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Abstract

Self-distillation (SD), a technique where a model improves itself using its own
predictions, has attracted attention as a simple yet powerful approach in machine
learning. Despite its widespread use, the mechanisms underlying its effectiveness
remain unclear. In this study, we investigate the efficacy of hyperparameter-tuned
multi-stage SD with a linear classifier for binary classification on noisy Gaussian
mixture data. For the analysis, we employ the replica method from statistical
physics. Our findings reveal that the primary driver of SD’s performance improve-
ment is denoising through hard pseudo-labels, namely discrete labels generated
from the model’ s own predictions, with the most notable gains observed in
moderately sized datasets. We also identify two practical heuristics to enhance
SD: early stopping that limits the number of stages, which is broadly effective,
and bias parameter fixing, which helps under label imbalance. To empirically
validate our theoretical findings derived from our toy model, we conduct additional
experiments on CIFAR-10 classification using pretrained ResNet backbone. These
results provide both theoretical and practical insights, advancing our understanding
and application of SD in noisy settings.

1 Introduction

Knowledge distillation (KD) |Hinton et al.| [2015] is a technique in machine learning that transfers the
learned information from a complex model (often referred to as the teacher) to a simpler model (the
student). This method attracted attention for achieving model compression with minimal performance
loss, and has been applied across various domains, including image classification [Liu et al.|[2018]],
Xu et al.| [2020]], object detection |Chen et al.| [2017]], and natural language processing (Calderon et al.
[2023]], |Gu et al.|[2024].
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Among the various forms of KD, self-distillation (SD), originally termed born again neural net-
work Furlanello et al.[[2018]] is particularly intriguing. In SD, the teacher and student models share
identical architectures. This means that SD does not attempt the model compression; rather, it retrains
the student model using the teacher’s output. SD presents a intriguing paradox: despite training an
identical model on the same dataset, the student model can outperform the teacher [Furlanello et al.
[2018]], Hahn and Choi|[2019], |Clark et al. [2019]], Yang et al.|[2024]], Chen et al.| [2025]].

Two main hypotheses have been proposed to explain such seemingly puzzling performance gains. The
first suggests that the soft labels generated by the teacher provide dark knowledge Hinton et al.|[2015].
Here, dark knowledge refers to the information implicitly embedded in the prediction probability
distribution of the teacher model’s output, which is absent in hard labels. It provides the student
with additional information that captures subtle relationships within the data. The second hypothesis
attributes the improvement to a denoising effect [Das and Sanghavi| [[2023]], Das et al.| [2025]] where
the teacher model reduces the influence of the incorrect noisy labels in the training data, enabling the
student model to learn a more reliable representation of the underlying patterns |Pareek et al.| [2024]].

Although these hypotheses offer plausible explanations, the optimal behavior of SD, achieved through
hyperparameter optimization and repeated iterations |Pareek et al.|[2024], remains poorly understood.
This lack of understanding makes it difficult to identify the key factors that genuinely contribute to
the performance improvement of SD. One reason for this difficulty is that exhaustive exploration of
the hyperparameter space is usually computationally expensive, limiting the scope of experimental
studies. As a result, evaluating the effectiveness of SD and identifying optimal strategies for its
application remains a challenge.

To address this issue, we consider a multi-stage SD procedure using a linear classifier on Gaussian
mixture data with label noise. This setup provides a controlled environment for analyzing both the
dark knowledge and denoising hypotheses within a unified theoretical framework. In particular,
we analyze this setting in the proportional asymptotic limit, where the input dimension /N and the
data size M diverge at the same rate, i.e., N, M — oo with M/N — a € (0,00). A salient
feature of this proportional asymptotic regime is that it allows precise characterization of the trained
classifier’s behavior, rather than merely providing rough lower or upper bounds. This enables us
to explicitly determine optimal hyperparameters and iteration procedures, at least within simplified
settings. Moreover, because this precise characterization involves only a finite number of variables,
an exhaustive search for the optimal hyperparameters becomes computationally feasible. In this
context, Gaussian mixture classification with linear models has served as a standard setting for gaining
valuable insights into high-dimensional learning problems |[Dobriban and Wager [2018]], Mignacco
et al.|[2020], Kin1 and Thrampoulidis| [2020], [Loureiro et al.| [2021],|Deng et al.| [2022], Mannelli
et al.|[2024], Pesce et al.|[2023]], Takahashi|[2024]. Technical tools for analyzing such asymptotic
regimes include the replica method [Mezard et al.| [1986], (Charbonneau et al.|[2023]], Convex Gaussian
Min-max Theorem [Thrampoulidis et al.| [2015]], Approximate Message Passing [Donoho et al.|[2009],
which builds on Gordon’s inequality (Gordon| [[1988]l. In our study of multi-stage SD, we employ the
replica method, which has recently been shown to be applicable to multistage optimization problems,
including self-training |Takahashi| [2022] and alternating minimization (Okajima and Takahashil [2025].

Our main results are as follows:

1. The statistical properties of the trained classifiers are precisely characterized in the asymp-
totic limit where the input dimension and the data size diverge at the same rate. The precise
formula for the generalization error is also be derived (Section ).

2. SD using soft labels with dark knowledge can outperform hard-label training, particularly
under low-noise or limited-data conditions. However, the performance gains achieved with
soft labels are often quantitatively comparable to those obtained using hard labels across all
settings we investigated. These findings suggest that, at least within our toy model, dark
knowledge is not the key factor driving the success of SD (Section [3).

3. Naively applying multi-stage SD over too many stages degrades performance. This can be
mitigated by employing an early-stopping heuristic that terminates the SD process at an
appropriate stage. The resulting performance improvement is most pronounced for medium-
sized datasets, where the denoising effect of SD is strongest. In addition, even though
pseudo-labels contain label noise, performance comparable to training with ground-truth
labels can be achieved in large-scale datasets (Section [6).



4. When ground-truth labels are imbalanced, learning solely from the teacher’s pseudo-labels
becomes challenging. This difficulty arises because the optimal regularization strength for
aligning decision boundaries differs from that required for appropriately estimating the bias
term. It is shown that fixing the bias term in the early stages of multi-stage SD serves as an
effective heuristic to mitigate this issue (Section [7).

5. Experiments on CIFAR-10 with a pre-trained ResNet backbone qualitatively validate several
theoretical predictions, extending beyond toy-model settings (Section [§).

These results provide a comprehensive understanding of the mechanisms underlying SD with a linear
classifier on noisy Gaussian mixture data, and offer insights into how to optimally apply SD.

Reproducibility: The codes to reproduce some of our results are available at https://github,
com/taka255/self-distillation-analysis,
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2 Related Work

Replica method for multi-stage learning. The application of the replica method to analyzing
the dynamics of high-dimensional systems was originally proposed for studying discrete optimiza-
tion |[Krzakala and Kurchan|[2007] and stochastic processes in glassy systems Franz and Parisi [2013].
In recent years, it has been extended to learning problems, particularly for analyzing sequential
optimization processes, including self-training in semi-supervised learning [Takahashil [2022]] and
alternating minimization (Okajima and Takahashi| [2025]]. Our work builds on and advances this
approach to analyze modern machine learning algorithms.

This methodology can be interpreted as a variant of Dynamical Mean Field Theory, a fundamental
tool of statistical physics for analyzing the dynamics of high-dimensional systems, including gradient-
based learning dynamics of neural networks [Zou and Huang|[2024], Helias and Dahmen|[2020] (see
appendix [A] for details).

Theoretical analysis of self-distillation. Theoretical analyses of distillation have predominantly
focused on separable datasets due to their analytical tractability Phuong and Lampert|[2019]], Das et al.
[2025], Das and Sanghavil [2023]]. In separable settings, pseudo-labels generated by a teacher may be
able to, in principle, match the ground-truth labels exactly. However, in realistic scenarios where data
are not perfectly separable, pseudo-labels inevitably include errors. This fundamental limitation is
not captured in these existing theoretical analyses, which rely on the separability assumption. While
some exceptions Ji and Zhul [2020], Saglietti and Zdeboroval [2022]] have extended the analysis to
non-separable datasets, they fall short of characterizing the behavior of optimal distillation under
label noise. Our study fills this gap by quantitatively analyzing the improvements through SD with
hyperparameter optimization on noisy and non-separable datasets.

3 Notations and Problem Setup

For convenience, we summarize all symbols and their definitions in Table [B.T] of Appendix [B] and
provide a graphical illustration of the multi-stage SD model in Figure [6] of the same appendix.

3.1 Gaussian Mixture Data with Noisy Labels

We consider the binary classification of Gaussian mixture data with noisy labels using a single-layer
neural network. Let z,, € RY be the input data, where & = 1, ..., M is the index of the data point
and N is the dimension of the input data. Here, we define the data-to-dimension ratio as « = M/N.

The true labels yg”e € {0,1} are independently generated according to the Bernoulli distribution

p(y) = p¥ (1 —p)l_y:ue, with p € (0, 0.5]. We consider a noisy observation in which the observed

labels y,, € {0, 1} differ from the true labels with probability 6: Pr[y,, # y;;*] = ¢ € [0,1/2]. The

feature vectors {x u}lg u<u are generated from the Gaussian mixture distribution:

z, = (24" — 1)v/VN +VAz,, (1)
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where +v € R” are the mean vectors of the Gaussian mixture, {z, }1<,<n are i.i.d. standard
Gaussian vectors, and A > 0 controls the variance of the additive noise. [[] Since the noise is rotation
invariant, in the following, we set v = (1,1,...,1) T without loss of generality. The goal is to train a
good classifier from Dy, = {x e yu} ffle that can classify an unseen observation x, generated in the

same way as in (T), correctly as y'™.

3.2 Multi-stage Self-Distillation Model

We define the multi-stage SD model as a learmng process that progresses through stages ¢ =
0,1,2,.... The loss function at the ¢-th stage is given by

t t pt A ]2
(w', BY) Zf v Y (w', B @) + 5 (w7 @)

where (y,7) is a loss function, and the minimizer of Eq. (@) is denoted as w' and B'. Here,
Y (w', BY; x,) is the activation, and y/, is the target label used for ¢-th stage learning. For t = 0, y/,
represents the observed label y,,, and for ¢ > 0, it is interpreted as the pseudo-label. The activations
and pseudo-labels are defined by the following rules.

