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ABSTRACT
This paper advocates a new paradigm Personalized Empirical Risk

Minimization (PERM) to facilitate learning from heterogeneous

data sources without imposing stringent constraints on computa-

tional resources shared by participating devices. In PERM, we aim

at learning a distinct model for each client by personalizing the

aggregation of local empirical losses by effectively estimating the

statistical discrepancy among data distributions, which entails opti-

mal statistical accuracy for all local distributions and overcomes the

data heterogeneity issue. To learn personalized models at scale, we

propose a distributed algorithm that replaces the standard model

averaging with model shuffling to simultaneously optimize PERM

objectives for all devices. This also allows to learn distinct model

architectures (e.g., neural networks with different number of param-

eters) for different clients, thus confining to underlying memory

and compute resources of individual clients. We rigorously analyze

the convergence of proposed algorithm and conduct experiments

that corroborate the effectiveness of proposed paradigm.
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federated learning
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1 INTRODUCTION
Recently federated learning (FL) has emerged as an alternative

paradigm to centralized learning to encourage federated model

sharing and create a framework to support edge intelligence by

shifting model training and inference from data centers to poten-

tially scattered—and perhaps self-interested—systems where data

is generated. While undoubtedly being a better paradigm than cen-

tralized learning, FL usually suffers from heterogeneity of data and

compute resources among participants. To mitigate the negative

effect of data heterogeneity (non-IIDness), two common approaches

are clustering and personalization. The key idea behind the clus-

tering based methods [16] is to partition the devices into clusters

(coalitions) of similar data distributions and then learn a single

shared model for all clients within each cluster. While appealing,

the partitioning methods are limited to heuristic ideas such as clus-

tering based on geographical distribution of devices without taking
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the actual data distributions into account. In personalization based

methods [6, 8, 10, 17, 22], the idea is to learn a distinct personalized
model for each device alongside the global model, which can be

unified as minimizing a bi-level optimization problem [9]. Exist-

ing personalization techniques also suffer from two issues. First,

as the number of clients grow, while the number of training data

increases, the number of parameters to be learned increases which

limits to increase the number of clients beyond a certain point to

balance data and overall model complexity tradeoff– a phenome-

non known as incidental parameters problem [13]. Moreover, since

the knowledge transfer among data sources happens through the

single global model, it might lead to suboptimal results. To see this,

consider an extreme example, where half of the users have identical

data distributions, say D, while other half share a data distribution

that is completely different, say −D. In this case, the global model

obtained by optimizing averaged local losses converges to a solu-

tion that suffers from low test accuracy on all local distributions

and it would be preferable to learn a model for each client solely

based on its local data.

The aforementioned issues lead to a fundamental question:What
is the best strategy to learn from heterogeneous data sources to achieve
optimal statistical accuracy w.r.t. each data source, without imposing
stringent constraints on computational resources shared by participat-
ing devices?. To answer this question, we advocate a new paradigm

dubbed as Personalized Empirical Risk Minimization (PERM) to

facilitate learning from massively fragmented private data under re-

source constraints. Motivated by generalization bounds in multiple

source domain adaptation [2, 5, 12, 18], in PERM we aim to learn a

distinct model for each client by personalizing the aggregation of

empirical losses of different data sources. That is, for each client, its

personalized model is learnt on a distinct weighted-ERM problem,

and the mixing weight is determined by the discrepancy between

distributions. While PERM overcomes the data heterogeneity issue,

the number of optimization problems (i.e., distinct personalized

ERMs) to be solved scales linearly with the number of data sources.

To simultaneously optimize all objectives in a scalable and compu-

tationally efficient manner, we propose a novel idea which replaces

the standardmodel averaging in federated learning withmodel shuf-
fling and establish its convergence rate. This also allows us to learn

distinct model architectures (e.g., neural networks with different

number of parameters) for different clients.

2 PERSONALIZED EMPIRICAL RISK
MINIMIZATION

In this section we formally state the problem and introduce PERM as

an ideal paradigm to learning from heterogeneous data sources. We

assume there are 𝑁 distributed devices where each holds a distinct

data shard S𝑖 = {(𝒙𝑖, 𝑗 , 𝑦𝑖, 𝑗 )}𝑛𝑖𝑗=1
with 𝑛𝑖 training samples that are

realized by a source distributionD𝑖 over instance space Ξ = X×Y.

The data distributions across the devices are not independently

and identically distributed (non-IID or heterogeneous), i.e., D1 ≠

D2 ≠ . . . ≠ D𝑚 , and each distribution corresponds to a local

1
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generalization error or true risk L𝑖 (ℎ) = E(𝒙,𝑦)∼D𝑖 [ℓ (ℎ(𝒙), 𝑦)] on
unseen samples for any model ℎ ∈ H , whereH is the hypothesis

set (e.g., a linear model or a deep neural network) and a given

convex or non-convex loss function ℓ : Y × Y → R+. We use

L̂𝑖 (ℎ) = (1/𝑛𝑖 )
∑

(𝒙,𝑦) ∈S𝑖 ℓ (ℎ(𝒙), 𝑦)) to denote the local empirical
risk or training loss at 𝑖th data shard S𝑖 with 𝑛𝑖 samples. We seek

to collaboratively learn a model or personalized models that entail

a good generalization on all local distributions, minimizing true

risk L𝑖 (·), 𝑖 = 1, . . . , 𝑁 for all data sources (all-for-all [7]).

A simple non-personalized solution for FL aims to minimize a

(weighted) empirical risk over all data shards in a communication-

efficient manner [11]:

arg minℎ∈H
∑︁𝑁

𝑖=1

𝛼 (𝑖)L̂𝑖 (ℎ) with 𝜶 ∈ Δ𝑁 , (WERM)

where Δ𝑁 = {𝜶 ∈ R𝑁+ | ∑𝑁
𝑖=1

𝛼 (𝑖) = 1} denotes the simplex set.

To motivate our proposal, let us consider the empirical loss∑𝑚
𝑖=1

𝛼 (𝑖)L̂𝑖 (ℎ) in WERM with fixed mixing weights 𝜶 ∈ Δ𝑁 , and

denote the optimal solution by ℎ̂𝜶 . The excess risk of the learned

model ℎ̂𝜶 on 𝑖th local distribution D𝑖 w.r.t. the optimal local model

ℎ∗
𝑖
= arg minℎ∈H LD𝑖 (ℎ) (i.e., all-for-one) can be bounded by [12]

L𝑖
(
ℎ̂𝜶

)
≤L𝑖

(
ℎ∗𝑖

)
+
𝑁∑︁
𝑗=1

𝛼 ( 𝑗)R𝑗 (H) + 2

𝑁∑︁
𝑗=1

𝛼 ( 𝑗)discH
(
D𝑗 ,D𝑖

)
+𝑂 ©«

√√∑︁𝑁

𝑗=1

𝛼2

𝑗

𝑛 𝑗

ª®¬
(GEN)

where R𝑗 (H) is the empirical Radamacher complexity H w.r.t. S𝑖 ,
and discH (D𝑖 ,D𝑗 ) is a pseudo-distance on the set of probability

measures on Ξ to assess the discrepancy between the distributions

D𝑖 and D𝑗 with respect to the hypothesis class H as defined be-

low [2]:

Definition 1. For a model spaceH and D,D′ two probability
distributions on Ξ,

discH
(
D,D′) = sup

ℎ∈H
|E𝜉∼D (ℓ (ℎ, 𝜉)) − E𝜉 ′∼D′ (ℓ (ℎ, 𝜉 ′)) |

Intuitively, the discrepancy between the two distributions is

large, if there exists a predictor that performs well on one of them

and badly on the other. On the other hand, if all functions in the

hypothesis class perform similarly on both, then D and D′
have

low discrepancy.

From GEN, it can be observed that mismatch between pairs of

distributions limits the benefits of ERM on all distributions. In-

deed, the generalization risk will blow up when the distribution

divergence term discH (D𝑖 ,D𝑗 ) is large. When the discrepancys

are small or almost zero, it leads to an ideal sample complexity

1/
√
𝑛 where 𝑛 = 𝑛1 + 𝑛2 + . . . + 𝑛𝑁 is the total number of samples,

which could have been obtained in IID setting with 𝛼 ( 𝑗) = 1/𝑁 .

Also, we note that even if global model achieves small training error

over union of all data (e.g., overparametrized setting), the diver-

gence term still remains which illustrates the poor performance

of global model on D𝑖 . This implies that even personalization of

global model as in WERM can not entail a good generalization on

all local distributions as no positive knowledge transfer among data

sources occurs.

Interestingly the bound suggest that seeking optimal accuracy

on each local distribution requires choosing a distinct mixing of

local losses for each client 𝑖 that minimizes the right-hand side

of GEN. This indicates that in an ideal setting, we can achieve the

best accuracy for each local distribution D𝑖 by personalizing the

WERM, i.e., (i) first estimating 𝜶 𝑖 , 𝑖 = 1, 2, . . . , 𝑁 for each client

individually, then (ii) solving a variant of WERM for each client

with obtained mixing parameters:

arg min

ℎ∈H𝑖

∑︁𝑁

𝑗=1

𝛼𝑖 ( 𝑗)L̂ 𝑗 (ℎ) for 𝑖 = 1, 2, . . . , 𝑁 (PERM)

By doing this each device achieves the optimal local generalization

error by learning who to learn with based on number of samples at

each source and mismatch between its data distribution with other

clients. Compared to WERM, in PERM since we solve a different ag-

gregated empirical loss for each client, we can pick a different model

space/model architecture H𝑖 for each client to meet its available

computational resources.

While this two-stage method is guaranteed to entail optimal test

accuracy for all local distributions D𝑖 , however, making it scalable

requires overcoming two issues. First, estimating the statistical dis-

crepancies between each pair of data sources (i.e., 𝜶 𝑖 , 𝑖 = 1, . . . , 𝑁 )

is a computing burden as it requires solving 𝑂 (𝑁 2) difference of
(non)-convex functions in a distributedmanner and requires enough

samples form each source to entail good accuracy on estimating

pairwise discrepancies. Second, we need to solve 𝑁 variants of

the optimization problem in PERM, possibly each with a different

model space, which is infeasible when the number of devices is

huge (e.g., cross-device federated learning). In the next section, we

propose a simple yet effective idea to overcome these issues in a

computationally efficient manner.

3 PERM AT SCALE VIA MODEL SHUFFLING
In this section, we propose a method to efficiently estimate the

empirical discrepancies among data sources, followed by model

shuffling idea to simultaneously solve 𝑁 versions of PERM to learn

a model for each client. We first start by proposing a two-stage algo-

rithm: estimating mixing parameters followed by model shuffling.

Then, we propose a single loop unified algorithm which simuta-

neously optimizes the mixing weights and personalized models.

We assume that the model space H is a parameterized by a convex

set W ⊆ R𝑑 and use 𝑓𝑖 (𝑤) := L̂𝑖 (𝑤) = ∑
(𝑥,𝑦) ∈S𝑖 ℓ (𝑤 ; (𝑥,𝑦)) to

denote the empirical loss at 𝑖th data shard.

3.1 Warmup: a two-stage algorithm
Stage 1: Mixing parameters estimation. In the first stage we aim

to efficiently estimate the pairwise discrepancy among local dis-

tributions to construct mixing parameters 𝜶 𝑖 , 𝑖 = 1, 2, . . . 𝑁 . From

generalization bound GEN and Definition 1, a direct solution to

estimate 𝜶 𝑖 is to solve the following convex-nonconcave minimax

problem for each client:

arg min

𝜶 ∈Δ𝑁

∑︁𝑁

𝑗=1

𝛼 ( 𝑗) max

𝑤∈W
|𝑓𝑖 (𝑤) − 𝑓𝑗 (𝑤) | +

∑︁𝑁

𝑗=1

𝛼 ( 𝑗)2

𝑛 𝑗
. (1)

However, solving the above minimax problem itself is already chal-

lenging: the inner maximization loop is a nonconcave (or difference

of convex) problem, so most of existing minimax algorithms will

2
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fail on this problem. To our best knowledge, the only provable de-

terministic algorithm is [26], and but it is hard to generalize it to

stochastic and distributed fashion.

To overcome aforementioned issues, we make two reasonable

relaxations. First, inspired by notion of average drift at optimum

as a right metric to measure the effect of data heterogeneity in

federated learning [23], we propose to measure discrepancy at the

optimal solution obtained by solving averaged global objective,

i.e.,𝒘∗
:= arg min𝒘∈W (1/𝑁 )∑𝑁

𝑖=1
𝑓𝑖 (𝒘). That is, we use |𝑓𝑖 (𝒘∗) −

𝑓𝑗 (𝒘∗) | to replace sup𝒘 |𝑓𝑖 (𝒘) − 𝑓𝑗 (𝒘) |. By doing this, solving the

supremum problem reduces to a simple minimization problem for

each client, given the optimal global solution. Then we relax the

difference between function values to the difference of gradients,

i.e., gradient dissimilarity. To see this, for the difference of pair of

losses 𝑓𝑖 (𝒘) − 𝑓𝑗 (𝒘), it is 2𝐿 smooth, hence we can upper bound

|𝑓𝑖 (𝒘) − 𝑓𝑗 (𝒘) | as:

|𝑓𝑖 (𝒘) − 𝑓𝑗 (𝒘) |

≤
��(𝑓𝑖 (𝒘∗) − 𝑓𝑗 (𝒘∗)) +

〈
∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗), 𝒘 −𝒘∗〉�� + 𝐿 𝒘 −𝒘∗2

≤
��𝑓𝑖 (𝒘∗) − 𝑓𝑗 (𝒘∗)

�� + ∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
𝐷 + 𝐿𝐷2

where 𝐷 is the size of the domain. The above relaxation lead to

solving the following tractable optimization problem to decide the

per-client mixing parameters:

𝜶 ∗
𝑖 = arg min

𝜶 ∈Δ𝑁
𝑔𝑖 (𝒘∗,𝜶 ) :=

∑︁𝑁

𝑗=1

𝛼 ( 𝑗)∥∇𝑓𝑖 (𝑤∗) − ∇𝑓𝑗 (𝑤∗)∥2

+ 𝜆
∑︁𝑁

𝑗=1

𝛼 ( 𝑗)2/𝑛 𝑗 (2)

where we added a regularization parameter 𝜆 and used the squared

of gradient dissimilarity for computational convinience. Thus, ob-

taining all 𝑁 mixing parameters requires solving a single ERM to

obtain optimal global soltuion and 𝑁 varaints of (2). To get the

optimal solution in a communication reduced manner, we adapt

the Local SGD algorithm [21] (or FedAvg [19]) and find the op-

timal solution in intermittent communication setting [24] where

the clients work in parallel and are allowed to make 𝐾 stochas-

tic updates between two communication rounds for 𝑅 consecutive

rounds. The detailed steps are given in Algorithm A1 in Appendix A

for completeness. After obtaining the global model𝒘𝑅 we optimize

over 𝜶 in 𝑔𝑖 (𝒘𝑅,𝜶 ) using 𝑇𝜶 iterations of GD to get �̂� 𝑖 . Actually,
we will show that as long as 𝒘𝑅 converge to 𝒘∗

, �̂� 𝑖 , 𝑖 = 1, . . . , 𝑁

converges to solution of (2) very fast.

