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Abstract

Cutting plane methods are a fundamental ap-
proach for solving integer linear programs (ILPs).
In each iteration of such methods, additional lin-
ear constraints (cuts) are introduced to the con-
straint set with the aim of excluding the previous
fractional optimal solution while not affecting the
optimal integer solution. In this work, we explore
a novel approach within cutting plane methods:
instead of only adding new cuts, we also consider
the removal of previous cuts introduced at any
of the preceding iterations of the method under
a learnable parametric criteria. We demonstrate
that in fundamental combinatorial optimization
settings such cut removal policies can lead to sig-
nificant improvements over both human-based
and machine learning-guided cut addition poli-
cies even when implemented with simple models.

1. Introduction

Integer linear programming (ILP) has numerous applica-
tions in engineering (Miller et al., 1960), operational re-
search (Eiselt & Sandblom, 2000), and finance (Konno &
Yamamoto, 2008). In fact, any combinatorial optimization
problem can be formulated as an ILP (Conforti et al., 2014).
ILP is a constrained optimization formulation in which the
variables need to take integer values while satisfying some
linear constraints. More precisely, an ILP with n variables
and m linear constraints admits the form,

2y = m]%n {c¢"2 : Az < b, z; €7}, (1
zeR™

wherec € Z", A € Z™*™ and b € Z™.
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Despite the fact that ILPs are NP-hard (Bixby et al., 2004),
heuristics, such as the cutting plane method (Gomory, 1960)
or branch and bound (Land & Doig, 1960a; Zarpellon et al.,
2021) have proven to be extremely valuable.

The cutting plane method, proposed by Gomory (Gomory,
1960), is one of the most fundamental approaches for solv-
ing ILPs. The idea is to iteratively solve relaxed versions of
the original problem (1) by dropping the integrality require-
ment, thus obtaining a linear program (LP) that is computa-
tionally tractable to solve. More precisely, by dropping the
integrality constraints, we obtain the following LP:

2o = min{c' z : Az <b, z € R"}. )

zER™

It is clear that 27, < z,. The cornerstone idea of the
cutting plane methods is to tighten the bound zf,, . by adding
cutting planes (Gomory, 1960) that increase zf;, . but leave

*
z unchanged.

Modern solvers (Bestuzheva et al., 2023; Gurobi, 2021) use
cutting planes to tighten the bounds on the linear programs
(LPs) that are solved iteratively in the cutting plane method
(Gomory, 1960) and the branch-and-bound method (Land
& Doig, 1960b). There are multiple types of cutting planes
that can increase the value of the respective LP relaxation.
Namely, Gomory showed that for ILPs with m constraints,
there are as much as m possible Gomory cuts (Gomory,
1960) (Apendix A.2 contains details on how to obtain Go-
mory cuts). Although adding all possible cutting planes
would yield stronger tightening of the LP relaxation and
thus faster convergence, the number of constraints would
grow exponentially over the iterations, making the problem
infeasible (Wesselmann & Stuhl, 2012). Consequently, all
cutting plane methods select a small number of possible cuts
to add at each iteration (Balas et al., 1993; Amaldi et al.,
2014; Andreello et al., 2007; Tang et al., 2020; Paulus et al.,
2022).

In practice, the cut addition policy—determining which
cut to add at each iteration—plays a crucial role in the
convergence properties of the method and over several hand-
crafted heuristics have been proposed (Balas et al., 1993;
Andreello et al., 2007; Amaldi et al., 2014; Coniglio &
Tieves, 2015). For instance, the SCIP solver (Bestuzheva
et al., 2023) employs a weighted sum of features such as
integer support and parallelism to rank the cuts.
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A more recent line of research focuses on machine learning-
based cut addition policies that, after training, can adjust to
the problem distributions of interest (see (Deza & Khalil,
2023) for a survey). These approaches leverage different
machine learning techniques, including imitation learning
(Paulus et al., 2022), reinforcement learning (Wang et al.,
2023; Tang et al., 2020), and multiple instance learning
(Huang et al., 2021). It is worth noting that irrespective
of the specific training strategy, all previous approaches
concentrate on cut addition policies that, at each iteration,
include a small set of new cuts in the constraints.

1.1. Our Approach and Results

In this work, we explore cutting plane methods with
learning-guided policies that do not only add cuts but also
possess the capability to remove them. To the best of knowl-
edge, this is the first work examining such cut removal
policies in the context of cutting plane methods.

As already mentioned, adding multiple cutting planes at
each iteration of the cut selection method is very benefi-
cial with respect to convergence since larger sizes of the
fractional polytope are removed. However, the latter leads
to an exponential increase in the number of linear con-
straints (Wesselmann & Stuhl, 2012).

We consider the concept of cut removals as a strategy to mit-
igate the exponential growth in the number of constraints,
while still capitalizing on the rapid convergence rates associ-
ated with incorporating multiple cuts (Wesselmann & Stuhl,
2012). Specifically, in each iteration of the cutting plane
method, we opt to include all potential Gomory cuts in the
set of linear constraints. As previously noted, this approach
provides the advantage of excluding larger regions from the
feasibility polytope. Subsequently, we proceed with the cut
removal step, where previously introduced cuts are elimi-
nated from the set of linear constraints. This ensures that the
overall number of linear constraints increases by just one
cut (or a small constant number) from iteration to iteration.

Cut Addition vs Cut Removal As mentioned earlier, our
approach differs significantly from previous cut addition
policies (Tang et al., 2020; Paulus et al., 2022). Unlike these
policies, our method introduces multiple cuts at each itera-
tion but also removes multiple cuts to achieve a balanced
increase. In contrast, cut addition policies introduce a small
number of new cuts in the constraints, leading to a gradual
increment in the number of cuts with each iteration.