Activations: The activation at the ¢-th stage is given by

t pt. _ (w'z, t
Y(w',B%x,) 0'( Wi —I—B), 3)
where o(z) is an activation function, and the factor 1/v/N ensures the output remains at order
O(1) in N. We use two loss—activation combinations: (i) cross-entropy loss and sigmoid activation,
(y,9) = —ylogy— (1 —y)log(l —9), o(x) = 1/(1+ exp(—=x)); (ii) mean squared error loss and
linear activation, {(y,9) = (y — §)2 o(z) = (z + 1)/2. See Appendix [B.3|for more details. These
choices ensure convexity of the loss at each stage, which is crucial for our theoretical analysis. We
refer to the model based on Eq. @) as the t-SD model, with the 0-SD model as the base model before
distillation. We refer to the ¢-SD model with cross-entropy loss as the logistic t-SD model, and the
version with mean squared error loss as the linear t-SD model.

Pseudo-Labels: Labels at stage ¢ are computed from the (¢ — 1)-th stage as

<6t( w' ‘P':H+Bt—1>> t>1 @)
w=0 \/N ) = L

with yg = y,. Here, 3* > 0 s the inverse temperature controlling the hardness of the pseudo-label. In

the limit 3¢ — oo, it becomes hard (0 or 1), whereas finite 3! yields soft labels in (0, 1). Note that this
parameter is meaningful only in the logistic SD model, since the linear SD model is scale-invariant.

3.3 Effect of Self-Distillation

We evaluate the effect of SD by measuring generalization error with optimal hyperparameters, tuned
to minimize it. We define © = {\"}!_, U {B7}!_, for ¢ > 0, with © = {A°}, and define the error
metrics:

£t = EpEq yme [H(Y(wt, Bt:x) # y"“e)} (5)
& = Héitn €' 5Hard o /\UIT.l.i‘I,l)\t 51’...1%29%00 & (t=21), ©)
where Y (w!,Bt;z) = I[Y(w' B;x) > 1/2], I(A) is the indicator function, D =

T, Y™ y,) hi<u<ar, and (x,y'™°) is a test input generated in the same way as the trainin
w Y HYu)s1<p< put g Y g
data. &}, represents the error when dark knowledge is removed by hardening soft labels. This
limit is meaningful only for the logistic ¢-SD model. We include this as a reference to assess the
role of dark knowledge. A significantly smaller £* than £*0 indicates SD effectively improves
generalization.

'The results remain valid if z,, are replaced by i.i.d. random vectors with zero mean, unit covariance, and
finite higher-order moments due to the central limit theorem.



4 Precise characterization of multi-stage self-distillation

For a new input a generated from the Gaussian mixture as in (I, the distribution of the pre-activation
w' - x/v/'N + B! can be characterized as

whxr a4,

+ B £ @2yt — 1) + B + 1/ AQt 2, 7
Wi (2y ) Q (7

d oo = N .
where = denotes equality in distribution, Q% = ||*||? /N represents the norm of the weight vector,
m! = w! - v/N is its alignment with the cluster center direction v, and z ~ A(0, 1). The label

Yt follows p(y'e) = p¥"" (1 — p)1=¥"™". As such, the term ' (2y'™¢ — 1) represents the signal

component, while \/Qt* controls the uncertainty due to the variance in the classifier’s weights. This
result follows from the independence of « from Dy, and its Gaussianity.

At the proportional limit N, M — oo, M/N — « € (0,00), these quantities are expected to
converge to deterministic values, which do not fluctuate aginst the realization of Dy, as

Q" (D) — Q%, m'(Dy) — mt, BY(Dy) — b 8)
This leads to the following expression of the average generalization error[Mignacco et al.|[2020].

Proposition 4.1. Under the proportional asymptotic limit (N, M — oo, constrained by M/N —
a € (0,00)), the average generalization error of the t-SD model is given by

t bt t _ bt
&= PH<%) +(1- P)H<n\}m>7 ©)
where H(z) =1— [*_ dt e~*12)\/2r.

Proposition . T]indicates that the key quantities to evaluate the generalization error are the alignment
m!/\/Q' (the cosine similarity between the direction of the decision boundary and v) and the
rescaled bias B'/+/ Q' (the offset of the decision boundary from the origin).

Since Q',m' and B! are expected to be concentrated to deterministic values as in (8), they are
evaluated by investigating the average values Ep [Q"], Ep[m!], Ep[B?] at the large system limit. For
evaluating these averaged quantities, we used the replica method and obtained the following results,
which precisely characterize the values of them.

Result 1 (Statistics of the T-SD model parameters). There exist constant matrices Q = (Qs’f)7 X =
(1) € RIHVXTHY) and a constant vector m = (') € RT! such that, in the proportional
asymptotic limit (N, M — oo, M/N — « € (0, 00)),

T-1
~0 d 1 ~0 , £0 AT d 1 ~T | fT st ~s
wi_@oo_,_)\o(m —l—f) and W —QATT+/\T<m +& SEZOQ w) (T >1),

. . (10)
where € = (£%) € RTHL ~ N(0, X).

We deliberately use the notation Result rather than Theorem, as the derivation relies on the replica
method is not yet a mathematically rigorous proofﬂ The derivation is given in appendix [C| where the
explicit determination of the constant matrices Q, x and the vector m is also detailed. Furthermore,
Result[I]is validated by numerical simulations in appendix [D} demonstrating good consistency.

The constants Q 7/ and ¥ that appear in Theorem [I{and b* in Equation E] can all be obtained by
solving at most O(T') coupled equations (see Appendix |C), so they can be computed efficiently.

Moreover, from Equation (I0) one directly obtains Q' = E[(w!)?] and m! = E[w!]. Together with
Proposition[4.1] this gives an exact characterization of the generalization error in the asymptotic limit.

Beyond yielding a closed-form for the asymptotic generalization error, Theorem [1I|also makes clear
that the parameters learned via SD are effectively governed by only a small number of key order

2For possible directions toward rigorous proofs and the associated technical challenges, see the remark in

appendix [C.10}



parameters. To see how this plays out in practice, we now unpack the roles of the parameters in
Theorem 1] I The weights are composed of three components: (i) the 51gnal term 77! representing
the amount of correlation with the cluster center v, (ii) the noise term & t capturing the randomness
inherent in the data, and (iii) the correction term — Zi;ll Q®10®* accounting for correlations induced
by the labels generated by previous teacher models, i.e. 0-th to (¢ — 1)-th SD models.

5 The role of soft labels in self-distillation

In this section, we focus on the ¢ = 1 case, where SD involves a single teacher and student.

Dark knowledge effect is marginal. We investigate the generalization error improvement of the
optimal logistic 1-SD model in a noiseless setting (§ = 0), where any improvement would stem
solely from the teacher’s soft labels, because there is no label noise to be removed. As shown in
Figure[T] the linear 1-SD model exhibits only modest improvement across various dataset sizes and
data variances. Gains are slightly more visible when the dataset is small and variance is low, but even
under such conditions, the improvement remains under 0.4%. These results suggest that in linear
models, the contribution of dark knowledge is limited.

Error improvement & * —

0.003
<10

0.002

0.001

Figure 1: Heat map of the improvement error £*© — £*1 at p = 0.4 and § = 0 in linear 1-SD model.

Soft labels vs. hard labels. Soft labels provide dark knowledge beyond simple class predictions.
However, since denoising primarily aims to identify the correct label, this additional information may
not always be necessary. Motivated by the limited effect of dark knowledge observed in the noiseless
case, we hypothesize that hard labels, obtained by binarizing soft labels, may suffice for SD. To test
this hypothesis, we compare generalization errors in logistic 1-SD using hard and soft labels.

Figure 2/A and B show the improvement in generalization errors achieved using soft labels (£*0 — £*1)
and hard labels (£*° — Hard) respectively. Both exhibit similar qualitative trends: large improvements
are observed in higher noise and larger dataset settings, consistent with the denoising interpretation.

Figure 2IC shows the ratio of the improvements in A and B, revealing two distinct regions. In the dark
purple region, soft labels offer a clear advantage over hard labels, indicating that dark knowledge
contributes meaningfully to SD. In contrast, the bright yellow region shows that hard labels are
nearly as effective as soft labels, suggesting that dark knowledge is unnecessary in these conditions.
However, even in the region where soft labels outperform hard labels, the quantitative improvement
is small (Figure 2JA). These findings suggest that while soft labels may be beneficial in specific
conditions, their overall impact on SD performance is relatively limited in our setting.

This observation may refine our understanding of dark knowledge in SD. While previous studies Ma
et al.| [2022], Mandal et al.| [2025]] emphasized its general importance, our results suggest that its
effectiveness depends on dataset characteristics and noise level, and that it is not always necessary.

6 Understanding the effect of multi-stages

So far, we have examined the role of dark knowledge using the logistic £-SD model in single-stage
settings. Here, we shift our focus and consider the effect of repeated SD across multiple stages.

To investigate this, we consider the ¢-stage model (¢ > 2) and study how performance evolves with
repeated applications of SD. Due to computational constraints, we focus on the linear ¢-SD model.
Although it does not distinguish between soft and hard labels, we expect it to still capture the essential
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Figure 2: (A) and (B): generalization error improvements in the optimal logistic 1-SD model
using soft labels (£*° — £*1) and hard labels (E*0 — EfL,), respectively. (C): the ratio of the two:
(X0 — &1L )/ (€70 — £*1). Parameters: p = 0.4, A = 1.0.

behavior of multi-stage SD. We first focus on the label-balanced case (p = 0.5), and discuss the
label-imbalanced setting (p < 0.5) in Section[7}

Denoising effects and dataset size dependence. We investigated the denoising effect of SD by
comparing the optimal ¢-SD model with two baselines: the optimal 0-SD model (£*° with > 0)
and the optimal 0-SD model trained on noiseless data (€*° with 6 = 0), as shown in Figure 3}A.

The behavior of £*! can be categorized into three types depending on «: large «, intermediate v, and
small . When « is sufficiently large (o« 2 10) or small (o < 0.2), the decrease in £* slows down
around t = 3, with £*3 and £*19 being almost the same, as shown in Figure.

