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ABSTRACT

This paper advocates a new paradigm Personalized Empirical Risk
Minimization (PERM) to facilitate learning from heterogeneous
data sources without imposing stringent constraints on computa-
tional resources shared by participating devices. In PERM, we aim
at learning a distinct model for each client by personalizing the
aggregation of local empirical losses by effectively estimating the
statistical discrepancy among data distributions, which entails opti-
mal statistical accuracy for all local distributions and overcomes the
data heterogeneity issue. To learn personalized models at scale, we
propose a distributed algorithm that replaces the standard model
averaging with model shuffling to simultaneously optimize PERM
objectives for all devices. This also allows to learn distinct model
architectures (e.g., neural networks with different number of param-
eters) for different clients, thus confining to underlying memory
and compute resources of individual clients. We rigorously analyze
the convergence of proposed algorithm and conduct experiments
that corroborate the effectiveness of proposed paradigm.
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1 INTRODUCTION

Recently federated learning (FL) has emerged as an alternative
paradigm to centralized learning to encourage federated model
sharing and create a framework to support edge intelligence by
shifting model training and inference from data centers to poten-
tially scattered—and perhaps self-interested—systems where data
is generated. While undoubtedly being a better paradigm than cen-
tralized learning, FL usually suffers from heterogeneity of data and
compute resources among participants. To mitigate the negative
effect of data heterogeneity (non-IIDness), two common approaches
are clustering and personalization. The key idea behind the clus-
tering based methods [16] is to partition the devices into clusters
(coalitions) of similar data distributions and then learn a single
shared model for all clients within each cluster. While appealing,
the partitioning methods are limited to heuristic ideas such as clus-
tering based on geographical distribution of devices without taking
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the actual data distributions into account. In personalization based
methods [6, 8, 10, 17, 22], the idea is to learn a distinct personalized
model for each device alongside the global model, which can be
unified as minimizing a bi-level optimization problem [9]. Exist-
ing personalization techniques also suffer from two issues. First,
as the number of clients grow, while the number of training data
increases, the number of parameters to be learned increases which
limits to increase the number of clients beyond a certain point to
balance data and overall model complexity tradeoff- a phenome-
non known as incidental parameters problem [13]. Moreover, since
the knowledge transfer among data sources happens through the
single global model, it might lead to suboptimal results. To see this,
consider an extreme example, where half of the users have identical
data distributions, say O, while other half share a data distribution
that is completely different, say —9D. In this case, the global model
obtained by optimizing averaged local losses converges to a solu-
tion that suffers from low test accuracy on all local distributions
and it would be preferable to learn a model for each client solely
based on its local data.

The aforementioned issues lead to a fundamental question: What
is the best strategy to learn from heterogeneous data sources to achieve
optimal statistical accuracy w.r.t. each data source, without imposing
stringent constraints on computational resources shared by participat-
ing devices?. To answer this question, we advocate a new paradigm
dubbed as Personalized Empirical Risk Minimization (PERM) to
facilitate learning from massively fragmented private data under re-
source constraints. Motivated by generalization bounds in multiple
source domain adaptation [2, 5, 12, 18], in PERM we aim to learn a
distinct model for each client by personalizing the aggregation of
empirical losses of different data sources. That is, for each client, its
personalized model is learnt on a distinct weighted-ERM problem,
and the mixing weight is determined by the discrepancy between
distributions. While PERM overcomes the data heterogeneity issue,
the number of optimization problems (i.e., distinct personalized
ERMs) to be solved scales linearly with the number of data sources.
To simultaneously optimize all objectives in a scalable and compu-
tationally efficient manner, we propose a novel idea which replaces
the standard model averaging in federated learning with model shuf-
fling and establish its convergence rate. This also allows us to learn
distinct model architectures (e.g., neural networks with different
number of parameters) for different clients.

2 PERSONALIZED EMPIRICAL RISK
MINIMIZATION

In this section we formally state the problem and introduce PERM as
an ideal paradigm to learning from heterogeneous data sources. We
assume there are N distributed devices where each holds a distinct
data shard S; = {(x; j,y;, j)};l;1 with n; training samples that are
realized by a source distribution D; over instance space £ = X X Y.
The data distributions across the devices are not independently
and identically distributed (non-IID or heterogeneous), i.e., D1 #
Dy # ... ¥ Dy, and each distribution corresponds to a local
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generalization error or true risk L;(h) = E(x,y)~D; [£(h(x),y)] on
unseen samples for any model h € H, where H is the hypothesis
set (e.g., a linear model or a deep neural network) and a given
convex or non-convex loss function £ : ¥ x Y — R*. We use
Li(h) = (1/n1) Z(x,y)es; € (h(x),y)) to denote the local empirical
risk or training loss at ith data shard S; with n; samples. We seek
to collaboratively learn a model or personalized models that entail
a good generalization on all local distributions, minimizing true
risk £;(+),i = 1,..., N for all data sources (all-for-all [7]).

A simple non-personalized solution for FL aims to minimize a
(weighted) empirical risk over all data shards in a communication-
efficient manner [11]:

N —
arg ming c ¢y Zi:l a(i).Li(h) with a € Ay,

where ANy = {x € R+N | Z{il a(i) = 1} denotes the simplex set.
To motivate our proposal, let us consider the empirical loss
>, a(i)Li(h) in WERM with fixed mixing weights & € Ay, and

denote the optimal solution by he. The excess risk of the learned

(WERM)

model Ea on ith local distribution D; w.r.t. the optimal local model
h} = argminpeqr L, () (ie., all-for-one) can be bounded by [12]

N N
£ (ha) <Li () +;a<j>Rj<W> +z;a<j>discw (D). D)

(GEN)
where R (H) is the empirical Radamacher complexity H w.r.t. S;,
and discg/(D;, Dj) is a pseudo-distance on the set of probability
measures on E to assess the discrepancy between the distributions
D; and Dj with respect to the hypothesis class H as defined be-
low [2]:

DEFINITION 1. For a model space H and D, D’ two probability
distributions on =,

discy (D,D') = sup [Be.p(¢(h ) ~Bgr- ((h )

Intuitively, the discrepancy between the two distributions is
large, if there exists a predictor that performs well on one of them
and badly on the other. On the other hand, if all functions in the
hypothesis class perform similarly on both, then D and D’ have
low discrepancy.

From GEN, it can be observed that mismatch between pairs of
distributions limits the benefits of ERM on all distributions. In-
deed, the generalization risk will blow up when the distribution
divergence term discq(D;, Dj) is large. When the discrepancys
are small or almost zero, it leads to an ideal sample complexity
1/+/n where n = ny + ny + ... + ny is the total number of samples,
which could have been obtained in IID setting with a(j) = 1/N.
Also, we note that even if global model achieves small training error
over union of all data (e.g., overparametrized setting), the diver-
gence term still remains which illustrates the poor performance
of global model on D;. This implies that even personalization of
global model as in WERM can not entail a good generalization on
all local distributions as no positive knowledge transfer among data
sources Occurs.

Anon.

Interestingly the bound suggest that seeking optimal accuracy
on each local distribution requires choosing a distinct mixing of
local losses for each client i that minimizes the right-hand side
of GEN. This indicates that in an ideal setting, we can achieve the
best accuracy for each local distribution D; by personalizing the
WERM, i.e., (i) first estimating a;,i = 1,2,...,N for each client
individually, then (ii) solving a variant of WERM for each client
with obtained mixing parameters:

arg min ZL w;()L;(h) for i=12...N (PERM)
By doing this each device achieves the optimal local generalization
error by learning who to learn with based on number of samples at
each source and mismatch between its data distribution with other
clients. Compared to WERM, in PERM since we solve a different ag-
gregated empirical loss for each client, we can pick a different model
space/model architecture H; for each client to meet its available
computational resources.

While this two-stage method is guaranteed to entail optimal test
accuracy for all local distributions D;, however, making it scalable
requires overcoming two issues. First, estimating the statistical dis-
crepancies between each pair of data sources (ie., a;,i=1,...,N)
is a computing burden as it requires solving O(N?) difference of
(non)-convex functions in a distributed manner and requires enough
samples form each source to entail good accuracy on estimating
pairwise discrepancies. Second, we need to solve N variants of
the optimization problem in PERM, possibly each with a different
model space, which is infeasible when the number of devices is
huge (e.g., cross-device federated learning). In the next section, we
propose a simple yet effective idea to overcome these issues in a
computationally efficient manner.

3 PERM AT SCALE VIA MODEL SHUFFLING

In this section, we propose a method to efficiently estimate the
empirical discrepancies among data sources, followed by model
shuffling idea to simultaneously solve N versions of PERM to learn
amodel for each client. We first start by proposing a two-stage algo-
rithm: estimating mixing parameters followed by model shuffling.
Then, we propose a single loop unified algorithm which simuta-
neously optimizes the mixing weights and personalized models.
We assume that the model space H is a parameterized by a convex
set W C R? and use fitw) = fi(w) = Z(x )eS: £(w; (x, 7)) to
denote the empirical loss at ith data shard. ,

3.1 Warmup: a two-stage algorithm
Stage 1: Mixing parameters estimation. In the first stage we aim
to efficiently estimate the pairwise discrepancy among local dis-
tributions to construct mixing parameters a;,i = 1,2,... N. From
generalization bound GEN and Definition 1, a direct solution to
estimate «; is to solve the following convex-nonconcave minimax
problem for each client:
N N a(j)?

arg min Y @) max ) - finl+ Y S
However, solving the above minimax problem itself is already chal-
lenging: the inner maximization loop is a nonconcave (or difference
of convex) problem, so most of existing minimax algorithms will
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fail on this problem. To our best knowledge, the only provable de-
terministic algorithm is [26], and but it is hard to generalize it to
stochastic and distributed fashion.