A fundamental distinction between the two approaches lies
in the permanent addition of cuts. In cut addition, once a
cut is incorporated into the linear constraints, it persists in
all subsequent iterations of the method. However, a cut that
may have been effective in the early iterations may lose its
relevance as more cuts are introduced. Our cutting removal

approach addresses this limitation by continually assessing
the effectiveness of each cut. This allows us to replace
multiple outdated cuts from early iterations with fresh cuts.

Learning to Remove Cuts As in the context of cut addition,
the strategy for removing cuts plays a crucial role in the
convergence properties of our method. An intuitive measure
of cut quality is the difference in the LP bound with and
without the cut (Coniglio & Tieves, 2015; Paulus et al.,
2022). Therefore, a straightforward cut removal strategy is
to eliminate cuts with the small difference in the LP bound
difference. However computing the LP difference for all
candidate cuts requires solving numerous LPs which leads
to a significant computational overhead.

To address this challenge, we adopt an imitation learning
approach, similar to that of (Paulus et al., 2022) in the case
of cut addition. Specifically, we train a simple model that
uses hand-crafted features of the cuts (Achterberg, 2007;
Wesselmann & Stuhl, 2012) and an additional MLP layer to
predict the LP bound difference for each candidate cut.

Interfacing with an implementation of the Cutting Plane
method with Gomory Cuts (Gomory, 1960) we experiment
on five families of MILPs by training the neural networks
to predict the quality of various cuts and remove them aco-
ordingly. Our experimental evaluations indicate that our
algorithm outperforms cut addition strategies.

1.2. Related Work

There is a recent line of works examining the applications
of machine learning techniques in cutting plane methods.
Radu et al. (2018) were the first to employ machine learn-
ing models for predicting the bound improvement of cuts
in the context of semi-definite programming. In the realm
of Integer Linear Programming, Tang et al. (2020) utilize
reinforcement learning to devise cut addition strategies for
Gomory cuts. Huang et al. (2021) develop alternative cut ad-
dition strategies through multiple instance learning. Paulus
et al. (2022) employ imitation learning to create efficient
cut selection policies, approximating the computationally
expensive look-ahead policy that calculates the LP bound
improvement for each candidate cut. In a related but slightly
orthogonal task, Wang et al. (2023) leverage the RL frame-
work to determine the order of cuts presented in the LP
solver, minimizing the solving time of the LP. Deza & Khalil
(2023) provides a great survey in recent work for learning
to add cuts in the cutting plane method.

At the same time machine learning techniques have
been used in the context of other approaches of ILPs
such as Column Generation (Chi et al.,, 2022) and
Branch&Bound (Chmiela et al., 2021; Gupta et al., 2020;
Khalil et al., 2016; Khalil, 2016; Zarpellon et al., 2021). On
the theoretical front (Balcan et al., 2022a;b; 2021) study
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sample complexity and generalization bounds for cutting
plane methods.

2. Background and Preliminaries

We denote with R the set of real numbers and with Z the set
of integer numbers. To simplify notation, we describe the
linear constraints Ax < b with a set of hyperplanes /. More
precisely, each hyperplane («, §) € H (where o € Z™ and
3 € 7)) denotes the hyperplane o T < 3.

With a slight abuse of notation, we will write that an n-
dimensional vector x € H if and only if "2 < f3 for all
(o, B) € H. We also denote with (#, ¢) an instance of
Integer Linear Program, mingez-{c'2 : x € H}.

We denote with zf,. = argmin,cg.{c'z : 2 € H}
the optimal fractional solution of (H, c¢) and with z7, :
argming ;. {c'z :

x € H} the optimal integral solu-
tion. We remark that =7, . can be computed in polynomial
time (Eiselt & Sandblom, 2007). On the contrary computing
x},, is an N'P-hard problem.

Notice that ¢ "z, . < ¢ 2%, and thus solving the fractional
problem provides a lower bound on the cost of optimal
integral solution. In Definition 2.1 we introduce the notion
of cutting plane («, ) that will be crucial throughout the
paper.

Definition 2.1. Let the instance (#, ¢). A hyperplane («, 3)
is called cutting plane if and only if

T * T, *x
o Th,e > B and oz, < B

In case («, ) is a cutting plane, then the new instance
(H U (a, ), c) admits a higher optimal fractional value but
the same integral optimal value as (H, ¢). More precisely,

T, % T =% T,
C Tfrac <c Lerac <c Ling
o - 3 T, .
where &, = argmin g.{c'z: 2 € HU (o, 5)}.

In his seminal work, Gomory (1960) showed that if (H, c)
admits a strictly fractional solution zf,,. then there exists

Algorithm 1 Cutting plane method

1: Input: An integer linear program (7, c)
: SetP; =0

:for k=1,...,do
Compute the fractional solution of (H U Py, ¢)

BowN

IEHUPk}

T} = argming cg. {c' = :
4 T ] *
if 27 is integral return ;.

Set Pr41 := Pr U (ag, Bi) # insert new constraint

5
6:  Compute cutpool Cy, and pick (o, Bx) € Ck.
7
8: end for

a set of separating hyperplanes C, i.e. each hyperplane
(a, B) € C is a separating hyperplane.

Theorem 2.2. [Gomory (1960)] Let an instance (H, c) with
a strictly fractional solution i, .. Then there exists a set of
hyperplanes C with |C| = |H| such that any (a, 5) € Cis a
cutting plane. C is also referred as cutpool.

Gomory (1960) proposed the seminal cutting plane method
(Algorithm 1) that solves ILPs by iteratively adding new
cutting planes to the constraints.