At sufficiently large o (o« = 10! in Figure ), multi-stage SD quickly achieves performance close to
that of noise-free setting. Specifically, by t = 3, the generalization error £* becomes nearly equal to
the noise-free case £*C with 6 = 0, even though the error before distillation £*° with 6 > 0 is clearly
higher than noise-free case. This finding is noteworthy, as perfect noise correction is challenging
due to the overlapping data distributions. In contrast, for small a, £** remains close to £*° even at
t = 10, indicating that SD’s denoising effect is limited. Unlike large or small o, in the intermediate
range, the improvement progresses slowly with the number of iterations, but £** approaches to the
noise-free case as ¢ increases. As a consequence, the error improvement by multi-stage SD exhibits a
non-monotonic behavior with dataset size, with the most pronounced denoising effect observed for
moderately-sized datasets, as indicated by the arrow in Figure[3A.

Intuitively, this phenomenon can be explained as follows. For small datasets, the limited data makes
it difficult for the teacher to learn pseudo-labels that effectively correct label noise, reducing the
effectiveness of SD. In contrast, for large datasets, the teacher becomes strong enough to generate
pseudo-labels that allow SD to correct noise effectively. However, the pre-SD classifier already
performs well, leaving little room for further improvement. For intermediate dataset sizes, the
available data is sufficient for the teacher to produce pseudo-labels that enable noise correction. At
the same time, the pre-SD classifier remains suboptimal. As a result, the most substantial performance
gains are observed in this intermediate « region.
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Figure 3: (A) A comparison of the optimal generalization error for the linear {-SD model, 0-SD
model, and the noiseless case. (B) Dynamics of 1/AQ! and m! for the linear ¢t-SD model with

A0 ... A* — oo. (C) Comparison of generalization error between the linear ¢-SD model with
A% ... A* — oo and optimal ¢-SD. Parameters for (A): p = 0.5,A = 0.5, = 0.4. (B, O):

a=10,A=12,0=035" =1//Q 11



Fixed point analysis and learning dynamics. A natural question may be how the error of ¢-SD
behaves as t — oo. To investigate this, the limit A", ..., A\* — oo is considered, under which a closed-
form expression for the generalization error of the linear ¢-SD model can be derived. This provides
theoretical predictions for the error as ¢ — oo. This setting is not only mathematically tractable

but also interpretable: it simplifies the solution to a the averaging estimator w' o Zﬁil Yu e
As shown in [Dobriban and Wager| [2018]], [Lelarge and Miolane| [2019], Mignacco et al.| [2020],
this averaging estimator is Bayes-optimal when noise-less (¢ = 0) and balanced (p = 1/2) case.
Furthermore, |Akhtiamov et al.|[2024] shows that in the A — oo regime, any corruption rate (f < 0.5)
in the balanced case (p = 1/2) can be eliminated. We also confirmed in preliminary experiments
that the optimal hyperparameter schedule obtained by black-box optimization starts with very large
regularization and then switches to zero, which naturally supports early stopping as a sensible strategy.
Based on the above considerations, we now present the following theorem for this large regularization
limit.

Result 2 (The generalization error at t — oo). For an arbitrary choice of the set of the temperature
parameters {3 }1>o, the generalization error of the linear t-SD model with p = 0.5, \°, - -+ /X! —
00 and t — 00 is given by limy_, o E* = 0.5 whenever a < AZ.

The proof is given in appendix [F

Result[2] shows that, under certain data conditions, naively continuing multi-stage SD can reduce the
model’s performance to the level of random guessing. In particular, when oo = A2, the generaliza-
tion error exhibits a phase transition that separates meaningful predictors from random ones (see

Appendix [F).

To gain deeper insights into the learning dynamics, we analyze the time evolution of m?! =
E[w! - v]/N and Q' = E[w’ - w!]/N, which quantify signal extraction and prediction uncer-
tainty, respectively. The temperature is set to 3¢ = 1/4/Q*~1:t=1 to prevent the norm of the weight
vector, ||w!||, from vanishing. The values of m! and Q' are plotted in Figure 3B. As shown in the

figure, m® peaks during the initial iterations, whereas the predictive uncertainty /AQ?** increases
steadily throughout the stages, leading to performance decline. Therefore, optimal learning may
be achieved by halting the training process when signal extraction is maximized. Interestingly, this
early stopping strategy closely matches the results obtained through comprehensive hyperparameter
optimization across the entire model (Figure [3[C).

These results are consistent with experimental studies Zhang and Sabuncul[2020], where the term
“diversity” specifically refers to the predictive uncertainty of teacher predictions, which has been
suggested to relate to the success of SD. Our result may support that such predictive uncertainty
(diversity) plays a key role in effective signal extraction. However, the results also imply that the
extractable signal saturates after a few iterations, highlighting an intrinsic limit to the benefit of
repeated distillation.

7 The hardness of learning bias in label imbalanced cases

Next, we examine the label imbalanced case p < 0.5, where performance improvement results from
the interplay between alignment and rescaled bias, and compare it to the p = 0.5 case.

The difference from the label-balanced case lies in the difficulty of simultaneously learning the
bias and the alignment in imbalanced datasets. Figure @B shows the evolution of the rescaled
bias (b'/4/Q) and alignment (m?!/+/Q) over distillation stages. As the figure indicates, while
alignment improves gradually, the rescaled bias worsens as training progresses, deviating from its
Bayes-optimal value.

This behavior can be attributed to the effect of ridge regularization, which acts only on the weight
vector w?. Strong regularization, which may be necessary to improve alignment, shrinks the norm
the weight (Q' = ||w?||2/N) and consequently increases the rescaled bias. When the rescaled bias
becomes too large compared to the alignment, the model tends to classify most data into a single
class (either positive or negative), resulting in poor generalization performance (see also Eq. (9)).

Hence, in label-imbalanced cases, loss minimization may not be suitable for jointly optimizing bias
and weight. In contrast, for balanced data, the optimal bias is simply zero (b* = 0), and no such
trade-off arises.



To address the challenge of balancing bias and alignment, we find that fixing the bias at an early stage
is a simple and effective heuristic. Similar approaches, which separate the training of alignment and
bias, have also been proposed in logistic regression Mignacco et al.|[2020] and self-training Takahashi
[2022] in imbalanced Gaussian mixtures. The dotted lines in Figure E]B illustrate the results with
the bias fixed at its value obtained in the optimal 0-SD, followed by performing the optimal ¢-SD.
Figure d[C further compares the generalization error of ¢-SD with and without this heuristic. Applying
bias fixing significantly improves both rescaled bias and alignment, and exhibits convergence towards
the Bayes-optimal solution, as observed in the p = 0.5 case.
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Figure 4: (A) Optimal generalization error of the linear ¢-SD model compared with the 0-SD
model and the noiseless case under label imbalance (p = 0.4). (B) Evolution of the rescaled bias
(|b?|/+/ Q1) and alignment (m!/1/Q*) from t = 0 to t = 4 for the optimal ¢-SD model (solid lines)
and the variant with fixed bias (dotted lines). (C) Generalization error over stages ¢ for the same
models as in (B). Parameters: (A) p =0.4,A=0.5,0=0.4;(B,C) A =1.0,0 =04, « = 10.0.

8 Experiments on real datasets

We have analyzed the behavior of multi-stage SD using the Gaussian mixture model with label
noise, which allowed precise asymptotic characterization and provided valuable insights. However,
this setting is highly idealized, and there remains a significant gap between this toy model and
real-world datasets. To bridge the gap, we conduct a sanity check to test whether our theoretical
predictions hold in a standard vision task. We fine-tune only the final layer of a ResNet pretrained on
IMAGENET1K_V2 maintainers and contributors|[2016] (BSD 3-Clause “New” License) with Lo
regularization on noisy CIFAR-10 (cat vs. dog) [Krizhevsky et al.|[2009] (MIT License) and compare
the results to our theoretical predictions. See Appendix |G| for experimental details.

Figure [5|shows the generalization error of optimal 1-SD, compared to optimal 0-SD and optimal 1-SD
using hard labels (see Eq.[6). When using ResNet-18 for feature extraction, we observe virtually no
improvement due to SD in the large-« region, while in the middle-« region SD achieves a denoising
effect that yields ~ 5% performance gain. According to the results in Section[6} the benefit of SD
should peak at moderate o and decline again as « becomes even smaller; however, this downturn
cannot be observed here because it corresponds to an excessively small sample size in our setup.
Nevertheless, Figure [5 partially reproduce the prediction from Section [6|that SD’s effectiveness is
maximized at intermediate values of «.

Next, focusing on the improvement in generalization error when propagating hard labels from 0-SD
to 1-SD, we find that the relative importance of soft-label error reduction grows as « decreases,
mirroring the results of Section[5] Remarkably, as anticipated in Section[5] even hard labels, which
completely discard dark knowledge, still provide a significant denoising benefit. We observe a similar
trend when using ResNet-50; however, since this model has a higher baseline performance, the overall
magnitude of improvement is smaller. See also Appendix [H|for further results.

9 Conclusion

We investigated optimal multi-stage SD with a linear classifier for binary classification on noisy
Gaussian mixture data. The technical crux of our analysis is a precise asymptotic formula for
multi-stage SD, derived using the replica method from statistical physics. As this formula involves
only a small, finite number of variables, it enables exhaustive hyperparameter search at a reasonable
computational cost. This contrasts with experimental studies, where exhaustive exploration of the
hyperparameter space is often computationally intractable. By using this, we obtained the following
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Figure 5: Comparison of the optimal generalization error of the logistic 0-SD model, 1-SD model
and 1-SD model using hard pseudo labels for CIFAR-10 dog versus cat classification using pretrained
ResNet-18 (/N = 512) and ResNet-50 (/N = 2048) feature representations. Parameters: 6 = 0.4.
Error bars represent the standard error of the mean over 10 trials per point.

results. First, we found that dark knowledge in soft-labels plays a more limited role than previously
assumed, with denoising likely being the primary driver of its success. SD’s strong denoising
capability is evident even with inseparable data distributions. Second, SD is most effective with
moderate dataset sizes, showing weaker effects in both very small datasets (where denoising is
difficult) and very large datasets (where noise has small impact). Third, fixing the bias and focusing
on alignment optimization serves as a useful heuristic in SD. More broadly, this suggests a general
strategy for multi-stage SD: progressively narrowing the parameters optimized at each stage. These
findings not only enhance our theoretical understanding of SD mechanisms but also provide a
foundation for developing improved algorithms.