Definition 2 (Gradient Dissimilarity). We define the follow-
ing quantities to measure the gradient dissimilarity among local
functions:

𝜁𝑖, 𝑗 (𝒘) :=
∇𝑓𝑖 (𝑤) − ∇𝑓𝑗 (𝑤)

2

, ¯𝜁 𝑗 (𝒘) := 𝜁𝑖, 𝑗 (𝒘),

𝜁 := sup𝒘∈W max𝑖∈[𝑁 ] ∥∇𝑓𝑖 (𝑤) − (1/𝑁 )
∑︁𝑁

𝑗=1

∇𝑓𝑗 (𝒘)∥2 .

The following theorem gives the convergence rate of estimated

discrepancies to optimal counterparts.

Theorem 1. Assume each 𝑓𝑖 is 𝐿-smooth and 𝜇-strongly-convex. If

we runAlgorithmA1 on 𝐹 (𝒘) := 1

𝑁

∑𝑁
𝑗=1

𝑓𝑗 (𝒘) with𝛾 = Θ
(

log(𝑅𝐾 )
𝜇𝑅𝐾

)

for 𝑅 rounds with synchronization gap 𝐾 , it holds that ∀𝑖 ∈ [𝑁 ]

E∥�̂� 𝑖 − 𝜶 ∗
𝑖 ∥

2 ≤ �̃�
(
exp

(
−𝑇𝜶
𝜅𝑔

)
+ 𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝐿2

(
𝐷2

𝑅𝐾
+ 𝜅𝜁 2

𝜇2𝑅2
+ 𝛿2

𝜇2𝑁𝑅𝐾

))
.

The implication of Theorem 1 is that even we solve (2) at𝒘𝑅 , the
algorithm will eventually converge to optimal solution of (2) at𝒘∗

.

Stage 2: Scalable personalized optimization with model shuf-
fling. After obtaining the per client mixing parameters, in the

second stage to learn personalized models, we aim at solving 𝑁

different personalized variants of PERM i.e., Φ(�̂� 1, 𝒗), . . .Φ(�̂�𝑁 , 𝒗)
where

min

𝒗∈W
Φ(�̂� 𝑖 , 𝒗) :=

1

𝑁

𝑁∑︁
𝑗=1

𝛼𝑖 ( 𝑗) 𝑓𝑗 (𝒗) . (3)

Here we devise an iterative algorithm based on Local SGD to solve

these 𝑁 optimization problems in parallel with no extra overhead.
The idea is to replace the model averaging in vanilla distributed

(Local) SGD with model shuffling. Specifically, as shown in Algo-

rithm 1 the algorithm proceeds for 𝑅 epochs where each epoch runs

for 𝑁 communication rounds. At the beginning of each epoch 𝑟

the server generates a random permutation 𝜎𝑟 over 𝑁 clients. At

each communication round 𝑗 within the epoch, the server sends the

model of client 𝑖 to client 𝑖 𝑗 = (𝑖+ 𝑗)%𝑁 in the permutation 𝜎𝑟 along

with 𝛼𝑖 (𝑖 𝑗 ). After receiving a model from server, the client updates

the received model for𝐾 local steps and returns it back to the server.

As it can be seen, the updates of each loss Φ(�̂� 𝑖 , 𝒗), 𝑖 = 1, 2, . . . , 𝑁

during an epoch is equivalent to sequentially processing individual

losses in (3) which can be considered as permutation-based SGD

but with the difference that each component now is updated for 𝐾

steps. By interleaving the permutations, we are able to simultane-

ously optimize all 𝑁 objectives. The following theorem establishes

the convergence rate

Theorem 2. Assume each 𝑓𝑖 is 𝐿-smooth, 𝜇-strongly-convex and
with gradient bounded by𝐺 , i.e., sup𝒘∈W ∥∇𝑓𝑖 (𝒘)∥ ≤ 𝐺 . Let 𝜶 ∗

𝑖
be

the solution of (2). Then if we run Algorithm 1 on the �̂� 𝑖 obtained

from Algorithm A1, then Algorithm 1 with 𝜂 = Θ
(

log(𝑁𝐾𝑅3 )
𝜇𝑅

)
will

output the solution �̂�𝑖 , ∀𝑖 ∈ [𝑁 ], such that with probability at least
1 − 𝑝 , the following statement holds:

E[Φ(𝜶 ∗
𝑖 , �̂�𝑖 ) − Φ(𝜶 ∗

𝑖 , 𝒗
∗ (𝜶 ∗

𝑖 ))]

≤ �̃�
(
𝐷2𝐿

𝑁𝐾𝑅2
+ 𝐿𝛿2

𝜇2𝑅
+

(
𝐿4 + 𝑁
𝜇4𝑅2

)
𝐿𝐺2𝑁 log(1/𝑝)

)
+ 𝜅2𝐿�̃�

(
exp

(
−𝑇𝜶
𝜅𝑔

)
+ 𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝐿2

(
𝐷2

𝑅𝐾
+ 𝜅𝜁 2

𝜇2𝑅2
+ 𝛿2

𝜇2𝑁𝑅𝐾

))
,

where the expectation is taken over randomness of Algorithm A1.

The above theorem shows that, even though we run the opti-

mization on Φ(�̂� 𝑖 , 𝒗), our obtained model �̂�𝑖 will still converge
to the optimal solution of Φ(𝜶 ∗

𝑖
, 𝒗). The convergence rate is con-

tributed from two parts: convergence of �̂� 𝑖 (Algorithm A1) and

convergence of personalized model �̂�𝑖 (Algorithm 1). Notice that,

for the convergence rate of �̂�𝑖 , we roughly recover the optimal rate

of shuffling SGD [1], which is 𝑂 ( 1

𝑅2
). However, we suffer from a

𝑂 ( 𝛿2

𝑅
) term since each client runs vanilla SGD on their local data

(the SGD-Update procedure in Algorithm 1). A recent work [4] also
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Algorithm 1: Shuffling Local SGD

Input: Clients 1, ..., 𝑁 , Number of Local Steps 𝐾 , Number

of Epoch 𝑅, mixing parameter �̂� 1, ..., �̂�𝑁
Epoch for 𝑟 = 0, ..., 𝑅 − 1 do

Server generates permutation 𝜎𝑟 : [𝑁 ] ↦→ [𝑁 ].
parallel for 𝑖 = 1, ..., 𝑁 do

Client 𝑖 sets initial model 𝒗𝑟,0
𝑖

= 𝒗𝑟
𝑖
.

for 𝑗 = 1, ..., 𝑁 do
Set indices 𝑖 𝑗 = 𝜎𝑟 ((𝑖 + 𝑗) mod 𝑁 ).
Server sends 𝒗𝑟, 𝑗

𝑖
to Client 𝑖 𝑗 .

𝒗𝑟,𝑗+1

𝑖
= SGD-Update(𝒗𝑟, 𝑗

𝑖
, 𝜂, 𝑖 𝑗 , 𝐾, �̂� 𝑖 ).

Client 𝑖 does projection: 𝒗𝑟+1

𝑖
= PW (𝒗𝑟,𝑁

𝑖
).

Output: �̂�𝑖 = 𝒗𝑅
𝑖
,∀𝑖 ∈ [𝑁 ].

SGD-Update(𝒗,𝜂, 𝑗, 𝐾,𝜶 )
Initialize 𝒗0 = 𝒗
for 𝑡 = 0, ..., 𝐾 − 1 do

𝒗𝑡 = 𝒗𝑡−1 − 𝜂𝛼 ( 𝑗)𝑁∇𝑓𝑗 (𝒗𝑡−1
; 𝜉𝑡−1

𝑗
)

Output: 𝒗𝐾

considering client-level shuffling idea. The differences are two-fold:

1) they only consider training one model while we employ shuffling

idea to simultaneously learn 𝑁 models 2) they work with fixed

𝜶 while we have toshow that the algorithm can converge to the

true optimal solution of Φ(𝜶 ∗
𝑖
, 𝒗) given that we only optimize on a

surrogate function Φ(�̂� 𝑖 , 𝒗).

3.2 A unified single loop algorithm
In practice, a single-loop algorithm is perferred since it is easy to

implement. We hence turn to introducing a single stage algorithm

that jointly optimizes 𝜶 𝑖s and 𝒗𝑖s as depicted in Algorithm 2 by

intertwining the two stages in Algorithm A1 and Algorithm 1 in a

single unified method. At each communication round, the clients

computes gradients on global model, on their data, after that serve

collects these gradients and does one step mini-batch sgd update on

global model, and then updatesmixing parameters. Next we proceed

to update the personalized models similar to Algorithm 1. We note

that, unlike the two stages method where the mixing parameters

are computed at the final global model, here the mixing parameters

are updated adaptively based on intermediate global models.

Theorem 3. Assume each 𝑓𝑖 is 𝐿-smooth, 𝜇-strongly-convex and
with gradient bounded by𝐺 , i.e., sup𝒘∈W ∥∇𝑓𝑖 (𝒘)∥ ≤ 𝐺 . Let 𝜶 ∗

𝑖
be

the solution of (2). Then if we runAlgorithm 2with𝜂 = Θ
(

log(𝑁𝐾𝑅3 )
𝜇𝑅

)
and 𝛾 = Θ

(
log(𝑁𝐾𝑅3 )

𝜇𝑅

)
, it will output the solution �̂�𝑖 , ∀𝑖 ∈ [𝑁 ], such

that with probability at least 1 − 𝑝 , the following statement holds:

E[Φ(𝜶 ∗
𝑖 , �̂�𝑖 ) − Φ(𝜶 ∗

𝑖 , 𝒗
∗
𝑖 )] ≤ 𝑂

(
𝐿𝐷2

𝑁𝐾𝑅3

)
+ �̃�

((
𝜅4𝐿

𝑅2
+ 𝑁𝐿

𝜇2𝑅2

)
𝐺2𝑁 log(1/𝑝) + 𝐿𝛿2

𝜇2𝑅

)
+ �̃�

(
𝜅2𝜅2

𝑔𝐿
3 ¯𝜁𝑖 (𝒘∗)𝐷𝐺
𝑅

+ 𝐿𝑅2

(
1 − 1

𝜅𝑔

)𝑇𝜶
+
𝐿𝜅2

𝑔𝜅
2 ¯𝜁𝑖 (𝒘∗)𝛿2

𝜇2𝑀

)
,

Algorithm 2: Single Loop PERM

Input: Clients 1, ..., 𝑁 , Number of Local Steps 𝐾 , Number

of Epoch 𝑅, Initial mixing parameter

𝜶 0

1
=, ...,𝜶 0

𝑁
= �̄� = [1/𝑁, ..., 1/𝑁 ].

Epoch for 𝑟 = 0, ..., 𝑅 − 1 do
Server generates permutation 𝜎𝑟 : [𝑁 ] ↦→ [𝑁 ].
parallel for Client 𝑖 = 1, ..., 𝑁 do

Client 𝑖 sets initial model 𝒗𝑟,0
𝑖

= 𝒗𝑟
𝑖
.

for 𝑗 = 1, ..., 𝑁 do
Set indices 𝑖 𝑗 = 𝜎𝑟 ((𝑖 + 𝑗) mod 𝑁 ).
Server sends 𝒗𝑟,𝑗

𝑖
to client 𝑖 𝑗 .

𝒗𝑟,𝑗+1

𝑖
= SGD-Update(𝒗𝑟, 𝑗

𝑖
, 𝜂, 𝑖 𝑗 , 𝐾,𝜶 𝑟𝑖 ).

// Personalized model update

Client 𝑖 does projection: 𝒗𝑟+1

𝑖
= PW (𝒗𝑟,𝑁

𝑖
).

𝒘𝑟+1 = PW (𝒘𝑟 − 𝛾 1

𝑁

∑𝑁
𝑖=1

1

𝑀

∑𝑀
𝑗=1

∇𝑓𝑖 (𝒘𝑟 , 𝜉𝑟𝑖, 𝑗 ))
// Global model update

Compute 𝜶 𝑟+1

𝑖
by running 𝑇𝜶 steps GD on 𝑔𝑖 (𝒘𝑟+1,𝜶 )

// 𝜶 update

Output: �̂�𝑖 = 𝒗𝑅
𝑖
, �̂� 𝑖 = 𝜶𝑅

𝑖
,∀𝑖 ∈ [𝑁 ].

SGD-Update(𝒗,𝜂, 𝑗, 𝐾,𝜶 )
Initialize 𝒗0

𝑗
= 𝒗

for 𝑡 = 0, ..., 𝐾 − 1 do
𝒗𝑡 = 𝒗𝑡−1 − 𝜂𝜶 ( 𝑗)𝑁∇𝑓𝑗 (𝒗𝑡−1

𝑗
; 𝜉𝑡−1

𝑗
)

Output: 𝒗𝐾

where the expectation is took over the randomness of stochastic sam-
ples in Algorithm 2.

4 EXPERIMENT
To demonstrate the superior effectiveness of our proposed single-

loop PERM algorithm compared to other existing personalization

methods, we conducted an experiment using synthetic data gener-

ated according to the following specifications. We consider a sce-

nario with a total of 𝑁 clients, where we draw samples from the dis-

tributionN(𝜇1, Σ𝑖 ) for half of the clients, denoted by 𝑖 ∈ [1, 𝑁
2
], and

from N(𝜇2, Σ𝑖 ) for the remaining clients, denoted by 𝑖 ∈ [𝑁
2
, 𝑁 ].

Following the approach outlined in [14], we adopt a uniform vari-

ance for all samples, with Σ𝑘,𝑘 = 𝑘−1.2
. Subsequently, we generate

a labeling model using the distribution N(𝜇𝑤 , Σ𝑤).
Given a data sample 𝒙 ∈ R𝑑 , the labels are generated as follows:

clients 1, ..., 𝑁
2
assign labels based on 𝑦 = sign(𝒘⊤𝒙), while clients

𝑁
2
+1, ..., 𝑁 assign labels based on𝑦 = sign(−𝒘⊤𝒙). For this specific

experiment, we set 𝜇1 = 0.2, 𝜇2 = −0.2, and 𝜇𝑤 = 0.1. The data

dimension is 𝑑 = 60, and there are 2 classes in the output. We have

a total of 50 clients, each generating 500 samples following the

aforementioned guidelines. We train a logistic regression model on

each client’s data.

To demonstrate the superiority of our PERM algorithm, we con-

ducted a performance comparison against other prominent person-

alized approaches, including the fined-tuned model of FedAvg [19]

(referred to as localized FedAvg), perFedAg [8], and pFedME [22].

The results in Figure 1 highlight PERM’s efficient learning of person-

alized models for individual clients. In contrast, competing methods

4
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Figure 1: Comparative Analysis of Personalization methods,
including our single-loop PERM algorithm, localized FedAvg,
perFedAg, and pFedME, with synthetic data. The disparity in
personalized accuracy and loss highlights PERM’s capability
in leveraging relevant client correlations.

relying on globally trained models struggle to match PERM’s effec-

tiveness in highly heterogeneous scenarios, as seen in personalized

accuracy and loss. This showcases PERM’s exceptional ability to

leverage relevant client learning.