The cornerstone idea of the cutting plane method is that

in case the solution z7 at iteration k is not integral then

the cutting plane (ay, i) added at Step 6 will render x},

infeasible while keeping the optimal integer solution x7,

of (H,c) intact. As a result, Algorithm 1 guarantees that
T

C TEq 2> " until a final integral solution is reached.
Cut Selection We remark that regardless the way (o, Si)
is selected at Step 6, Algorithm 1 is always guaranteed
to converge to the optimal integral solution. However in
practice the cut selection policy plays a major role on the
convergence properties of the cutting plane method. As a
result, over the years various handcrafted heuristics have
been proposed (Balas et al., 1993; Andreello et al., 2007;
Amaldi et al., 2014; Coniglio & Tieves, 2015).

One of the most natural heurstics to select cutting planes is
the one that directly looks ahead on the improvement of the
fractional LP bound (Amaldi et al., 2014; Coniglio & Tieves,
2015; Paulus et al., 2022). As in Paulus et al. (2022) we will
refer to this as the look-ahead policy. More precisely,

(0, Br) 1= max(q,g)ec, [mxin{c—r:v cx € Hi UPr U (a,ﬁ)] .

On the positive side, look-ahead policy admits very favor-
able convergence properties to the optimal integral solu-
tion (Paulus et al., 2022). On the negative side, implement-
ing the above cut selection policy is very time-consuming
since it requires the solution of |Cy| linear programs at
each iteration k£ which creates a significant computational
overhead.

Evaluating Cut Selection Policies We can utilize the
number of iterations until convergence to the optimal inte-
ger solution as a measure of performance of a cutting plane
method. However cutting plane methods can take a lot of
iterations before converging to the the optimal integral solu-
tion, rendering the latter metric not a very practical (Tang
et al., 2020; Paulus et al., 2022).

An alternative performance metric is to measure how far
is the solution of method at iteration k is from the opti-
mal integer solution. The latter is referred as integrality
gap (Tang et al., 2020; Paulus et al., 2022) which at iteration

kis defined as gy, := c¢" a5, — ¢} > 0.
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Different MILP problems, even from the same distribution,
will have different magnitudes for gj,. To compare different
instances we can measure the factor by which the integrality
gap is closed between the first relaxation and the current
round. At iteration k of the CP method, the integrality gap
closure (IGC) (Tang et al., 2020; Paulus et al., 2022) is
defined as

91— 9k chZ — ch’{
1GCy = = T T ox
g1 C Ty —C I3

€,1. 3

3. Cut Removal Policies

The starting point of this work concerns the design of novel
cutting plane methods that, at each iteration, not only add
cuts but are also capable of removing cuts. As we shall see
shortly, the latter offers significant advantages compared to
cutting plane methods that only add cuts at each iteration.

Adding Multiple Cuts Notice that at each iteration of Al-
gorithm 1, only one new cutting plane (ay, 8) is added.
However, it would make perfect sense at iteration & to in-
clude the entire cutpool Cj, of Theorem 2.2. The latter would
result in an even greater increase in the objective function
and, consequently, better convergence properties. However
since |Cy| can have size up to || + | Py, the latter would
lead to an exponential increase in the number of constraints,
rendering the solution of the linear program at Step 4 impos-
sible. This the reason that previous cutting plane methods
have focused on adding just one or small constant number
of cutting planes at each iteration (Tang et al., 2020; Huang
et al., 2021; Paulus et al., 2022).

Cut Removal Our approach revolves around addressing the
exponential surge resulting from the inclusion of multiple
cuts in each iteration. We incorporate an additional cut-
removal procedure to prevent the number of constraints
from escalating exponentially. In Algorithm 2, we outline
the fundamental pipeline of our approach.

Let us explain how the Algorithm 2 is able to combine both
the advantages of selecting multiple cuts at each iteration
while at the same time avoiding the exponential increase in
the number of linear constraints.

In Step 4, Algorithm 2 computes the cutpool C, (see Def-
inition 2.1) for the problem (H U Py, c) that includes the
original constraints H plus the additional cuts P, that have
been added so far.

In Step 5, Algorithm 2 calculates the optimal solution Zy, for
the instance (H U Py, U Ci, ¢) meaning that the algorithm
completely incorporates all the cutpool Ci. To this end
we remark that due to Definition 2.1, the optimal integral
solution of (#H,c) is the same with the optimal integral
solution of (H U Py U Cg, ¢). Namely,

argmin{c 'z : x € H} = argmin{c'z : x € HUPLUC.}.
TEL™ TEL™

Algorithm 2 Cutting Plane method with Cut Removal
1: Input: An integer linear program (#, ¢)
2: SetP, =9
3: for k=1,...,do
4:  Compute the cutpool Cy, for (H U Py, ¢).
5: Compute the fractional solution of (H U Py, U Ck, c)

xf i= argming cg. {c'z:x € HU P, UCL}

# include all possible cuts
6:  if z7 isintegral return zj.

7. Selectasubset Py 1 C P UC) with |Pyyq| = k+1.
# removal of cuts

8 Pri1:=PeprU{c x> [cTar]}
# new constraints for the next iteration

9: end for

The idea behind this step is to achieve a substantial improve-
ment in the objective function compared to the strategy of
introducing just one cut («, 3) € Cy. In other words,

Hel%g},,{ch tx € HUPLUCk} > Hell%&r}l{CTx rx € HUPLU(w, B)}

where the last inequality comes from the fact that the left
problems admit a superset of constraints with respect to the
right one.

In Step 6 of Algorithm 2, the cut removal process is executed
to prevent an exponential rise in the number of constraints.
To be more specific, only k + 1 cuts from the set of previous
cuts, P UCy, are kept. This ensures that only one additional
cut is introduced in each iteration, preserving the tractability
of the solution obtained in Step 4 of the linear programming
formulation.

