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ABSTRACT

Developing models that can accurately predict PDE behaviour for unseen param-
eter values is crucial for achieving robust and reliable generalization in scien-
tific and engineering applications. In practice, variations in physical parameters
induce distribution shifts between training and prediction regimes, making ex-
trapolation a central challenge. As a result, the way parameters are incorporated
into neural operator models plays a key role in their ability to generalize, partic-
ularly when state and parameter representations are entangled. In this work, we
introduce a novel architecture for parameterized PDEs, that employs a late fusion
neural operator architecture to improve performance inside and outside the train-
ing distribution. Our approach combines neural operators for learning latent state
representations with sparse regression to incorporate parameter structure in an in-
terpretable manner. By explicitly separating the learning of state dynamics from
parameter dependence, the proposed Late Fusion Operator enables controlled and
interpretable incorporation of parameter effects. Across a range of benchmark
PDE:s, the proposed Late Fusion Operator consistently outperforms existing ap-
proaches (best-performing in approximately 75% of experiments, with 32-86%
improvement compared to the second-best method), demonstrating strong gener-
alization across both in-domain and out-of-domain parameter regimes.

1 INTRODUCTION

Many physical systems can be represented by partial differential equations (PDEs) that model their
spatial and temporal evolution, and whose dynamics depend on underlying parameters such as mate-
rial properties (Evans| 20225 [Pletcher et al.|[2012; |Gurtin et al., 2010) and environmental conditions
(Vallis, 2017; Borgogno et al., [2009)). In practice, parameters vary across operating regimes or en-
vironments, while data are typically available only for a limited subset of the parameter space due
to physical, logistical, or economic constraints. From a machine-learning perspective, variations in
physical parameters effectively change the distribution of the input data between training and pre-
diction, a phenomenon commonly referred to as covariate shift, which poses a major challenge for
data-driven models (Tamang et al.| 2025} Bickel et al.L[2009). Therefore, developing models that can
accurately predict system behaviour for unseen parameter values is crucial for robust and reliable
generalization in scientific and engineering applications (Li et al., 2025a)).

Recent advances in machine learning have led to powerful frameworks for learning mappings be-
tween function spaces from data, enabling efficient data-driven solutions of PDEs(Azizzadenesheli
et al.||2024; Kovachki et al.| 2023} [Fanaskov & Oseledets,2023). Neural operator architectures, such
as FNO (Li et al.) and DeepONet (Lu et al.l [2019), learn solution operators that generalize across
different initial and boundary conditions, while methods like PDE-Refiner (Lippe et al., 2023)) in-
corporate iterative refinement strategies for improved long-term accuracy. These approaches can,
in principle, be extended to parameterized PDEs by incorporating system parameters as additional
input dimensions. However, this naive concatenation can encourage entangled parameter—state rep-
resentations, which we hypothesize might hinder extrapolation performance.

Several recent works have focused specifically on improving parameter extrapolation in PDE learn-
ing. |[Li et al| (2025b) propose a physics-guided invariant learning framework that combines a
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Figure 1: Late Fusion Operator model structure. The current state u(¢ — dt) is given as input to the
neural operator, which outputs a set of hidden states h,;. These hidden states are taken together with
the input parameters 3 to construct a library. This library vector © is multiplied with a sparse matrix
= to give the rate of change du which is added to the current state to obtain the next state.

mixture of operator experts with parameter fusion to enhance out-of-distribution generalization.
Kassai Koupai et al.| (2024) introduce an adaptive conditioning approach that enables neural solvers
to adapt to unseen parameters through fine-tuning on short time series in new environments. Sim-
ilarly, Takamoto et al.| (2023) leverage parameter-guided channel attention to integrate parameter
information directly into the model and improve temporal prediction. Together, these approaches
highlight the growing research interest in designing architectures and conditioning mechanisms that
explicitly target parameterized PDEs. However, extrapolating to unseen parameter regimes is still
a challenging and open problem (Li et al., 2024} (Gulrajani & Lopez-Paz, [2020)), leaving room for
methods that better disentangle parameter and state dynamics.