5 CONCLUSION
This paper introduces a new data&system-aware paradigm for learn-

ing from multiple heterogeneous data sources to achieve optimal

statistical accuracy across all data distributions without imposing

stringent constraints on computational resources shared by par-

ticipating devices. The proposed PERM schema, though simple,

provides an efficient solution to enable each client to learn a per-

sonalized model by learning who to learn with via personalizing the

aggregation of data sources through an efficient empirical statis-

tical discrepancy estimation module. PERM can also be employed

in other learning settings with multiple sources of data such as do-

main adaptation and multi-task learning to entail optimal statistical

accuracy. To efficiently solve all aggregated personalized losses, we

propose a model shuffling idea to optimizes all losses in parallel.

This also enables us to learn models with varying complexity for

different devices to meet their available resources.
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Supplementary Material

The supplementary material is organized as follows:

• In Section A, we provide the proof of convergence of two-stage implementation of PERM (computing mixing parameters followed by

learning personalized models via model shuffling using permutation-based variant of distributed SGD with periodic communication).

The technical tools we develop to establish the convergence could be interesting by their own right.

• In Section B, we provide the proof of convergence of single loop implementation of PERM, where estimation of mixing parameters

are coupled with learning of personalized models.

• In Section C, we report additional experiments on performance of PERM on EMNIST dataset along with effectiveness of proposed

method to estimate mixing parameters.

A PROOF OF TWO STAGES ALGORITHM
A.1 Technical Lemmas

Lemma 1. Define 𝒗∗ (𝜶 ) := arg min𝒗∈W Φ(𝜶 , 𝒗), and assume Φ(𝜶 , ·) is 𝜇-strongly convex and 𝐿 smooth. Then, 𝒗∗ (·) is 𝜅-Lipschitz.

Proof. The proof is similar to Lin et al’s result on minimax objective [15]. First, according to optimality conditions we have:

⟨𝒗 − 𝒗∗ (𝜶 ),∇𝒗Φ(𝜶 , 𝒗∗ (𝜶 ))⟩ ≥ 0,

⟨𝒗 − 𝒗∗ (𝜶 ′),∇𝒗Φ(𝜶 ′, 𝒗∗ (𝜶 ′))⟩ ≥ 0

Substituting 𝒗 with 𝒗∗ (𝜶 ′) and 𝒗∗ (𝜶 ) in the above first and second inequalities respectively yields:

⟨𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 ),∇𝒗Φ(𝜶 , 𝒗∗ (𝜶 ))⟩ ≥ 0,

⟨𝒗∗ (𝜶 ) − 𝒗∗ (𝜶 ′),∇𝒗Φ(𝜶 ′, 𝒗∗ (𝜶 ′))⟩ ≥ 0

Adding up the above two inequalities yields:

⟨𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 ),∇𝒗Φ(𝜶 , 𝒗∗ (𝜶 )) − ∇𝒗Φ(𝜶 ′, 𝒗∗ (𝜶 ′))⟩ ≥ 0, (4)

Since Φ(𝜶 , ·) is 𝜇 strongly convex, we have:

⟨𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 ),∇𝑦Φ(𝜶 , 𝒗∗ (𝜶 ′)) − ∇𝑦Φ(𝜶 , 𝒗∗ (𝜶 )) ≥ 𝜇∥𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 )∥2 . (5)

Adding up (4) and (5) yields:

⟨𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 ),∇𝑦Φ(𝜶 , 𝒗∗ (𝜶 ′)) − ∇𝑦Φ(𝜶 ′, 𝒗∗ (𝜶 ′)) ≥ 𝜇∥𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 )∥2

Finally, using 𝐿 smoothness of Φ will conclude the proof:

𝐿∥𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 )∥∥𝜶 − 𝜶 ′∥ ≥ 𝜇∥𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 )∥2

⇐⇒ 𝜅∥𝜶 − 𝜶 ′∥ ≥ ∥𝒗∗ (𝜶 ′) − 𝒗∗ (𝜶 )∥

□

Lemma 2 (Optimality Gap). Let Φ(𝜶 , 𝒗) be defined in (3). If we assume each 𝑓𝑖 is 𝐿-smooth and 𝜇-strongly convex, then the following
statement holds true:

Φ(𝜶 ∗
𝑖 , �̂�𝑖 ) − Φ(𝜶 ∗

𝑖 , 𝒗
∗
𝑖 ) ≤ 𝐿

�̂�𝑖 − 𝒗∗ (�̂� 𝑖 )
2 + 𝜅2𝐿

�̂� 𝑖 − 𝜶 ∗
𝑖

2

,

where 𝒗∗
𝑖
= arg min𝒗∈W Φ(𝜶 ∗

𝑖
, 𝒗).

Proof. We notice the following fact:

Φ(𝜶 ∗
𝑖 , �̂�𝑖 ) − Φ(𝜶 ∗

𝑖 , 𝒗
∗
𝑖 ) ≤ ⟨∇𝒗Φ(𝜶 ∗

𝑖 , 𝒗
∗
𝑖 ), �̂�𝑖 − 𝒗∗𝑖 ⟩︸                        ︷︷                        ︸

≤0

+𝐿
2

∥�̂�𝑖 − 𝒗∗𝑖 ∥
2

≤ 𝐿

2

∥�̂�𝑖 − 𝒗∗𝑖 ∥
2 .
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Algorithm A1: Discrepancy Estimation at Optimum

Input: Number of clients 𝑁 , number of local steps 𝐾 , number of communications rounds 𝑅

for 𝑟 = 0, . . . , 𝑅 − 1 do
parallel for client 𝑖 = 0, ..., 𝑁 − 1 do

Client 𝑖 initializes model𝒘𝑟,0
𝑖

= 𝒘𝑟
𝑖
.

for 𝑡 = 0, ..., 𝐾 − 1 do
𝒘𝑟,𝑡+1

𝑖
= 𝒘𝑟,𝑡

𝑖
− 𝛾∇𝑓𝑖 (𝒘𝑟,𝑡𝑖 ; 𝜉

𝑟,𝑡
𝑖

) where 𝜉𝑟,𝑡
𝑖

is a mini-batch sampled from S𝑖 .
Client 𝑖 sends𝒘𝑟,𝐾

𝑖
to Server.

Server computes𝒘𝑟+1 = PW
(

1

𝑁

∑𝑁
𝑖=1

𝒘𝑟,𝐾
𝑖

)
Server broadcasts𝒘𝑟+1

to all clients.

Server computes �̂� 𝑖 , 𝑖 = 1, 2, . . . , 𝑁 by running 𝑇𝜶 steps of GD on 𝑔𝑖 (𝑤𝑅,𝜶 ).
Output: �̂� 1, . . . , �̂�𝑁 .

where we use the smoothness of Φ and optimality condition of 𝒗∗
𝑖
for fixed 𝜶 ∗

𝑖
. Next, due to the 𝜅-Lipschitzness property of of 𝒗∗ (·) as

shown in Lemma 1, it follows that:

𝐿

2

∥�̂�𝑖 − 𝒗∗𝑖 ∥
2 ≤ 𝐿∥�̂�𝑖 − 𝒗∗ (�̂� 𝑖 )∥2 + 𝐿∥𝒗∗ (�̂� 𝑖 ) − 𝒗∗𝑖 ∥

2

≤ 𝐿∥�̂�𝑖 − 𝒗∗ (�̂� 𝑖 )∥2 + 𝜅2𝐿∥�̂� 𝑖 − 𝜶 ∗
𝑖 ∥

2 .

as desired. □

A.2 Proof of Convergence of Theorem 1
In this section we are going to prove the result in Theorem 1. To this end, we need to show that mixing parameters we compute by first

learning the global model and then solving the optimization problem in objective (2) (as depicted in Algorithm A1) converges to optimal

values. Notice that in Algorithm A1 we do not solve 𝑔𝑖 (𝒘∗,𝜶 ) directly, but optimize 𝑔𝑖 (𝒘𝑅,𝜶 ) on 𝜶 for 𝑇𝜶 iterations of GD. Hence, firstly

we need to show that optimizing the surrogate function will also guarantee the convergence of output of algorithm 𝜶 to 𝜶 ∗
by deriving a

property of the objective in (2). Formally the property is captured by the following lemma.

Lemma 3. Let 𝑔(𝒘,𝜶 ) :=
∑𝑁
𝑗=1

𝛼 𝑗
∇𝑓𝑖 (𝒘) − ∇𝑓𝑗 (𝒘)

2 + 𝜆∑𝑁
𝑗=1

𝛼2

𝑗
/𝑛 𝑗 and 𝜶 ∗

𝑔 (𝒘) = arg min𝜶 ∈Δ𝑁 𝑔(𝒘,𝜶 ). Let 𝒘𝑅 be the output of Algo-
rithm A1. Then the following statement holds:𝜶 ∗

𝑔 (𝒘𝑅) − 𝜶 ∗
𝑔 (𝒘∗)

 ≤ 𝜅2

𝑔

𝑁∑︁
𝑗=1

(
2

∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
2 + 4𝐿2

𝒘𝑅 −𝒘∗
2

)
4𝐿

𝒘𝑅 −𝒘∗
2

where 𝜅𝑔 is the condition number of 𝑔.

Proof. Define function

𝑊 (𝒛,𝜶 ) =
∑︁𝑁

𝑗=1

𝛼 𝑗𝑧 𝑗 + 𝜆
∑︁𝑁

𝑗=1

𝛼2

𝑗 /𝑛 𝑗 (6)

Apparently,𝑊 (𝒛,𝜶 ) is linear in 𝒛 and strongly convex in 𝜶 . Then, according to Proposition 1, 𝜶 ∗
𝑊

(𝒛) := arg min𝜶 ∈Δ𝑁 𝑊 (𝒛,𝜶 ) is 𝜅𝑔
lipschitz in 𝒛 where 𝜅𝑔 =

𝑛max

𝑛min

, i.e.,

𝜶 ∗
𝑊

(𝒛) − 𝜶 ∗
𝑊

(𝒛′)
 ≤ 𝜅𝑔 ∥𝒛 − 𝒛′∥. Now, let us consider the objective (2):

𝑔(𝒘,𝜶 ) :=
∑︁𝑁

𝑗=1

𝛼 𝑗
∇𝑓𝑖 (𝒘) − ∇𝑓𝑗 (𝒘)

2 + 𝜆
∑︁𝑁

𝑗=1

𝛼2

𝑗 /𝑛 𝑗

We define 𝜶 ∗
𝑔 (𝒘) = arg min𝜶 ∈Δ𝑁 𝑔(𝒘,𝜶 ).

We set

𝒛𝑅 =

[∇𝑓𝑖 (𝒘𝑅) − ∇𝑓1 (𝒘𝑅)
2

, ...,

∇𝑓𝑖 (𝒘𝑅) − ∇𝑓𝑁 (𝒘𝑅)
2

]
,

𝒛∗ =
[∇𝑓𝑖 (𝒘∗) − ∇𝑓1 (𝒘∗)

2

, ...,
∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑁 (𝒘∗)

2

]
.
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Then we know that 𝜶 ∗
𝑔 (𝒘𝑅) − 𝜶 ∗

𝑔 (𝒘∗)
2

=

𝜶 ∗
𝑊 (𝒛𝑅) − 𝜶 ∗

𝑊 (𝒛∗)
2

≤ 𝜅2

𝑔

𝒛𝑅 − 𝒛∗
2

(7)

≤ 𝜅2

𝑔

𝑁∑︁
𝑗=1

����∇𝑓𝑖 (𝒘𝑅) − ∇𝑓𝑗 (𝒘𝑅)
2

−
∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)

2

����2 (8)

≤ 𝜅2

𝑔

𝑁∑︁
𝑗=1

���(∇𝑓𝑖 (𝒘𝑅) − ∇𝑓𝑗 (𝒘𝑅) + ∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
)

×
(
∇𝑓𝑖 (𝒘𝑅) − ∇𝑓𝑗 (𝒘𝑅) − ∇𝑓𝑖 (𝒘∗) + ∇𝑓𝑗 (𝒘∗)

)���2
≤ 𝜅2

𝑔

𝑁∑︁
𝑗=1

∇𝑓𝑖 (𝒘𝑅) − ∇𝑓𝑗 (𝒘𝑅) + ∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
2

4𝐿2

𝒘𝑅 −𝒘∗
2

Since

∇𝑓𝑖 (𝒘𝑅) − ∇𝑓𝑗 (𝒘𝑅)
 ≤

∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
 + 2𝐿

𝒘𝑅 −𝒘∗
, we can conclude that𝜶 ∗

𝑔 (𝒘𝑅) − 𝜶 ∗
𝑔 (𝒘∗)

 ≤ 𝜅2

𝑔

𝑁∑︁
𝑗=1

(
2

∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
2 + 4𝐿2

𝒘𝑅 −𝒘∗
2

)
4𝐿

𝒘𝑅 −𝒘∗
2

.

□

With above lemma, to show the convergence of �̂� to 𝜶 ∗
, we do the following decomposition�̂� − 𝜶 ∗2 ≤ 2

�̂� − 𝜶 ∗
𝑔 (𝒘𝑅)

2

+ 2

𝜶 ∗
𝑔 (𝒘𝑅) − 𝜶 ∗

𝑔 (𝒘∗)
2

≤ 2(1 − 𝜇𝜂𝜶 )𝐾 + 2𝜅2

𝑔

𝑁∑︁
𝑗=1

(
2

∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
2 + 4𝐿2

𝒘𝑅 −𝒘∗
2

)
4𝐿

𝒘𝑅 −𝒘∗
2

.

Now it remains to show the convergence of Local SGD last iterate 𝒘𝑅 to optimal solution 𝒘∗
. By convention, we use 𝒘𝑡 = 1

𝑁

∑𝑁
𝑖=1

𝒘𝑡
𝑖
to

denote the virtual average iterates.

Lemma 4 (One iteration analysis of Local SGD). Under the condition of Theorem 1, the following statement holds true for any 𝑡 ∈ [𝑇 ]:

E
𝒘𝑟,𝑡+1 −𝒘∗2 ≤ (1 − 𝜇𝛾)E

𝒘𝑟,𝑡 −𝒘∗2 − (2𝛾 − 4𝛾2𝐿)E
(
𝐹 (𝒘∗) − 𝐹 (𝒘𝑟,𝑡 )

)
+ (𝛾𝐿 + 2𝛾2𝐿2) 1

𝑁

𝑁∑︁
𝑗=1

𝒘𝑟,𝑡
𝑖

−𝒘𝑟,𝑡
2 + 𝛾2

𝛿2

𝑁
.