To overcome aforementioned issues, we make two reasonable
relaxations. First, inspired by notion of average drift at optimum
as a right metric to measure the effect of data heterogeneity in
federated learning [23], we propose to measure discrepancy at the
optimal solution obtained by solving averaged global objective,
ie,w" = argmin,,cqy(1/N) Z ~, fi(w). That is, we use |f;(w") —
fi (w*)| to replace sup,, |fi(w) — fj(w)|. By doing this, solving the
supremum problem reduces to a simple minimization problem for
each client, given the optimal global solution. Then we relax the
difference between function values to the difference of gradients,
i.e., gradient dissimilarity. To see this, for the difference of pair of
losses fi(w) — fj(w), it is 2L smooth, hence we can upper bound

Ifi(w) = fj(w)] as:
fi(w) = fi(w)]

< |(iw*) = f;w) + (VW) = Vfi(w*), w—w*)| + L |w —w*|

<|fiw*) = f;w")| + ||Vfiw") = Vf;(w")|| D + LD?

where D is the size of the domain. The above relaxation lead to
solving the following tractable optimization problem to decide the
per-client mixing parameters:

o = arg min (W' @) = )1 a(DIV(W) - Vi (w)I

+AZ§11

where we added a regularization parameter A and used the squared
of gradient dissimilarity for computational convinience. Thus, ob-
taining all N mixing parameters requires solving a single ERM to
obtain optimal global soltuion and N varaints of (2). To get the
optimal solution in a communication reduced manner, we adapt
the Local SGD algorithm [21] (or FedAvg [19]) and find the op-
timal solution in intermittent communication setting [24] where
the clients work in parallel and are allowed to make K stochas-
tic updates between two communication rounds for R consecutive
rounds. The detailed steps are given in Algorithm A1 in Appendix A
for completeness. After obtaining the global model wR we optimize
over « in gi(wR, ) using Ty iterations of GD to get &;. Actually,
we will show that as long as wR converge tow*, &;,i =1,...,N
converges to solution of (2) very fast.

=1

a(j)*/n; @

DEFINITION 2 (GRADIENT DISSIMILARITY). We define the follow-
ing quantities to measure the gradient dissimilarity among local
functions:

Gjw) = VAW = VEW|F  &iw) =G,
¢ = sup eay maxicin IVfiw) - (1/N) Y Vi

The following theorem gives the convergence rate of estimated
discrepancies to optimal counterparts.

THEOREM 1. Assume each f; is L—smooth and pi-strongly-convex. If

we run Algorithm Alon F(w) := N Z <, fi(w) withy =© (10%55) )
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for R rounds with synchronization gap K, it holds that Vi € [N]
Ta D? K@’ 2 52
2 2

Ell&; - afll* < 0 (exp (_K_g) +1<g§l(w )L (RK + = 2R +
The implication of Theorem 1 is that even we solve (2) at wR, the
algorithm will eventually converge to optimal solution of (2) atw™.
Stage 2: Scalable personalized optimization with model shuf-
fling. After obtaining the per client mixing parameters, in the
second stage to learn personalized models, we aim at solving N

different personalized variants of PERM i.e., ®(&1,0), ... P(& N, v)
where
1 N
min ®(d;,0) = ; () fj(@)- 3

Here we devise an iterative algorithm based on Local SGD to solve
these N optimization problems in parallel with no extra overhead.
The idea is to replace the model averaging in vanilla distributed
(Local) SGD with model shuffling. Specifically, as shown in Algo-
rithm 1 the algorithm proceeds for R epochs where each epoch runs
for N communication rounds. At the beginning of each epoch r
the server generates a random permutation o, over N clients. At
each communication round j within the epoch, the server sends the
model of client i to client i; = (i+j)%N in the permutation o, along
with a;(i;). After receiving a model from server, the client updates
the received model for K local steps and returns it back to the server.
As it can be seen, the updates of each loss ®(&;,v),i =1,2,...,N
during an epoch is equivalent to sequentially processing individual
losses in (3) which can be considered as permutation-based SGD
but with the difference that each component now is updated for K
steps. By interleaving the permutations, we are able to simultane-
ously optimize all N objectives. The following theorem establishes
the convergence rate

THEOREM 2. Assume each f; is L-smooth, ui-strongly-convex and
with gradient bounded by G, i.e., sup,,cqy [Viw)|l < G. Let &} be
the solution of (2). Then if we run Algorithm 1 on the &; obtained
from Algorithm A1, then Algorithm 1 withn = © (%)
output the solution 0;, Vi € [N], such that with probability at least
1 — p, the following statement holds:
E[®(aj,di) — (e}, 0" (a))]

-( D’L  L§* (L*+N
<0 + ==+
NKR? = 2R u*R?

will

)LGleog(l/p))

2 Ty 2 ® 8
+x%LO exp [—— {,(w )L + ,
kg RK 2R ¥ [ANRK
where the expectation is taken over randomness of Algorithm A1.

The above theorem shows that, even though we run the opti-
mization on ®(&;,v), our obtained model 9; will still converge
to the optimal solution of ®(a],v). The convergence rate is con-
tributed from two parts: convergence of &; (Algorithm A1) and
convergence of personalized model ¢; (Algorithm 1). Notice that,
for the convergence rate of ;, we roughly recover the optimal rate
of shuffling SGD [1], which is O(%). However, we suffer from a

O(%) term since each client runs vanilla SGD on their local data
(the SGD-Update procedure in Algorithm 1). A recent work [4] also

u?NRK
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Anon.

Algorithm 1: Shuffling Local SGD

Algorithm 2: Single Loop PERM

Input: Clients 1, ..., N, Number of Local Steps K , Number
of Epoch R, mixing parameter &1, ..., &N
Epoch forr=0,..,R—-1do
Server generates permutation oy : [N] — [N].
parallel fori=1,..,N do
Client i sets initial model v;’o =0l
for j=1,..,N do
Set indices ij = o, ((i + j) mod N).
Server sends v;’j to Client i;.
IJ*! = seD-Update(o), n,ij, K, &;).
Client i does projection: o/ *! = Pw(u;’N).
Output: 9; = v?,\ﬁ € [N].
SGD-Update(v,n, j, K, @)
Initialize o° = v
fort=0,.,K—-1do
| ot =o'l pa()NV 0 8
Output: oX

14

considering client-level shuffling idea. The differences are two-fold:
1) they only consider training one model while we employ shuffling
idea to simultaneously learn N models 2) they work with fixed
a while we have toshow that the algorithm can converge to the
true optimal solution of ®(a},v) given that we only optimize on a
surrogate function ®(&;, v).

3.2 A unified single loop algorithm

In practice, a single-loop algorithm is perferred since it is easy to
implement. We hence turn to introducing a single stage algorithm
that jointly optimizes & ;s and v;s as depicted in Algorithm 2 by
intertwining the two stages in Algorithm A1 and Algorithm 1ina
single unified method. At each communication round, the clients
computes gradients on global model, on their data, after that serve
collects these gradients and does one step mini-batch sgd update on
global model, and then updates mixing parameters. Next we proceed
to update the personalized models similar to Algorithm 1. We note
that, unlike the two stages method where the mixing parameters
are computed at the final global model, here the mixing parameters
are updated adaptively based on intermediate global models.

THEOREM 3. Assume each f; is L-smooth, ji-strongly-convex and
with gradient bounded by G, i.e., sup,,cqy [IVfi(w)|| < G. Let & be

3
the solution of (2). Then if we run Algorithm 2 withn = © (log(i\lf—é(R))

3
andy = © (k)gﬂ:—gk’))’ it will output the solution 9;,Vi € [N], such

that with probability at least 1 — p, the following statement holds:

* * ok LD2
E[®(a},0:) - (e}, ;)] < O NKR3
4 2
5((¥ L NL 2 L
+O((R_2+ I_,ZRZ)G Nlog(1/p) + ﬁ)
2.2737% * 2 93 - 52
~ KKL§~(W )DG 1 To LKK?'(W )5
+0 ;_‘_LRZ 1__) +L )
R Kg ,LIZM

Input: Clients 1, ..., N, Number of Local Steps K , Number
of Epoch R, Initial mixing parameter
a(l) =, a?v =& = [1/N,..,1/N].
Epoch for r=0,..,R—-1do
Server generates permutation oy : [N] — [N].
parallel for Clienti =1,..,N do
Client i sets initial model v;’o =ol.
for j=1,..,Ndo
Set indices ij = o, ((i + j) mod N).
Server sends u:’j to client i; .
7t = seD-Update(o), n,ij, K, a).
// Personalized model update

(4

Client i does projection: u?” = Pw(ug’N).