Step 7 plays a crucial role in ensuring the algorithm’s mono-
tonic improvement. Note that P, may not necessarily be a
subset of P, implying that a cut introduced in a previous
iteration can be removed in a subsequent iteration if it be-
comes uninformative. The positive aspect of this approach
lies in the ability to replace inactive cuts from earlier itera-
tions with more valuable ones. On the downside, as Py, is
not guaranteed to be a subset of 75;€+1, there is a potential for
the objective function to decrease. To mitigate this, a special
constraint ¢ x > [c' z}] is included. This constraint en-
sures that the fractional value of the problem (H U Pi41, ¢)
can only increase with respect to the fractional value of the
problem (H U Py, ¢).

Remark 3.1. The additional special constraint ey >
[cTa%] does not affect the optimal integral solution. The
latter is formally stated and proven in Corollary 3.2.

Corollary 3.2. It holds that argmin, ;. {c'z : 2 € H U
Prt1} = argming g {c' 2z € H}
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Proof. The reason is that the following holds

. T . T
: = : U
;IEHZITIL{C r:xeH} ;IEHZI}L{C r:x e HUPL}
= min{c'z:z€HU 75k+1}
-TEZW

min{c'z: 2z € HUPri1}
TER™

vV

clay

The first equality holds inductively and the second comes
from the fact that Pr1q; C H U P,. Notice that since
c € Z", mingegzn{c'z : T € H} > [cTa}]. Thus
mingezn{c'z : ¥ € HUPry1} > [c'a}]. As are-
sult, adding the additional constraint ¢z > [c¢' 2} does
not affect the optimal integral solution. O

3.1. Learning to Remove Cuts

In this section, we will examine what constitutes a reason-
able cut removal criterion for Step 6 of Algorithm 2 that
can contribute to fast convergence properties. Motivated
by the look-ahead policy presented in Section 2, the most
intuitive cut-removal criterion is the one that maximizes the
objective function. Namely:

Py = argmaxpcp, e, [cTz:zeHUP].

Unfortunately, there is no efficient algorithm for solving the
problem above. Consequently, the most natural approach is
to consider the greedy look-ahead criterion where we keep
the k + 1 cuts of Py U Cy, that lead to highest bounds in
the objective function and remove the rest. More precisely,
we associate each cutting plane («, 8) € Py U Ci, with the
following score,

SC(a, 8) = m]%n{c—ra: cx € HUPLUCL) 4)
reR™
- rrel]g%{c—rx cx € HUPLUC/ (o, B)},

which measures the difference of the fractjonal LP value
once («, ) € Px UCy is removed. Then Py is defined
as the k + 1 cuts of Py, U Cy, with the highest score.

Parametrizing Cut Removal Unfortunately, similar to the
case of single-cut addition, the cut removal policy of Eq. (4)
is highly computationally demanding to implement since it
requires solving numerous linear programs. To circumvent
this additional computational overhead, we will approximate
the scores of Eq. (4) through an adequately parametrized
model 74(+). More precisely, for each cut («, 8) € Py UCk
we compute the model 7y () to compute the scores

SC(OK, B) = 70(H7Pk7cka (Oé,ﬁ))

More precisely, we first convert each cut («, ) into a 14-
dimensional feature vector. Due to the fact that the coordi-
nate of the feature vectors involve also the optimal fractional

l Cut Removal 79(H, Py, Cy, (o, 3))

{ H }[ P ]{cn- > mz,l']

(e >
Y Y

Figure 1. Visual representation of Algorithm 2.

solution z} := min{c"z : x € H UP, UCy} these feature
embeddings naturally encode the overall structure of the lin-
ear constraints. The details of feature vectors can be found
in Appendix B.3. The encoded state is then fed to a Multi
Layer Perceptron (MLP) with a sigmoid (o) activation.

A summary of our approach is illustrated in Figure 1.
Remark 3.3. More complicated models such as graph neural
networks over a graph encoding of the state as in Paulus et al.
(2022); Gasse et al. (2019) could also be used. Although
graph architectures draw an interesting line of improvements
they are outside the scope of this study.

3.2. Training the Model

The goal of training process is to approximately select the
parameters 6 so as to predict the scores of Eq. (4). In other
words select 6 such that

ﬂ@(H,Pk,Ck, (o, B)) =~ min{ch cx € HUPy UCk}
—min{c'z : € HUP,UCL/{a z < B}}.

‘We note that Paulus et al. (2022) adopt a similar imitation
learning approach to approximate the scores of the look-
ahead policy presented in Section 2.

Dataset Generation In order to generate our training data
we use trajectories produced by the cutting plane method
with the look-ahead policy for various classes of ILPs of
such as Packing, Bin Packing, Set Cover, Max Cut and
Production Planning.

For each intermediate ILP produced at iteration k, denoted
as (H U Py, ¢), we utilize the corresponding cut pool Cy,
and the previously added cuts Py, to generate the following
data set. For every cutting plane (o, 8) € Ci, U Py, a new



Learning to Remove Cuts in Integer Linear Programming

data point is created with a value equal to the normalized
LP improvement,

T, T .
¢ Iku(a,ﬁ) —C Ty
CT

>0

Tk

where o} = argmin, {c"z : x € HUP}and z},(, 5) =
argmin,{c'z : x € PUCk U (a, 8)}. The reason that we
use the normalized LP improvement over the actual LP
improvement ¢’ x| (8) ~ c' a7 is to get target values that
are not as dependent on the specific instance of the problem
family.

Once all training data are generated, we solve a regression
problem with quadratic loss to choose the parameters 6.

4. Experiments

We divide our experiments in two main parts. The first one
focuses on evaluating the performance of cut removal acting
against multiple benchmark policies by rolling them out on
synthetic test MILP instances for each of the problem fami-
lies in a controlled environment. Next, we investigate how
well do our trained models generalize to larger instances.

4.1. Evaluation Setup

As in Tang et al. (2020); Paulus et al. (2022), we assess
the performance of the various cutting plane methods by
considering the improvement over the Integral Gap Closure
value (IGC) (see Section 2) with respect to the number of
iterations. This evaluation metric offers a robust estimate of
the actual running time of the cutting plane methods, as the
primary bottleneck in running time arises from solving lin-
ear programs (LPs). Simultaneously, this metric provides a
cleaner benchmark since running time significantly depends
on factors such as implementation, the choice of backbone
solver, and available compute resources.