In this work, we focus specifically on the challenge of in- and out-of-distribution parameter extrapo-
lation in a strictly one-shot framework, which means predictions must be made from a single initial
condition without access to past trajectories. We assume no prior knowledge of the governing equa-
tions, including their functional form or differential operators, and learn the dynamics entirely from
data. When predicting across new parameter regimes, past trajectories may be limited or unavail-
able, making this setting a practical approach for extrapolation. While previous approaches often
rely on temporal history, such as sliding windows with multiple time step inputs (Li et al.), or require
test-time fine-tuning to adapt to new environments (Kassai Koupai et al., [2024), here we focus on
predicting system dynamics solely from the initial condition and known PDE parameters.

To achieve this goal, we introduce a novel late fusion architecture that processes the system parame-
ters separately from the state variables and only combines them at a later stage in the network. This
design draws inspiration from numerical PDE solvers, where state variables are treated separately
from physical coefficients and are later merged(Ames} 2014).

2 LATE FUSION OPERATOR FOR PARAMETERIZED PDES

2.1 PROBLEM SET-UP

Following the notation of |Brandstetter et al.|(2022), we consider PDEs defined over a time interval
t € [0,T) and over spatial dimensions & = [z1, ..., zp]” € X. Furthermore we introduce a param-
eter vector 3 € P C R” which characterizes the system dynamics. We assume the system state
w: [0,7] x X — RY is governed by a parameterized PDE of the form:

ou(t,x) = F (t, @, u, g, Ogau, .. .;3), (1)
u(0,z) =u’(z), zeX, )
Blu|(t,z) =0, € X, 3)

where F'(-;3) is a non-linear differential operator parameterized by 3. Here, J;u is the partial
derivative of the solution u with respect to time and Oz u, Ozzu,... denote the partial derivatives of
u with respect to space. u’(x) denotes the initial condition, and B[u](¢, x) define the boundary
conditions on the domain boundary oX.
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We assume access to a dataset consisting of multiple solution trajectories of the parameterized PDE
corresponding to different initial conditions and parameter values, where the parameters are as-
sumed to remain constant over time within each trajectory. Specifically, for a finite set of parameters
{BW}N.| C P and initial conditions {u®* 1} | we observe N trajectories

u(t,x) e RV, te[0,T], X,

which are discretized in time and space, yielding sequences of spatio-temporal data. The resulting
dataset can thus be written as

. . _ N
D= {(u00,89,u(t,2))} @
i=1
where each sample represents a full discretized solution trajectory conditioned on its corresponding
initial condition and system parameters.

2.2 LATE FUSION OPERATOR

For our method, we were inspired by classical numerical solvers for PDEs, which typically decom-
pose time integration into two conceptual steps(Ames| 2014])). First, relevant spatial derivatives are
approximated numerically from the current state of the system. Second, these numerical derivatives
are combined, together with known parameters of the governing equation, within a time-stepping
rule to compute the temporal update of the state. In the present setting however, the governing
equation is assumed to be unknown, such that neither the functional form of this update rule nor the
specific derivatives to be approximated are available.

To address the lack of access to the governing equations, we propose a data-driven framework that
mirrors the two-stage structure of classical PDE solvers while remaining fully equation-agnostic.
Given the current system state w(t — 0t), where §t denotes the temporal discretization step, we
first apply a neural operator Ny, parameterized by trainable weights 6, to obtain a set of latent

representations:
{5 = No(u(t — o)), ()

where the hidden states h; are learned directly from data and can be viewed as latent analogues of
intermediate quantities that arise in classical PDE discretizations, such as derivatives or non-linear
interaction terms, without imposing any explicit physical interpretation. In a second step, the hidden
states are combined with known parameters values 3 in a library of candidate functions, similar
to the Sparse Identification of Nonlinear Dynamics (SINDy) framework (Rudy et al.l [2017; |Brun-
ton et al) 2016)), in which governing equations are expressed as linear combinations of functions
taken from a predefined library evaluated on the system state. The state increment (residual) du is
modelled using the candidate library O (h, 8):

du=0(h,B)E, (6)

where = is a trainable coefficient matrix whose entries weigh the contributions of the candidate
functions in the library O(h,3). Sparsity is encouraged through regularization during training,
allowing the model to select a subset of candidate functions without imposing hard thresholding.
The state is then advanced in time according to

u(t) = u(t — 6t) + du. (7)
The model is trained using a composite loss function that balances predictive accuracy with sparsity

of the late fusion. The first component of the loss calculates the MSE between the predicted state
and the observed data, and is defined as