W= Py —yx I 3 20 VAW E)
// Global model update

Compute a;“ by running Ty steps GD on g; (w
// «a update

Output: 9; = v?, @; = af, Vi e [N].

SGD-Update(v,n, j, K, @)

Initialize U(J). =v

fort=0,...K-1do

| of =o' e (INV (et E )
Output: oK

r+1’ Ol)

where the expectation is took over the randomness of stochastic sam-
ples in Algorithm 2.

4 EXPERIMENT

To demonstrate the superior effectiveness of our proposed single-
loop PERM algorithm compared to other existing personalization
methods, we conducted an experiment using synthetic data gener-
ated according to the following specifications. We consider a sce-
nario with a total of N clients, where we draw samples from the dis-
tribution N (p1, 2;) for half of the clients, denoted by i € [1, %], and
from N (p2, 2;) for the remaining clients, denoted by i € [%, N].
Following the approach outlined in [14], we adopt a uniform vari-
ance for all samples, with 3 ;. = k™12 Subsequently, we generate
a labeling model using the distribution N (g1, Z+y).

Given a data sample x € Rd, the labels are generated as follows:
clients 1, ..., % assign labels based on y = sign(w x), while clients
% +1,..., N assign labels based on y = sign(—w " x). For this specific
experiment, we set y; = 0.2, yp = —0.2, and p,, = 0.1. The data
dimension is d = 60, and there are 2 classes in the output. We have
a total of 50 clients, each generating 500 samples following the
aforementioned guidelines. We train a logistic regression model on
each client’s data.

To demonstrate the superiority of our PERM algorithm, we con-
ducted a performance comparison against other prominent person-
alized approaches, including the fined-tuned model of FedAvg [19]
(referred to as localized FedAvg), perFedAg [8], and pFedME [22].
The results in Figure 1 highlight PERM’s efficient learning of person-
alized models for individual clients. In contrast, competing methods
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(b) Personalized Loss

Figure 1: Comparative Analysis of Personalization methods,
including our single-loop PERM algorithm, localized FedAvg,
perFedAg, and pFedME, with synthetic data. The disparity in
personalized accuracy and loss highlights PERM’s capability
in leveraging relevant client correlations.

relying on globally trained models struggle to match PERM’s effec-
tiveness in highly heterogeneous scenarios, as seen in personalized
accuracy and loss. This showcases PERM’s exceptional ability to
leverage relevant client learning.

5 CONCLUSION

This paper introduces a new data&system-aware paradigm for learn-
ing from multiple heterogeneous data sources to achieve optimal
statistical accuracy across all data distributions without imposing
stringent constraints on computational resources shared by par-
ticipating devices. The proposed PERM schema, though simple,
provides an efficient solution to enable each client to learn a per-
sonalized model by learning who to learn with via personalizing the
aggregation of data sources through an efficient empirical statis-
tical discrepancy estimation module. PERM can also be employed
in other learning settings with multiple sources of data such as do-
main adaptation and multi-task learning to entail optimal statistical
accuracy. To efficiently solve all aggregated personalized losses, we
propose a model shuffling idea to optimizes all losses in parallel.
This also enables us to learn models with varying complexity for
different devices to meet their available resources.
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Supplementary Material

The supplementary material is organized as follows:

o In Section A, we provide the proof of convergence of two-stage implementation of PERM (computing mixing parameters followed by

learning personalized models via model shuffling using permutation-based variant of distributed SGD with periodic communication).

The technical tools we develop to establish the convergence could be interesting by their own right.
o In Section B, we provide the proof of convergence of single loop implementation of PERM, where estimation of mixing parameters
are coupled with learning of personalized models.
e In Section C, we report additional experiments on performance of PERM on EMNIST dataset along with effectiveness of proposed
method to estimate mixing parameters.
A PROOF OF TWO STAGES ALGORITHM
A.1 Technical Lemmas
LEMMA 1. Definev* () := arg min,cqy ®(, v), and assume ®(«a, -) is p-strongly convex and L smooth. Then, v™(-) is k-Lipschitz.
Proor. The proof is similar to Lin et al’s result on minimax objective [15]. First, according to optimality conditions we have:
(v -v" (@), Vo@(a, 0" ())) 2 0,
(v -0v"(a’),V,@(a’,0"(a’))) 2 0
Substituting v with v*(a’) and v* () in the above first and second inequalities respectively yields:
0" (') - 0" (@), Vo @(a,v" (a))) >0,
(0" (@) 0" ('), Vo@(a',0"(a"))) 2 0
Adding up the above two inequalities yields:
0" (a') = 0" (@), Vo@(a, 0" (@) - Vo@(a', 0" (a))) 2 0, 4)
Since ®( e, -) is p strongly convex, we have:
@ (a') = 0" (@), Vy@(a,0" () - Vy@(a,0" (@) 2 pllo*(a’) - v" () |I*. ®)
Adding up (4) and (5) yields:
(@ (a') = 0" (@), Vy&(a,0"(a) - Vy@(a', 0" (")) 2 pllo* (@) — v (@) ||
Finally, using L smoothness of ® will conclude the proof:
Lllo*(a”) - o"(@)llla - &'l = pllo* (') = o" (@)||?
= «klla-a| 2 o*(a') - 0" ()]

[m]

LEmMA 2 (OPTIMALITY GAP). Let ®(ar,v) be defined in (3). If we assume each f; is L-smooth and pi-strongly convex, then the following
statement holds true:

O(at,0;) - (et 0l) < Loy — o (&)||* + <*L || & - @],

where v} = arg min, ey (a7}, 0).

Proor. We notice the following fact:

A

E * * * * A * L A *
Cb(ai,vi) —Cb(ai,vl-) = <Vv¢’(ai;vi)svi —Z)i>+5”0i _viHZ

<0

A

L. 2
< Sl - o} I
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Algorithm A1: Discrepancy Estimation at Optimum

Input: Number of clients N, number of local steps K , number of communications rounds R
forr=0,...,R—1do
parallel for client i =0,...,N —1do
Client i initializes model w?’o =wl.
fort=0,...K—-1do
rt+l _ _rt

i =w;” —yVfi (w;’t; flrt) where §lrt is a mini-batch sampled from S;.

Client i sends w;’K to Server.

w

Server computes w'*! = Py, (ﬁ >N wlf’K)

Server broadcasts w'*! to all clients.
Server computes &;,i = 1,2,..., N by running T, steps of GD on gi(wR, o).
Output: &1,...,aN .

where we use the smoothness of ® and optimality condition of v} for fixed &]. Next, due to the x-Lipschitzness property of of 2*(-) as
shown in Lemma 1, it follows that:

L. 2 . WPNTY A 2
E”vi—U?” < Lo — o™ (@)lI” + Lllo™ (&) - o |l
< L|lg; — o™ (&)|* + <*Ll|&; — eI

as desired. ]

A.2 Proof of Convergence of Theorem 1

In this section we are going to prove the result in Theorem 1. To this end, we need to show that mixing parameters we compute by first
learning the global model and then solving the optimization problem in objective (2) (as depicted in Algorithm A1) converges to optimal
values. Notice that in Algorithm A1 we do not solve g;(w*, a) directly, but optimize g; (wR, @) on « for Ty iterations of GD. Hence, firstly
we need to show that optimizing the surrogate function will also guarantee the convergence of output of algorithm @ to a* by deriving a
property of the objective in (2). Formally the property is captured by the following lemma.

LEMMA 3. Let g(w, @) := Z;V:l aj ||Vﬁ(w) - ij(w)”2 + Azyzl af./nj and a;(w) =argming an g(w, a). LetwR be the output of Algo-
rithm A1. Then the following statement holds:

N
| ag(wR) —a,w)| < K; Z (2 ||Vﬁ(w*) - Vfi(w )|| +4L2 HwR -w )4L“wR -w
J=1
where k4 is the condition number of g.
Proor. Define function
N N
Wza)=)| azj+d)  aifn ©)
Apparently, W(z, @) is linear in z and strongly convex in . Then, according to Proposition 1, a}, (z) := argming v W(z, @) is kg

Z:l’;, ie., Ha”“/v(z) - “WZ')H < kg Iz — 2’||. Now, let us consider the objective (2):

lipschitz in z where x4 =

gw, @) = Zj\; aj HVfi(w) - ij(w)H2 +/12jil ajz-/nj

We define a;(w) = argming AN g(W, @).
We set

ZR

>

[0 = 90 o [7506%) = v

& = [V - VAP .|
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Then we know that

”a;(wR) -l 2 = ‘ Ry _ < K; ”zR -z : (7)
N
<« Z WVﬁ(wR) ) N A7 ®)
N
<2 Y| (VAWR) - VR + VW) - V)
j=1
X (VAW =V F) - Vfiw') + ij(w*))r
N
<12 )" VAR - VW) + Vi) - VF 4L2Hw
Jj=1
Since |[VAWR) =V, WR)|| < ||[VAiw) - Vf;
N
‘ a;(wR) -a < K; Z (2 ||Vfi(w*) - ij(w*)”2 +412 HWR -w" 2) 4L HWR —w|f
j=1
m]
With above lemma, to show the convergence of & to a*, we do the following decomposition
o #]|2 xR 2 xR *
Ha -« “ < g(w )H ag(w )-«a
N
< 2(1 - pno)¥ + 22 Z (2 [V w") - vfj(w*)nz +4L2 ||wR B 2) 4L ”wR Wl
j=1

Now it remains to show the convergence of Local SGD last iterate wR to optimal solution w*. By convention, we use w’ = % Zf\i 1 wf to
denote the virtual average iterates.

