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Abstract
Conditional diffusion regression quantifies predictive uncertainty through samples y ∼ p̂θ(· | x) generated by
finite-step reverse-time sampling. For a fixed learned score field sθ, reverse-time grid, and noise schedule,
we study how the finite-step solver affects input-dependent conditional variance. For stochastic reverse-time
SDE solvers, we prove an early-stopped total variation (TV) bound. For scalar responses, we introduce a
solver-matched oracle reference and derive a learned–oracle variance-gap recursion separating transport,
injection, and nonlinear-remainder effects, with the probability-flow ODE (PF-ODE) entering the recursion
as a deterministic zero-injection case. Controlled heteroskedastic experiments with known data variance and
oracle scores show that changing only the solver materially changes variance fidelity and interval calibration.

1. Introduction
In conditional prediction, uncertainty must vary correctly with the input, not only the predictive mean. This is central in
heteroskedastic regression, where x 7→ Var(Y | X = x) is part of the target structure (White, 1980). Classical and
modern methods model this input-dependent scale through heteroskedastic models or variance networks (Le et al., 2005;
Cao et al., 2021; Skafte et al., 2019). Bayesian and ensemble methods instead use posterior or ensemble variability
(Gal & Ghahramani, 2016; Lakshminarayanan et al., 2017). In both cases, uncertainty is usually reported only at the
endpoint, through predictive variances, intervals, or calibration scores. These summaries do not show how the inference
procedure creates, transports, or distorts conditional variance.

Conditional diffusion regression represents the predictive law through samples. For a fixed input x, one draws

y(1), . . . , y(M) ∼ p̂θ(· | x),

and estimates moments, intervals, and calibration statistics from the empirical distribution. This view underlies
conditional diffusion methods such as CARD (Han et al., 2022) and diffusion-ensemble approaches to zero-shot
uncertainty quantification (Shu & Farimani, 2024). It also makes the reverse-time solver part of the uncertainty-
estimation pipeline. Even with the learned score field, reverse-time grid, and noise schedule fixed, changing the
finite-step solver can change the sampled conditional law.

Existing theory mainly explains global distributional accuracy. Non-asymptotic analyses control score approximation,
initialization mismatch, and time discretization in KL, total variation (TV), or Wasserstein distance (Lee et al., 2022;
Chen et al., 2023a;b; Benton et al., 2023; Li et al., 2023). Recent work extends these guarantees to broader target
assumptions and faster finite-step solvers (Liang et al., 2024). Conditional diffusion regression theory is also emerging,
including CARD-type non-asymptotic bounds (Li, 2025) and statistical guarantees for uncertainty quantification
(Jiao et al., 2025). Complementary supervised diffusion methods, including Treeffuser, diffusion–boosting hybrids,
supervised score-based boosting, and diffusion-based probabilistic regression, focus on improving endpoint uncertainty
estimates (Beltran Velez et al., 2024; Han & Zhou, 2024; Zhao et al., 2025; Kneissl et al., 2025). A separate line of
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work highlights reverse-transition and sampling choices, including learned reverse-process variance, richer reverse-time
posteriors, and empirical control of ensemble dispersion through the reverse-step budget (Nichol & Dhariwal, 2021;
De Bortoli et al., 2025; Merizzi et al., 2026). Together, these results suggest that finite-step inference choices can affect
uncertainty. However, they do not isolate which reverse transitions amplify, attenuate, inject, or distort input-dependent
conditional variance when only the solver is changed.

We therefore study a fixed-score, fixed-grid setting. The learned score field, reverse-time grid, and noise schedule are
held fixed, and only the finite-step reverse solver is varied. This design isolates solver-induced variance distortion.
Our contributions are threefold. First, we adapt non-asymptotic stochastic-solver TV analysis to conditional diffusion
regression, obtaining an early-stopped distribution-level baseline for Euler–Maruyama (EM) and an exponential
integrator (ExpInt). Second, for scalar responses, we derive a solver-matched learned–oracle variance-gap recursion for
EM, ExpInt, and a locally linearized probability-flow ODE (PF-ODE). The recursion separates transport, injection,
and nonlinear-remainder effects, and treats PF-ODE as the deterministic zero-injection case. Third, we use controlled
heteroskedastic tasks with known data variance and oracle scores to connect endpoint variance errors with learned–oracle
gap paths and unrolled mechanism summaries.

2. Problem Setup and Variance Propagation
2.1. Conditional Diffusion Regression Setup

Let (X,Y0) ∼ Pdata, where X takes values in X ⊆ RdX and Y0 ∈ RdY . For each fixed x ∈ X , let p0(· | x) denote the
conditional law of Y0 given X = x.

Forward process. We adopt an Ornstein–Uhlenbeck (OU) noising process in the response space,

dYt = − 1
2Yt dt+ dWt, Y0 ∼ p0(· | x), t ∈ [0, T ]. (1)

This choice is convenient because the OU transition density is available in closed form, so forward perturbations used
for score learning can be simulated exactly (Chen et al., 2023b; Benton et al., 2023). In particular,

pt|0(y | y0) = N
(
y; e−t/2y0, (1− e−t)IdY

)
,

and the OU-smoothed conditional marginal is the Gaussian convolution

pt(y | x) =
∫
RdY

pt|0(y | y0) p0(y0 | x) dy0.

For clarity of exposition, we assume the response has been standardized so that the Gaussian reference is N (0, IdY ).
The OU semigroup Gaussianizes the conditional law and contracts the KL divergence to the reference,

KL
(
pt(· | x)

∥∥∥N (0, IdY )
)
≤ e−t KL

(
p0(· | x)

∥∥∥N (0, IdY )
)
,

under mild regularity conditions (Bakry et al., 2013; Chen et al., 2023a). We take T sufficiently large and initialize
reverse-time sampling from YT ∼ N (0, IdY ).

Reverse process and early stopping. Let pt(· | x) denote the OU-smoothed conditional law (1). Diffusion time
reversal characterizes the reversed trajectory Ȳt′ := YT−t′ , whose drift depends on the conditional score (Anderson,
1982). For sampling, we work directly in the original time variable t and integrate from t = T down to t = δ. The
reverse-time dynamics can be written as

dYt =
(
− 1

2Yt − s
⋆(t, Yt, x)

)
dt+ dWt, t : T → δ, (2)

where Wt is a standard Brownian motion in the reverse-time parametrization and

s⋆(t, y, x) := ∇y log pt(y | x) (3)

is the conditional score of the OU-smoothed law. We target the early-stopped law pδ(· | x) for a small δ > 0 to avoid
potential instability of the score field near t ↓ 0 (Song et al., 2020; Benton et al., 2023).
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Score matching. Simulating (2) requires access to the conditional score s⋆(t, y, x) in the reverse drift. Since pt(· | x)
is unknown, we learn a neural score model sθ(t, y, x) via score matching (Hyvärinen, 2005; Vincent, 2011). A canonical
population objective on [δ, T ] is the time-averaged L2 score error

L(sθ) :=
1

T − δ

∫ T

δ

E
[∥∥sθ(t, Yt, X)− s⋆(t, Yt, X)

∥∥2
2

]
dt, Yt ∼ pt(· | X).

Although L is not directly estimable, denoising score matching provides a tractable denoising objective with the same
population minimizer, by sampling from analytically simulable OU perturbations. Using Yt = e−t/2Y0 + σtZ with
σ2
t = 1− e−t and Z ∼ N (0, IdY ), we minimize

min
θ

Et∼Unif[δ,T ] E(X,Y0)∼Pdata
EZ∼N (0,IdY )

∥∥∥sθ(t, e−t/2Y0 + σtZ, X
)
+ 1

σt
Z
∥∥∥2
2
.

Finite-step reverse-time solvers. Given sθ, conditional generation discretizes the reverse-time dynamics on the
grid (4) and integrates backward from tK = T to t0 = δ.

δ = t0 < t1 < · · · < tK = T, hk := tk − tk−1 > 0, (4)

where each update maps Ytk 7→ Ytk−1
.

We consider two stochastic reverse-SDE solvers and one deterministic PF-ODE solver. The stochastic solvers are
Euler–Maruyama (EM) and an exponential integrator (ExpInt), both of which can be written in the affine form

Ytk−1
= AkYtk +Bksθ(tk, Ytk , x) + σkξk, ξk ∼ N (0, IdY ). (5)

For EM, the coefficients come from the direct discretization of (2). For ExpInt, they exploit the linear OU structure
(Zhang & Chen, 2022; De Bortoli, 2022; Chen et al., 2023a; Benton et al., 2023):

(Ak, Bk, σ
2
k) =

{
(1 + hk/2, hk, hk), EM,

(ehk/2, 2(ehk/2 − 1), ehk − 1), ExpInt.

As a deterministic counterpart, we also consider the probability-flow ordinary differential equation (PF-ODE) associated
with the same score field (Song et al., 2020; 2021),

d

dt
Yt = − 1

2Yt −
1
2sθ(t, Yt, x), t : T → δ,

and integrate it by Heun’s deterministic update. With f(t, y, x) := − 1
2y −

1
2sθ(t, y, x),

Ỹ = Ytk − hk f(tk, Ytk , x), Ytk−1
= Ytk −

hk
2

(
f(tk, Ytk , x) + f(tk−1, Ỹ , x)

)
.

Unlike the reverse-SDE solvers, PF-ODE introduces no explicit per-step noise injection.

2.2. Variance Targets and Oracle Reference

We study conditional uncertainty under finite-step sampling by tracking intermediate laws and moments along the
reverse chain. On the time grid (4), let qtk(· | x) denote the conditional law of Ytk produced by the K-step solver
driven by sθ. For each x ∈ X and grid time tk, define

mtk(x) := E
[
Ytk | X = x

]
, Vtk(x) := Var

(
Ytk | X = x

)
.

For scalar targets (dY = 1), we write Vtk(x) := vtk(x).

To separate solver effects from score-learning effects, we define, for each solver S, a solver-matched oracle chain: the
same discretization as the learned chain, but driven by the true score s⋆. In the scalar case, let vlearnS,tk

(x) and v⋆S,tk(x)
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denote the learned and solver-matched oracle conditional variances, and let vdata(x) := Var(Y0 | X = x) be the
conditional data variance.

vlearnS,t0 (x)− vdata(x) =
{
vlearnS,t0 (x)− v⋆S,t0(x)

}
+
{
v⋆S,t0(x)− v

data(x)
}
. (6)

The first term is the solver-matched learned–oracle variance gap analyzed below. The second term is the solver-matched
oracle endpoint bias, which is measured separately in the experiments. We write GS(tk, x) := vlearnS,tk

(x)− v⋆S,tk(x) for
the learned–oracle variance-gap path. In fixed-solver derivations, we omit the solver index S.

Proposition 2.1 (Stepwise mean–variance propagation). Assume dY = 1 and fix x ∈ X . For EM and ExpInt, use the
affine stochastic update (5). This unified form covers EM and ExpInt through solver-specific coefficients (Ak, Bk, σ2

k).
Define the local Taylor remainder

ρk := sθ(tk, Ytk , x)− sθ
(
tk,mtk(x), x

)
− sy

(
tk,mtk(x), x

)(
Ytk −mtk(x)

)
,

where sy(t, y, x) := ∂ysθ(t, y, x). Define the local transport factor

Jk(x) := Ak +Bk sy
(
tk,mtk(x), x

)
.

Then the conditional mean and variance satisfy

mtk−1
(x) = Akmtk(x) +Bk sθ

(
tk,mtk(x), x

)
+Bk E[ρk | X = x], (7)

and
vtk−1

(x) = Jk(x)
2 vtk(x) + σ2

k + rk(x), (8)

where
rk(x) := B2

k Var(ρk | X = x) + 2Jk(x)Bk Cov
(
Ytk −mtk(x), ρk | X = x

)
. (9)

For PF-ODE with Heun, write the deterministic one-step map as

Ytk−1
= Φθk,PF(Ytk ;x).

Define
Jk,PF(x) := ∂yΦ

θ
k,PF(mtk(x);x)

and
ζk := Φθk,PF(Ytk ;x)− Φθk,PF(mtk(x);x)− Jk,PF(x)(Ytk −mtk(x)).

Then PF-ODE satisfies the same template with σ2
k = 0, Jk = Jk,PF, and

rk,PF(x) = Var(ζk | X = x) + 2Jk,PF(x) Cov(Ytk −mtk(x), ζk | X = x).

The oracle recursions are obtained by replacing sθ and Φθk,PF with s⋆ and Φ⋆k,PF. Full proofs are given in Appen-
dices B.1 and B.4.

3. Theoretical Analysis
This section presents two finite-step results with different roles. Proposition 3.1 provides a distribution-level baseline
for stochastic reverse-SDE solvers at the early-stopping time t = δ. It controls the learned law qδ(· | x) relative to the
positive-time OU target pδ(· | x), rather than directly to the original data law p0(· | x). This result applies to EM and
ExpInt because their learned and oracle one-step kernels are nondegenerate Gaussians with common covariance. It does
not apply to deterministic PF-ODE.

Proposition 3.2 gives a scalar conditional-moment decomposition. It subtracts and unrolls the learned and solver-
matched oracle one-step variance recursions from Proposition 2.1. This variance-gap analysis covers EM, ExpInt, and
locally linearized PF-ODE, with PF-ODE treated as the deterministic zero-injection case.
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3.1. Early-Stopped Total Variation Control

Throughout this subsection, fix a stochastic reverse-SDE solver family S ∈ {EM,ExpInt}. The learned and oracle
laws qt(· | x) and q⋆t (· | x), and the coefficients Ak, Bk, σk, are those of this fixed solver. We suppress the solver index
in the notation.

We first record a baseline distribution-level guarantee at the early-stopping time t = δ. For covariates X drawn from
the data distribution, we measure convergence through the mean conditional TV distance

ETV(δ) = EX
[
TV

(
qδ(· | X), pδ(· | X)

)]
.

Proposition 3.1 (Early-stopped TV control for stochastic reverse-SDE solvers). Under the assumptions stated in
Appendix A, including the stochastic Gaussian solver scope, the admissible reverse-grid condition, and Rp→q <∞,
there exists a constant C > 0 such that

ETV(δ) ≤ C εs +Rp→q + C
√
ΣK + C

√
dY +Mmax

2 e−T/2. (10)

The four terms in (10) are, respectively, the solver-weighted score error, the forward-to-reverse transfer residual, the
oracle discretization error, and Gaussian initialization mismatch. We now define these quantities for the fixed stochastic
solver.

Define
∆k(y, x) = ∥sθ(tk, y, x)− s⋆(tk, y, x)∥22.