2

; ®)
2

Ldata N E : Huprcd - utrue

where usr)e q denotes the predicted state for sample 4 and ugle the corresponding ground-truth ob-
servation. A second loss term enforces sparsity on the coefficient matrix =. Specifically, we employ
¢1 regularization,

Esparse = ||EH17 (9)
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which encourages the model to select only a small subset of candidate functions from the library.
The total training objective is then given by:

L= »Cdata + )\sparsc »Csparsc; (10)

where the sparsity coefficient Agparse controls the trade-off between predictive accuracy and model
simplicity. This coefficient is selected via validation (see Appendix [B).

3 EXPERIMENTS

To validate the proposed approach and evaluate its in- and out-of-distribution prediction capabilities,
we generate synthetic datasets from benchmark PDEs in one and two dimensions: 1D Advection,
1D Burgers, and 2D Gray—Scott. These benchmark PDEs exhibit diverse dynamical behaviours,
such as shocks and pattern formation, making them suitable for assessing generalization. For the
1D cases we employed the PDEBench framework (Takamoto et al.| 2022)) to generate the datasets.
As the original PDEBench datasets are not designed to be suitable for systematic evaluation across
a wide range of parameter values, we adapted the original generation scripts to sample for a wider
range of parameter values and create separate training and test distributions. We will briefly discuss
the test-cases below. Table[T]describes the ranges of the parameter values that were used to generate
the training and test datasets.

1D Advection: We consider the one-dimensional advection equation:

Owu(t, ) = —B0u(t,x), x € (0,1),t € (0,2], (11)
u(0,2) = up(z), =€ (0,1), (12)

where [ is a constant advection speed. We use periodic boundary conditions and initial conditions
as described in |Takamoto et al.| (2022). We generate data for different values of the parameter 5.
For training and in-domain extrapolation, we randomly sample § from the interval [0, 0.5]. Out-
of-domain data are generated by sampling /3 from the interval [0.5,1]. We select the training and
test intervals to assess out-of-distribution performance: the test set includes higher advection speeds
than seen during training, requiring the model to predict more extreme cases. All trajectories are
sampled over the time interval [0, 0.5] with a fixed time step of At = 0.05.

1D Burgers: We consider the one-dimensional Burgers equation:

opu(t,z) = =0, (u*(t,x)/2) + vrdpu(t,z), z € (0,1),t€ (0,2], (13)
w(0,7) = uo(x), =z € (0,1), (14)

where v is the diffusion coefficient, which we vary. We use periodic boundary conditions and initial
conditions following the Burgers setup in [Takamoto et al.|(2022). For training and in-domain ex-
trapolation, we randomly sample v from the interval [0.01, 0.02]. Out-of-domain data are generated
by sampling v from the interval [0, 0.01], corresponding to weaker diffusion and therefore sharper
shock formation. All trajectories are sampled over the time interval [0, 0.5] with a fixed time step of
At = 0.005.

2D Gray-Scott: For the Gray-Scott model we consider the following system of equations (Mc-
Gough & Rileyl 2004):

Owu = DyAu+ F(1 —u) — u?, x € (0,1),t € (0,2500)], (15)
0w = DyAv — (F + k)v 4 uv?, y € (0,1), (16)

where u and v denote the concentrations of two interacting chemical species. D,, and D, are the
diffusion constants for u and v respectively, F' is the feeding rate of u and k is the removal (killing)
rate of v. For our simulations we set D,, = 1.0, D, = 0.5 and & = 0.061. Numerical solutions were
generated using a finite-difference scheme with time step §¢ = 1, and the resulting trajectories were
subsampled by taking every 25th time step. The parameter that we will vary during the simulations
is F. All trajectories are sampled over the time interval [0, 2500] with an effective time step of
ot = 25.