LEMMA 4 (ONE ITERATION ANALYSIS OF LocAL SGD). Under the condition of Theorem 1, the following statement holds true for any t € [T]:

E |w"*! —W*HZ < (1-py)E|w"? —w*”2 — (2y - 4y%L)E (F(w*) — F(w""))

52
+(vL 22L2— rt_ r,t2 29
(yL+2y°L%) lew IF+v' 5
] 1
ProoF. According to updating rule in Algorithm A1, we have the following identity:
N 2
1
E ||wr,t+1 _W*HZ -E “wr,t * 2YE< Z ij (W 2y wht — W*> + YZE N Z Vﬁ(w;,t) )
j=1
2 1 N 1 N ’ 5
= E|w’ —w*||* -2y <ﬁ Z VW, wht —w*> +°E N Z Vw2t +y2—. (10)
Jj=1 Jj=1
T T,

For Ty, since each f;j is L smooth and y strongly convex, we have:

N
1 AN b
_2Y<N;ij(wi)’w —wj+w; -w

N
1 N3 *
-2y N;ij(wlr ), wh—w >

N
< -2y <% 3 Vw0, W - _w*>
=
1S p 2 L )
<y - £ L -
=1
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929 Due to Jensen’s inequality we know: —ﬁ Z?]:l l—zl ||wf - w*“2 < —g ||wt - w*“z. Hence we know: 987
930 988
st -2 L IZV: Vf_(wr,t) Wil —w*) < 2y | Fw*) — Fw™!) — H ||wr,t _w*”Z + L1 i ”wr,t _wr,t”2 989
932 Y N L J\T ) s ey 2 2N — i . 000
933 7= 7= 991
034 For Ty, we have: 992
935 1 N 2 1 N 2 993
96 ElS DV = 2B N D IVEHWE) = VEwW)| + 2B [V 994
937 j=1 j=1 995
938 996
N
939 21 rt r.t||2 rt * 997
<2L —ZE”wi —w"H|" + 4L (Fw™") = F(w")) .
940 N P 998
Jj=1
ZZ Now, plugging T; and T back to (10) yields: jZZo
943 E ||wr’“rl - w*”2 < (1-py)E|w"" - w*”2 — (2y — 4y*L)E (F(w*) — F(w™")) 1001
Zj: +(yL+2 sz)l i” rt rt||2+ 2 & 1222
yL+2y°L%)— Wit =wh|| 4y .
946 N j=1 ! N 1004
947 o 1005
948 1006
049 LEMMA 5. [25, Lemma 8] For the iterates {w;’t} generated in Algorithm A1, the following statement holds true: 1007
950 N 1008
1
951 N Z ||w;’t —w”t”2 < 3Ky?8% + 6K%y 202 1009
952 j=1 1010
. LEMMA 6 (LAST ITERATE CONVERGENCE OF LocAL SGD). Under the conditions of Theorem 1, the following statement holds true for the iterates o
954 1012
in Algorithm A1:
955 1013
956 R_ |2 RKpg (10 _ o x(2, L 272 252, o2 2,2) L VS 1014
- E|w* —w"|| <(1-py) E“w -w +p—y(yL+2yL)(3Ky5 +6Ky§)+ﬂ—N o
958 1016

Proor. We first unroll the recursion in Lemma 4 from ¢ = K to 0, within one communication round:
959 1017

K-1
960 «||? «[|2 - * 1018
E|w™K —w*|| =1 - pup)XE Hw"o -wi" - Z (1 - )K=t (2y - 4y’ L)E (F(w*) — F(w"1))
961 =0 1019
962 1020
K-1 N K-1 2
: _ 1 2 _t 20 .
- + ) (=) L+ 2L 5 Dilwpt =wrtf + > (- V5 -
! t=0 j=1 t=0
965 1023
066 Since we choose y < ﬁ we know Zﬁsl(l —up)K-t(2y — 4y’L)E (F(w*) — F(w"?)) > 0. Plugging in Lemma 5 yields: 1024
967 2 1 52 1025
R RK 0 2 272 262 2,22\ YV
068 EH‘W —w" =(1-py) E”w —w*” +W(yL+2yL )(3Ky5 + 6Kyl )+H_N 1026
969 1027
970 Plugging in y = bi&#}f) gives the convergence rate: 1028
971 ) B ”wo B w*”Z 5 {2 5 1029
7 E ”wR -w*| <O +K + + , 1030
73 RK W2R2K  p2R%)  p2NRK 1031
7% which concludes the proof. a 1052
975 1033
976 Equipped with above results, we are now ready to provide the convergence of main theorem. 1034
77 ProoF oF THEOREM 1. The proof simply follows from Lemma 3: 10
978 1036
9 ~ Y A * 2 * * * 2 .
979 |a -« || <2 - ag(wR)H + 2‘ ag(wR) —o,(w") 1037
980 1038
N
081 * (12 «|I2 <12 1039
o < 2(1 - )™ +8Li2 Z (2 V£ (w*) = V£ w*)|[* +4L2 HWR —w ) HWR —w o
Jj=1
983 1041
T, 2 z * 2 R * 2 R * 2 .
o8 < 2(1 - pna) ™ +8Lky | 28i(W") + 4NL ”w -w ”w -w 1042
985 1043

986 9 1044
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Algorithm A2: Shuffling Local SGD (One Client)

Input: Clients 0, ..., N — 1, Number of Local Steps K , Number of Epoch R, Mixing parameter &
Epoch forr =0,..,R—-1do
Server generates permutation o, : [N] — [N].
Client sets initial model o™ = 0.
for j=0,..,N—-1do
Server sends "/ to Client oy (j).
v"J*1 = SGD-Update (o™, n, o (), K, &).
Client i does projection: ™! = Py (v™N).
Output: 9 = o¥.
SGD-Update(v,n, j, K, @)
Initialize v° = v
fort=0,...K-1do
‘ ol = Ut_l _ Ua(j)NVf}'(Ut_l; gt—l)
Output oK

Plugging in the convergence of “wR - w*”2 from Lemma 6, and the stepsize ¢ = LL for « yields:
g

Ella® - a?)? <O <-:xp(—T—"’)+,<2§l-(w*)L2 Ll K ’ + £ + 2 .
! T Kg g RK 12R2K  p%R%)  2NRK

A.3 Proof of Convergence of Shuffling Local SGD

In this section, we are going to prove the convergence of proposed shuffled variant of Local SGD (Theorem 2). The whole proof framework
follows the analysis of vanilla shuffling SGD, but notice that there are two differences. First, in vanilla shuffling SGD, in each epoch, algorithm
only updates on each component function f; once, while here we have to take K steps of SGD update on each component function. Second,
we are considering a weighted sum objective in contrary to averaged objective in [4], which means we need to rescale the objective when
we apply without-replacement concentration inequality. Even though our algorithm solves models for N clients, for the sake of simplicity,
throughout the proof we only show the convergence of one client’s model. The algorithm from one client point of view is described in
Algorithm A2, where we drop the client index for notational convenience.

PROPOSITION 1. Assume a sequence {wt}ltr(:1 is obtained by
wi=wi1- ryaNVf(wtilggt*l), t=1,...,K,

then we have

t T+l t T+l
witl =0 - (Z n (I- aNryHt/)) r]aNVf(wo) - Z l_l (I- aNyHy) naN8!, Yo<t<K-1,
=0 t'=t =0 t'=t

where 8¢ := Vf(w'; &%) — Vf(w'), and by convention, we define H?:a Aj=Tifa<b.

ProoF. According to updating rule, we have:
witl — w0 =t —w® — paNVf(w!; &)
=w! —w' — paNVf(w') — naN&*
=w! =W — paNVFWw®) — naN(VFw') - VFw®) — naN&.
Since f is L smooth, and according to Mean Value Theorem, there is a matrix H; satisfying yI < H; < LI, such that Vf(w?) — Vf(w?) =
H; (w! —w?). Hence we have:
witl — w0 = (1- paNH;) W' —w°) = jaNVFW®) — naN 6.
Unrolling the recursion from ¢ to 0 will conclude the proof. O
The following lemma establishes the updating rule of models between epochs r and r + 1. For notational convenience, whenever there is

no confusion, we drop the superscript r in o”.
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LEMMA 7 (ONE EPOCH UPDATING RULE). Leto” and o"*! be two iterates generated by Shuffling Local SGD (Algorithm A2), then the following
updating rule holds:

N j+1
=o' = > [ ] U= H;)(Q; V() (@) - 87),
Jj=1j'=N
where
K-1 7+1
> a-nate(nHNH) | na(eGHN,
7=0 '=K-1
K-17+1
8;:= [ | 1= a(e()NnHy) na(a()HNS, .
7=0 t'=t
by convention, we define H;’:a Aj=Tlifa<b.
PRrooF. According to Proposition 1, we have
) ) K-1 7+1 )
o/t =on) | 3 [ ] (1= a(a(NINHL) | né(a (NN fi(j) (0™
=0 t'=t
K-1 7+1
- > [ [ a=aeG)NpHe) na(a(HNSL ;).
=0 t/'=t

Plugging our definition of Q; and §; yields:

o™t ol =" — 0" —Qija(j)(vr’j) - 6.

