
> wjo(wixe) = > wjo | —uiheoq lIxel* +u; Y Niviog j(xi, Xk) + (Ve s, Xx)

JEJ- JjEJ— i=1,i#k
m
> —(1 +1/)) Z u?)\kor;c’j — ¢ Z Z ’LL?)\Z'O'Z/-J- + Z ’UJ]'|<V€’]',X]€>‘
jedy i=1,ik jeJy jeJ_

> —(1+v)a—¢(m—1)amax — /1 + 7
combining the two results leads to the same lower bound

< 1—2¢(m — 1)omax — 26/1 + 9
“= 2(1+ ) '

From C.3 we have that o, < 10.2, and we plugin ¢ < 0.1 and ¢ < 52—, getting

4mn

S 1 —=2¢(m — 1)amax — 26/1+ ¢

Q
= 2(1+19)
L2558 (m - 1)10.2 - 2.1¢
- 2.2
1—5.1%4 —2.1¢ €4
> ——n > 045— 2.32z — 0.96¢

- 2.2

meaning for all ¢ € [m] we have

7,7
jeJ 4 jeJ_

min{ Y wlhol;, S uihiol, p > 0.45 — 2.32°% — 0.96¢
! n

SO

Y udNol; > 0.9 - 464 —1.92¢
i=1 ’ "
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1

v
0.9 —4.64% — 1.92¢
A > 2

i 2 0
/
Z 055
Jj=1

using the fact that for all j € [n] and k € [m], |u;| = —= and o ; < 1 we also get that

>0.9—4.64% —1.92¢
n

S|=

O

Lemma C.5. Let N(0,x) = > uja(w;'—x) be a two-layer fully connected neural network, trained on S =
j=1

{(X1, Y1) ooy (XmyYm)}, and let 0 < €q,€,0 < 1 such that 0 is an (e,0)-approximate K KT point for the mar-
gin maximization problem (2) for S according to Definition 2.1 for A1, ..., \m, and S satisfies Assumption 2.3 for

P =0,1, and ¢ < 5. Givenl € [m], we denote by 0 the parameters created by performing gradient ascent on the

4mn i
first layer weights, for the data sample (x;,y;) € S with step size determined by \; (3). We denote by 0 the weight
vector such that for j € [n]
~ ~ /
wj =W+ [u| Moy ;A

for Ay = 37 cexpsign((xg, w;)) and ¢ = 5. Then, for all v € [m]_; and j € [n],
ke[m]
sign(vNV;rxr) = sign(w;rxr)

Proof: Let r € [m]_;, and j € [n]. Looking at the inner product, we denote

Arj=(05%) = Y c{xp,X,)sign((xs, W) ,

kem]
and have
m
W;—Xr = Uy Z )‘lylo-:g <Xi7 XT> =
i=1
! /
=u; Y Ao (Xi, %) + w0y (X, Xe) + (Ve X)
iE[m],l
and

Wixe =y Y Ayiol (Xiy %) + il Nog A+ (Ve X,
i€[m]

where one can see that the difference between the inner products is

W;FXT - v~v;rxr = uj)\lyloij(xl,xr) - |uj|)\la{7jAj,T = /\lgz/,j (i, %) — |us|Ajr)

To show they have the same sign, it’s enough to show that the difference is either negative to positive, depending on
W;XT sign. If it is positive, we show the difference in negative, hence v~v;rxr is bigger and also positive, and if it’s

negative we show the a positive difference to conclude equal sign.

Note, if \; = 0 we are done, and particularly we have not change 0 by unlearning or adding our fix, meaning 6 = 6=0.
In addition, if Ul/ §= 0 for some j, we haven’t change the neuron w;, and the claim follows. For the rest of the proof we

assume \; > 0 and 0} ; = 1, so to show the difference’s sign it’s enough to show the sign of (u; (x;, x) — [u;]|A; ;).

Case 1: W x,. > 0. We show that (u;(x;,x,) — |u;][A;,) <0

By Lemma C.1
uj|Ajr = Jug| (e(1 =) = (m —2)cg)

And using Assumption 2.3 we get that |(x;, x,.}| < ¢ we have
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wi(xp, %) — |uj|Aj e < |ujld = |ug| (c(1 =) — (m — 2)eo)
< Jugl (¢ — (c(1 =) — (m —2)cg)) .

We left to show that (¢ — ¢(1 — ¢) + (m — 2)c¢) < 0 and indeed plugging in ¢p =

4mn c T 2mn

€d__€d_ _ 0.25¢4 — 0.45¢4 + 0.12563
2mn dmn — mn

p—c(l—19)+ (m—2)cod <

(0.9) + (m —2) <0

4dmn 2mn
which finishes this case.

Case 2: w) x, < 0. We show that (u;(x;,x,) — |u;|A;,) >0

By Lemma C.1
uj|Ajr < Jujl (—c(1 =) + (m — 2)ce)
And using Assumption 2.3 we get that |(x;, x,.)| < ¢ we have

wi (X1, %) — |uj|Aj e > —[ujld — uj| (=c(1 =) + (m — 2)co)
[uj| (= + (c(1 = 9) — (m — 2)cg)) .

Now, It’s enough to show that —¢ + ¢(1 — ) + (m — 2)c¢ > 0, which has already proven in the previous case.