The solver-weighted forward-marginal score error is

ε2s = EX

[
K∑
k=1

∥Bk∥2Fσ−2
k EY∼ptk (·|X)

[
∆k(Y,X)

]]
.

For the fixed stochastic reverse-SDE solver S ∈ {EM,ExpInt}, let

ϑ2t = 1− e−t, ΓK =

K∑
k=1

h2kϑ
−4
tk−1

.

The solver-specific discretization quantity is

ΣK =

d
2
Y ΓK +Mmax

2

K∑
k=1

h3k, S = EM,

d2Y ΓK , S = ExpInt.

Finally,
Mmax

2 = sup
x∈X

E[∥Y0∥22 | X = x],

and the forward-to-reverse transfer residual is

R2
p→q = EX

[(
1

2

K∑
k=1

∥Bk∥2Fσ−2
k

(
Eqtk (·|X)[∆k(Y,X)]− Eptk (·|X)[∆k(Y,X)]

))
+

]
.

3.2. Solver-Matched Variance-Gap Decomposition

We analyze the learned–oracle variance-gap path GS(t, x) defined in Section 2.2. Fix a solver S and suppress its index:

vtk(x) := vlearnS,tk
(x), v⋆tk(x) := v⋆S,tk(x).

The quantities Jk(x), σ2
k, and rk(x) below also refer to this fixed solver. The typical-set construction in Appendix B.2 is

used only to control local transport quantities. It does not define event-restricted conditional variances. The proposition
below subtracts and unrolls the learned and solver-matched oracle one-step variance recursions.
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Proposition 3.2 (Solver-matched variance-gap decomposition). Assume dY = 1. Fix x ∈ X and a grid δ = t0 <
t1 < · · · < tK = T . Let vtk(x) and v⋆tk(x) be the learned and solver-matched oracle conditional variances at grid
time tk. Under the local regularity and finite-moment conditions stated in Appendix B, suppose that the learned and
solver-matched oracle conditional variances satisfy, for each k = 1, . . . ,K,

vtk−1
(x) = Jk(x)

2 vtk(x) + σ2
k + rk(x),

v⋆tk−1
(x) =

(
J⋆k (x)

)2
v⋆tk(x) + (σ⋆k)

2 + r⋆k(x),
(11)

where Jk(x), J⋆k (x) ∈ R are local transport factors, σ2
k, (σ

⋆
k)

2 ≥ 0 are per-step injected variances, and rk(x), r⋆k(x)
collect higher-order effects from the local linearization, including remainder-variance and covariance contributions.

Define the learned-chain transport products

Π1:0(x) := 1, Π1:m(x) :=

m∏
j=1

Jj(x)
2, m ≥ 1.

Then, for this fixed x, the following deterministic conditional-moment bound holds:

∣∣vt0(x)− v⋆t0(x)∣∣ ≤ Π1:K(x)
∣∣vtK (x)− v⋆tK (x)

∣∣+ K∑
k=1

Π1:k−1(x)
∣∣Jk(x)2 − (J⋆k (x))2∣∣ v⋆tk(x)

+

K∑
k=1

Π1:k−1(x)
∣∣σ2
k − (σ⋆k)

2
∣∣+ K∑

k=1

Π1:k−1(x)
∣∣rk(x)− r⋆k(x)∣∣.

(12)

In particular, if the variance initialization at t = T matches (i.e., vtK (x) = v⋆tK (x)), the first term vanishes.

Subtracting the two recursions in (11) gives the one-step gap identity, and repeated substitution gives (12). Details are
given in Appendices B.4 and B.5. The bound in (12) is a mechanism decomposition for the learned–oracle variance
gap, not a convergence bound to vdata.

For the pathwise mechanism summaries used in Section 4, define the signed local defects

Dtrans
k (x) := {Jk(x)2 − (J⋆k (x))

2} v⋆tk(x),

Dinj
k (x) := σ2

k − (σ⋆k)
2,

Drem
k (x) := rk(x)− r⋆k(x).

These three terms correspond to the three local sources in the decomposition. The transport defect measures mismatch
in local variance multipliers and is scaled by the oracle variance v⋆tk(x). The injection defect measures differences
in explicit per-step noise; it is zero in our matched EM and ExpInt comparisons, and also zero for PF-ODE because
PF-ODE has no additive noise. The remainder defect collects nonlinear local-map effects not captured by the first-order
transport factor.

In empirical summaries, we also record the residual defect

Dres
k (x) :=

(
vtk−1

(x)− v⋆tk−1
(x)
)
− Jk(x)2

(
vtk(x)− v⋆tk(x)

)
−Dtrans

k (x)−Dinj
k (x)−Drem

k (x).

It is zero under the exact population recursion and records Monte Carlo, recording, or diagnostic approximation error.
For each component a ∈ {trans, inj, rem, res}, define the transported contribution path

CaK(x) = 0, Cak−1(x) = Jk(x)
2Cak (x) +Da

k(x).

These contribution paths are oracle-aided mechanism summaries for the learned–oracle gap path GS(t, x).

4. Results
This section first reports endpoint predictive and variance summaries, then uses the oracle-aided path quantities defined
above to explain the resulting solver-dependent variance distortion.
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Table 1. Main predictive summary on the synthetic heteroskedastic tasks, grouped by model. RMSEy is computed from
predictive means, and QICE measures multi-level interval calibration. Boldface indicates the best value within each dataset and
metric.

Xsinx–Hetero Sine–Hetero Curve–Hetero Cubic–Step–Hetero

Model RMSE QICE RMSE QICE RMSE QICE RMSE QICE

EM 1.1420 0.00790 1.4561 0.00865 0.5246 0.00664 6.0018 0.00644
ExpInt 1.1420 0.00795 1.4570 0.00939 0.5248 0.00687 6.0078 0.00716
PF-ODE 1.3122 0.00962 1.5816 0.01403 0.5981 0.01625 6.4252 0.01823

MC Dropout† 1.1424 0.01248 1.4534 0.01099 0.5240 0.00966 5.9948 0.00738
DeepHetero‡ 1.1371 0.01031 1.4516 0.00813 0.5229 0.00895 5.9911 0.00577
† MC Dropout follows the approximate Bayesian dropout baseline of Gal & Ghahramani (2016). ‡ DeepHetero denotes our Gaussian
mean–variance MLP baseline, following classical mean–variance estimation (Nix & Weigend, 1994) and variance-network regression
(Skafte et al., 2019).

4.1. Experiment Setup and Predictive Summary

Experimental setting. We evaluate four controlled scalar heteroskedastic tasks Y = µ(X) + σ(X)ϵ, ϵ ∼ N (0, 1),
which provide both vdata(x) = σ2(x) and a closed-form OU-smoothed oracle score for endpoint variance evaluation
and solver-matched oracle chains. Within each dataset and run, the trained score network, noise schedule, reverse grid,
and Monte Carlo budget are fixed across solvers. Predictive moments are reported on the original target scale; full
implementation and mechanism-summary details are given in Appendix D.1–D.6.

Main predictive summary. Table 1 reports predictive-mean RMSE and interval calibration (QICE). DeepHetero
is a well-matched baseline because the tasks are conditionally Gaussian and it is trained with an explicit Gaussian
mean–variance likelihood. EM and ExpInt remain close to the best RMSE values and achieve the lowest QICE on two
of the four tasks, despite using a sample-based score model with no explicit variance head. PF-ODE is less competitive
on both RMSE and QICE. These endpoint summaries motivate the variance-profile and pathwise analyses below.

4.2. Solver-Dependent Variance Fidelity

Figure 1 shows that solver choice changes the endpoint conditional-variance profile even when the learned score is
fixed. EM and ExpInt track vdata(x) closely across most regions, while PF-ODE can substantially overstate variance in
high-variance regions.

Table 2 assesses how strongly the oracle-aided path summaries based on GS(t, x) are associated with endpoint variance
MSE. Across the 60 dataset–solver–run points, the oracle-gap mean is the most strongly associated summary. This
pattern is not merely an artifact of using a solver-matched oracle rather than vdata as the target. Appendix D.9.2,
Table 10, decomposes the final endpoint error into the learned–oracle gap, oracle endpoint bias, and their cross term.
Across solvers and datasets, the learned–oracle endpoint gap is the dominant component, while the solver-matched
oracle bias is typically much smaller.

4.3. Oracle-Gap Path Summaries and Unrolled Mechanism Analysis

Pathwise-unrolled mechanism summary. Figure 2 and Table 3 summarize the learned–oracle variance-gap path and
transported contribution paths on Xsinx–Hetero. The quantities GS(t, x), Dtrans

k , Dinj
k , Drem

k , and Cak are defined in
Sections 2.2 and 3.2. Thus panel (a) reports the mean absolute oracle-gap path, while panel (b) reports the AUCs of
transported contribution paths. These are oracle-aided mechanism summaries, not endpoint error bounds.

For Xsinx–Hetero, PF-ODE has a smaller learned–oracle gap than EM and ExpInt in the low- and middle-variance
regimes. The high-variance regime is different. There, the PF-ODE gap increases to 0.45, while EM and ExpInt remain
near 0.11 and 0.12. The displayed pathwise-unrolled attribution also becomes strongly transport-weighted for PF-ODE,
with a 74% transport share. Thus the main Xsinx evidence is not that PF-ODE is always larger, but that its high-variance
regime shows a much larger pathwise learned–oracle gap and a transport-heavy attribution.
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Figure 1. Solver-dependent conditional variance profiles across the four synthetic tasks. Panels (a)–(d) show Xsinx–Hetero,
Sine–Hetero, Cubic–Step–Hetero, and Curve–Hetero, respectively. Solid curves are across-run means of binned endpoint variance
estimates mapped to the original target scale for each solver. Shaded bands are pointwise empirical 95% bands across five independent
runs. The dashed curve is the data variance target vdata(x) = σ2(x).
Table 2. Path summaries for endpoint variance distortion. Across 60 dataset–solver–run points, oracle-gap path summaries are
compared with a marginal KL-type path proxy as explanatory summaries of endpoint variance MSE. These are empirical correlations,
not theoretical predictions of Proposition 3.2.

Explanatory summary Pearson r Spearman ρ R2

Oracle-gap AUC 0.875 0.753 0.766
Oracle-gap mean 0.915 0.894 0.837
KL path mean 0.851 0.500 0.724

Representative variance-regime mechanism summaries. The remaining variance-regime summaries, reported in
Appendix D.9.2, Table 9, show the same qualitative lesson. High-variance regimes often enlarge the learned–oracle
gap, but the dominant mechanism is not universal. In transport-heavy regimes, the local transport factorization in
Appendix D.9.2, Eqs. (68)–(69), shows that the step-k contribution contains Π1:k−1(x)

∣∣Jk(x)2 − (J⋆k (x))
2
∣∣v⋆tk(x).

Thus a comparable local transport mismatch can have a larger downstream effect when the transported oracle variance
is large. Other regimes are remainder-heavy, indicating that nonlinear local-map effects can dominate even when this
high-variance amplification channel is present.

5. Limitations and Future Work
The analysis is limited to finite-step second-moment fidelity. It does not characterize tail behavior, multimodality,
higher-order shape, or full distributional calibration. Extending the variance-gap analysis to vector-valued responses and
covariance matrices, broader forward processes beyond OU dynamics, and distributional guarantees for deterministic
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Figure 2. Xsinx–Hetero learned–oracle variance-gap path and mechanism AUCs. Panel (a) shows the mean absolute oracle-gap
path over inputs. Panel (b) reports recorded-grid AUCs of the transported contribution paths for transport, injection, nonlinear
remainder, and residual defects. These oracle-aided summaries are not endpoint error bounds.

Table 3. Xsinx–Hetero mechanism summaries. Gap is the average of |GS(t, x)| over recorded reverse times and inputs in each
variance regime. Trans. and Rem. are the normalized AUC shares of the transported contribution paths Ctrans and Crem.

Regime Solver Gap Trans. Rem.

Low EM 0.0665 34 66
ExpInt 0.0665 34 66
PF-ODE 0.0493 55 45

Middle EM 0.0782 29 71
ExpInt 0.0783 29 71
PF-ODE 0.0620 54 46

High EM 0.1100 57 43
ExpInt 0.1200 57 43
PF-ODE 0.4500 74 26

Note. Trans. and Rem. denote transport and remainder shares in percent. Injection and residual shares are omitted. Full summaries
are in Table 9.

PF-ODE remain open problems. The present experiments are designed for controlled mechanism identification. Future
work should test whether the same solver-dependent variance mechanisms persist in non-Gaussian, multimodal, real
tabular, and scientific regression benchmarks. Another important direction is to develop oracle-free diagnostics that
approximate or stress-test the learned–oracle variance gap when the true score and solver-matched oracle paths are
unavailable.

6. Conclusion
We examined finite-step conditional diffusion regression with the learned score field, reverse-time grid, and noise
schedule fixed, thereby isolating the reverse solver as a source of variation in conditional variance. The TV result
serves as a distributional baseline for stochastic solvers, while the solver-matched variance-gap decomposition explains
how variance mismatch is propagated by transport, injection, and nonlinear remainders. In controlled heteroskedastic
experiments, solver changes affected both endpoint calibration and the path of variance mismatch. Endpoint accounting
shows that the learned–oracle gap dominates solver-matched oracle bias across solvers and datasets.

The oracle-aided analysis is not a deployment-time diagnostic. Instead, it shows that diffusion-regression uncertainty
estimates depend on both the learned score and the finite-step solver used at inference time. Solver sensitivity should
therefore be evaluated under the chosen reverse-time grid in uncertainty-sensitive applications.

Impact Statement
This paper presents work whose goal is to advance the understanding of conditional diffusion regression. There are
many potential societal consequences of our work, none of which we feel must be specifically highlighted here.



10 SOLVER-INDUCED VARIANCE DISTORTION IN CONDITIONAL DIFFUSION REGRESSION

References
Anderson, B. D. Reverse-time diffusion equation models. Stochastic Processes and their Applications, 12(3):313–326,

1982.

Bakry, D., Gentil, I., and Ledoux, M. Analysis and geometry of Markov diffusion operators, volume 348. Springer
Science & Business Media, 2013.

Beltran Velez, N., Grande, A. A., Nazaret, A., Kucukelbir, A., and Blei, D. Treeffuser: probabilistic prediction
via conditional diffusions with gradient-boosted trees. Advances in Neural Information Processing Systems, 37:
118296–118325, 2024.