Limitations: While our asymptotic analysis provides valuable insights, it is limited to linear models
under a Gaussian mixture setting. Extending the analysis to deep networks or alternative SD strategies
remains an important direction for future work. See Appendix [[|for further discussion.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: The main claims do accurately reflect the paper’s contribution.
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitations in Section[9]and further remarks in Appendix[I|
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

16



Justification: We provide the full set of assumption in Section @ and a complete proof in
Appendix [Cland [
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: We provide detailed information to reproduce our experiments in Appendix
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]

Justification: We include an anonymized GitHub repository link in the last of Section|[I|to
reproduce main experiments.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We provide all the training and test details in Appendix [G]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We include error bars defined as the standard error of the mean.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).
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8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We provide details of the computational resources in Appendix [G|
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This paper conforms to the code of ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: We provide a discussion of potential impacts in a Impact Statement subsection
at the end of Section[I]

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This theoretical work does not release any datasets or models that pose a
significant risk of misuse, so no additional safeguards are required.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We have credited all third-party assets and fully complied with their license
terms.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

20


paperswithcode.com/datasets

13.

14.

15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We provide the full reproduction code in a GitHub repository including
documentation.

Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This work did not involve any crowdsourcing or human-subjects experiments.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This work did not involve any human-subjects experiments.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.
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* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core methods in this paper do not use any LLMs as important or non-
standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Further remarks on related works

Replica method for machine learning problems. As machine learning models and datasets grow
increasingly complex, traditional mathematical approaches often fall short in providing rigorous
analytical solutions. This complexity gap has led to a rising demand for alternative theoretical tools
that can offer insights into model behavior and performance, even when rigorous mathematical
solutions are out of reach.

In this context, the replica method, originally developed in statistical physics, has emerged as a
powerful analytical technique for machine learning problems. While not yet mathematically rigorous
in all aspects, this method has been widely applied to various models, from simple perceptrons|Gardner
[[1988]] to modern non-i.i.d. datasets Gerace et al. [2020], [Loureiro et al.|[2022]], with some of its
predictions later rigorously proven Barbier et al.|[2019]. The replica method offers unique advantages,
such as the ability to compute exact generalization errors rather than bounds or necessary conditions.
This precision enables explicit optimization of hyperparameters in multi-stage SD, providing deeper
insights into model behavior and performance.

Relationship between multi-stage replica method and DMFT. Traditional DMFT |Helias and;
Dahmen| [2020] is primarily used for analyzing learning dynamics. This approach is effective when
the system’s state at time ¢ can be expressed explicitly using the state at time ¢ — 1, allowing for
direct averaging over data. However, in more complex scenarios like SD, conventional DMFT
techniques face challenges. In our model, the transition from one state to the next is not explicitly
defined but is implicitly determined through an optimization process. Specifically, the previous state
(w'~!, B'~1) influences the output labels 3 (Eq. [@)), which then feed into the optimization problem
minimizing the loss function (Eq. (2)) to determine the new state (w?, B?). This implicit dependency,
mediated by an optimization step, makes the dynamics more complex than those typically handled by
traditional DMFT approaches. To overcome these challenges and extend DMFT’s applicability to
such complex scenarios, we employ the replica method, which allows us to analyze these implicit
optimization-based state transitions effectively.
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B Further remarks on model and notation

In this appendix, we compile and summarize all notation used throughout the paper, provide detailed
commentary on the model’s structure, and include illustrative figures to aid the reader’s understanding.

B.1 Notation

Table [B-T]lists each symbol and its definition.

Table 1: Summary of Notations

Category Symbol Definition
Data Generation N Dimension of input features
M Number of training samples
a=M/N Data-to-dimension ratio, O(1)
T, Input vector (u =1,..., M)
p Class prior (p € (0,0.5])
Y True label, {0, 1} with p(y*™°¢) = p¥(1 — p)1 =¥
Yp Noisy observed label; Prly, # y;/"°] =0
0 Label noise rate (¢ € (0,0.5])
v Gaussian mean vector, set (1,1,...,1)" w.lo.g.
A Feature noise variance in (I), O(1)
Dy, Training set {(,,,y,)} /ey
Distillation Process t Stage index (0 = base model)
(w?, BY) Weights and bias at stage ¢ (minimize (2))
Y, Target label at stage t: y = y,,, for t > 0 see (@)
b Ly-regularization strength in ()
Bt Inverse temperature for soft pseudo-label hardness in (@)
Loss & Prediction Ly, 9) Loss function: {cross-entropy, MSE}
oz Activation: sigmoid 1/(1 + e~%) or linear (z + 1)/2
Y (w', Bt;x) Activation output, see Eq. (3)
Li(w?, BY) Stage-t objective, see Eq. (2)
Performance Metrics ~ &* Generalization error after stage ¢, def. in Sec.
£x0 Optimal 0-SD error (minimized over \°)
&xt Optimal t-SD error (minimized over A0+, 31-t)
Eft g Optimal ¢-SD error (8'* — oo and minimized over \°*)

Asymptotic Quantities Q%!
¢
m

Weight-weight overlap, limit of @® - @'/N
Weight-signal overlap, 0* - v/ N

Rescaled bias, B/ Vot

B.2 Illustration of the model

We present a graphical illustration of the model. Figure[6|depicts the overall architecture, highlighting
its key components and the flow of information.

B.3 Motivation for the choice of activation function

We chose the activation function o(z) = (z + 1)/2 instead of the simpler o(x) = x because it
ensures that the decision boundary remains unchanged when adjusting the temperature parameter.
This choice isolates the effects of soft labels, avoiding confounding influences from shifting decision

boundaries.
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Figure 6: A schematic diagram of the ¢-SD model.

C Replica calculation

This appendix outlines the procedure for deriving Result[[]using the replica method. The process can
be summarized in the following steps:

* Present the complete statements of the results, including Results [T] (Subsection [C.T).

* Introduce the average of the p-th moment of wl, - ,?, denoted as F| ! which character-
izes macroscopic quantities such as generalization error (Subsection [C.2)).

* Show that the joint probability distribution of ! and Bt coincides with the correlation
function of a system obtained by duplicating the original system, referred to as the replica
system (Subsection [C.3|for ¢ = 0 and Subsection[C.4|for t > 0).

* Outline the procedure for evaluating .7-';, by incorporating certain assumptions into the replica

variables (Subsections[C.5]and [C.6).

. . . . . . .
Derive equations to determine the parameters necessary for calculating 7, (Subsections

and[C3).

* Use these equations to derive Result[C.T] (Subsection[C.9).

Finally, we present remarks on the rigorous proofs in Section[C.10]

C.1 Full Statement of the Result

Here we give the complete statements of the results to be proved.

Theorem C.1. (Statistics of the T-SD model) Under the proportional asymptotic limit (N, M — oo,
constrained by M/N — « € (0, 00)), we have

~0d 1 ~0 |, £0
@ 7Q00+>\0<m +§) (11)
4 1 T—1
Wi = T T (mT +ET =) Q“ws> (T >1) (12)
s=0
AT. .
W By prd Ty T (13)
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where the parameters satisfy the following equations:

QOt — mom'+ R
)\Ot 00 (14)
Emir R —S 1 Glaglt
Q=R (122 )
0o _ ~0s
Y (15)
’ ot Gt gst
RSt — st (t>1)
0 _ ]
m - )\UTQ(JU (16)
nt—SStoL Gotye
i = PR ()
88 _ 1
XS 41 B )\S+nggt,t+1 st (17)
X~ = 7)\t+1+@t+1,t+1x (t Z S)
~ d t
O = By e ¢ [ 3]
' = ﬁE%y““,E[@y - 1)z] (18)

)% = WEghytruc,g[Z:Zi]
Ey,y"“%&ki] =0.

Here, Q = (Q%'), x = (x*) and X = (X*') are symmetric matrices in RTTD*T+1) " gnd we
introduced the following notations:

2! = argmin 7(Zt)2 +€( t O'(ht + zt)) (19)
* ot 2Axtt y )

¥ =y
{yt — (B (W 2 Y)) (E> 1) (20)

2

BES I K 2y = ml b (2 1),

{ho g 50 + (Qytme _ 1)m0 + b0

where € = (€') € RTT!1 ~ N(0,AQ), € = (€') e RTH! ~ N(0, R), and y, y*™ € {0, 1} that are

generated as p(y, ytrue> — p(y | ytrue)p(ytrue) Wilh p(ytrue) — pytrue(l . p)l_ytrue7p(y 7& ytrue |

ytrue) — 0

C.2 What to calculate

Our primary interest lies in understanding how macroscopic quantities, such as the generalization
error, behave under fluctuations in the training data. These macroscopic quantities can generally be
expressed, excluding the bias, as functions of

5 @ (@l 22)

where p°, - -, p* € NUO. In the asymptotic limit N — oo, we expect that Eq. converges with
probability 1 to their expected values

1

_— 0yp° 0 — i, 0yp° t\p*
A}gnoo I Z(wz) (w))? = J\}gnoo NED Z(wl) (w;)? |, almostsurely. (23)

i %

This kind of concentration is called the self-averaging property Mezard et al.| [1986] in the context of

statistical mechanics. Although it is not obvious that the self-averaging property holds, this property
has been proved in several convex optimization problems [Thrampoulidis et al.| [2015].

Thus, the quantity we need to compute is

FL= lim Ep [(wo)#)---(w?)?’}, (24)

i
N—o0

26



where p = (p%, -+, p").

Since the optimization problem for each time step ¢ in our model is convex, W’ and b* are deterministi-
cally determined as (w°, B) — (w', B*) — -+ — (w', B') given the data D = {x,,, ygue,yu}#.
However, to facilitate our analysis, we intentionally treat this deterministic process as a stochastic one.
Specifically, we model the transition from (w*~1, B*~1) to (w*, B*) using the following distribution

R R —~SL s Bs
ﬁJS,Bs Np(ws,BS | ’lf)s_l,Bs_l,D) — lim eXp( B é(w ) ))
~s—00 Zs

(8217"'at)’ (25)
where L, is defined in Eq. (Z) and
VAR /dws dB* exp(—y Ls(w®,B®)) (s=1,---,t) (26)

is the marginal likelihood (partition function). Observe that in the limit as v* — oo, the distribution
concentrates on argmin,,. . Ls(w*®, B*). Similary, the case ¢ = 0 is defined as

exp(—7°Lo(w®, BY))

w°, B ~ p(w®, B’ | D) = lim = (s=1,---,1t), (27)
79— 00 A
where
70 = / dw” dB exp(—"Lo(w’, BY)). (28)

Following the probabilistic interpretation of these dynamics, the quantity defined in Eq. (24) can be

reformulated as
(™)) | )
t—1 o

where (f(w®)), is expectation under the distribution p(w*, B¥ | w*~!, B~ D) if s > 0 and
p(w®, BY | D)if s = 0.
In summary, our computational task is to calculate the data average of statistical quantities }";,

(Eq. (29)) for a sequence of random variables (w°, B) — (w', B') — --- — (@', B') following a
Markov process defined by Egs. (Z3)) and 7).