>
2

O

Lemma C.6. Let 0 < €4,¢,0 < 0.4. Let N(x,0) = Y uja(w;rx) be a two-layer fully connected neural network,
i=1

trained on S = {(x1,91), ., (Xm, Ym)}, and assume that 0 is an (e, §)-approximate K KT point for the margin
maximization problem (2) for S according to Definition 2.1 for A1, ..., \p,, and S satisfies Assumption 2.3 for ¢ < 0.1

and ¢ < . Givenl € [m], we denote by 0 the parameters created by performing gradient ascent on the first layer
weights, for the data sample (x;,y;) € S with step size \; (3). We denote by 0 the weight vector such that for j € [n]
Wi =W; + |uj|>‘lJZjAj ,

[m] i

mn”

for Aj = > expsign((xg, w;)) and c =
ke[m]_y

2mn

Ve [N(B,x) - N(e,xr)] <=2,

Proof: Let r € [m]_;. We look at the margins for x,- with respect to 8 and 6 and get the difference

Yr [N(ga Xr) - N(avxr)] =Yr iujo—(w;rxr) - iujJ(WTX
j=1 j=1

From Lemma C.5 we get that for j € [n], sign(\ijTxr) = sign(ijxr). Then, if W]Txr < 0 we get that U(VNVJTXT) =
J(w;rxr) = 0. Otherwise, w;'—xr > 0, and we get that O'(VA(/;I—XT) = \XI;XT and O’(W;I—Xr) = wj x,. We denote

Jy={jeln]:w/x,>0andu; >0}and J_ = {j € [n] : w]x, > 0and u; <0}, and get
n n
Zuja(v?;rxT) - Zuja(ijxr) =
j=1 j=1
—ZuJ WJTX, —of JTX,.))
_ZUJ W X7—W xr Z|u]| W x7—WJTXT)

JEJ 4 jeEJ
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Following Definition 2.1, we denote v, = 6 — >"" | \;y; Vg N(0,x%;) and for j € [n] we denote,

Z)\,ylv N0, %) + Ve j = uy Z)\lylo Xi + Ve,

i=1 i=1

such that ve = (V¢ 1, ..., Ve ) a concatenation of all Ve ;s vectors. Following the unlearning step in 3 for (x1,91), we
denote

§ Uj zy10 Xz + Ve
i€lm]_y

and get
Z u; 1yzo X+ |Uj|)\lO']{7jAj + Vej -

i€[m]

When we look at the difference W x, — w

;j Xr, we get that for j € J4 U J_

~T T
ngjxrfwjx,,:

= | Uy Z )\iyiagyj<xi,xr>+|uj|AlU{7jAj,r+V6,j - uj)\lylal/’j<xl,xr>+uj Z )\iyiog’j<xi,x,«>+v5’j
i€fm]_; i€lm]_

= |Uj|)‘lfff,jAj,r - UjAzyzaz/,ﬂXz,Xr) .

We now use this equality for the margin difference, getting
N(8,x,) — N(8,x,) =

:Zuj (VNV;r —W XT Z |u]| w; XT—WJTXT)

jeJ 4 jeJ_
= Z u; (|uj|)\lal/7jAj7r — uj)\lylal’_’j<xl,xr>) — Z u] (\uj|)\lal/7jAj7r — uj A0y (x1,%r))
jeJt jeJ-
= Z wiNiog; (A — yi(xi, %p)) — Z uiNiop ; (A + yi(xi,%r))
jETy jeJ
Wedenote - = Y- ui\oj jandby ay = Y ui)\oy ;. So, we get that
jeJ_ ’ jeJL ’

N(O,x,) = N(0,%,) =ay (A, —yi(xi, %)) = o (A + yi(x1, %))
=ayDj, — oy (X, %) — - Ay =y (X, X,)
:a+Aj,T — Oé,Aj’r — Y (O[+ <Xl7 XT> +a_ <X1,Xr>) .

Since a—, oy, Aj . > 0, for the upper bounds we get

N(g, X)) — N(0,x,) =a;Aj, —a_Aj, —y (ap (x5, %) + o (X1,X,))
<oqAj,+ardpt+a_¢.

From Lemma C.3 we get that a_, a4 < 10.2, from Lemma C.1 we get that A ,. < ¢(1 + ) + (m — 2)c¢. Together
with plugging in ¢ = 0.1, ¢ < c=

€4
4mn ’ 2mn
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N(6,x,) — NO,x)arAj, +ardp+a_¢
1+9)+(m—2)cop+¢) +a_¢

<oy (¢
1. 1€d €4 €4 €d €d
<10.2 -2 10.
( )2mn 4dmn + 4mn> dmn

€d €d 2.556d
<10.2
2n 4mn 4mn> * mn
12
fd {56 0. 56d+025+255} < e
mn mn

For the lower bound of the margin we get
N(8,x,) = N(0,%,) = Ay, — a8y, — yi (@ (x1,%,) + a(x1, %))
> = a—Aj,T - OZ+¢ - Oé_d) )
and the same calculations we did for the upper bound will yield

~ 9€d
N(0,x,.) — N(0,x,.) > ———.
(8.x,) ~ N(6,%x,) > ——*

C.2 PROOF FOR THEOREM 4.1

Proof: Note, for readability of the proof we denote €; by € and d; by 4.

Using the stationarity condition in Definition 2.1 for 6, we denote v, = 6 — > | \;4; Vo N(0,x;) and for j € [n] we
denote,

Z AitiVw,N(0,%;) + Ve ; = u; Z A\iYi0; ;Xi 4 Ve j

=1 =1
where v, = (Vc1, ..., V¢ ) the concatenation of all v, ; and ||v¢| = e.