We benchmark our method against a diverse set of established neural operators and architectures
designed for parameterized generalization. As standard baselines, we employ the Fourier Neural
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Table 1: Parameter ranges used for training, in-domain testing, and out-domain testing. For the one-
dimensional Advection and Burgers equations, 100 parameter values are sampled from a uniform
distribution for each split. For the two-dimensional Gray-Scott equations, parameters are sampled
at evenly spaced values. N, is the number of trajectories in the corresponding dataset split.

Train Ny | Test In-domain Niyj | Test Out-domain Ny,
1D Advection () | U(0,0.5) 100 | U(0,0.5) 100 | U(0.5,1) 100
1D Burgers (v) | U(0.01,0.02) 100 | U(0.01,0.02) 100 | U(0,0.01) 100
2D Gray-Scott (F) | [0.038,...,0.046] 10 | [0.0385,...,0.0455] 9 [0.05] 1

Operator (FNO) (Li et al.) and the robust Convolutional Neural Operator (CNO) (Raoni’c et al.,
2023). In both cases, the parameter vector is concatenated as additional input channels alongside
the state variables. We also compare against a method that was explicitly designed for parameter
extrapolation: CAPE-FNO (Takamoto et al., |2023)), which integrates parameter information via a
channel-guided attention mechanism. Hyperparameter tuning is discussed in appendix [B]

To strictly adhere to the one-shot prediction goal, all models are trained on single-step transitions
(t — t 4 dt) and applied auto-regressively during inference to generate the full trajectory from the
initial condition.

4 RESULTS

We evaluate all methods on the 1D Advection, 1D Burgers, and 2D Gray-Scott test datasets us-
ing the normalized root mean squared error (nRMSE). Table [2| reports results for both in-domain
and out-domain evaluations, across short-term and long-term prediction horizons. The in-domain
evaluation tests accuracy under conditions similar to training, while out-of-domain evaluation as-
sesses the ability of models to generalize to unseen parameter regimes, which is central to our study.
Short-term and long-term horizons capture different aspects of predictive performance: short-term
errors reflect immediate prediction accuracy, while long-term errors assess trajectory stability and
the accumulation of errors over time. All results are averaged over three random seeds to account
for variability in training, with the standard deviation reported.

Across all three equations, prediction error generally increases with the rollout horizon, reflecting
the accumulation of errors over longer-term forecasts. This trend is consistently observed for both
in-domain and out-of-domain evaluations. Overall error levels are substantially higher in the out-of-
domain setting, indicating that generalization to unseen conditions is more difficult.

For the 1D Advection equation, Table [2| shows that our Late Fusion Operator architecture achieves
the lowest nRMSE on both the in-domain and out-domain experiments and for both prediction hori-
zons. This observation is consistent with Figure [2| which reports the nRMSE per trajectory on the
y-axis with the corresponding advection parameter (3 on the z-axis. Across the full parameter range,
both in-domain and out-domain, Late Fusion Operator exhibits consistently lower errors compared
to the other models. In contrast, CNO and FNO show a pronounced degradation in performance
when evaluated outside the training regime. While CAPE-FNO is less sensitive to the domain shift,
Late Fusion Operator remains more consistent overall. Moreover, the Late Fusion Operator shows
very little variation across random seeds, indicating robustness to initialization.

For the 1D Burgers equation, Table 2] shows that while the Late Fusion Operator achieves the best
performance on the in-domain test dataset, it is outperformed by CAPE-FNO in the out-domain set-
ting. Figure |3| provides insight into the origin of this performance gap. In particular, Late Fusion
Operator exhibits markedly high errors for three specific parameter values, which dominate its over-
all out-domain nRMSE. Outside of these cases, its performance is comparable to that of CAPE-FNO
across the remaining parameter range.

This is also illustrated in Figure ] which shows the predicted solution for the out-domain Burgers
trajectory with v = 0.0052. The corresponding error plots indicate that both CAPE-FNO and Late
Fusion Operator substantially outperform CNO and FNO, in particular by more accurately capturing
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Table 2: nRMSE for 1D Advection, 1D Burgers, and 2D Gray-Scott test datasets, evaluated in-
domain and out-of-domain. Results are reported as mean nRMSE over all prediction steps up to
horizon T' steps, averaged over three random seeds with standard deviation also reported. The *
indicates that one seed was excluded due to NaN values.