Fh=Ep

C.3 One-stage replica method

To grasp the outline of the calculation in the replica method, we first consider the case of t = 0.
For simplicity of notation, in the calculations within Subsections and[C.4] we treat w’ as one-
dimensional, omitting the subscript ¢ from w!. However, it is straightforward to extend this to the
general N-dimensional case.

The data average of the p-th moment of the solution " (Eq. (27)) is given by

p
7= Bo (0] = Bo | [ au® 48" u'p(u, | D) (30)
A2 (w0 BOY TP
— lim Ep / du? 450 w0 P ol ) 31)
im Z

Direct computation of this is challenging due to the presence of the marginal likelihood Z° in the
denominator of Eq. (31I). To circumvent this difficulty, we introduce the following identity that holds
for any p € N:

~O\pP] __ 1 .
ED[(w ) ] o TLI(}EIO’Y%IE)IIOO Ep(no,vo)

(32)
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where

p
W,(n°,7°) = Ep [{ / dw’® dB°w’ exp(—v%(wo,BO))} (Z°>"°‘p] : (33)

0

E(n°,7") = Ep[(Z°)"]. (34)

For the expectation with respect to data, we resort to a calculation method known as replica method.

First, we assume that n* € N and n* > pf’|and express (33) and (34) by using n'-replicated variables

t t
Wi,..., W, as

W,(n°,~°%) = Ep /dw0 dB®w? - w)) exp( 70 Z L(wy , B ) (35)
ao=1
:/ddeBOw(l)-ungp lexp( 02£waO,BO ) (36)
ao=1
2(n°,~°) = Ep /dwo dB° exp< 0 Z L(wd , B > (37)
ao=1
- /dwo dB°Ep lexp( A0 Z L(wd , B ) (38)
ao=1
where w" and B are shorthands for w{, - -+ ,w?, and B‘;, -+, BY,, respectively. These expression

indicates that W, (n%,~%)/Z(n°,~) can be regarded as the expectation of the p-body correlation of
replica variables obeying the joint distribution

0]
1 n
0 ROy _ 1 s ) 0
p(w ,B)_nginma(noﬁo)ED exp [ —v Zlﬁwao,B ) |- (39)
apg=

The primary challenge in our initial calculations was the necessity of averaging over the data, which
significantly complicated the process. However, by employing the replica method, as shown in
Eq. (39), we effectively incorporate the data average into the probability distribution of the variables,
thereby enabling us to derive their statistical properties. The system that follows the probability
distribution given by Eq. (39) is called a replica system.

C.4 Extention to multi-stage replica method

While the preceding analysis follows the conventional replica method prescription the current
scenario presents a unique challenge: the dependence of each estimator 10" on its predecessor 1! ~!
significantly increases the complexity of the problem. To address this issue, we employ an innovative
approach that involves the recursive application of the replica trick at each stage of the process.

To illustrate this approach, let us consider how Eq. evolves along step ¢ under our recursive
methodology. First we define the following recursive function:

feoa( = (w t>” (40)
s+1
fs(w®) = <fs+1(ws+1)(ws+1)p > 0<s<t—1). (41)
s+1
Then, what we want to calculate (Eq. (29)) is expressed as

7y = Eo{fo(u”) )" “)

3This assumption is not consistent with taking the limit n® — 0, as performed in Eq. (32). Therefore, it
remains necessary to verlfy whether the results obtained under the condition n° > p can be correctly extrapolated
to the regime where n° — 0. While the mathematical validity of this analytic continuation has not yet been
rigorously proven, no counterexamples to its validity have been identified so far, at least in cases where the
optimization problem determining the parameters " is convex.
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On the other hand, assuming that n®,--- ,n* € N,n? > pand n?,--- ,n*~! > 1, one can deduce

femr (') = (u)? 43)
pt t t
= {/dwt dB? wt exp(—’ytﬁt(wt,Bt))} (Zt)n o (44)
= /dwt dB* wi - w exp | =" Z Ly(wh,, BL) (45)
ar=1
fomr (™) = (fulw) (W) ). (46)
p° .

= {/dwS dB® fy(w®)(w®)P" exp(—vsljs(ws,Bs))} (Z=)" P 47
:/destfs(wf)w‘f'~ bexp( ~® Zﬁ ) (I1<s<t) (48

as=1
= (folw") (") (49)

0
0 v’ n0_p0

= {/dwo dB° fo(w®)(w®)? exp(—voﬁs(wO,BO))} (Z2°) b (50)

’ﬂo
= /dwO dB° fo(w?)w? - "U)go exp| —° Z Eo(wgo,Bgo) , (51)

a():l
where w’ and B* are shorthands for w!,--- ,wf, and BY,--- , B!, respectively. These equations

demonstrate that when considering the parameters at time s whlle keeping the parameters at time
s — 1 fixed, the distribution of replica variables w® and B* at time s depends on the first replica
variables w; ™" and b5~ at time s — 1. By recursively substituting Eqs. (@3) and @8) into (5T)), we
have

Wi (n,
Fh=lim --- lim M (52)
~0 =00 visoo 2 (naﬂy)
n%—=0 n'—0
where n = (n%,--- | nt), v = (17, 7*) and

W;,(n,'y):/dwo---dwtdBO~~-dBt ((wiu-wt,)x (w1 ><~-~x(w$)P°) (53)

L
x Ep exp< Z’y Zc ws,, BS.) ) (54)
as=1

mmw:m*szwHw“xwaw} (55)
=Ep de -dw'dB° .. dB? exp< iys i Es(w;s,Bgs)> (56)

stzl a;S:I
/ dw’ - - dw'dB’---dB'Ep lexp( vy Lo Q,Bgs)> . 5D

s=1 as=1
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where E(w B!,) represents the loss when the first replica at ¢ — 1 is used as a pseudo-label for

at?

tralnlng, 1. c.,

. At
L(wt, BL.) = zﬂ:ﬁ(yﬁ,Y(wat,BZt; w)) + Sl I (58)
Af 1 Ht—1
§2=yu- (60)

These expression indicates that WY, (n,y)/Z"(n, ) can be regarded as the expectation of the (p® +
+ p')-body correlation of replica variables obeying the joint distribution

0 t RO t i
'I,U,"',’LU7B,"',B = lim ,—‘7E
p( ) Ayt 500 :t(n77) P

exp( Zy Zz wi., B )

as=1

(61)

Ultimately, our problem reduces to calculating the statistical properties of the replica variables
w?, - w? that follow the distribution given by Eq. (61)). Following the standard prescription for
analysis in the asymptotic limit, it is crucial to investigate the behavior of the replica partition function

Eq. for this analysis.

C.5 The calculation of the replica partition function

From this subsection, we recover the subscript of dimension 7 in w’, a,.i- OUr next step is to calculate
data average in the rephca partltlon function (Eq. (57)). To achleve thls we first calculate the partition
function for a finite n!, - - - | n!, and then consider the limit as n',--- ,nt — 0.

First, we define the linearly transformed variable u' = (uf, - - ut cout )T as

» Yay

= \/g > wiz, (62)

where z; is standard normal random variavle defined in Eq. (I) and w! =

(Wi i swh, oo whe )T Then, w = ((u')”, -, (u")T) also follows a Gaussian

distribution, with the mean and covariance given by
Ep [ut ] =0, Ep [uZuZt] = AQ*! (63)

asCt?

where Q3 ., is defined as

e = —wh - wl . (64)

Then, the partition function of the replica distribution Eq. can be expressed as
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=T (n,~) = /wO...wT/dBO...BT exp<z22|w¢tzt”2>
t a
M

w! -z
X H m#’yu7y[me expl Zz'yt€<gt’g<w +Bét>>] (65)
t at g \/N

- fsaum [t for o [ et vt )
s, —wzt-v>] |
S

xﬁ]E mexpl Zzw(yw E)

p=1

L—— |

,’:]z

; (66)

where f dQ@ is an integration over {Qa (,t}1<5<t<T 1<a.<n®,1<c,<nt and f dm is an integration

S5t 4,1

over {m! }1<i<7,1<a,<nt. Using the following integral representations of the Dirac delta functlolﬂ

st
6(N cht - /d AsCt €xp <_GQSC£(N Zict - wisls : wit)) (67)
S(Nm!. —v-wl )= / dril, exp(—ritt, (Nml, — v -, ). (68)

One can find that Eq. (66) can be separated into three terms: (1) an interaction term G, which
shows the interaction between order parameters (parameters without hat) and conjugate parameters
(parameters with hat); (2) an entropic term G g, which scales as NV; and (3) an energy term G g, which
scales as M. Based on these observations, calculating each component of the partition function yields
the following equation:

27 (n,~y) = /dQ dmdQdm dB°---dBT (G)N(Gs)N (Gg)Y (69)

where

GI—eXp[< SN, acﬁZmema,)] (70)

st asct

Gsf/d ‘w exp[ ZZ% (W) + 32 Sl wh, + 5 LSy o, ]

a t a st asct
(71)

G = Eyne yE,, exp lfyo Zﬁ(y, o((2y™ — 1)m20 + ugo + Bgo))

T
X H exp l—fyt ZE(U((Z{]“S —Dmi ™t a4 B{fl),a((Zym'e — 1)mzt + uzt + Bflt)) .

(72)

*The integrations in Eqs. and (68)) are performed along the imaginary axis.
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In the asimptotic limit (N, M — oo, = M/N = O(1)), Eq. (69) can evaluated using the saddle
point method. Using this technique, the partition function (Eq. (69)) is evaluated as

E'(n,y) = exp [N max {\I/(Q, m,Q,m,B°, - 7BT)H (73)
_ exp[N{\I!(Q*,m*,Q*,m*,BO*, . ,BT*)H, (74)
where .
U(Q,m,Q,m,B° - ,BT) =logG; +log Gs + alog Gg. (75)
and
Q*am*7Q*am*vB0*7 7BT* = argmax \I’(Q,m7Q,7An,BO7~-- JBT>‘ (76)
Q,m,Q,m,BO,... BT
The saddle point equations to minimize ¥ (Q, m, Q.m,B°, -, BT) are given by
st _ 1 0Gg mt — i 0Gg At _ 1 8GE At — Ozi 0G g
wct T Qg 3Qa . ’ “ o Ggomt’ Gsct G oQst ., at Ggom},’
t
(717
from the saddle point conditions of Q st L Qst . and mj , respectively, and
1 0Gg
— =0, 73
Gr 0B, (78)

from the saddle point condition of B, .