Let ! € [m], we wish to take a negative gradient step of size 3, such that

BVel(yiN(0,x;)) = =Ny VeN(0,x;)

so we pick a step size 5 = m. We denote by 6 the parameters created by performing gradient ascent on the
first layer weights, for the data sample (x;, y;) € S with step size 5 (3). As a result, for all j € [n] we have

= Z AiYiVw,N(0,%;) + Ve j — NyiVw,; N(0,%x;) = Z uj/\iyia;jxi + Ve,

i=1 i€[m]_,

Given 6 and the unlearned sample index [ € [m], we denote ¢ =

S, [n], we denote:

A= Z exg sign((xg, wj)) .

ke[m]_;
Using A ;, we define a slightly modified weight vector 0~, such that for j € [n],

Wi =W; + [uj|Nog ;A
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m—9eq m—9eq

POINT OF THE MARGIN MAXIMIZATION PROBLEM (2) W.R.T. S\ {x;,y;}

C.2.1 PROOF OF f HAS THE DIRECTION OF A (€ + —264¢_ 4 296d 6 + et 22050). APPROXIMATE KKT

It is enough to prove that 6 is an (e + 2\?3 6+ 1845"’, :j;’l

(2) w.r.t. S\ (xz,y;) with the corresponding {A;}ic[m)_,, according to Definition B.1. Then, using Lemma B.3, we

)-approximate KKT for the margin maximization problem

conclude the approximation parameters for ﬁﬂé’ for the stationarity parameter, for 5 < 0.01 we have

mn

1 22¢4 9eq 22¢4 9eq€ 23¢eq4
<14+ — <e4 —— 4+ —=
1—?;2(6—'_\/171)( +m—96d) <6+\/m> +m—96d+\/m
For the complementarity slackness parameter we use the upper bound for max,, A, from C.3, and have

1 184 9ca 9¢40 22.6
— [0+ —2) + max ), R A L R
1-— ﬁ m p P11

9€d - m — 9¢q m
mn

Finally we conclude that - QEd fisa (e + 9€d5 + 23€d 5 Dead 22 6ed) _approximate K KT for the margin

—9¢q m—9¢eq

mn

maximization problem (2) w.r.t. S\ {x;,u}, accordlng to Definition 2.1. We note that and 7 0 has the same
direction, which finishes the proof.

We start by showing 6 is an (e + ?ﬁ ,0 + 1846”’ , ?SZ )-approximate KKT.

(1) DUAL FEASIBILITY: FOR ALL r € [m]_;, A > 0.

Directly from dual feasibility for 8 (Definition 2.1).

Se—l—%ﬁ%.

0 > )\iyiVGN(éa X;)

i€[m]_;

(2) STATIONARITY:

From stationarity for @ (Definition 2.1) we get that = Z;ﬂ 1 \iyiVeN(0,%;) + ve. By the difinition of 0 we get that
6= > ieim)_, Ai¥iVoN(0,x;) + v.. For readability, we first denote u = (|u1| Aoy 1 A1, .., [un| N7, Ay), such that

uec R’”X”, and note that one can write § = 6 + u. Thus,

Z \yiVeN(0,%;)| = z AiyiVoN(0,x;) +ve +u — Z AiyiVoN (6, x;)

iE[m},L ie[m],l ie[m],z
In Lemma C.5 we showed that for j € [n],i € [m], 1ygrx. >0y = L{wrx,;>0}- Then, for j € [n] we have
jXiZ iXiZ
Vw,N(0,x;) = Uil (T, >01%i = Uil {wTx, >0y Xi = Vw,N(0,%;),

which leads to

Z )\iyivﬂN(gv xi)|| =

i€[m]_y

= Z AiyiVoN(0,x;) +ve +u — Z AiyiVeN (6, x;)
ie[m],L iE[m]—l
=|ve +ull < |lvell + [[u] -
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Using the upper bound from Lemma C.2, for ||u|| we have

n
2
Juall = [| (a0t v, o Nt u )| = | 7 a2 <

22€d 22€d
< < —
_\/ﬁ\/mn - vm'’

and plugging it in we have

~ ~ 22
o—_e[; AiyiVoN(6,x;) s|\ve||+||u||s6+ﬁ.
e|m)—

as desired.

From Lemma C.6 we get that — 24 < . N(6,x,) — 3, N(8,%,) < <4 _Using it we prove the next conditions.

mn

(3) COMPLEMENTARITY SLACKNESS: FOR ALL 7 € [m]_;, A, (er(g, X,) — 1) < 5+ 184

Let r € [m]_;. If A\, = 0 we are done. Otherwise, from complementarity slackness condition for 8 we get that
Ar (yrN(0,%,) — 1) < 5. We use the fact that y,. N (0, x,.) — fn% < y,-N(6,x,) to get that
~ 9eq ~ 9eq
5> M\ (e N©O,x,) —1) = A (4, N(0,x,) — —L — 1) = A, (yTN(O,XT) - 1) — A
mn mn

>\ (y,.N(g7 Xp) — 1) — max /\p9ﬂ

P mn
and conclude that 0
Ar (yTN(g,xr) — 1) <d+ max)\pﬁ .
P mn

From Lemma C.3 we have an upper bound max, A, < 20.4n, so we get that

~ 9 9 184
Ar (y,«N(B,XT) - 1) <d+ mao(/\pﬂ <d+ 20.4n -4 <d+ cd
P

mn nm m

(4) PRIMAL FEASIBILITY: FOR ALL r € [m]_;, y; N (x;,0) > 1 — fﬁ
Let r € [m]_;. From primal feasibility for € (Definition 2.1) we get that N (0,x,) > 1, and from Lemma C.6 we
have that

er(ga Xr) - er(eyxr) 2 _gﬁ
mn

which concludes the proof.