Benton, J., De Bortoli, V., Doucet, A., and Deligiannidis, G. Nearly d-linear convergence bounds for diffusion models
via stochastic localization. arXiv preprint arXiv:2308.03686, 2023.
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A. Distribution-Level TV Control
This appendix proves Proposition 3.1. We first compare the learned reverse chain with the solver-matched oracle chain.
We then compare the oracle chain with the early-stopped target pδ. The final bound follows by combining these two
estimates and averaging over X . The argument applies to stochastic reverse-SDE discretizations with nondegenerate
Gaussian one-step noise.

A.1. Proof architecture and standing quantities

Let x ∈ RdX and y ∈ RdY , and denote the conditional data law by p0(· | x). For probability measures P,Q on RdY ,
define

KL(P∥Q) :=

∫
log
(dP
dQ

)
dP, TV(P,Q) := sup

A∈B(RdY )

|P (A)−Q(A)|.

We write ∥ · ∥2 for the Euclidean norm and ∥ · ∥F for the Frobenius norm.

For each t ∈ [δ, T ], let pt(· | x) denote the OU-smoothed conditional law. Let qt(· | x) denote the law induced by the
learned finite-step reverse solver, and let q⋆t (· | x) denote the law induced by the same solver family driven by the true
score s⋆. Fix solver coefficients Ak, Bk, σk and write hk := tk − tk−1.

Define
∆k(y, x) := ∥sθ(tk, y, x)− s⋆(tk, y, x)∥22.

The first quantity measures solver-weighted score error under the forward conditional marginals, which is where score
learning is naturally controlled.

ε2s := EX

[
K∑
k=1

∥Bk∥2Fσ−2
k EY∼ptk (·|X)

[
∆k(Y,X)

]]
. (13)

The second quantity records the price of transferring this score error from forward marginals to the learned reverse
marginals that appear in the KL chain rule.

R2
p→q := EX

(1

2

K∑
k=1

∥Bk∥2Fσ−2
k

(
Eqtk (·|X)[∆k]− Eptk (·|X)[∆k]

))
+

 . (14)

We use the following two regularity conditions.
Assumption A.1 (Conditional averaged score error). The quantity ε2s in (13) is finite.
Assumption A.2 (Uniform conditional second moment).

Mmax
2 := sup

x∈X
E[∥Y0∥22 | X = x] <∞.

Stochastic solver scope. Throughout Appendix A, the distribution-level TV argument is restricted to stochastic
reverse-SDE discretizations whose learned and oracle one-step kernels have the common nondegenerate Gaussian
covariance σ2

kIdY , with σ2
k > 0. Concretely, for each step k = 1, . . . ,K,

Qθk(· | y, x) = N
(
Aky +Bksθ(tk, y, x), σ

2
kIdY

)
, Q⋆k(· | y, x) = N

(
Aky +Bks

⋆(tk, y, x), σ
2
kIdY

)
.

It is the condition that makes the one-step Gaussian KL comparison in Section A.2 available. Deterministic PF-ODE
solvers are discussed separately in Section A.5.

A.2. Learned-to-oracle control on the reverse grid

This subsection controls the learned finite-step reverse chain relative to the solver-matched oracle chain. The argument
follows the stochastic-solver learned-to-oracle decomposition of Li et al. (2023, Section 5.3): one first compares the
learned and oracle Gaussian one-step kernels, and then accumulates the one-step KL errors by a reverse-grid KL chain
rule. Our adaptation is conditional in x, averages the final bound over X , and separates the forward-to-reverse transfer
residual Rp→q, because the score error is naturally defined under the forward marginals ptk(· | X), whereas the KL
chain rule produces expectations under the learned reverse marginals qtk(· | X).



13 SOLVER-INDUCED VARIANCE DISTORTION IN CONDITIONAL DIFFUSION REGRESSION

One-step Gaussian kernel comparison. The first lemma is purely local. At a fixed step, common Gaussian covariance
turns score mismatch into a one-step KL cost.

Lemma A.3 (One-step Gaussian kernel KL with equal covariance). Fix k ∈ {1, . . . ,K} and x ∈ X . Consider

Qk( · | y, x) := N
(
Aky +Bksθ(tk, y, x), σ

2
kIdY

)
,

Pk( · | y, x) := N
(
Aky +Bks

⋆(tk, y, x), σ
2
kIdY

)
.

Then
KL
(
Qk(· | y, x)

∥∥∥Pk(· | y, x)) =
1

2σ2
k

∥Bk(sθ(tk, y, x)− s⋆(tk, y, x))∥22.

Proof. Write
Qk(· | y, x) = N (mθ, σ

2
kIdY ), Pk(· | y, x) = N (m⋆, σ

2
kIdY ),

where
mθ := Aky +Bksθ(tk, y, x), m⋆ := Aky +Bks

⋆(tk, y, x).

Since the two Gaussian laws have the same covariance,

KL(N (mθ,Σ)∥N (m⋆,Σ)) =
1

2
(mθ −m⋆)

⊤Σ−1(mθ −m⋆), Σ = σ2
kIdY .

Substituting Σ−1 = σ−2
k IdY and mθ −m⋆ = Bk(sθ − s⋆) proves the claim.

Reverse-grid KL chain rule. The previous lemma controls one transition. The next lemma accumulates those local
transition costs along the reverse Markov path.

Lemma A.4 (KL chain rule along the reverse grid). Fix x ∈ X and let t0 = δ < t1 < · · · < tK = T . Let (qtk)
K
k=0 and

(ptk)
K
k=0 be the marginals of two Markov chains with one-step kernels (Qk)Kk=1 and (Pk)

K
k=1, respectively. Assume

qT (· | x)≪ pT (· | x) and Qk(· | Ytk , x)≪ Pk(· | Ytk , x) qtk(· | x)-a.s. Then

KL
(
Q0:K(· | x)

∥∥P0:K(· | x)
)
= KL

(
qT (· | x)

∥∥ pT (· | x))
+

K∑
k=1

Eqtk (·|x)
[
KL
(
Qk(· | Ytk , x)

∥∥Pk(· | Ytk , x))] . (15)

Moreover,
KL
(
qδ(· | x)

∥∥ pδ(· | x)) ≤ KL
(
Q0:K(· | x)

∥∥P0:K(· | x)
)
. (16)

Proof. Let Q0:K and P0:K denote the path laws on (Yt0 , . . . , YtK ). By the Markov property,

Q0:K(dy0:K | x) = qT (dyK | x)
K∏
k=1

Qk(dyk−1 | yk, x),

and similarly

P0:K(dy0:K | x) = pT (dyK | x)
K∏
k=1

Pk(dyk−1 | yk, x).

Hence
dQ0:K

dP0:K
(y0:K) =

dqT
dpT

(yK)

K∏
k=1

dQk(· | yk, x)
dPk(· | yk, x)

(yk−1).

Taking expectation of the log-likelihood ratio under Q0:K yields

KL(Q0:K∥P0:K) = EQ0:K

[
log

dqT
dpT

(YtK )

]
+

K∑
k=1

EQ0:K

[
log

dQk(· | Ytk , x)
dPk(· | Ytk , x)

(Ytk−1
)

]
.
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The first term is KL(qT ∥pT ). Conditioning the k-th term on Ytk gives

EQ0:K

[
log

dQk(· | Ytk , x)
dPk(· | Ytk , x)

(Ytk−1
)

]
= Eqtk (·|x)

[
KL
(
Qk(· | Ytk , x) ∥Pk(· | Ytk , x)

)]
,

which proves (15). Finally, (16) follows by data processing under the projection π(y0:K) = y0.

Conditional learned-to-oracle control. The following proposition is the Li-style stochastic path comparison spe-
cialized to the conditional setting. We now combine the local Gaussian KL formula and the pathwise chain rule. The
only additional bookkeeping step is to replace reverse-marginal score-error expectations by forward-marginal ones plus
Rp→q .

Proposition A.5 (Conditional learned-to-oracle KL control). Assume Assumption A.1 and the stochastic Gaussian
solver scope stated in Section A.1. Then

EX
[
KL
(
qδ(· | X) ∥ q⋆δ (· | X)

)]
≤ 1

2
ε2s +R2

p→q. (17)

Proof. Fix x ∈ X . Let Qθk(· | y, x) and Q⋆k(· | y, x) denote the one-step kernels from tk to tk−1 under sθ and s⋆,
respectively. By Lemma A.3,

KL
(
Qθk(· | y, x) ∥Q⋆k(· | y, x)

)
=

1

2σ2
k

∥Bk(sθ(tk, y, x)− s⋆(tk, y, x))∥22.

Using
∥Bku∥22 ≤ ∥Bk∥2op∥u∥22 ≤ ∥Bk∥2F ∥u∥22,

we obtain

KL
(
Qθk(· | y, x) ∥Q⋆k(· | y, x)

)
≤ 1

2
∥Bk∥2Fσ−2

k ∆k(y, x).

Applying Lemma A.4 to the two discrete chains driven by sθ and s⋆, which share the same Gaussian initialization at
time T , gives

KL(qδ(· | x)∥q⋆δ (· | x)) ≤
1

2

K∑
k=1

wk Eqtk (·|x)[∆k], wk := ∥Bk∥2Fσ−2
k .

Now decompose

Eqtk (·|x)[∆k] = Eptk (·|x)[∆k] +
(
Eqtk (·|x)[∆k]− Eptk (·|x)[∆k]

)
.

Multiplying by wk/2, summing over k, and averaging over X , we obtain

EX
[
KL(qδ(· | X)∥q⋆δ (· | X))

]
≤ 1

2
EX

[
K∑
k=1

wk Eptk (·|X)[∆k]

]
+EX

(1

2

K∑
k=1

wk
(
Eqtk (·|X)[∆k]− Eptk (·|X)[∆k]

))
+

 .
The first term is bounded by 1

2 ε
2
s by (13), and the second is exactlyR2

p→q by (14). This proves (17).

A.3. Oracle stochastic-solver discretization control

This subsection controls the solver-matched oracle chain relative to the early-stopped target pδ(· | x). This is the
Chen-style oracle discretization block, adapted to conditional OU marginals. The learned score does not appear in this
subsection: the oracle chain is driven by s⋆(t, y, x) = ∇y log pt(y | x). The role of this block is to prove a conditional
bound of the form

KL
(
pδ(· | x) ∥ q⋆δ (· | x)

)
≤ Cinit(dY +Mmax

2 )e−T + Cdisc,SΣK .
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Chen-style discretization quantities. The following quantity is the solver-specific discretization budget used by
the oracle bound. This is the only place in this block where EM and ExpInt differ. Fix a stochastic solver family
S ∈ {EM,ExpInt}. Define

ϑ2t := 1− e−t, ΓK :=

K∑
k=1

h2k
ϑ4tk−1

,

The solver-specific discretization quantity is

ΣK :=

d
2
Y ΓK +Mmax

2

K∑
k=1

h3k, S = EM,

d2Y ΓK , S = ExpInt.

(18)

The Chen-style oracle discretization argument uses the reverse-grid condition

hk
ϑ2tk−1

≤ 1

K0dY
, k = 1, . . . ,K, (19)

for a sufficiently large universal constant K0 > 0. This grid condition is invoked only in the oracle-to-target discretiza-
tion block and in the final TV assembly.

The first oracle error is the mismatch between the finite terminal initialization N (0, IdY ) and the true OU marginal
pT (· | x).
Lemma A.6 (Conditional Gaussian initialization bound (cf. Lemma C.4 of Chen et al. (2023a))). For every T > 0 and
for µX -a.e. x,

KL
(
pT (· | x) ∥N (0, IdY )

)
≤ dY

2
log

(
1

1− e−T

)
+

1

2
e−TE[∥Y0∥22 | X = x]. (20)

Consequently, under Assumption A.2, if T ≥ 1, then

KL
(
pT (· | x) ∥N (0, IdY )

)
≤ C(dY +Mmax

2 )e−T . (21)

Proof. Fix x ∈ X . Let pT |0(· | y, x) denote the conditional OU transition density given Y0 = y. Since u 7→ u log u is
convex,∫

pT (z | x) log pT (z | x) dz =
∫ (∫

pT |0(z | y, x) p0(dy | x)
)
log

(∫
pT |0(z | y, x) p0(dy | x)

)
dz

≤
∫ (∫

pT |0(z | y, x) log pT |0(z | y, x) p0(dy | x)
)
dz =

∫ (∫
pT |0(z | y, x) log pT |0(z | y, x) dz

)
p0(dy | x).

Since
YT | (Y0 = y,X = x) ∼ N (e−T/2y, (1− e−T )IdY ),

we have ∫
pT |0(z | y, x) log pT |0(z | y, x) dz = −

dY
2

log
(
2π(1− e−T )

)
− dY

2
.

Therefore, ∫
pT (z | x) log pT (z | x) dz ≤ −

dY
2

log
(
2π(1− e−T )

)
− dY

2
.

Using

KL
(
pT (· | x) ∥N (0, IdY )

)
=

∫
pT (z | x) log pT (z | x) dz + E[∥YT ∥22 | X = x]/2 +

dY
2

log(2π),

we obtain
KL
(
pT (· | x) ∥N (0, IdY )

)
≤ dY

2
log
( 1

1− e−T
)
+

1

2
e−TE[∥Y0∥22 | X = x].
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This proves (20). If T ≥ 1, then

log

(
1

1− e−T

)
≤ Ce−T ,

and Assumption A.2 gives
E[∥Y0∥22 | X = x] ≤Mmax

2 .

The simplified bound (21) follows.

After initialization, the oracle discretization error is reduced to integrated local errors along the exact reverse path.

Proposition A.7 (Conditional oracle KL reduction (adapted from Proposition C.3 of Chen et al. (2023a))). Fix x ∈ X .
Let t′k := T − tK−k for k = 0, . . . ,K, so that

0 = t′0 < t′1 < · · · < t′K = T − δ.

Let q⋆δ (· | x) be the time-δ marginal of the oracle stochastic solver driven by s⋆ and initialized at time T fromN (0, IdY ).
Then, for the exponential integrator,

KL
(
pδ(· | x) ∥ q⋆δ (· | x)

)
≤ KL

(
pT (· | x) ∥N (0, IdY )

)
+

K∑
k=1

∫ tk

tk−1

E
[
∥∇y log pt(Yt | x)−∇y log ptk(Ytk | x)∥22

]
dt.

(22)
For Euler–Maruyama, the same bound holds with the additional term

K∑
k=1

∫ tk

tk−1

E
[
∥Yt − Ytk∥22

]
dt. (23)

Proof. Fix k ∈ {0, . . . ,K − 1} and a ∈ RdY . Consider the exact reverse SDE on [t′k, t
′
k+1].

dȲ k,at′ =
(1
2
Ȳ k,at′ +∇y log pT−t′(Ȳ

k,a
t′ | x)

)
dt′ + dWt′ , Ȳ k,at′k

= a. (24)

Let p̄t′|t′k(· | a, x) denote its transition density.