In the limit where n!, - --nT — 0, we have Gg — 1 and Gs — 1. Therefore, Eq. (77) specifically
become

gzgz =Ey [wgs wét] 7
it = Eu[u,] o
. 0 a
Ztsct — 2aaTEu’y’yuue exXp [_ Z ’Yt Z Z(Uiil, ’Uflt)‘| (81)
asCt t= t
T
= AaEy y e aus [ Z 7> e ] (82)
a T
it =0 B [—thD(vi%vz»] ®
at = at

= R,y e Tl exp[ Z’y Ze ] (84)

where we assumed the random variables {w!, }, . in Egs. and (8I) follow the following
distribution:

) o exp ZZVV +ZZ L, + 5 LSS0t wgw ‘f] (85)

st ascy
and
vy, =o((2y™ —1)ml, +ul, +BL) (t>0) (86)
vyt =y, 87

C.6 RS assamption

From Egs. (61)) and (74), the solutions of saddle point equations are related to the statistical properties
of the replica variables, i.e.,

= %Z]E[wttlt,i]’ asCt - N Z]E Wi ct z (83)
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inn',---,nT — 0 limit, with the expectation taken over the probability distribution defined by
Eq. (61). From the fact that the p-body correlation functions between replicas correspond to the p-th
moments F, in the original Markov process, we obtain

Fow =Ep[w!] =m} (89)
Fotoy = Ep[uful] = Q3 (90)

where e(*) and e(5*) are T-dimensional vectors defined as follows:

1 ifi=t

) _ h ;= 7

e =(e1,ez,...,er where ¢; = .
(e1, €2, ), ! {O otherwise,

and

1 ifi=sori=t,

(sit) — ( _
e = (e1,€9,...,er), wheree; = i
0, otherwise,

and (as,a;) = (1,2) if s = ¢t = T, and (as,a;) = (1,1) otherwise. Equation (90) holds for an
arbitrary ¢ since the integrand of Eq. can be written independently of 7.

However, the replica parameters (m/, Q5t, 7! and Q%!) are ill-defined in the limitas n!,--- ,n? —

0. To further advance our calculations and obtain well-defined quantities, we invoke the replica
symmetry (RS) assumption, which posits a symmetry under permutation between different replicas,
ie.,

mg, = m' 1)
Xtt

aee = Q"+ T bace, 92)
Xst

de = QT T (57 0) 93)

g, = 7'’ (94)

e = (1) X" =71 Q" 00, 95)

2 =R A Q% 0 (s AT (96)

B;, =t 97)

m' = E[d}] (98)
Q" = E[wjwy], (99)

for an arbitrary . Higher-order moments can be immediately determined to be zero from Eq. (69),
given that the distribution in Eq. (61) indicates that w!,--- ,w” follow a Gaussian distribution.
Although the RS assumption is not mathematically rigorous in general, it has been empirically
validated in many practical scenarios, particularly in convex optimization problems. To date, there
are no known examples where the RS assumption leads to incorrect predictions in convex settings.

C.7 Saddle point equations: order parameters

Our next step is to derive the saddle-point equations for the order parameters (m?, Q** and x**) under

the RS assamption from the ones for replica parameters (1}, QZ% and \3!). First, substitution of the
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RS assumption in eq. (83) yields

p(w) o< exp | — Z%w Z(wzt)Q + thmt walt + Z VPO Z“’fzt
t " o )

ag (s<t ag

+% %:)2526 <7s ;wfl) (Vt%:wflt)] (100)
= 3 — M )2 tyst t tAst, s ¢
= [ Déexp | =D =Y (wi) + Doyt Y wit Y AQ%wi Y w,
t + @

ag (s<t) a

D Y wi \/?tgt] (101)
st as
- [ (L - (0 VR Jut )
T ~ t—1
I L D 3 e R LA MR v |
t=1 at s

s=0
(102)

~st . .. N Jarin
where /X" is the s, ¢t element of the cholesky decomposition of the matrix ¥, and DE? is the normal
Gaussian measure.

Now we define following notations:

o EEE ) - (0 + S VRE )l (1 =0)

ft(wz§w(1)7~-~7w1 ) =13 Htt ot 2 . s 1A
L (wh)? - (i + X, VRE = X Qi Jul (t> 1)
(103)
m0+zs 1/?0353 (t _ 0)
te, 0 L o t—1y _ gt b O =1y AL 4+Q00 R
wa(Wr ) argwrfunf (Wi wy, -y ) M4y VR -3 Q% wd (t>1)
>\t+Qtt =
(104)
wy = wi(wl,wi(w?), - Wi (wl, - wT)) (105)
wi(woa T 7wL19) = U)i(U)?, e 7wiq7wi+1(woa e 7ws))' (106)
Then, the saddle-point equations of order parameters are simplified as (in the n',--- ,nT —
0,7%, -+, 7T = 0 limit)
mt = E[wé] (107)
t—1
: J dut wt exp(—" ")
— D dw?® —~SfS 108
— Eg [u!] (109)
Q' =E[w; wl,] (110)
s—1
. dw® w® exp(—7°f*)
= [ D¢ /dfwl exp(—L f! J
/ 11;[0 (=) J dw® exp(—7*f*)
t—1
dw’ w' exp(—"' f*)
X dw! exp(—!f! / (111)
12111/ (=) J dw! exp(—~1f?)
=E; [wiwl] (s<t) (112)
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Qtt _ E[wfztht:l (113)
t—1 2
= | D¢ dw?® exp(—°f )( ) (114)
Jrell Jdu’ exp(— 1)
= Eg [(w))?] (115)

X =~°E [wgsw; — w‘fwt } (116)

Ct

s—1 S ,,.8 S £8 s
:vs/Dé H/dwl exp(—'f") del WD) ot )
1=0

Jdws exp(—y*f5(w®)) "
[ dw w®exp(—° f*(w?)) [ dwf wl(wi, - wy)
(J dws exp(—y* %))

_ /Déﬂ /dwl () 4 L dwf e Fwiubwl - wh)
=0

117)

dms J dw® exp(—v*[f*)
dw!
— B, {dms] (s < 1) (119)
tt tE[ t\2 bt 120
X" =7'E|(wg,)” — wy,w, (120)

t—1 9 )
=" | Dé o exn( o [ L 40" @) exp(—'f") ([ dw’ w! exp(—' ")
=7 /DE sl:[()/d p(—7*f )l T dwt exp(—tft) ( Tdwt exp(—'f9) ) 1

(121)
o 0 [ dw'w'exp(—'f*)
— [DE ][ [ aw exp(=rf) 5 (122)
/ 31;[0 omt [ dwt exp(—tf*)
owt
ZEé |:amt:|. (123)

By introducing the helper variable R* = E; [\/?Sf s wi} for simplicity, the explicit calculation of

these equations yields

‘ [\[ts ~ t} QoolJr)\o )A(SO (t = 0)
R =E[/% Eat] = A L (124)
Qtti)\t (Xst _ ;:(1) QltRsl> (t 2 1)
L (Om! + R%) (s =0)
st As ~t] QOO0
Q" = ]E[’LU*’LU*] - { 1 (Thsmt + RSt — s—1 QZSQ“) (S > 1) (125)
Oss+\s =0 =
Lm0 (t=0)
mt =K 'LDi = QUO+A? ~ ~ o (126)
[ ] { QAttl_;’_)\t mt (mt _ Zi:é Qstms> (t Z 1)
dw! =1 (s=1)
st « | _ ) Ot
N _E{ As}_ . . (127
dm fﬁ S QU (s<t)

C.8 Saddle point equations: conjugate parameters

Similar to the previous section, we now derive the saddle-point equations for the conjugate parameters
(m?, g%, x**) based on the RS assumption.
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The covariance matrix of the Gaussian variables u (Eq. (63)) is rewritten as

tt
Ep[uful] = A (Q“ + X 5) (128)
v

st
Ep[uf ul | = A(Qst + i 5%1) (s < t). (129)

S

Under these conditions, we can introduce the random variable @ with an equivalent distribution as
follows:

t t
il = ZA@HZ%%, (130)
r=0 r=0
where A, are the cholesky decomposition of the covariance matrix of u, i.e., Y As Ay = AQE,

2L = /AxH/AEL, and &, €L ~ N(0, 1) are independent standard normal random variables.

Following the same procedure as the previous section, taking the limit of ¥ — oo in order, the
expectation calculation is transformed into the solution of the optimization problem, and finally the
following relationship is obtained:

Ast (0% dzi
Q% =~ By [dh} (131)
R @

' = At e [(2y — 1)z (132)

oSt — o st
= At vt [2320] (133)
Ey’ytrue7£ [Zi] = 07 (134)

where 2! is the solution of the optimization problem as follows:
2% = argmin ﬂ + €(y0 hO + zo) (135)

* 20 2Ay00 ’

WY = Aot + (24" — Dm® + 1 (136)

2
2t = argzrtnin[;zgctt + é(o(ﬁt(ht_l + zi_l)),a(ht + zt)) (1<t<T) (137)

t t—1
W' =" Aa&l+ Y Bazl + (2y™ - m' +b' (1<t <T). (138)
s=0 s=0

C.9 Derivation of Result[C.1]

To summarize the results obtained so far, we have derived the first- and second-order statistics of the
estimator !, which are determined by the constants m! and Q** (Eqs. (98) and (99)). Furthermore,
we have shown that these constants can be computed by solving the saddle-point equations defined in
Egs. (124)—(127) and Eqs. (I31)—~(134). As a representation of the distribution of ! that satisfies all
the conditions for the integer moments, we can express it as

@0 4 m(m%@) (139)
t—1

~t d 1 At ft Ast, ~s

W = ——— M +& — Qw) (t>1) (140)

and this representation is unique up to equivalent forms. Furthermore, by proceeding with similar
calculations while taking into account the correlation with the data, Eqs. (I33)) and (I37) yield

whx, o4
+B'=ht 2t
VN

(141)

for the pre-activation distribution.
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C.10 Remarks on Rigorous Proofs

Beyond the replica method, a fully rigorous proof in our setting remains open. The main difficulty
is the temporal correlation across multiple SD stages. AMP/state-evolution techniques [Donoho
et al.| [2009], Liu and Ma| [2024]] have been applied successfully to handle such correlations, but
basically only for first-order iterative algorithms, and thus do not directly extend to multi-stage SD.
CGMT-based approaches Thrampoulidis et al.| [2015]] could in principle be adapted, but they are
typically used in on-line settings where new data are introduced at each stage. Developing tools that
combine these techniques to rigorously capture the multi-stage dynamics would be an interesting
direction for future work.