Following the same reasoning in the proof of Proposition 1 will conclude the proof. O

LEMMA 8 (SUMMATION BY PARTS). Let Aj and B be complex valued matrices. Then the following fact holds:

ZA B,—ANZB Z(An+1—An)ZB

PROPOSITION 2 (SPECTRAL BOUND OF POLYNOMIAL EXPANSION). Given a collection of matrices {A;} and {B;}, such that Ay < LI and
B; < LI, the following bound hold:

h

]—[ (1-aAy) -1
t=I

h

[]a-aan- H (1-bB,)
t=I t=I

Proor. We start with proving the first statement. Expanding the product yields:

h h-1
]_[ (1-aA;) =1+ Z(—nma’" Z 1_[ Ay
t=I m=1

|S|=m,|S|c{l,...h} m'€S

h

Z(E(h )(aL)m,

bl (- o et-n\m
mZ( ) (aL) +Z(T) (bL)™.

m=1

Hence we have:

h-1 helg
Z(—l)mam Z |_[ Al < ( N )(aL)'"
m=1

|S|=m,|SIC{l....h} m’€S m=1

h
|_[ (1-aA;) -1
t=1

m
According to the upper bound for binomial coefficients: (h,;l) < (#) , we have:

5= 8 (S50 e

m=1
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Then we switch to the second one. Using the same expanding product yields:

h-1
_ Z (=1)™a™
m=1

e(h—1)
(o

The following concentration result is the key to bound variance during shuffling updating. The original result holds for average of

h h
[[a-aan-]]a-uB)
t=I t=l

I U I VR L

S|=m,|S|{L....h} m" €S |S|=m,|S|C{L....h} m'€S

h-1

+ Z (h'; l)(bL)m

m=1

h-1 m
) (aL)y™+ >’ (—e(hm_ l)) (bL)™.

m=1

gradients, and we will later on generalize it to an arbitrary weighted sum of gradients.

LEMMA 9 ([20, THEOREM 2]). Supposen > 2. Let g,9gs,..., g, € R4 satlsfy“g H <G forallj. Letg=1 Z] 1 9;j- Let o € Sy be a uniform

random permutation of n elements. Then, fori <

LEMMA 10 (CONCENTRATION OF PARTIAL SUM OF GRADIENTS). Given a uniformly randomly generated permutation o, and simplex vector «,

if we assume each sup,cqy [|Vfj(9)|| < G, then

n

n, with probability at least 1 — p, we have
i ’ i—1 2
1< 8(1-4-)log >
- h=gll < G\|——.
i ]Z:; 9o(j) ~ 9 i

the following statement holds true:

> a0 (i) V(@] <G 8n10g(1/p)+%“ Vo (a, o).

Jj=0
Proor. The proof works by re-writing weig

n

D@0V (@)

7=0

PROPOSITION 3 (SPECTRAL NORM BOUND OF Q). Let Q; be defined in (11). Then the following bound for the spectral norm of Q ; holds true for

all j € [N]:

Proor. The proof can be completed by writing down the definitin of Q; and applying Cauchy-Schwartz inequality:

o -

hted sum of vectors to average of the these vectors:

n

= <[> GINTfy @)

7=0

n

ﬁ D @(0(DINV () (07) = nVO(&,0")| +n || Vo(a, o)
j=0

< G+/8nlog(1/p) + % || vo(a, o).

o)|| < natenNK @+ NLK

- 7+1
(Z [T (@-naeG)NHL) | na(e()N
7=0 t'=K-1
— 7+1
<r7a(0(1))NZ ]_[ (1= na(e())NH |
7=0 t'=K—
K-1 7+1
<na(eGIN Y. [ ] +nate()N'L)
7=0 t'=K-1

< na(c(j))NK(1 +gNL)X.

12

Anon.
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. 1
The last step is due to nNL < %.

The following lemma establishes the bound regarding cumulative update between two epochs, namely, o"+! — ¢". In particular, Lemma 11
below shows that: (a) in shuffling Local SGD, our update from o to »"*! approximates performing NK times of gradient descent with
@(j)NVf5(j)(v"), namely, the bias is controlled, and (b) the update itself is bounded, and can be related to the norm of full gradient.

LEmMA 11. During the dynamic of Algorithm A2, the following statements hold true with probability at least 1 — p:

(@)
N N 2 e 2 ,
10V () @) = INK D\ a(j) Vi) (0| < 109°N?K? (E) [Vo(a, o)
j=1 j=1

2
+ 12872 N3K? (4}!%) G?log(1/p).
— e

(b) for any N” such that0 < N’ < N

N’-1
Z O;Vis() (@")|| < 3enNK (”VCI)(&, v’)” + G\/8N10g(1/p)),
j=1

where

na(a(j))N. (11)

K-1 7+1
Q= ( T a-naeinNHy)

7=0 t'=K-1

ProoF. We start with proving statement (a). Let A; = % and Bj = &(a(j))Vf5(;)(¢"), applying the identity of summation by parts

yields:
N QN N N-1 Q Q n
ry_ _ xXN-1 A ; (T _ n+l _ n A . N
;Q,-me)(v)—&(G(N_l));aw(]))m(,)(v) Zl (&(0(“1)) &(U(n)));a(ao)wfgm(v)
N N 2
D0V sy (@) = INK Y a(j)Vfj(0)
= =
Ons N I 0 0, \< ’
<3 (m—nz\rm);aw(n)mm(u) w2 ;(&(G(Hl))—&(U(n)));awo))vg(,-)(u> :
T T;
According to Proposition 2, we have:
7+1 K-2-1 m
K-2-
[ a-naeommmn -1 < Y (E 2 Dna0mm)
t'=K-1 m=1
Since we choose n < 4NII(RL’ we have:
T+1 K-2-1 e m e
T a-nateyn -1l < 3 () = s (12
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where we use the fact that ZK 277 (e )M < yKo2oT (=)™ < ﬁm, Hence we know:

4Rm m=1
0 ‘IS 2
T, < ‘ (m - UNKI) JZ:; a(a(N Vs @)
K-1 7+1 ’ S 2
< (Z l_[ (I-na(o(N -1))NHy) | nN - nNKI Z‘f‘("(j))vf"“) ©)
=0 t'=K-1 =
K-1 T+1 e 2
<Nk S| ] a-natev - 0)NHy) <1l |3 ae() Vi) ()
=0 |[t/=K-1 =
2
e (2|
< °’N’K* (4R - e) Do)V o) (0")
j=1

Thus we have:

Ty < n?N?K? (ﬁ)g [vo(a, o).

For T5, we first examine the bound of &(GQ(nH)) a(?(';z)) :

= 7+1 K-1 7+l
d(a%ﬁlm a(a(n))H (T M];[ 1(I—r]d(a(n+1))NHtr) r]N—(;)t/l;[_l(l—r]zfc(cr(n))NHt/))ryN‘

K-1 ‘r+1 K-1 7+l

=N (Z (I~ né(o(n+1)NHy) —(Z [ (I—naw(n))NHt/))“
7=0 t'=K-1 7=0 t'=K-1
K-1 7+1 -1 7+l

=N, [] @-néto(n+1)NHy) (Z [1 a-nato(m)Nu,) )“
=0 t'=K-1 7=0 t'=K-1

N -
7= 1 m

0 ¢t
K= ( &° e(K-2

where we evoke Proposition 2 at last step. Given that n < m we have:

Q 1 Q K-1 (K-2-1 e m K-2-1
&(o(n+1)) - a(o(n) ' <nN ; ( mZ::l (ma(a(n))) + 2 (—a(a(n+l))L) )
< nNK a(o(n))e N a(o(n+ 1))e)
=1 4R —e 4R —e ’

where we use the reasoining in (12). Hence for vTz:

N (a(o(n)e  alo(n+1))e) || &
VI < pNK ( TRV ER T ) > a1V ) (0"
n=1 j=1

N-1
i nz=1 (&(o(m) +&(o(n+1))) (GBnlog(1/p) + ; || Ve(&.0"))

< pNK— p (G 8Nlog(1/p)+||V‘1>(5!,vr)||)-

4R —

2
where at last step we evoke Lemma 10. So we can conclude T < 2p?N2K? (4}%_:3) (GZSN log(1/p) + ||IV®(&,0") ||2). Putting the bounds

of T; and T, together will conclude the proof for (a).
Now we switch to proving (b). Once again by the summation of parts identity we have:

N’-1

g?n+1

N’ n
;ijfa(j)(vr) (O'(N’)) ZO((O'(J))Vfo—(])(U ) — Z (zfc(o‘(n+1)) zx(o'(n))); (U(j))vfo-(j)(ﬂr)A