Proof. According to updating rule in Algorithm A1, we have the following identity:

E
𝒘𝑟,𝑡+1 −𝒘∗2

= E
𝒘𝑟,𝑡 −𝒘∗2 − 2𝛾E

〈
1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑟,𝑡𝑖 ; 𝑧
𝑟,𝑡
𝑖
), 𝒘𝑟,𝑡 −𝒘∗

〉
+ 𝛾2E

 1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑟,𝑡𝑖 )


2

(9)

= E
𝒘𝑡 −𝒘∗2 −2𝛾

〈
1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑟,𝑡𝑖 ), 𝒘𝑟,𝑡 −𝒘∗
〉

︸                                       ︷︷                                       ︸
𝑇1

+𝛾2 E

 1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑟,𝑡𝑖 ; 𝑧
𝑟,𝑡
𝑖
)


2

︸                            ︷︷                            ︸
𝑇2

+𝛾2
𝛿2

𝑁
. (10)

For 𝑇1, since each 𝑓𝑗 is 𝐿 smooth and 𝜇 strongly convex, we have:

−2𝛾

〈
1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑟,𝑡𝑖 ), 𝒘𝑡 −𝒘∗
〉
= −2𝛾

〈
1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑡𝑖 ), 𝒘
𝑡 −𝒘𝑡𝑗 +𝒘

𝑟,𝑡
𝑗

−𝒘∗
〉

≤ −2𝛾

〈
1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑡𝑖 ), 𝒘
𝑟,𝑡 −𝒘𝑟,𝑡

𝑗
+𝒘𝑟,𝑡

𝑗
−𝒘∗

〉
≤ 2𝛾

1

𝑁

𝑁∑︁
𝑗=1

(
𝑓𝑗 (𝒘∗) − 𝑓𝑗 (𝒘𝑟,𝑡 ) −

𝜇

2

𝒘𝑟,𝑡
𝑖

−𝒘∗2 + 𝐿
2

𝒘𝑟,𝑡
𝑖

−𝒘𝑟,𝑡
2

)
.
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Due to Jensen’s inequality we know: − 1

𝑁

∑𝑁
𝑗=1

𝜇
2

𝒘𝑡
𝑖
−𝒘∗2 ≤ − 𝜇

2

𝒘𝑡 −𝒘∗2

. Hence we know:

−2𝛾

〈
1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑟,𝑡𝑖 ), 𝒘𝑟,𝑡 −𝒘∗
〉
≤ 2𝛾

©«𝐹 (𝒘∗) − 𝐹 (𝒘𝑟,𝑡 ) − 𝜇

2

𝒘𝑟,𝑡 −𝒘∗2 + 𝐿
2

1

𝑁

𝑁∑︁
𝑗=1

𝒘𝑟,𝑡
𝑖

−𝒘𝑟,𝑡
2ª®¬ .

For 𝑇2, we have:

E

 1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑟,𝑡𝑖 )


2

= 2E

 1

𝑁

𝑁∑︁
𝑗=1

∇𝑓𝑗 (𝒘𝑟,𝑡𝑖 ) − ∇𝐹 (𝒘𝑟,𝑡 )


2

+ 2E
∇𝐹 (𝒘𝑟,𝑡 )2

≤ 2𝐿2
1

𝑁

𝑁∑︁
𝑗=1

E
𝒘𝑟,𝑡
𝑖

−𝒘𝑟,𝑡
2 + 4𝐿

(
𝐹 (𝒘𝑟,𝑡 ) − 𝐹 (𝒘∗)

)
.

Now, plugging 𝑇1 and 𝑇2 back to (10) yields:

E
𝒘𝑟,𝑡+1 −𝒘∗2 ≤ (1 − 𝜇𝛾)E

𝒘𝑟,𝑡 −𝒘∗2 − (2𝛾 − 4𝛾2𝐿)E
(
𝐹 (𝒘∗) − 𝐹 (𝒘𝑟,𝑡 )

)
+ (𝛾𝐿 + 2𝛾2𝐿2) 1

𝑁

𝑁∑︁
𝑗=1

𝒘𝑟,𝑡
𝑖

−𝒘𝑟,𝑡
2 + 𝛾2

𝛿2

𝑁
.

□

Lemma 5. [25, Lemma 8] For the iterates {𝒘𝑟,𝑡
𝑖

} generated in Algorithm A1, the following statement holds true:

1

𝑁

𝑁∑︁
𝑗=1

𝒘𝑟,𝑡
𝑖

−𝒘𝑟,𝑡
2 ≤ 3𝐾𝛾2𝛿2 + 6𝐾2𝛾2𝜁 2 .

Lemma 6 (Last iterate convergence of Local SGD). Under the conditions of Theorem 1, the following statement holds true for the iterates
in Algorithm A1:

E
𝒘𝑅 −𝒘∗

2

≤ (1 − 𝜇𝛾)𝑅𝐾E
𝒘0 −𝒘∗2 + 1

𝜇𝛾
(𝛾𝐿 + 2𝛾2𝐿2)

(
3𝐾𝛾2𝛿2 + 6𝐾2𝛾2𝜁 2

)
+ 𝛾𝛿

2

𝜇𝑁

Proof. We first unroll the recursion in Lemma 4 from 𝑡 = 𝐾 to 0, within one communication round:

E
𝒘𝑟,𝐾 −𝒘∗

2

= (1 − 𝜇𝛾)𝐾E
𝒘𝑟,0 −𝒘∗2 −

𝐾−1∑︁
𝑡=0

(1 − 𝜇𝛾)𝐾−𝑡 (2𝛾 − 4𝛾2𝐿)E
(
𝐹 (𝒘∗) − 𝐹 (𝒘𝑟,𝑡 )

)
+
𝐾−1∑︁
𝑡=0

(1 − 𝜇𝛾)𝐾−𝑡 (𝛾𝐿 + 2𝛾2𝐿2) 1

𝑁

𝑁∑︁
𝑗=1

𝒘𝑟,𝑡
𝑖

−𝒘𝑟,𝑡
2 +

𝐾−1∑︁
𝑡=0

(1 − 𝜇𝛾)𝐾−𝑡𝛾2
𝛿2

𝑁

Since we choose 𝛾 ≤ 1

2𝐿
, we know

∑𝐾−1

𝑡=0
(1 − 𝜇𝛾)𝐾−𝑡 (2𝛾 − 4𝛾2𝐿)E

(
𝐹 (𝒘∗) − 𝐹 (𝒘𝑟,𝑡 )

)
≥ 0. Plugging in Lemma 5 yields:

E
𝒘𝑅 −𝒘∗

2

= (1 − 𝜇𝛾)𝑅𝐾E
𝒘0 −𝒘∗2 + 1

𝜇𝛾
(𝛾𝐿 + 2𝛾2𝐿2)

(
3𝐾𝛾2𝛿2 + 6𝐾2𝛾2𝜁 2

)
+ 𝛾𝛿

2

𝜇𝑁
,

Plugging in 𝛾 =
log(𝑅𝐾 )
𝜇𝑅𝐾

gives the convergence rate:

E
𝒘𝑅 −𝒘∗

2

≤ �̃�
(
E

𝒘0 −𝒘∗2

𝑅𝐾
+ 𝜅

(
𝛿2

𝜇2𝑅2𝐾
+ 𝜁 2

𝜇2𝑅2

)
+ 𝛿2

𝜇2𝑁𝑅𝐾

)
,

which concludes the proof. □

Equipped with above results, we are now ready to provide the convergence of main theorem.

Proof of Theorem 1. The proof simply follows from Lemma 3:�̂� − 𝜶 ∗2 ≤ 2

�̂� − 𝜶 ∗
𝑔 (𝒘𝑅)

2

+ 2

𝜶 ∗
𝑔 (𝒘𝑅) − 𝜶 ∗

𝑔 (𝒘∗)
2

≤ 2(1 − 𝜇𝜂𝜶 )𝑇𝜶 + 8𝐿𝜅2

𝑔

𝑁∑︁
𝑗=1

(
2

∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
2 + 4𝐿2

𝒘𝑅 −𝒘∗
2

) 𝒘𝑅 −𝒘∗
2

≤ 2(1 − 𝜇𝜂𝜶 )𝑇𝜶 + 8𝐿𝜅2

𝑔

(
2

¯𝜁𝑖 (𝒘∗) + 4𝑁𝐿2

𝒘𝑅 −𝒘∗
2

) 𝒘𝑅 −𝒘∗
2
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Algorithm A2: Shuffling Local SGD (One Client)

Input: Clients 0, ..., 𝑁 − 1, Number of Local Steps 𝐾 , Number of Epoch 𝑅, Mixing parameter �̂�
Epoch for 𝑟 = 0, ..., 𝑅 − 1 do

Server generates permutation 𝜎𝑟 : [𝑁 ] ↦→ [𝑁 ].
Client sets initial model 𝒗𝑟,0 = 𝒗𝑟 .
for 𝑗 = 0, ..., 𝑁 − 1 do

Server sends 𝒗𝑟,𝑗 to Client 𝜎𝑟 ( 𝑗).
𝒗𝑟,𝑗+1 = SGD-Update(𝒗𝑟, 𝑗 , 𝜂, 𝜎𝑟 ( 𝑗), 𝐾, �̂� ).

Client 𝑖 does projection: 𝒗𝑟+1 = PW (𝒗𝑟,𝑁 ).
Output: �̂� = 𝒗𝑅 .
SGD-Update(𝒗,𝜂, 𝑗, 𝐾,𝜶 )

Initialize 𝒗0 = 𝒗
for 𝑡 = 0, ..., 𝐾 − 1 do

𝒗𝑡 = 𝒗𝑡−1 − 𝜂𝛼 ( 𝑗)𝑁∇𝑓𝑗 (𝒗𝑡−1
; 𝜉𝑡−1)

Output 𝒗𝐾

Plugging in the convergence of

𝒘𝑅 −𝒘∗2

from Lemma 6, and the stepsize 𝜂𝜶 = 1

𝐿𝑔
for 𝜶 yields:

E∥𝜶𝑅𝑖 − 𝜶 ∗
𝑖 ∥

2 ≤ �̃�
(
exp(−𝑇𝜶

𝜅𝑔
) + 𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝐿2

(
𝐷2

𝑅𝐾
+ 𝜅

(
𝛿2

𝜇2𝑅2𝐾
+ 𝜁 2

𝜇2𝑅2

)
+ 𝛿2

𝜇2𝑁𝑅𝐾

))
.

□

A.3 Proof of Convergence of Shuffling Local SGD
In this section, we are going to prove the convergence of proposed shuffled variant of Local SGD (Theorem 2). The whole proof framework

follows the analysis of vanilla shuffling SGD, but notice that there are two differences. First, in vanilla shuffling SGD, in each epoch, algorithm

only updates on each component function 𝑓𝑗 once, while here we have to take 𝐾 steps of SGD update on each component function. Second,

we are considering a weighted sum objective in contrary to averaged objective in [4], which means we need to rescale the objective when

we apply without-replacement concentration inequality. Even though our algorithm solves models for 𝑁 clients, for the sake of simplicity,

throughout the proof we only show the convergence of one client’s model. The algorithm from one client point of view is described in

Algorithm A2, where we drop the client index for notational convenience.

Proposition 1. Assume a sequence {𝒘𝑡 }𝐾
𝑡=1

is obtained by

𝒘𝑡 = 𝒘𝑡−1 − 𝜂𝛼𝑁∇𝑓 (𝒘𝑡−1
; 𝜉𝑡−1), 𝑡 = 1, . . . , 𝐾,

then we have

𝒘𝑡+1 = 𝒘0 −
(
𝑡∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝑡

(I − 𝛼𝑁𝜂H𝑡 ′ )
)
𝜂𝛼𝑁∇𝑓 (𝒘0) −

𝑡∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝑡

(I − 𝛼𝑁𝜂H𝑡 ′ ) 𝜂𝛼𝑁𝜹𝑡 , ∀0 ≤ 𝑡 ≤ 𝐾 − 1,

where 𝜹𝑡 := ∇𝑓 (𝒘𝑡 ; 𝜉𝑡 ) − ∇𝑓 (𝒘𝑡 ), and by convention, we define
∏𝑏
𝑗=𝑎 𝑨𝑗 = I if 𝑎 < 𝑏.

Proof. According to updating rule, we have:

𝒘𝑡+1 −𝒘0 = 𝒘𝑡 −𝒘0 − 𝜂𝛼𝑁∇𝑓 (𝒘𝑡 ; 𝜉𝑡 )
= 𝒘𝑡 −𝒘0 − 𝜂𝛼𝑁∇𝑓 (𝒘𝑡 ) − 𝜂𝛼𝑁𝜹𝑡

= 𝒘𝑡 −𝒘0 − 𝜂𝛼𝑁∇𝑓 (𝒘0) − 𝜂𝛼𝑁 (∇𝑓 (𝒘𝑡 ) − ∇𝑓 (𝒘0)) − 𝜂𝛼𝑁𝜹𝑡 .

Since 𝑓 is 𝐿 smooth, and according to Mean Value Theorem, there is a matrix H𝑡 satisfying 𝜇I ⪯ H𝑡 ⪯ 𝐿I, such that ∇𝑓 (𝒘𝑡 ) − ∇𝑓 (𝒘0) =
H𝑡 (𝒘𝑡 −𝒘0). Hence we have:

𝒘𝑡+1 −𝒘0 = (I − 𝜂𝛼𝑁H𝑡 ) (𝒘𝑡 −𝒘0) − 𝜂𝛼𝑁∇𝑓 (𝒘0) − 𝜂𝛼𝑁𝜹𝑡 .

Unrolling the recursion from 𝑡 to 0 will conclude the proof. □

The following lemma establishes the updating rule of models between epochs 𝑟 and 𝑟 + 1. For notational convenience, whenever there is

no confusion, we drop the superscript 𝑟 in 𝜎𝑟 .
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Lemma 7 (One epoch updating rule). Let 𝒗𝑟 and 𝒗𝑟+1 be two iterates generated by Shuffling Local SGD (Algorithm A2), then the following
updating rule holds:

𝒗𝑟+1 = 𝒗𝑟 −
𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ ) (𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) − 𝜹 𝑗 ),

where

𝑸 𝑗 :=

(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 ( 𝑗))𝑁H𝑡 ′ )
)
𝜂𝛼 (𝜎 ( 𝑗))𝑁,

𝜹 𝑗 :=

𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝑡

(I − 𝛼 (𝜎 ( 𝑗))𝑁𝜂H𝑡 ′ ) 𝜂𝛼 (𝜎 ( 𝑗))𝑁𝜹𝑡
𝜎 ( 𝑗 ) ,

by convention, we define
∏𝑏
𝑗=𝑎 𝑨𝑗 = I if 𝑎 < 𝑏.

Proof. According to Proposition 1, we have

𝒗𝑟, 𝑗+1 = 𝒗𝑟,𝑗 −
(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝑡

(I − 𝛼 (𝜎 ( 𝑗))𝑁𝜂H𝑡 ′ )
)
𝜂𝛼 (𝜎 ( 𝑗))𝑁∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟, 𝑗 )

−
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝑡

(I − 𝛼 (𝜎 ( 𝑗))𝑁𝜂H𝑡 ′ ) 𝜂𝛼 (𝜎 ( 𝑗))𝑁𝜹𝑡
𝜎 ( 𝑗 ) .