C.11 Remarks on Numerical Calculations

Iterative Method In numerical calculations of the saddle point equations Egs. (I24)-(127) and
Egs. (I31)-(134) in replica method, the order parameters are usually obtained through iterative
method. The procedure starts from an initial guess of the order parameters. These values are
substituted into the left-hand side of the saddle-point equations, and the resulting right-hand side
gives an updated estimate of the parameters. This process is repeated until the values converge
within a chosen tolerance. In this way, the order parameters are determined as the fixed point of the
equations.

Discrete Expectation When the theoretical formulation includes averages over discrete random
variables such as the class label and the label-flip noise, each possible configuration is evaluated sepa-
rately. In the present model, the class label y takes values 0 or 1, and the label may be either flipped or
unflipped. Hence, there are four possible combinations: (y, ywue) = (0,0), (0,1),(1,0),(1,1). For a
generic quantity f(y, ywe), the expectation appearing in the saddle-point equations is computed as

Ey:ytruc [f(ya ytrue)] = p(l - 9)f(0, 0) + (1 - p)@f(O, 1) + p(l - Q)f(l, 0) + (1 - p)(l - e)f((1i41%)

In the numerical implementation, the value of f(y, yie) is computed and maintained for all four
cases.

Sequential Update in Time The calculation also proceeds sequentially with respect to the time
index ¢. The result at step ¢ depends only on the quantities determined at earlier steps from 0 — ¢ — 1.
Therefore, the parameters can be updated step by step, starting from ¢ = 0. This recursive approach
makes it straightforward to implement the computation and to monitor convergence at each stage.

Evaluation of Total Derivatives in Eq. (I31) We describe the implementation of evaluating the
total derivatives appearing on the left-hand side of Eq. (I31)) during the numerical calculation of the
saddle point equations.

For notational simplicity, we define the partial derivatives of the loss function ¢ as
~ 0o (W 4270 o (R + 21)) 7 Ol(o (Rt~ + 2171), o (k! + 2%))

/
4, oh , U i1 (143)
Introducing the function
t
- _ z
FH(zt, 200 bt Rt = N + 4, (144)
we have the condition
Fi(zt, 271t at=h) = 0. (145)
By employing the implicit function theorem, we obtain
OFt dzt oFt dnt=t  ortdnt OF! dzi=!
g7 G = . (146)

9zl dhs T O T dhe T onl dhe | 9a T dhe

t
since z! represents the solution of the optimization problem given by Eq. (I37). Solving for g;z , we
obtain

t
dz;

SR e
dhs ~ " dhe dh dhs

(147)
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where the coefficients af, b?, ¢! are given by
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dF* -
t 92171 4 bt
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Furthermore, using the following relations,
dht X"t dz”

dhs ~ er dhs

dzi - Z Xr,tflﬁ
dhs x"t1 dhs’

r<t—1

. . dzi
one can iteratively compute

(148)

(149)

(150)

(151)

(152)

T5,= for a fixed ¢, as illustrated in Algorithm which presents a single

iteration step of the update procedure. The full derivative is obtained by repeatedly applying this

update until convergence.

Algorithm 1: UpdateQhatColumn(¢): Self-consistent update of column ¢ (past columns are

fixed)

Input: Results up to time ¢ — 1:

{070 WL Glsr = 55, Hls,r] = 2 (s <r <t —1))

Output: Results at time ¢:

{G[s,t] = His ] =9 (s<t), Qls,t] (s < t)}

Step 1: Calculate a’, b, ¢!

E//
at e - Ht
b+ 1/(AxH)
ZII
ot tt—1

1A
ct bt

Step 2: Calculate H ¢, s]
fors < 1tot—1do

| Hls,t] « X, X-Gls, 7]

H[t,t] + 1
Step 3: Calculate G|t, s]
fors < 1tot —1do

| Gls,t] < a'H][s,t] + b'H[s,t — 1] + 'G[s,t — 1]
Glt,t] + a

Step 5: Update Q[t, s;
for s < 1tot do

L Qnew[&t] — —%E[G[S,t”

(153)

(154)

(155)

(156)

(157)
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D Theoretical and Experimental Validation

In this appendix, we present evidence demonstrating the strong agreement between theoretical predic-
tions derived from the replica method and numerical experiments for the linear ¢-SD model. Figure
compares the generalization error, weight distribution, and pre-activation distribution obtained from
replica method with those from numerical experiments, revealing remarkable consistency between
the two approaches.

A B C
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Figure 7: Comparison of theoretical predictions derived from replica method and numerical ex-
periments for the linear ¢-SD model statistics. (A) Generalization error derived by the replica
method (solid lines) and numerical simulations (dots with error bars). (B) Distributions of opti-
mal weights derived by the replica method (solid lines) and their empirical distributions obtained
from a single experiment (histograms). (C) Pre-activation distributions predicted by theory (solid
lines) and empirically observed from a single experiment (histograms). Parameters for (A-C):
p=04,A=0.6,0=02 (A1, A2, A3, \q) = (1.5,0.5,2.0,1.0), (31, B2, B3) = (0.8,1.2,1.0); (B,
C) a = 3.0. Numerical experiments: (A) N = 103 ( Error bars represent the standard error of the
mean over 20 trials per point.); (B, C) N = 10%.

E Optimization of the hyper parameters

The above results describe the statistical properties of the estimators {w?, Bt}tzo and the gener-
alization error for a fixed hyperparameters {\’};>0, {*}+>1. In order to find the optimal hyper
parameters, we used the Nelder-Mead (NM) method Dixit and Rackauckas|[2023]], which is a versatile
black-box optimization algorithm. At each optimization stage in NM, we numerically solve the set
of equations in Result[C.I] which can be efficiently solved using a simple fixed point iteration to
evaluate the generalization error (9).

F Exact results for the linear ¢-SD model

In this appendix, we present several simplified analyses of the linear ¢-SD model and conclude by
proving a generalized version of Result[2]

F.1 Integrated saddle point equations in the linear ¢-SD model

In the case of the mean squared error loss and the linear activation function, the saddle point equations
for the conjugate variables and b’ is integrable. For some algebraic manipulations, we have the
following equations:

tt
o= %tht(?yt_l —ht—1) (158)
1
yh = i(ﬂ(ht +20)+1) (t>1) (159)
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Att
@ = 24 Axtt (160)
Qst _ Aa gt gt - 1 tz_ixl,t—lésl _ 1 szthz (s < t) (161)
2 + Axtt o — (0% I—s
(162)
. 2ap
m = W(mf@)— (m® +0°) — 1) (163)
Ny 2a A [ t—1, 5,t—1 stY,5 s t—1 t—1 4 pt—1 t o gt
= S AN | 2a DB =X | 4 8 p(m! T 6T — p(m! b1 | (1<t <T)
s=0
(164)
A 2a 4 R
A0t _ ot OLAlt _ 0,1
Ve A s (S )]
A t ) R s—1
XSt — ST Ay [_5571 (Z len(sfl,l),max(sfl,l)Qlt _ le,sfl)zlt _ msflmt> (166)
X 1=0 1=0
t ) s—1
+ (Z Qlelt _ ZXIS)ZH _ msmt):| ) (167)
1=0 1=0
20 Ax™ 0 30 0 10
P = A [(p+ 0 —2p0) — {p(1 — ) (m® +b°) + (1 — p)f(—m° + b°)}] (168)
Ayt =1 , ,
T’;t _ Z <5t—1Xé,t—1 _ Xst>7zs (169)
2+ Axtt i
+87Hp(1 = 0)(m' ™ + b + (1= p)f(—m' Tt + b1} (170)
—{p(1=0)(m" +b")+ (1 —p)f(—m' +b")}] (1<t<T) 171)
W =2(p+0—2p0) - (2p—1)m" — 1 (172)
b =51 ((2p - Dm0 — (20— I)m! (1<t <T), (173)

where we introduced the auxiliary variable 7 = Ep [y°2L] for simplicity.

F2 Caseof p=1/2and \°, \! — oo
One can solve the saddle point equations explicitly in some specific cases. For example, in the case of
p=1/2and \°, \! — oo, the explicit form of the geneliztion error is given by following proposition.

Proposition F.1. In the linear t-SD model with p = 1/2 and \°, \! — oo, the generalization errors
att =0andt =1 are given by

_ Va(l —26)
&=n <\/A (A+a(1—29)2)>’ 17

oy (A +a+ Aa)(1 - 20)
VA(a2 +3a+1)A3a + a2 (A2(a? + 5a + 3) + A(2a + 3)a + a?) (1 — 20)2]
(175)

In particular, £¥° = £9 and £ < £L.

40



F3 Caseof p=1/2,\° .- A - ccand T — oo

Another specific solvable case is PRI , AT — 0o and T — oo. For ease of reference, we first
restate the generalized version of Result2]as Result[3]below. We then proceed to its proof.