14

m K-2-1 m
_T)'Io?(a(n))NL) + (e(K_Z_T)r]d(a(n+1))NL) )
m=1

Anon.
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1625 Taking the norm of both side yields: 1683
1626 1684
1627 1685
1628 ZQijO'(j) (@] = (N’)) ZQ(U(J))VJCO'(J)(U ) 1686
1629 j:l 1687
1630 B 1688
1631 N’ -1 Q Q n 1689
1632 n+1 n A . r 1690
- Vi )
o + Z:: (d(a(n D) d(a(n))) JZ:; a(oc()Vfs)(@") o
1634 1692
1635 C 1693
1636 1694
1637 Plugging our developed bound for ||QN/ | and Hzlryzl_l (&(:?(71111)) - d(f;)("n)) )H yields: 1695
1638 1696
) N’
1639 QN/ N . 1697
1640 m Za(o'(]))vfa(j)(ur) 1698
1641 - 1699
1642 K - N’ .y 1700
oo < yNK(1+nNL)X |G+/8N"log(1/p) + ~ [Vo(a, oM. .
1644 1702
L645 where at last step we evoke Lemma 10. And for C, we use the similar reasoning: 103
1646 -1 1704
1647 C< Z ( QO ) Z &(a(7)VSo(j) (@) 70e
1648 a(o(n+1)) a(o(n) 1706
1649 1707
N’-1
1650 Z INK = (d(o(n+ 1) + &(o(n) (GBnlog(1/p) + < Ivec. o)) os
1651 1709
1652 . - 1710
s < quKE (G 8N log(1/p) + |[Vo(a,o")]|) - o
1654 . . . 1712
L5 Putting these pieces together yields: 1
1656 N’ 1714
1657 >0V f() (@)|| < 3enNK (||Vq>(a, o")||+ Gy8N log(l/p)) . 1715
1658 =1 1716
1659 1717
O
1660 1718
166 1719
1:6; LEMMA 12. During the dynamic of Algorithm A2, the following statements hold true with probability at least 1 — p: 20
1663 N-1/ n+2 2 1721
1664 A4 474 r 2 1722
H v < 18¢S7N*KAL ( Vo +8G2N log(1 )

Zl ]:[Va QHjr) |QpiiHpsn Z Q;Vfr(y (@) en [Vao(a.on)|? og(1/p)
1666 1724
1667 Proor. We first apply Cauchy-Schwartz inequality: 1725
1668 1726
1669 N-1[ nt+2 1727
2 [Ta-0,H)|QuHun Z Q9 fo(j) (@)
1671 n=1 \j’=N 1729
1672 N-1ll/ n+2 n 1730
< 2 U TT A= JlliQusHnnll| 30,9 i @)
1674 n=1 —N j=1 1732
1675 o~ N1 . 1::
1676 2772 K S (T

o < (1+NK -+ N?KL) " pNLK(1+nNLD¥L Z a(o(n+1) ZQij(,(j)(u) o
1678 1736
1679 N-1 1737
1680 SeZUNKLZ Z &(o(n+1)) Zijfo(])(v |- 1738
1681 n=1 1739

1682 15 1740
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We proceed by applying the bound from Lemma 11 (b):

Z Q;Vfs(j)(@")| < 3enNK (”VCI)(&,UV)” + GVSNlog(l/p)) .

2\ [1a-em QnHHnHZQ,VfaU)(v)

J=1
Therefore, it follows that:
N-1{[ n+2
n=1 \j’=N
<
<

LEMMA 13 (NOISE BOUND). During the dynamic of Algorithm A2, the following statement for gradient noises holds true with probability at

B> []a-0;H,)8) < nNKe?s,

least1 — p:
N Jj+1
j=1j'=N
where
K-17+1

8;:= ) | | 0= a(@()NyHy) né(a()HNS, ;).

=0 t'=t

ProoF. According to triangle and Cauchy-Schwartz inequalities we have:

N j+1

S ]a-om)8 <

=1 j=N

~.
Il

Mz

-~
I

< nNKe?s.

A.4 Proof of Theorem 2

Proor. For notational convenience, let us define

Then we recall the updating rule of  (Lemma 7):

e e

—_

lj |a-o;m|l18)1

> (1+ (o tnNK 1+ r;NL)K)L) [Ex

(1 + (n(a(j))NK(1 + pNL)K )L) n&(o(j))NK (1+nNL)K 6

Jj+1

]_[ = Q;H;)Q;V o () (@),
=N

Jj+1

“2 1o

<e

Qj,Hj/)6j.

+1 :P(W (vr_gr_(sr)

16

enNKL? Z a(o(n+1))-3enNK (”VCD(O: vr)” + G+/8N log(1/p) )
332 N2K2L2 (HVCI)(a o")|| + Gy8N Tog(1/p) )

| —
<e

Anon.
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Hence we have:

E o™ - o*(&)

P =E|Pw (0" —g" - 8" —o"(@)|]

<Ele" g -8 o (@)
<Elo" - o"(@)|]* - 2E(g".0" - 0" (&)) +E||g"||* +E[|8"|

<E|jo" - o*(&)| - 2E(NKV®(&,0"), 0" — v*(&)) - 2E(g" — INKV®(&,0"), 0" — 0" (&))
+E|g| +E[l6"]".

Now, applying strongly convexity of ®(&, -) and Cauchy-Schwartz inequality yields:
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E o™ - v*(a:)||2 < (1-pNKE||o" - v*(&)nz - PNKE[®(&,0") - ®(&,v* (&))]

<(1- %,ur]NK)]E”vr -o" (&)

—+
2unNK

1

2

1
WEIIgr —NKV®(&,0")||* + pnNKE|jo" - 0" ()|

+Elg'| +E[s7]

1

Ellg" - pNKV®(&,o")||

| - pNKE[®(&,0") — (&, 0" (&))]

+2B|lg" — pNKVD(&,0")||* + 2B [pNK VD (&, 0")||* + E |67 -

Since ®(¢, -) is L smooth, we have: E ||[V®(&, 0")||? < 2LE[®(&, v") — ®(&, v*(&))]. Therefore, we have:

Bl — o (@) < (1 - SuNKOE[Jo” - 0" (&)

1
+
( 2pmNK

| - (INK - 4’ N’K*L)E[®(&,0") — B(&, 0* (&))]

+ z) Ellg" - nNKV®(&,0")||* +E||8"|°

(13)
(14)

Now, we examine the term ||g” — pNKV®(&, o) ||?. First according to summation by part (Lemma 8) by letting Aj = ]—I?ZIN (I-QyHj)

and Bj = Q;Vf;(;(v"), we have:

N j+1
g = Z 1_[ (I-0Q;H;j)Q; V1) (@)

=1 j=N
N N N-1{( n+2 n+1 n

= DL AB = 0 @) = D [T -0 = [ a-0,H) | 30,V (@)
= = Pl E Y PN 4
N N-1{( n+2 n

- ZQija(j) ") - Z 1_[ (I-Q;Hj) |Qns1Hnia Qijg(j)(vr).
= =t =N =

Hence we have:

llg" - nNKV®(é,0")||?

=

W,

Jj=1

N N N-1
INK " a(0(}) V() (07) = (Z 0 Vfo(y) (@) = ) (
j=1

N N
(nNK D a(e( Vo (@) = Y. 0V i) <v’>)
: 2

n=1
2
+2

n+2

[]a-o,m)

J'=N

N-1

2

n=1

|

n+2

J'=N

@ 2
< (ZOUZNZKZ (L) + 36e6r;4N4K4L4) IV (G, ") 1% + 2562 NK? (L
— e — e

4R
+244en* N*K*L*G? N log(1/p)

3
<S> (ZOUZNZKZ (M%

+ (244e6r74N4K4L4 + 25672 N3K? (

4R

—e

2
) )Gleogu/p),

17

4R

e)2 + 36e6774N4K4L4) 2L (0(é, o) — (&, 0" (&)))

2

) 0,1 Hns Z ijfo-(j) (Ur))

=

l—[ (I- Qj’Hj’)) OpniiHna Z ijfa(j) (o)
j=1

2
) Glog(1/p)

2
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where in (1) we apply Jensen’s inequality, in (2) we plug in Lemma 11 (a), and Lemma 12, and in (3) we use the L-smoothness of ®. Plugging
above bound back in (19) yields:

Bl - o' ()]

<(1- %;u]NK)]E”vr - z)*(ét)”2 +°N2K?e*s5?