C.2.2  PROOF OF cossim(f, ) > 1 — 82¢

We begin with looking at the inner product (8, 8). For readability, we first denote u = (|uy |Niop 1Aty un | Moy, Ay,
such that u € R™*", and note that one can write 0=20 + u and

2

(6,8) = (6,6 +u) = ||0]| +(8,u) > |6 2—|<é,u>\zHéH2—HéH Il ,
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where the last transition is due to Cauchy—Schwarz inequality. We now look at the weights vectors norm and get
o] =[] < ] + e

which leads to

o121 = o (el + ) = "+ e v

We are now ready to lower bound the cosine similarity, having

cossim(é,g) = <A ’01
ol e
| [l
TNt -
6 +H9H ]
o]
- — -
[o]+[o] i
L 2l
0

[[ull

To finish the proof, we upper bound lal We note that we can upper bound the norm of u using the upper bound from

Lemma C.2:

n
2
Jall = [l 1A, s funf o, A ]| =, [ S [sior 23] <
Jj=1

<vnmax|uj|Nop ;|| A
J€[n]

22€d S 22€d

<Vn

Y

3
9
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‘We now show a lower bound for

Hxl|| (1 — ), and |(x;, xx)| < ¢. We have

o] = 3= 12

, using that for all j € [n], |u;| = ﬁ, and for Assumption 2.3, for all 4, k € [m]

J€ln]
2
= Z Z u])\zyzo X,
J€[n] ||i€[m]
= Z( Z UinyiUQ,in, Z Uj/\iyiUg,jXﬁ
JE[n] i€[m]_,; 1€[m]_;
>y | D wel Ikl = Y Y uihiwel ol (ki xe)
j€[n] \i€[m]_; i€[m]_; k£i€[m]_;
D S (TR0 DI AR 1D DEND DR E Ay
J€(n] i€[m]_; i€[m]_y k#i€lm]
> DN dme Y D D al

i€lm]_;  j€n] i€[m]_; k#i€[m] J€[n]

We note that using Lemma C.4 and Lemma C.3, for all 7, we have

€d - 2 ’
(09— 4.64%% —1.92¢) < Zluinai’j <204
J=

hence since |u;| = ﬁ

n
€q
(00464 —1.92¢) n < z;a;j < 20.4n
]:

Using these bounds we have

é’ 51 by (0.9 4645 1.926) n-¢ 3 3 A204n
" i€[m]_y " i€[m]_; k#£i€[m]_;
> (-w) (0.9 — 4645 — 1.926) Son-204 S
" i€lm]_y i€[m]_; k#£i€[m]_;
> 3 [ (0.9 - 4.64% - 1.926) — 20.4¢(m — 2)}

i€[m]_y

Plugging in ¢) < 0.1, ¢ < ;=2
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> A {0.9 (0.9 - 4.64% - 1.92e> — 20.4¢(m — 2)}

i€[m]_y

20.4
> (m— 1) (0.9 - 4.64% - 1.926) {0.9 (0.9 - 4.64% - 1.926) - nﬂ

5.1
> (m—1) (0.9(0.9 46457 19262 — 27 (0.9 — 46450 1.926)>
n n n

2 46
>(m — 1) (0.72 +1954 1 3¢ 485 765 _3.9¢ - ed)
n n n n
>(m — 1) (0.72 ~ 1229 0.26)
n
>0.3(m —1)

and of course
(7]

>4/03(m—1).

|

We can know join the upper bound for ||u|| and lower bound of HéH getting

226,1
||1}|| < Vm
’9 0.3(m —1)
S41~€d
m
and finally,
Ao~ 2
cossim(6,0) >1 — ”}1”
0
21 . 82€d :
m
as desired. O

C.3 PROOF FOR FORGETTING SUBSET OF POINTS USING Ayx.Ga — TWO LAYER NETWORKS

We formalize and prove the statement for unlearning a subset of data points. Recall that the term successful unlearning
here is the natural extension of Definition 2.2 to unlearning a subset, rather than a single point.

Theorem C.1. In the same settings as Theorem 4.1, let Spyreer C S a subset of size k. Then, the extended algorithm
Ay.ca, with appropriate coefficients {,}, is a (e, §, T)-successful unlearning algorithm w.r.t. 0 and S, where € =

9eg€e1 23keg _ 9e401 22.6keg _ 82key
€1+ w5e + S =101+ 250, + = and T = S

Proof: Let a forget set Sy C S such that |Sy| = k. We denote I; = {i : (x;,y;) € Sy}. We denote S, = S\ Sy and
I. = {i: (x4,¥;) € Sy}. This proof widely relies the proof in C.2.

Using the stationarity condition in Definition 2.1 for 8, we denote v, = 6 — > | \;4; V9N (0, x;) and for j € [n] we
denote,

m m
W, = Z )\zyLVwJ N(O, XZ) + Ve,j = Uy Z )\lyZO':JXl + Ve,j

=1 i=1
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where v = (Ve 1, ..., Ve ) the concatenation of all v ; and ||v.|| = e.

According to the algorithm Ay ga, we take a step consists of the sum of &k gradients w.r.t. data points in Sy with the
following sizes- for any (x;,1;) € Sy, we take a step size 8 = 77— 77~ As aresult, for all j € [n] we have

U (yiN(0,x;
Wi =w; — Ny Vw, N(6,x)

=D AiVa, N(0.%:) + Ve — D AV, N(0,x1) = Y ujhiyio] jxi + Ve -

i=1 leTy i€l
Given  and the unlearned sample indices | € Iy, we denote ¢ = 574, and for j € [n], we denote:
A= Z exy sign((xg, w;)) .

keS,
Using A, we define a slightly modified weight vector 0, such that for j € [n],

g P— “ . . /
Wi =Ww; + E luj| o ;A
lely

The first main challenge of this proof is Lemma C.5, that is proven for a single point unlearning. However, browsing
through the proof one can see that its main observation is about the difference between the inner product of some
training sample x,. in either the original or the fixed unlearn weight voters. Looking at the difference our case -

(W, %Xp) — (W), Xp) Z uj)\lylalj X1, Xy ) Z |u]\)\lole =

lEIf lEIf
Z (ui Ny (xi, %) — |ug| Mo jA;)
lEIf

one can see that forany [ € Iy:

ujNyio] (X, Xr) = |ugl\og ;A = Nopj (wj(x, %) — |u| D)

which is the exact same modification that in Lemma C.5 is proven to not effect the sign. Thus, using Lemma C.5 for

any [ € Sy will conclude in

sign(vﬁ(ijx,.) = sign(ijx,.) .