Result 3. (The generalization error at t — o) For an arbitrary choice of the set of the temperature
parameters {3 }>o, the generalization error of the linear t-SD model with p = 0.5, \°,- -+ |\t —
oo and t — oo is given by

i £ 05 (o< A?) a76)
1m = a—A2
t—00 H( A(a+A)) (a > A?).
Under these conditions, equations @ and @ yield b, - - - = 0. For simplicity, we set
A0 = =AT =)\ e=1/)\and vy = w1th0ut loss of generality. The scaling of
each parameter with respect to € and v is
m' =0()O(y' ) mt =0 o (1) (177)
Qst — O(ES—H)O(’}/S—H_Q) Q — ( t— s—l)o(,yt—s) (S < t), Qtt — 0(1)0(1) (178)
Xst _ O(€t—s+1)o(,yt—s) >A< — O(6t+s_2)0(’7t+3_2) (179)
R = O Ho(y+72). (180)
Based on this scaling, we rescale each variable as
m' — ey tm! ' — eyl (181)
Q s €5+t,ys+t ZQst Qst s etfsfl,ytfsQAst (S < t), Qtt N Qtt (182)
Xst N Et S+1’Yt sXst >A<St N 6t+572,_yt+572>25t (183)
Rst — €t+s 1,Yt+s 2R8t. (184)
Taking the limit as e — 0, we obtain the following simplified recurrence relations:
A t—s
Yot = <O‘> (185)
2
N A« A Aa
tt t—1,t
- = L — 186
Q=5 Q ; (186)
) A(l t—s—2 AQ
gt = —(ALEOY TR (s sy (187)
2 4
s0_ . 0_ %
m°’ =m —2(1—29) (188)
1 1
mt = §(A+a)m0, m = §(A+a+Aa)m0 (189)
AfAa\ TN Aa) a
== == — ) wmH+-mt (t>1 190
m 2(2) ;<2>m+2m (t>1) (190)
A2 A t—2 t—2 A —s A
mt=="2({2(1+a) S1+a)) mimt+ 2wt ¢ >2)  (191)
4 2 =\ 2 2
R0 = {0 (192)
. t—1
RSt = Xmm{s,t},max{s,t} _ Z QltRsl (t > 1) (193)
1=0
QOt m()mt +R0t (194)
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X = e (196)
_A z_: st=130s 1 S _ogyt=1] (£ > 1) (197)
2 = 2 -
XS __= (Z len{s 1,0}, max{s—1, Z}Qlt ZXI s—1¢ lf —ms 1mt> (t > 5> 1) (198)
=0 =0

We now consider the solution to these recurrence relations for sufficiently large ¢ (¢ > 1). Let us
propose a trial solution of the form m* = eM*, m! = ¢cLM?, where M > A(1 4 «)/2 and ¢ is
a constant depending on the initial condition #. Note that ¢ in the left-hand side denotes the step
number, while ¢ in the right-hand side is an exponent. We have:

;(A;) T ci( >SLMS+O(1) (199)

Z( 1+a) ch( 1+a> M +0(1) (200)

S=

From equations (190) and (I91)), we obtain the solution satisfying the condition M > A(1 + «)/2:

mt = c(1+ A)M? (201)
mt = eM? (202)

where
M = (2aA+a+A+ V2 1 20ACA 1 1) +A2) (203)

Next, we consider solutions of the form Q%! = c2gM>*Tt Rt = 2r Mstt 5t = 2y M+ for
s,t > 1. Substituting these into (T93)), we obtain

r=(1+A)y (204)
¢=(1+A)*1+x) (205)
A A
=—(1+——=sq]. 206
X=7 ( TR q) (206)
Solving these equations yields
A1+ A)? 14+ A)?(a+A) A1+ A)

TTTama 0 1T a-a 0 XTamar 20D

Consequently, the generalization error as ¢ — oo is given by

t _ A2
2 L N 7S Y et (208)
AQM Ala+ A)

However, when o < AZ, this solution becomes inappropriate as Q%" < 0. In this case, the scale
N of Q%t = c2gN*+! satisfies N > M, and the generalization error becomes H(0) = 0.5. This
completes the proof of Result[3]

Resultlreveals a phase transition phenomena at & = A2. A generalization error of 0.5 means that
the performance of ¢-SD is equivalent to random guessing; hence we refer to the phase o < A? as
the performance collapse phase. The independence from the choice of the temperature is natural
since it only affects on the scale of the weight in the linear ¢-SD model. In Figure 8] dependence of
E'on o and A att — oo is shown, with phase transition boundary represented by dashed line. The
generalization error at t — oo for a > A? is below 0.5, indicating performance better than random
guessing, but it remains higher than the optimal error; hence, we refer to the phase o > A? as the
intermediate performance phase.
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oo and ¢ — oo with the phase transition boundary indicated by the dashed line.

G Experimental Details

This appendix provides the detailed experimental settings employed in Section[8] All experiments
were executed on CPU workers equipped with an AMD EPYC 9654 processor and 512 GB of main
memory. Each run required approximately two hours of wall-clock time using all available cores.

G.1 Data and backbone selection

We consider the binary ‘cat vs. dog’ subset of CIFAR-10 [Krizhevsky et al|[2009] (licensed under the
MIT License) and employ two deep backbones, ResNet-18 and ResNet-50, pre-trained on ImageNet.

G.2 Feature Extraction

Each CIFAR-10 image is first resized and normalized to match the preprocessing used during
ImageNet training. We then remove the backbone’s final classification layer and take the output of
the penultimate layer as a fixed embedding of dimension N = 512 for ResNet-18 or N = 2048 for
ResNet-50 [maintainers and contributors| [2016]] (licensed under BSD 3-Clause “New” License). All
embeddings and their clean labels are saved for downstream use.

G.3 Label noise injection

To simulate noisy supervision, we flip each training label independently with probability 6. Test
labels remain untouched.

G.4 Training subset sampling

From the pool of noisy embeddings, we uniformly draw M samples (with a fixed class balance when
desired) to form the actual training set used in the SD experiments.

G.5 Self-distillation and hyperparameter tuning.

Using those M examples, we perform the logistic ¢-SD procedure defined in Section 3] The key
hyperparameters, A and § are selected by minimizing the estimated generalization error on the test
embeddings via Bayesian optimization. Concretely, we model the test error as a function of (A, 3)
with a Gaussian-process surrogate and optimize its expected improvement.
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H Additional experiments

H.1 Self-distillation on a noiseless dataset

We repeat our 1-SD experiments with no label noise (f = 0) to isolate the denoising effect from the
dark knowledge effect. Since there is no label noise, any gain in generalization must arise solely
from the teacher’s soft outputs. As shown in Figure 0] no meaningful improvement is observed under
realistic settings.

These findings validate the hypothesis of Section[5} in linear models under the Gaussian mixture
model, dark knowledge alone yields only marginal benefit. The dominant mechanism by which SD
enhances performance may be denoising, not the transmission of refined probability information even
in more realistic scenarios.

ResNet18 ResNet50
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Figure 9: Comparison of the optimal generalization error of the logistic 0-SD model, 1-SD model
and 1-SD model using hard pseudo labels for CIFAR-10 dog versus cat classification using pretrained
ResNet-18 (/N = 512) and ResNet-50 (/N = 2048) feature representations. Parameters: 6§ = 0.0.
Error bars represent the standard error of the mean over 10 trials per point.

H.2 Optimal soft labels for self-distillation

A natural question is whether the soft labels produced by the optimal 1-SD teacher simply mirror
the probabilities predicted by the optimal 0-SD model, or whether they differ in a systematic way.
Figure [I0] shows, for several randomly chosen training samples, the ground-truth label, the noisy
observed label, the predicted probability under optimal 0-SD, the pseudo-label assigned by the optimal
1-SD teacher, and the student’s prediction under optimal 1-SD. The optimal teacher consistently
issues more extreme confidence scores than the base model. This observation suggests that the most
effective labels for student improvement can deviate from the model’s optimal activations.

I Further remarks on limitations and future works

In this appendix, we outline several promising avenues that address the limitations of our current
study and extend its insights.

Our theoretical analysis assumes purely linear models under Gaussian-mixture noise and relies on
asymptotic N, M — oo formulas, so its accuracy may degrade on finite-sample, non-linear settings.
Likewise, although our CIFAR-10 probes demonstrate feasibility, they do not guarantee performance
on larger or more complex vision tasks. Addressing these gaps suggests following several natural
directions for further work.

I.1 Extension to anisotropic data distributions

In anisotropic settings, the impact of SD is inherently direction-dependent: it tends to amplify useful
signals along high-variance directions, while potentially neglecting or even distorting low-variance
ones. As a consequence, the overall benefit of SD may become larger when the task-relevant
information aligns with principal components, but smaller when crucial information lies in weak
directions. Understanding this interplay between pseudo-label dynamics and the spectral structure of
the data covariance is an important direction for future work.
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Figure 10: Sample images from the CIFAR-10 training set used in our experiments. ‘true’ and ‘obs’
indicate the ground-truth and noisy observed labels (0 for dog, 1 for cat), respectively. ‘one’, ‘tea’,
and ‘stu’ denote the predicted labels under the optimal 0-SD model, the pseudo-labels provided to
the student by the optimal 1-SD teacher, and the predicted labels under the optimal 1-SD student,
respectively. Parameters: 6 = 0.4, M = 1000, N = 512; ResNet-18 features and logistic ¢-SD.

p=]

I.2 Extension to other distillation strategies

While this study focuses on linear models, extending the analysis to deep learning presents promising
directions for future research. In deep models, dark knowledge may differ significantly and hold
greater significance than in linear analysis, due to their feature learning capabilities. For instance,
models propagating intermediate layer information [Zhang et al.| [2019] might depend more on
transfer of feature representations rather than predictions alone. Additionally, another avenue lies
in exploring the interplay between SD and security, particulaly optimizing defense against model
stealing attacksMa et al.|[2021]],|Yilmaz and Keles|[2025]]. This line of inquiry extends our problem
setting to a min-max framework, aiming to minimize the effectiveness of SD. Advancing these
directions could contribute to both KD robustness and secure machine learning.
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I.3 What are the best pseudo-labels to learn?

Because the optimization goal of ¢-SD is the generalization error of the final (¢-th) student, every
intermediary teacher must issue labels not to mirror the true decision boundary but to maximize the
downstream student’s performance. Intriguingly, these student-centric labels differ substantially from
the teacher-centric labels that would be chosen for standard classification, and more confident soft
labels tend to produce stronger students. A more detailed analysis of these label distinctions is likely
to reveal the answer to the fundamental question of which labels are most beneficial for learning.

L4 Application of multi-stage replica theory to other learning problems

We believe that the multi-stage replica method we employed for theoretical analysis can be extremely
useful for probing learning dynamics that have, to date, remained inaccessible to DMFT. Problem
formulations in which the outcomes of one learning phase are reused in a subsequent phase setting
ups to which our framework can be applied directly include domain adaptation Blitzer et al.| [2006],
curriculum learning Bengio et al.|[2009] and meta-learning Hospedales et al.| [2022]. It would also be
intriguing to investigate the generalization-error dynamics of deep neural networks under a regime
where layers are trained sequentially and iteratively |Cui et al.|[2024].
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