2
- (;;NK — 4’ N?K?L - ( + z) (ZOUZNZKZ (41!%) - 36e6q4N4K4L4)) E[®(&, o) - o(&,v" (&))]
—e

1
2unNK

T

1 6 dnrdrdrd 2773 2( € )2 2
+ + 2] 244 N*K*L* + 256n“N°K* | ——— G°N1 1 .
(z;uyNK )( en n R—e og(1/p)

Since we choose 17 = %%R), and large enough epoch number:

40
R > max {(— + 1) e, 16log(VNKR), 64k log( VNKR)},
u

we know that T; < 0. We thus have:

Bt - o (@)

1 2
< (1= ZmNKE " o (@)[* + i*NK*e's” + ( + 2) (244e6774N4K4L4 + 25672 N3K? (ﬁ) ) G*Nlog(1/p)

2unNK
Unrolling the recursion from r = R to 0:

E|o® - o*(&)

:

<(1- %/uyNK)RE HUO - z)*(él)”2 + %r]NKe452

2
+ 2) (48866173N3K3L4 +512pN2K (M%) ) G?Nlog(1/p)
—e

1
u (ZMNK

Plugging in our choice of 5 will conclude the proof:

2 (Ef°-o" @) 6 (1*+N
R oA 2
EHU —v(a)‘ SO(W-Fﬁ ( l,[4R2 )G Nlog(l/p)
Finally, according to Lemma 2 we can complete the proof:
o(at,0;) - B(at, o) < Lo - of| + L& - |

<o LD L1 (PN ) canog(1/p)

SO|l—==+—=+|—F= 0
NKRE T 2R T\ AR B\lip

5 T _ 1)2 2 52
+O0 exp [-Z |+ 25w | = + i + ,
kg ) 9 RK ' 2R2 T JZNRK

where we plug in the convergence result from Theorem 1 at last step. O

B PROOF OF CONVERGENCE OF SINGLE LOOP ALGORITHM

In this section, we turn to presenting the proof of single loop PERM algorithm (Algorithm 2) where the learning of mixing parameters and
personalized models are coupled. Compared to Algorithm A2, here during the optimization of model, the mixing parameters are also being
updated. As a result, we need to decouple the two updates which makes the analysis more involved. We begin with some technical lemmas
that support the proof of main result.

B.1 Technical Lemmas
PROPOSITION 4 (Basic PROPERTIES OF SGD ON SMOOTH STRONGLY CONVEX FUNCTION). Letw!’ to be the tth iterate of minibatch SGD on

smooth and strongly convex function F, with minibatch size M and learning rate y. Also assume the variance is bounded by 6. Then the following
statements hold true after T iterations of SGD:

2yx?

BIVFw)I? < 2L (1= py)" (Fw") = Fow™)) + =

(15)
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ElwT™ —wT 112 < 2v2L (1 — )T (F(w®) — F(w*
I =T 2 < 2¢%L (1= ) (F®) = Fw)) + 2+ L

(16)

2

Elw’ —w*|* < 5(1 )T (FW®) — Fw)) + 27— (17)

pEM’
LEMMA 14 (BOUNDED ITERATES DIFFERENCE OF ). Let {e]} be iterates generated by Algorithm 2, then under conditions of Theorem 3, the

following statement holds:

)/3 Kf52 Y252

M M

T
laf - af ' <6 (1 - Ki) +0 (ijzgi-(w*)) (yzL (1= py)" (Fw®) = F(w*)) +
g

Proor. Define

2 2
& = [V = VAW VA0 - D]
According to updating rule of & in Algorithm 2 and Lemma 3 we have:
2
#3lla, W) - a2

—-1p2 2
laf = o} NP < 3llaf - oy, 0 43|

-1
oy (W) —ag (W)

< 6(1= pgng) '™ +3 ”a;i W —ay (wh) ’
N 2
< 6(1 = pgna) '™ + 31 Z ‘ -2
j=1
N
< 61 pgna) ™ +3k2 Y |[VAW) = VW) + Viw ™) = V5w H|P4L? w' w7
j=1

where the second inequality follows from (8). Since ”Vf, w") - Vf; (wr)” < ”Vﬁ (w*) = Vfj (w*)” + 2L |w" — w*||, we can conclude that

e} — &M% < 6(1 - pgna)™

N
#1212 3" (8]|V£iw) = VG| + 8L [ =+ 8L~ =) b =
Jj=1

Ta
<6 (1 - i) +0 (K!?ng:i(w*) ||wr —wr71||2)

Kg
To 352 252
_ 1 2125 o\ [ 27 0 ar 0y _ payy , Y KOT yT6
< 6(1 Kg) +o(;<gL Gilw )) (y L(1=py)" (FW") = Fw') + L=+
where at last step we plug in Proposition 4 (16). O

LEMMA 15 (CONVERGENCE OF «). Let {di}fil be the mixing parameters generated by Algorithm 2. Then under the conditions of Theorem 3,
the following statement holds:

A *2 1 l 2 % 22 2 .
ai— | <200- 2)Te + 0 [k2GWHLEE (1 - py)T +2 6 ) N
[ I ( K) (gél( ) (1—py)" +2y o i€ [N]

ProoF. We notice the following decomposition:

|é{i - a*”Z Haf —ay(w") ’

2

IN

2
R R R *
2”“1‘ —ay(w )H +2Ha;i(w ) = ag, (w")

1 _ 2
<2(1-—)=+0 (K; ({i(w*) +NL? ”WR -w" )4L“wR -w"
K
g

)

where in the second inequality we apply Lemma 3, and in the third inequality we use Proposition 4 (17). O

1 . 2 52
<201-—)«+0 (Kggi(w*)Lz- a-pu)T + 2)/2—),
Kg u peM
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B.2 Proof of Theorem 3

ProOF. According to Lemma 2, we have:

O(at,9;) — Ok, ot) < Loy — o (&1)||* + <*L || & — @]

We first examine the convergence of ||#; — 0™ (&;)||%. Applying Cauchy-Schwartz inequality yields:

1
o = 0" (a")|* < (1 + m) o™ = o* (@)1 + (14 4a - 2) [lo" (&™) = 0" (") |I?

< (1 *1 2) o™ —o* (a@")||” + (1 + 4a - 2) %[ @ - &"||? (18)
P

1

where a = TN

Similar to the proof of Theorem 2, we first define

N j+1
g = Z l—[ (I-QH;)Q;Vfo(j) (@),
j=1 j’=N-1
N j+1
8 = Z I_[ (I-Q;Hj)é;.
j=1 j’=N-1

Then we recall the updating rule of o:
=Py (0" ~g" - &)
Hence we have:
Ello™! ~o* (o) =E[[Pay (0" ~ " = 6"~ 0" (")
<E[o' g - & —o* (@]
<E|jo" - o*(a")|] - 2E(g",0" 0" (") +E||¢"|* +E||6"||"
<E|]o" - o*(a")|]’ - 2E(pNKVD(a",0"), 0" —v*(a"))
— 2B(g" — pNKV®(a',0"),0" —v* (")) +E||g" | + B8] .
Now, applying strongly convexity of ®(', -) and Cauchy-Schwartz inequality yields:
E o - o* ()|} < (1 - mNK)E||p” - o*(a")|]* - NKE[®(a",0") - D(a”, 0" (&))]

1( 1
+3 (WEIIQ’ — nNKV®(&,0")||* + inNKE|lo" - o™ (&)

+Elg| +E 5]
< (1 - %,ur]NK) E”vr - v*(arr)”2 —pNKE[®(a",0") — ®(a”, 0™ (&))]
1
+
2unNK
+2E||g" - nNKV(a",o")||* + 2B |[pNKVE(a”,o")|[* + E||67||" .

Ellg" - nNKV®(a’,o")|?

where in the first inequality we applied Cauchy-Schwartz inequality and strongly convexity. Since ®(',-) is L smooth, we have:
E|IV®(a’,o")|? < 2LE[®(a”,v") — ®(a’,v*(a”))]. Therefore, it follows that:

E ||u”r1 - v*([x)”Z < (1 - %,ur]NK) E ||vr - v*(o.rr)”2 — (NK — 4’ N?K2L)E[®(a",0") — ®(a, 0" (a"))]