Paulus et al. (2022) employ imitation learning to train a cut
addition policy, mimicking the behavior of the look-ahead
policy discussed in Section 2. Their study demonstrates
that the imitation learning approach outperforms the rein-
forcement learning method proposed by Tang et al. (2020).
However, both approaches are surpassed by the look-ahead
policy, which involves solving numerous LPs at each iter-
ation. Unfortunately, neither Paulus et al. (2022) nor Tang
et al. (2020) provide a public implementation of their code.
To ensure a fair comparison, we consider the look-ahead
policy, which outperforms both previous approaches, and
an in-house implementation of the Neural Cut method pro-
posed by Paulus et al. (2022) using the same feature encod-
ing as in our model (see Appendix B.3). We also include
several human-crafted heuristics such as the min similar,
max normalized violation, max violation, lexicographical
and random (see Appendix B.2 for the definitions).

Remark 4.1. Paulus et al. (2022) utilize the SCIP solver,
which incorporates instance pre-solving and various types
of cuts (Achterberg, 2007). To ensure a fair benchmarking
environment focused solely on cut decisions, we benchmark
on an implementation of the Cutting Plane method from
scratch. The implementation considers only Gomory Cuts
without any pre-solving modes.

In order to stress-test our environment and compute the
optimal solution required to obtain the IGC metrics we use
the SCIP solver (Bestuzheva et al., 2023).

Our models are trained with (Robbins & Monro, 1951) using
Pytorch (Paszke et al., 2019) for the implementation.

4.2. Datasets

We experiment with five families of MILPs: packing, bin
packing, max cut, production planning (as in Paulus et al.
(2022); Tang et al. (2020)) and set cover. For each family,
instances are generated randomly. Packing, bin packing,
max cut and production planning are generated under the
random formulations used in Tang et al. (2020); Paulus et al.
(2022). For set cover we suggest our own probabilistic
formulation. Details on the generation of the instances can
be found in the Appendix B.1.

4.3. In Distribution Evaluation

The core experiments in this work aim to respond the follow-
ing question: Can our cut removal acting algorithm (after
training) surpass the look-ahead, Paulus et al. (2022) and
other cut addition baselines on unseen instances? We an-
swer the previous question positively on the five different
ILP benchmarks.

ILP Benchmarks We generate a total of 3000 instances
for each of the five problem families. Regarding the di-
mensions, the small and medium instances suggested in
Tang et al. (2020) were too small for our comparisons and
they were being solved after too few iterations to extract
differences. For this reason we only consider large instances
(~100 variables, 100 constraints) as done in Paulus et al.
(2022).

For each problem family, we use 2000 instances for training,
500 instances for validation and 500 instances for testing
as done in Paulus et al. (2022). We collect trajectories of
the look-ahead policy for the train and validation instances.
We train these parametric models 7y with these trajectories
to predict the bound improvement as previously specified
in Section 3. Finally, the various cutting plane methods are
compared in terms of their performance on the test instances.

The dimensions (variables, constraints) for training, val-
idation and testing are the same for each problem. The
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—e— Cut Removal (our method)
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Figure 2. Mean IGC for the benchmark instances: We report the mean Integral Gap Closed (IGC) that measures quality of the solution
with respect to the optimal integer solution (see Section 2 for details), a policy achieving larger IGC values with fewer iterations is
better. The highlighted region represents the variance. Our cut removal algorithm outperforms or matches all cut addition methods in all
benchmarks. For cut addition policies the look-ahead outperforms all of the others except in Packing where Neural Cut, this behavior
matches the results showcased in the equivalent benchmark of Paulus et al. (2022).

specifications for each problem can be found in Appendix
B.1.

Test Evaluation Metrics In order to assess which method
is best we compare the mean IGC after each iteration across
all instances as done in Paulus et al. (2022); Tang et al.
(2020). Larger IGC with fewer iterations denotes better
performance. The IGC is 0 at the start and 1 in case of
convergence to the optimal intergral solution.

We don not compare execution times because the focus
of our experiments relies in evaluating how large is the
improvement at each round as in Paulus et al. (2022); Tang
et al. (2020). A time detailed evaluation would depend
on the LP solver, pre-solving of the instances, ordering of
the constraints (Wang et al., 2023) and other factors which
are outside the scope of this evaluation. Our experimental
findings are presented in Figure 2.

Our Experimental Results After training on the test in-
stances, we select the best my according to the validation
loss. Our cut removal algorithm outperforms all cut addi-
tion policies in packing, bin-packing, production planning
and set cover families. For packing and production plan-
ning the mean IGC of our method outpeforms significantly

the comparing methods. For bin-packing and set cover the
mean IGC is significantly larger in the first half of the iter-
ations. We observe that this match in performance occurs
in IGC values close to optimal pointing that in mean the
algorithms are able to reach the optimal integral solution
before iteration 30.

For max cut cut removal acting does not outperform the
expert and neural cut addition methods. Nevertheless, the
differences in performance are very small, for instance, a
random policy performs as well as the best policies in the
first third of the iterations. This behaviour is consistent with
the findings in Paulus et al. (2022).

4.4. Generalization on Larger Instances

After having studied the performance that cut removal acting
yields we aim to evaluate how well do our trained policies
generalize to larger instances. We aim to answer the fol-
lowing questions: Can our cut removal acting algorithm
with a model trained on smaller instances generalize for
bigger instances? How does it compare with the previous
benchmarks?