The next important issue we need to address to use the similar proof for forgetting multiple points is the norm of the

fix. If we denote u = ( > |ui|Noj A1, .., 3 [un|Moy,,Ay) we get a factor k in the upper bound for [|ul|, using
lely lely
Lemma C.2:

e/ TIT X
Z |UJ|>\leJ Z luj| oy J 14 <k’f nW

lEIf lEIf
11+ &
SkizMu
R
€a (20445 /TT+5) _ 22keq
vnm \/mn7

Lastly, we add a factor k for the margin difference, by straightforward accumulating the margin difference for each
l € Iy, getting

~ k
< Yr N(eaxr) *N(Oaxr)] < ?rnij )

. ngd
mn

We now ready to prove the multi-point version.
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PROOF OF # HAS THE DIRECTION OF A (€ + e R ,,96‘“5 4 22:6kea)_AppROXIMATE KKT POINT OF

L —Qeq L —Oeq m

THE MARGIN MAXIMIZATION PROBLEM (2) W R.T. S\ {xl, Y}

(1) DUAL FEASIBILITY: FOR ALL r € [m]_;, A, > 0.

Same. Directly from dual feasibility for @ (Definition 2.1).

0 > AiyiVoN(8,x;)
icl,

. 22kegy
(2) STATIONARITY: <e+ VI

We showed that for j € [n],i € [m], Liwrx;>01 = L{wx, >0}, thus similarly having

- Z AiyivﬂN(gv X;)

i€l

D AuiVoN(8,%;) + ve +u— Y A\iy;VoN(6,x;)
iel, i€l,

=[lve +ull < [[vell + [[ull -

Using the upper bound from we showed, we have

2

n
lall =[O lualhiof 1 Aoy D lunlNiog n An) | = | D0 (1D wihiog ;85| <

lel; lel; =1 ||ie1;
<\fmaxz luj|\iay ;118
leI
22]€€d 22k6d
< <
_\/ﬁ\/mn - ym

(3) COMPLEMENTARITY SLACKNESS: FOR ALL r € [m]|_;, A, (yTN(g, Xp) — 1) <4§+ %.

Same proof using the modified margin difference 91“"’

QkEd
mn °

(4) PRIMAL FEASIBILITY: FOR ALL 7 € [m]_;, y; N (x;,60) > 1 —

Same.

22k6d 6_"_ 184k6d gked

To conclude, 6 is an (e + Nk , ed ) approximate KKT for the margin maximization problem (2) w.r.t.

S, (Definition B.1). Using Lemma B.3 we conclude that g,w 0 is an (e + mgidgid + 23’“'1 O+ mgidg‘id + 22'31“'1 )-

approximate K KT for the margin maximization problem (2) W.LL. S, according to Deﬁmtlon 2.1, which finish the
proof.

PROOF OF cossim(6,0) > 1 — %:

For the cosine similarly, by noting that 0=260 + u, we have that (same as C.2)

A~ 2
cossim(6, 0) > ||Au|| .
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we have ||u|| < % and for ’ 9|, we can follow that same proof with only replace  >°  X; with 3 A;, which will

1€[m] i€l
slightly effect the norm, having
12
6| >0.3(m—k)
Thus, we get for the ratio:
22ke
|lul] < N 41keq
oll — V03(m—k)  m—k
Joining it all together we have
A~ 2 2k
cossim(0,0) > 1 — ”}IH >1- 82ked ,
L
which conclude the proof. O

C.4 THE IDENTITY IS AN UNSUCCESSFUL UNLEARNING ALGORITHM

Similarly to the linear case, we complement Theorem 4.1 by providing the following remark, that shows that keeping the
original network is not a successful unlearning algorithm. Particularly, we show that for the network in Theorem 4.1, its
cosine similarity to any (e, §)-approximate KKT point for S \ {(x;,y;)} is relatively large (see proof in Appendix C.4).

Remark C.1. In the same settings as 4.1, the algorithm A;(0,S,7) = 6, is (¢, 0, p)-successful only for p > = —|—
C(eq + € +€) for some C > 0.

Proof: In this section we show that the original network @ is not a good candidate for the unlearning tasks according to
the (¢, 0, 7)-successful definition (Definition 2.2). Formally, we look at the simple unlearning algorithm A; (0, S,r) = 6.
We show that @ will have a small cosine-similarity with any KKT point w.r.t. the retain set S \ (x;, y;). Namely, that
Apis (€,8,7') successful for 7/ that is at least O(-1-) — O(<2).