Model In-domain Out-domain
10 steps 20 steps 10 steps 20 steps
1D Advection equation
CNO 3.75e-2£5.96e-3 6.92e-2+1.17e-2  3.12e-1+£1.14e-1 5.51e-142.12¢-1
FNO 3.90e-2+1.76e-2  4.87e-1+4.25¢-1 1.53e-14+8.45e-2  6.71e-1£3.68e-1

CAPE-FNO  3.83e-2+4.67e-3 8.16e-2£1.46e-2 1.35e-1£1.04e-2 2.37e-1£2.54e-2
Late Fusion  6.93e-3+1.58e-3 1.14e-2+3.61e-3 1.86e-2+2.38e-3 3.36e-2+4.34e-3

1D Burgers equation

CNO 5.35¢-2+5.14e-3 1.10e-1£2.39¢-2 1.97e-143.86e-2 3.97e-1+1.19¢-1
FNO 1.37e-2+1.66e-4 2.30e-2+9.90e-4 9.25e¢-243.72¢e-2 1.84e-1£8.04e-2
CAPE-FNO  1.42e-2+1.10e-3 2.05e-2+1.91e-3 5.42¢-2+4.62¢-3  8.37e-219.84e-3
Late Fusion 9.20e-3+6.63e-4 1.35e-241.60e-3 6.78e-2+3.76e-2  2.59e-14+2.27e-1*

2D Gray-Scott equation

50 steps 100 steps 50 steps 100 steps
CNO 8.57e-2£1.26e-2*  2.46e-11+3.34e-2*  7.95e-2+£9.51e-4*  1.77e-11+6.40e-3*
FNO 3.23e-2£5.20e-3 1.59e-1£2.20e-2 4.48e-21+1.23e-2 1.53e-1£3.08e-3

CAPE-FNO  5.25e-245.34e-3 1.71e-1£1.76e-2 7.45e-2£1.42e-2 2.13e-1£1.32e-2
Late Fusion  1.56e-2+£2.37e-3  8.50e-2+8.98e-3  4.82e-2+1.30e-3 1.04e-1+1.10e-2
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Figure 2: nRMSE per trajectory for the 1D Advection equation as a function of the advection pa-
rameter (3, shown separately for each model. Each point corresponds to a single trajectory, with
grey markers indicating results from different random seeds. The blue and green markers denote the
mean nRMSE across seeds for the in-domain and out-domain test sets, respectively. Errors that fall
outside the plotting range are clipped and shown as dots at the top of the panel.

the sharp shock structures. For all models, the error increases over time, reflecting the compounding
effect of autoregressive prediction in this setting.
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Figure 3: nRMSE per trajectory for 1D Burgers equation as a function of the parameter v, shown
separately for each method. Each point corresponds to a single trajectory, with grey markers indi-
cating results from different random seeds. The blue and green markers denote the mean nRMSE
across seeds for the in-domain and out-domain test sets, respectively. Errors that fall outside the
plotting range are clipped and shown as dots at the top of the panel.

For the Gray—Scott system, the performance across architectures is more comparable. As shown
in Table 2] Late Fusion Operator again achieves the best results on the in-domain test set, while in
the out-domain setting it is outperformed by FNO for short-term predictions and by CAPE-FNO for
long-term predictions.

However, a visual inspection of the predicted solutions reveals a notable discrepancy between quan-
titative error and qualitative behavior. Figure [5|shows model predictions at different time instances,
where Late Fusion Operator most closely reproduces the characteristic patterns of the true solution,
both in-domain and out-of-domain, despite not achieving the lowest nRMSE. This can likely be
attributed to the sensitivity of the Gray—Scott system, where small parameter deviations can lead to
qualitatively different patterns, resulting in relatively large pointwise errors even when the overall
structure is well captured.

5 DISCUSSION

In this work, we focused on the challenging problem of learning parameterized partial differen-
tial equations in a strictly one-shot prediction setting, with a particular focus on in- and out-of-
distribution parameter extrapolation. Within this setting, we introduced an elegant and flexible
framework: Late Fusion Operator for learning parameterized PDEs that decouples the evolution
of the state variables from the system parameters. Specifically, our method leverages neural op-
erators to obtain expressive latent representations of the system dynamics that are independent of
the parameters. Parameter information is then incorporated through a structured library construc-
tion over the learned latent states and parameter inputs, with sparse regression used to identify the
resulting dynamics. The design allows the Late Fusion Operator to be readily integrated with exist-
ing operator-learning approaches while remaining applicable across a broad range of parameterized
PDEs.