For the oracle exponential integrator, define the local interpolating process by

dŶt′ =
(1
2
Ŷt′ +∇y log ptK−k

(a | x)
)
dt′ + dWt′ , Ŷt′k = a. (25)

Let q̂t′|t′k(· | a, x) denote its transition density.

For the Euler–Maruyama local interpolation, use

dŶt′ =
(1
2
a+∇y log ptK−k

(a | x)
)
dt′ + dWt′ , Ŷt′k = a. (26)

Both local processes have the same unit diffusion coefficient. For t′ ∈ (t′k, t
′
k+1], the differential KL identity gives

d

dt′
KL
(
p̄t′|t′k(· | a, x) ∥ q̂t′|t′k(· | a, x)

)
= −J

(
p̄t′|t′k(· | a, x) ∥ q̂t′|t′k(· | a, x)

)
+ E

[〈
F1(Ȳ

k,a
t′ , t′)− F2(Ȳ

k,a
t′ , t′),∇ log

p̄t′|t′k(Ȳ
k,a
t′ | a, x)

q̂t′|t′k(Ȳ
k,a
t′ | a, x)

〉]
,

where F1 and F2 are the drifts of the exact and local approximate processes. Since

⟨u, v⟩ ≤ 1

2
∥u∥22 +

1

2
∥v∥22,
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the Fisher-information term cancels and yields

d

dt′
KL
(
p̄t′|t′k(· | a, x) ∥ q̂t′|t′k(· | a, x)

)
≤ 1

2
E
[
∥F1(Ȳ

k,a
t′ , t′)− F2(Ȳ

k,a
t′ , t′)∥22

]
.

For the exponential integrator,

F1(Ȳ
k,a
t′ , t′)− F2(Ȳ

k,a
t′ , t′) = ∇y log pT−t′(Ȳ

k,a
t′ | x)−∇y log ptK−k

(a | x).

Hence

d

dt′
KL
(
p̄t′|t′k(· | a, x) ∥ q̂t′|t′k(· | a, x)

)
≤ 1

2
E
[
∥∇y log pT−t′(Ȳ

k,a
t′ | x)−∇y log ptK−k

(a | x)∥22
]
.

For Euler–Maruyama,

F1(Ȳ
k,a
t′ , t′)− F2(Ȳ

k,a
t′ , t′) =

1

2
(Ȳ k,at′ − a) +∇y log pT−t′(Ȳ

k,a
t′ | x)−∇y log ptK−k

(a | x).

Hence

d

dt′
KL
(
p̄t′|t′k(· | a, x) ∥ q̂t′|t′k(· | a, x)

)
≤ E
[
∥∇y log pT−t′(Ȳ

k,a
t′ | x)−∇y log ptK−k

(a | x)∥22
]
+

1

4
E
[
∥Ȳ k,at′ − a∥

2
2

]
.

Since the two processes start from the same point a at time t′k, the local KL tends to zero as t′ ↓ t′k. Integrating over
[t′k, t

′
k+1] gives

KL
(
p̄t′k+1|t

′
k
(· | a, x) ∥ q̂t′k+1|t

′
k
(· | a, x)

)
≤ 1

2

∫ t′k+1

t′k

E
[
∥∇y log pT−t′(Ȳ

k,a
t′ | x)−∇y log ptK−k

(a | x)∥22
]
dt′

for the exponential integrator, and the same bound plus

1

4

∫ t′k+1

t′k

E
[
∥Ȳ k,at′ − a∥

2
2

]
dt′

for Euler–Maruyama.

Now average in a against the exact reverse marginal at time t′k. Apply the KL chain rule over the reverse grid and sum
over k = 0, . . . ,K − 1. Finally set t = T − t′, so that t ∈ [tK−k−1, tK−k]. Re-indexing by j = K − k yields (22) and
(23).

The remaining lemmas close the local error terms produced by the oracle KL reduction. The first one controls the
additional state-increment term that appears for Euler–Maruyama.

Lemma A.8 (Conditional reverse increment bound (cf. Lemma C.5 of Chen et al. (2023a))). Suppose hk ≤ 1 for all k.
Then for tk−1 ≤ t ≤ tk,

E[∥Yt − Ytk∥22 | X = x] ≤ CdY (tk − t) + C(Mmax
2 + dY )(tk − t)2.

Consequently,
K∑
k=1

∫ tk

tk−1

E[∥Yt − Ytk∥22 | X = x] dt ≤ CdY
K∑
k=1

h2k + CMmax
2

K∑
k=1

h3k. (27)

Proof. For t ≤ tk,

Ytk − Yt = −
1

2

∫ tk

t

Yu du+ (Wtk −Wt).

Hence

E[∥Ytk − Yt∥22 | X = x] ≤ 2E
[∥∥∥ ∫ tk

t

Yu du
∥∥∥2
2
| X = x

]
+ 2E[∥Wtk −Wt∥22].
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By Cauchy–Schwarz,

E
[∥∥∥ ∫ tk

t

Yu du
∥∥∥2
2
| X = x

]
≤ (tk − t)

∫ tk

t

E[∥Yu∥22 | X = x] du.

For the OU forward process,

Yu = e−u/2Y0 +
√
1− e−u Zu, Zu ∼ N (0, IdY ),

so
E[∥Yu∥22 | X = x] ≤ E[∥Y0∥22 | X = x] + dY ≤Mmax

2 + dY .

Also
E[∥Wtk −Wt∥22] = dY (tk − t).

Combining the above proves the pointwise bound. Integrating over t ∈ [tk−1, tk] and summing over k yields (27).

Next, the score mismatch across two times is reduced to a spatial displacement at a fixed time.

Lemma A.9 (Conditional time-to-space reduction (cf. Lemma C.6 of Chen et al. (2023a))). For any 0 ≤ t ≤ s ≤ T ,

E
[
∥∇y log pt(Yt | x)−∇y log ps(Ys | x)∥22

]
≤ 4E

[
∥∇y log pt(Yt | x)−∇y log pt(α−1

t,sYs | x)∥22
]

+2(1− α−1
t,s )

2E[∥∇y log pt(Yt | x)∥22],
(28)

where αt,s := e−(s−t)/2.

Proof. Since
Ys | (Yt = y,X = x) ∼ N (αt,sy, (1− α2

t,s)IdY ),

the conditional density pt|s(· | ·, x) gives the posterior representation

∇y log ps(z | x) = α−1
t,s EU∼pt|s(·|z,x)[∇y log pt(U | x)].

Therefore
E
[
∥∇y log pt(α−1

t,sYs | x)−∇y log ps(Ys | x)∥22
]

= E
[∥∥∥∇y log pt(α−1

t,sYs | x)− α−1
t,sE[∇y log pt(Yt | x) | Ys, X = x]

∥∥∥2
2

]
≤ E
[
∥α−1

t,s∇y log pt(Yt | x)−∇y log pt(α−1
t,sYs | x)∥22

]
≤ 2(1− α−1

t,s )
2E[∥∇y log pt(Yt | x)∥22] + 2E

[
∥∇y log pt(Yt | x)−∇y log pt(α−1

t,sYs | x)∥22
]
.

Finally,
∥∇y log pt(Yt | x)−∇y log ps(Ys | x)∥22 ≤ 2∥∇y log pt(Yt | x)−∇y log pt(α−1

t,sYs | x)∥22

+2∥∇y log pt(α−1
t,sYs | x)−∇y log ps(Ys | x)∥22.

Combining the two displays gives (28).

The spatial displacement is controlled through a conditional Hessian bound for the OU-smoothed density.

Lemma A.10 (Conditional sub-exponential Hessian bound (conditional version of Lemma C.7 of Chen et al. (2023a))).
For each fixed x ∈ X and t > 0,

∥∇2
y log pt(Yt | x)∥F,ψ1

≤ C dY
ϑ2t
. (29)
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Proof. Fix x ∈ X . Conditional on X = x, the OU perturbation has the fixed-base-law representation

Yt = e−t/2Y0 + ϑtZ, Z ∼ N (0, IdY ),

where Y0 ∼ p0(· | x) and ϑ2t = 1− e−t. Let pxt denote the density of this Gaussian perturbation. This is exactly the
fixed-base-law setting of Lemma C.7 of Chen et al. (2023a), applied pointwise to the conditional base law p0(· | x).
Therefore,

∥∇2
y log p

x
t (Yt)∥F,ψ1 ≤ C

dY
ϑ2t
.

Since pxt (·) = pt(· | x), this is precisely

∥∇2
y log pt(Yt | x)∥F,ψ1

≤ C dY
ϑ2t
.

The conditioning on X = x only fixes the base distribution; the Gaussian perturbation argument and the ψ1-norm
bound are otherwise unchanged. The constant C is universal and does not depend on x. This proves (29).

Combining the Hessian control with a fixed-base-law change-of-measure estimate gives the local space-discretization
estimate below. The density-ratio step is adapted from Appendix C.1 of Chen et al. (2023a) and is not reproved here.

Lemma A.11 (Conditional space-discretization bound (conditional fixed-x adaptation of Lemma C.8 and Appendix C.1
of Chen et al. (2023a))). There exists a universal constant Kdisc > 0 such that if

0 ≤ t ≤ s ≤ T, s− t
ϑ2t
≤ 1

KdiscdY
,

then

E
[
∥∇y log pt(Yt | x)−∇y log pt(α−1

t,sYs | x)∥22
]
≤ C d2Y (s− t)

ϑ4t
. (30)

Proof. Write
Zt,s := α−1

t,sYs − Yt.
Then Zt,s ∼ N (0, (es−t − 1)IdY ) and Zt,s is independent of Yt. By the fundamental theorem of calculus,

∇y log pt(Yt | x)−∇y log pt(α−1
t,sYs | x) = −

∫ 1

0

∇2
y log pt(Yt + aZt,s | x)Zt,s da.

Therefore,

E
[
∥∇y log pt(Yt | x)−∇y log pt(α−1

t,sYs | x)∥22
]
≤
∫ 1

0

E
[
∥∇2

y log pt(Yt + aZt,s | x)Zt,s∥22
]
da.

At this point we invoke the fixed-base-law change-of-measure estimate from Appendix C.1 of Chen et al. (2023a).
Conditional on X = x, the base law is p0(· | x), and Lemma A.10 gives the same Hessian sub-exponential control with
constants independent of x. Therefore, under

s− t
ϑ2t
≤ 1

KdiscdY
,

the shifted point Yt + aZt,s is absolutely continuous with respect to pt(· | x) with the corresponding controlled
density-ratio bound, uniformly over a ∈ [0, 1]. Combining this imported density-ratio estimate with the Hessian
sub-exponential bound (29) and the Gaussian moment

E[∥Zt,s∥22] ≍ dY (s− t),

gives

E
[
∥∇2

y log pt(Yt + aZt,s | x)Zt,s∥22
]
≤ C d2Y (s− t)

ϑ4t
, a ∈ [0, 1].

Integrating over a ∈ [0, 1] proves (30).
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The final Chen-style proposition bundles initialization mismatch and local discretization into the compact oracle bound
involving ΣK .

Proposition A.12 (Conditional early-stopped oracle KL bound (adapted from Theorem 2.2 and Appendix C of Chen
et al. (2023a))). Assume Assumption A.2, T ≥ 1, and the reverse-grid condition (19). Then

KL
(
pδ(· | x) ∥ q⋆δ (· | x)

)
≤ Cinit(dY +Mmax

2 )e−T + Cdisc,S ΣK . (31)

Proof. By Proposition A.7,

KL
(
pδ(· | x) ∥ q⋆δ (· | x)

)
≤ KL

(
pT (· | x) ∥N (0, IdY )

)
+Dscore + 1{S=EM}DEM,

where

Dscore :=

K∑
k=1

∫ tk

tk−1

E
[
∥∇y log pt(Yt | x)−∇y log ptk(Ytk | x)∥22

]
dt

and

DEM :=

K∑
k=1

∫ tk

tk−1

E[∥Yt − Ytk∥22] dt.

By the T ≥ 1 consequence of Lemma A.6,

KL
(
pT (· | x) ∥N (0, IdY )

)
≤ C(dY +Mmax

2 )e−T .

Apply Lemma A.9 with s = tk to Dscore,

E
[
∥∇y log pt(Yt | x)−∇y log ptk(Ytk | x)∥22

]
≤ 4E

[
∥∇y log pt(Yt | x)−∇y log pt(α−1

t,tk
Ytk | x)∥22

]
+ 2(1− α−1

t,tk
)2E[∥∇y log pt(Yt | x)∥22].

Under (19), Lemma A.11 gives

E
[
∥∇y log pt(Yt | x)−∇y log pt(α−1

t,tk
Ytk | x)∥22

]
≤ C d2Y (tk − t)

ϑ4t
.

Since
(1− α−1

t,tk
)2 ≲ (tk − t)2,

and E[∥∇y log pt(Yt | x)∥22] ≲ dY /ϑ
2
t for the OU perturbation, the time-discretization contribution is of lower order

and is absorbed by the same bound. Therefore

Dscore ≤ Cd2Y
K∑
k=1

∫ tk

tk−1

tk − t
ϑ4t

dt ≤ Cd2Y
K∑
k=1

h2k
ϑ4tk−1

= Cd2Y ΓK .

For Euler–Maruyama, Lemma A.8 yields

DEM ≤ CdY
K∑
k=1

h2k + CMmax
2

K∑
k=1

h3k.

Since (19) holds, the term dY
∑
h2k is absorbed into d2Y ΓK .. Thus

Dscore + 1{S=EM}DEM ≤ Cdisc,S ΣK .

Combining the previous displays proves (31).
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A.4. Conditional transfer-and-assembly step

We now combine the learned-to-oracle and oracle-to-target bounds. The residual Rp→q accounts for the mismatch
between the measure used to define the score error and the measure produced by the learned-to-oracle KL chain rule.
The score error in εs is measured under ptk(· | X), whereas the KL chain rule gives expectations under qtk(· | X). The
final TV estimate follows from the triangle inequality, Pinsker’s inequality, and Jensen’s inequality.

The next proposition proves Proposition 3.1.

Proposition A.13 (Conditional TV bound at t = δ). Assume Assumptions A.1–A.2 and T ≥ 1. Suppose further that the
stochastic Gaussian solver scope stated in Section A.1 holds and that the reverse grid satisfies (19). Then there exists a
constant C > 0 such that

ETV(δ) := EX
[
TV
(
qδ(· | X), pδ(· | X)

)]
≤ C εs +Rp→q + C

√
ΣK + C

√
dY +Mmax

2 e−T/2. (32)

Proof. Fix x ∈ X . After proving the conditional bound, we average over X .