We remark that generalization to instances of lager size is
a very desirable property since the annotation of the data
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Figure 3. Mean IGC for out-of-distribution instances Our cut removal algorithm outperforms or matches all cut addition methods in all
benchmarks. Our method shows a much stronger generalization ability onto the larger instances. The scaling improvement is especially

accentuated in packing, bin packing and set cover.

becomes harder as the size increases.

ILP Benchmarks We use the same instances as in the
first experiment (see subsection 4.3) to train the models.
We run the evaluation with 500 fresh instances of larger
problems ~ 50% larger. Details on the specific dimensions
are contained in Appendix B.1.

Test Evaluation Metrics In order to asses which method
is best we use the IGC as in the previous experiment.

Our Experimental Results The model 7y is pretrained
according to Section 4.3. Figure 3 shows the test IGC for cut
removal acting against the benchmark policies for packing,
bin-packing, max cut, production planning and set cover.

Even after training 7y on smaller instances than the ones
used for testing, our cut removal algorithm outperforms all
cut addition policies in packing, bin-packing, production
planning and set cover families. For packing, bin-packing
and set cover the margin betweeen cut removal acting and
the look-ahead policy significantly grows when compared to
the margins in training and testing in the medium instances.
This shows that the cut removal algorithm scales better than
the cut addition benchmarks for this families of instances.
For production planning the margin is slightly decreased
when compared to the results in the previous experiment as

the look-ahead policy matches the performance of the cut
removal method in the last third of the iterations.

For the max cut family the performance is the same as in the
previous experiment. Again, the cut removal acting does not
outperform all cut addition methods but the differences in
performance are very small and the random policy performs
almost as well as the best policies in the first third of the
iterations.

5. Conclusion

Cutting plane methods play a crucial role in solving Integer
Linear Programs. Recent works have employed machine
learning techniques to design cut addition methods that, after
training, are able to ensure fast convergence to the optimal
integral solution (Tang et al., 2020; Paulus et al., 2022).
In this work, we propose a novel cutting plane method
that, at each iteration, introduces multiple cutting planes
which are subsequently removed based on the output of
a well-trained machine learning model. Our experimental
evaluations demonstrate that our method outperforms both
human-based heuristics and more recent machine learning-
based approaches for cut addition.

Several intriguing research directions emerge for future
work. The first involves the use of models capable of cap-
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turing the joint combinatorial structure of sets of cuts. The
second focuses on designing cutting plane methods that do
not maintain a constant increase in the number of linear
constraints from iteration to iteration, but rather select the
number of linear constraints to add based on an appropriate
model. We are confident these approaches have the poten-
tial to significantly enhance the convergence properties of
modern cutting plane methods.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Contents of the Appendix

We describe the contents of the supplementary material below:

* In Appendix A, we provide additional details on how the randomized ILP instances are generated and the description
on how Gomory Cuts are obtained.

* In Appendix B, we present additional implementation details including the dataset dimensions, definitions for both the
baselines and the feature extraction step and the specification for the training hyperparameters.

* In Appendix C, we evaluate the performance of our method in interaction with an ILP solver. We include performance
results for both end-to-end and isolated cutting plane stage solving.

* In Appendix D, we discuss runtime considerations and provide a side-by-side comparison on that axis.

* In Appendix E, we explore how the cut quality is distributed in cutpools for each of the different families. We gain
some insights on the experimental results in Section 4

A. ILP generation and primer on Gomory Cuts
A.1. Integer Programming Domains

We used instances from five integer programming domains. The first four: (i) packing, (ii) bin packing, (iii) maximum cut
and (iv) production planning are the ones first suggested by Tang et al. (2020) and also used by Paulus et al. (2022). The
exact mathematical formulation for the four first families is given in Tang et al. (2020). We extend the benchmarks with
instances from the set cover family.

For set cover, we generate those instances probabilistically. Starting with m elements and n subsets, we add each element to
a subset with probability p. After the full iteration, we achieve feasibility by ensuring: (i) that no subset is empty by adding
a random element to empty subsets, (ii) that all elements are included in at least one subset by adding non-included elements
to arandom set. Let £ = {e1, ea,...,e,} be aset of n elements. Let S1, 59, ..., S, be subsets of F with associated costs
c1,Co,...,Cn. Let X; be a random variable associated with each subset S;. X; = 1if S; is in the solution, and 0 otherwise.
The ILP formulation is as follows:

m
Minimize ZciXi
=1
subjectto Ve € E, >  X;>1,
i:e€S;
VX, X; € {0,1}.

The constraints in (1) ensure that every element is present in at least one of the chosen subsets. The constraints in (2) indicate
that every subset is either chosen or not. The objective function chooses a feasible solution with the minimum cost. We use
p = 0.2 and ¢ = 1 for our experiments.

A.2. Generating Gomory Cuts

When an LP is tackled using a simplex algorithm, the primary step involves converting the original LP into standard form.
This entails transforming all inequalities into equalities through the introduction of slack variables:

minimize ¢’ x

subjectto Az + Is = b,
and >0, s>0,

where I denotes an identity matrix, and s represents the set of slack variables. The simplex method iterates on the tableau
formed by [A, I], b, and c. Upon convergence, the simplex method furnishes a final optimal tableau composed by a constraint
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matrix L with a constraint vector v. A Gomory cut in the standard form space is generated by utilizing the row of the tableau
corresponding to a fractional variable in the optimal solution z*. For each fractional element ] of * we can generate a
Gomory cut

(—Li+ [Li])"w < —v; + vs ], )

where L; is the i-th row of the matrix L and |- | means component-wise rounding down. We can decompose the generated
cuts cutting plane of the following form:

eTe+rTs<d 6)

where e,z € R", ;s € R™, and d € R. Despite the presence of slack variables, they can be eliminated by multiplying both
sides of the linear constraints in (6) by r:
rT Az +rTs =rTb @)

and subtracting the new cutting plane (7) from the equation above. This results in an equivalent o < /3 cutting plane:

(el =T Az <d—rTb 8)

This cutting plane exclusively involves variables within the original variable space. Slack variables do not provide additional
information about the polytope and operations for the encoding described in B.3 are defined in the original space.