Next, we show for 7 > 0. Let 6 be an (¢, 0)-approximate KKT point w.r.t. S\ (x,1). We show that 7 >
O(-L) - O(%).

mn n

From stationarity for  w.r.t. S, and for @ w..t. S\ (x;, ;) we get that

0= Z AiyiVeN(0,%;) + Ve,

i€[m]

and

= Y AwiVeN(8,x;) + vz .
i€[m]_,
We denote a; = > uinagyj anda; = > uj)\ ol .,and @ = 0 — ve,é: 0 —ve
J€(n] J€[n]

1,7°

By Cauchy-Schwarz inequality we have

(0, > <0+v6,5+v;>:
§<QQ>+|<V6, 0)| + |(ve, 0)]
<(0,8) +¢ 0H+eH0||
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For the inner product between the sums, we have

0,0)=( > NuiVoN(0,x:), Y \iVoN(0,x;)) =

i€[m]_y i€[m]
=) (> wihivio] xi, Y uj iy %q)
JE[n] i€[m] i€[m]_;
Z Z Uj 1%07 X Z Z U 1%0 X1
i€[m] j€[n] i€[m]_; j€[n]
Z QY Xi, Z azyzxz
i€[m)] i€[m]_;
S Z QYiXi, Z azyzxz
1€[m] i€lm
< DY adxlP+ > wdk(xnxe) + Y ondi(xi, xi)
i€[m]_y i#ke[m]_; i€[m]_;
< Y adlxlPte Y wdte > ad
ie[m],l i;éke[m],L ie[m],l

For lower bounds of the norms we perform similar calculations. We note that Hé H > Hé H — €, and

8] = 3 1w, 12

J€[n]
2
=2 || X whwidix
J€[n] ||i€[m] -y
= Z Z U zylo—zszy Z Uj 1y10 X1>
Jeln] i€[m] m]—y
(D D wdwicdi;x, Z > Ay, i)
ie[m] 1 jE€[n] i€[m]_; j€[n]
Z azylxw Z azyzxz
i€[m]— i€[m
<[ Z QiyiXi, Z aiyixi)|
i€[m]_; 1€[m]_;
> Y a@xlt - > (ddn(xi,xx)
ie[m],l i;éke[m],L
-~ 2 ~~
> Y a@lxilP—¢ > |l
iE[m],l i;ﬁké[m],l
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and similarly

e)” = > llw;l’

jeln]
2
ol PR
Jj€ln] ||i€[m]
> Y alll® = Y lova|(xix)
i€[m] i#k€[m]
>af xl’+ Y aflxli - D laay
i€[m]_y i#ke[m]_y
Plug it all in the cosine similarity definition we get
=~ (0.6 0.6) HG’H +eleé| 3
cossim(8, 0) = (6,6) < e + 66~
oo ~enfe] " rene]  ienfa]

bounding the second fraction we have

e reer o2

LT I

and note that using Lemma C.4 and Lemma C.3, if we denote | = (0.9 —4.64 — 1.926) forall i € [m]

101> Y sl -6 > s

i€[m] i#ke[m]

> Z|ai| (0.91v/n — ¢20.4m+/n)

> mly/n(0.91v/n f 4)

5 1ed) Z g
mn

> mlin(0.9] —

and similarly [|0]|* > < then

¢ Cle+?
Tel H HS .
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bounding the first fraction we have

6,0)
ol |8
Z alozl ||Xl|| +¢ E ai&k+¢ Z o0y
i€[m]- i£kElm ie(m)—i
> a2 i’ -6 Z a0 — € o HXZH + Y axlP-¢ Y map—¢
1€[m]_; i#ke[m]_; 1€[m]_; i#ke[m]_;

We lower bound the norm of the parameter

le)* = > llw;ll*

J€[n]
> xlP -6 Y o]
i€[m] i#£k€[m]
0.6€d
> ( Z a;)la — ¢mb] > m0.9ala — ]
1€[m]

Asa— 0'6% > C for some C > 0, we note we get a similar equation as in the linear case (B.3), and skip to the result,
having

cossim(6,8) <1 — % +C(eg+e€+5e) .

O
D APPENDIX FOR SECTION 6
D.1 PROOFS FOR SETTINGS PROPERTIES
We first show this dataset S = {(x;, ;) }1", ~ DU} satisfy the conditions we discuss in our paper:
1. Forallx; € S, ||x]|> € [1 — 4,1 4 ¢] for ) = 0.1.
2. Forall (x;,y:), (x;,y;) € Ss.t. i # j, |(xi,%x5)] < ¢
For a sample (xi,yi) ~ D, we ﬁrst show that x;’s norm is a bounded constant. Denote x; = p; +¢; for || ;|| = d-ite

fora € (0, 1), and ¢; ~ N(0, 314).

We show tighter bounds for ||¢;]|*.
Lemma D.1. Let i € [m)]. Then, wp. > 1 — (2¢~1m), ||&)° € [0.95, 1.05].

Proof: For the lower bound, similar to Lemma A.1, we have for w ~ N(0, o1 n)
2
Pr {n — HEH > 2\/nt] <et.
o

2 _ 1 _
Welettfm n, o fgandnfdandget



as desired. For the upper bound, similar to Lemma A.2, we have for w ~ N (0, 0?1 n)
2
Pr [HwH —n > 2vnt + 2t] <et.
o

Welett = - -n, 02 = L and n = d and get

Pr [lel2 > 1.05} < e~ T

Lemma D.2. w.p. 1 — (2¢~ 1700 ), for sufficiently large d, ||x;||* € [0.9,1.1].

Proof: We denote x; = p; + ¢;, such that {; ~ N (0, %Id). From Lemma D.1 we get that w.p. 1 — (26*#%0)’
1¢]I? € [0.95,1.05].

As for |||, we note that [|p;||* = d2(~3+®) = d(~2+2) therefore if enough to take d such that

log(100
d20—3 <0.01 = dz—o > 100 <= log(d) > %

§—a

Then, for such d we have, ) ) ) )
lx:l|” = [lps + Gll™ = lpall™ + 1€~ + 2(ms, Ci)
2 2 2 2 2
[eill™ + 167 = 20y Gl < NIx[17 < Hleall™ + 16l + 2((kes, Ci)
2|, €y < 2| 1€i] <€ 2-0.01-1.05 =0.021

and therefore,
0.9 < 0.929 < ||x;||> < 1.081 < 1.1

as desired. O

Next, we look at two samples (x;,¥;), (X;,Y;) ~ Dua. showing that if ¢ # j, x;, x; are almost orthogonal.