Step 1 (Triangle decomposition). Apply the triangle inequality.

TV(qδ, pδ) ≤ TV(qδ, q
⋆
δ ) + TV(q⋆δ , pδ).

Step 2 (Learned vs. oracle chain). Apply Pinsker’s inequality and Jensen’s inequality to Proposition A.5.

EX
[
TV(qδ(· | X), q⋆δ (· | X))

]
≤ EX

[√
1
2 KL(qδ(· | X)∥q⋆δ (· | X))

]
≤ 1

2
εs +Rp→q.

Step 3 (Oracle chain vs. early-stopped target). Apply Pinsker’s inequality and Jensen’s inequality to Proposition A.12.

EX
[
TV(q⋆δ (· | X), pδ(· | X))

]
≤ EX

[√
1
2 KL(pδ(· | X)∥q⋆δ (· | X))

]
≤
√

1
2 Cdisc,S ΣK +

√
1
2 Cinit(dY +Mmax

2 )e−T

≤ C
√
ΣK + C

√
dY +Mmax

2 e−T/2.

Step 4 (Combine). Combining Steps 1–3 yields (32).

A.5. Scope: deterministic solvers and PF-ODE

The TV argument above is tailored to stochastic reverse-SDE discretizations with nondegenerate Gaussian one-step
transitions. Deterministic probability-flow ODE solvers, including the PF-ODE solver used in our experiments, have
σ2
k ≡ 0. They therefore fall outside the stochastic Gaussian solver scope stated in Section A.1, and the learned-to-oracle

Gaussian-kernel KL comparison in Section A.2 does not apply. A corresponding distribution-level bound for such
deterministic solvers would require separate control of the induced transport maps, for example through Jacobian,
stability, or density-ratio bounds. Related non-asymptotic distributional analyses for deterministic solvers are available
in the literature. See, e.g., Li et al. (2023). Thus PF-ODE is used in this paper as a contrasting finite-step solver in the
experiments, but it is not covered by Proposition 3.1.

A.6. Finite-sample consequence for fixed stochastic solvers

This subsection records a finite-sample consequence of Proposition A.13 for a fixed stochastic solver. The solver-indexed
quantities and all additional transfer, score-rate, and discretization inputs are stated inside the corollary where they are
used.

Corollary A.14 (Finite-sample TV consequence for a fixed stochastic solver). Fix a stochastic reverse-SDE solver
family S ∈ {EM,ExpInt}. For this solver, define

∆k(y, x) := ∥sθ(tk, y, x)− s⋆(tk, y, x)∥22,
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ε2s,S := EX

[
K∑
k=1

∥B(S)
k ∥

2
F (σ

(S)
k )−2 EY∼ptk (·|X)

[
∆k

]]
, (33)

R2
p→q,S := EX

(1

2

K∑
k=1

∥B(S)
k ∥

2
F (σ

(S)
k )−2

(
E
q
(S)
tk

(·|X)
[∆k]− Eptk (·|X)[∆k]

))
+

 , (34)

and

ΣK,S :=


d2Y

K∑
k=1

h2k ϑ
−4
tk−1

+Mmax
2

K∑
k=1

h3k, S = EM,

d2Y

K∑
k=1

h2k ϑ
−4
tk−1

, S = ExpInt.

(35)

Let
ETV,S(δ) := EX

[
TV
(
q
(S)
δ (· | X), pδ(· | X)

)]
.

Suppose ε2s,S <∞, Assumption A.2 holds, T ≥ 1, the stochastic Gaussian solver scope stated in Section A.1 holds for
S, and the reverse grid satisfies (19). Suppose further that there exists κS ≥ 1 such that, for every k = 1, . . . ,K and
x ∈ X ,

q
(S)
tk

(· | x)≪ ptk(· | x),

∥∥∥∥∥dq
(S)
tk

(· | x)
dptk(· | x)

∥∥∥∥∥
L∞(ptk (·|x))

≤ κS . (36)

Assume also that the solver discretization obeys√
ΣK,S ≤ Cdisc,S dY

log(1/δ) + T√
N

rS,N , (37)

and that an external score-learning analysis gives, with probability at least 1− 2e−u,

ε2s,S ≤ Cscore

[
P

− 2β
1+dX+dY

s (logPs)
2c1 +

√
Ps log n+ u

n
+ TailR

]
. (38)

Then, with probability at least 1− 2e−u,

ETV,S(δ) ≤ Cκ C1/2
score

[
P

− β
1+dX+dY

s (logPs)
c1 +

(
Ps log n+ u

n

)1/4

+ Tail
1/2
R

]

+ C Cdisc,S dY
log(1/δ) + T√

N
rS,N + Cinit

√
dY +Mmax

2 e−T/2,

(39)

where Cκ := C +
√
(κS − 1)+/2.

Proof. Apply Proposition A.13 to the fixed solver family S. With the quantities defined in (33)–(35),

ETV,S(δ) ≤ Cεs,S +Rp→q,S + C
√
ΣK,S + C

√
dY +Mmax

2 e−T/2. (40)

The density-ratio condition (36) gives, for each k and x,

E
q
(S)
tk

(·|x)[∆k] ≤ κS Eptk (·|x)[∆k].

Substituting this inequality into (34) yields

R2
p→q,S ≤

(κS − 1)+
2

ε2s,S . (41)

Combining (40) and (41) gives

ETV,S(δ) ≤ Cκεs,S + C
√
ΣK,S + C

√
dY +Mmax

2 e−T/2.

The score term is controlled by (38) and
√
a+ b+ c ≤

√
a +
√
b +
√
c. The discretization term is controlled by

(37). The initialization term is unchanged and is absorbed into the constant Cinit. Combining the three bounds proves
(39).
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B. Conditional Variance Transport and Variance-Gap Analysis
This appendix gives the technical details for the one-step variance recursions used in Proposition 3.2. Appendix A
is restricted to stochastic reverse-SDE discretizations. In contrast, this appendix focuses on the one-dimensional
response setting dY = 1 and derives the local variance recursions used in the solver-matched variance-gap analysis.
Sections B.1–B.4 give the detailed affine-recursion proof for the stochastic reverse-SDE solvers EM and ExpInt, whose
updates have the form

AkYtk +Bksθ(tk, Ytk , x) + σkξk.

We then record the corresponding zero-injection local-map recursion for PF-ODE with Heun. The final variance-gap
proposition only requires that the learned-score and solver-matched oracle runs satisfy the stated one-step variance
recursions

For fixed x ∈ X , define

mtk(x) := E[Ytk | X = x], vtk(x) := Var(Ytk | X = x),

and, for the solver-matched true-score run,

m⋆
tk
(x) := E[Y ⋆tk | X = x], v⋆tk(x) := Var(Y ⋆tk | X = x).

B.1. Affine one-step reverse recursion for EM and ExpInt

Assumption B.1 (Local score regularity on bounded neighborhoods). Fix x ∈ X and a reverse grid δ = t0 < t1 <
· · · < tK = T . For each k, assume that y 7→ sθ(tk, y, x) is differentiable atmtk(x). When a quadratic Taylor-remainder
control is invoked, assume that for every R <∞ there exists Ls(R, x) <∞, uniformly over k, such that∣∣sy(tk, y, x)− sy(tk, z, x)∣∣ ≤ Ls(R, x)|y − z|
whenever

|y −mtk(x)| ∨ |z −mtk(x)| ≤ R.

Assumption B.2 (Transport typical event). There exist nonnegative numbers η1, . . . , ηK , a constant cη <∞, and a
probability level ηJ ∈ (0, 1) such that

T∇(x) :=
{
|sy(tk, Ytk , x)| ≤ 1 + ηk ∀k,

K∑
k=1

ηk ≤ cη
}

satisfies
P
(
T∇(x)

)
≥ 1− ηJ .

Assumption B.3 (Curvature moment control). For each k = 1, . . . ,K, define

ρk := sθ(tk, Ytk , x)− sθ
(
tk,mtk(x), x

)
− sy

(
tk,mtk(x), x

)(
Ytk −mtk(x)

)
.

Assume that the following conditional moments are finite:

Var(ρk | X = x) <∞,
∣∣Cov(Ytk −mtk(x), ρk | X = x

)∣∣ <∞.
If the solver-matched oracle chain driven by s⋆ is also considered, define

ρ⋆k := s⋆(tk, Y
⋆
tk
, x)− s⋆

(
tk,m

⋆
tk
(x), x

)
− s⋆y

(
tk,m

⋆
tk
(x), x

)(
Y ⋆tk −m

⋆
tk
(x)
)
,

and assume
Var(ρ⋆k | X = x) <∞,

∣∣Cov(Y ⋆tk −m⋆
tk
(x), ρ⋆k | X = x

)∣∣ <∞
for every k = 1, . . . ,K.
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Proposition B.4 (One-step conditional mean and variance recursion). Fix x ∈ X and consider the scalar-target case
dY = 1. For the affine stochastic solvers EM and ExpInt, let the one-step reverse update at grid point tk → tk−1 be

Ytk−1
= Ak Ytk +Bk sθ(tk, Ytk , x) + σk ξk, ξk ∼ N (0, 1), (42)

where ξk is independent of (Ytk , X). Then

mtk−1
(x) = Akmtk(x) +Bk sθ(tk,mtk(x), x) +Bk E[ρk | X = x], (43)

and
vtk−1

(x) = Jk(x)
2 vtk(x) + σ2

k + rk(x), (44)

where
Jk(x) := Ak +Bk sy(tk,mtk(x), x),

and
rk(x) := B2

k Var(ρk | X = x) + 2Jk(x)Bk Cov
(
Ytk −mtk(x), ρk | X = x

)
. (45)

Proof. Suppress the explicit dependence on x to lighten notation. By the definition of ρk,

sθ(tk, Ytk , x) = sθ(tk,mtk , x) + sy(tk,mtk , x) (Ytk −mtk) + ρk.

Substituting this into (42) gives

Ytk−1
= AkYtk +Bksθ(tk,mtk , x) +Bksy(tk,mtk , x)(Ytk −mtk) +Bkρk + σk ξk.

Taking conditional expectation given X = x yields (43). Subtracting (43) from the update gives

Ytk−1
−mtk−1

= Jk(Ytk −mtk) +Bk
(
ρk − E[ρk | X = x]

)
+ σk ξk.

Now take conditional variance given X = x. Since ξk is independent of (Ytk , X) and has variance 1,

vtk−1
= J2

k vtk +B2
k Var(ρk | X = x) + 2JkBk Cov

(
Ytk −mtk , ρk | X = x

)
+ σ2

k,

which is exactly (44)–(45).

Lemma B.5 (Local quadratic Taylor remainder). Under Assumption B.1, fix a finite R > 0 and define

Ek,R(x) := {|Ytk −mtk(x)| ≤ R}.

On Ek,R(x),

|ρk| ≤
Ls(R, x)

2
(Ytk −mtk(x))

2.

Proof. Let m := mtk(x), Y := Ytk , and ∆ := Y −m. On Ek,R(x), m+ τ∆ ∈ Ik,R(x) for every τ ∈ [0, 1]. By the
integral form of the Taylor remainder,

ρk =

∫ 1

0

(
sy
(
tk,m+ τ∆, x

)
− sy(tk,m, x)

)
∆ dτ.

Assumption B.1 gives, on this event,∣∣∣sy(tk,m+ τ∆, x
)
− sy(tk,m, x)

∣∣∣ ≤ Ls(R, x) τ |∆|.
Therefore

|ρk| ≤
∫ 1

0

Ls(R, x) τ |∆|2 dτ =
Ls(R, x)

2
∆2.
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Remark B.6 (Role of the curvature remainder rk). The variance recursion in Proposition B.4 is an exact conditional-
moment identity once ρk is defined and the finite-moment conditions in Assumption B.3 hold. Lemma B.5 is only a
local control statement. On Ek,R(x), with ∆k := Ytk −mtk(x), it implies

ρ2k ≤
Ls(R, x)

2

4
∆4
k, |∆kρk| ≤

Ls(R, x)

2
|∆k|3.

Thus the curvature terms in rk are locally controlled by third and fourth centered moments, whereas the leading
transport term Jk(x)

2vtk(x) depends on the second centered moment. Unconditional bounds require the finite-moment
condition in Assumption B.3, or additional tail control outside Ek,R(x).

B.2. Typical set construction

The following typical events are used only as high-probability controls for local transport factors and solver trajectories.
The conditional variance recursions in Appendix B.4 and the variance-gap identity in Appendix B.5 are deterministic
conditional-moment identities once the corresponding moments are finite.

Transport typical event. Recall

T∇(x) :=
{
|sy(tk, Ytk , x)| ≤ 1 + ηk ∀k,

K∑
k=1

ηk ≤ cη
}
,

where the parameters (ηk)Kk=1 and cη are those appearing in Assumption B.2. Under Assumption B.2,

P(T∇(x)) ≥ 1− ηJ .

Noise typical event. Let ξ1, . . . , ξK be the i.i.d. Gaussian innovations used by the stochastic reverse solver. Define

Tξ :=
{

max
1≤k≤K

|ξk| ≤ rξ
}
.

Lemma B.7 (Gaussian noise typical set probability). Let ξ1, . . . , ξK be i.i.d. N (0, 1). Then for any ηξ ∈ (0, 1),
choosing

rξ :=

√
2 log

(2K
ηξ

)
yields P(Tξ) ≥ 1− ηξ.

Proof. By the union bound and the Gaussian tail P(|ξ| ≥ r) ≤ 2e−r
2/2,

P(T cξ ) = P
(

max
1≤k≤K

|ξk| > rξ

)
≤

K∑
k=1

P(|ξk| > rξ) ≤ 2Ke−r
2
ξ/2 = ηξ.

Reverse-solver typical event. Define
Trev(x) := T∇(x) ∩ Tξ.

Lemma B.8 (Reverse-solver typical set probability). Under Assumption B.2 and the setting of Lemma B.7, for any
ηξ ∈ (0, 1) we have

P
(
Trev(x)

)
≥ 1− (ηJ + ηξ).

Proof. By the union bound,

P
(
Trev(x)c

)
= P
(
T∇(x)c ∪ T cξ

)
≤ P
(
T∇(x)c

)
+ P
(
T cξ
)
≤ ηJ + ηξ.
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B.3. Transport-product stability

For the affine stochastic solvers EM and ExpInt, define the local transport factors

Jk(x) := Ak +Bk sy(tk,mtk(x), x), J⋆k (x) := Ak +Bk s
⋆
y(tk,m

⋆
tk
(x), x),

and the learned-chain transport products

Π1:0(x) := 1, Π1:m(x) :=

m∏
j=1

Jj(x)
2, m ≥ 1.