1 2
2|Ellg" - nNKV®(a’”,0")||* +E||6" 19
(g +2) Bl - NKTO@ NI 3] (19
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2321 Now, we examine the term ||g" — )NKV®(a”, v")||? in the right hand side of abovee inequality. First according to summation by part 2379
222 (Lemma 8): we let A; := Hj‘ﬁN—l (I- Qj,Hj/) and B; = Q;Vf;(; (v"), then we have: 2380
2323 2381
2324 N j+1 2382
2325 g = Z l_[ (I- Qj’Hj')QijU(j) (@) 2383
2326 Jj=1j’=N 2384
2327 N N N-1( n+2 n+l n 2385
2328 =2 AB; =206 @) = > [ []a-0;H) - [[@-0;H;)| 10,10 @) 2386
2329 Jj=1 Jj=1 n=1 \j’=N j'=N Jj=1 2387
2330 N N-1/[ n+2 n 2388
=210 @) = 2| [0 0pH) | Qi Y0, ¥hoi ).
2332 i=1 n=1 \j'=N =1 2390
2333 2391
,53,  Hence we have: 2392
lg” - nNKV (a0
2336 2 2394
2337 N Jj+l 2395
2338 = [1NKVO(&,0") - Z H (I- Qj’Hj')QijG(j) (@") 2396
2339 Jj=1j'=N-1 2397
2340 N N N-1{ n+2 n 2 2398
= [nNK " a0 Vo) @) =| D20V @) = Do | [ [ A= QiHy) |QutHasr D\ QY £y (07)
2342 j=1 Jj=1 n=1 j'=N j=0 2400
2343 2401
2344 (é) 5 NK N . WY r N v . 2402
< 2(n Zl W0 () Vo (@) - Z; Q;Vfa() (@)
2346 7= 7= 2 2404
2347 N-1( n+2 n 2405
2348 +2 Z l_[ (I- Qj,Hj/) 0,1 Hnt1 ZQfoU(j) (o") 2406
2349 n=1 \j’=N Jj=1 2407
90 @ an2p2 (€ ) 6, 4NAx4dTd 5 7|2 a2 (€ Va2 o
. < |20nNK? (=) + 366 NKLY | [Ve(@ o) |[* + 2560 N°K? (=) G log(1/p) s
2352 6 Adnrdidrd 2 2410
yi53 +244e°n*N*K*L*G“N log(1/p) it
2354 (3) 2.199 e \2 6 drddod . NN 2412
o < (2017 N2K (—4R_e) +36e5 NAKALY | 2L (0( &, 0") - B(&, 0" (&))) o
2356 e 2 2414
2357 + (244e6174N4K4L4 +256n°N>K? (E) ) G%Nlog(1/p) 2415
2358 2416
2359 2417
2360 where in (1) we apply Jensen’s inequality, in (2) we plug in Lemma 11 (a), and Lemma 12, and in (3) we use the L-smoothness of ®. 2418
2361 Plugging above bound back in (19) yields: 2419
2362 9 2420
2363 E ||Ur+1 - v*(ar)” 2421
2364 1 2 201202 4 o2 2422
2365 <(1- EHUNK)E”vr - U*(ar)“ +17°N°K"e"6 2423
2360 207272 207272 € 2 6 4nrdp-drd s
e - (VK - 4N L - (o 2 (20PN (=) —3een*N'K'L s
2368 oy s,y 2426
Jsco XE[®(a",0") - D(a’,v"(a"))] .
) 1 2

70 + +2| [ 244en* N*K*L* + 256n°N3K? (L) G*Nlog(1/p). s
2371 2unNK 4R—e 2429
2372 2430
2373 Since we choose 1 = %, and 2431
2374 2432
2375 3 3/64k%log(VNKR)e® 2433
2376 R = max ge, T 2434
2377 2435
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Hence we have:

E||Ur+1 _ v*(a’)”z

1 1
< (1= ZpmNK)E o = o* ()| + n?N?K2e*5? - SINKE[®(&, o") - (&, 0" (&))]

20

2
+ (2quK + 2) (244e6174N4K4L4 +25672N3K? (ﬁ) ) G*Nlog(1/p)

< (l - %,ur]NK) E|o" - v*(él)”Z +n2N2K2et 52

1 6 dndpdrd PINE) 2( e )2 2
+ + 2] (244 N*K*L* + 256n“N°K“ | ——— G*“N I 1 .
(ZWNK )( e’n 1 e og(1/p)

Putting above inequality back to (18) yields:

1
||0r+1 _ U*(ar+l)”2 < (1 _ E) ||Ur+1 _ v*(ar)”Z + 27]2N2K2€452 +4a||v*(ar+l) _ v*(ar)”Z

2
2 (ZMNK + 2) (244e6774N4K4L4 +25672N°K? (ﬁ) ) G*Nlog(1/p)

1
< (1 _ 4_) ||Ur+1 _v*(ar)”Z + 27]2N2K2€452
a

1 6 4njdpdrd 253 2( € )2 2
2 + 2| (244 N*K*L™ + 256n°N°K* | —— G“Nlog(1
(ZMNK )( e’n U] Ao og(1/p)
T, 3052 252
1 LY" L 2r28 0 (2 r y'Ké” v
—{|1- =] +«2%% L(1-py) DG+ +— + L
NK (( Kg) KgL™Ci(w )(y (1—py) i i
. . . . . _ .. _ 4log(NKR®) _.
where at second inequality we plug in Lemma 14. Unrolling the recursion from r = R to 0, and plugging in n = —/.NKR yields:
lo® = 0" (™)
1 Ko e oz L 452
<|1- ZyryNK [l — o™ (a”)|| +l—117NKe 1
1 6,3n\3374 2 e\ q2
8— +2] (244 N K°L* +256nN°K | —— G“Nlog(1
,u(Z,unNK )( e 7 (4R—e) 0g(1/p)
R R-r Ty 3,82 282
1 1 1 2725wy 2 r yké” v
O|l—= 1-— 1-—| +x;L°¢ L(1- DG + + —
(MNK;( 4a) (( Kg) KgL"Ci(w )(y (1= py) i i
[o° = 0" (@) | A((x* N\ _, &2
SO|————|+0||= + == |GNlog(1/p) + —
( NKR® T2 og(1/P)+
R 3\\R-r T, 3,82 282
1 log(NKR?) 1Y% 5 e 9 y’xé°  y°S
+o[l— Y [1- =" 1- —| +K2L2GwH) (YL —py) DG+ 1—— + 1=
(WNK;( . =) "o (Lo po S+ 10
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log(NKR?)
MR

Plugging in y = yields:

R ¢ R\|2 o —o* (@)I*\ A ((x* N\ &

R R
. log(NKR?) _
+0(R yzLZZ(l—gT) ko L*0i(w")DG
r=0
$ ( log(NKR3))R"(( 1 )Ta K§L2§i(W*)y252)))
N 1-—) + L=
— R Kg M
r=0
D? < ({xt N 9 52
<0 (_NKR3) +0 ((ﬁ + _”sz ) G“Nlog(1/p) + lﬁ)
[ K2K2L2E;(wh)DG To k2K (W*) 8%
+0 g {l( ) +R2 (1_l) + g gl( )
R Kg U2 MR?

Since #; = o and &; = aX, we have the convergence of ||#; — v*(&;)||?. Plugging this convergence rate together with the convergence of
lé&; — a*||? from Lemma 15:

. ; 1 s 92 52
ai-a <o (2(1 - K—g)Ta +0 (Kggi(w )L2; (1-pp)R +2y”2—M))

T 2
<0 (l—i) +O(K§gci(w*)Lzzl+ 36 )
Kg #R  pPRM

together with applying Lemma 2 leads to:

(aj,d;) - ®(aj,0}) < L|o; - v*(&i)”z +i%L [|ai - a}k”Z

<0 (L D? )+(3 ((K4L ¥ ﬂ)cleog(l/p) + L(Sz)

NKR3 ‘RZ  j2R? R
k%213 (w*)DG 1\« Li2i?;(w*)6?

o ———+1R?*1- =] + 21—
( ( Kg) pEM

+Kk°LO

1\l kGGwIRL 52 )
(1__) +

+
Kg R 13RM

2 4 2
SO(L D )+(~)((’;—2L+£)G2Nlog(l/p)+£)
"

NKR3 2R2 UR
22737 * 227 (0 %) 2
N AMACSIIE Ta  L2k%(;(w*)6
OLHRz(l_i , IR awv)omy
R Kg wM
thus completing the proof as desired. O

C ADDITIONAL EXPERIMENTS

In addition to the synthetic dataset discussed in the main body, we run experiments on the EMNIST dataset [3], which is naturally distributed
in a federated setting. In this case, we chose 50 clients and use a 2-layer MLP model, each with 200 neurons. We compare the PERM algorithm
with the localized model in FedAvg and perFedAvg [8]. As it can be seen in Figure 2, PERM can learn a better personalized model by attending
to each client’s data according to the similarity of the data distribution between clients. The learned values of & show that the clients are
learning from each others’ data, and not focused on their own data only. This signifies that the distribution of data among clients in this
dataset is not highly heterogeneous. Note that, since we are using a subset of clients in the EMNIST dataset for the training (only 50 clients
for 100 rounds of communication), the results would be sub-optimal. Nonetheless, the experiments are designed to show the effectiveness of
different algorithms.

C.1 The effectiveness of learned mixture weights

To show the effectiveness of two-stage PERM algorithm, as well as the effects of heterogeneity on distribution of data among clients on

the learned weights « in the algorithm, we run this algorithm on MNIST dataset. We use 50 clients, and the model is an MLP, similar to

the EMNIST experiment. In this case, once we distribute the data randomly across clients (homogeneous) and once only allocating 1 class

per client (highly heterogeneous). As it can be seen from Figure 4, when the data distribution is homogeneous the learned values of a as
23
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Figure 2: Comparative Analysis of Personalization methods, including our single-loop PERM algorithm, localized FedAvg, and
perFedAg, with EMNIST dataset. The disparity in personalized accuracy and loss highlights PERM’s capability in leveraging
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relevant client correlations.

Figure 4: Comparing the performance of two-stage PERM algorithm in learning « values on heterogeneous and homogeneous
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Figure 3: The heat map of the learned « values for
the PERM algorithms. The weights signify that
clients mutually benefiting from one another’s
data, which also highlight that the distribution
of data is not significantly heterogeneous in this
dataset.
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(b) Highly heterogeneous distribution

data distributions. WE use MNIST dataset across 50 clients with homogeneous and heterogeneous distributions.

diffused across clients. However, when the data is highly heterogeneous, the learned « values will be highly sparse, indicating that each

client is mostly learning from its own data and some other clients with partial distribution similarity.
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