B. Implementation Details

B.1. Dataset Dimensions

Tang et al. (2020) consider three different sizes (small, medium large) for each domain. In Paulus et al. (2022) the authors
discard small and medium sizes because they are solved at presolving time or after adding a few number of cuts. Although
we do not use pre-solving in our study out method has also shown to converge too fast for small and medium instances in
(Tang et al., 2020).

For the in-distribution experiment we generate 2000 train, 500 validation, 500 test instances of the following dimensions:

 Packing: 50 variables, 50 (resource) constraints.

* Bin Packing: 50 variables, 50 (resource) constraints + 50 binary constraints.

Max Cut: |[V| =9,|E| = 25.

¢ Production Planning: 7" = 10.

Set Cover: |E| = 35, |S] = 35.

Note that for each of the training and validation instances a trajectory of the look-ahead generates up to 30 cutpools of size
around %‘30 where m is the number of constraints which leads to approximately 2000 - 30 - %‘go training datapoints per
family. For example, on packing m = 50 this is approximately 24 - 10° datapoints.

For the generalization into larger instances experiment we generate 500 test instances of the following dimensions:

* Packing: 100 variables, 100 (resource) constraints.

* Bin Packing: 100 variables, 100 (resource) constraints + 100 binary constraints.

Max Cut: |V| = 14, |E| = 40.
 Production Planning: 7' = 15.

¢ Set Cover: |E| = 50,|S| = 50.
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Table 1. Designed cut features for a generated cut (a, Bk ). ¢ is objective coefficient vector and x* is the latest LP solution.

Feature | Description | Number
Cut Coefficients | Mean, Max, Min, Std of (ax, 3x) | 4
Objective Coefficients | Mean, Max, Min, Std of ¢ | 4
Parallelism ‘ Parallelism between the objective and the cut % ‘ 1
Efficacy ‘ Euclidean distance of the cut hyperplane to x* ‘ 1
Support | Proportion of non-zero coefficients of (ay, B) 1
Integral Support ‘ Proportion of non-zero coefficients with respect to integer variables of (ay, Bk ) ‘ 1
Normalized Violation ‘ Violation of the cut to the current LP solution max{0, %}Jﬂ"} ‘ 1
Latest Cutpool ‘ Wheter (o, k) € Cy, or not ‘ 1

B.2. Baselines

Consider C to be a cutpool. The baseline heuristics that we use are defined as follows:

» Random: Choose (o, Bx) € C uniformly at random.

¢ Max Violation (MV): Let =* be the basic feasible solution of the current LP. MV selects the cut corresponding to the
maximum fractional component, this is the cut corresponding to the index iy = argmax;{|z} — round(x})|}.

* Max Normalized Violation (MNV). Recall that L denotes the optimal tableau returned by the simplex algorithm. Let
L; be the ith row of L. Then, MNV selects the cut corresponding to index is = argmax,{|z} — round(x})|/||L:| }.

* Lexicographic: Add the first cut with fractional index i; = argmin, «i fractiona 12 -

* Min Similar: Takes the cut argmin,,, 5, cc{(, Br)" ¢} where c is the objective coefficient vector.
Wesselmann & Stuhl (2012) is a useful resource for a more detailed description of heuristic cut selection rules.

B.3. Feature Encoding

We design 14 cut features to represent the state for the cut selection task. The first 13 follow Wang et al. (2023); Huang et al.
(2021); Wesselmann & Stuhl (2012); Achterberg (2007); Dey & Molinaro (2018). The 14-th is a binary variable indicating
if a cut belongs to the latest cutpool. Table 1 provides a description of such features.

B.4. Training Hyperparameters

We trained our models with SGD with a Ir of 5 - 10~3 for 50 epochs using a batch size of 10* with a patience parameter of 5.

C. Interfacing with an ILP Solver

As remarked in the experiments section 4.1 our method is tested in a clean and isolated environment using an implementation
of the cutting plane method from scratch. Nevertheless, we acknowledge the interest of evaluating our approach perform
inside of an ILP Solver. As a result, we have incorporated our cut-removal approach in the SCIP (Achterberg, 2007) solver
which also enables solving larger instances as well as using other types of cuts implemented natively (Mixed Integer Gomory
cuts, Strong Chvétal-Gomory cuts, Complemented Mixed Integer cuts and Implied Bound cuts).

In particular, we have developed an implementation of our method in the SCIP solver through the PySCIPOpt python
interface and used it on the “Neural Network Verification” (Nair et al., 2020) dataset instances. More precisely, we evaluated
the performance of the Branch-and-Cut mode of SCIP with the vanilla cut-addition policy (B&C-Cut_Addition) with the
performance of Branch-and-Cut mode with our cut-removal approach (B&C-Cut_Removal).
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C.1. End-to-end Performance Comparison

In Table 2 we present the percentage improvement of the solution found by B&C-Cut_Removal with respect to the solution
found by B&C-Cut_Addition in 26 randomly selected instances with the node limit set to 100. Our experiments reveal
that B&C-Cut_Removal finds on average a 35% better solution than B&C-Cut_Addition. We also observe that B&C-
Cut_Removal is able to find a better solution on 88.46% of instances. In the remainder 11.54% of instances both methods
reach the same solution.