These products encode the cumulative transport of conditional variance along the reverse grid for EM and ExpInt. The
PF-ODE Heun transport factor is defined separately below as the local derivative of the deterministic Heun update map.

B.4. One-step variance recursions for solver-specific updates

Lemma B.9 (Affine variance recursion for EM and ExpInt). Assume dY = 1, fix x ∈ X , and work on the reverse grid

δ = t0 < t1 < · · · < tK = T.

Suppose Assumptions B.1 and B.3 hold. Then, for each k = 1, . . . ,K, the learned-score chain satisfies

vtk−1
(x) = Jk(x)

2 vtk(x) + σ2
k + rk(x), (46)

where Jk(x) is as above and rk(x) is given by (45). If the analogous local differentiability and finite-moment conditions
are imposed on s⋆ as well, then the solver-matched oracle chain satisfies

v⋆tk−1
(x) =

(
J⋆k (x)

)2
v⋆tk(x) + (σ⋆k)

2 + r⋆k(x), (47)

where r⋆k(x) denotes the analogue of (45) obtained by replacing (Ytk ,mtk(x), ρk, Jk) with (Y ⋆tk ,m
⋆
tk
(x), ρ⋆k, J

⋆
k ).

Proof. Apply Proposition B.4 to the learned-score chain. Assumption B.1, together with Lemma B.5, gives the local
Taylor remainder representation. Assumption B.3 ensures that the resulting remainder-variance and covariance terms
are finite for each step. For the solver-matched oracle chain, apply the same argument under the corresponding local
differentiability and finite-moment conditions for s⋆.

Deterministic PF-ODE with Heun. We now record the analogous local variance recursion for the deterministic
PF-ODE solver used in the experiments. This result is separate from the affine recursion above: PF-ODE is not
obtained by setting the Gaussian noise in EM or ExpInt to zero, but by applying a deterministic Heun update to the
probability-flow ODE.

Define
fθ(t, y, x) := −

1

2
y − 1

2
sθ(t, y, x).

For a state y at time tk, the Heun predictor is

ỹ = y − hkfθ(tk, y, x),

and the one-step PF-ODE Heun map is

Φθk,PF(y;x) := y − hk
2
{fθ(tk, y, x) + fθ(tk−1, ỹ, x)} . (48)

The solver-matched oracle map Φ⋆k,PF is defined by replacing sθ with s⋆ in the same Heun update.

Assumption B.10 (Local regularity of the PF-ODE Heun map). Fix x ∈ X . For each k = 1, . . . ,K, assume that
y 7→ Φθk,PF(y;x) is differentiable on the line segment between mtk(x) and Ytk , and that its derivative is locally
Lipschitz on that segment with constant LΦ < ∞, uniformly over k. Assume the analogous condition for the
solver-matched oracle map Φ⋆k,PF on the line segment between m⋆

tk
(x) and Y ⋆tk .
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Define the PF-ODE transport factors

Jk,PF(x) := ∂yΦ
θ
k,PF(mtk(x);x), J⋆k,PF(x) := ∂yΦ

⋆
k,PF(m

⋆
tk
(x);x). (49)

Writing fθ,y := ∂yfθ, the learned Heun derivative is

∂yΦ
θ
k,PF(y;x) = 1− hk

2
[fθ,y(tk, y, x) + fθ,y(tk−1, ỹ, x) {1− hkfθ,y(tk, y, x)}] . (50)

Define the Heun-map linearization remainder

ζk := Φθk,PF(Ytk ;x)− Φθk,PF(mtk(x);x)− Jk,PF(x)
(
Ytk −mtk(x)

)
, (51)

and define ζ⋆k analogously for the oracle Heun map.

Lemma B.11 (Quadratic Heun-map remainder bound). Under Assumption B.10,

|ζk| ≤
LΦ

2

(
Ytk −mtk(x)

)2
.

The same bound holds for ζ⋆k with the oracle map.

Proof. Let m := mtk(x), Y := Ytk , and Φ(y) := Φθk,PF(y;x). By the integral form of the Taylor remainder,

ζk =

∫ 1

0

[∂yΦ(m+ τ(Y −m))− ∂yΦ(m)] (Y −m) dτ.

Using the local Lipschitz condition in Assumption B.10,

|∂yΦ(m+ τ(Y −m))− ∂yΦ(m)| ≤ LΦτ |Y −m|.

Therefore,

|ζk| ≤
∫ 1

0

LΦτ |Y −m|2 dτ =
LΦ

2
(Y −m)2.

The oracle statement follows by the same argument applied to Φ⋆k,PF.

Assumption B.12 (PF-ODE Heun remainder moment control). For each k = 1, . . . ,K, assume

Var(ζk | X = x) <∞,
∣∣Cov(Ytk −mtk(x), ζk | X = x

)∣∣ <∞,
and impose the analogous finite-moment conditions on ζ⋆k .

Lemma B.13 (PF-ODE Heun variance recursion). Assume dY = 1, fix x ∈ X , and suppose Assumptions B.10–B.12
hold. Then the learned-score PF-ODE Heun chain satisfies

vtk−1
(x) = Jk,PF(x)

2vtk(x) + rk,PF(x), (52)

where
rk,PF(x) := Var(ζk | X = x) + 2Jk,PF(x) Cov

(
Ytk −mtk(x), ζk | X = x

)
. (53)

The solver-matched oracle PF-ODE Heun chain satisfies

v⋆tk−1
(x) =

(
J⋆k,PF(x)

)2
v⋆tk(x) + r⋆k,PF(x). (54)

Equivalently, PF-ODE Heun fits the variance-gap template with

σ2
k,PF = (σ⋆k,PF)

2 = 0.



28 SOLVER-INDUCED VARIANCE DISTORTION IN CONDITIONAL DIFFUSION REGRESSION

Proof. Suppress the explicit dependence on x. By the definition of ζk,

Φθk,PF(Ytk ;x) = Φθk,PF(mtk ;x) + Jk,PF(Ytk −mtk) + ζk.

Since the PF-ODE Heun update is deterministic,

Ytk−1
= Φθk,PF(Ytk ;x).

Taking conditional expectation gives

mtk−1
= Φθk,PF(mtk ;x) + E[ζk | X = x].

Subtracting this mean recursion from the update yields

Ytk−1
−mtk−1

= Jk,PF(Ytk −mtk) + ζk − E[ζk | X = x].

Taking conditional variance gives

vtk−1
= J2

k,PFvtk +Var(ζk | X = x) + 2Jk,PF Cov(Ytk −mtk , ζk | X = x),

which proves (52)–(53). The oracle recursion follows by applying the same argument to Φ⋆k,PF. Since the PF-ODE
Heun update has no additive Gaussian innovation, the injected-variance term is zero.

B.5. Variance-gap theory

This section provides the full proof of the main variance-fidelity result, Proposition 3.2, together with the recursion-
unrolling lemmas that the proof calls.

B.5.1. UNROLLING LEMMAS FOR TRANSPORTED RECURSIONS

Lemma B.14 (Unrolling an inhomogeneous transport recursion). Fix x ∈ X and K ∈ N. Let {ak(x)}Kk=1 ⊂ R and
{bk(x)}Kk=1 ⊂ R be arbitrary scalars, and let {uk(x)}Kk=0 be a sequence satisfying, for each k = 1, . . . ,K,

uk−1(x) = ak(x)uk(x) + bk(x). (55)

Define

A1:0(x) := 1, A1:m(x) :=

m∏
j=1

aj(x), m ≥ 1.

Then, for every m ∈ {0, 1, . . . ,K},

u0(x) = A1:m(x)um(x) +

m∑
k=1

A1:k−1(x) bk(x). (56)

Proof. We prove (56) by induction on m. For m = 0, the identity is tautological. Assume it holds for m − 1 ≥ 0.
Using (55) at step m,

um−1 = amum + bm.

Plugging this into the induction hypothesis gives

u0 = A1:m−1(amum + bm) +

m−1∑
k=1

A1:k−1bk,

which equals

A1:mum +

m∑
k=1

A1:k−1bk.
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Proposition B.15 (Generic variance-gap bound). Fix x ∈ X and assume dY = 1. Let vtk(x) be the conditional
variance generated by the K-step solver driven by sθ, and let v⋆tk(x) be the conditional variance generated by the same
solver family driven by s⋆. Suppose that, for each k = 1, . . . ,K, the learned and solver-matched oracle conditional
variance recursions are well-defined and satisfy

vtk−1
(x) = Jk(x)

2 vtk(x) + σ2
k + rk(x),

v⋆tk−1
(x) =

(
J⋆k (x)

)2
v⋆tk(x) +

(
σ⋆k
)2

+ r⋆k(x),
(57)

where Jk(x), J⋆k (x) ∈ R are local variance-transport factors, σ2
k, (σ

⋆
k)

2 ≥ 0 are per-step injected variances, and
rk(x), r

⋆
k(x) collect higher-order effects from the local linearization used to obtain the one-step variance recursion.

Define

Π1:0(x) := 1, Π1:m(x) :=

m∏
j=1

Jj(x)
2, m ≥ 1. (58)

Then, ∣∣vt0(x)− v⋆t0(x)∣∣ ≤ Π1:K(x)
∣∣vtK (x)− v⋆tK (x)

∣∣
+

K∑
k=1

Π1:k−1(x)
∣∣Jk(x)2 − (J⋆k (x))2∣∣ v⋆tk(x)

+

K∑
k=1

Π1:k−1(x)
∣∣σ2
k − (σ⋆k)

2
∣∣

+

K∑
k=1

Π1:k−1(x)
∣∣rk(x)− r⋆k(x)∣∣. (59)

In particular, if the variance initialization at t = T matches, i.e. vtK (x) = v⋆tK (x), then the first term vanishes.

Proof. Starting from the conditional variance recursions in (57), suppress the explicit (x) dependence to lighten
notation.

Step 1: subtract the one-step variance recursions. From (57),

vtk−1
− v⋆tk−1

= J2
kvtk − (J⋆k )

2v⋆tk +
(
σ2
k − (σ⋆k)

2
)
+
(
rk − r⋆k

)
.

Add and subtract J2
kv

⋆
tk

to isolate the transport mismatch:

J2
kvtk − (J⋆k )

2v⋆tk = J2
k (vtk − v⋆tk) +

(
J2
k − (J⋆k )

2
)
v⋆tk .

Therefore,
∆k−1 = J2

k ∆k +
(
J2
k − (J⋆k )

2
)
v⋆tk +

(
σ2
k − (σ⋆k)

2
)
+
(
rk − r⋆k

)
, (60)

where ∆k := vtk − v⋆tk .

Step 2: unroll the difference recursion. Equation (60) has the affine form in Lemma B.14 with transport coefficient
ak := J2

k and forcing term

bk :=
(
J2
k − (J⋆k )

2
)
v⋆tk +

(
σ2
k − (σ⋆k)

2
)
+
(
rk − r⋆k

)
.

Applying Lemma B.14 with uk = ∆k yields

∆0 =
( K∏
j=1

J2
j

)
∆K +

K∑
k=1

( k−1∏
j=1

J2
j

)
bk.

Using the definition (58) of Π1:m, this becomes

∆0 = Π1:K ∆K +

K∑
k=1

Π1:k−1

((
J2
k − (J⋆k )

2
)
v⋆tk +

(
σ2
k − (σ⋆k)

2
)
+
(
rk − r⋆k

))
.
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Step 3: take absolute values and separate contributions. Taking absolute values and applying the triangle inequality
term-by-term gives

|∆0| ≤ Π1:K |∆K |+
K∑
k=1

Π1:k−1

∣∣J2
k − (J⋆k )

2
∣∣ |v⋆tk |

+

K∑
k=1

Π1:k−1

∣∣σ2
k − (σ⋆k)

2
∣∣+ K∑

k=1

Π1:k−1

∣∣rk − r⋆k∣∣.
Since v⋆tk = Var(· | x) ≥ 0, we may replace |v⋆tk | by v⋆tk . Reintroducing (x) yields exactly (59).

Application to Proposition 3.2. The one-step recursions assumed in Proposition 3.2 are supplied by Lemma B.9 for
EM and ExpInt and by Lemma B.13 for PF-ODE, with σ2

k = (σ⋆k)
2 = 0 in the PF-ODE case. Applying Proposition B.15

gives the claimed solver-matched variance-gap bound.

C. Model and Algorithms
C.1. Score network definition

We use a time-conditioned ReLU network for the score interface. The network outputs a scaled-score head ϵ̂θ(t, y, x),
which is passed to the reverse samplers as

sθ(t, y, x) =
ϵ̂θ(t, y, x)

ϑt
, ϑt =

√
1− e−t.

The head is trained under the negative-noise DSM convention.

Embeddings. The ReLU-DNN score network conditions on diffusion time through the OU noise level. Given t, we
encode log ϑt using dyadic Fourier features with Fσ = 8 frequencies. The covariate x, response y, and noise-level
embedding are passed through ReLU encoders to obtain hx, hy , and ht.

Backbone and output. The network concatenates ht, hx, hy , and ht ⊙ hx, then applies a ReLU trunk followed by a
linear output layer. The hidden width, depth, dropout rate, and Fσ are reported in the hyperparameter table.

C.2. Finite-step reverse sampling pseudocode

D. Experimental Details
D.1. Experimental protocol and reproducibility

Data splits. We use fixed train/validation/test splits throughout. For synthetic datasets, we generate i.i.d. samples and
use Ntrain = 45,000, Nval = 2,500, and Ntest = 2,500. Hyperparameters are selected by minimizing the validation
denoising score matching (DSM) loss, and all reported metrics are computed on the test split.

Standardization and unit conversion. Inputs and targets are standardized using training-set statistics, and metrics
are reported in the original target units. Standardization improves numerical conditioning and keeps score evaluations
in a stable scale regime, consistent with the regularity conditions assumed for the reverse dynamics in the main text. We

compute µy = 1
Ntrain

∑Ntrain

i=1 yi and σy =
√

1
Ntrain

∑Ntrain

i=1 (yi − µy)2, transform targets by ynorm = (y − µy)/σy,

run sampling in normalized space, and map samples back via yorig = σy y
norm + µy . Predictive variance rescales as

v̂orig(x) = v̂norm(x)σ2
y.