LemmaD.3. Leti # j, and let (X;,v:), (X;,Y;) ~ Dua. Then, for sufficiently large d, w.p. > 1—e—9/500 L G- logd) |
log(d) log(d) log(d) log(d)
Xi,Xj)| — i i) € [—2 i —1.1 ;2 || g +1.1

(i %) | = (i, pg) € [=2 ||| Va Wz (| Nz Va ]

Proof: Let x;, x; data points. We denote x; = p; + ¢; and x; = p; + ¢; We look at -
(xi,%5) = (Wi + Cis pbj + Cj) = (pis pg) + (i C5) + (s 15) + (Cis )
Since p; € R™ and ¢; ~ N(0, é[d), we get from Lemma A.4 for ¢t = % that w.p. > 1 — 2d— 5"
log(d)
iy G| < |l
(i G| < i Nz
log(d
From the same argument | (5, C;)| < ||| %.
Finally, From Lemma A.6 we get that w.p. > 1 — (e~%/5%0 4 24="5%)_|(¢;, ¢l < 1.1%. Combining all together,
log(d) log(d) —d/500 _ log(d)
Pr||(x;, x;)| — (ps, pi) > 2|5 + 1.1 <e /500 4 6d— 2
[(xi, %) = (pa, j) = 2| il Nz 7

and the claim follows. O
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Lemma D.4. For d large enough and |p+ || = log(d) for o € (0,4,

da ’
2 log(d) log(d)
> 2 +1.1
e+l e+l Nz "
Proof:
2 log(d) log(d)
-2 —1.1
[l [l Va Wz
1 5 log(d) ) 110g(d)
T Ji2a e V2 Vd

gt (d2a _ 210g(d)d_% - 1.110g(d))

it’s enough to find d such that

log (2 log(d)d—% +1.1 1og(d))
log d

d>* > 2log(d)d™ % + 1.11og(d) <> 20 >
which is possible since r.h.s goes to 0 when d goes to infinity.
O

Lemma D.5. Let a dataset S = {(x;,y;)}™ be such that Vi, x; € R® and (x;,vy;) ~ Dua, for m < d and for
log(d)

sufficiently large d. Then, wp. > 1 — (Qmefﬁ +m2e /500 L om2d—"3)

1. Forall (x,v) 2 €10.9,1.1]
2. Forall (X17y1)7(x_]ay]) ’ <XL7X]> = 4mn
Proof:
1. First,
Pr [V(x,y> €S, |x|? e [0.9,1.1]} — Pr [ max_||x? € [0.9, 1.1]} :
(xy)es
and the claim follows w.p. > 1 — 2me ™ 00, directly from using simple union, given Lemma D.2.
2. First,
€d
Pr[in, i), (X5, e S, [{x;,x }—Pr[ max X, X §] .
(x5 i), (%5, 9;) ( NS dmn (xi,yi),(xj,yj)eSK i)l dmn
From Lemma D.3 we get that w.p. > 1 — e~4/500 4 64— 5%
log(d) 1Og(d) log(d) log(d)
X, Xi)| — (i, i) € [—2 i —1.1 2 || s +1.1 .
)| = 1) € (=2 | 80 = 1125 o 25 1.1 250
Therefore, we get that maximal value for |(x;, x;)| if we take ¢ # j such that y; = y;, resulting in

log(d) _ - log(d)
i3] < [lpall® + 2 [l +1.1
)] < sl + 2 ) 25 4 112258

From Lemma D.4 one can see its enough to choose d such that

1 €d
2||p 29 <
H +H d%_

which is possible since ;¢

s— = 0. Then, from using simple union, the

1
[2

QL

claim follows.
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For the next lemma, we add few notations for readability.

L @hax = max; j{(xi,X;) 1 yi = Y}, Oy = ming j{(xi,%;) sy = y;}

2. Gmax = maxi j{(xi,X;) 1 i # Y5}, Gy = ming ;{(x5,%;) 1 yi # 5}
Lemma D.6. Let a dataset S = {(x;,y;)}™, be such that Vi, x; € R and (x;,y;) ~ Dyc. Then, for m < d and for
sufficiently large d, w.p. > 1 — (me~%/%%0 4 6md-~ =3 >) forall (x;,y;), (x5,y;) € S:

loa(d) ., log(d) _ e
0 =—¢ Al 2 1.1 <
< e =~ = ] + 2| 5T #1175 < e

_ log(d) log(d)
0<¢$1n:_ max — ||/J’1|| _2||/'I’Z|| \/E - 11 \/g

Proof: The proof is directly from Lemma D.3, using simple union bound same as Lemma D.5. Both larger than 0 from
Lemma D 4. 0

Lemma D.7. Suppose a two-layer neural network N(0,x) = Z ujo(w,x), trained on a dataset S =

{(x1,91), s X, Ym)} ~ DYFjq, described in Definition 6. Assume that 0 is a KKT point of the margin maxi-
mization problem (2) w.r.t. S as in Definition 2.1. Let (X4,yt) ~ D, Then for all j € [n]

sign(w; x;) = sign(w} x;) = y; sign(u;)

Proof: Let (x;,y:) ~ D. Since 0 is a K K'T point, from Definition 2.1 we get that

m m
_ / T — oy o 5
Wi = Y Nivio] Xi, Wlxe=u; > Ayio) j(Xi,Xe)

i=1 i=1
~ ! ~
W, = u; E Aiyio i xi , W E Niyioy (X, Xq)
ie[m],l ’Le[m] 1
A
where 0; ; = ILWJ_TXJ,ZO.
Case 1: y; = 1.