Table 2. Improvement (%) for Each Instance (id)
Instance 1317 1891 1941 1987 2229 2891 2959 321 3736 3853 3964 4173 4329

Imp. (%) 27.87 4.69 0.00 125.80 46.38 76.00 22.55 17.32 2275 74.23 20.69 0.00 3.52

Instance 4743 495 5119 5424 5463 5757 5833 6392 6481 7064 8509 8627 8630
Imp. (%) 0.00 47.85 2524 3336 2132 52.88 195.50 34.01 19.20 12.12 11.36 12.87 1291

C.2. Isolated Performance Comparison

Branching algorithms can be interpreted by the tree they describe. The starting problem formulation relies on the top node of
a tree. After making a branching decision, children problem formulations with more restrictive constraints appear. At each
of this sub-problem formulations (nodes) the Cutting Plane procedure is invoked, this is where our Cut Removal Algorithm
is executed.

We present a second experiment in order to evaluate the improvement that our method yields specifically at a single-node
level in the Cutting-Plane stage of the SCIP solver by isolating all parts of the SCIP workflow except the cutting plane
step. This setting is analogous to our Cutting Plane implementation but in SCIP. Interfacing with SCIP allows for extended
capabilities such as having different kinds of cuts (besides vanilla Gomory Cuts) and having the problem modified through
pre-solving at the starting node. At each Cutting Plane method call we measure the improvement of the LP bound of
B&C-Cut_Removal against B&C-Cut_Addition. The results are contained in Table 3

Table 3. Mean Improvement (%) for Each Instance (id)
Instance 8630 2891 3853 5424 4329 8627 6481 1941 3964 495 2959 4173 8509

MImp. (%) 137.83 29.69 0.09 0.69 10931 276.44 3.09 0.01 47.71 0.37 2220 0.00 3197

Instance 7064 1317 5463 2229 5757 1891 4743 3736 1987 321 5833 5119 6392
MImp. (%) 91.77 117.55 322777 5997 3847 051 244 0.00 821 1.78 9.61 102.77 35.61

D. Runtime Considerations

Wall-clock time highly depends on external factors such as implementation and programming language (e.g., C++ vs
Python/PyTorch). This variability is why the number of cutting planes (number of iterations) is considered a more robust
evaluation metric and has also been adopted by Paulus et al. (2022); Tang et al. (2020). This being said, we acknowledge the
interest in providing results for this metric. In Table 4, we present the speedup that our method achieves when compared to
the baselines in terms of wall-clock time. We measure the total time elapsed from start to finish when solving the instance.
We consider instances where at least one of the policies converged. Max-Cut and Planning are not included in this table as
none of the methods were able to achieve an ICG value of 1 (see Figure 2 in the paper). Thus, these problems do not permit
a fair comparison. We notice our method attains an improvement over all baselines.

We emphasize that our current implementation on cut removal could be further optimized with data structures. For this
reason, we believe that the reported speedups could be improved further.
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Table 4. Performance Comparison
Problem/Method Paulus etal. Look-ahead Expert Other Non-neural Baselines

Bin Packing 1.14x 24.59x 2.71x
Packing 1.61x 24.30x 2.15x
Set Cover 5.12x 47.26x 5.41x

E. Cut Pool Distributions

In this section we present results on the quality distribution for Gomory Cuts. We aim to answer the following questions:
How is the quality in cuts distributed for different ILP families? How does this distribution evolve across the iterations?
How do the cutpool quality distributions vary if acting with a random policy versus the lookahead rule?

MILP Benchmarks We collect trajectories of the random policy and lookahead policy for a total of 500 instances per
problem family. At each iteration k£ we save each of the generated cuts («, 3), the previous LP value «}, and we calculate
the LP value after adding the cut xzu(a 8

Test Evaluation Metrics In section 3 we presented the bound improvement as a criteria to measure the quality of a cut
(a, B).
Recall the formulation for the normalized LP improvement by the previous LP value:

T % T ok
C xku(a,b’)_c Ty

T
C Ty

This metric (M1) serves as an indicator on how valuable is a cut for the solution of the LP.
Consider also the similar construction but normalizing by the largest bound improvement instead.

T, % T, .x
¢ Thu@,p) —C Tk

{CTx;u(&,B) —cTap}

€ [0,1].
max ; syec,

This metric (M2) serves as an indicator on how valuable is a cut with respect to its cutpool.

Results For each problem family (packing, bin packing, maximum cut, production planning, set cover), each metric (M1,
M2) and each policy generating the trajectory (random, look-ahead) we compute distribution matrix D. Consider M(-) to be
a function that calculates metric M for each element of an array and sortd(-) to be a function that sorts an array in decreasing
order. Let C ,il) to be the cutpool generated at iteration & for instance [. Then, the i-th row of D is calculated by aggregating

sortd(M (C’i(l))) and scaling. For the scaling note that for some problems the cutpool dimensions may vary across different
instances and iterations. For this reason, we divide each component by the number of existing components in the cutpools in
the aggregation. Figures 4, 5, 6, 7, 8 show the heatmaps for the different distribution matrices.

The top plots (a), (b) for each figure explain how the “’cut quality with respect to fellow cutpool cuts” distribution evolves
across iterations for trajectories of the random and look-ahead policies respectively. The starting cutpools are uneven for all
problems and that picking the best cuts in the first iterations (look-ahead) leads to more uniform cutpools compared with
random picking in all problems except production planning where the uneven distribution holds.

The bottom plots (c), (d) show how the ”cut quality with respect to previous LP value” distribution evolves across iterations
for trajectories of the random and look-ahead policies respectively. For trajectories of both policies most of the bound
improvement with respect to the previous solution is yielded in the first iterations except for production planning where the
magnitudes hold. This explains the results observed in Figures 2, 3 where the IGC plateaus after the first iterations for all
problems except for production planning where it shows a linear trend. We also observe that for the max cut the number of
high quality cuts in the first iterations is significantly larger than in other families. This justifies the behaviour observed in
the maxcut plot in Figures 2, 3 where for the first iterations many policies perform as well as the best one.
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Figure 5. Bin Packing Cutpool Distributions
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Max Cut cutpool quality across iterations for random policy
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Figure 8. Set Cover Cutpool Distributions
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