D.2. Datasets

Synthetic heteroskedastic regression. We evaluate four one-dimensional heteroskedastic designs y = µ(x) + σ(x)ε
with ε ∼ N (0, 1), adapted from standard benchmarks (Skafte et al., 2019; Wong-Toi et al., 2024). These settings
provide a known data variance target vdata(x) = σ2(x), which enables direct evaluation of endpoint variance fidelity.
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Algorithm 1 Finite-step conditional sampling

1: Input: conditioning input x, reverse grid tK = T > · · · > t0 = δ, solver S ∈ {EM,ExpInt,PF-ODE}, number
of samples M

2: Output: {y(m)
t0 }

M
m=1, approximate samples from qδ,S(· | x)

3: Initialize terminal samples {y(m)
tK }

M
m=1 ∼ N (0, IdY )

4: for k = K,K − 1, . . . , 1 do
5: for m = 1, 2, . . . ,M do
6: if S = EM then
7: Draw z

(m)
k ∼ N (0, IdY )

8: g ← sθ(tk, y
(m)
tk

, x)

9: y
(m)
tk−1
← y

(m)
tk

+ hk

{
1
2y

(m)
tk

+ g
}
+
√
hk z

(m)
k

10: else if S = ExpInt then
11: Draw z

(m)
k ∼ N (0, IdY )

12: g ← sθ(tk, y
(m)
tk

, x)

13: y
(m)
tk−1
← ehk/2y

(m)
tk

+ 2
(
ehk/2 − 1

)
g +
√
ehk − 1 z

(m)
k

14: else if S = PF-ODE then
15: fk ← − 1

2y
(m)
tk
− 1

2sθ(tk, y
(m)
tk

, x)

16: ỹ ← y
(m)
tk
− hkfk

17: fk−1 ← − 1
2 ỹ −

1
2sθ(tk−1, ỹ, x)

18: y
(m)
tk−1
← y

(m)
tk
− hk

2 {fk + fk−1}
19: end if
20: end for
21: end for
22: return {y(m)

t0 }
M
m=1

Algorithm 2 Stepwise variance and score-covariance summaries

1: Input: test inputs {xn}Nn=1, recorded times {tr}R−1
r=0 , stored trajectories {y(m,n)tr }, score network sθ

2: Output: empirical variance paths v̂r,n, score-variance paths ûr,n, and score–state covariance paths ĉr,n
3: for r = 0, 1, . . . , R− 1 do
4: for n = 1, 2, . . . , N do
5: v̂r,n ← Varm

(
y
(m,n)
tr

)
6: Compute g(m,n)tr ← sθ(tr, y

(m,n)
tr , xn) for all m

7: ûr,n ← Varm
(
g
(m,n)
tr

)
8: ĉr,n ← Covm

(
y
(m,n)
tr , g

(m,n)
tr

)
9: end for

10: end for
11: return {v̂r,n, ûr,n, ĉr,n}r,n

Closed-form oracle score for synthetic tasks. Because each synthetic task has the form

Y0 | X = x ∼ N (µ(x), σ2(x)),

the OU-smoothed conditional law is available in closed form. In normalized target units, let

µ̃(x) :=
µ(x)− µy

σy
, σ̃2(x) :=

σ2(x)

σ2
y

,

where µy and σy are the training-set target mean and standard deviation used for standardization. With at = e−t/2 and
ϑ2t = 1− e−t,

Yt | X = x ∼ N
(
atµ̃(x), a

2
t σ̃

2(x) + ϑ2t
)
.
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Table 4. Synthetic one–dimensional regression datasets. Each task follows y = µ(x) + σ(x)ε with ε ∼ N (0, 1).

Task Data generating function x Noise σ(x)

Xsinx–Hetero y = x sinx+ σ(x)ε x ∼ Unif(−5, 5) 0.3 + 0.3|x|
Sine–Hetero y = 2 sin(4πx) + σ(x)ε x ∼ Unif(0, 1) 1.25 + sin(6πx)

Curve–Hetero y = log(1 + x2) + 0.5 sin(3x) + σ(x)ε x ∼ Unif(0, 3) 0.2 + 0.2x

Cubic–Step–Hetero y = 0.3x3 + σ(x)ε x ∼ Unif(−3, 3) 1 I{x≤−1} + 3 I{|x|<1} +
10I{1≤x}

Therefore the oracle conditional score used in the solver-matched oracle chains is

s⋆(t, y, x) = ∇y log pt(y | x) = −
y − atµ̃(x)
a2t σ̃

2(x) + ϑ2t
.

All oracle-chain computations are performed in normalized target units and then mapped back to the original target
scale for reporting variance metrics.

D.3. Models and solvers

Conditional diffusion regression and baselines. Within each dataset, we train a single score network and compare
reverse-time solvers under a shared noise schedule and matched reverse-step budgets. The solver choices include EM,
ExpInt, and PF-ODE, as reported in the tables and figures. We also compare against MC Dropout (Gal & Ghahramani,
2016) and a heteroscedastic deep regressor DeepHetero, implemented as a Gaussian MLP that predicts both mean and
variance.

For MC Dropout, we use a depth-3, width-128 MLP with dropout probability 0.1 in hidden layers. Training uses Adam
with learning rate 10−3, batch size 256, and 500 epochs.

For DeepHetero, we use a single depth-3, width-128 MLP that outputs a Gaussian likelihood N (µϕ(x), σ
2
ϕ(x)).

The variance head is parameterized via log σ2
ϕ(x) to ensure positivity. Training minimizes the Gaussian negative

log-likelihood:

L(ϕ) = 1

N

N∑
n=1

[
(yn − µϕ(xn))2

2σ2
ϕ(xn)

+
1

2
log σ2

ϕ(xn)

]
.

At test time, predictive samples are drawn as y(m)(x) = µϕ(x) + σϕ(x) ϵ
(m) with ϵ(m) ∼ N (0, 1).

D.4. Evaluation metrics

For each test input xn, the solver returns M predictive samples {y(m)
n }Mm=1.

Predictive moments. We define Monte Carlo predictive moments as

m̂(xn) :=
1

M

M∑
m=1

y(m)
n , v̂(xn) := Varm

(
y(m)
n

)
.

Point metrics. Given targets {yn}Nn=1, we report RMSE computed from the predictive mean:

RMSEmean :=
( 1

N

N∑
n=1

(m̂(xn)− yn)2
)1/2

,

Predictive intervals and calibration. For a nominal central level γ (we use γ = 0.95), we form a central prediction
interval [Ln, Un] from empirical quantiles of {y(m)

n }Mm=1 and compute

PICPγ = 1
N

N∑
n=1

1{yn ∈ [Ln, Un]}.
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Table 5. Automatic reverse-step selection rule used in the synthetic experiments.

Setting Value

Schedule hybrid
Minimum / maximum step cap 64 / 2000
Target max-ratio 1.01

Early-stopping time δ 10−3

Rule smallest K such that maxk hk/ϑ
2
tk−1

≤ 1.01

For multi-level calibration, we follow (Han et al., 2022) using τ ∈ {0.50, 0.55, . . . , 0.95}, compute empirical coverages
Ĉ(τ), and report

QICE = 1
L

L∑
ℓ=1

∣∣Ĉ(τℓ)− τℓ∣∣.
Variance-profile and marginal-density summaries. To visualize input-dependent variance, we compute endpoint
conditional-variance estimates v̂δ(xn) on the original target scale. For each run and solver, we aggregate pointwise
estimates into binned curves along the input axis. In Figure 1, solid curves are across-run means of these binned curves,
and shaded regions are pointwise empirical 95% bands across five independent runs. The reference curve is the data
variance target vdata(x) = σ2(x). To diagnose global spread distortions, we compare the pooled marginal density of
generated samples {y(m)

n }n,m against the empirical test-target marginal {yn}Nn=1.

D.5. Inference budgets and step rules

Predictive sampling budget. Unless stated otherwise, ordinary predictive metrics for diffusion samplers use Meval =
200 predictive samples per test input with Mper pass = 200. The MC Dropout baseline uses 200 stochastic forward
passes, and the DeepHetero baseline uses 200 predictive samples.

Auxiliary analysis budgets. We keep ordinary predictive sampling separate from auxiliary path and endpoint analyses.
Stepwise variance-covariance, oracle-gap, score-error, and KL-proxy analyses use Mdiag = 200 samples per input
unless stated otherwise. Endpoint variance fidelity and the solver-matched oracle endpoint accounting use a repeated-MC
variance protocol with Mvar = 200 samples per repetition and Rvar = 5 repetitions in the reported artifacts.

Automatic reverse-step selection. Table 5 summarizes the automatic reverse-step rule used in the main synthetic
experiments. Starting from the shared hybrid time-grid rule, we choose the smallest Kauto, subject to the step cap,
satisfying the displayed max-ratio criterion, where hk := tk − tk−1 and ϑ2t := 1− e−t is the forward OU marginal
variance coefficient. The selected Kauto is fixed across solvers within each dataset–run comparison. The DSM
hyperparameter KDSM = 8 denotes the number of diffusion times sampled per training example in the DSM loss; it is
not the number of reverse sampling steps.

D.6. Calculation details for the main figures and tables

Predictive moments and terminal variance estimates. All predictive moments use the Monte Carlo definitions
in Appendix D.4 with the sampling budgets in Appendix D.5. Ordinary predictive summaries use Meval = 200
reverse-time samples per test input, while auxiliary path summaries use Mdiag = 200 samples per input unless stated
otherwise. For memory efficiency, auxiliary path sampling is performed in chunks of at most 64 samples per pass while
preserving the same total Monte Carlo budget. All reported variance summaries are computed after mapping samples
back to the original target scale.

Figure 1 conditional-variance profiles. Figure 1 is constructed from endpoint variance estimates mapped to the
original target scale and the analytic data variance target

vdata(xn) = σ2(xn)
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on the synthetic tasks. For each run and solver, pointwise variance estimates are aggregated into an input-axis binned
curve. The plotted solid curves are across-run means of these binned curves, and the shaded regions are pointwise
empirical 95% bands across five independent runs.

Table 2 : explanatory summaries. For the explanatory-hierarchy analysis, we form one point for each dataset–solver–
run combination. With four synthetic datasets, three reverse-time solvers, and five runs per dataset–solver pair, this
yields 4× 3× 5 = 60 points in total. The response variable is the endpoint variance distortion measured by VarMSE,
and the explanatory variables are oracle-aided path summaries computed from the saved reverse-chain artifacts.

Using the oracle-gap path GS(t, x) defined in Section 2.2, the timewise mean absolute summary is

ḠS(t) = Ex[ |GS(t, x)| ] ,

and the oracle-gap AUC is

AUCoracle-gap,S =

∫ T

δ

ḠS(t) dt,

evaluated numerically by trapezoidal integration over the recorded reverse-time grid.

For comparison, we also compute a marginal Gaussian KL proxy between the learned reverse-chain marginal and the
solver-matched oracle marginal. For each recorded time tj and evaluation input xi, let

m̂learn
j,i =

1

M

M∑
r=1

Y
learn,(r)
tj (xi), v̂learnj,i =

1

M

M∑
r=1

(
Y

learn,(r)
tj (xi)− m̂learn

j,i

)2
,

and define m̂oracle
j,i and v̂oraclej,i analogously from the solver-matched oracle chain. The pointwise KL proxy is

κ(tj , xi) = DKL

(
N (m̂learn

j,i , v̂learnj,i )
∥∥N (m̂oracle

j,i , v̂oraclej,i )
)
,

which in the scalar case is evaluated as

κ(tj , xi) =
1

2

[
log

v̂oraclej,i + ϵ

v̂learnj,i + ϵ
+
v̂learnj,i +

(
m̂learn
j,i − m̂oracle

j,i

)2
v̂oraclej,i + ϵ

− 1

]
,

with ϵ = 10−12 used only for numerical stability. We then average over the diagnostic inputs,

κ̄(tj) = Ex[κ(tj , x)] ≈
1

B

B∑
i=1

κ(tj , xi),

and use the recorded-grid path mean

KLproxy-mean =
1

J

J∑
j=1

κ̄(tj)

as the marginal KL-type explanatory summary. This quantity compares marginal Gaussian summaries at each reverse
time and does not represent a path-space KL or a transition-level mechanism decomposition.

We use oracle-gap summaries as explanatory path summaries for terminal variance distortion rather than as alternative
endpoint error measures. The KL proxy is included as a marginal distributional baseline because it compares learned
and solver-matched oracle Gaussian marginals at each recorded time, but it does not encode the transport-weighted
accumulation structure used by the variance-gap decomposition.

Pathwise-unrolled mechanism summary for Figure 2. We use the local defects and transported contribution paths
defined in Section 3.2. This appendix specifies only the numerical aggregation used in the figure. On the recorded
reverse-time grid, write Ca(tj , x) := Caj (x). The plotted mechanism bars report∫ T

δ

Ex|Ca(t, x)| dt, (61)

computed by trapezoidal integration on the recorded grid. These bars summarize+pathwise-unrolled contribution
paths, not endpoint-only attribution bounds. The same aggregation is reused in Appendix D.9.2 for variance-regime
summaries.
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Table 6. Common hyperparameters used in most synthetic tasks.

Category Setting (value)

Architecture hidden width = 128, depth = 4, dropout = 0.1, noise-level embedding frequencies Fσ = 8

Training epochs = 500, batch size = 1024

Optimizer learning rate = 9.1685× 10−4, weight decay = 10−5, warmup epochs = 0, scheduler cosine
EMA ema decay=0.999
DSM loss γ = 0.7617, T0 = 10−3, K = 8

Stability terms step clip = 1.0, dt eps = 4.891× 10−5, jitter = 1.342× 10−8

Hybrid schedule ρ = 8.3587, tail fraction = 0.02, κ = 1.5

Evaluation Monte Carlo samples per test input M = 200

Table 7. Dataset-specific exceptions (when different from Table 6).

Dataset Setting Value

Synthetic Xsinx–Hetero hidden width / epochs / batch size 256 / 300 / 512
learning rate / weight decay / warmup epochs 2.0271× 10−4 / 10−6 / 50
DSM (γ, T0) (0.8174, 10−3)

stability (step clip,dt eps) (2.0, 1.2193× 10−5)

D.7. Sensitivity checks for Table 2

Blocked resampling check. Table 2 reports Pearson correlation, Spearman rank correlation, and linear R2 between
each explanatory summary and endpoint variance MSE. As an auxiliary robustness check, we also compute a blocked
resampling analysis over observed dataset–run blocks in the released analysis artifacts. Each block contains the
solver-specific points for one dataset and one run directory. This check is used only to assess whether the reported
ordering is dominated by individual dataset–run blocks. We do not use it as an additional formal uncertainty statement
in the main table.

D.8. Hyperparameters

Score model and training. Table 6 lists the default hyperparameters used across most datasets. Table 7 reports the
small set of dataset-specific deviations.

Baselines. Table 8 reports baseline hyperparameters.