Plugging our definition of 𝑸 𝑗 and 𝜹 𝑗 yields:

𝒗𝑟,𝑗+1 − 𝒗𝑟 = 𝒗𝑟, 𝑗 − 𝒗𝑟 − 𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟, 𝑗 ) − 𝜹 𝑗 .

Following the same reasoning in the proof of Proposition 1 will conclude the proof. □

Lemma 8 (Summation by parts). Let 𝑨𝑗 and B𝑗 be complex valued matrices. Then the following fact holds:

𝑁∑︁
𝑗=1

𝑨𝑗B𝑗 = 𝑨𝑁

𝑁∑︁
𝑗=1

B𝑗 −
𝑁−1∑︁
𝑛=1

(𝑨𝑛+1 −𝑨𝑛)
𝑛∑︁
𝑗=1

B𝑗 .

Proposition 2 (Spectral bound of polynomial expansion). Given a collection of matrices {𝑨𝑡 } and {B𝑡 }, such that 𝑨𝑡 ⪯ 𝐿I and
B𝑡 ⪯ 𝐿I, the following bound hold: ℎ∏

𝑡=𝑙

(I − 𝑎𝑨𝑡 ) − I

 ≤
ℎ−𝑙∑︁
𝑚=1

(
𝑒 (ℎ − 𝑙)
𝑚

)𝑚
(𝑎𝐿)𝑚, ℎ∏

𝑡=𝑙

(I − 𝑎𝑨𝑡 ) −
ℎ∏
𝑡=𝑙

(I − 𝑏B𝑡 )
 ≤

ℎ−𝑙∑︁
𝑚=1

(
𝑒 (ℎ − 𝑙)
𝑚

)𝑚
(𝑎𝐿)𝑚 +

ℎ−𝑙∑︁
𝑚=1

(
𝑒 (ℎ − 𝑙)
𝑚

)𝑚
(𝑏𝐿)𝑚 .

Proof. We start with proving the first statement. Expanding the product yields:

ℎ∏
𝑡=𝑙

(I − 𝑎𝑨𝑡 ) = I +
ℎ−𝑙∑︁
𝑚=1

(−1)𝑚𝑎𝑚
∑︁

|𝑆 |=𝑚, |𝑆 | ⊆{𝑙,...,ℎ}

∏
𝑚′∈𝑆

𝑨𝑚′ .

Hence we have:  ℎ∏
𝑡=𝑙

(I − 𝑎𝑨𝑡 ) − I

 =
ℎ−𝑙∑︁
𝑚=1

(−1)𝑚𝑎𝑚
∑︁

|𝑆 |=𝑚, |𝑆 | ⊆{𝑙,...,ℎ}

∏
𝑚′∈𝑆

𝑨𝑚′

 ≤
ℎ−𝑙∑︁
𝑚=1

(
ℎ − 𝑙
𝑚

)
(𝑎𝐿)𝑚

According to the upper bound for binomial coefficients:

(ℎ−𝑙
𝑚

)
≤

(
𝑒 (ℎ−𝑙 )
𝑚

)𝑚
, we have:

ℎ−𝑙∑︁
𝑚=1

(
ℎ − 𝑙
𝑚

)
(𝑎𝐿)𝑚 ≤

ℎ−𝑙∑︁
𝑚=1

(
𝑒 (ℎ − 𝑙)
𝑚

)𝑚
(𝑎𝐿)𝑚 .
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Then we switch to the second one. Using the same expanding product yields: ℎ∏
𝑡=𝑙

(I − 𝑎𝑨𝑡 ) −
ℎ∏
𝑡=𝑙

(I − 𝑏B𝑡 )


=

ℎ−𝑙∑︁
𝑚=1

(−1)𝑚𝑎𝑚
∑︁

|𝑆 |=𝑚, |𝑆 | ⊆{𝑙,...,ℎ}

∏
𝑚′∈𝑆

𝑨𝑚′ −
ℎ−𝑙∑︁
𝑚=1

(−1)𝑚𝑏𝑚
∑︁

|𝑆 |=𝑚, |𝑆 | ⊆{𝑙,...,ℎ}

∏
𝑚′∈𝑆

B𝑚′


≤
ℎ−𝑙∑︁
𝑚=1

(
ℎ − 𝑙
𝑚

)
(𝑎𝐿)𝑚 +

ℎ−𝑙∑︁
𝑚=1

(
ℎ − 𝑙
𝑚

)
(𝑏𝐿)𝑚

≤
ℎ−𝑙∑︁
𝑚=1

(
𝑒 (ℎ − 𝑙)
𝑚

)𝑚
(𝑎𝐿)𝑚 +

ℎ−𝑙∑︁
𝑚=1

(
𝑒 (ℎ − 𝑙)
𝑚

)𝑚
(𝑏𝐿)𝑚 .

□

The following concentration result is the key to bound variance during shuffling updating. The original result holds for average of

gradients, and we will later on generalize it to an arbitrary weighted sum of gradients.

Lemma 9 ([20, Theorem 2]). Suppose 𝑛 ≥ 2. Let 𝒈
1
,𝒈

2
, . . . ,𝒈𝑛 ∈ R𝑑 satisfy

𝒈 𝑗  ≤ 𝐺 for all 𝑗 . Let �̄� = 1

𝑛

∑𝑛
𝑗=1

𝒈 𝑗 . Let 𝜎 ∈ 𝑺𝑛 be a uniform
random permutation of 𝑛 elements. Then, for 𝑖 ≤ 𝑛, with probability at least 1 − 𝑝 , we have1

𝑖

𝑖∑︁
𝑗=1

𝒈𝜎 ( 𝑗 ) − �̄�

 ≤ 𝐺

√︄
8(1 − 𝑖−1

𝑛 ) log
2

𝑝

𝑖
.

Lemma 10 (Concentration of partial sum of gradients). Given a uniformly randomly generated permutation 𝜎 , and simplex vector 𝜶 ,
if we assume each sup𝒗∈W ∥∇𝑓𝑗 (𝒗)∥ ≤ 𝐺 , then the following statement holds true: 𝑛∑︁

𝑗=0

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

 ≤ 𝐺
√︁

8𝑛 log(1/𝑝) + 𝑛

𝑁

 ∇Φ(�̂� , 𝒗𝑟 ) .
Proof. The proof works by re-writing weighted sum of vectors to average of the these vectors: 𝑛∑︁

𝑗=0

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

 = 1

𝑁

 𝑛∑︁
𝑗=0

𝛼 (𝜎 ( 𝑗))𝑁∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


=

1

𝑁

©«
 𝑛∑︁
𝑗=0

𝛼 (𝜎 ( 𝑗))𝑁∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) − 𝑛∇Φ(�̂� , 𝒗𝑟 )

 + 𝑛  ∇Φ(�̂� , 𝒗𝑟 )ª®¬
≤ 𝐺

√︁
8𝑛 log(1/𝑝) + 𝑛

𝑁

 ∇Φ(�̂� , 𝒗𝑟 ) .
□

Proposition 3 (Spectral norm bound of 𝑸). Let 𝑸 𝑗 be defined in (11). Then the following bound for the spectral norm of 𝑸 𝑗 holds true for
all 𝑗 ∈ [𝑁 ]: 𝑸 𝑗  ≤ 𝜂𝛼 (𝜎 ( 𝑗))𝑁𝐾 (1 + 𝜂𝑁𝐿)𝐾

Proof. The proof can be completed by writing down the definitin of 𝑸 𝑗 and applying Cauchy-Schwartz inequality:𝑸 𝑗  = 
(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(
I − 𝜂𝛼 (𝜎 ( 𝑗))𝑁 ′H𝑡 ′

))
𝜂𝛼 (𝜎 ( 𝑗))𝑁


≤ 𝜂𝛼 (𝜎 ( 𝑗))𝑁

𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 ( 𝑗))𝑁 ′H𝑡 ′
)

≤ 𝜂𝛼 (𝜎 ( 𝑗))𝑁
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(1 + 𝜂𝛼 (𝜎 ( 𝑗))𝑁 ′𝐿)

≤ 𝜂𝛼 (𝜎 ( 𝑗))𝑁𝐾 (1 + 𝜂𝑁𝐿)𝐾 .
12
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The last step is due to 𝜂𝑁𝐿 ≤ 1

𝐾
.

□

The following lemma establishes the bound regarding cumulative update between two epochs, namely, 𝒗𝑟+1 − 𝒗𝑟 . In particular, Lemma 11

below shows that: (a) in shuffling Local SGD, our update from 𝒗𝑟 to 𝒗𝑟+1
approximates performing 𝑁𝐾 times of gradient descent with

𝛼 ( 𝑗)𝑁∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ), namely, the bias is controlled, and (b) the update itself is bounded, and can be related to the norm of full gradient.

Lemma 11. During the dynamic of Algorithm A2, the following statements hold true with probability at least 1 − 𝑝 :
(a)  𝑁∑︁𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) − 𝜂𝑁𝐾
𝑁∑︁
𝑗=1

𝛼 ( 𝑗)∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

≤ 10𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2 ∇Φ(�̂� , 𝒗𝑟 )2

+ 128𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

𝐺2
log(1/𝑝).

(b) for any 𝑁 ′ such that 0 ≤ 𝑁 ′ < 𝑁𝑁
′−1∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

 ≤ 3𝑒𝜂𝑁𝐾

(∇Φ(�̂� , 𝒗𝑟 ) +𝐺√︁
8𝑁 log(1/𝑝)

)
,

where

𝑸 𝑗 :=

(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(
I − 𝜂𝛼 (𝜎 ( 𝑗))𝑁 ′H𝑡 ′

))
𝜂𝛼 (𝜎 ( 𝑗))𝑁 . (11)

Proof. We start with proving statement (a). Let 𝑨𝑗 =
𝑸 𝑗

𝛼 (𝜎 ( 𝑗 ) ) and B𝑗 = 𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ), applying the identity of summation by parts

yields:

𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) =
𝑸𝑁−1

𝛼 (𝜎 (𝑁 − 1))

𝑁∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁−1∑︁
𝑛=1

(
𝑸𝑛+1

𝛼 (𝜎 (𝑛 + 1)) −
𝑸𝑛

𝛼 (𝜎 (𝑛))

) 𝑛∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

 𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗 ) − 𝜂𝑁𝐾
𝑁∑︁
𝑗=1

𝛼 ( 𝑗 )∇𝑓𝑗 (𝒗 )
2

≤ 2

( 𝑸𝑁 −1

𝛼 (𝜎 (𝑁 − 1) ) − 𝜂𝑁𝐾 I
) 𝑁∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗 ) )∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )
2

︸                                                                    ︷︷                                                                    ︸
𝑇1

+2

𝑁 −1∑︁
𝑛=1

(
𝑸𝑛+1

𝛼 (𝜎 (𝑛 + 1) ) −
𝑸𝑛

𝛼 (𝜎 (𝑛) )

) 𝑛∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗 ) )∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )
2

︸                                                                              ︷︷                                                                              ︸
𝑇2

.

According to Proposition 2, we have: 𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 ( 𝑗))𝑁H𝑡 ′ ) − I

 ≤
𝐾−2−𝜏∑︁
𝑚=1

(
𝑒 (𝐾 − 2 − 𝜏)

𝑚
𝜂𝛼 (𝜎 ( 𝑗))𝑁𝐿

)𝑚
.

Since we choose 𝜂 ≤ 1

4𝑁𝐾𝑅𝐿
, we have: 𝜏+1∏

𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 ( 𝑗))𝑁H𝑡 ′ ) − I

 ≤
𝐾−2−𝜏∑︁
𝑚=1

( 𝑒

4𝑅𝑚

)𝑚
≤ 𝑒

4𝑅 − 𝑒 , (12)

13
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where we use the fact that

∑𝐾−2−𝜏
𝑚=1

(
𝑒

4𝑅𝑚

)𝑚 ≤ ∑𝐾−2−𝜏
𝑚=1

(
𝑒

4𝑅

)𝑚 ≤ 𝑒
4𝑅

1

1−𝑒/4𝑅
. Hence we know:

𝑇1 ≤
( 𝑸𝑁−1

𝛼 (𝜎 (𝑁 − 1)) − 𝜂𝑁𝐾I
)2

 𝑁∑︁𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

≤

(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 (𝑁 − 1))𝑁H𝑡 ′ )
)
𝜂𝑁 − 𝜂𝑁𝐾I

2

 𝑁∑︁𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

≤ 𝜂2𝑁 2𝐾

𝐾−1∑︁
𝜏=0

 𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 (𝑁 − 1))𝑁H𝑡 ′ ) − I

2

 𝑁∑︁𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

≤ 𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

 𝑁∑︁𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

.

Thus we have:

𝑇1 ≤ 𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2 ∇Φ(�̂� , 𝒗𝑟 )2

.

For 𝑇2, we first examine the bound of
𝑸𝑛+1

𝛼 (𝜎 (𝑛+1) ) −
𝑸𝑛

𝛼 (𝜎 (𝑛) ) : 𝑸𝑛+1

𝛼 (𝜎 (𝑛 + 1) ) −
𝑸𝑛

𝛼 (𝜎 (𝑛) )

 = 
(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 (𝑛 + 1) )𝑁H𝑡 ′ )
)
𝜂𝑁 −

(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 (𝑛) )𝑁H𝑡 ′ )
)
𝜂𝑁


= 𝜂𝑁


(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 (𝑛 + 1) )𝑁H𝑡 ′ )
)
−

(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 (𝑛) )𝑁H𝑡 ′ )
)

= 𝜂𝑁


(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 (𝑛 + 1) )𝑁H𝑡 ′ )
)
−

(
𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝐾−1

(I − 𝜂𝛼 (𝜎 (𝑛) )𝑁H𝑡 ′ )
)

≤ 𝜂𝑁
𝐾−1∑︁
𝜏=0

(
𝐾−2−𝜏∑︁
𝑚=1

(
𝑒 (𝐾 − 2 − 𝜏 )

𝑚
𝜂𝛼 (𝜎 (𝑛) )𝑁𝐿

)𝑚
+
𝐾−2−𝜏∑︁
𝑚=1

(
𝑒 (𝐾 − 2 − 𝜏 )

𝑚
𝜂𝛼 (𝜎 (𝑛 + 1) )𝑁𝐿

)𝑚)
.

where we evoke Proposition 2 at last step. Given that 𝜂 ≤ 1

4𝑁𝐾𝑅𝐿
we have: 𝑸𝑛+1

𝛼 (𝜎 (𝑛 + 1)) −
𝑸𝑛

𝛼 (𝜎 (𝑛))

 ≤ 𝜂𝑁
𝐾−1∑︁
𝜏=0

(
𝐾−2−𝜏∑︁
𝑚=1

( 𝑒

4𝑅𝑚
𝛼 (𝜎 (𝑛))

)𝑚
+
𝐾−2−𝜏∑︁
𝑚=1

( 𝑒

4𝑅𝑚
𝛼 (𝜎 (𝑛 + 1))𝐿

)𝑚)
≤ 𝜂𝑁𝐾

(
𝛼 (𝜎 (𝑛))𝑒

4𝑅 − 𝑒 + 𝛼 (𝜎 (𝑛 + 1))𝑒
4𝑅 − 𝑒

)
.

where we use the reasoining in (12). Hence for

√
𝑇2:√︁

𝑇2 ≤ 𝜂𝑁𝐾
𝑁−1∑︁
𝑛=1

(
𝛼 (𝜎 (𝑛))𝑒

4𝑅 − 𝑒 + 𝛼 (𝜎 (𝑛 + 1))𝑒
4𝑅 − 𝑒

)  𝑛∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


≤ 𝜂𝑁𝐾 𝑒

4𝑅 − 𝑒

𝑁−1∑︁
𝑛=1

(𝛼 (𝜎 (𝑛)) + 𝛼 (𝜎 (𝑛 + 1)))
(
𝐺
√︁

8𝑛 log(1/𝑝) + 𝑛

𝑁

 ∇Φ(�̂� , 𝒗𝑟 ))
≤ 𝜂𝑁𝐾 2𝑒

4𝑅 − 𝑒

(
𝐺
√︁

8𝑁 log(1/𝑝) +
∇Φ(�̂� , 𝒗𝑟 )) .

where at last step we evoke Lemma 10. So we can conclude 𝑇2 ≤ 2𝜂2𝑁 2𝐾2

(
2𝑒

4𝑅−𝑒

)
2
(
𝐺2

8𝑁 log(1/𝑝) + ∥∇Φ(�̂� , 𝒗𝑟 )∥2

)
. Putting the bounds

of 𝑇1 and 𝑇2 together will conclude the proof for (a).