We note that for all i € [m], y;(x;,x¢) > ¢F > 0: Iy, = 1, yi(xi, %) = (x5,%;) > ¢ ,elsey; = —1 and

min

(xi,Xt) < Pmax S0 —(XiyX¢) > —¢m. = ¢, from Lemma D.6. Therefore, for all j € [n], sign(viroxt) =
sign(w}rxt) = sign(u;) = y sign(u;).

Case 2: y; = —1.

We note that for all ¢ € [m], yz(xl,xg < Do < 0: Ify; = 1, yi(Xi,Xe) = (X4, Xt) < Ppaxs €lse y; = —1 and
(Xi,X¢) > Py S0 —(Xi,X¢) > —¢h = Gmaye from Lemma D.6. Therefore, for all j € [n], sign(w,; x;) =
sign(w x¢) = —sign(u;) = y; sign(u;). O

D.2 PROOF FOR THEOREM 6.1

First, we note that according to Lemma D.5, w.p. > 1 — (2me™ 00 + m2e=4/500 4 o 2 ) over the choice of
S, S satisfies Assumption 2.3. For readability, the following proof we assume S satisfies Assumption 2.3. Given a data
point (x¢, y¢) ~ Dy, we show that

N(O0,x¢) =yt Zujo(w;rxt) >0.
j=1
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We denote x; = py + G, for ¢ ~ N(0,%). Wedenote I™ = {i € [m] :y; =1}, I~ = {i € [m] : y; = —1}.
We also denote ¢t = maxi7j€[7,l]{(xi,xj) Dy = yj},gﬁiﬁn = mini,je[m]{<xi,xj> ty; = y;tand ¢, =
max; jem) { (Xis X5) 1 ¥i 7 Y5} Gruin = MinG jem) { (%is x5) 1 w3 # 95}

Next, from

From Lemma D.6 we get that ¢, = —¢7. and ¢, = —¢7.. Since 6 is a K KT point, from Definition 2.1 we get
that

m m
_ / T, — oy o .
W = uj g AiYio; ;Xi , Wj Xt = Uj g AiYi0; (X4, X¢)
i=1 i=1

/ —
where 0; ; = ]leTx],ZO.

Case 1: y, = 1.
We show that N (6,x;) > 0. From Lemma D.7, for all j € [n], sign(ijxt) = sign(u,). Hence,

n

N(97Xt)=4 Z ujo(w;rxt)—k Z ujU(Wijt)

j=1,u;<0 j=1,u; >0
n

_ E T
= U/JWj Xt

j:l,u]’ZO

n m
= Z uj Z Aiyio (X, Xe)

j=lu;>0 =1

m n
2 /
=E Yi(Xi, X¢) E uGAo;
i=1 j=1,u;>0

First, we note that for all ¢ € [m], y; (x;, x;) > gb:lin >0:Ify; = 1, yi(xi, xe) = (X4, %) > (;Silin, else y; = —1 and
(Xi,%Xt) < Prax S0 —(Xi, Xt) > —Pmax = &1, from Lemma D.6. Next, since S satisfies Assumption 2.3, and 0
n
satisfies 2.1 for e = § = 0 we get from Lemma C.4 that forall i € [m], >  wu}\io]; > 0.
j=1,u;>0

Case 2: y; = —1.
Similarly, we show that N (8, x;) < 0. From Lemma D.7, for all j € [n], sign(w x;) = — sign(u;). Hence,

NOx) = Y et S welwx)

m
= Z U? Z /\iyiag,j (xi,x¢)

j=lau;<0 =1

m n
2 !
= § i (Xi, X¢) g Uj)\iai}j
i=1 j=1,u; <0

We similarly note that that for all i € [m], y; (Xi,X¢) < P < 00 Ify; = 1, yi(Xiy Xe) = (X4, Xt) < Praxes €18€
yi = —land (x;,%;) > ¢t s0o—(x;,%x;) > —¢. = ¢, from Lemma D.6. And from Lemma C.4 we get that

min
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n

> wujlioj; > 0and the claim follows.
j=1,u3<0 ’

For showing that
ytN(éaXt) =Yt ZUjU(W;—Xt) >0,
j=1
the proof is almost identical. In the end of each case we look at

n

Z yi<Xi7xt> Z U?}\ZU;,] )

i€[m]_y j=1,u; >0

and all the same arguments holds, concluding generalization for 6 as well, which finishes the proof.

We note that the same arguments can be used to show generalization for the case of unlearning a forget set Storger € S
of any size k£ < m using the extended algorithm Ay.ga, discussed in section 5. In this case, we instead look at

n

Z yi (X, X¢) Z uiNio} 5

’ies\srorgsl j:l,ujZO

yet the same arguments hold, concluding generalization.

E EXPERIMENT DETAILS

We take a high dimensional data set, where m = 10, d = 1000, the data distribution is A/ (0, %I 4)- As mentioned in
Example. 2.4, the data satisfies Assumption 2.3 for small value of ¢ and ). We experiment with fully-connected ReLU
networks, trained using SGD optimizer with binary cross entropy loss that is normalized to have a margin of size 1. In
this experiment, for each data point x; € .S, we calculate \;, and unlearn it using the gradient ascent algorithm Aga
with step size a\; for a € [0, 1.5], resulting in 6;(«). For each 8;(«) we calculate the corresponding e, ¢ for its KKT
conditions with respect to S \ (x;,y;). In Figure 1, we sample one point from S, preform the unlearning algorithm for
all 10 networks, and average the results.

We test for a two-layer fully-connected ReLU network € as in Eq. 1, with n = 400. We initialize the network with
small initialization for the first layer by dividing its standard deviation by a factor of 10°. We train with full batch size
for 105 epochs, using SGD optimizer with a 10~> wight decay factor.
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