A central finding across all experiments is that explicitly separating parameter representations from
state dynamics leads to improved generalization in parameterized PDE learning, particularly in the
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Figure 4: Results 1D Burgers equation for v = 0.0052 (out-domain). Left column true solution,
middle column model predictions and right column error tpreq — Utrue-

challenging regime of parameter extrapolation. Models that treat parameters as additional input
channels, as is done in FNO and CNO, consistently perform poorly when evaluated outside the
training distribution. In contrast, approaches that incorporate parameter information through dedi-
cated mechanisms, either via parameter attention, as in CAPE-FNO, or through explicit late fusion,
are substantially more robust to domain shifts.

We hypothesize that this improved generalization arises from how parameter—state interactions are
modelled. When parameters are provided directly as inputs to a neural operator, the resulting param-
eter dependence is learned implicitly and can become highly non-linear and entangled with the state
representation. This flexibility can lead to unnecessary non-linear correlations, making extrapolation
to unseen parameter regimes difficult. By contrast, introducing parameter effects through a struc-
tured library and sparse regression restricts the functional form of the parameter dependence and
limits unnecessary model complexity. While CAPE-FNO also improves robustness by separating
parameter information via attention, it still processes the combined parameter-state representation
through a neural operator, which may explain why Late Fusion Operator exhibits greater consistency
in certain extrapolation settings.

A key limitation shared by all methods is the growth of error over long prediction horizons, a well-
known and actively studied challenge in PDE forecasting. In autoregressive settings, small stepwise
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Figure 5: Result Gray-Scott equation for F' = 0.0455 (in-domain) and F' = 0.050 (out-domain).
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errors accumulate over time, and even methods that perform well in the short term can diverge for
extended rollouts. This issue is further amplified when extrapolating to unseen parameter regimes,
where small inaccuracies in parameter dependence are compounded across successive steps. Im-
proving long-horizon stability has been a massive topic of interest in recent years
[Hakim| 2023} [Lippe et all, [2023; [Brandstetter et al.| 2022} [Li et al.} 202T). Importantly, many of
these strategies, such as noise injection (Wikner et al.,2024) or PDE-refiner (Lippe et al.|,[2023), can
be integrated with the late fusion framework with minimal modification, offering a straightforward
path to improved long-term stability.

Looking forward, the proposed Late Fusion Operator opens several promising avenues for further
directions. While we focused on demonstrating the benefit of explicit parameter-state separation,
the influence of architectural choices, such as the number of latent dimensions, operator design, and
the structure of the library, remains largely unexplored and may yield additional gains in extrapo-
lation performance. In particular, developing more principled methods for constructing the library
could both enhance accuracy and reduce reliance on manual design. Furthermore, the sparse regres-
sion component provides a natural pathway toward interpretability: by identifying a small number
of active terms, it may be possible to recover explicit parameter-dependent forms of the learned
dynamics, offering insights into the underlying physics.
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A  DATA VISUALISATION

In this section, we provide visualisations of the different datasets that were used for our experiments.
Figure [6] [7] and [§] display the solution trajectories for different values of the parameters for 1D
Advection, 1D Burgers and 2D Gray-Scott respectively.

In-domain Out-domain
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Figure 6: Visualisation of the 1D Advection equation. Trajectories corresponding to different pa-
rameter values of 5 are shown for in-domain and out-domain datasets.
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Figure 7: Visualisation of the 1D Burgers equation. Trajectories corresponding to different parame-
ter values of v are shown for in-domain and out-domain datasets.
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Figure 8: Visualisation of the 2D Gray-Scott equation. Solutions at 7" = 2500 corresponding to
different parameter values of F' are shown for Training and Test in-domain and Test out-domain
datasets.
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B HYPERPARAMETERS AND VALIDATION

For fair comparison, all models are trained using the same fixed training schedules and operator
architectures, with additional hyperparameter tuning performed only where required.