D.9. Additional synthetic-task figures

This appendix provides detailed synthetic-task evidence supporting the solver-dependent variance-fidelity and mech-
anism analyses in Section 4. We organize the supplementary results into three parts: predictive panels, grouped
amplification summaries, and dataset-level unrolled mechanism overviews with variance-regime summaries. The
predictive panels visualize how changing the reverse-time solver affects the sampled predictive law. The mechanism
overviews in Appendix D.9.2 show the oracle-gap path together with pathwise-unrolled contribution paths. Table 9
summarizes the corresponding unrolled mechanism shares within representative variance regimes. These figures and
tables are used as oracle-aided explanatory evidence in the synthetic setting, not as quantities available at ordinary test
time.

D.9.1. PREDICTIVE PANELS

Figures 3–6 report solver-wise predictive means, 95% prediction intervals, final-sample panels, and pooled marginal
densities. These panels provide a dataset-level visual check of how changing only the reverse-time solver affects the
sampled predictive law. Across the four tasks, EM and ExpInt remain visually close in predictive means, interval
shapes, final samples, and pooled marginal densities. PF-ODE shows the clearest departures from the stochastic solvers,
especially in the spread and tail behavior of the sampled predictive distribution. These supplementary panels support
the main-text observation that solver choice can change predictive uncertainty even when the learned score field and
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Table 8. Baseline hyperparameters.

Method Setting (value)

MC Dropout hidden width = 128, dropout = 0.1, lr = 10−3, epochs = 500, bs = 256

DeepHetero depth = 3, hidden width = 128, Gaussian NLL, lr = 10−3, epochs = 500, bs = 256
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Figure 3. Xsinx–Hetero: predictive mean/interval, final-sample, and pooled density panels. Top row (a–c): predictive mean and
95% prediction interval for ExpInt, EM, and PF-ODE. Middle row (d–f): final predictive samples for ExpInt, EM, and PF-ODE.
Bottom row (g–i): pooled marginal densities for ExpInt, EM, and PF-ODE.

noise schedule are fixed.

D.9.2. DATASET-LEVEL PATHWISE-UNROLLED MECHANISM OVERVIEWS AND VARIANCE-REGIME SUMMARIES

Figure 2 in the main text shows the Xsinx–Hetero pathwise-unrolled mechanism overview. The additional appendix
overviews in Figures 7–9 provide the corresponding dataset-level summaries for Sine–Hetero, Curve–Hetero, and
Cubic–Step–Hetero. Each overview shows the learned–oracle variance-gap path and pathwise-unrolled contribution
summaries for transport, injection, remainder, and residual terms. Table 9 reports the full variance-regime summaries
for all four synthetic tasks, including Xsinx–Hetero.

Local transport factorization. The transport component can be interpreted through the local variance multiplier of a
one-step reverse update. For a local response map, the learned-chain variance recursion can be written as

vtk−1
(x) = Jk(x)

2vtk(x) + σ2
k + rk(x), (62)

where Jk(x) is the local transport factor, σ2
k is the injected variance term, and rk(x) collects higher-order or non-affine

remainder effects. For deterministic PF-ODE under the Heun convention, σ2
k = 0, and Jk(x) is the local derivative of

the Heun update.
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Figure 4. Sine–Hetero: predictive mean/interval, final-sample, and pooled density panels. Top row (a–c): predictive mean and
95% prediction interval for ExpInt, EM, and PF-ODE. Middle row (d–f): final predictive samples for ExpInt, EM, and PF-ODE.
Bottom row (g–i): pooled marginal densities for ExpInt, EM, and PF-ODE.

For affine reverse-SDE updates, the local transport factor takes the form

Jk(x) = Ak +Bksθ,y(tk,mtk(x), x), (63)

with the corresponding solver-matched oracle factor

J⋆k (x) = Ak +Bks
⋆
y(tk,m

⋆
tk
(x), x). (64)

Thus the transport mismatch satisfies

Jk(x)
2 −

(
J⋆k (x)

)2
=
(
Jk(x)− J⋆k (x)

)(
Jk(x) + J⋆k (x)

)
= Bk

[
sθ,y(tk,mtk(x), x)− s⋆y(tk,m⋆

tk
(x), x)

]
×
[
2Ak +Bk

{
sθ,y(tk,mtk(x), x) + s⋆y(tk,m

⋆
tk
(x), x)

}]
.

(65)

The first bracket contains both score-slope error and center-drift effects:

sθ,y(tk,mtk(x), x)− s⋆y(tk,m⋆
tk
(x), x)

= sθ,y(tk,mtk(x), x)− s⋆y(tk,mtk(x), x)︸ ︷︷ ︸
score-slope error at the learned center

+ s⋆y(tk,mtk(x), x)− s⋆y(tk,m⋆
tk
(x), x)︸ ︷︷ ︸

center-drift / curvature effect

.

(66)

If the true score is locally twice differentiable in y, the second term can be written by the mean-value theorem as

s⋆y(tk,mtk(x), x)− s⋆y(tk,m⋆
tk
(x), x) = s⋆yy(tk, m̃k(x), x)

(
mtk(x)−m⋆

tk
(x)
)
, (67)
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Figure 5. Curve–Hetero: predictive mean/interval, final-sample, and pooled density panels. Top row (a–c): predictive mean and
95% prediction interval for ExpInt, EM, and PF-ODE. Middle row (d–f): final predictive samples for ExpInt, EM, and PF-ODE.
Bottom row (g–i): pooled marginal densities for ExpInt, EM, and PF-ODE.

for some m̃k(x) between mtk(x) and m⋆
tk
(x).

In the variance-gap bound, the transport contribution is scaled by the oracle variance path:

Π1:k−1(x)
∣∣Jk(x)2 − (J⋆k (x))2∣∣v⋆tk(x). (68)

Equivalently, in the affine solver-matched case this term is controlled by a product of a solver sensitivity factor, a local
score-slope or center-drift mismatch, and the oracle variance being transported:

Π1:k−1(x)
∣∣Jk(x)2 − (J⋆k (x))2∣∣v⋆tk(x)

≲ Π1:k−1(x)|Bk|
∣∣∣2Ak +Bk

{
sθ,y(tk,mtk(x), x) + s⋆y(tk,m

⋆
tk
(x), x)

}∣∣∣
×
(∣∣sθ,y(tk,mtk(x), x)− s⋆y(tk,mtk(x), x)

∣∣+ ∣∣s⋆yy(tk, m̃k(x), x)
∣∣∣∣mtk(x)−m⋆

tk
(x)
∣∣)v⋆tk(x).

(69)

This factorization explains why a fixed local transport mismatch can have a larger effect when the transported oracle
variance v⋆tk(x) is larger. It does not require high-variance regimes to create a larger local mismatch; rather, larger
transported variance can amplify the effect of the same score-slope or center-drift mismatch.

For a representative variance group Gg, we average the recorded pathwise quantities over inputs in the group. Define
the groupwise mean absolute oracle gap at step k by

|G|k,g :=
1

|Gg|
∑
x∈Gg

∣∣vtk(x)− v⋆tk(x)∣∣.
The table reports

GapMeang :=
1

K + 1

K∑
k=0

|G|k,g. (70)
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Figure 6. Cubic–Step–Hetero: predictive mean/interval, final-sample, and pooled density panels. Top row (a–c): predictive
mean and 95% prediction interval for ExpInt, EM, and PF-ODE. Middle row (d–f): final predictive samples for ExpInt, EM, and
PF-ODE. Bottom row (g–i): pooled marginal densities for ExpInt, EM, and PF-ODE.

For each mechanism component a ∈ {trans, inj, rem, res}, we use the nodewise contribution path Cak (x) defined in
Section 3.2. For a representative variance group Gg , define

|Ca|k,g :=
1

|Gg|
∑
x∈Gg

∣∣Cak (x)∣∣.
Let ωtrap

k denote the trapezoidal quadrature weights on the recorded grid. We compute the pathwise-unrolled contribution
AUC

AUCag :=

K∑
k=0

ωtrap
k |Ca|k,g. (71)

The carry-over term Jj(x)
2Caj (x) propagates a previously created component contribution from one node to the next;

it is not counted as a new local mechanism. In the displayed tables, we report only the non-negligible displayed
components

Adisp := {trans, rem}.

The reported displayed shares are

Sharea,dispg :=
AUCag∑

b∈Adisp
AUCbg

, a ∈ Adisp. (72)

Table 9 reports the remaining variance-regime summaries beyond the Xsinx–Hetero case in the main text. It includes
Sine–Hetero, Curve–Hetero, and Cubic–Step–Hetero. Gap mean reports the average absolute learned–oracle variance-
gap path within each regime. Transport and remainder report normalized shares of the displayed pathwise mechanism
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Figure 7. Sine–Hetero learned–oracle variance-gap path and mechanism AUCs. Left shows the mean absolute learned–oracle
variance-gap path along the reverse chain. Right reports pathwise-unrolled mechanism contribution AUCs for transport, injection,
remainder, and residual terms.
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Figure 8. Curve–Hetero learned–oracle variance-gap path and mechanism AUCs. Left shows the mean absolute learned–oracle
variance-gap path along the reverse chain. Right reports pathwise-unrolled mechanism contribution AUCs for transport, injection,
remainder, and residual terms.

contributions. Across these remaining regimes, high-variance groups often increase the learned–oracle gap, but the
dominant mechanism is not universally transport. Transport dominates in Curve–Hetero high, whereas Sine–Hetero
high and Cubic–Step–Hetero at σ2 = 100 are more remainder-heavy. This supports a pathwise interpretation in which
transport amplification is one important route to variance distortion, but not the only one.

Solver-matched oracle endpoint accounting. The pathwise summaries above describe how the learned–oracle
variance gap evolves along the reverse chain. To connect this pathwise gap to the final variance error against the data
target, we use a separate endpoint accounting on the same evaluation inputs.

Let vdata(x) = Var(Y | X = x). For a fixed solver S, define

AS(x) = v̂learnS,t0 (x)− v̂⋆S,t0(x), BS(x) = v̂⋆S,t0(x)− v
data(x).

Thus AS is the learned–oracle endpoint gap, while BS is the solver-matched oracle endpoint bias relative to the data
variance target. For each input,

v̂learnS,t0 (x)− vdata(x) = AS(x) +BS(x).

Let E denote the common evaluation set and write

⟨f⟩E := |E|−1
∑
x∈E

f(x).
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Figure 9. Cubic–Step–Hetero learned–oracle variance-gap path and mechanism AUCs. Left shows the mean absolute learned–
oracle variance-gap path along the reverse chain. Right reports pathwise-unrolled mechanism contribution AUCs for transport,
injection, remainder, and residual terms.

The reported plug-in quantities satisfy the empirical identity

M̂SElearned,S = ⟨(AS +BS)
2⟩E = ⟨A2

S⟩E + ⟨B2
S⟩E + 2⟨ASBS⟩E .

Table 10 reports this same-support endpoint accounting, which is separate from the pathwise mechanism attribution.

The endpoint accounting verifies that the learned–oracle variance gap studied pathwise is also the dominant component
of the final variance error against vdata. In the largest PF-ODE failure rows, ⟨A2

S⟩E is close to ⟨(AS +BS)
2⟩E , whereas

⟨B2
S⟩E is much smaller. The cross term is included through 2⟨ASBS⟩E and does not change this dominance.
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Table 9. Additional variance-regime pathwise mechanism summaries.

Dataset / regime Solver Gap mean Transport % Remainder %

Sine–Hetero / low EM 0.0683 47 53
Sine–Hetero / low ExpInt 0.0761 47 53
Sine–Hetero / low PF-ODE 0.14 59 41

Sine–Hetero / middle EM 0.12 33 67
Sine–Hetero / middle ExpInt 0.14 32 68
Sine–Hetero / middle PF-ODE 0.54 31 69

Sine–Hetero / high EM 0.14 32 68
Sine–Hetero / high ExpInt 0.16 31 69
Sine–Hetero / high PF-ODE 0.94 27 73

Curve–Hetero / low EM 0.0637 36 64
Curve–Hetero / low ExpInt 0.0694 35 65
Curve–Hetero / low PF-ODE 0.0486 45 55

Curve–Hetero / middle EM 0.0767 37 63
Curve–Hetero / middle ExpInt 0.0818 37 63
Curve–Hetero / middle PF-ODE 0.0716 52 48

Curve–Hetero / high EM 0.11 43 57
Curve–Hetero / high ExpInt 0.13 46 54
Curve–Hetero / high PF-ODE 0.57 68 32

Cubic–Step–Hetero / σ2 = 1 EM 0.066 40 60
Cubic–Step–Hetero / σ2 = 1 ExpInt 0.072 39 61
Cubic–Step–Hetero / σ2 = 1 PF-ODE 0.0681 54 46

Cubic–Step–Hetero / σ2 = 9 EM 0.0909 38 62
Cubic–Step–Hetero / σ2 = 9 ExpInt 0.099 38 62
Cubic–Step–Hetero / σ2 = 9 PF-ODE 0.24 49 51

Cubic–Step–Hetero / σ2 = 100 EM 0.28 32 68
Cubic–Step–Hetero / σ2 = 100 ExpInt 0.34 29 71
Cubic–Step–Hetero / σ2 = 100 PF-ODE 3.77 16 84

Table 10. Solver-matched oracle endpoint accounting. Entries are plug-in empirical averages over the same evaluation inputs.
AS is the learned–oracle endpoint gap and BS is the oracle endpoint bias relative to vdata. Cross reports ⟨ASBS⟩E and enters the
identity with factor 2.

Dataset Solver Learned Oracle bias Gap Cross
⟨(A + B)2⟩ ⟨B2⟩ ⟨A2⟩ ⟨AB⟩

Xsinx–Hetero EM 0.0156 0.00515 0.0196 -0.00462
Xsinx–Hetero ExpInt 0.0157 0.00516 0.0197 -0.00457
Xsinx–Hetero PF-ODE 0.797 0.00534 0.778 0.00669

Sine–Hetero EM 0.12 0.0223 0.115 -0.00869
Sine–Hetero ExpInt 0.123 0.0152 0.138 -0.0151
Sine–Hetero PF-ODE 15.49 0.0154 15.36 0.0614

Curve–Hetero EM 0.000468 0.000242 0.00083 -0.000302
Curve–Hetero ExpInt 0.000802 0.00022 0.000983 -0.0002
Curve–Hetero PF-ODE 0.0569 0.000214 0.0562 0.000237

Cubic–Step–Hetero EM 93.64 19.92 102.7 -14.49
Cubic–Step–Hetero ExpInt 193.4 6.765 199.0 -6.195
Cubic–Step–Hetero PF-ODE 51574.9 6.462 51411.8 78.33