Now we switch to proving (b). Once again by the summation of parts identity we have:

𝑁 ′∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) =
𝑸𝑁 ′

𝛼 (𝜎 (𝑁 ′ ) )

𝑁 ′∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗 ) )∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁 ′−1∑︁
𝑛=1

(
𝑸𝑛+1

𝛼 (𝜎 (𝑛 + 1) ) −
𝑸𝑛

𝛼 (𝜎 (𝑛) )

) 𝑛∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗 ) )∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) .
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Taking the norm of both side yields: 𝑁
′∑︁

𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

 =
 𝑸𝑁 ′

𝛼 (𝜎 (𝑁 ′))

𝑁 ′∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

︸                                          ︷︷                                          ︸
𝐵

+

𝑁
′−1∑︁
𝑛=1

(
𝑸𝑛+1

𝛼 (𝜎 (𝑛 + 1)) −
𝑸𝑛

𝛼 (𝜎 (𝑛))

) 𝑛∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

︸                                                                       ︷︷                                                                       ︸
𝐶

.

Plugging our developed bound for

𝑸𝑁 ′

and

∑𝑁 ′−1

𝑛=1

(
𝑸𝑛+1

𝛼 (𝜎 (𝑛+1) ) −
𝑸𝑛

𝛼 (𝜎 (𝑛) )

) yields:
𝐵 ≤

 𝑸𝑁 ′

𝛼 (𝜎 (𝑁 ′))


 𝑁

′∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


≤ 𝜂𝑁𝐾 (1 + 𝜂𝑁𝐿)𝐾

(
𝐺
√︁

8𝑁 ′
log(1/𝑝) + 𝑁 ′

𝑁

∇Φ(�̂� , 𝒗𝑟 )) .
where at last step we evoke Lemma 10. And for C, we use the similar reasoning:

𝐶 ≤
𝑁 ′−1∑︁
𝑛=1

( 𝑸𝑛+1

𝛼 (𝜎 (𝑛 + 1)) −
𝑸𝑛

𝛼 (𝜎 (𝑛))

)
 𝑛∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


≤
𝑁 ′−1∑︁
𝑛=1

𝜂𝑁𝐾
𝑒

4𝑅 − 𝑒 (𝛼 (𝜎 (𝑛 + 1)) + 𝛼 (𝜎 (𝑛)))
(
𝐺
√︁

8𝑛 log(1/𝑝) + 𝑛

𝑁

∇Φ(�̂� , 𝒗𝑟 ))
≤ 2𝜂𝑁𝐾

𝑒

4𝑅 − 𝑒

(
𝐺
√︁

8𝑁 log(1/𝑝) +
∇Φ(�̂� , 𝒗𝑟 )) .

Putting these pieces together yields:  𝑁
′∑︁

𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

 ≤ 3𝑒𝜂𝑁𝐾

(∇Φ(�̂� , 𝒗𝑟 ) +𝐺√︁
8𝑁 log(1/𝑝)

)
.

□

Lemma 12. During the dynamic of Algorithm A2, the following statements hold true with probability at least 1 − 𝑝 :𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

≤ 18𝑒6𝜂4𝑁 4𝐾4𝐿4

(∇Φ(�̂� , 𝒗𝑟 )2 + 8𝐺2𝑁 log(1/𝑝)
)

Proof. We first apply Cauchy-Schwartz inequality:𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


≤
𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬
 𝑸𝑛+1

H𝑛+1

  𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


≤

(
1 + 𝜂𝑁𝐾 + 𝜂2𝑁 2𝐾𝐿

)
2𝑁
𝜂𝑁𝐿𝐾 (1 + 𝜂𝑁𝐿)𝐾𝐿

𝑁−1∑︁
𝑛=1

𝛼 (𝜎 (𝑛 + 1))

 𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


≤𝑒2𝜂𝑁𝐾𝐿2

𝑁−1∑︁
𝑛=1

𝛼 (𝜎 (𝑛 + 1))

 𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

 .
15



1741

1742

1743

1744

1745

1746

1747

1748

1749

1750

1751

1752

1753

1754

1755

1756

1757

1758

1759

1760

1761

1762

1763

1764

1765

1766

1767

1768

1769

1770

1771

1772

1773

1774

1775

1776

1777

1778

1779

1780

1781

1782

1783

1784

1785

1786

1787

1788

1789

1790

1791

1792

1793

1794

1795

1796

1797

1798

Conference acronym ’XX, June 03–05, 2018, Woodstock, NY Anon.

1799
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We proceed by applying the bound from Lemma 11 (b): 𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

 ≤ 3𝑒𝜂𝑁𝐾

(∇Φ(�̂� , 𝒗𝑟 ) +𝐺√︁
8𝑁 log(1/𝑝)

)
.

Therefore, it follows that: 𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


≤ 𝑒2𝜂𝑁𝐾𝐿2

𝑁−1∑︁
𝑛=1

𝛼 (𝜎 (𝑛 + 1)) · 3𝑒𝜂𝑁𝐾

(∇Φ(�̂� , 𝒗𝑟 ) +𝐺√︁
8𝑁 log(1/𝑝)

)
≤ 3𝑒3𝜂2𝑁 2𝐾2𝐿2

(∇Φ(�̂� , 𝒗𝑟 ) +𝐺√︁
8𝑁 log(1/𝑝)

)
□

Lemma 13 (Noise bound). During the dynamic of Algorithm A2, the following statement for gradient noises holds true with probability at
least 1 − 𝑝 :

E

 𝑁∑︁𝑗=1

𝑗+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )𝜹 𝑗

 ≤ 𝜂𝑁𝐾𝑒2𝛿,

where

𝜹 𝑗 :=

𝐾−1∑︁
𝜏=0

𝜏+1∏
𝑡 ′=𝑡

(I − 𝛼 (𝜎 ( 𝑗))𝑁𝜂H𝑡 ′ ) 𝜂𝛼 (𝜎 ( 𝑗))𝑁𝜹𝑡
𝜎 ( 𝑗 ) .

Proof. According to triangle and Cauchy-Schwartz inequalities we have: 𝑁∑︁𝑗=1

𝑗+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )𝜹 𝑗

 ≤
𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
 𝜹 𝑗 

≤
𝑁∑︁
𝑗=1

(
1 + (𝜂𝛼 (𝜎 ( 𝑗))𝑁𝐾 (1 + 𝜂𝑁𝐿)𝐾 )𝐿

)𝑁 𝜹 𝑗 
≤

𝑁∑︁
𝑗=1

(
1 + (𝜂𝛼 (𝜎 ( 𝑗))𝑁𝐾 (1 + 𝜂𝑁𝐿)𝐾 )𝐿

)𝑁︸                                          ︷︷                                          ︸
≤𝑒

·𝜂𝛼 (𝜎 ( 𝑗))𝑁𝐾 (1 + 𝜂𝑁𝐿)𝐾︸        ︷︷        ︸
≤𝑒

𝛿

≤ 𝜂𝑁𝐾𝑒2𝛿.

□

A.4 Proof of Theorem 2
Proof. For notational convenience, let us define

𝒈𝑟 :=

𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ),

𝜹𝑟 :=

𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )𝜹 𝑗 .

Then we recall the updating rule of 𝒗 (Lemma 7):

𝒗𝑟+1 = PW
(
𝒗𝑟 − 𝒈𝑟 − 𝜹𝑟

)
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Hence we have:

E
𝒗𝑟+1 − 𝒗∗ (�̂� )

2

= E
PW

(
𝒗𝑟 − 𝒈𝑟 − 𝜹𝑟 − 𝒗∗ (�̂� )

)2

≤ E
𝒗𝑟 − 𝒈𝑟 − 𝜹𝑟 − 𝒗∗ (�̂� )

2

≤ E
𝒗𝑟 − 𝒗∗ (�̂� )

2 − 2E⟨𝒈𝑟 , 𝒗𝑟 − 𝒗∗ (�̂� )⟩ + E
𝒈𝑟 2 + E

𝜹𝑟 2

≤ E
𝒗𝑟 − 𝒗∗ (�̂� )

2 − 2E⟨𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 ), 𝒗𝑟 − 𝒗∗ (�̂� )⟩ − 2E⟨𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 ), 𝒗𝑟 − 𝒗∗ (�̂� )⟩

+ E
𝒈𝑟 2 + E

𝜹𝑟 2

.

Now, applying strongly convexity of Φ(�̂� , ·) and Cauchy-Schwartz inequality yields:

E
𝒗𝑟+1 − 𝒗∗ (�̂� )

2 ≤ (1 − 𝜇𝜂𝑁𝐾)E
𝒗𝑟 − 𝒗∗ (�̂� )

2 − 𝜂𝑁𝐾E[Φ(�̂� , 𝒗𝑟 ) − Φ(�̂� , 𝒗∗ (�̂� ))]

+ 1

2

(
1

𝜇𝜂𝑁𝐾
E∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 )∥2 + 𝜇𝜂𝑁𝐾E∥𝒗𝑟 − 𝒗∗ (�̂� )∥2

)
+ E

𝒈𝑟 2 + E
𝜹𝑟 2

≤ (1 − 1

2

𝜇𝜂𝑁𝐾)E
𝒗𝑟 − 𝒗∗ (�̂� )

2 − 𝜂𝑁𝐾E[Φ(�̂� , 𝒗𝑟 ) − Φ(�̂� , 𝒗∗ (�̂� ))]

+ 1

2𝜇𝜂𝑁𝐾
E∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 )∥2

+ 2E
𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 )2 + 2E

𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 )2 + E
𝜹𝑟 2

.

Since Φ(�̂� , ·) is 𝐿 smooth, we have: E ∥∇Φ(�̂� , 𝒗𝑟 )∥2 ≤ 2𝐿E[Φ(�̂� , 𝒗𝑟 ) − Φ(�̂� , 𝒗∗ (�̂� ))]. Therefore, we have:

E
𝒗𝑟+1 − 𝒗∗ (�̂� )

2 ≤ (1 − 1

2

𝜇𝜂𝑁𝐾)E
𝒗𝑟 − 𝒗∗ (�̂� )

2 − (𝜂𝑁𝐾 − 4𝜂2𝑁 2𝐾2𝐿)E[Φ(�̂� , 𝒗𝑟 ) − Φ(�̂� , 𝒗∗ (�̂� ))] (13)

+
(

1

2𝜇𝜂𝑁𝐾
+ 2

)
E∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 )∥2 + E

𝜹𝑟 2

(14)

Now, we examine the term ∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 )∥2
. First according to summation by part (Lemma 8) by letting 𝑨𝑗 :=

∏𝑗+1

𝑗 ′=𝑁 (I − 𝑸 𝑗 ′H𝑗 ′ )
and B𝑗 = 𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ), we have:

𝒈𝑟 =
𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

=

𝑁∑︁
𝑗=1

𝑨𝑗B𝑗 =
𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ ) −
𝑛+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬
𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

=

𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) .

Hence we have:

∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 ) ∥2

=

𝜂𝑁𝐾 𝑁∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗 ) )∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
©«
𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁 −1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )
ª®¬


2

(1)
= 2


(
𝜂𝑁𝐾

𝑁∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗 ) )∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )
)2

+ 2

𝑁 −1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

(2)
≤

(
20𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

+ 36𝑒6𝜂4𝑁 4𝐾4𝐿4

)
∥∇Φ(�̂� , 𝒗𝑟 ) ∥2 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

𝐺2
log(1/𝑝 )

+ 244𝑒6𝜂4𝑁 4𝐾4𝐿4𝐺2𝑁 log(1/𝑝 )
(3)
≤

(
20𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

+ 36𝑒6𝜂4𝑁 4𝐾4𝐿4

)
2𝐿

(
Φ(�̂� , 𝒗𝑟 ) − Φ(�̂� , 𝒗∗ (�̂� ) )

)
+

(
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝 ),

17
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where in (1) we apply Jensen’s inequality, in (2) we plug in Lemma 11 (a), and Lemma 12, and in (3) we use the 𝐿-smoothness of Φ. Plugging
above bound back in (19) yields:

E
𝒗𝑟+1 − 𝒗∗ (�̂� )

2

≤ (1 − 1

2

𝜇𝜂𝑁𝐾 )E
𝒗𝑟 − 𝒗∗ (�̂� )

2 + 𝜂2𝑁 2𝐾2𝑒4𝛿2

−
(
𝜂𝑁𝐾 − 4𝜂2𝑁 2𝐾2𝐿 −

(
1

2𝜇𝜂𝑁𝐾
+ 2

) (
20𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

− 36𝑒6𝜂4𝑁 4𝐾4𝐿4

))
︸                                                                                                           ︷︷                                                                                                           ︸

𝑇1

E[Φ(�̂� , 𝒗𝑟 ) − Φ(�̂� , 𝒗∗ (�̂� ) ) ]

+
(

1

2𝜇𝜂𝑁𝐾
+ 2

) (
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝 ) .

Since we choose 𝜂 =
4 log(

√
𝑁𝐾𝑅)

𝜇𝑁𝐾𝑅
, and large enough epoch number:

𝑅 ≥ max

{(
40

𝜇
+ 1

)
𝑒, 16 log(

√
𝑁𝐾𝑅), 64𝜅 log(

√
𝑁𝐾𝑅)

}
,

we know that 𝑇1 ≤ 0. We thus have:

E
𝒗𝑟+1 − 𝒗∗ (�̂� )

2

≤ (1 − 1

2

𝜇𝜂𝑁𝐾)E
𝒗𝑟 − 𝒗∗ (�̂� )

2 + 𝜂2𝑁 2𝐾2𝑒4𝛿2 +
(

1

2𝜇𝜂𝑁𝐾
+ 2

) (
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝)

Unrolling the recursion from 𝑟 = 𝑅 to 0:

E
𝒗𝑅 − 𝒗∗ (�̂� )

2

≤ (1 − 1

2

𝜇𝜂𝑁𝐾)𝑅E
𝒗0 − 𝒗∗ (�̂� )

2 + 2

𝜇
𝜂𝑁𝐾𝑒4𝛿2

+ 1

𝜇

(
1

2𝜇𝜂𝑁𝐾
+ 2

) (
488𝑒6𝜂3𝑁 3𝐾3𝐿4 + 512𝜂𝑁 2𝐾

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝)

Plugging in our choice of 𝜂 will conclude the proof:

E
𝒗𝑅 − 𝒗∗ (�̂� )

2

≤ �̃�
(
E

𝒗0 − 𝒗∗ (�̂� )
2

𝑁𝐾𝑅2
+ 𝛿2

𝜇2𝑅
+

(
𝐿4 + 𝑁
𝜇4𝑅2

)
𝐺2𝑁 log(1/𝑝)

)
Finally, according to Lemma 2 we can complete the proof:

Φ(𝜶 ∗
𝑖 , �̂�𝑖 ) − Φ(𝜶 ∗

𝑖 , 𝒗
∗
𝑖 ) ≤ 𝐿

�̂�𝑖 − �̂�∗𝑖
2 + 𝜅2𝐿∥�̂� 𝑖 − 𝜶 ∗∥2

≤ �̃�
(
𝐿𝐷2

𝑁𝐾𝑅2
+ 𝐿𝛿2

𝜇2𝑅
+

(
𝐿4 + 𝑁
𝜇4𝑅2

)
𝐿𝐺2𝑁 log(1/𝑝)

)
+ �̃�

(
exp

(
−𝑇𝜶
𝜅𝑔

)
+ 𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝐿2

(
𝐷2

𝑅𝐾
+ 𝜅𝜁 2

𝜇2𝑅2
+ 𝛿2

𝜇2𝑁𝑅𝐾

))
,

where we plug in the convergence result from Theorem 1 at last step. □

B PROOF OF CONVERGENCE OF SINGLE LOOP ALGORITHM
In this section, we turn to presenting the proof of single loop PERM algorithm (Algorithm 2) where the learning of mixing parameters and

personalized models are coupled. Compared to Algorithm A2, here during the optimization of model, the mixing parameters are also being

updated. As a result, we need to decouple the two updates which makes the analysis more involved. We begin with some technical lemmas

that support the proof of main result.

B.1 Technical Lemmas
Proposition 4 (Basic Properties of SGD on Smooth Strongly Convex Function). Let𝒘𝑡 to be the 𝑡 th iterate of minibatch SGD on

smooth and strongly convex function 𝐹 , with minibatch size𝑀 and learning rate 𝛾 . Also assume the variance is bounded by 𝛿 . Then the following
statements hold true after 𝑇 iterations of SGD:

E∥∇𝐹 (𝒘𝑇 )∥2 ≤ 2𝐿 (1 − 𝜇𝛾)𝑇 (𝐹 (𝒘0) − 𝐹 (𝒘∗)) + 2𝛾𝜅𝛿2

𝑀
(15)

18



2089

2090

2091

2092

2093

2094

2095

2096

2097

2098

2099

2100

2101

2102

2103

2104

2105

2106

2107

2108

2109

2110

2111

2112

2113

2114

2115

2116

2117

2118

2119

2120

2121

2122

2123

2124

2125

2126

2127

2128

2129

2130

2131

2132

2133

2134

2135

2136

2137

2138

2139

2140

2141

2142

2143

2144

2145

2146

Distributed Personalized Empirical Risk Minimization Conference acronym ’XX, June 03–05, 2018, Woodstock, NY

2147

2148

2149

2150

2151

2152

2153

2154

2155

2156

2157

2158

2159

2160

2161

2162

2163

2164

2165

2166

2167

2168

2169
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2171
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2183

2184
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2189

2190

2191

2192

2193

2194

2195

2196

2197

2198

2199

2200
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2203

2204

E∥𝒘𝑇+1 −𝒘𝑇 ∥2 ≤ 2𝛾2𝐿 (1 − 𝜇𝛾)𝑇 (𝐹 (𝒘0) − 𝐹 (𝒘∗)) + 2𝛾3𝜅𝛿2

𝑀
+ 𝛾

2𝛿2

𝑀
(16)

E∥𝒘𝑇 −𝒘∗∥2 ≤ 2

𝜇
(1 − 𝜇𝛾)𝑇 (𝐹 (𝒘0) − 𝐹 (𝒘∗)) + 2𝛾

𝛿2

𝜇2𝑀
. (17)

Lemma 14 (Bounded iterates difference of 𝜶 ). Let {𝜶 𝑟
𝑖
} be iterates generated by Algorithm 2, then under conditions of Theorem 3, the

following statement holds:

∥𝜶 𝑟𝑖 − 𝜶 𝑟−1

𝑖 ∥2 ≤ 6

(
1 − 1

𝜅𝑔

)𝑇𝜶
+𝑂

(
𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)

) (
𝛾2𝐿 (1 − 𝜇𝛾)𝑟 (𝐹 (𝒘0) − 𝐹 (𝒘∗)) + 𝛾

3𝜅𝛿2

𝑀
+ 𝛾

2𝛿2

𝑀

)
Proof. Define

𝒛𝑟 =
[∇𝑓𝑖 (𝒘𝑟 ) − ∇𝑓1 (𝒘𝑟 )

2

, ...,
∇𝑓𝑖 (𝒘𝑟 ) − ∇𝑓𝑁 (𝒘𝑟 )

2

]
.

According to updating rule of 𝜶 in Algorithm 2 and Lemma 3 we have:

∥𝜶 𝑟𝑖 − 𝜶 𝑟−1

𝑖 ∥2 ≤ 3∥𝜶 𝑟𝑖 − 𝜶 ∗
𝑔𝑖
(𝒘𝑟 )∥2 + 3

𝜶 ∗
𝑔𝑖
(𝒘𝑟−1) − 𝜶 ∗

𝑔𝑖
(𝒘𝑟 )

2

+ 3∥𝜶 ∗
𝑔𝑖
(𝒘𝑟−1) − 𝜶 𝑟−1

𝑖 ∥2

≤ 6(1 − 𝜇𝑔𝜂𝜶 )𝑇𝜶 + 3

𝜶 ∗
𝑔𝑖
(𝒘𝑟−1) − 𝜶 ∗

𝑔𝑖
(𝒘𝑟 )

2

≤ 6(1 − 𝜇𝑔𝜂𝜶 )𝑇𝜶 + 3𝜅2

𝑔

𝑁∑︁
𝑗=1

𝒛𝑟−1

𝑗 − 𝒛𝑟𝑗

2

≤ 6(1 − 𝜇𝑔𝜂𝜶 )𝑇𝜶 + 3𝜅2

𝑔

𝑁∑︁
𝑗=1

∇𝑓𝑖 (𝒘𝑟 ) − ∇𝑓𝑗 (𝒘𝑟 ) + ∇𝑓𝑖 (𝒘𝑟−1) − ∇𝑓𝑗 (𝒘𝑟−1)
2

4𝐿2
𝒘𝑟 −𝒘𝑟−1

2

where the second inequality follows from (8). Since

∇𝑓𝑖 (𝒘𝑟 ) − ∇𝑓𝑗 (𝒘𝑟 )
 ≤

∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
 + 2𝐿 ∥𝒘𝑟 −𝒘∗∥, we can conclude that

∥𝜶 𝑟𝑖 − 𝜶 𝑟−1

𝑖 ∥2 ≤ 6(1 − 𝜇𝑔𝜂𝜶 )𝑇𝜶

+ 12𝐿2𝜅2

𝑔

𝑁∑︁
𝑗=1

(
8

∇𝑓𝑖 (𝒘∗) − ∇𝑓𝑗 (𝒘∗)
2 + 8𝐿2

𝒘𝑟 −𝒘∗2 + 8𝐿2
𝒘𝑟−1 −𝒘∗2

) 𝒘𝑟 −𝒘𝑟−1
2

≤ 6

(
1 − 1

𝜅𝑔

)𝑇𝜶
+𝑂

(
𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)

𝒘𝑟 −𝒘𝑟−1
2

)
≤ 6

(
1 − 1

𝜅𝑔

)𝑇𝜶
+𝑂

(
𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)

) (
𝛾2𝐿 (1 − 𝜇𝛾)𝑟 (𝐹 (𝒘0) − 𝐹 (𝒘∗)) + 𝛾

3𝜅𝛿2

𝑀
+ 𝛾

2𝛿2

𝑀

)
where at last step we plug in Proposition 4 (16). □

Lemma 15 (Convergence of 𝜶 ). Let {�̂� 𝑖 }𝑁𝑖=1
be the mixing parameters generated by Algorithm 2. Then under the conditions of Theorem 3,

the following statement holds: �̂� 𝑖 − 𝜶 ∗2 ≤ 2(1 − 1

𝜅𝑔
)𝑇𝜶 +𝑂

(
𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝐿2

2

𝜇
(1 − 𝜇𝛾)𝑇 + 2𝛾

𝛿2

𝜇2𝑀

)
, 𝑖 ∈ [𝑁 ]

Proof. We notice the following decomposition:�̂� 𝑖 − 𝜶 ∗2

=

𝜶𝑅𝑖 − 𝜶 ∗
𝑔 (𝒘∗)

2

≤ 2

𝜶𝑅𝑖 − 𝜶 ∗
𝑔 (𝒘𝑅)

2

+ 2

𝜶 ∗
𝑔𝑖
(𝒘𝑅) − 𝜶 ∗

𝑔𝑖
(𝒘∗)

2

≤ 2(1 − 1

𝜅𝑔
)𝑇𝜶 +𝑂

(
𝜅2

𝑔

(
¯𝜁𝑖 (𝒘∗) + 𝑁𝐿2

𝒘𝑅 −𝒘∗
2

)
4𝐿

𝒘𝑅 −𝒘∗
2

)
≤ 2(1 − 1

𝜅𝑔
)𝑇𝜶 +𝑂

(
𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝐿2

2

𝜇
(1 − 𝜇𝛾)𝑇 + 2𝛾

𝛿2

𝜇2𝑀

)
,

where in the second inequality we apply Lemma 3, and in the third inequality we use Proposition 4 (17). □
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B.2 Proof of Theorem 3
Proof. According to Lemma 2, we have:

Φ(𝜶 ∗
𝑖 , �̂�𝑖 ) − Φ(𝜶 ∗

𝑖 , 𝒗
∗
𝑖 ) ≤ 𝐿

�̂�𝑖 − 𝒗∗ (�̂� 𝑖 )
2 + 𝜅2𝐿

�̂� 𝑖 − 𝜶 ∗
𝑖

2

We first examine the convergence of ∥�̂�𝑖 − 𝒗∗ (�̂� 𝑖 )∥2
. Applying Cauchy-Schwartz inequality yields:

∥𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟+1)∥2 ≤
(
1 + 1

4𝑎 − 2

)
∥𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟 )∥2 + (1 + 4𝑎 − 2) ∥𝒗∗ (𝜶 𝑟+1) − 𝒗∗ (𝜶 𝑟 )∥2

≤
(
1 + 1

4𝑎 − 2

)
∥𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟 )∥2 + (1 + 4𝑎 − 2) 𝜅2∥𝜶 𝑟+1 − 𝜶 𝑟 ∥2

(18)

where 𝑎 = 1

𝜇𝜂𝑁𝐾
. Similar to the proof of Theorem 2, we first define

𝒈𝑟 :=

𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁−1

(I − 𝑸 𝑗 ′H𝑗 ′ )𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ),

𝜹𝑟 :=

𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁−1

(I − 𝑸 𝑗 ′H𝑗 ′ )𝜹 𝑗 .

Then we recall the updating rule of 𝒗:

𝒗𝑟+1 = PW
(
𝒗𝑟 − 𝒈𝑟 − 𝜹𝑟

)
Hence we have:

E
𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟 )

2

= E
PW

(
𝒗𝑟 − 𝒈𝑟 − 𝜹𝑟 − 𝒗∗ (𝜶 𝑟 )

)2

≤ E
𝒗𝑟 − 𝒈𝑟 − 𝜹𝑟 − 𝒗∗ (𝜶 𝑟 )

2

≤ E
𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )

2 − 2E⟨𝒈𝑟 , 𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )⟩ + E
𝒈𝑟 2 + E

𝜹𝑟 2

≤ E
𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )

2 − 2E⟨𝜂𝑁𝐾∇Φ(𝜶 𝑟 , 𝒗𝑟 ), 𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )⟩

− 2E⟨𝒈𝑟 − 𝜂𝑁𝐾∇Φ(𝜶 𝑟 , 𝒗𝑟 ), 𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )⟩ + E
𝒈𝑟 2 + E

𝜹𝑟 2

.

Now, applying strongly convexity of Φ(𝜶 𝑟 , ·) and Cauchy-Schwartz inequality yields:

E
𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟 )

2 ≤ (1 − 𝜇𝜂𝑁𝐾)E
𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )

2 − 𝜂𝑁𝐾E[Φ(𝜶 𝑟 , 𝒗𝑟 ) − Φ(𝜶 𝑟 , 𝒗∗ (�̂� ))]

+ 1

2

(
1

𝜇𝜂𝑁𝐾
E∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 )∥2 + 𝜇𝜂𝑁𝐾E∥𝒗𝑟 − 𝒗∗ (�̂� )∥2

)
+ E

𝒈𝑟 2 + E
𝜹𝑟 2

≤
(
1 − 1

2

𝜇𝜂𝑁𝐾

)
E

𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )
2 − 𝜂𝑁𝐾E[Φ(𝜶 𝑟 , 𝒗𝑟 ) − Φ(𝜶 𝑟 , 𝒗∗ (�̂� ))]

+ 1

2𝜇𝜂𝑁𝐾
E∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(𝜶 𝑟 , 𝒗𝑟 )∥2

+ 2E
𝒈𝑟 − 𝜂𝑁𝐾∇Φ(𝜶 𝑟 , 𝒗𝑟 )2 + 2E

𝜂𝑁𝐾∇Φ(𝜶 𝑟 , 𝒗𝑟 )2 + E
𝜹𝑟 2

.

where in the first inequality we applied Cauchy-Schwartz inequality and strongly convexity. Since Φ(𝜶 𝑟 , ·) is 𝐿 smooth, we have:

E ∥∇Φ(𝜶 𝑟 , 𝒗𝑟 )∥2 ≤ 2𝐿E[Φ(𝜶 𝑟 , 𝒗𝑟 ) − Φ(𝜶 𝑟 , 𝒗∗ (𝜶 𝑟 ))]. Therefore, it follows that:

E
𝒗𝑟+1 − 𝒗∗ (�̂� )

2 ≤
(
1 − 1

2

𝜇𝜂𝑁𝐾

)
E

𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )
2 − (𝜂𝑁𝐾 − 4𝜂2𝑁 2𝐾2𝐿)E[Φ(𝜶 𝑟 , 𝒗𝑟 ) − Φ(𝜶 𝑟 , 𝒗∗ (𝜶 𝑟 ))]

+
(

1

2𝜇𝜂𝑁𝐾
+ 2

)
E∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(𝜶 𝑟 , 𝒗𝑟 )∥2 + E

𝜹𝑟 2

(19)
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Now, we examine the term ∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(𝜶 𝑟 , 𝒗𝑟 )∥2
in the right hand side of abovee inequality. First according to summation by part

(Lemma 8): we let 𝑨𝑗 :=
∏𝑗+1

𝑗 ′=𝑁−1
(I − 𝑸 𝑗 ′H𝑗 ′ ) and B𝑗 = 𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ), then we have:

𝒈𝑟 =
𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

=

𝑁∑︁
𝑗=1

𝑨𝑗B𝑗 =
𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ ) −
𝑛+1∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬
𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )

=

𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) .