Training schedules. For the 1D test cases, all models are trained for 500 epochs using an initial
learning rate of 10~2, which is reduced by a factor of two every 100 epochs. For the 2D test case,
models are trained for 150 epochs with the same initial learning rate, halved every 30 epochs.

12



Accepted as a workshop paper at the Al & PDE Workshop, ICLR 2026

Operator architectures. All models that rely on a neural operator backbone, namely FNO,
CAPE-FNO, and Late Fusion, employ the same underlying 4-level FNO architecture to ensure a
fair and consistent comparison across methods. Specifically, we use:

¢ 16 Fourier modes and width 64 for the 1D test cases,
¢ 12 Fourier modes and width 32 for the 2D test cases.

For CNO, which is based on a different operator design, we use the default hyperparameters provided
in the original implementation.

Additional hyperparameter tuning. For the CAPE-FNO and Late Fusion models, we perform
additional hyperparameter selection for loss-related coefficients, with tuning carried out separately
for each equation. In the case of CAPE-FNO, the weight associated with the CAPE loss term Acapg
is tuned. For the Late Fusion model, the sparsity coefficient Agparse is selected using validation. In
addition, the Late Fusion model employs 4 latent states together with a polynomial feature library
of order 3.

Table 3: Hyperparameter search space and selected values for CAPE-FNO and Late Fusion for each
equation.

Model Hyperparameter Search Space Adv. Burg. Gray-Scott
CAPE-FNO  Acarr {1072,107%,107%,10°°,10°°} 100° 10°°© 107°
Late Fusion  Asparse {1072,1073,107*,107°,107%} 107® 107° 107°

Validation procedure. Hyperparameter selection is performed by splitting the available training
data into training and validation sets. For the 1D Advection and Burgers equations, 10% of tra-
jectories are randomly selected as validation data. For the Gray-Scott equation, we use a single
trajectory at the boundary of the training parameter range to assess generalization near the edge of
the training distribution. For each candidate set of hyperparameters, models are evaluated using the
mean squared error (MSE) over a prediction horizon of 20 time steps on the validation set. The best-
performing hyperparameters are then used to retrain the corresponding model on the full training
dataset.

C EXTRA RESULTS

In this section we will present additional visual results for our 1D test cases. These additional visual
results are included for completeness and to provide further qualitative support for the main findings.
Figure 9] and [T0] show the predicted solution of the different models for the 1D Advection equation
for the in-domain and out-domain datasets respectively. Notably, the FNO suffers from a very large
rollout error. Looking at the error plots, one can see that the Late Fusion Operator both for the
in-domain and out-domain solutions has the lowest overall error.

Figure shows the solution trajectory for a representative value of v from the in-domain test
dataset. A visual comparison between the true solution and the model predictions indicates that
all methods capture the overall dynamics reasonably well. However, the corresponding error plots
reveal clear performance differences, with the Late Fusion Operator achieving the lowest errors
across the trajectory.

Figure [I2] and [T3] visualizes the learned latent states for a representative input. The hidden states
exhibit clear spatial variation and non-trivial structure, indicating that the neural operator learns
expressive internal representations rather than collapsing to trivial features. While these latent vari-
ables are not directly interpretable, their variability suggests that they encode meaningful informa-
tion about the underlying system dynamics that is subsequently exploited by the downstream library
construction.
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Figure 9: Results 1D Advection equation for 5 = 0.123 (in-domain). Left column true solution,
middle column model predictions and right column error tpred — Utrue-
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Figure 11: Results Burgers equation for v = 0.0175 (in-domain). Left column true solution, middle
column model predictions and right column error pred — Utrue-
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Figure 12: Visualisation of hidden states for Burgers
Uinput Hidden state 1 Hidden state 2 Hidden state 3 Hidden state 4
15 2 2 2 2
10
3 0 0 0 0
505
0.0 -2 -2 -2 -2

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
X X X X X

Figure 13: Visualisation of hidden states for Burgers for ¢ = 0

16



	Introduction
	Late Fusion Operator for parameterized PDEs
	Problem set-up
	Late Fusion Operator

	Experiments
	Results
	Discussion
	Data visualisation
	Hyperparameters and validation
	Extra results