Hence we have:

∥𝒈𝑟 − 𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 )∥2

=

𝜂𝑁𝐾∇Φ(�̂� , 𝒗𝑟 ) − 𝑁∑︁
𝑗=1

𝑗+1∏
𝑗 ′=𝑁−1

(I − 𝑸 𝑗 ′H𝑗 ′ )𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

=

𝜂𝑁𝐾 𝑁∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
©«
𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=0

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )
ª®¬


2

(1)
≤ 2

©«𝜂𝑁𝐾
𝑁∑︁
𝑗=1

𝛼 (𝜎 ( 𝑗))∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 ) −
𝑁∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )
ª®¬


+ 2

𝑁−1∑︁
𝑛=1

©«
𝑛+2∏
𝑗 ′=𝑁

(I − 𝑸 𝑗 ′H𝑗 ′ )
ª®¬𝑸𝑛+1

H𝑛+1

𝑛∑︁
𝑗=1

𝑸 𝑗∇𝑓𝜎 ( 𝑗 ) (𝒗𝑟 )


2

(2)
≤

(
20𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

+ 36𝑒6𝜂4𝑁 4𝐾4𝐿4

) ∇Φ(�̂� , 𝒗𝑟 )2 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

𝐺2
log(1/𝑝)

+ 244𝑒6𝜂4𝑁 4𝐾4𝐿4𝐺2𝑁 log(1/𝑝)
(3)
≤

(
20𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

+ 36𝑒6𝜂4𝑁 4𝐾4𝐿4

)
2𝐿

(
Φ(�̂� , 𝒗𝑟 ) − Φ(�̂� , 𝒗∗ (�̂� ))

)
+

(
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝)

where in (1) we apply Jensen’s inequality, in (2) we plug in Lemma 11 (a), and Lemma 12, and in (3) we use the 𝐿-smoothness of Φ.
Plugging above bound back in (19) yields:

E
𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟 )

2

≤ (1 − 1

2

𝜇𝜂𝑁𝐾)E
𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )

2 + 𝜂2𝑁 2𝐾2𝑒4𝛿2

−
(
𝜂𝑁𝐾 − 4𝜂2𝑁 2𝐾2𝐿 −

(
1

2𝜇𝜂𝑁𝐾
+ 2

) (
20𝜂2𝑁 2𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

− 36𝑒6𝜂4𝑁 4𝐾4𝐿4

))
× E[Φ(𝜶 𝑟 , 𝒗𝑟 ) − Φ(𝜶 𝑟 , 𝒗∗ (𝜶 𝑟 ))]

+
(

1

2𝜇𝜂𝑁𝐾
+ 2

) (
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝) .

Since we choose 𝜂 =
4 log(

√
𝑁𝐾𝑅)

𝜇𝑁𝐾𝑅
, and

𝑅 ≥ max


3

8

𝑒,
3

√︄
64𝜅2

log(
√
𝑁𝐾𝑅)𝑒6

9𝜇
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Hence we have:

E
𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟 )

2

≤ (1 − 1

2

𝜇𝜂𝑁𝐾)E
𝒗𝑟 − 𝒗∗ (𝜶 𝑟 )

2 + 𝜂2𝑁 2𝐾2𝑒4𝛿2 − 1

2

𝜂𝑁𝐾 E[Φ(�̂� , 𝒗𝑟 ) − Φ(�̂� , 𝒗∗ (�̂� ))]︸                              ︷︷                              ︸
≥0

+
(

1

2𝜇𝜂𝑁𝐾
+ 2

) (
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝)

≤
(
1 − 1

2

𝜇𝜂𝑁𝐾

)
E

𝒗𝑟 − 𝒗∗ (�̂� )
2 + 𝜂2𝑁 2𝐾2𝑒4𝛿2

+
(

1

2𝜇𝜂𝑁𝐾
+ 2

) (
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝).

Putting above inequality back to (18) yields:

∥𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟+1)∥2 ≤
(
1 − 1

4𝑎

)
∥𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟 )∥2 + 2𝜂2𝑁 2𝐾2𝑒4𝛿2 + 4𝑎∥𝒗∗ (𝜶 𝑟+1) − 𝒗∗ (𝜶 𝑟 )∥2

+ 2

(
1

2𝜇𝜂𝑁𝐾
+ 2

) (
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝)

≤
(
1 − 1

4𝑎

)
∥𝒗𝑟+1 − 𝒗∗ (𝜶 𝑟 )∥2 + 2𝜂2𝑁 2𝐾2𝑒4𝛿2

+ 2

(
1

2𝜇𝜂𝑁𝐾
+ 2

) (
244𝑒6𝜂4𝑁 4𝐾4𝐿4 + 256𝜂2𝑁 3𝐾2

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝)

+𝑂
(

1

𝜇𝜂𝑁𝐾

((
1 − 1

𝜅𝑔

)𝑇𝜶
+ 𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)

(
𝛾2𝐿 (1 − 𝜇𝛾)𝑟 𝐷𝐺 + 𝛾

3𝜅𝛿2

𝑀
+ 𝛾

2𝛿2

𝑀

)))

where at second inequality we plug in Lemma 14. Unrolling the recursion from 𝑟 = 𝑅 to 0, and plugging in 𝜂 =
4 log(𝑁𝐾𝑅3 )

𝜇𝑁𝐾𝑅
yields:

∥𝒗𝑅 − 𝒗∗ (𝜶𝑅)∥2

≤
(
1 − 1

4

𝜇𝜂𝑁𝐾

)𝑅
∥𝒗0 − 𝒗∗ (𝜶 0)∥2 + 1

𝜇
𝜂𝑁𝐾𝑒4𝛿2

+ 8

1

𝜇

(
1

2𝜇𝜂𝑁𝐾
+ 2

) (
244𝑒6𝜂3𝑁 3𝐾3𝐿4 + 256𝜂𝑁 2𝐾

( 𝑒

4𝑅 − 𝑒

)
2

)
𝐺2𝑁 log(1/𝑝)

+𝑂
(

1

𝜇𝜂𝑁𝐾

𝑅∑︁
𝑟=0

(
1 − 1

4𝑎

)𝑅−𝑟 ((
1 − 1

𝜅𝑔

)𝑇𝜶
+ 𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)

(
𝛾2𝐿 (1 − 𝜇𝛾)𝑟 𝐷𝐺 + 𝛾

3𝜅𝛿2

𝑀
+ 𝛾

2𝛿2

𝑀

)))
≤ 𝑂

(
∥𝒗0 − 𝒗∗ (𝜶 0)∥2

𝑁𝐾𝑅3

)
+ �̃�

((
𝜅4

𝑅2
+ 𝑁

𝜇2𝑅2

)
𝐺2𝑁 log(1/𝑝) + 𝛿2

𝜇𝑅

)
+𝑂

(
1

𝜇𝜂𝑁𝐾

𝑅∑︁
𝑟=0

(
1 − log(𝑁𝐾𝑅3)

𝑅

)𝑅−𝑟 ((
1 − 1

𝜅𝑔

)𝑇𝜶
+ 𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)

(
𝛾2𝐿 (1 − 𝜇𝛾)𝑟 𝐷𝐺 + 𝛾

3𝜅𝛿2

𝑀
+ 𝛾

2𝛿2

𝑀

)))
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Plugging in 𝛾 =
log(𝑁𝐾𝑅3 )

𝜇𝑅
yields:

∥𝒗𝑅 − 𝒗∗ (𝜶𝑅)∥2 ≤ 𝑂
(
∥𝒗0 − 𝒗∗ (𝜶 0)∥2

𝑁𝐾𝑅3

)
+ �̃�

((
𝜅4

𝑅2
+ 𝑁

𝜇2𝑅2

)
𝐺2𝑁 log(1/𝑝) + 𝛿2

𝜇𝑅

)
+ �̃�

(
𝑅

(
𝛾2𝐿2

𝑅∑︁
𝑟=0

(
1 − log(𝑁𝐾𝑅3)

𝑅

)𝑅
𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)𝐷𝐺

+
𝑅∑︁
𝑟=0

(
1 − log(𝑁𝐾𝑅3)

𝑅

)𝑅−𝑟 ((
1 − 1

𝜅𝑔

)𝑇𝜶
+
𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)𝛾2𝛿2

𝑀

)))
≤ 𝑂

(
𝐷2

𝑁𝐾𝑅3

)
+ �̃�

((
𝜅4

𝑅2
+ 𝑁

𝜇2𝑅2

)
𝐺2𝑁 log(1/𝑝) + 𝛿2

𝜇𝑅

)
+ �̃�

(
𝜅2𝜅2

𝑔𝐿
2 ¯𝜁𝑖 (𝒘∗)𝐷𝐺
𝑅

+ 𝑅2

((
1 − 1

𝜅𝑔

)𝑇𝜶
+
𝜅2

𝑔𝜅
2 ¯𝜁𝑖 (𝒘∗)𝛿2

𝜇2𝑀𝑅2

))
Since �̂�𝑖 = 𝒗𝑅 and �̂� 𝑖 = 𝜶𝑅 , we have the convergence of ∥�̂�𝑖 − 𝒗∗ (�̂� 𝑖 )∥2

. Plugging this convergence rate together with the convergence of

∥�̂� 𝑖 − 𝜶 ∗∥2
from Lemma 15: �̂� 𝑖 − 𝜶 ∗2 ≤ 𝑂

(
2(1 − 1

𝜅𝑔
)𝑇𝜶 +𝑂

(
𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝐿2

2

𝜇
(1 − 𝜇𝛾)𝑅 + 2𝛾

𝛿2

𝜇2𝑀

))
≤ �̃�

((
1 − 1

𝜅𝑔

)𝑇𝜶
+𝑂

(
𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝐿2

2

𝜇

1

𝑅
+ 𝛿2

𝜇3𝑅𝑀

))
together with applying Lemma 2 leads to:

Φ(𝜶 ∗
𝑖 , �̂�𝑖 ) − Φ(𝜶 ∗

𝑖 , 𝒗
∗
𝑖 ) ≤ 𝐿

�̂�𝑖 − 𝒗∗ (�̂� 𝑖 )
2 + 𝜅2𝐿

�̂� 𝑖 − 𝜶 ∗
𝑖

2

≤ 𝑂
(
𝐿

𝐷2

𝑁𝐾𝑅3

)
+ �̃�

((
𝜅4𝐿

𝑅2
+ 𝑁𝐿

𝜇2𝑅2

)
𝐺2𝑁 log(1/𝑝) + 𝐿𝛿

2

𝜇𝑅

)
+ �̃�

(
𝜅2𝜅2

𝑔𝐿
3 ¯𝜁𝑖 (𝒘∗)𝐷𝐺
𝑅

+ 𝐿𝑅2

(
1 − 1

𝜅𝑔

)𝑇𝜶
+
𝐿𝜅2

𝑔𝜅
2 ¯𝜁𝑖 (𝒘∗)𝛿2

𝜇2𝑀

)
+ 𝜅2𝐿�̃�

((
1 − 1

𝜅𝑔

)𝑇𝜶
+
𝜅2

𝑔
¯𝜁𝑖 (𝒘∗)𝜅𝐿
𝑅

+ 𝛿2

𝜇3𝑅𝑀

)
≤ 𝑂

(
𝐿

𝐷2

𝑁𝐾𝑅3

)
+ �̃�

((
𝜅4𝐿

𝑅2
+ 𝑁𝐿

𝜇2𝑅2

)
𝐺2𝑁 log(1/𝑝) + 𝐿𝛿

2

𝜇𝑅

)
+ �̃�

(
𝜅2𝜅2

𝑔𝐿
3 ¯𝜁𝑖 (𝒘∗)𝐷𝐺
𝑅

+ 𝐿𝑅2

(
1 − 1

𝜅𝑔

)𝑇𝜶
+
𝐿𝜅2

𝑔𝜅
2 ¯𝜁𝑖 (𝒘∗)𝛿2

𝜇2𝑀

)
.

thus completing the proof as desired. □

C ADDITIONAL EXPERIMENTS
In addition to the synthetic dataset discussed in the main body, we run experiments on the EMNIST dataset [3], which is naturally distributed

in a federated setting. In this case, we chose 50 clients and use a 2-layer MLP model, each with 200 neurons. We compare the PERM algorithm

with the localized model in FedAvg and perFedAvg [8]. As it can be seen in Figure 2, PERM can learn a better personalized model by attending

to each client’s data according to the similarity of the data distribution between clients. The learned values of 𝜶 show that the clients are

learning from each others’ data, and not focused on their own data only. This signifies that the distribution of data among clients in this

dataset is not highly heterogeneous. Note that, since we are using a subset of clients in the EMNIST dataset for the training (only 50 clients

for 100 rounds of communication), the results would be sub-optimal. Nonetheless, the experiments are designed to show the effectiveness of

different algorithms.

C.1 The effectiveness of learned mixture weights
To show the effectiveness of two-stage PERM algorithm, as well as the effects of heterogeneity on distribution of data among clients on

the learned weights 𝜶 in the algorithm, we run this algorithm on MNIST dataset. We use 50 clients, and the model is an MLP, similar to

the EMNIST experiment. In this case, once we distribute the data randomly across clients (homogeneous) and once only allocating 1 class

per client (highly heterogeneous). As it can be seen from Figure 4, when the data distribution is homogeneous the learned values of 𝜶 as
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(a) Personalized Accuracy
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(b) Personalized Loss

Figure 2: Comparative Analysis of Personalization methods, including our single-loop PERM algorithm, localized FedAvg, and
perFedAg, with EMNIST dataset. The disparity in personalized accuracy and loss highlights PERM’s capability in leveraging
relevant client correlations.
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Figure 3: The heat map of the learned 𝛼 values for
the PERM algorithms. The weights signify that
clients mutually benefiting from one another’s
data, which also highlight that the distribution
of data is not significantly heterogeneous in this
dataset.
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Figure 4: Comparing the performance of two-stage PERM algorithm in learning 𝛼 values on heterogeneous and homogeneous
data distributions. WE use MNIST dataset across 50 clients with homogeneous and heterogeneous distributions.

diffused across clients. However, when the data is highly heterogeneous, the learned 𝜶 values will be highly sparse, indicating that each

client is mostly learning from its own data and some other clients with partial distribution similarity.
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